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1 Introduction

The Multiple-Set Split Feasibility Problem (MSSFP) is known to be a gener-
alization of Convex feasibility problem and two-sets Split Feasibility Problem
(SFP). The MSSFP is to find a point

N M
xGC:ﬂCisuchthatAxEQ:ﬂQj, (1)
i=1 j=1

where N and M are positive integers, C; ¢ RE,i =1,2,---N and Q; C
RE, j =1,2,---M are closed convex, A is a B x K real matrix. When
N = M =1, problem (1) becomes the SFP which is to find

x € C such that Az € Q. (2)

The MSSFP was introduced by Censor et al. [11] to resolve the intensity
modulated radiation therapy treatment planning [10]. Several numerical al-
gorithms have been developed to solve MSSFP and its generalization, see
[8, 4, 6, 11, 17, 29]. Recently, Kim and Dinh [17] introduced the Multiple-set
Split Equilibrium Problem (MSSEP) which is an extension of the MSSFP
and proposed two new parallel extragradient algorithms for solving MSSEP
when the equilibrium bifunctions are Lipschitz-type continuous and pseu-
domonotone with respect to their solution sets. They proved a weak and a
strong convergence result to a solution of MSSEP.

Very recently, Nghia and Thuy [25] proposed a self adaptive method for solv-
ing the Multiple-set Split Variational inequality problem (MSSVIP) in real
Hilbert spaces. They proved a strong convergence result for approximating
the solution of MSSVIP.

Let H1 and Hy be real Hilbert spaces, f : Hy — Hy, g : Hy — H» be inverse
strongly monotone mappings and A : H; — 21, B : Hy, — 2"2 be maximal
monotone mappings. Let F': Hi — Hy be a bounded linear operator. The
Split Monotone Variational Inclusion Problem (SMVIP) is to find 2* € H;
such that

0€ f(z*) + A(z") (3)
and
y* = Fa* € Hy such that 0 € g(y*) + B(y*). (4)

Recently, Moudafi [21] introduced the SMVIP which is a generalization of
split feasibility problem, split common fixed point problem, split variational
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inequality and split zero problem to mention a few, see [1, 6, 5, 8, 16, 18, 19,
22, 23] which have been studied extensively by many authors and applied to
solving many real life problems such as modelling of inverse problems arising
from phase retrievals and sensor networks in computerised tomography and
data compression. We denote by I"4 the solution set of (3)-(4).

Remark 1. Suppose f =0 and g = 0 in (3)-(4), then we obtain the Split
Variational Inclusion Problem (SVIP), which is to find x* € Hy such that

0 € A@), (5)
and
y* = Fx* € Hy such that 0 € B(y"). (6)

Let C;,0 = 1,2,--- ,N and @Qj,j = 1,2,---M be nonempty, closed and
convex subsets of Hy and Hy respectively. In this article, we extend the
SMVIP (3)-(4) to Multiple-Sets Split Monotone Variational Inclusion Prob-
lem, which is to

N

find ¥ € C = m C; such that (A; + f;)71(0), (7)
i=1

foralli=1,2,--- N, and such that the point

M
y*=Fz"eQ = ﬂ Q; solves (B; + g;)~(0), for all j =1,2,---M. (8)
j=1

Remark 2. (i) f M =N=1, A:=A,, f:=f1, B:=B; and g := g1,
then MSSMVIP (7)-(8) reduces to SMVIP (3)-(4).
It is well-known that the SMVIP can be applied to solve split minimiza-
tion problem, split saddle-point problem and split equilibrium problem,
to mention a few, see [21].

(i1) If Ajx = fix =0 forallz € C;,i =1,2,--- ,N and Bjy = g;y =0 for
ally € Q4,j=1,2,---, M, then MSSMVIP (7)-(8) reduces to MSSFP
(1).

(#3) It can be seen from (1) and (ii) above that MSSMVIP (7)-(8) can be
reduced to (2).

Remark 3. We state our contributions as follows:
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1. We considered approzimating the solution of MSSMVIP (7)-(8) in real
Hilbert spaces which is more general than the results of [1, 8, 5, 18,
19, 21, 24].

2. Our method uses self-adaptive stepsizes and the implementation of our
method does not require the prior knowledge of the norm of the bounded
linear operator F', (see [17]).

3. The sequences generated by our proposed method converges strongly
to the solution of the problem (7)-(8) which is desirable to the weak
convergence result obtained in [17].

Motivated by the results of [17], [21] and [25], we introduced the multiple-set
split monotone variational inclusion problem which includes the multiple-set
split feasibility problem, split feasibilty problem and split monotone varia-
tional inclusion problem as special cases. Using a Halpern iterative iterative
algorithm together with a self adaptive method, we prove a strong conver-
gence result for solving the aforementioned problems. We displayed some
numerical examples to illustrate the performance of our method. The result
discussed in this article extends and complements many related results on
SFP, SMVIP and MSSFP in literature.

2 Preliminaries

We state some known and useful results which will be needed in the proof
of our main theorem. In the sequel, we denote strong and weak convergence
by ”—” and ”—" respectively.

Let C' be a nonempty closed and convex subset of a real Hilbert space H.
Recall that a mapping T : H — H is said to be

1. nonexpansive, if

Tz = Tyl| <|lz —yll, V 2,y € H,

2. quasi-nonexpansive, if Fiz(T) # () and

Tz — gl <|lz —qll, V& H, qc Fiz(T),

where Fiz(T) ={x € C : Tx = x}.
A mapping M : C — C is said to be
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(i) monotone, if

<Mx—My,x—y) 207 Vx7y€C7

(ii) a— inverse strongly monotone (ism), if there exists a constant « > 0
such that

<MIL'—My,LE—y> > O‘HM‘T_M:UHZ) VSC,y € Ca

(iii) firmly nonexpansive, if

(Mz — My,x —y) > | Mz — My|*, ¥ 2,y € C,

If M is a multi-valued mapping, i.e M : H — 25 then M is called monotone,
if

(x—y,u—v)>0Va,ye Hue M(x),ve My)
and M is maximal monotone, if the graph G(M) of M defined by

GM)=:{(z,y) e HxH:yec M(x)}

is not properly contained in the graph of any other monotone mapping. It
is generally known that M is maximal if and only if for (z,u) € H x H, (x —
y,u —wv) > 0 for all (y,v) € G(M) implies u € M (z). It is well-known that
I+ AM is onto, and the resolvent operator J )]\W associated with M and A is
the mapping J /]\V[ : H — H defined by

JM(z) = (T +AM) z, € HX>0. (9)

It is well known that the resolvent operator J /{VI is single valued, nonexpan-
sive and 1-inverse strongly monotone and the solution of (3) is equivalent to
fixed point of JM (I — Af), ¥V A > 0, see [7].

The metric projection Pp is a map defined on H onto C which assign to
each x € H, the unique point in C, denoted by Pox such that

| = Pox|| = nf{[lz — y|| : y € C}.
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It is well known that Pox is characterized by the inequality (x — Poz,z —
Pox) <0, V z € C and Po is a firmly nonexpansive mapping. For more
information on metric projections, (see [14]) and the references therein.

Lemma 1. [12] Let H be a real Hilbert space, then¥ x,y € H and a € (0, 1),
we have

(i) 2(z,y) = [lz|* + [lylI* = llz = ylI* = llz + yII> = l|=]]* = [lyl]*,
(ii) [laz + (1= a)yll* = of[z|* + (1 = a)[ly[]* = a(l - a)[|z — y|%,
(iii) Jlz +y|[* < ||z]]” +2{(y,z +y)

Lemma 2. [21] Let A;,i = 1,2 be mazximal monotone mappings and f;,i =
1,2 be n;-inverse strongly monotone mappings. Suppose constants p; > 0,1 =
1,2 and p; € (0,2n;), then

x solves (3) — (4) & x = J;ﬁl(l —pifi)xr and Fx = J;‘;Q(I — pafa)Fz.
where F' is a bounded linear operator.

Lemma 3. [13] Let H be a real Hilbert space. Let {z;,i =1,---m} C H.
For a; € (0,1),i =1,---m such that Y a; = 1, the following identity holds:

=1
m m m
1) aizill? =) aillall® = Y aiayllai -l
i=1 i=1 ij=1,i#]

Definition 1. Let H be a real Hilbert space and T : H — H be a mapping.
Then, T is said to be demiclosed at O if for any sequence {x,} C H with
Tn — 2, and ||z, — T(zy)|| — 0, we have x* = Tz*.

Lemma 4. [15] Assume that T is a nonexpansive mapping of a closed and
convez subset C' of a Hilbert space H into H. Then the mapping I — T is
demiclosed on C, that is, whenever {x,} is a sequence in C' which weakly
converges to some point * € C and the sequence {(I"" — T)x,} strongly to
some y, it follows that (I — T)z* = y.

Lemma 5. [26] Let {a,} be a sequence of positive real numbers, {cy,} be

oo
a sequence of real numbers in (0,1) such that > an = oo and {d,} be a

n=1
sequence of real numbers. Suppose that

ant1 < (1 — an)an + apdy,n > 1.
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Iflimsupdy,, <0 for all subsequences {an, } of {an} satisfying the condition

k—o00
liminf{ay,, 1 — an, } >0,
k—o0

then, lim a, = 0.
n—oo

3 Main Results

In this section, we introduce a Halpern iterative algorithm for approximating
a solution of multiple-sets split monotone variational inclusion problem and
prove its strong convergence in the framework of real Hilbert spaces. We
state the following assumptions that are needed in our result.

Assumption 1. 1. Let C and @ be nonempty closed convex subsets of
H, and Hj, respectively. Suppose f; : Hi — Hy,i=1,2,--- N and
gj: Hy — Ha,j=1,2,---M are oy, and o4,— inverse strongly mono-
tone mappings respectively.

2. Let F : Hi — Hsy be a bounded linear operator with adjoint F*. Let
Aj Hy — 2% i =1,2---N and Bj : Hy — 212 j = 1,2,--- M be
multi-valued maximal monotone mappings respectively.

3. Assume that the solution set of MSSMVIP (7) denoted Q@ # ().

4. The sequence {an i}, {Bn;}, { i}t {pnt {n} and {¢n} are sequences
in (0,1) and the parameter A\ satisfies the following conditions:

00
(i) lim ¢, =0, Z $n = 00;
n—o00 =1

N
(it) {oanit, {Bnj} C [p,pl, with 0 < p < p < 1 and Y op; =
=

LA =

M
Z ﬁn,j = 17
j=1

(iii) {nn} € (0,k) for k>0,
(iv) 0 < A <2min{oy,, 04, :i=1,2,---N,j=1,2,--- M},
(v) 0 < liminf~,; <limsupy,; < 1.
n—oo

n—oo
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Algorithm 1. Halpern Iterative Method for Solving Multiple-Sets

Split Monotone Variational Inclusion Problem.
Define a sequence {x,}o2, generated iteratively by chosen u,x; € Hy, such

that
Step 1: Compute

Un,i = Tn,iTn + (1 - 7”77*)‘];\41(]}[1 - )\fi)xnv i = 17 27 e 7N-
Step 2: Set

N
Up = E Qo iUn, G-
=1

Step 3: Compute
Step 4: Set

m
Jj=1

Step 5: Take
tn = Un + &7 (2 — Fiy),
where the step size &, is denoted by

|Zn — Fin|)?
|F*(zZn — F) |2+ nn

Step 6: Compute
Tnt1 = O+ (1 — ¢p)ty, set n:=n+1 and go to stepl.

Lemma 6. Suppose that Assumptions 1 holds, then {x,} is bounded.

Proof Let p € (), then using the nonexpansive property of J f\l H(rf —
Afi), we have from Lemma 1 (ii) that

luni =pl* = [Pman + (= 70) [T (™ = Afi)an = p] ||
< nllen = I+ (1= W) 1T I = Af)zn — p))?
Vi (1= Yni)l[on — J I = A i) |2
= lon — 2l = i1 = yni)llzn — T3 (T = Afi)wnl{11)
<l —pl*. (12)
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By applying step 2 of (1) and Lemma (3), we get

N N
@ = pI? =11 anuni —pl* = 1Y ani(uns — )|
i=1 i=1

N
= § Qn g
=1

N
Ung =P = D ool
=y

Un,i — Un,j ”2

N
< N = pl* = D anivni(l = mallen — J (I = Afi)za?
i=1

< l2n = plI* (13)

From step 3, step 4 and Lemma 3, one has

M
1Z0 = Fpll> = 1Y Buj(zny — F)IP

j=1
M M
=Y Bujlzag = Fol> = Y Buibuillzng =zl
j=1 jk=1,#k
M B
< Buglldy (I = Agj) Fm — Fp|*. (14)

<
Il
—

By definition of ¢,, in step 5 of (1) and (14), we have

Itn — pl|* = ||[@n + & F* (2 — Fan) — p||?
= @ — p|? + || F* (zr — Fwn)||? + 26, (@ — p, F* (7 — Fa))

M
. . . B, -
i — 0l + I F* (5 — )| + 6 [Zﬁn,j(HJA](IHQ gy Fin
i=1

B N _ R
P~ 2\ Fpl?) — [P — Fpll® — |l — Funn?} (15)
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< \@m — pll* + &\ F*(zn — Fm)|?
+@waf4ww—rﬂm—FwP—wn—mmw)

= |[@n — p||* + E||F* (Zn — Fin) || — |70 — Fan?
|17 — Fag||*
([[F*(Zn — Fun || + nn)?
1z — Fag||*
| F*(Zn — Fn||* + 1)

< | —p||* + 42 X (|1F*(Zn — Fn||® + 1))

— Mn

|1z — Fi||*

< llam = »ll2.
1F G — Fa2 4 g = I =7l

= [l = pl* = pn(1 = p1n)
Applying step 6 of (1), (13) and (15), we obtain that

[Zn+1 — pll = [[pnu + (1 = ¢n)tn — pl
< Onllun — pll + (1 = ¢n)lltn — pll
< Gnllun — pll + (1 = ¢n)[Un — pll
< fnllun —pll + (1 = ¢n)|2n — pll
< max{[ju —p||, 21 — p||}

< max{||u — p|, ||zn — p||}.

Hence, the sequence {z,} is bounded. Consequently, it follows from (11)-
(15) that {u,}, {tn} and {Z,} are also bounded.

Theorem 1. Suppose that Assumption 1 holds, then the sequence {x,}
generated by (1) converges strongly to z = Pqu, where Pq is the metric
projection of Hy onto €.

Proof From Algorithm 1, we obtain

Hwn-&-l _pH2 = <¢nu + (1 - ¢n)tn — Py Tnt1 _p>
=(1- ¢n)<tn — D, Tpg1 — D) + d)n(u — Dy Tpy1 — D)

(1 *Qi)n)(

<
- 2

| Zn+1 —p”2 + [Itn —p||2) + dnlu — p,Tpy1 — p).
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This implies from (11) and (15) that

1% — Fig ||*
|\F*(Zn — Fug |2 + 1)

41 = pI* < (1= dn)lfin — pl* = pa(1 — pn) |

+ 2¢n<u — Py Tn41 — p>
N

< (1= on)llzn —p||2 — (1 —¢n) Zan,ﬂn,i(l - %m‘)
=1

N = ST = M)

120 — Fg||*
Zn — Fug||? 4+ nn)
< (1= gn)llzn _pH2 + ¢n(2<u — Dy Tn+1 — p))

(1= op)||zn _pH2 + Gndn, (16)

_ﬂn(l_un)HF*( +2¢n<u_pa$n+l _p>

where d,, = 2(u—p, £p4+1—p). According to Lemma 5, to conclude our proof.

It sufficies to show that limsupd,, < 0 for every subsequence {||z,, — p||}
k—o0
satisfies the condition

i (Lo, = ol = o, 5l ) 0. (17)

To prove this, suppose that {||z,, — 2*||} is a subsequence of {||z,, — z*||}
such that (17) holds. Then

i (Jf i1 = 71 =l —°|)
k—o0

= timinf ((lmgin =2l = lom, = 2" Dlzmgis =2l + lom, = 271 ) 20
— 00
(18)
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From (16), we obtain that

N
lim sup < — (1= ¢n,) Zank,i%bk,i(l = Vogi) | Tny, — J:\4i (IHl - Afl)xnk||2
k—o0 i—1

120y — Ftimy, ||* )
”F*(%_ FTnk”Q + nnk)
< limsup ((1 ~ )|ty — 2|2 fomprs — x*w)

k—o00

- /’Lnk(l - M?%)

k—o0

+ lim sup <2¢nk (u— 2", Tp, 41 — x*))

< limsup (Hxnk T T x*rP)
k—oo

+ lim sup <2¢nk (u— 2", Tp, 41 — x*))

k—o0
= —lim inf (||a:nk+1 — 2 = ||en, — x*||2> <0. (19)
k—o00

Thus, by applying conditions (i) and (iii) of Algorithm 1, we get

Jim (T — T8 = Mfi)wn, )| = 0,i=1,2,---N. (20)
—00
and
lim ||Z,, — Fu,, || = 0. (21)
k—o0

From step 1 of Algorithm 1, we obtain

Hunk,i - x”k” = (1 - 'Ynkﬂ') (IHl - J;\Ai (IHl - )\fl))xnk =0, I — oo, (22)
which also implies that
N
klggo HTnk — Tny | = klggo Zl O‘nkﬂ'”“nkj ~ Ty, | =0. (23)
1=
By applying step 3, step 4 of Algorithm 1, one get

Using step 5 of (1), one get that

[tn = Ui || = &ni | F (Zny, = Fin)|l-
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By applying (21) and the property of the adjoint operator F*, we obtain
Jim [, — Ty = 0. (25)
From (23) and (25), one get
klglolo thk — Ty | =0. (26)
We obtain from the step 6 of Algorithm 1 and (26) that
k:lg[olo Hxnkﬂ - xnk” = kh_g)lo(l - ¢nk)thk - m”k” = 0. (27>

Since {xy, } is bounded, there exists a subsequence {z, } of {z,,} which
l

converges weakly to z*. Also, from (23) and (26), there exist subsequences

{un,, } of {wn, } and {t,, } of {tn, } which converge Weakly to z*, respectively.

From (20), Lemma 2 and Lemma 4, we obtain that 0 € ﬂ (filz*)+ Ai(z*)).

Usmg the fact that F' is a bounded linear operator, we have that Fay, —

. Also, by applying Lemma 2, Lemma 4 and (24), we obtain that 0 €
M
N (9;(Fz*) + B;(Fz*)). Hence, we conclude that z* € Q.
j=1
Let z = Pqu, suppose that {zy, } is a subsequence of {zn,} such that
{an,, } — 2" € Q, then we obtain

limsup(u — z,zy, — 2) = lim (u — 2,2, — 2)
k—o0 l—=o0 !

=(u—zx"—2)<0. (28)

On substituting (28) into (16), we obtain that limsupd,, < 0. Thus by

k—o0
applying Lemma 5 to (16), we conclude that ||z, — z|| — 0 as n — oc.

Therefore, {z,} converges strongly to z = Pou.
If M =N =1 in Algorithm 1, we have the following result.

Corollary 1.
Algorithm 2. Halpern Iterative Method for Solving Split Mono-

tone Variational Inclusion Problep. =
Define a sequence {x,}5°, generated iteratively by chosen u,x; € Hy, such
that

Step 1: Compute u, = ypxy + (1 — 'yn)J/‘\“(IHl — Af)xn,

Step 2: Compute z, = JP(I2 — \g)Fu,,
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Step 8: Take t, = uy + & F* (2, — Fuy,), where the step size &, is denoted
by

HZn—FUnH2
|F*(zn_Fun)H2+77n

Step 4: Compute Tp1 = dpu+ (1 — dp)tyn, set k:=k+1 and go to step 1.
Suppose that Assumptions 1-4 and conditions (i)-(iv) of (refAlg) holds for
i=j =1, then {x,} converges strongly to z = Pqu.

4 Numerical Example

Example 1. Let Hy = Hy =R. Foreveryi=1,2,---Nandj=1,2,--- M,
let fi : R — R be defined by fix = if%—(i—i—l) forallx € Hy and gj : lo — {2
be defined by gjy = % for all y € Hy. It is easy to observe that f; is %—
inverse strongly monotone mapping and g; is %— inverse strongly monotone
mapping. Let A; : R — 2R be defined by Ajx = % for all x € R and
B; : R — 2R be defined by Bjy = % for ally € R. Let Fx = z, for
all x € R. In our method, we take ¢, = n%h,),*ym- = 05,7, = 0.1, up, =
0.9, 005 = ﬁ’f@n,j = % and A = 1.1t is easy to see that J:\L"'x = ﬁ and
ij (z) = Trax; respectively. Let By, = |l Zni1—2n||? = 1074, be the stropping
criterion and checking the cases for different values of N and M with the
initial points x1 = 0.5 for

Case 1 N =5 and M = 10;
Case 2 N =10 and M = 10;
Case 3 N =15 and M = 20;
Case 4 N =20 and M = 10;
The results of this experiment are reported in Figure 1.

Example 2. Let Hi = Hy = {5 be the linear space whose elements con-

sist of all 2-summable sequence (x1,x9,--+ x4, ) of scalars, i.e. ly =
o

{z 2 = (z1,20,-+ 2, ) and Y |z4]* < oo} with an inner product
t=1

(.,.) = by x by — R defined by (z,y) = > xpyr where x = {x}2, € {2
=1
and y = {y}2y € 2, and a norm ||.| : o — R defined by ||z|2 =
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Casel , Case2
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10° 10° m
10% \“\ ’ MM
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Number of iterations
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Figure 1: Example 1. Top left: Case

1, Top right: Case 2, Bottom left:
Case 3, Bottom right: Case 4.

(> |xt|2)%, where © = {x:};2, € la. Let F' : Uy — {lo be defined by
t=1

Fr = (3,%,--,%,---) for all v = {2}, € la, and F* : ly — {3
be defined by F*'x = (5,%,---,%,---) for all x = {e}2; € lo. For
every i = 1,2,--- N, let the mapping fZ 2 by — Ly be defined by fix =
(23%1,2% . I --) and for every j = 1,2,---M, let the mapping g; :
ly — lo be deﬁned by gjy = (2yi L 2y2 1,--~ ,Qyjij_l,---), respectively for

all x = {act}t 1 €ly and y = {ytit 1 e 52 For every i = 1,2,---, N and
§=1,2,-- M, let A; : ly — by be defined by Ajx = (&, @2 ... it )

1 0 4 s T4 0"
and Bj : 62 — Uy be defined by Bjy = (3jy1,35y2,- - 3jys,- ), for all

x={x}2, € by and y = {y:}2, € la, respectively. In this experiment, we
take ¢, = %%,vm- =057, =0.1,up = 0.9, 00s = ﬁ,ﬂn’j = % and A = 1.
Checking the cases for different values of x1 and fix the values of N and M.
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Let By = ||Tny1 — xn||? = 1074, be the stropping criterion, then we consider
the following cases for initial values of xg and xy :

Case 1 1 = (1.5,0.5,1.5,---);

Case 3 x1 =

(

Case 2 x1 = (0.75,0.896, - - - );
(—1.50, 209, - - -);
(=

Case 4 o1

3.6,—1.9,---).

The results of this experiment are reported in Figure 2. Stopping.
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Figure 2: Example 2. Top left: Case 1, Top right: Case 2, Bottom left:
Case 3, Bottom right: Case 4.
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