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On generalized Berwald manifolds with semi-symmetric
compatible linear connections

By CSABA VINCZE (Debrecen)

Abstract. Generalized Berwald manifolds are special Finsler manifolds admitting
compatible linear connections on the base manifold. Compatibility means that the par-
allel transports preserve the Finslerian length of tangent vectors. It is known [13] that
any compatible linear connection is Riemann metrizable by the averaged Riemannian
metric which is given as the integral of the Riemann-Finsler metric over the indicatrix
hypersurfaces. The basic questions are the unicity of the compatible linear connection
and its expression in terms of the canonical data of the Finsler manifold (intrinsic char-
acterization). Here we discuss the case of Finsler manifolds admitting compatible linear
connections with vanishing trace-less part in the torsion. Our main results are the in-
trinsic characterization and the proof of the uniqueness of such a linear connection (if
exists).

1. Introduction

I. Let M be a differentiable manifold with local coordinates u!,...,u"™ on
U C M. The induced coordinate system on the tangent manifold consists of the
functions
eli=wulom . .. ,2"=vu"on and y':=du',...,y" =du",
where 7 : TM — M is the canonical projection. A Finsler structure on a dif-
ferentiable manifold M is a smoothly varying family F : TM — R of Finsler—
Minkowski functionals in the tangent spaces satisfying the following conditions:
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e each non-zero element v € TM has an open neighbourhood such that the

restricted function is of class at least C* in all of its variables «!,..., 2" and
1 n
y R 7y b
o F' is positively homogeneous of degree one, i.e. F(rv) = rF(v) for any

positive real number r and F'(v) = 0 if and only if v is the zero element of
the tangent space,
e (regularity condition) the Hessian matrix
_ 0’FE
9ij = ayjayi
of the energy function E := (1/2)F? with respect to the variables y!,...,y

n

is positive definite.

Using the regularity condition we can introduce the metric tensor g = gijdyi Qdy’
on the tangent spaces. The so-called Riemann—Finsler metric g is defined only on
the punctured space T, M\ {0} because the second order partial differentiability of
the energy function at the origin does not follow automatically. Further canonical

= +/det g;; dyt AL A dy,

the Liouville vector field C' := y*0/dy' + ...y"0/dy™ and the induced volume
form

objects are

i
uw= —Lcd,u V/det g;; Z 1yfdyl/\.../\dyz_l/\dy”‘l.../\dy”

on the indicatrix hypersurface 0K, := F~!(1) N T, M belonging to the Finsler—
Minkowski functional of the tangent space. The Riemann—Finsler metric (together
with the associated canonical objects) can be also interpreted as a Riemannian
metric (volume forms, vector field) on the vertical subbundle or the pull-back
bundle by the canonical projection. For the foundations of Finsler geometry see
[3], [8] and [10].
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II. Let f : TM — R be a zero homogeneous function and let us define the
average-valued function!

Ap(p) = /8 T

Especially we can introduce the averaged Riemannian metric
)= [ glow)n 1)
oK,

The basic version (1) of the averaged Riemannian metric tensors was introduced
in [13]. For further processes to construct Riemannian metric tensors by averaging
we can refer to [4], see also [2]. Weighted versions by the measure of the indicatrix
body can be also used. For more technical results including the expression of the
Lévi-Civita connection in terms of Finslerian objects see [4] and [17].

Definition 1. A linear connection on the base manifold is compatible with
the Finslerian structure if the parallel transports preserve the Finslerian norm of
tangent vectors. Finsler manifolds admitting compatible linear connections are
called generalized Berwald manifolds.

Theorem 1 ([13]). If a linear connection on the base manifold is compatible
with the Finslerian structure then it must be metrical with respect to the averaged
Riemannian metric .

It is well-known that metrical linear connections are uniquely determined by
the torsion tensor. Consider the decomposition

T(X,)Y)=T1(X,Y)+T5(X,Y),
where

Ti(X,Y) = T(X,Y) -

1

n—1

Ty(X,Y) =

(T(X)Y - T(Y)X)

and T is the trace tensor of the torsion. The trace-less part T is automatically

1Integration is taken with respect to the orientation induced by the coordinate vector fields
a/0y",...,0/0y™. Tt can be easily seen that the integral

/ fd,up:/ foy_l\/detgij oy ldyl. .. .dy"
K y(K)

is independent of the choice of the coordinate system (orientation). Actually, the orientation is
convenient but not necessary to make integrals of functions sense [18].
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zero in case of n = 2. In case of n > 3 the trace-less part can be divided into two
further components A; and S; by separating the axial (or totally anti-symmetric)
part A;. This means that its lowered tensor with respect to the Riemannian
metric is totally anti-symmetric:

T(X,Y) = A\(X,Y) + 51 (X,Y) + To(X,Y).

Then we have eight classes of metrical linear connections depending on that the
terms A, S7 and Ty are surviving or not [1]. At the same time we have eight
classes of generalized Berwald manifolds. They correspond to the elements of
(Z3)? in such a way that we use the term 1 if the corresponding component is not
identically zero. Generalized Berwald manifolds of type

* (0,0,0) are the classical Berwald manifolds admitting torsion-free compatible
linear connections on the base manifold [12].

e (0,0,1) are Finsler manifolds admitting compatible linear connections with
vanishing trace-less part in the torsion (the only surviving term is 7%). In
an equivalent terminology, such a metrical linear connection is called semi-
symmetric.

e (1,0,0) are Finsler manifolds admitting compatible linear connections with
totally anti-symmetric torsion tensor (the only surviving term is Ap). It is
a well-known [1] that metric connections with totally anti-symmetric torsion
have the same geodesics as the Lévi-Civita connection, i.e. all of these con-
nections have an associated spray in common (the spray of the Lévi-Civita
connection of the averaged Riemannian metric).

2. Problems and solutions

The paper is devoted to the discussion of generalized Berwald manifolds of
type (0,0, 1). This means that we have a Finsler manifold admitting a compatible
semi-symmetric linear connection on the base manifold. There are some partial
results [14] in case of torsion tensors of the form

T=-(1®da—da®1l), (2)

DN | =

where o : M — R is a smooth function. Hashiguchi-Ichyjio’s theorem [7] states
that a Finsler manifold admits a compatible linear connection with torsion (2) if
and only if it is conformal to a Berwald manifold: the conformal change E, =
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e*TE results in a Berwald manifold. Conformally Berwald Finsler manifolds or
Finsler manifolds admitting compatible semi-symmetric linear connections with
exact 1-forms in the torsion are called exact Wagner manifolds. A more general
case is to consider closed 1-forms in the torsion?: for any point p € M there exist
an open neighbourhood around p and a smooth function oy, : U, — R such that

da, = 8 and T:%(l@ﬁ—,@@l). ()
Let us introduce the notion of closed Wagner manifolds for Finsler spaces ad-
mitting compatible semi-symmetric linear connections with closed 1-forms in the
torsion. The main question is how to generalize Hasiguchi—Ichijyo’s theorem. It
is clear from the global version of the theorem that for any point of a closed
Wagner manifold has a neighbourhood over which it is conformal equivalent to a
Berwald manifold. This means that closed Wagner manifolds are locally confor-
mal to Berwald manifolds. What about the converse? The exterior derivatives
of the local scale functions constitute a globally well-defined 1-form if and only if
they coincide on the intersection of overlapping neighbourhoods. In other words
the compatible linear connection on the intersection of overlapping neighbour-
hoods should be uniquely determined. This gives the question that how many
essentially different ways there are for a Finsler manifold to be conformal to a
Berwald manifold. Alternatively: are there non-homothetic and non-Riemannian
conformally equivalent Berwald spaces? This is just the MATSUMOTO’s problem
[9]. It has been solved in [14] and [15], see also [16]. The basic result is that up to
homothetic changes there is (at most) one way for any non-Riemannian Finsler
manifold to be conformal to a Berwald manifold. Therefore we have the following
generalization of the classical Hashiguchi—Ichyjio’s theorem.

Theorem 2 ([14], [15]). A Finsler manifold is a closed Wagner manifold if
and only if it is a locally conformally Berwald manifold.

Another important task is to express the compatible linear connection in
terms of the canonical objects of the Finsler manifold. This problem has been also
solved in [14] for closed Wagner manifolds. The main point of the present paper
is to solve the problem of the intrinsic characterization without any additional
condition for the 1-form . As a direct consequence we also have the uniqueness
of such a linear connection (if exists).

2Semi-symmetric metric linear connections with closed 1-forms in formula (3) for the torsion are
very important in differential geometry: if 8 is closed then all the classical curvature properties
are satisfied which is crucial for the classification of the holonomy groups and Simon’s theory
of holonomy systems [11].
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3. The main result

Consider a generalized Berwald manifold of type (0,0, 1). This means that we
have a Finsler manifold admitting a compatible linear connection V with torsion

T(X,Y) = MY)X — A(X)Y, (4)

where A is a 1-form on the base manifold M; for the sake of simplicity all the
constant proportional terms are involved in A. In what follows we use the symbol
V* for the Lévi—Civita connection of the averaged Riemannian metric . In the
sense of Theorem 1 the connection V must be metrical with respect to v and a
routine calculation shows that

VxY = V%Y + \Y)X —y(X,Y)U, (5)

where the vector field U := A* is defined by the formula (U, X) = A(X). We
will use the language of associated horizontal distributions. Let ¢ be an arbitrary
curve in the base manifold and consider a parallel vector field X; along ¢ with
respect to V. If I is the Finslerian fundamental function then the compatibility
condition implies that F' is constant along X;. By differentiation

oF oF

0=(FoXy) =c axkOXH_X TkaXt
OF - 7 i OF (28 5 -
:ck,wOXt *FZ‘ OCCZIXJWOXt _CZ/<8xi Ffjowyjayk> OXt

which means that V is compatible with the Finslerian structure if and only if
X'F=0 (i=1,...,n), (6)

where the vector fields of type

h _ k j
i A

span the associated horizontal distribution. The associated spray can be given by
a simple contraction:

_ N - o
=t —TE Yyl —
S.—yaxi L' omy'y ok

Using equation (5) we have the relationships between the associated sprays and
the horizontal distributions:

S =8~ \jomy/C+2E*U" (7)
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and )
XP = XI = omy XP + (XPET)U", (8)
where the vector fields P . P
— X =
oyt oy™

span the vertical subspaces (recall that the vertical and the horizontal subspaces

X7 =

are direct complement to each other),
C:=y'X{ +...y" X}

is the Liouville vector field,

E*(v) = 31(v,0)

means the Riemannian energy and the vector field
U':=UlonX?4...UonX?
denotes the vertical lift of U. From (7) we have immediately that

_SE-S*E

U'E
2E*

E .
+ F)\j omy’
because the homogenity of the Finslerian energy implies that CE = 2E. Equation
(8) says that
X'E  XFE X}E U'E

)\ Jti v %
B = = Njomy e 4 (XY EY) . (9)

It can be written into the form

X'E  XIE i (XPET XPE\ 1SE-S'EX{E" (10)
= 'e) — —
E E 10T TR E 2" E E
We put

_ dE 1SEd;E

E 2 E E*°
dy-E  1S*Ed,E* E*
= _Z — log —— 12
E 25 g od fi=leg, (12)

where J is the canonical vertical endomorphism (almost tangent structure) on
the tangent manifold defined by the formulas

0 0 0
1 (a) =m0 () -0
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h and h* are the horizontal endomorphisms [5], [6] associated with V and V*,
respectively. In general

0 0

Recall that any 1-form (endomorphism) K on the tangent manifold can be directly
composed with the exterior derivative of a function ® : TM — R in the following
way:

dg®(A) := K(A)D,
where A : TM — TTM is a vector field on the tangent manifold. By the help of
notations (11) and (12) we can write

p=p"+Aomyld;f (13)
and, consequently,
d]ﬁ:djp*-i-/\joﬁdl‘j/\djf (14)
because of d;* = 0. Let us introduce the following gradient-type vector field

of 0

PN .
8yi7 T oxi

0=F"

Substituting © into formula (14)

1
E*

O 4, — L1702, 0 mda?,

Ltedsp = tedsp™ + E*AJ o 7T’yij o ﬂayi

where the norm is taken with respect to the vertical lift of the Riemannian metric

tensor . Explicitly
of of
Oyt Oyd”

lJe|* = E**y7 on
On the other hand
* 17 af * U v *TTU
E /\jowy]owa—yi:E ~¥°(JO,U%) = E*U"f.
Using equation (7) -
Sf—S*f

2
because the zero homogeneity of f implies that C'f = 0. On the other hand

E*Uf =

S*E* = 0 and, consequently,

S*E
f=-S*logE = — .
S*f S* log 7
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In a similar way

- SE
Sf=——.
! FE
Therefore
. . S*E—-SE 1 5 ;
L@djp = L@djp + Td]f — EHJ@H )\j o mdx

and we have that

_1SE . 1S"E 1 ) i
L@d]p + ifdjf = L@d]p + §?d]f — EHJ@H )‘j omdx’. (15)
Let us define® the 1-forms

* * ]'S*E v *
n*(Xp) 1:/ <d.m (@,Xh)+§ 7 Xi f) 0
OK*

and

1SE
n(Xp) 1:/ (de(@th) + 2EXff> JTa
K

ﬁ(Xp) = n*(Xp) - 20(p)/\(Xp)v (16)

where

o= | glel (1)
oK

Before dividing by the function o we discuss its possible values. It is clear from

the definition that o(p) = 0 if and only if 0K, and 0K are homothetic, i.e.

the Finslerian indicatrix reduces to a Riemannian one (a quadratic hypersurface

with respect to the averaged Euclidean inner product at p). In the special case

of generalized Berwald manifolds we can formulate the following result.

Lemma 1. For any generalized Berwald manifold o is a constant function.
It is identically zero or strictly positive depending on that the manifold is Rie-
mannian or not.

3Note that the integrand is semibasic and we can use arbitrary horizontal lifting process X +— X"
in its second argument.
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PrOOF. If we have a generalized Berwald manifold then we can compare
the Finslerian indicatrices in different tangent spaces by the parallel transport
with respect to the compatible linear connection. Such a linear connection is
compatible with both the Finslerian and the averaged Riemannian structure.
Therefore we have an invariant integral (17) under changing the base point and
o is constant. Its vanishing at a single point implies that all of the Finslerian
indicatrices reduce to Riemannian ones. O

Theorem 3. A non-Riemannian Finsler manifold is a generalized Berwald
manifold admitting a semi-symmetric compatible linear connection if and only if
o(p) > 0 for any p € M and the linear connection

_ 1
VxY = V5 + o (1" (V)X (X YV)nF)

is compatible with the Finslerian structure.

PRrROOF. From the compatibility condition p = 0 and 7 = 0. Now the result
follows immediately from equation (16) because V is the only metrical connection
with

1 * *
T(X,Y) = o (V)X =" (X)Y), (18)
ie. .
_n
A= 20
in formula (4) for the torsion. O

4. Conformally invariant characterization

In what follows we are going to present Theorem 3 in terms of conformally
invariant quantities (functions, differential forms).

Lemma 2. The exterior derivative
1 1
0:=— (dn* — —do /\77*) (19)
o o

of n* /o and dj, log E are conformally invariant.

PROOF. Consider the conformal change

Ea — e(XOﬂ'E :> ga — eCzOT{'g
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of the Riemann—Finsler metric, where a : M — R is a smooth function on the
base manifold.
First step. The averaged Riemannian metrics are also conformally related with
the same proportional term: v, = e*y because

1

0K, = 0K,

i.e. the indicatrices are pointwise homothetic and

’I’L/2 n—1

det go = ()" detg = duo = (*°™)""“dp  and po = (€*°7) 7 p.

For any zero-homogeneous function f (especially for any component of the Ri-
emann—Finsler metric g,)

— (erom)* T — " 20
[ = () /mfu /mfu (20)

Second step. As a routine calculation shows

1
Vi (X,Y)=V%Y + 5 (XaY +YaX —v(X,Y) grad*a),
where the gradient operator is taken with respect to the averaged Riemannian
metric 7. Therefore

~ 1
Vi (X,Y)=VxY + ionY (21)
and 19
W _ b 10«
X, =X, 5 D onC, (22)

where h is the horizontal distribution associated to the metric linear connection
V under the choice

1
A= §da
in formula (4) for the torsion (cf. formula (2)). By a simple contraction
* O 1 c
Sh=5-— e C, (23)
where
c .__ 80& o 7
o 0™

is the complete lift of the function o. Another type of lifting proccess for functions
is the so-called vertical lift a¥ := a o 7. It can be easily seen that

Xha' = (Xa)or and Sa¥ =a° (24)
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independently of the choice of the horizontal distribution and the associated spray.

We put
S _GE 1SEdE
" E 2 E FE*
.. dnBa  15}E,dsE} and f = 1o E;—lo E*
Po =" T2 B, E: e N

Using equation (24)

dh* Ea dh*E (22) d; E
o = da® o = da? h _
E. “ g “tE E

because of the homogeneity property CE = 2E. On the other hand

dsE%  dsE*
Ex  E*
and - -
Saba 20 o SaE @) o SE_ . SE
E, E E T E
Therefore
Po =P

Using that f, = f and

Oa = Eq oyt ' "oai 8yi7 Oz

oy O Of
we can follow directly the procedure in section 3 to conclude that

M(X,) = (X,) ~ 20(DA(X,),  where A= Lda

and

1
o(p) = / T
oxcs 2

Equation (20) says that o, = ¢ and, consequently,

Ja _ 1 _ ga.

Oa o

This means that the exterior derivative (19) is conformally invariant.

(28)

(29)

(32)
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Third step. Using that

_ 1
VxY = ViV + o (1" (Y)X = (X, V)i

we have
B} . 1, )
va(Xa Y) = va(Xv Y) + g (%(Y)X - ’Ya(Xv Y)%ﬁ“) . (33)

Since the sharp operators of conformally equivalent Riemannian metrics are re-

lated by the simple formula
e(X

it follows that

1
5o ke =
O

and thus
_ ) 1, w1 1 .
Vo(X,Y)=V5L(X,)Y)+ % (77 Y)X —~(X,Y)n ) — 5YaX+ i’y(X, Y)grad*«

1 1 _ 1
=ViY + FXaY + o~ (" (V)X —v(X,Y)n") = VxY + 5 XaY.

Therefore L8
Xho — xh _ 2 9%
g 20Ut

onC (34)

and equation (34) shows that
dy, log By = da” +dj log E = da’ + dj log E — da” = dj, log E

as was to be proved. (I

Theorem 4. A non-Riemannian Finsler manifold is a generalized Berwald
manifold admitting a semi-symmetric compatible linear connection if and only if
o(p) > 0 for any p € M and dj, log E = 0.

Corollary 1. The class of generalized Berwald manifolds admitting semi-
symmetric compatible linear connections is closed under the conformal change of
the Riemann—Finsler metric.
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As a special case of compatible linear connections with closed 1-forms in the
torsion we have the following result.

Theorem 5 ([14]). A non-Riemannian Finsler manifold is a locally confor-
mally Berwald manifold if and only if o(p) > 0 for any p € M,

1 1
dplogE =0 and 9::(d77*—d0/\77*>:0.
o o

The local conformal change to a Berwald manifold around a point p in M is given
by a function oy, : U — R satisfying da, = 1" /0.

Corollary 2. The class of generalized Berwald manifolds admitting semi-
symmetric compatible linear connections with closed 1-forms in the torsion is
closed under the conformal change.

ACKNOWLEDGEMENTS. This work was partially supported by the European
Union and the European Social Fund through the project Supercomputer, the
national virtual lab (grant no.: TAMOP-4.2.2.C-11/1/KONV-2012-0010). Sup-
ported by the Japanese-Hungarian bilateral project Nr. TET-10-1-2011-0065.

This work is supported by the University of Debrecen’s internal research
project.

References

[1] I. Acricora and T. FRIEDRICH, On the holonomy of connections with skew-symmetric
torsion, Math. Ann. 328 (2004), 711-748.

[2] T. Aikou, Averaged Riemannian metrics and connections with application to locally con-
formal Berwald manifolds, Publ. Math. Debrecen 81 (2012), 179-198.

[3] D. Bao, S. S. CHERN and Z. SHEN, An Introduction to Riemann-Finsler Geometry,
Springer—Verlag, Berlin, 2000.

[4] M. CrRAMPIN, On the construction of Riemannian metrics for Berwald spaces by averaging,
accepted for publication in Houston J. Math..

[5] J. GRIFONE, Structure presque-tangente et connxions I, Ann. Inst. Fourier, Grenoble 22
(1972), 287-333.

[6] J. GRIFONE, Structure presque-tangente et connxions II, Ann. Inst. Fourier, Grenoble 22
(1972), 291-338.

[7] M. HasnicucHI and Y. IcHIJYO, On conformal transformations of Wagner spaces, Rep.
Fac. Sci. Kagoshima Univ. (Math., Phys., Chem.) 10 (1977), 19-25.

[8] M. MaTsuMoTO, Foundation of Finsler Geometry and Special Finsler Spaces, Kaisheisa
Press, Japan, 1986.

[9] M. MaTsuMoTO, Conformally Berwald and conformally flat Finsler spaces, Publ. Math.
Debrecen 58 (2001), 275-285.



[10]
[11]
12
13
[14
[15]
[16]
[17]

(18]

On generalized Berwald manifolds with semi-symmetric compatible. .. 755

Z. SHEN, Differential Geometry of Spray and Finsler Spaces, Kluwer Academic, Dordrecht,
2001.

J. SIMONS, On the transitivity of holonomy systems, Annals of Math. 76 (1962), 213-234.
Z. 1. SzaBO, Positive definite Berwald spaces, Tensor N.S. 35 (1981), 25-38.

Cs. VINCZE, A new proof of Szabd’s theorem on the Riemann metrizability of Berwald
manifolds, AMAPN 21 (2005), 199-204.

Cs. VINCZE, On a scale function for testing the conformality of a Finsler manifold to a
Berwald manifolds, J. Geom. Phys. 54 (2005), 454-475.

Cs. VINCZE, On geometric vector fields of Minkowski spaces and their applications, J. of
Diff. Geom. and its Appl. 24 (2006), 1-20.

Cs. VINCZE, On Berwald and Wagner manifolds, AMAPN 24 (2008), 169-178,

www.emis.de/journals.

Cs. VINCZE, Average methods and their applications in differential geometry I, submitted
to J. Geom. Phys., arXiv:1309.0827.

F. W. WARNER, Foundations of Differenetial Manifolds and Lie Groups, , Graduate Texts
in Mathematics, 1983.

CSABA VINCZE

INSTITUT OF MATHEMATICS
UNIVERSITY OF DEBRECEN
H-4010 DEBRECEN, P.O. BOX 12
HUNGARY

E-mail: csvincze@science.unideb.hu

(Received January, 10, 2013; revised September 1, 2013)



