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Abstract: The study of integral operators has always been important in the subjects of mathematics, physics,
and in diverse areas of applied sciences. It has been challenging to discover and formulate new types
of integral operators. The aim of this paper is to study and formulate an integral operator of a general
nature. Under some suitable conditions the existence of a new integral operator is established. The
boundedness of left and right sided integral operators is obtained and further boundedness of their sum is
given. The investigated integral operators derive several known integrals and have interesting consequences
for fractional calculus integral operators and conformable integrals. The presented results provide the
boundedness of various fractional and conformable integral operators simultaneously.
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1. Introduction

T he findings of this research are linked with integral operators in fractional calculus and conformable
integrals, therefore we would like to give almost all related classical fractional integrals and

conformable integral operators defined in recent decades. The well known Riemann-Liouville fractional
integrals are defined as follows:

Definition 1. Let f ∈ L1[a, b]. Then Riemann-Liouville fractional integral operators of order µ > 0 are defined
as follows:

µ Ia+ f (x) =
1

Γ(µ)

∫ x

a
(x− t)µ−1 f (t)dt, x > a (1)

and
µ Ib− f (x) =

1
Γ(µ)

∫ b

x
(t− x)µ−1 f (t)dt, x < b. (2)

k-fractional analogues of Riemann-Liouville fractional integral operators are given by Mubeen and
Habibullah [1].

Definition 2. Let f ∈ L1[a, b]. Then the k-fractional integrals of order µ, k > 0 are defined as follows:

µ Ik
a+ f (x) =

1
kΓk(µ)

∫ x

a
(x− t)

µ
k−1 f (t)dt, x > a (3)

and
µ Ik

b− f (x) =
1

kΓk(µ)

∫ b

x
(t− x)

µ
k−1 f (t)dt, x < b. (4)

A more general definition of the Riemann-Liouville fractional integral operators is given as follows [2]:
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Definition 3. Let f : [a, b] → R be a integrable function. Also let g be an increasing and positive function
on (a, b], having a continuous derivative g′ on (a, b). The left-sided and right-sided fractional integrals of a
function f with respect to another function g on [a, b] of order µ > 0 are defined as:

µ
g Ia+ f (x) =

1
Γ(µ)

∫ x

a
(g(x)− g(t))µ−1g′(t) f (t)dt, x > a (5)

and
µ
g Ib− f (x) =

1
Γ(µ)

∫ b

x
(g(t)− g(x))µ−1g′(t) f (t)dt, x < b, (6)

where Γ(.) is the Gamma function.

A k-fractional analogue of above definition is given by Kwun et al. In 2018 [3].

Definition 4. Let f : [a, b] → R be a integrable function. Also let g be an increasing and positive function
on (a, b], having a continuous derivative g′ on (a, b). The left-sided and right-sided fractional integrals of a
function f with respect to another function g on [a, b] of order µ, k > 0 are defined as:

µ
g Ik

a+ f (x) =
1

kΓk(µ)

∫ x

a
(g(x)− g(t))

µ
k−1g′(t) f (t)dt, x > a (7)

and
µ
g Ik

b− f (x) =
1

kΓk(µ)

∫ b

x
(g(t)− g(x))

µ
k−1g′(t) f (t)dt, x < b, (8)

where Γk(.) is the k-gamma function.

A detail study of fractional and conformable integral operators which are investigated in recent years is
summarized in the following remark:

Remark 1. Fractional integrals elaborated in (7) and (8) particularly produce several known fractional integrals
corresponding to different settings of k and g.

(i) For k = 1 (7) and (8) fractional integrals coincide with (5) and (6).
(ii) For taking g as identity function (7) and (8) fractional integrals coincide with (3) and (4).

(iii) For k = 1, along with g as identity function (7) and (8) fractional integrals coincide with (1) and (2).
(iv) For k = 1 and g(x) = xρ

ρ , ρ > 0, (7) and (8) produce Katugampola fractional integrals defined by Chen
and Katugampola in 2017 [4].

(v) For k = 1 and g(x) = xτ+s

τ+s , (7) and (8) produce generalized conformable fractional integrals defined by
Khan and Khan in 2019 [5].

(vi) If we take g(x) = (x−a)s

s , s > 0 in (7) and g(x) = − (b−x)s

s , s > 0 in (8), then conformable (k, s)-fractional
integrals are achieved as defined by Habib et al. in 2018 [6].

(vii) If we take g(x) = x1+s

1+s , then conformable fractional integrals are achieved as defined by Sarikaya et al. in
2016 [7].

(viii) If we take g(x) = (x−a)s

s , s > 0 in (7) and g(x) = − (b−x)s

s , s > 0 in (8) with k = 1, then conformable
fractional integrals are achieved as defined by Jarad et al. in 2017 [8].

In the upcoming section a generalized integral operator is constructed under suitable conditions on the
utilized functions. Its two sided forms are investigated and it is shown that they are bounded. Furthermore, a
new definition of integral operators has been presented. From the new definition it is shown that by proposing
particular functions, Riemann-Liouville fractional integrals and all their generalizations can be achieved. Also
bounds of all fractional and conformable integral operators presented in Remark 1 are deduced.

2. Results and discussion

Theorem 5. Let f , φ : [a, b] −→ R, 0 < a < b, be positive and integrable functions. Let g : [a, b] −→ R be a
differentiable and increasing function. If φ

x is increasing on [a, b], then for x ∈ [a, b] we have∣∣∣∣∫ x

a

φ(g(x)− g(t))
g(x)− g(t)

g′(t) f (t)dt
∣∣∣∣ ≤ φ(g(b)− g(a))|| f ||[a,x]
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and ∣∣∣∣∫ b

x

φ(g(t)− g(x))
g(t)− g(x)

g′(t) f (t)dt
∣∣∣∣ ≤ φ(g(b)− g(a))|| f ||[x,b].

Hence ∣∣∣∣∫ x

a

φ(g(x)− g(t))
g(x)− g(t)

g′(t) f (t)dt +
∫ b

x

φ(g(t)− g(x))
g(t)− g(x)

g′(t) f (t)dt
∣∣∣∣ ≤ 2φ(g(b)− g(a))|| f ||[a,b]. (9)

Proof. As g is increasing, therefore for t ∈ [a, x); x ∈ [a, b], g(x) − g(t) ≤ g(x) − g(a). The function φ
x is

increasing, therefore one can obtain:

φ(g(x)− g(t))
g(x)− g(t)

≤ φ(g(x)− g(a))
g(x)− g(a)

. (10)

It is given that f is positive and g is differentiable and increasing. Therefore from (10), the following inequality
is valid:

φ(g(x)− g(t))
g(x)− g(t)

g′(t) f (t) ≤ φ(g(x)− g(a))
g(x)− g(a)

g′(t) f (t). (11)

From which the following inequality can be obtained:∣∣∣∣∫ x

a

φ(g(x)− g(t))
g(x)− g(t)

g′(t) f (t)dt
∣∣∣∣ ≤ φ(g(b)− g(a))|| f ||[a,x]. (12)

Now on the other hand for t ∈ (x, b] and x ∈ [a, b], the following inequality holds true:

φ(g(t)− g(x))
(g(t)− g(x))

g′(t) f (t) ≤ φ(g(b)− g(x))
(g(b)− g(x))

g′(t) f (t). (13)

Hence (13), produces the following inequality:∣∣∣∣∫ b

x

φ(g(t)− g(x))
(g(t)− g(x))

g′(t) f (t)dt
∣∣∣∣ ≤ φ(g(b)− g(a))|| f ||[x,b]. (14)

From (12) and (14), via triangular inequality (9) can be achieved.

Aforementioned theorem motivates to give the definition of a new two-sided integral operator as follows:

Definition 6. Let f , g : [a, b] −→ R, 0 < a < b, be the functions such that f be positive and f ∈ L1[a, b], and g
be differentiable and increasing. Also let φ be a positive function such that φ

x is increasing on [a, ∞). Then for
x ∈ [a, b] the left and right integral operators are defined by

(Fφ,g
a+ f )(x) =

∫ x

a

φ(g(x)− g(t))
g(x)− g(t)

g′(t) f (t)dt (15)

and

(Fφ,g
b− f )(x) =

∫ b

x

φ(g(t)− g(x))
g(t)− g(x)

g′(t) f (t)dt. (16)

Integral operators defined in (15) and (16) have connection with various fractional and conformable
integral operators. This connection is shown in the following propositions and corollaries.

Proposition 7. Let φ(t) = tα

Γ(α) , α > 0. Then (15) and (16) produce the fractional integral operators (5) and (6), as
follows: (

F
tα

Γ(α) ,g

a+ f

)
(x) := α

g Ia+ f (x) (17)

and (
F

tα
Γ(α) ,g

b− f

)
(x) := α

g Ib− f (x). (18)



Open J. Math. Sci. 2019, 3, 210-216 213

Further these operators satisfy the following bound for α ≥ 1:∣∣∣αg Ia+ f (x) + α
g Ib− f (x)

∣∣∣ ≤ 2(g(b)− g(a))α

Γ(α)
|| f ||[a,b].

Proposition 8. Let g(x) = I(x) = x. Then (15) and (16) produce integral operators defined by Sarikaya and Ertugral
[8] as follows:

(Fφ,I
a+ f )(x) := (a+ Iφ f )(x) =

∫ x

a

φ(x− t)
(x− t)

f (t)dt (19)

and

(Fφ,I
b− f )(x) := (b− Iφ f )(x) =

∫ b

x

φ(t− x)
(t− x)

f (t)dt. (20)

Further these operators satisfy the following bound:∣∣(a+ Iφ f )(x) + (b− Iφ f )(x)
∣∣ ≤ 2φ(b− a)|| f ||[a,b].

Moreover, the bounds of fractional and conformable integral operators associated with integral operators
(15) and (16), are identified in the following corollaries:

Corollary 9. If we take φ(t) = t
α
k

kΓk(α)
. Then (15) and (16) produce the fractional integral operators (7) and (8) as

follows: F
t

α
k

kΓk(α)
,g

a+ f

 (x) :=α
g Ik

a+ f (x) (21)

and F
t

α
k

kΓk(α)
,g

b− f

 (x) :=α
g Ik

b− f (x). (22)

From (9) the following bound holds for α ≥ k:

∣∣∣αg Ik
a+ f (x) +α

g Ik
b− f (x)

∣∣∣ ≤ 2(g(b)− g(a))
α
k

kΓk(α)
|| f ||[a,b].

Corollary 10. If we take φ(t) = tα

Γ(α) , α > 0 and g(x) = I(x) = x. Then (15) and (16) produce the fractional integral
operators (1) and (2) as follows: (

F
tα

Γ(α) ,I

a+ f

)
(x) := α Ia+ f (x) (23)

and (
F

tα
Γ(α) ,I

b− f

)
(x) := α Ib− f (x). (24)

From (9) the following bound holds for α ≥ 1:

|α Ia+ f (x) + α Ib− f (x)| ≤ 2(b− a)α

Γ(α)
|| f ||[a,b].

Corollary 11. If we take φ(t) = t
α
k

kΓk(α)
and g(x) = I(x) = x. Then (15) and (16) produce the fractional integral

operators (3) and (4) as follows:
and F

t
α
k

kΓk(α)
,I

b− f

 (x) := α Ik
b− f (x). (25)

From (9) the following bound holds for α ≥ k:

∣∣∣α Ik
a+ f (x) + α Ik

b− f (x)
∣∣∣ ≤ 2(b− a)

α
k

kΓk(α)
|| f ||[a,b].
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Corollary 12. If we take φ(t) = tα

Γ(α) , α > 0 and g(x) = xρ

ρ , ρ > 0. Then (15) and (16) produce the fractional integral
operators defined by Chen and Katugampola [4] as follows:(

F
tα

Γ(α) ,g

a+ f

)
(x) = (ρ Iα

a+ f )(x) =
ρ1−α

Γ(α)

∫ x

a
(xρ − tρ)α−1tρ−1 f (t)dt (26)

and (
F

tα
Γ(α) ,g

b− f

)
(x) = (ρ Iα

b− f )(x) =
ρ1−α

Γ(α)

∫ b

x
(tρ − xρ)α−1tρ−1 f (t)dt. (27)

From (9), these operators satisfy the following bounds:

∣∣(ρ Iα
a+ f )(x) + (ρ Iα

b− f )(x)
∣∣ ≤ 2(bρ − aρ)α

ραΓ(α)
|| f ||[a,b].

Corollary 13. If we take φ(t) = tα

Γ(α) , α > 0 and g(x) = xs+1

s+1 , s > 0. Then (15) and (16) produce the fractional
integral operators as follows:(

F
tα

Γ(α) ,g

a+ f

)
(x) = (s Iα

a+ f )(x) =
(s + 1)1−α

Γ(α)

∫ x

a
(xs+1 − ts+1)α−1ts f (t)dt (28)

and (
F

tα
Γ(α) ,g

b− f

)
(x) = (s Iα

b− f )(x) =
(s + 1)1−α

Γ(α)

∫ b

x
(ts+1 − xs+1)α−1ts f (t)dt. (29)

From (9), these operators satisfy the following bound:

∣∣(s Iα
a+ f )(x) + (s Iα

b− f )(x)
∣∣ ≤ 2(bs+1 − as+1)α

(s + 1)αΓ(α)
|| f ||[a,b].

Corollary 14. If we take φ(t) = t
α
k

kΓk(α)
, α > k and g(x) = xs+1

s+1 , s > 0. Then (15) and (16) produce the fractional
integral operators defined by Sarikaya et al. [7] as follows:F

t
α
k

kΓk(α)
,g

a+ f

 (x) = (s
k Iα

a+ f )(x) =
(s + 1)1− α

k

kΓk(α)

∫ x

a
(xs+1 − ts+1)

α
k−1ts f (t)dt (30)

and F
t

α
k

kΓk(α)
,g

b− f

 (x) = (s
k Iα

b− f )(x) =
(s + 1)1− α

k

kΓk(α)

∫ b

x
(ts+1 − xs+1)

α
k−1ts f (t)dt. (31)

From (9), these operators satisfy the following bound:

∣∣(s
k Iα

a+ f )(x) + (s
k Iα

b− f )(x)
∣∣ ≤ 2(bs+1 − as+1)

α
k

(s + 1)
α
k kΓk(α)

|| f ||[a,b].

Corollary 15. If we take φ(t) = tα

Γ(α) , α > 0 and g(x) = xβ+s

β+s , β, s > 0. Then (15) and (16) produce the fractional
integral operators defined by Khan and Khan [5] as follows:(

F
tα

Γ(α) ,g

a+ f

)
(x) = (s

β Iα
a+ f )(x) =

(β + s)1−α

Γ(α)

∫ x

a
(xβ+s − tβ+s)α−1ts f (t)dβt (32)

and (
F

tα
Γ(α) ,g

b− f

)
(x) = (s

β Iα
b− f )(x) =

(β + s)1−α

Γ(α)

∫ b

x
(tβ+s − xβ+s)α−1ts f (t)dβt. (33)
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From (9), these operators satisfy the following bound:

∣∣∣(s
β Iα

a+ f )(x) + (s
β Iα

b− f )(x)
∣∣∣ ≤ 2(bβ+s − aβ+s)α

(β + s)αΓ(α)
|| f ||[a,b].

Corollary 16. If we take g(x) = (x−a)ρ

ρ , ρ > 0 in (15) and g(x) = −(b−x)ρ

ρ , ρ > 0 in (16) with φ(t) = tα

Γ(α) , α > 0.
Then (15) and (16) produce the fractional integral operators defined by Jarad et al. [9] as follows:(

F
tα

Γ(α) ,g

a+ f

)
(x) = (ρ Iα

a+ f )(x) =
ρ1−α

Γ(α)

∫ x

a
((x− a)ρ − (t− a)ρ)α−1(t− a)ρ−1 f (t)dt (34)

and (
F

tα
Γ(α) ,g

b− f

)
(x) = (ρ Iα

b− f )(x) =
ρ1−α

Γ(α)

∫ b

x
((b− x)ρ − (b− t)ρ)α−1(b− t)ρ−1 f (t)dt. (35)

From (9), these operators satisfy the following bound:

∣∣(ρ Iα
a+ f )(x) + (ρ Iα

b− f )(x)
∣∣ ≤ 2(b− a)ρα

ραΓ(α)
|| f ||[a,b].

Corollary 17. If we take g(x) = (x−a)ρ

ρ , ρ > 0 in (15) and g(x) = −(b−x)ρ

ρ , ρ > 0 in (16) with φ(t) = t
α
k

kΓk(α)
, α > k.

Then (15) and (16) produce the fractional integral operators defined by Habib et al. [6] as follows:F
t

α
k

kΓk(α)
,g

a+ f

 (x) = (
ρ
k Iα

a+ f )(x) =
ρ1− α

k

kΓk(α)

∫ x

a
((x− a)ρ − (t− a)ρ)

α
k−1(t− a)ρ−1 f (t)dt (36)

and F
t

α
k

kΓk(α)
,g

b− f

 (x) = (
ρ
k Iα

b− f )(x) =
ρ1− α

k

kΓk(α)

∫ b

x
((b− x)ρ − (b− t)ρ)

α
k−1(b− t)ρ−1 f (t)dt. (37)

From (9), these operators satisfy the following bound:

∣∣∣(ρ
k Iα

a+ f )(x) + (
ρ
k Iα

b− f )(x)
∣∣∣ ≤ 2(b− a)

ρα
k

ρ
α
k kΓk(α)

|| f ||[a,b].

3. Conclusion

In this paper the author formulate a generalized integral operator as well as its boundedness. The
investigated integral operator produces almost all fractional and conformable integral operators which have
been discovered by the authors of recent decades. Furthermore, bounds of all these fractional integrals can
be obtained. The existence of new integral operators may be useful in the further investigations of different
aspects of functional analysis and operator theory etc.
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