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When two six degrees of freedom (6DOF) datasets are registered, a transformation is sought that minimizes the misalignment between
the two datasets. Commonly, the measure of misalignment is the sum of the positional and rotational components. This measure has a
dimensional mismatch between the positional component (unbounded and having length units) and the rotational component (bounded
and dimensionless). The mismatch can be formally corrected by dividing the positional component by some scale factor with units of
length. However, the scale factor is set arbitrarily and, depending on its value, more or less importance is associated with the
positional component relative to the rotational component. This may result in a poorer registration. In this paper, a new method is
introduced that uses the same form of bounded, dimensionless measure of misalignment for both components. Numerical simulations
with a wide range of variances of positional and rotational noise show that the transformation obtained by this method is very close to
ground truth. Additionally, knowledge of the contribution of noise to the misalignment from individual components enables the
formulation of a rational method to handle noise in 6DOF data.
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1. Introduction

The pose of a three dimensional rigid body is determined by six degrees of freedom: three coordinates
of the position vector (defining, e.g., the location of the center of mass) and three angles (e.g., Euler angles
or yaw, pitch, and roll) which uniquely parameterize a 3x3 rotation matrix. A pose measuring instrument
outputs position and orientation data in a coordinate frame defined by the pose of the instrument in a global
coordinate system. Any data acquired by the instrument from two different locations need to be
transformed into one coordinate system through a process known as registration. A similar procedure is
required when a robot’s vision system collects data in one coordinate frame while the robot’s arm operates
in another coordinate frame (robot-world/hand-eye calibration problem). Due to noise present in acquired
6DOF data (both in their positional and rotational parts) the alignment of two datasets is not perfect.
Mathematically, both the registration and calibration problems can be formulated as the minimization of
some kind of error measure Epqs(H) where the homogeneous transformation H being sought consists of a
rotation and a translation.

Various techniques have been developed to obtain H (see [1] for a comprehensive review). Some
methods are based on iterative minimization [2,3], while others provide closed form solutions [4,5]. There
are techniques that parameterize rotation with the help of quaternions [6,7]; others use an axis and angle
representation [8]. Many approaches follow a separable solution strategy: first calculate the rotational part
of H and then calculate the translation [9]. Fewer procedures simultaneously solve both the rotational and
translational components of H [10,11]. Another class of techniques falls into a category of structure from
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motion with improved L., norm optimization [12,13], which enables recovery of a correct location scale
[14].

Since 6DOF data contain both positional and rotational components, three different strategies of data
handling are possible in the search for the best rotation: 1) use only the positional part of 6DOF data; 2) use
only the rotational part; or 3) use both the positional and the rotational parts. The first method, 3DOF
registration, is used in many applications where only 3D points are acquired [15-17]. Of course, whenever
6DOF data are available, the natural choice is to use all the data without wasting any part of them.
However, there is a scaling problem associated with existing registrations based on full 6DOF data. The
problem is inherent in the definition of the corresponding error function

Epose = Erm + Eloc ' (1)

where E,q is a dimensionless measure of error related to the rotational part of the data (three angles), while
Eic is the error caused by the positional part of data and is expressed in (length)? units. This ill-defined

expression is a consequence of using a homogenous matrix H and its Frobenius norm ||H || as a measure of
an overall error

H=FRSX3 5"3*1} and  |H| =tr(HH), )
01x3 llxl

where JR is a 3x3 matrix related to the rotational part of 6DOF data, dv is a vector related to the positional
part of data, tr() is a trace of a matrix and H' is the matrix transpose of H. Since E is bounded while Ejq
is not, changing length units (say, from mm to um or to meters) can cause either a contribution of E,; or
Eioc 10 Epose t0 be ignored. Some attempts to fix this problem are based on a heuristic scale factor A

Epose = Erot + /1Eloc (3)

with 1 having a dimensionality of (length). While introducing 4 makes the expression for Epose formally
correct, this approach fails to resolve the main problem as it does not provide an objective method of
setting a value of 1.

A self-adjusting weight approach was proposed for the first time in [18]. The error function was defined
as

Epose = Erot /o-rzot + Eloc /O-If)c (43.)
2 and o, are the variances of the rotational and positional noise, respectively. Since both

variances are usually not known in laboratory measurements, a multistep minimization of the error function
defined in (3) was proposed with

where o2

A= 0o, (4b)
Initially, an arbitrary value was assigned to 4 and the first minimization of E,.. was performed. The
weight factor was then updated to 4 = E,, /E,, and substituted back into (3). Next, the new Epq. was

minimized again and the whole process was repeated. Figure 2 in [18] shows that regardless of the initial
value of A, after only three steps, A approaches a constant value, which is interpreted as the correct
weight between the rotational and positional components of E,.. Unfortunately, this procedure removes

only a mismatch in length units between Ej, and o, so they both can be expressed in the same units, like
mm or um. The procedure does not provide a true measure of relative noise levels, because the limit in (4b)
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is equally as ill defined as Eqse in (1). Depending on the size of the bounding box containing positional
data, the same positional noise o,,, can be declared as large or small, regardless of the actual value of o,

In this paper the mismatch between E,,. and E, in the registration procedure is removed in a different
way. Instead of using the Euclidean norm to measure the distance between two sets of 3D points, Ej, is
expressed as a sum of squared angular differences between matching vectors. Then, the same form of
function can be used to calculate E,y. This formulation ensures that the ratio E, /E, is truly a good
measure of the relative amount of noise in the positional and rotational components of 6DOF data.
Extensive numerical simulations reveal that it may be more advantageous to use only the positional or the
rotational part of data in some experimental conditions.

2. Definition of Error Function

Two 6DOF datasets {p;, A} and {q;, B}, j=1,...,N, are acquired in two different coordinate systems
where, for each j, p; and g are two corresponding vectors and A; and B; are two corresponding 3x3 rotation
matrices. The registration transformation consists of a rotation matrix R and a translation vector v. In this

paper, all rotation matrices are used in an axis and angle representation. The axis can be represented as a
unit column vector u

u(4,¢)=[cos gcosp,cos Isin g,sin S]T (5)

where (9,¢) are elevation and azimuth angles, respectively. Then, the matrix of rotation R about axis u by
angle p can be expressed by the Rodrigues formula

R(u,p)=R(& ¢, p)=cospl +sin p[u] +(1-cos p)u®u (6)

where | is 3x3 identity matrix and

0 -u, u
[u;=|u 0 -u | u®u=uu'. (7)
-u, u 0

Following separable procedures, the rotation R is found first and then the translation v is calculated as
V=P — chtr (8)
where pgr and g are centroids of N points {p;} and {g;}. So, the hard part of registration is to find a correct

rotation R. When only 3DOF positional data are available, the typical approach is to move the origins of
coordinate systems to the corresponding centroids

ﬁj = pj = Petrs q_j =qj ~ et (9)

and then find a rotation R which minimizes the following Euclidean norm

e (8.0.0) =~ |5, ~R(8.0.0)T " (10)
j=1

_ 1
N
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Such defined E,q has dimensionality of (length)? and causes problems when 6DOF data need to be
registered. To avoid this problem, vectors p; and @; are normalized

B pj — Py Ao qj_qctr

L L, R < 11
I Py R ey )

and the error function is defined as

N

Ee (9.0.0) =1 20 (9, R(9.0.0)0,) (12)

where 0 <w; <1 is a weight factor for a given j-th term and - stands for the dot product of two vectors. The
error function so defined gauges the angular misalignment between vectors p; and Rq; . This error

function can now be minimized to find the best rotation R by using any (perhaps gradient based)
optimization procedure. The gradient of E,,. can be calculated as

0 2 & o N -
a_yEloc(‘gv(p!p):_W;Wj(pj 'qu)(pj .quj) for y=%,0,p (13)

where individual partial derivatives of rotation matrix R, are expressed as

. ou ou ou
R, =sin — | +(1-cos —RQU+UR®— 1l4a
o =3P [agl ( p)(as as) (142)
. ou ou ou
R =sin — | +(1-cos @U+U® 14b
PP [&DL ( p)(&o awj (149)
R, =—sinpl +cos p[u] +sinpu®u (14c)

and derivatives of vector u can be explicitly evaluated from (5).

E:o: can be calculated using a similar form of error function as Ejqc in (12). Since Ay is the rotation
matrix, its three columns are unit vectors, i.e., the first column A(:,1) is a unit vector along the rotated x
direction, the second column A;(:,2) is a unit vector along the rotated y, and A;(:,3) along the rotated z (and
similarly for B;). Thus, E can be defined as

N 3 2

Erot(S,(p,p):l—%ZZS] A (k) R(3,0,0)B; (:.K)] (15)

=1 k=1

where 0 < s; (k) < 1 is a weight factor for the corresponding (j,k) term. The gradient of E, can be calculated
similarly as for Ei in (13)

Eo (%0, 0) —iiis](k[ (:k)-RB; (LK) [ A (: (k)] for y=39,0,p  (16)

8
8}/ 3N =i
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with R calculated in (14). Finally, the full error function Eps for registering 6DOF data using both the

positional and rotational parts of data is defined as in (1), with E. defined by (12) and E, by (15). The
gradient of Epee can be calculated from gradients of Ejc and E, as defined in (13) and (16), respectively.
In order to use the above procedure, the weight factors w; in (12) and s; (k) in (15) must be defined as

well as a starting point for minimization (9,,¢,, p, ) . If there were no noise in the acquired rotational data
A; and B, then the following would hold for every j

A =RB.. (17)

] ]
In reality, a slightly different matrix R; has to be calculated for each j
R;(uj.0;)=AB] (18)

where u; and p; are the axis and the angle of rotation and B;* = B . Then, the normalized mean axis and
the mean angle of rotation can be used as the starting point (.90,%,,00) in a minimization of Epgee

.U

= 13
= and p,==>p, (19)
N j=1

N
N
24,

[E

uo(‘go’%):

where uy depends on angles ('901%) as in (5). If the experimental rotational data A; and B; are not heavily
affected by noise, then the starting rotation R, ($,,¢,,0,) should be relatively close to the final best fit

rotation R (9*, o, p*). If only 3DOF positional data are available then R, can be easily constructed from

two corresponding triplets of non-collinear data points.
Once the starting point for the minimization is determined, the weight factors w; in (12) and s; (k) in
(15) can be calculated

W, :1—0.5‘u0 (B, -4, )\ (20a)
s, (k) =1-05]uy (A, (- k)~ B, (- k)|, for k=123 and j=1..,N, (20b)

where p; and g; are defined in (11) and A, ( k) is the k-th column of data matrix A; (and similarly for
Bj). The rationale behind such defined weight factors is that the components of vectors p; and §; that are

parallel to o should be close to each other, and similarly for A, (:,k) and B (: k). If they are not, then a

given j-th term is classified as an outlier and a small value is assigned to w; in (12) or s; (k) in (15),
respectively.
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3. Numerical Simulations

In order to test the performance of the introduced procedure, extensive numerical simulations were
done. First, a primary 6DOF dataset was generated [xf yi, szJAgolApﬂ forj=1,..., N. For every j, the

unit axis vector u, (,9f‘¢f) was created as in (5) together with the corresponding rotation matrix

A, (u;, p}') asiin (6) and the position vector p; =[xy}, z} ]. Then, a transformation was selected by
setting the translation vector t, and three angles (9., @5, Pg;r ) - The unit axis vector u(Jy;, ¢, ) was
created as in (5) and the rotation matrix Ii(—u,pGT) was formed as in (6). Then, the secondary 6DOF
dataset [ x7,y},2],97,07, pf | could be created as follows. The position vector is q; =[x, y},z} |,

where q; = R p; +t,+ N (0, f). The positional noise is represented by N (0, f ), a vector with three

components that are pseudo-random numbers obtained from a generator with Gaussian distribution, zero
mean and standard deviation equal to f. The rotation matrix B; is calculated as

B, = RC, (8 +h¢;.pf +hay,pf +hn)) ey

where the rotation matrix C; was calculated as in (6), h is a standard deviation of angular noise, and
[g’j No ,nj] are pseudo-random numbers obtained by the standard Gaussian generator (with zero mean and

standard deviation equal to one). In order to make an easier comparison between the effects caused by
angular noise (h in radians) and positional noise (f in mm), the standard deviation of positional noise was
calculated as

f=9gL,, (22)
where g is expressed in radians and L, is the averaged length of vectors p; centered at pey
1 N
Lavg = WZ” pj = Pore || (23)
j=1

Once a pair of primary and secondary data was generated, the best fit rotation R" (9*,40*, p*) was

determined by three different methods. In method 1, only positional data were used and E,, defined in
(12), was minimized. In method 2, only rotational data were used and E,, as defined in (15), was
minimized. In method 3, full 6DOF data were used and Eqs Was minimized. Each method yielded slightly

different best fit rotations R, for k = 1, 2, 3. For each rotation, a deviation dy from a ground truth rotation
R. was calculated using the Frobenius norm (2)

d, =|

R —Rer|/2v2 for k=123, (24)

The matrix Ry, is an inverse of the matrix R(-u, ps; ) which was used to generate a secondary 6DOF
data in (21), i.e.,

Rer (‘9GT!¢GT1/7GT ) =R (_u(‘gGTlgoGT)’pGT ) = F~2(u, Per ) . (25)

285 http://dx.doi.org/10.6028/jres.118.013


http://dx.doi.org/10.6028/jres.118.013
http://dx.doi.org/10.6028/jres.118.013

Volume 118 (2013) http://dx.doi.org/10.6028/jres.118.013
Journal of Research of the National Institute of Standards and Technology

For every pair of noise parameters (g, h), the above procedure was repeated many times. First, in order to
check the stability of results obtained for different noise realizations, for a given transformation {to, Fi} and

primary data, Ny.ise SeCOndary datasets were generated [X]B y;. 2. % .00 p] ] . where n = 1,..., Npoise-

Each n-th dataset was obtained by using different sequences of random numbers [cjj o ,nj] and N (O, )
for rotational and positional noise, respectively. In addition to this test, M. primary datasets were
generated [XJA yi, zf,@f,gof,pf] . wherem=1,..., Myaa . For each m-th primary dataset, Nyoise

(m

secondary datasets were generated as described previously [xf y;.z;, SJBgoJBp]B] o Finally, Kyans

transformations were created {to, Ii} » where k = 1,..., Kyans . FOr each k-th transformation, each m-th

primary dataset and each n-th random sequence, a secondary dataset [XJB yr.z0 8, goJBpJB] gy VA

generated. Overall, for every pair of noise parameters (g, h), a total of Nt = Npgise X Mata X Kirans S€CONdary
datasets were generated. Each secondary dataset was registered to its corresponding primary data using
each of the three different methods described earlier.

All numerical calculations were performed on a 32-bit PC in double precision. A standard quasi-
Newton minimization algorithm as implemented by Davidon-Fletcher-Powell (DFP) in [19] was used in all
optimizations. Exit criteria from this iterative procedure were set to 10°® for both the minimum change in
step and the flatness of a gradient. Pseudo-random numbers were generated using the gasdev function
provided in [19].

4. Results

Figures 1-5 show the results of simulations obtained for 200 x 200 pairs of noise parameters (g, h). On
average, 5-9 iterative steps were needed for the DFP minimization procedure to converge. The length of
each dataset (primary or secondary) is N = 10, Nyoise = 16, Mgata = 10, Kyrans = 10, s0 there are Ny, = 1,600
pairs of (primary, secondary) data requiring registration for each (g, h). Figure 1 shows the mean ratio &
averaged over all Ny, cases and displayed in a logarithmic scale

- 1 S _ Eloc (v;(JIo)se)
TN T T E (W) 9

where v is the solution obtained by minimizing Eps for the I-th pair of data. Figure 2 shows which

pose
method most frequently delivered the smallest deviation from ground truth dy as defined in (24). Figure 3
displays how often a given method delivered the best results.

Figure 4 shows the outcome of a prediction procedure defined as follows. For each pair of noise
parameters (g, h) and each I-th pair of data, the ratio ¢, was calculated as in (26). Then, if ¢, <T,,, or

low

oy = Tyiqn » Where Ty < Thigy are predefined parameters, the prediction was made. If ¢, > T, , then the best

results were expected to be delivered either by method 2 (minimization of E,, positional data ignored) or
by method 3 (minimization of Epqe, full 6DOF data used). Similarly, if o, <T,,, , then the best results were
expected from either method 1 (minimization of E,., rotational data ignored) or from method 3. This
prediction was compared with the actual deviations from ground truth d,, k = 1,2,3. If the prediction was
correct, the number of successful predictions for that pair (g, h) was increased by one. This process was
repeated for every I-th pair of data (I = 1,..., Ny). Displayed in Fig. 4 is the number of successful
predictions divided by L, where L is the total number of cases for which «, <T,, (or ; > T, ) for a given

(9, h). The central white part of the plot corresponds to an inconclusive region in (g, h) where no prediction

ow
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g [rrad]

Il I Il 1 1
50 100 150 200 250 300
h [mrad]

Fig. 1. Contour plot of the mean ratio & defined in (26) on a logarithmic scale as a function of a standard deviation of positional noise

g and rotational noise h. For easier interpretation, both noise parameters are shown in milliradians. In simulations g was converted to
millimeters using (22).

300

250 Wethod 2 il

200 Method 3

g [mrad]

150

100

50

al 100 150 200 250 300
h [mrad]

Fig. 2. The diagram showing which of the three methods delivered most frequently the best registration. In method 1, E,c was
minimized using only the positional data; in method 2, E, was minimized using only the rotational data; in method 3, Epese Was

minimized using full 6DOF data. For each pair of noise parameters (g, h), a total of Ny = 1,600 registrations of different data pairs
were performed.
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g [rmrad]

o055

F 08

o045

150 200
h [mrad]

Fig. 3. The frequency of winning by the best method shown in Fig. 2 vs. positional and rotational noise parameters (g, h).

g [rrad]

a0 100 150 200 250 300
h [rmrad]

Fig. 4. The frequency of correct predictions vs. noise parameters (g, h). Based on a value of Eo / Eo: , the two best methods are
predicted. The central white area corresponds to the inconclusive region where no prediction could be made because E,o = E;. Note
that the value of color on the color bar for the highest frequency 1.0 deviates intentionally from a linear scale for better visualization.
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0.1
0.09
300 = i

0.08

2805 ] 0.07

5 k- 0.08
o 4

g [rrad]

150+ £ s

150 200
h [mrad]

Fig. 5. The mean ratio x defined in (27) vs. noise parameters (g, h). As in Fig. 4, the central white part of the plot corresponds to an
inconclusive region on (g, h) plane.

could be made, because Ty, <o <T,, i.e., L =0. The results presented were obtained for T, = 113y

and Thigh = 32. Figure 5 shows the mean ratio i vs. noise parameters (g, h)

Al

1 L
=T K K= AL /A @
1=1

where A ®

box 1S the difference between the two smallest deviations dy; and dy, obtained with the predicted

two best methods k1 and k2 applied to I-th data pair, and A {) is the difference between the largest and the

smallest deviation for the same I-th pair. Similarly as in Fig. 4, the central white part of the plot
corresponds to an inconclusive region in (g, h) where L = 0.

5. Discussion

The results presented in Fig. 1 indicate that, as expected, the ratio & correlates well with the ratio of
noise parameters g/h. This is important because the systems that are used for pose determination usually do
not provide much information about the noise levels present in positional and rotational data. When the
ratio & becomes small, one may expect that discarding the rotational part of 6DOF data may, on average,
lead to better registration. Similarly, for & large, discarding the positional part of the full data may on
average yield a better result. For intermediate values of & using full 6DOF data should lead to the best
results. Figure 2 and 3 confirm that these intuitive expectations are indeed correct.

For small or large values of & (& <T,,, or @ =T, ), the procedure introduced in this paper predicts
very well which of the three registration methods provides the best results. The data shown in Fig. 4
indicate that the highest ratio of false predictions does not exceed 0.08 (in a region of small & <T,

ow !
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around noise parameters (g, h) = (15, 120)). For the majority of (g, h) where either & <T,_,or @ 2T, , the

prediction rate is exactly 1 or very close to 1.

Overall, the data shown in Figs. 2-5 confirm that minimization of E. (the third method, full 6DOF
data used) yields consistently good results in a whole range of investigated noise parameters (g, h). The
third method most frequently delivers the best or second best result. In the latter case, for & <T,,, or

a 2T, , the difference between the two best methods is in most cases two orders of magnitude smaller

than the difference between the worst and the best method; see Fig. 5. This means there is a large difference
between the worst method and the remaining two methods. At the same time, differences between the two
best methods are small. Thus, using full 6DOF data and minimizing Epqse Seems to be the best or close to
the best strategy across the whole range of noise parameters (g, h). For very small or very large values of

the ratio E, (vpose )/Erot (vpose) , it may be worthwhile to discard the noisy part of the 6DOF data and to

redo the minimization using E,. or E,; with only positional or rotational data, respectively. A similar
conclusion was formulated already in [3] without a systematic study of the mutual relation between
positional and rotational noise. That observation was based on particular parameters used in the

simulations: length of position vector || P || e [500 mm, 1000 mm], length of translation ||t,||= 800 mm,

igh ?

positional noise 1 mm and rotational noise 2.5 mrad (using a uniform random number generator). However,
during the simulations, ||tO || and || p; || were calculated in meters. Only positional data were also used in

another hand-eye calibration procedure. The minimum variance method introduced in [20] delivered better
results than two other methods [8,18]. Systematic studies presented in this paper explain why this
apparently surprising conclusion can be correct.

One may wonder why for small or large values of & the predictions are not perfect, as the data in Fig.
4 indicate. However, it should be remembered that a residual value of the error function (like Eq; or Ejqc)
provides only an indication of the noise level present in experimental data, not the actual deviation of best
fit parameters from the unknown ground truth.

6. Conclusions

Performance of the iterative minimization procedure for registration of 6DOF noisy data was studied in
computer simulations. The properly defined error function Epe removed the mismatch between the
positional component of the error (unbounded, in length units) and the bounded, dimensionless rotational
component. The error function Eye can be minimized and the resulting rotation matrix provides a good
approximation to the true rotation across a large range of positional and rotational noise variances. Thus,
both the developers and the users of pose determining systems could benefit from being able to properly
gauge a relative amount of noise in the positional and the rotational parts of 6DOF data.

7. References

[1] M. Shah, R. Eastman, and T. Hong, An Overview of Robot-Sensor Calibration Methods for Evaluation of Perception Systems,
in Performance Metrics for Intelligent Systems PerMIS, College Park MD, USA, 2012.

[2] M. Hersch, A. Billard, and S. Bergmann, Iterative Estimation of Rigid Body Transformations, J. Math. Imaging and Vision,
2012.

[31 H.Zhuangand Y. C. Shiu, A Noise-Tolerant Algorithm for Robotic Hand-Eye Calibration with or without Sensor Orientation
Measurement, IEEE Trans. Systems, Man and Cybernetics 23, 1168-1175 (1993).

[4] M. Shah, Comparing two sets of corresponding six degree of freedom data, Computer Vision and Image Understanding 115,
1355-1362 (2011).

[5] A.Li, L Wang, and D. Wu, Simultaneous robot-world and hand-eye calibration using dual-quternions and Kronecker product,
International Journal of the Physical Sciences 5, 1530-1536 (2010).

[6] Z.Zhao, Hand-Eye Calibration Using Convex Optimization, in International Conference on Robotics and Automation ICRA
2011, Shanghai: IEEE, 2011, pp. 2947-2952.

290 http://dx.doi.org/10.6028/jres.118.013


http://dx.doi.org/10.6028/jres.118.013
http://dx.doi.org/10.6028/jres.118.013

Volume 118 (2013) http://dx.doi.org/10.6028/jres.118.013
Journal of Research of the National Institute of Standards and Technology

[7]
(8]
[]
[10]

[11]
[12]

[13]
[14]
[15]
[16]
[17]
(18]
[19]

[20]

J. C. K. Chou and M. Kamel, Finding the Position and Orientation of a Sensor on a Robot Manipulator Using Quaternions, The
International Journal of Robotics Research 10, 240-254 (1991).

R. Y. Tsai and R. K. Lenz, A new technique for fully autonomous and efficient 3D robotics hand/eye calibration, IEEE Trans.
on Robotics and Automation 5, 345-358 (1989).

R. Liang and J. Mao, Hand-eye calibration with a new linear decomposition algorithm, Journal of Zhejiang University 9, 1363-
1368 (2008).

H. H. Chen, A screw motion approach to uniqueness analysis of head-eye geometry, in IEEE Proceedings of Computer Vision
and Pattern Recognition CVPR’91, 1991, pp. 145-151.

K. Daniilidis, Hand-Eye Calibration Using Dual Quaternions, International Journal of Robotics Research 18, 286-298 (1999).
F. Kahl and R. Hartley, Multiple-View Geometry under the L.-Norm, IEEE Trans. Pattern Analysis and Machine Inteligence
30, 1603-1617 (2008).

Q. Ke and T. Kanade, Quasiconvex Optimization for Robust Geometric Recostruction, IEEE Trans. Pattern Analysis and
Machine Inteligence 29, 1834-1847 (2007).

J. Heller, M. Havlena, A. Sugimoto, and T. Pajdla, Structure-from-motion based hand-eye calibration using L., minimization, in
IEEE Proceedings on Computer Vision and Pattern Recognition CVPR'11, 2011, pp. 3497-3503.

J. M. Fitzpatrick, J. B. West, and C. R. Maurer, Predicting Error in Rigid-Body Point-Based Registration, IEEE Trans. Medical
Imaging 17, 694 -702 (1998).

K. S. Arun, T. S. Huang, and S. D. Blostein, Least-Squares Fitting of Two 3-D Point Sets, IEEE Trans. PAMI 9, 698-700
(1987).

D. W. Eggert, A. Lorusso, and R. B. Fisher, Estimating 3-D rigid body transformations: a comparison of four major algorithms,
Machine Vision and Applications 9, 272-290 (1997).

K. H. Strobl and G. Hirzinger, Optimal Hand-Eye Calibration, in IEEE/RSJ Proceedings from International Conference on
Inteligent Robots and Systems, Beijing, China, 2006, pp. 4647-4653.

W. H. Press, S. A. Teukolsky, W. T. Vetterling, and B. P. Flannery, Numerical Recipes in C, 2nd Edition: Cambridge
University Press, 1995.

S. J. Kim, M. H. Jeong, J. J. Lee, J. Y. Lee, K. G. Kim, B. J. You, and S. R. Oh, Robot Head-Eye Calibration Using the
Minimum Variance Method, in IEEE Proceedings, International Conference on Robotics and Biomimetics, Tianjin, China,
2010, pp. 1446-1451.

About the authors: Marek Franaszek is a physicist in the Intelligent Systems Division of the NIST
Engineering Laboratory. His current research interests include mathematical modeling and algorithm
development for processing data acquired with 3D imaging systems. The National Institute of Standards
and Technology is an agency of the U.S. Department of Commerce.

291 http://dx.doi.org/10.6028/jres.118.013


http://dx.doi.org/10.6028/jres.118.013
http://dx.doi.org/10.6028/jres.118.013

