HYPERSURFACES WITH CONSTANT
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Let M™ be an n-dimensional (n > 3) complete smooth connected and oriented
hypersurface in a real space form M"*!(c) (¢ = 0,1, —1) with constant quasi-
Gauss-Kronecker curvature and two distinct principal curvatures. Denoting by
H the mean curvature, |A|? the squared norm of the second fundamental form
and K, the quasi-Gauss-Kronecker curvature of M", we obtain some character-
izations of 8*(a) x R"™* or 8*(a) x 8" *(v/1T — a2?) or 8*(a) x H" " (—v/1 + a2?)
in terms of H, |A|> and K, where 1 < k < n— 1 and S¥(a) is the k-dimensional
sphere with radius a.
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1. INTRODUCTION

Let M™ be an n-dimensional immersed hypersurface in a real space form
M (¢). Ifc =0, ¢ > 0 or ¢ < 0, we call M"!(c) the Euclidean space, sphere
space or hyperbolic space. Let (h;;) be the second fundamental form. Denote
by H =13 | h;; the mean curvature, by |A|* = > i1 hi; the squared norm
of the second fundamental form, and by K = det(h;;) the Gauss-Kronecker
curvature of M"™. We notice that if M is an n-dimensional immersed hyper-
surface in a real space form M"*!(c) with constant mean curvature H or con-
stant m-th mean curvature H,, and two distinct principal curvatures, there are
many important characterization results of M™ (see [ 4, 6, 11-16]). If M™ is an
n-dimensional immersed hypersurface in M"*1(¢) with constant squared norm
of the second fundamental form |A|? and two distinct principal curvatures, or
with constant Gauss-Kronecker curvature K and two distinct principal curva-
tures, the author and others also obtained some interesting characterization
results of M™ (see [9, 10]). Putting p;; = hij — Hd;;, we define the so-called
quasi-Gauss-Kronecker curvature of M™ by K, = det(y;;), which is a conformal
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invariant (see [5]). We notice that if M™ is a minimal hypersurface, then the
quasi-Gauss-Kronecker curvature is exactly the Gauss-Kronecker curvature.

Since H, |AJ?, K and K, are the important invariants of M™ under the
isometric immersion, it is natural for us to ask the following question: if M™"
has constant quasi-Gauss-Kronecker curvature and two distinct principal cur-
vatures, what characterization results can we obtain?

In this article, we try to study such a problem and give some charac-
terization results. We introduce the well-known standard models of complete
hypersurfaces with constant quasi-Gauss-Kronecker curvature in M"*1(c):

When ¢ = 0, we consider the Riemannian product immersion

Sk(a) x R"F < M (c),

where ¢ > 0 and 1 < k < n — 1, then it has two distinct constant principal
curvaturesé and 0 with multiplicities £ and n — k, respectively. We easily see
that S¥(a) x R"* has constant quasi-Gauss-Kronecker curvature

e ()

Ifk=n—1,then K, = —21-L <0. If k =1, then K, = (-1)":52 L Thus

n" am™ n" am™
1

= = —n(llin)% > 0, this implies that it must have K, > 0 and n is an odd

a
number.

Putting G =
ond fundamental form and the mean curvature of "~ !(a) x R! or 8'(a) x R" 1,
then for S !(a) x R!, where a = %G_% and G > 0 we have

and H the squared norm of the sec-

A2 = n%(n — 1)Gn, H=n(n—1)Gn,
for S'(a) x R""!, where a = —%G_%, G < 0 and n is an odd number, we have
|A]> = nQG%, H = —nGn.

When ¢ = 1, we consider the standard immersions S"7*(v/1 — a2) —
R™*+1 and S¥(a) — R**! where 0 < a < 1,1 < k < n — 1, and take the
Riemannian product immersion S*(a) x 8" *(/1 —a?) — S"*l(¢c) c R"*2,
then it has two distinct constant principal curvatures

PP VR 4 el VR S
1 — - k — a ) k+1 - - n — m?
respectively. We easily see that S¥(a) x S"7%(v/1 — a?) has constant quasi-
Gauss-Kronecker curvature

Ky = (%)n_k(n ; k)n<a\/11_7a2>n
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Ifk =n-—1,then K, = —2%1—1 __ < 0. If k = 1, then K, =

nn (a1/1,a2)n
1
(—1)”%@. Thus a\/ll—T = —n(ff‘%)i > 0. This implies that we
must have K, > 0 and n is an odd number.
K,

Putting G = =% and denoting by |A|*> and H the squared norm of the

second fundamental form and the mean curvature of S *(a) x S'(v/1 — a?2) or

S!(a) x S"~1(+/1 — a?) , then for
1, V/n2G?/" —4
S"1(a) xS (/1 — a?), where a® = B + ZT and G > (2/n)" > 0,
n n
or for
1 \/n2G2/n — 4
S'(a) x 8" (/1 —a?), where a®> = = F VneGit — A
2 2nGH/m
and G < —(2/n)" <0, n being an odd number,

|AP? = gG% [n2G% + (n— 2)\/@] —n,
H= %[(n—2)G% ¥ \/E].

When ¢ = —1, we consider the standard immersions H"~%(—+/1 + a2) —
R]‘_k'H and S¥(a) — RFF! where @ > 0, 1 < k < n — 1, and take the
Riemannian product immersion S*(a) x H" % (—+/1 + a2) < H"*!(c) Cc R}
then it has two distinct constant principal curvatures

V14 a? a
a V1+a?

respectively. We easily see that S¥(a) x H"*(—+/1 4 a2) has constant quasi-
Gauss-Kronecker curvature

5= () () )

T \k—n n av1+a?/
If Kk = n—1, then K, = —nnﬂm < 0. If k = 1, then K, =

_ Ky \1 Ce .
(—1)”%@. Thus a\/ﬁ = —n(=%)» > 0, this implies that it must
have K, > 0 and n is an odd number.

Putting G = fi‘ln and denote by |A|?> and H the squared norm of the
second fundamental form and the mean curvature of S*~!(a) x H!(—v/1 + a?)

or St(a) x H* }(—+/1 + a?), then for

we have

[

1 /n2G?/n+4

8" 1(a) x Hl(—\/1+7a2), where a® = —= + and G > 0,
2 2nGH/n
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or for
1 \/m
Sl(a)XHnil(—m), where a? = —= — VrEGTT 44
2 2nGLl/n
and G < 0, n being an odd number,
we have

A2 = gG% [n2G + (n — 2)\/n2Gn +4] +n,
H = %[(n—2)G% +\/n2Gn +4].

If M™ has two distinct principal curvatures and the multiplicities of both
principal curvatures are greater than 1, we obtain the following:

THEOREM 1.1. Let M™ be an n-dimensional, n > 3, complete smooth
connected and oriented hypersurface in a real space form M™ 1 (c) with constant
quasi- Gauss-Kronecker curvature and two distinct principal curvatures. If the
multiplicities of both principal curvatures are constant and greater than 1, then

(1) for ¢ =0, M™ is isometric to S*(a) x R, where a = F;

(2) for c =1 and F? < 1/4, M™ is isometric to S*(a) x S"F(v/1 — a2),

2 11@;

where a* =

(3) for ¢ = —1, M™ is isometric to S*(a) x H" *(—v/1 + a2), where
o2 — —1EVIHaF?
- ¢ .
In the above, F = (ﬁ)(”*k)/””T_qu_l/n and 1 <k <n—1.

If M™ has two distinct principal curvatures one of which is simple, in
order to state Theorem 1.2 and Theorem 1.3 briefly, we denote

§(n,G) = gG% [nQG% + (n—2)Vn?G?/" — 4] —n,

et (n,G) = gG% [nQG% + (n —2)Vn2G?" + 4] +n,
at(n,G) = %[(n — 2)G% +\/n2Gn — 4],
1
B (n,G) = 5[(n~ )G +\/n2Gn + 4],
A/ m2(22/n _
b(n, G)i = 1 + Mj
2 2nG/m
c(n, G)* = 1 + —n2G2/” 4
’ 2 2nGYm
where G = fi—‘%, and obtain the following:
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THEOREM 1.2. Let M™ be an n-dimensional with n > 3 complete smooth
connected and oriented hypersurface in M"1(c) with constant quasi-Gauss-
Kronecker curvature Kq and two distinct principal curvatures one of which is
simple. Denote by |A|? the squared norm of the second fundamental form of
M"™. Then K, # 0.

(I) If K, <0, (i.e. G>0), then
(1) forc =0, if |[A]> > (n — 1)n 2Gn or |A|2 < (n-— 1)n2G%, then M™ is
isometric to S""1(a) x RY, where a = 1G n;
(2) forc=1 and K, < —(-2 ) , (i-e. G>( )3),
(i) if |A]? > 6T (n,Q), then M™ is isometric to S" !(a) x S'(v/1—a?),
where a® = b(n, G)*;

(ii) if |A]? < 5+(n G) then M™ is isometric to S""!(a) x S*(v/1—a2),
where a®> = b(n,G)* or a®> = b(n,G)~;

(iii) if |A]*> > 6 (n, G) then M™ is isometric to S" '(a) x S'(v/1—a2),
where a®> = b(n,G)~ or a®? = b(n,G)™;

(1v if |AI? <67 (n,Q), then M™ is isometric to S" !(a) x S'(v/1—a?),
where a®> = b(n,G)~;

(3) for ¢ = —1, if |[A]?> > e"(n,G) or |A]? < €"(n,G), then M™ is iso-
metric to S""1(a) x HY(—V1+ a?), where a®> = c(n,G)*.

(I) If K4 > 0, (i.e. G <0), and n is an odd number, then

(1) for ¢ = 0, if |A]?> > n?Gn or A2 < n2Gr, then M™ is isometric to
S!(a) x R" !, where a = —%Gfi;

(2)f0rc:1anquZ(L)nTi2 (i.e. G < —(:45)%),

(i) if |A]? > 6T (n,G), then M™ is isometric to S'(a) x S"~1(v/1—a?),

where a®> = b(n,G)~ or a®> = b(n,G)*

(i) if |A]? < 6T (n,G), then M™ is isometric to S'(a) x S" 1 (v/1—a?),
where a®> = b(n,G)~;

(iii) if |A]? > 6~ (n,G), then M™ is isometric to S'(a) x S"}(v/1—a?),
where a® = b(n, G)T;

(1V if |AI? <07 (n,Q), then M™ is isometric to S'(a) x S""1(v/1—a?),
where a® = b(n,G)~ or a® = b(n,G)7;

(3) for c = =1, if |[A]?> > e"(n,G) or |A]? < €7 (n,Q), then M™ is iso-
metric to St(a) x H* Y (—v/1 + a?), where a®> = ¢(n, G)~.

THEOREM 1.3. Let M™ be an n-dimensional with n > 3 complete smooth
connected and oriented hypersurface in M"1(c) with constant quasi-Gauss-
Kronecker curvature K, and two distinct principal curvatures one of which is
simple. Denote by H the mean curvature of M™. Then K4 # 0.

(I) If K, <0, (i.e. G>0), then
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(1) fore=0, if H > n(n— 1)G%, or H<n(n-— 1)G%, then M™ is isomet-
ric to S""1(a) x R, where a = lei'

(2) forc=1 and K, < ( ) , (i-e. G>( )2 ),
(i) if H > a™(n,G), then M™ is isometric to S"1(a) x S'(v1 — a?),
where a®> = b(n,G)~;
(ii) if H < at(n,G), then M™ is isometric to S""1(a) x S1(V/1 — a?),
where a®> = b(n,G)~ or a® = b(n,G)*;
(iii) if H > a=(n,G), then M™ is isometric to S""1(a) x S*(v1 — a2),
where a®> = b(n,G)~ or a®> = b(n,G)*;
(iv) if H < a=(n,q), then M™ is isometric to S" !(a) x SY(V1 — a?),
where a® = b(n, G)*;
(3) forc=—1,if H> B (n,G) or H< BT (n,G), then M" is isometric to
S"~(a) x HY (=1 + a?), where a® = ¢(n,G) ™.
(Il) If K4 > 0, (i.e. G <0), and n is an odd number, then
(1) forc=0, if H> —n Gn or H <-n G%, then M™ is isometric to
Sl(a) x R"!, where a = —%G_%;
(2) forc=1 and K, > (=19)"7, fi.e. G < —(:17)
(i) if H > a™(n,G), then M™ is isometric to S
where a® = b(n, G)7*;
(ii) if H < at(n,G), then M™ is isometric to S*(a) x S" (V1 — a?),
where a?> = b(n,G)* or a®> = b(n,G)~;
(iii) if H > a=(n,Q), then M™ is isometric to S'(a) x S"}(V1 — a?),
where a® = b(n,G)" or a®? = b(n,G)~;
(iv) if H < a=(n,G), then M™ is isometric to S'(a) x S" (V1 — a?),
where a® = b(n, G)~;
(3) forc=—1,if H> BT (n,G) or H< 3%(n,q), then M" is isometric to
St(a) x H* 1(=V1 + a2), where a®> = ¢(n,G)~.

),
() x S"1(VT=a?),

2. PRELIMINARIES

Let M™ be an n-dimensional complete smooth connected and oriented
hypersurface in a real space form M"*!(c). We choose a local orthonormal
frame eq,...,e,p1 in M"1(c) such that eq,...,e, are tangent to M™. Let
Wi, .. .,Wnt1 be the dual coframe. We use the following convention on the
range of indices:

1<ABC,...<n+1; 1<ij,k...<n.
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The structure equations of M"*!(c) are given by

dwa =Y wapAwp, wap+wpa =0,
B

1
dwap =Y wac Awep +Qap, Qap = —3 Y Kapepwo Awp,
c C.D
Kapep = c(6acdpp — 0apdpe),

where Q4p and K4 pcp denote the curvature form and the components of the
curvature tensor of M"*1(c), respectively.
Restricting to M™,

(21) Wn+1 = 0,
(2.2) Wn41i = Zhijwja hij = hji,
J
where h;; denotes the components of the second fundamental form of M™. The
structure equations of M™ are

dw; = E wij A Wj, Wij —|—wji:0,
J

1
(2.3) dwij = Zwik N Wi + Qij, Qij = —5 Z Rijklwk N wi,
% Tl
(2.4) Rijii = (001 — 0udjk) + (hirhj — hahj),

where ();; and R;ji; denote the curvature form and the components of the
curvature tensor of M", respectively. From (2.4), we have

nn—1)(r—c) = n’H? — |A[2,

where n(n —1)r = R is the scalar curvature, H is the mean curvature and |A|?
is the squared norm of the second fundamental form of M™.

Putting p;; = hij—H6;j, we call K, = det(u;;) the quasi-Gauss-Kronecker
curvature of M"™. We choose e1, ..., e, such that h;; = X\;d;;, then we see that

(2.5) K =det(pij) = (M — H)(A2 — H)--- (A — H).
From (2.2) we obtain
Wntli = Aw;, 1=1,2,... n.
Hence, we get from the structure equations of M™,
(2.6) dwpa1; =dN A w; + Aidw;

=dX\; Aw; + N Zwij A wj.
J
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On the other hand, we have on the curvature forms of M"*1(c),

1
Qnt1i=—3 > Knjvicpwe Awp
C.D

1
~ T3 Z c(0n+100ip — On+1D0ic)we Awp
c.D

= — cwp+1 Nw; = 0.

Therefore, from the structure equations of M"!(c), we obtain

(2.7) dwpy1; = Z Wnt1j A\ Wji + Wngtng1 A Wngti + Qng1i

J
= Z )\jwij A wj.
J

From (2.6) and (2.7), we get

(2.8) dA\ A w; + Z()‘i — Ajwij Awj = 0.
J

Putting

(2.9) Yij = (A — Aj)wij,

we have v;; = 1;;. Hence (2.8) can be written as

Z(¢Zﬂ + 5ijd)\j) ANwj = 0.

J
By E. Cartan’s Lemma, we get

(2.10) ij + 0idN; = Qijrtwr,
k

where Q;; are uniquely determined functions such that

Qiji = Qikj-

3. PROOFS OF THEOREMS

We have the following Proposition 3.1 (originally see Otsuki [7]):

PROPOSITION 3.1. Let M™ be a hypersurface in a real space form M™ 1 (c)
such that the multiplicities of the principal curvatures are constant. Then the
distribution of the space of the principal vectors corresponding to each prin-
cipal curvature is completely integrable. In particular, if the multiplicity of a
principal curvature is greater than 1, then this principal curvature is constant
on each integral submanifold of the corresponding distribution of the space of
the principal vectors.
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Proof of Theorem 1.1. If M™ has two distinct principal curvatures A and
X' of multiplicities k and n — k, where 1 < k < n — 1, from (2.5) and pu;; =
hij — Hd;;, we get
k \n—k/n—k\n o
(3.1) KQ_(k—n) ( n ) (A= A"
Denote by D) and D, the integral submanifolds of the corresponding distri-
bution of the space of principal vectors corresponding to the principal cur-
vature X and ), respectively. From Proposition 3.1, we know that A is con-
stant on D). From (3.1), we infer that A’ is constant on D). By Proposition
3.1 again, we get that )\ is constant on D,,. Thus, we see that )\ is con-
stant on M"™. By the same assertion we know that A\ is constant on M".
Therefore, M™ is isoparametric. By the classical results of Segre [8] and Car-
tan [2, 1] (see also [3, pp. 238]), we know that M"™ is isometric to one of

S¥(a) x R" % a = F for ¢ = 0, or S¥(a) x S"#(v/1 —a2), a® = EV1I-4" \/12—4F2
for ¢ = 1, or S¥(a) x H* *(—v/1 + a?), o> = ==V 1T V21+4F2 for ¢ = —1, where

F = (ﬁ)(”—k)/"%_kf(q_l/n and 1 < k < n — 1. This completes the proof of
Theorem 1.1. O

Now, we consider the case that M™ has two distinct principal curvatures
one of which is simple. Let M™ be an n-dimensional complete smooth con-
nected and oriented hypersurface with two distinct principal curvatures one of
which is simple and n > 3, that is, without loss of generality, we may assume

M=X=-=X1=X A =X\,
where \; for ¢ = 1,2, ..., n are the principal curvatures of M™. Thus, we get
n—1
K,=— o (A=)
. K,

Putting G' = =%, we get

Ky \#»
(3.2) 0#A—X=n<1 : ) = nGr,

—n

this implies that K, # 0 and there only exist two cases: K, < 0 or K; > 0 and
n must be odd numbers. Hence, we obtain

(3.3) N =\—nGn,

where G > 0 or G < 0 and n must be odd numbers.
We denote the integral submanifold through x € M™ corresponding to A
by M7~ !(x). Putting

A=) Apwr, AN =) N,
k=1 k=1
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from Proposition 3.1, we have

(3.4) Mi=Xa=-=Xp 1=0 on M (x).
From (3.3), we have
(3.5) dN = dA.

Thus, we also have
(3.6) Np=Nog=--=XN,1=0 on M x).

In this case, we may consider locally A as a function of the arc length s of the
integral curve of the principal vector field e, corresponding to the principal
curvature . From (2.10) and (3.4), we have for 1 <j <n —1,

n n n—1
Anwn =Y Niw; = dA=dX; =Y Qjjewr = > Qjjktk + Qjjntn.
i=1 k=1 k=1

Therefore, we have
(3.7) Qjik=0, 1<k<n—1, and Qjjn=An.
By (2.10) and (3.6), we have

n n n—1
>\,7n Wnp = Z )\/n' W = dX =d\, = Z ankwk = Z ankwk + annwn-
i=1 k=1 k=1
Hence, we obtain
(38> Quak =0, 1<k<n-—1, and Qunn = )\/m .

From (3.5), we get

ann = A/m = )\m .
From the definition of 1;;, if i # j, we have 1;; = 0 for 1 <4 < n —1 and
1 < j < mn—1. Therefore, from (2.10), if i # jand 1 < i < n—1 and
1 <j<n-—1we have
(3.9) Qijr =0, for any k.

By (2.10), (3.7), (3.8) and (3.9), for j < n, we get

(3.10) bin = Qjnkwi
k=1

:ijnwj + annwn =An Wi
From (2.9), (3.2) and (3.10), for j < n, we have

wjn — )\m W
NN T

Win =
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Thus, from the structure equations of M"™ we have
n—1
dw, = Zwk A Wep + Wnn A wy = 0.
k=1

Therefore, we may put w, = ds. By (3.4), we get

dX
dA =\, ds, Ap=—.
ds
Thus, we have
dx 1 -1 LG=waA
e d(=G7n A d(lnen
(311) Wijn = dsle: (n )wj: (He )w]
nGn ds ds
From (3.11) and the structure equations of M"*!(c), for j < n, we have
n—1
dwjn = ijk AN Wgn + Win A Wnn + Win+1 N Wntin + an
k=1
n—1
= Z Wik N Wikn + Win4+1 A Wntln — Wi A Wy
k=1

13, n—1
da ~GTnA
= (neds) g wip Awi — (AN + c)w; A ds.
k=1

Differentiating (3.11), we have

d?*(Inew 2 G "A) d(lnen 2 G "k)
dwjn, —Tds Awj + waj
_1 _1
d2(1ne%G ") d(lne%G "N &
:Tds Awj + & Wik N\ Wi
k=1
_1 _1
{ d2(lne%G ") n [d(lneiG ”/\)}2} Ad
= —_ Wi S
d32 ds J
d(l "A
+ ( ne Zw]k N Wi
From the previous two equalities, we have
_1 1 -1
d2(lne%G ") d(lnen® "M)y2
12 —{ }— 4e)=0.
(3.12) 1 e (M +¢)=0

1
Defining w = e G " from (3.12), we get

d2
(3.13) E7+w(AX+c)—0
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On the other hand, from (3.11), we have V. e, = > 7" | wni(en)e; = 0.
By the definition of geodesic, we know that any integral curve of the principal
vector field corresponding to the principal curvature )\ is a geodesic. Thus, we
see that w(s) is a function defined in (—o0, +00) since M™ is complete and any
integral curve of the principal vector field corresponding to X is a geodesic.
We can prove the following Lemma:

LEMMA 3.2. The positive function w is bounded from above.

Proof. From (3.3) and (3.13), we get

d2
(3.14) d—g + w(\? —nG%)\—{—c) =0,
that is

d2’(D 2 ~2 2 2 ~2
(3.15) ﬁ—{—w[n Gri(lnw)® +n°GrInw +¢] = 0.
s
Multiplying (3.15) by 2% and integrating, we get
d 2
<d7w> + cw? + HQG%WQ(IHW)Q =C,

s

where C' is a constant. Thus, we have
C

(3.16) c+n2Gn (Inw)? < —

If the positive function w is not bounded from above, that is, @ — 400, from
(3.16), we conclude a contradiction for all ¢ = 0,1, —1 since G» > 0. Lemma
3.2 is proved. O

The following Lemma is obvious:
LEMMA 3.3. (1) Let
P(x) = 2% — nGrz +c.

Then P(x) gets its minimum at xo = %nG%, x > xo if and only if P(x) is
an increasing function, © < xy if and only if P(x) is a decreasing function

and P(x) has two real roots v, = %(nG% — \/n2G=n —4c), x9 = %(nG% +
\/n2G% —4c), where |G| > (2/n)" ifc=1;
(2) Let

|A2(z) = na? — 2nGra + n2Ga
Then |A|*(x) gets its minimum at zf, = Gw and x> zfy if and only if |A*(x) is
an increasing function, x < zfy, if and only if |A|*(x) is a decreasing function.
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(3) Let
H(x) =nx — nGn.
Then H(x) is a strictly increasing function of x.

Proof of Theorem 1.2. From (3.2), we know that K, # 0 and there only
exist two cases: K; < 0 or K; > 0 and n is an odd number. Since we denote

G—ln’

number.

these two cases are equivalent to G > 0 or G < 0 and n is an odd

(I) If G > 0, putting z = A, from (3.3), we see that the squared norm of
second fundamental form |A|? = (n — 1)A? + (A — nG%)2 = n\2 — 2nGw A +
n2Gn = |A]?(z). From (3.14), we have

d’w

1
(3.17) ds?

+wP(z) =0.

(1) For ¢ =0 and G > 0,

(i) If |A]? > n?(n — 1)G%, that is, |A|?(x) > |A|*(z2), where xo = nG,
we consider two cases: x > x(, and x < z(,, where x(, = G is the minimum
point of |A|?(x).

Case (i). If x > xj, since xj, < xg, where zy = %nG% is the minimum
point of P(z), we consider two subcases: zj < z < zo and z > x.

If {, < = < x¢, from Lemma 3.3 and (3.17), we get P(z) < P(x() = —(n—

)Gn <0and & ‘5z > 0, this implies that dw ®) is a strictly monotone increasing
function of s and thus it has at most one zero point for s € (—o0,400). If
dzgs) has no zero point in (—oo, +00), then w(s) is a monotone function of s
i 2=t

in (—o0,400). has exactly one zero point sg in (—oo, +00), then w(s)
is a monotone function of s in both (—oo, s¢] and [sg, +00).

On the other hand, from Lemma 3.2, we know that w(s) is bounded.
Since w(s) is bounded and monotonic when s tends to infinity, we know that
both lims_, o w(s) and lims_, 4 w(s) exist and then we get
(3.18) fim 926 g, 926

§——00 dS s—+400 dS

this is impossible because dﬁi‘g) is a strictly monotone increasing function of s.

Therefore, the subcase x(, < z < o does not occur, it follows that z > x.

If x > xp, from Lemma 3.3 and (3.17), we obtain that |A|?(z) > |A|?(x2)
holds if and only if x > x9, if and only if P(x) > P(z2) = 0 and if and only if
w (—00, +00), this

has at most one zero point for s € (—oo, +00). By the same

()
ds

1mphes that 4
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arguments as in above, we know that (3.18) holds. From the monotonicity of
dzgs), we have dﬁ—gs) = 0 and w(s) = constant. Combining w = e_%G_%A
and (3.3), we conclude that A\ and )\ are constant, that is, M™ is isoparamet-
ric. From the classical result of Segre [8], we know that M™ is isometric to
S"l(a) x R}, a = %G_%.

Case (ii). If z < x(), we consider two subcases: z < 0 and 0 < z < .

If z < 0, since 0 < z{, < x¢, from Lemma 3.3 and (3.17), we get P(z) >

P(0) =0and & % <0, this implies that dw(s) is a strictly monotone decreasing

function of s. By the same arguments as 1n case (i), we get (3.18) holds, this
is impossible because dzgs) is a strictly monotone decreasing function of s.
Therefore, we know that the subcase x < 0 does not occur, it follows that
0<z<ux.

If 0 < x < zf), from Lemma 3.3, we get |A|?(z) < |A[*(0) = n2G, this
contradicts the assumption |A|? > (n — 1)n2G%, thus, the subcase 0 < z < zj,
also does not occur.

(ii) If |A]* < n?(n — 1)G%, that is, |A]*(z) < |A*(z2), we also consider
two cases: x > x(, and x < x(.

Case (i). If © > z{, since x{, < xo, we consider two subcases: z( < z < g
and zg < z,.

If 2, < x < x0, by the same arguments as in case (i) of (i), we easily see
that the subcase z{, < x < xp does not occur, it follows that z¢ < z.

If 29 < z, since z(; < zp, from Lemma 3.3 and (3.17), we obtain that
|A|?(x) < |A|?*(z2) holds if and only if < z9, if and only if P(x) < P(z2) =
(i) of (i) and
from Segre [8], we know that M™ is isometric to S""1(a) x R}, a = %(é)%

Case (ii). If z < x), we consider two subcases: z < 0 and 0 < z < x,.

If x < 0, by the same arguments as in case (ii) of (i), we see that this
does not occur, it follows that 0 < z < .

If 0 < 2 < x, from Lemma 3.3 and (3.17), we get |A|*(z) < |A]*(0) =

nQG%, P(x) < P(0) = 0 and %27? > 0. By the same arguments as in case
(i) of (i) and from Segre [8], we see that M™ is isometric to S'(a) x R,

a = —%(é)% and |A]? = n2Gn. Since a > 0, this implies G < 0 and n is
an odd number, contradicts the assumption G > 0. Therefore, the subcase

0 <z < x, does not occur.

and i

(2) For c= 1 and K, < —(-11)"2", that is, G > (=11)%,
(i) if |A]? > 6T (n,G), that is, |A]*(z) > |A]*(z2), where zo = %(HG% +

2 )
n?Gn —4), we consider two cases: z > z{, and z < x,.
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Case (i). If © > (), since z{, < xo, we consider two subcases: z{, < x <
and x > xg.

If zy < & < xp, by the same arguments as in (i) of (1), we see that
zy < & < xo does not occur, it follows that x > x.

If x > 20, from Lemma 3.3 and (3.17), we obtain that |A|?(z) > |A|?(x2)
holds if and only if # > x9, if and only if P(xz) > P(x2) = 0 and if and only if
d €% < 0. By the same arguments as in (i) of (1) and from Cartan [2], we know
that M™ is isometric to S"!(a) x S'(v/1 — a2), where a? = b(n, G)*

Case (ii). If z < x), we consider two subcases: z < 0 and 0 < x < x,.

If z < 0, the same arguments as in (i) of (1) implies < 0 does not occur,
it follows that 0 < z < a,.

2
If 0 <z < z[, since Gn >

- n—

1 2 .
T = %(nGZ —1/n2Gn» —4). Thus, we may consider two subcases: 0 < x < x1
and z1 < z < xy,.

%(> %), we see that x; < xj,, where

If 0 < x <z, since z1 < z{, < xp, by the same arguments as in (i) of (1),
we see that 0 < x < 1 does not occur, it follows that 1 < z < xf,.

If 21 <z < 2, from Lemma 3.3, we get |A|?(z) < |A]*(z1) = § (n, G),
this contradicts the assumption |A[*> > 6T (n,G), since G "> —L- implies
67 (n,G) < 6" (n,G). Thus, the subcase 21 < z < z{, also does not occur.

(ii) If |A]? < 6% (n,G), that is, |A]*(z) < |A|*(z2), we also consider two
cases: x > x(, and z < :B6

Case (i). If © > =z, since z(, < xo, we consider two subcases: z{, < x <
and zg < x,.

If 2z, < x < xp, the same arguments as in (i) of (1) implies z(, < = <
does not occur, it follows that zy < z.

If zo < z, since z(; < zg, from Lemma 3.3 and (3.17), we obtain that
|A]2(z) < |A|*(z2) holds if and only if # < z9, if and only if P(x) < P(x3) =0
and if and only if %T? > 0. By the same arguments as in (i) of (1) and
from Cartan [2], we see that M" is isometric to S"~!(a) x S'(v/1 — a2), where
a? =b(n,G)"

Case (ii). If z < x(), we consider two subcases: < 0 and 0 < z < zj,.

If x < 0, we easily see that this does not occur, it follows that 0 < z < x,.

Ifo<z< a:{], since 1 < mg, we may also consider two subcases: 0 < x <
zp and 71 < z < .

If 0 < z < x1, we easily see that this does not occur, it follows that
1 <z < x|

If 1 <z < zf, since z; < o, from Lemma 33 and (3.17), we get
|A]2(2) < |A]*(21) = 6 (n,G), P(x) < P(x1) =0 and Z > 0. By the same
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arguments as in (i) of (1) and from Cartan [2], we know that M" is isometric
to 8" 1(a) x SY(v1 — a?), a® = b(n,G)".
(iii) If |A|?> > 6~ (n, G), that is, |A|*(z) > |A|*(z1), where 71 = %(nG’% -

2 .
\/n?Gn — 4), we consider two subcases: x < x(, and x > x,.

Case (i). If z < xf, we consider two subcases: z < 0 and 0 < z < x,.

If < 0, we easily see that this does not occur, it follows that 0 < z < a,.

If 0 < 2z < =, since z{, < x¢, from Lemma 3.3 and (3.17), we obtain that
|A]2(z) > |A|*(z1) holds if and only if # < z1, if and only if P(x) > P(x1) =0
and if and only if %T? < 0. By the same arguments as in (i) of (1) and
from Cartan [2], we see that M™ is isometric to S"!(a) x S'(v/1 — a?), where
a? =b(n,G)".

Case (ii). If z > :1:6, we consider two subcases: x6 <z <x9and x> xp.

If 2, < x < g, we easily see that this does not occur, it follows that
T > x0.

If x > zg, since zg < T3, we also consider two subcases: r¢y < x < x9 and
T > To.

If 9 < x < x2, we easily see that this does not occur, it follows that
T > To.

If x > x9, since > xy > xp > z{), from Lemma 3.3 and (3.17), we see
that |A2(z) > |A*(z2) = 6T (n,G), P(x) > P(x2) = 0 and C(%? < 0. By
the same arguments as in (i) of (1) and from Cartan [2], we know that M™ is

isometric to S""!(a) x S*(v1 — a?), a®> = b(n,G)*.

(iv) If |A]? < 6= (n,G), that is, |A|?(z) < |A|*(z1), we consider two
subcases: x < z{, and x > ).

Case (1). If z < xf, we consider two subcases: z < 0 and 0 < z < x,.

If x < 0, we easily see that this does not occur, it follows that 0 < z < x,.

Ifo<z< xf), since 1 < x(, we may consider two subcases: 0 < z < x;
and z1 < z < xy,.

If 0 < z < x1, we easily see that this does not occur, it follows that
1 <z < x|

If vy < x < 2, from Lemma 3.3 and (3.17), we get |A]? < 6~ (n,G)
holds if and only if > 21, if and only if P(z) < P(z1) = 0 and if and only if

((1;7? > 0. By the same arguments as in (i) of (1) and from Cartan [2], we see

that M™ is isometric to S !(a) x S'(v/1 — a?), where a® = b(n,G)".

Case (ii). If x > x(, we consider two subcases: z(, < z < x¢ and z > xo.

If 2, < x < o, we easily see that this does not occur, it follows that
T > xp.

If £ > xq, since zg < x2, we also consider two subcases: xy < x < x5 and
T > x9.
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If zg < x < z9, we easily see that this does not occur, it follows that
T > xa.

If 2 > @9, since z > xy > zo > (), from Lemma 3.3, we see that |A|*(z) >
|A]2(z2) = 67 (n, G), this contradicts the assumption |A|> < §~(n, G), thus, the
subcase © > x5 does not occur.

(3) For c= —1 and G > 0,
(i) if |A]? > €t (n, G), that is, |A|*(z) > |A]*(22), where x5 = %(nG% +

n2Gn + 4), we consider two cases: > x( and x < xj,.

Case (i). If x > x(), since z(, < x, we consider two subcases: z(, < x <
and x > xg.

If 2, < x < o, we easily see that this does not occur, it follows that
T > xg.

If x > z0, from Lemma 3.3 and (3.17), we get |A|*(z) > |A|*(z2) holds if
and only if x > x9, if and only if P(x) > P(x2) = 0 and if and only if O};T? <0.
By the same arguments as in (i) of (1) and from Cartan [1], we see that M™ is
isometric to S !(a) x H'(=v/1 + a2), where a? = ¢(n, G)™.

Case (ii). If z < x(, we consider two subcases: z <0 and 0 < x < x,.

If z <0, since 1 = %(nG% — \/nQG% +4) < 0, we also consider two
subcases: * < x1 and 1 < x <0.

If x < x1, we easily see that this does not occur, it follows that z; < x < 0.

If x; <z <0, since G > 0, we see that z; < x(; < 9. Thus, from Lemma
3.3, we see that |A|?(z) < |A|*(z1) = € (n,G), where e~ (n,G) = %G% [nQG% —
(n — 2)v/n?G?™ + 4] + n. This contradicts the assumption [A]> > e*(n,G),
thus z1 < x < 0 does not occur.

If 0 < z < x, by the same arguments as in (i) of (1), we also easily see
that this does not occur.

(ii) If |A]? < et (n,G), that is, |A|*(z) < |A|*(x2), we also consider two
cases: x > z(, and x < x{.

Case (i). If z > (), since z{, < x, we consider two subcases: z{, < z <
and zg < x,.

If z{, < x < o, we easily see that this does not occur, it follows that
zo < .

If 29 < z, since z(; < zp, from Lemma 3.3 and (3.17), we obtain that
|A]2(z) < |A*(z2) holds if and only if x < x9, if and only if P(x) < P(x3) =0

and if and only if %125 > 0. By the same arguments as in (i) of (1) and from

Cartan [1], we know that M™ is isometric to S"~!(a) x H'(—+/1 + a?), where
a? = c(n,G)".
Case (ii). If < x), we consider two subcases: <0 and 0 < x < x,.
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If x <0, we also consider two subcases: £ < x7 and 1 < x < 0.
If x < x1, we easily see that this does not occur, it follows that ;1 < x < 0.
If 17 < 2 < 0, from Lemma 3.3 and (3.17), we see that |A]*(z) <
2
|A]?(21) = € (n,G), P(z) < P(z1) = 0 and %T? > 0. By the same argu-
ments as in (i) of (1) and from Cartan [1], we see that M™ is isometric to

S"(a) x HY(—vVI+a?), a® = —} — YOIt 4nd |A]> = ¢ (n,G). Since
a®? > 0, this implies G < 0 and n is an odd number, it contradicts the assump-
tion G > 0. Thus z; < 2 < 0 does not occur, it follows that 0 < z < .

If 0 < z < ), we easily see that this does not occur.

(IT) If G < 0 and n is an odd number, in this case, we notice that xy <
zy <0,z = %(nG% - \/n2G% —4c) <0, zg = %(nG% + \/n2G% —4c) =0 if
¢c=0,z9 <0if c=1and 22 > 0 if c = —1. Combining Lemma 3.3 and (3.17),
we see that the rest of the proof of (II) suffices to use the same method as in
the proof of (I).

Theorem 1.2 is proved. [

Proof of Theorem 1.3. Similar to the proof of Theorem 1.2, we may con-
sider two cases: G > 0 or G < 0 and n is an odd number.

(I) If G > 0, puttlng x = A, from (3 3), we see that the mean curvature
(

H=n-1D)A+ (A — nGn )—n)\—nGn—H(a;).

(1) For ¢ =0 and G > 0,

i) IfH>(n- 1)nGn, that is, H(x) > H(z2), where xo = nGr, we
consider two cases: x > xg and x < xg, where xyp = %nG% is the minimum
point of P(x).

Case (i). If x > xp, since zg < x2, from Lemma 3.3 and (3.17), we obtain
that H(xz) > H(xz2) holds if and only if x > z9, if and only if P(x) > P(z2) =0
and if and only if % < 0. By the same arguments as in the proof of (I) in
Theorem 1.2, we know that M™ is isometric to S"~!(a) x R, a = %G_%.

Case (ii). If x < g, since x1 < xg, where x; = 0, we consider two
subcases: * < x1 and 1 < x < xo.

If < 21, from Lemma 3.3, we get H(z) < H(z1) = —nGn < 0, this
contradicts the assumption H > (n — l)nG%. Thus, x < ;1 does not occur, it
follows that 1 < x < zg.

If v1 < z < g, from Lemma 3.3 and (3.17), we have P(x) < P(z1) =0
and (312572” > 0, by the same arguments as in the proof of (I) in Theorem 1.2, we
know that 1 < x < x¢ also does not occur.




19 Hypersurfaces with constant quasi-Gauss-Kronecker curvature 19

(i) f H < (n— 1)nG%, that is, H(x) < H(x2), we consider two cases:
T >z and T < xg.

Case (i). If z > xp, from Lemma 3.3 and (3.17), we obtain that H(z) <
H(x2) holds if and only if x < z9, if and only if P(z) < P(x2) = 0 and if and
only if %2?? > 0. By the same arguments as in the proof of Theorem 1.2, we
see that M™ is isometric to S" 1(a) x R, a = %Gfi.

Case (ii). If z < xg, we consider two subcases: x < z1 and 21 < & < xg.

If © < 1, from Lemma 3.3 and (3.17), we get H(z) < H(x1) = —nG,
P(z) > P(z1) = 0 and ‘327? < 0. By the same arguments as in the proof of

Theorem 1.2, we know that M™ is isometric to S*(a) x R""!, a = —1G7x.
Since a > 0, this implies G < 0 and n is an odd number, it contradicts the
assumption G > 0, thus z < z1 does not occur, it follows z1 < x < zg.

If 21 < 2 < z¢, we easily see that this also does not occur.

(2) Forc=1and G > (ﬁ)%,
(i) if H > at(n,Q), that is, H(z) > H(x3), where zy = %(nG% +

nQG% —4), we consider two cases: z > xg and x < xp.

Case (i). If x > xg, since zg < x2, from Lemma 3.3 and (3.17), we obtain
that H(z) > H(x2) holds if and only if z > x9, if and only if P(x) > P(z2) =0
and if and only if % < 0. By the same arguments as in the proof of Theorem
1.2, we see that M" is isometric to S"~!(a) xS!(v/1 — a?), where a® = b(n,G)~.

Case (ii). If z < xg, since x; < g, where x; = %(nG% —\/n2Gn — 4),
we consider two subcases: r < z1 and 1 < z < xg.

If © < x;1, from Lemma 3.3, we get H(z) < H(z1) = o™ (n,G), this
contradicts the assumption H > a*(n,G). Thus, x < x7 does not occur, it
follows that 1 < x < zg.

If x1 < < zg, we easily see that this also does not occur.

(i) If H < a™(n,G), that is, H(z) < H(x3), we consider two cases:
x > xg and x < xg.

Case (i). If z > xp, from Lemma 3.3 and (3.17), we obtain that H(z) <
H(z2) holds if and only if z < x9, if and only if P(z) < P(x2) = 0 and if and
only if (3127? > 0. By the same arguments as in the proof of Theorem 1.2, we
know that M™ is isometric to 8" !(a) x S'(v/1 — a?), where a? = b(n,G)".

Case (ii). If z < xg, we consider two subcases: * < z1 and 77 < = < xg.

If z <z, from Lemma 3.3 and (3.17), we get H(x) < H(z1) = o (n,G),
P(z) > P(z1) = 0 and (fg < 0. By the same arguments as in the proof of
Theorem 1.2, we know that M™ is isometric to S?~!(a) x S'(v/1 — a?), where
a’? =b(n,G)* .
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If 1 <z < xg, we easily see that this also does not occur.

(iii) if H > a™(n,G), that is, H(z) > H(x1), we consider two cases:
x > xg and x < xg.

Case (i). If x > xg, since z¢ < x2, we consider two subcases: xg < x < 2
and x > x9.

If zg < x < w9, we easily see that this does not occur, it follows that
T > To.

If © > x5, from Lemma 3.3 and (3.17), we get H(x) > H(x2), P(z) >
P(xz2) =0 and ‘i? < 0. By the same arguments as in the proof Theorem 1.2,
we know that M" is isometric to S !(a) x S'(v/1 — a?), where a? = b(n,G)~.

Case (ii). If x < zg, since z1 < g, we consider two subcases: = < x1 and
1 < x < xg.

If x < x1, we easily see that this does not occur, it follows that 1 < z <

Zo.

If 21 <z < x9, from Lemma 3.3 and (3.17), we obtain that H(x) > H(x1)
holds if and only if > x4, if and only if P(z) < P(z1) = 0 and if and only if
% > 0. By the same arguments as in the proof of Theorem 1.2, we see that
M™ is isometric to S (a) x S'(v/1 — a?), where a? = b(n,G)*.

(iv) If H < a~(n,G), that is, H(z) < H(x1), we consider two cases:
T >z and T < xg.

Case (i). If z > xp, we consider two subcases: zo < x < z9 and z > 2.

If 9 < x < x2, we easily see that this does not occur, it follows that
T > x9.

If # > x9, from Lemma 3.3, we get H(x) > H(z2) = a™(n,G), this
contradicts the assumption H < a™ (n,G), thus x > x5 does not occur.

Case (ii). If 2 < xg, we consider two subcases: * < z; and 71 < = < xg.

If z < x1, from Lemma 3.3 and (3.17), we get H(z) < H(z1) holds if and
only if z < 2y, if and only if P(x) > P(x;) = 0 and if and only if Iz <,

ds2 —
By the same arguments as in the proof of Theorem 1.2, we see that M" is

isometric to S""!(a) x S'(v/1 — a?), where a® = b(n, G)".
If 1 < z < zg, we easily see that this does not occur.

(3) For c=—1 and G > 0,
(i) if H > B™(n,q), that is, H(x) > H(xg), where zo = %(nG% +

nQG% + 4), we consider two cases: x > z¢ and z < xo.

Case (i). If x > xg, since xg < x2, from Lemma 3.3 and (3.17), we obtain
that H(z) > H(x2) holds if and only if © > z2, if and only if P(x) > P(z2) =0
and if and only if %27? < 0. By the same arguments as in the proof of Theorem
1.2, we know that M™ is isometric to S""!(a) x H'(—v/1 + a?), where a? =
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c(n,G)™.
Case (ii). If x < xg, since x1 < zp, where 1 = %(nG% — \/nQG% +4),

we consider two subcases: r < z1 and 1 < z < xg.
If x < z;, from Lemma 3.3, we get H(z) < H(z1) = f~(n,G), where

B~ (n,G) = 3[(n— 2)G% —/ n2Gn + 4], this contradicts the assumption H >
BT (n,G). Thus, x < z1 does not occur, it follows that 71 < z < xo.

If 1 < z < zg, we easily see that this does not occur.

(i) If H < BT (n,q), that is, H(z) < H(x2), we consider two cases:
x>z and z < xp.

Case (i). If z > xp, from Lemma 3.3 and (3.17), we obtain that H(z) <
H(x2) holds if and only if z < 9 if and only if P(z) < P(x2) = 0 and if and
only if 0(1127757 > 0. By the same arguments as in the proof of Theorem 1.2, we
see that M™ is isometric to S 1(a) x H'(—/1 + a?), where a® = ¢(n,G)".

Case (ii). If z < xg, we consider two subcases: x < z1 and 21 < & < xg.

If + < zy, from Lemma 3.3 and (3.17), we get H(z) < H(z1) = 7 (n,G),
P(x) > P(x1) = 0 and % < 0. By the same arguments as in the proof of
Theorem 1.2, we see that M™ is isometric to S"~!(a) x H'(—v/1 + a2), where

0> = —1 - VWG and H = 5(n,G). Since a® > 0, this implies G < 0
and n is an odd number, it contradicts the assumption G > 0, thus x < a1
does not occur.

If x1 < ¢ < xg, we easily see that this does not occur.

(IT) If G < 0 and n is an odd number, it suffices to use the same method
as in the proof of (I) in Theorem 1.3.
Theorem 1.3 is proved. [
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