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1. Introduction

Let f € Z[X] be a polynomial of degree n without multiple roots and m an
integer > 2. Siegel proved that the equation

flx) =y™ (1.1)

has only finitely many solutions in z,y € Zif m = 2,n > 3 [25] and if m > 3,n > 2
[26]. SIEGEL’s proof is ineffective. In 1969, BAKER [1] gave an effective proof of
Siegel’s result. More precisely, he showed that if (x,y) is a solution of (1.1), then

{expexp {(Bm)lo(nlo”H)"z} ifm>3, n>2,
max(|z], |y[) < ,

exp exp exp {(1010"H)2} ifm=2, n>3,

where H is the maximum of the absolute values of the coefficients of f. In 1976,
ScHINZEL and TIIDEMAN [23] proved that there is an effectively computable
number C, depending only on f, such that (1.1) has no solutions z,y € Z with
y # 0,%1 if m > C. The proofs of Baker and of Schinzel and Tijdeman are both
based on Baker’s results on linear forms in logarithms of algebraic numbers.

First TRELINA [28] and later in a more general form BRINDzA [6] generalized
the results of Baker to equations of the type (1.1) where the coefficients of f
belong to the ring of S-integers Og of a number field K for some finite set of
places S, and where the unknowns z, y are taken from Og. In their proof they
used Baker’s result on linear forms in logarithms, as well as a p-adic analogue
of this. In fact, Baker, Schinzel and Tijdeman, Trelina and Brindza considered
(1.1) also for polynomials f which may have multiple roots. Brindza gave an
effective bound for the solutions in the most general situation where (1.1) has
only finitely many solutions. This was later improved by BILU [3] and BUGEAUD
[7]. SHOREY and T1IDEMAN [24, Theorem 10.2] extended the theorem of Schinzel
and Tijdeman to equation (1.1) over the S-integers of a number field. For further
related results and applications we refer to [24], [3], [7], [14] and the references
given there.

In [2] we prove effective analogues of the theorems of Baker and Schinzel and
Tijdeman for equations of the type (1.1) where the unknowns z, y are taken from
an arbitrary finitely generated domain over Z. The approach in that paper is to
reduce the equations under consideration to hyper- and superelliptic equations
or Schinzel-Tijdeman equations over S-integers in function fields and over S-
integers in number fields, by means of an effective specialization method. For the
equations over function fields we can apply existing effective results of MASON
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[19, Chaps. 3,7]. However, for the equations over number fields we need effective
results that are more precise than those of Trelina, Brindza, Bilu, Bugeaud and
Shorey and Tijdeman mentioned above. In the present paper, we derive such
precise results. Here, we follow improved, updated versions of standard methods.
For technical convenience, we restrict ourselves to the case that the polynomial f
has no multiple roots. We mention that recently, GALLEGOS—RUIZ [12] obtained
an explicit bound for the heights of the solutions of the hyperelliptic equation
y? = f(x) in S-integers x, y over Q, but his result is not adapted to our purposes.

In Theorems 2.1 and 2.2 stated below we give for any fixed exponent m
effective upper bounds for the heights of the solutions z,y € Og of (1.1) which
are fully explicit in terms of m, the degree and height of f, the degree and
discriminant of K and the prime ideals in S. In Theorem 2.3 below we generalize
the Schinzel-Tijdeman Theorem to the effect that if (1.1) has a solution z,y € Og
with y not equal to 0 or to a root of unity, then m is bounded above by an explicitly
given bound depending only on n, the height of f, the degree and discriminant
of K and the prime ideals in S.

2. Results

We start with some notation. Let K be a number field. We denote by d, Dg
the degree and discriminant of K, by Ok the ring of integers of K and by Mg
the set of places of K. The set My consists of real infinite places, these are the
embeddings o : K < R; complex infinite places, these are the pairs of conjugate
complex embeddings {o,7 : K < C}, and finite places, these are the prime ideals
of Ok . We define normalized absolute values |- |, (v € M) as follows:

| |o=1]0()] if v = o is real infinite;
| [o =1o(-)]? if v= {0, 7} is complex infinite; (2.1)
|- | = (Ngp)~ %) if v = p is finite;

here Nip = #Ox /p is the norm of p and ord,(z) denotes the exponent of p in

the prime ideal decomposition of z, with ord,(0) = oc.
The logarithmic height of oo € K is defined by

h(a) = ﬁ log UEIJ_VEK max(1, |aly).

Let S be a finite set of places of K containing all (real and complex) infinite

places. We denote by Og the ring of S integers in K, i.e.
Os={re K :|z|, <1forve Mg\ S}
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Let s := #S and put

Ps =Qgs:=1 if S consists only of infinite places,

t
Ps = 4H}aXtNKpi, Qs = HNKpi if p1,...,ps are the prime ideals in S.
R i=1

We are now ready to state our results. In what follows,
f(X)=a X"+ X" '+ +a, € O5[X] (2.2)

is a polynomial of degree n > 2 without multiple roots and b is a non-zero element
of Og. Put

I~

1
=~ > logmax(1, [blu, aolv, - - -, |an|u)-
vEMEK

Our first result concerns the superelliptic equation
flz)=by™ inz,y € Og. (2.3)

with a fixed exponent m > 3.

Theorem 2.1. Assume that m > 3, n > 2. If x,y € Og is a solution to the
equation (2.3) then we have

max (h(.’L‘), h(y)) < (6n8)14m3n33|DK|2m2n2ng2n268m2n3d-ﬁl (24)
We now consider the hyperelliptic equation
f(z)=by?> inzyécOs. (2.5)

Theorem 2.2. Assume thatn > 3. If z,y € Og is a solution to the equation
(2.5) then we have

max (h(x), h(y)) < (4n5)212n4s|DK|8n3Q%On3€5On4d-E. (2.6)

Our last result is an explicit version of the Schinzel-Tijdeman theorem over
the S-integers.

Theorem 2.3. Assume that (2.3) has a solution x,y € Og where y is neither
0 nor a root of unity. Then

m < (10n2s)40n5‘DK|6nngellnd-ﬁ. (27)
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3. Notation and auxiliary results

We denote by d, Dk, hix, Rx the degree, discriminant, class number and
regulator, and by Og the ring of integers of K. Further, we denote by P(K) the
collection of non-zero prime ideals of O . For a non-zero fractional ideal a of Ok
we have the unique factorization

a= H pordp a’
)

peEP(K

where there are only finitely many prime ideals p € P(K) with ord, a # 0. Given
ag,...,an € K, we denote by [aq, ..., an]k the fractional ideal of Ox generated
by aq,...,a,. For a polynomial f € K[X] we denote by [f]x the fractional ideal
generated by the coefficients of f. We denote by Nyxa the absolute norm of a
fractional ideal of Ok. In case that a C Og we have Nxa = #0k /a.

We define log™ z := max(1,logz) for « > 0.

3.1. Discriminant estimates. Let L be a finite extension of K. Recall that
the relative discriminant ideal 97,k of L/K is the ideal of Ok generated by the
numbers

DL/K(wl,...,wn) Withwl,...7wn€OL,
where n := [L : K|.

Lemma 3.1. Suppose that L = K(«) and let f € K[X] be a square-free
polynomial of degree m with f(«a) = 0. Then
[D(H)x

[f]%(m—Q '

PROOF. We have inserted a proof for lack of a good reference. We write []

Or/Kk 2 (3.1)

for []x. Let g € K[X] be the monic minimal polynomial of a. Then f = g1g2
with go € K[X]. Let n := degg; and k := deg hy. Then

D(f) = D(91)D(92)R(91,92)2,

where R(g1,g2) is the resultant of g; and go. Using determinantal expressions for
D(g1), D(g2), R(g1,92) we get

D(g1) € [1]*" 2, D(g2) € [92)**72, R(g1,92) € [91]"[92)",

and by Gauss’ Lemma, [f] = [¢1] - [g2]- Hence
[D(f)] _ [D(g1)] [D(g2)] [R(g1,92)] c [D(g1)]

L T P e P T e
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Therefore, it suffices to prove

O0r/K 2 [gl]Qn—Q‘

Note that [g1]~! consists of all A € K with Ag1 € Og[X]. Hence the ideal
[D(g1)] - [g1] 72" %2 is generated by the numbers A\?"~2D(g;) = D(\g;) such that
Ag1 € Ok [X]. Writing h := Ag1, we see that it suffices to prove that if h € Ox[X]
is irreducible in K[X] and h(a) = 0 with L = K(«), then

D(h) S DL/K-

To prove this, we use an argument of BIRCH and MERRIMAN [4]. Let h(X) =
boX™ + byz™ 4+ 4+ by, € Ok[X] with h(a) = 0. Put

wi::boai—Fbleiilﬁ-"'—Fbi (z':(),l,...,n).

We show by induction on i that w; € Op. For ¢ = 0 this is clear. Assume that we
have proved that w; € Oy, for some i > 0. By h(a) = 0 we clearly have

wioz"ﬂ‘ + bi_;,_lozniiil + -+ bn =0.

n—i—1

By multiplying this expression with w; , we see that w;« is a zero of a monic

polynomial from Oy, [X], hence belongs to Op,. Therefore, w;11 = w;a+b;41 € Of.

Now on the one hand, Dy, /x(1,w1,...,wn—1) € 01/, on the other hand,
Dr/g(Lwi, ... wn1) = bg"iZDL/K(La, coamh
= b2 H (o — a9)2 = D(n).
1<i<5<0
Hence D(h) € 0r, k. O
Put u(n) :=lem(1,2,...,n). For the possible prime factors of the discrimi-

nant 97,/ we have:

Lemma 3.2. Let [L : K| = n. Then for every prime ideal p € P(K) with
ord, (0z/x) > 0 we have

ordy(0r/x) < n- (1 +ordy(u(n))).

PROOF. Let Dy i denote the different of L/K. According to, e.g., [21,
p. 210, Theorem 2.6], we have for every prime ideal 3 of L lying above p

ordp (D) < e(Blp) — 1+ ordyp(e(Flp)) < e(Blp) — 1+ e(Plp) ordp(e(Flp)),
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where e(Blp), f(B|p) denote the ramification index and residue class degree of P

over p. Using 0/ = Np/x®p i, NoyjxB = p/FP, 30 e(Blp) f(Blp) =
[L: K] < n, we infer

ordy (0z/k) = ordy (N kD k) = Zf(‘ﬁlp) ordy (D))
Blp

<> F(Blp)eBIp)(1 + ordy (e(Plp)) < n(1 + ordy(u(n))). O
Blp

Lemma 3.3. (i) Let M D L D K be a tower of finite extensions. Then we
have

Oy = NL/K(DM/L)D[L%}L]-

(ii) Let L1, Lo be finite extensions of K. Then for their compositum Ly - Ly we

have
LqiLs:L LyiLs:L
aLle/K > a[Lll/I? l]a[L;/I? 2].

PRrROOF. For (i) see for instance [21, p. 213, Korollar 2.10]. For (ii) apply a
lemma of Stark on differents [27, Lemma 6] and take norms. O

Lemma 3.4. Let m € Z>o,y € K* and L := K( x/y). Further, letp € P(K)
be a prime ideal with

ordy(m) =0, ordy(y) =0 (mod m).
Then L/K is unramified at p, i.e.
ordp(OL/K) =0.

PROOF. Choose 7 € K* such that ordy(7) = 1. Then v = 7™¢ with t € Z
and ordy(e) = 0. We clearly have L = K( {/¢), hence

Xm—e)] _ [mmem ]
[Leem2 ~ [Leem2

Ok 2

This implies ord, (9.,/x) = 0. O

3.2. S-integers. Let K be an algebraic number field and denote by My its set
of places. We keep using throughout the absolute values defined by (2.1). Recall
that these absolute values satisfy the product formula

H laly, =1 for a € K*.
vEME
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If L is a finite extension of K, and v, w places of K, L, respectively, we say that
w lies above v, notation w|v, if the restriction of |- |, to K is a power of |- |,, and
in that case we have

oy = ||l ) for o € K,
where K, L,, denote the completions of K at v, L at w, respectively. In case
that v = p, w = P are prime ideals of Ok, Oy, respectively, we have w|v if and
only if p C .

Let S be a finite set of places of K containing all infinite places. The non-
zero fractional ideals of the ring of S-integers Og (i.e., finitely generated Og-
submodules of K) form a group under multiplication, and there is an isomorphism
from the multiplicative group of non-zero fractional ideals of Og to the group of
fractional ideals of Ok composed of prime ideals outside S given by a +— a*, where
a = a*0Og. We define the S-norm of a fractional ideal of Og by

Ng(a) := Nga* = absolute norm of a*.

Given a1, ...,a, € K we denote by [aq,...,a;]s the fractional ideal of Og gene-
rated by ag,...,a,. We have

Ns(fon, .- ons) = [ max(lenle,. .., lanl,) ™" (3.2)
vEMEK\S
Further, for & € K we define Ng(«) := Ng([a]g). By the product formula,
Ng(a) = H la|, for a € K. (3.3)
veS

Let L be a finite extension of K, and T the set of places of L lying above the
places in S. Then the ring of T-integers O is the integral closure in L of Og.
Every fractional ideal & of Or can be expressed uniquely as A = A*Op where 21*
is a fractional ideal of Of composed of prime ideals outside 7. We put

NTQL = NLQ[*, NT/SQl = (NL/KQl*)OS
Then

{NTQI = Ns(Nr/s2), (3.4)

Nr(aOr) = Ns(a)[L:K] for a fractional ideal a of Og.
Let py1,...,p; be the prime ideals in S and put Qg := H§=1 Nkp;. Let

1y---, B¢ be the prime ideals in T and put Qr := 1?/: Ng*B;. Then for every
=1
prime ideal p of O we have

HNLm = H(NKp)ﬁmp < H(NKp)emp'ffmp < (NKp)[L:K],
Blp Blp PBlp
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where the product is over all prime ideals P of O, dividing p and where e(B|p),
f(Blp) denote the ramification index and residue class degree of B over p. Hence

Qr < QY. (3.5)

3.3. Class number and regulator. Let again K be a number field.

Lemma 3.5. For the regulator Ri and class number hx of K we have the
following estimates:

Rk >0.2, (3.6)

hxRg < |Dx|? (log* | Dg|)? . (3.7)

PROOF. Statement (3.6) is a result of FRIEDMAN [11]. Inequality (3.7) fol-
lows from LOUBOUTIN [18], see also (59) in GYORY and YU [15]. O

Let S be a finite set of places of K consisting of the infinite places and of the
prime ideals p1,...,p:. Then the S-regulator Rg is given by

t
Rg = hsRx | [ log Nk, (3.8)

i=1

where hg is the order of the group generated by the ideal classes of py,...,p; and
where hg and the product are 1 if S consists only of the infinite places. Together
with Lemma 3.5 this implies

1 .
sIn2< R < |Dk |2 (log* | Dk )%t - (log Ps)?, (3.9)

where the last factor has to be interpreted as 1 if ¢t = 0.
3.4. Heights. We define the absolute logarithmic height of a € Q by

1

"=k

Z max(0, log |al,),

vEME

where K is any number field with K 5 a. More generally, we define the logarith-
mic height of a polynomial f(X) = agz™ + -+ + a, € Q[X] by

1

h(f) :W

Z logmax(1, |ag|v, - -, |an]v)
vEME



736 Attila Bérczes, Jan-Hendrik Evertse and Kalméan Gyéry

where K is any number field with f € K[X]. These heights do not depend on
the choice of K.
We will frequently use the inequalities

n

hMai - ay) < Zh(ai), hlog + -+ ap) < Zh(ai) +logn

i=1
for a1, ..., a, € Q and the equality
ha™) = |mlh(a) fora€Q’, meZ.

(see for instance [30, Chapter 3]). Further we frequently use the trivial fact that
if a belongs to a number field K and S is a finite set of places of K containing
the infinite places, then

1
h(a) > E.Q log Ng(a).

We have collected some further facts.

Lemma 3.6. Let ay,...,a, € Qand f = (X —ay)--+ (X — ). Then

|h(f) — Zh(az)\ < nlog?2.

i=1
PROOF. See for instance [5, p.28, Thm.1.6.13]. O
Lemma 3.7. Let K be a number field and f = agX" +a1 X" ' +---+a, €
K[X] a polynomial of degree n with discriminant D(f) # 0. Then
Q) [D(f)|s <05 max(|ago,. .., |an|y)?* 2 forv e Mg,
(ii) A(D(f)) < (2n —1)logn + (2n — 2)A(f),
where s(v) =1 if v is real, s(v) = 2 if v is complex, s(v) = 0 if v is finite.
PRrROOF. Inequality (ii) is an immediate consequence of (i). For finite v, ine-
quality (i) follows from the ultrametric inequality, noting that D(f) is a homoge-
neous polynomial of degree 2n — 2 in the coefficients of f with integer coefficients.

For infinite v, inequality (i) follows from a result of LEwIS and MAHLER [17,
p. 335)). O

Lemma 3.8. Let K be an algebraic number field and S a finite set of places
of K, which consists of the infinite places and of the prime ideals p1,...,p;. Then
for every a € Og \ {0} and m € N there exists an S-unit n € O% with

d d
where ¢ := 39d"2 and Qg := [[\_; Nxpi.

1 h
hon™) < Slog Ns(a) +m- (cRK | e 1ong) |
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PRrROOF. This is a slightly weaker version of Lemma 3 of GYORY and YU [15].
The result was essentially proved (with a larger constant) in [10] and [13]. O

Lemma 3.9. Let o be a non-zero algebraic number of degree d which is not
a root of unity. Then

log 2 if d=1,

h(a) > m(d) = { ° !
2/d(log3d)? if d > 2.

PROOF. See VOUTIER [29)]. O

3.5. Baker’s method. Let K be an algebraic number field, and denote by Mg
the set of places of K. Let ai,...,a, be n > 2 non-zero elements of K, and
b1,...,b, are rational integers, not all zero. Put

A::alfl...azn—l,

0 := Hmax (h(a;),m(d)),
i=1
B :=max(3,|b1],,...,|bnl),

where m/(d) is the lower bound from Lemma 3.9 (i.e., the maximum is h(«;) unless
«; is a root of unity). For a place v € Mk, we write

2 if v is infinite
N(v) = . o
Nkp if v =p is finite.

Proposition 3.10. Suppose that A # 0. Then for v € Mg we have

N
log|Al, > —ci(n, d)lmg]%@ log B, (3.10)

where c1(n, d) = 12(16ed)*"2(log" d)?.

PROOF. First assume that v is infinite. Without loss of generality, we assume
that K ¢ C and |- |, = |- |*(*) where s(v) =1 if K C R and s(v) = 2 otherwise.
Denote by log the principal natural logarithm on C (with |Imlogz| < 7 for
z € C*. Let by be the rational integer such that | Im Z| < 7, where

E:=bilogaj + -+ byloga, + 2bglog(—1), log(—1) = mi.
Thus,
B’ := max(|2bo/, |b1], .-, |bn]) <1+ nB.
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A result of MATVEEV [20, Corollary 2.3] implies that

s(v)
1
log |Z]| > —s(v) ™! (2e(n + 1)) (n+ 1)3/230"*+*d?(log ed)Q log (e B'),

where

Q= H max(h(a;), ).
i=1
Assuming, as we may, that [A| < £, we get |E| = |log(1+A)| < 2|A| < 1. Further,
Q < 7""m(d)""O. By combining this with Matveev’s lower bound we obtain a
lower bound for |A|, which is better than (3.10).
Now assume that v is finite, say v = p, where p is a prime ideal of Og. By
a result of K. YU [31] (consequence of Main Theorem on p. 190) we have

Ngp

ord, (A) < (16ed)?"+2n3/2 1og(2nd) log(2d)e? - ————
’ P (log Nkcp)?
K

-Olog B,
where e, is the ramification index of p. Using that log|A|, = —ord,(A)log Nkp
and e, < d, we obtain a lower bound for log|A|, which is better than (3.10). O

3.6. Thue equations and Pell equations. Let K be an algebraic number field
of degree d, discriminant D, regulator Ry and class number hy, and denote by
Og its ring of integers. Let S be a finite set of places of K containing all infinite
places. Denote by s the cardinality of S and by Og the ring of S integers in K.
Further denote by Rg the S-regulator, let p1,...,p; be the prime ideals in .S, and
put

Ps == max{Ngp1,...,Ngpt}, Qs := Nr(p1--pt),

with the convention that Ps = Q¢ = 1 if S contains no finite places.

We state effective results on Thue equations and on systems of Pell equations
which are easy consequences of a general effective result on decomposable form
equations by GYORY and YU [15]. In both results we use the constant

Cl(S d) = 525+4275+60d2s+d+2.
Proposition 3.11. Let 8 € K* and let F(X,Y) = > ja, X"V €

K[X,Y] be a binary form of degree n > 3 with non-zero discriminant which
splits into linear factors over K. Suppose that

max h(a;) <A, h(B) < B.

0<i<n
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Then for the solutions of

F(z,y)=8 inz,y€ Og (3.11)
we have

max(h(z), h(y))

log" R h
< (s, d)yn®Ps R (1 + 28 S) : (RK + M 1og Qs + ndA + B). (3.12)
log™ Ps d

PRrROOF. GYORY and YU [15, p. 16, Corollary 3] proved this with instead
of our ¢;(s,d) a smaller bound 5d?n® - 50(n — 1)cic3, where ci, c3 are given
respectively in [15, Theorem 1], and in [15, bottom of page 11]. O

Proposition 3.12. Let v1,72,73, 812, 813 be non-zero elements of K such
that

Bi2 # Biz,  Vm/ve V1i/vs € K,
h(’yl) S A for i = 1,2,3, h(ﬁlg),h(ﬂlg) S B.

Then for the solutions of the system

fyle — nyxg = P12, 'ylx% — ’)’3Z§ = (13 In x1,x9,23 € Og (3.13)

we have

max(h(x1), h(xz2), h(xs))

log* Rg

log™ Pg

PROOF. Put B23 := fi3 — Si2, B := P12B13523 and define
Fi= (X} —7X3) (X7 — 13X3)(12X5 —13X3).

Thus, every solution of (3.13) satisfies also

h
< ¢1(s,d)PsRs (1 + ) : (RK + 7 log Qs +dA + B). (3.14)

F(xy,29,23) =B in xq1,29,23 € Og. (3.15)

By assumption, f # 0. Further, F' is a decomposable form of degree 6 with
splitting field K, i.e., F =1 - - - lg where [y, ..., g are linear forms with coefficients
in K. We make a graph on {l1, ..., [} by connecting two linear forms {;, [; if there
is a third linear form [, such that I, = Al; 4 pl; for certain non-zero A\, € K.
Then this graph is connected. Further, rank{ly,...,ls} = 3. Hence F satisfies all
the conditions of Theorem 3 of GYORY and YU [15]. According to this Theorem,
the solutions x1, x3, x3 of (3.15), and so also the solutions of (3.13), satisfy (3.14)
but with instead of ¢;(s,d) the smaller number 375¢ic3, where ¢1, ¢3 are given
respectively in [15, Theorem 1], and on [15, bottom of page 11]. O
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4. Proof of the results in the case of fixed exponent

Let K be an algebraic number field, put d := [K : Q], and let Dg denote
the discriminant of K. Further, let S be a finite set of places of K containing all
infinite places.

Lemma 4.1. Let f(X) € K[X] be a polynomial of degree n and discriminant
D(f) # 0. Suppose that f factorizes over an extension of K as ap(X — aq) ...
(X —ay) and let L := K(ay,...,ax). Then for the discriminant of L we have

D < (- e“f’)%"kd |Dg|™.
For the case k = 1 we have the sharper estimate
D) < n@r=Dd . (@n=2dh(f) || D |ILK],
PRrROOF. By Lemma 3.3 (i), we have
IDi| = Nkop - |Dic |5 < Ngdp e - |Dgc|"™". (4.1)

Applying Lemma 3.3 (ii) to L = K(ay) -+ - K(«ag) yields

k
L:K(a;
0r /K 2 H VK (ar)/K) [ (el (4.2)
Further, since «; is a root of f we have by Lemma 3.1,
[D(f)]
VK (a:) /K 2 =
and so D)
NKDK(ai)/K < Nk <[f]2"_2> . (4.3)

By Lemma 3.7 we have

|NK(D(f))|: H |D |v§ H 2n 1 S“)|f|2n 2<n2n 1)d H |f|2n 2

veEMg? veEMg? veEMg?

where |f], is the maximum of the v-adic absolute values of the coefficients of f;
moreover,

Ne(f17 = T 1

VEMK\MP
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Thus, we obtain

[D(f)]) a1 _(2n-2)n(H))"
NK< S(n" el2n )(f)) . 4.4
[f]2n—2 (44)
Together with (4.1), (4.3) this implies the sharper upper bound for |Dy| in the
case k = 1. For arbitrary k, combining (4.2), (4.3), (4.4) and the estimate [L :
Kla)]<(n—-1)n-2)---(n—k+1) gives

k(n—1)(n—2)---(n—k+1)d
Nidp i < (nZn—l ) e(2n—2)h(f)) (4.5)
k
< pk@En=1n*"d | k(2n—2)n* "' d-h(f) < (n . eh(f)>2kn d. (4.6)
This in turn, together with (4.1) proves Lemma 4.1. (]

Let
f=aX"+a X" '+ +a, € 0s[X]

be a polynomial of degree n > 2 with discriminant D(f) # 0. Let b be a non-zero
element of Og, m an integer > 2 and consider the equation

flx) =by™ in z,y € Og. (4.7)
Put 1
h:= y Z log max(1, |bly, |aolvy -« - s |@nlv)- (4.8)
vEMg

Let G be the splitting field of f over K. Then
f=a(X—-a1) (X —a,) withay,...,a, € G.

Fori=1,...,n,let L; = K(«;) and denote by T; the set of places of L; lying
above the places of S. We denote by [51,. .., 8], the fractional of Or, generated
by B1,..., 8. Then we have the following Lemma;:

Lemma 4.2. Let z,y € Og be a solution of equation (4.7) with y # 0. Then
fori=1,...,n we have the following:

(i) There are ideals €;, ; of Or, such that
[ap(z — ;)T = AT, € D [aobD(f)]g_l. (4.9)
(ii) There are ;, & with
x—oa; =&, v €L}, £€ 0,

. 1 (4.10)
) < mlndd) e Dl (007 4 G105 Qs )
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PRrOOF. It suffices to prove the Lemma for ¢ = 1. We suppress the index 1
and write a, T, L, v, £ for aq, T1, L1, 11,&1. Let g := (X —ag) ... (X — an).
By [-] we denote fractional ideals in G with respect to the integral closure of O
in G. Clearly,

[x—a]  [r— ] [ — ;)
Lol | Lol = Lol e

for i = 2,...,n. This implies

Noting that by Gauss’ Lemma we have [f] = [ao] []_,[1, @], we see that the
right-hand side contains

Using also [g] = []/,[1, ;] we obtain

[r—a]  [9(2)] 5 [D(f)

]
To] "] 2 [P 1y
Writing equation (4.7) as equation of ideals, we get
By = 2ol @l (4.12)

Note that the ideals occurring in (4.11), (4.12) are all defined over L, so we may
view them as ideals of Or. Henceforth, we use [-] to denote ideals of Or.

Now let B be a prime ideal of O not dividing aobD(f). Note that D(f) €
[f]?"=2, hence B does not divide [f] either. By (4.11), the prime ideal 3 divides

[ff(f‘ll}] and [g[(gﬁ)], and we get

at most one of the ideals

ordygp =0 (mod m).

But [ag][1, ] is not divisible by B since it contains ag. Hence
ordg(ao(z — @) =0 (mod m).

Applying division with remainder to the exponents of the prime ideals dividing
apbD(f) in the factorization of ag(x — &), we obtain that there are ideals €, 2 of
Or, with € dividing (bagD(f))™ ! such that [ag(z — )] = €A™. This proves (i).
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We prove (ii). The ideal 20 of Or may be written as 2 = 20*Or with an
ideal 20* of Op composed of prime ideals outside T', and further, we may choose
non-zero §; € A* with [Ny, (&1)] < |Dp|Y2Np2A* (see LANG [16, pp. 119/120].
This implies N7 (&) < |Dp|Y?Nr2, ie., [&1] = BA where B is an ideal of Or
with N8B < \DL|1/2. Similarly, there exists y1 € L with [y;] = D€, where D is
an ideal of Op with Ny® < |Dp|'/2. As a consequence, we have

ap(z — o) = lﬁ{",
V2
where v1,7v2 € Op, and
[y2] = DB™.

Using (i) and the choice of B, D, we get
Nr(m) < [De|Y2Ne(agbD(f))™ ", Nr(yz) < |Dp|mH072, (4.13)

According to Lemma 3.8 we can find T-units 7y, 72 € O} such that
m —1 hL .
h(vini*) < d; " log Np(vi) +m - | cRp + T log Qr fori=1,2
L

where df, = [L : Q], ¢ := 39d%* 2 and Q7 := [[ per NP. Putting
B finite

vi=ag iy (mny )™ €= nany '
and invoking (4.13) we obtain z — a = 4™, with £ € Op, v € L* and

m

+1
S log | D1 | +mlog Nr(abD(f)) )

h
+2m - (CRL + i log QT>. (4.14)

h(7) < hao) +dz (

It remains to estimate from above the right-hand side of (4.14). First, we
have by (3.4) and Lemma 3.7,

dy ' log Ny (apbD(f)) = d~"log N (aghD(f)) < h(aobD(f))
< (2n—1)logn + 2nh. (4.15)
Together with Lemma 4.1 this implies

hao) +dz ("o log | Dy | + mlog Ne(abD(f)) )

< m(4nlogn + 4nh +log |Dx|). (4.16)
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Next, by Lemma 3.5, Lemma 4.1 and d, < nd we have
max(hy, R) < 5|Dp["*(log™ |Dy|)" ™" < (nd)™|Dy|
< (n3d)nde(2n—2)dﬁ|DK|n. (4-17)

By inserting the bounds (4.16), (4.17), together with (3.5) and the estimate ¢ <
39(nd)"?*2 into (4.14), one easily obtains the upper bound for h(v) given by (ii).
(I

Let f, b, m be as above, and let z,y € Og be a solution of (4.7) with y # 0.
Let v1,...,vn, &1,...,&, be as in Lemma 4.2.

Lemma 4.3. (i) Let m > 3 and M = K(aq, as, /71/72,p), where p is a
primitive m-th root of unity. Then

|DM| < 10m3n2dn4m2n3d|DK|m2n2Qg}2n2e4m2n3dﬁ. (418)
(ii) Let m =2 and M = K(ay, as, a3, /71 /72, /71/73). Then
4 3 3 47
|DM| < 7,L40n dQ%n |DK|4n e25n dh. (419>

PROOF. We start with (i). Define the fields L= K (aq, a2), M1=L(%/71/72),
My = L(p). Then M = M;M,. By Lemma 3.3 (i) we have

D] = Npong | DM (4.20)

By Lemma 3.1, we have 0,,,7, 2 [m|™, where [m] = mOyp. Together with Lem-
ma 3.3 (ii), this implies

M:My], [M:M. mZam
DN]/LQDEVA/LI]DE\/IQ/LQ] om aMl/L'
Inserting this into (4.20), noting that [L : Q] < n2d, [M : L] < m?, we obtain
m2n2d m m?2
|Dy| <m (NLOAg )" D™ (4.21)

We estimate N0y, /. Let P be a prime ideal of O not dividing a prime
ideal from S and not dividing magbD(f). Then by Lemma 4.2,

ordy (1175 1) = ordyg (ZEE;:Z;;> = 0 (modm),
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and so by Lemma 3.4, M, /L is unramified at . Consequently, 05y, /7, is composed
of prime ideals from U, where U is the set of prime ideals of Of, that divide the
prime ideals from S or magbD(f). Using Lemma 3.2, it follows that

DMl/L ) H ;Bm(1+ordq3(u(m))

PeU
) H gpm Hmmordm(u(m)) D u(m)m H mm (422)
PeU B Fevu

First, by prime number theory, u(m) < m™™) < 4™ (see Corollary 1 of ROSSER
and SCHOENFELD [22]). Hence |Np q(u(m)™)| < 4m*n*d_ Second, by an argu-
ment similar to the proof of (3.5), defining V' to be the set of prime ideals of Oy,
which are contained in S or divide magbD(f),

NL(H B) SNK<HP)[L:K] SNK(HP>H2

HeY pev pev
< (QsNs(maghD(f))"™" < (QgeMmaobP)n*
< ngandeQnad(log n+ﬁ) < ng andn2n3d62n3d’]’;

where in the last estimate we have used Lemma 3.7. By combining this estimate
and that for [Ny q(u(m)™)| with (4.22), we obtain

NLDMl/L S 6m2n2dn2mn3ngLn262mn3dﬁ. (423)
Finally, by inserting this estimate and the one arising from Lemma 4.1,
IDL| < n4n2d . e4n2dﬁ ) |DK|n2 (4.24)

into (4.21), after some computations, we obtain (4.18).

We now prove (ii). Let m = 2. Take L = K(«ay,as,a3), My = L(v/71/72),
My = L(+\/71/73), so that M = M; Ms. Completely similarly to (4.23), but now
using [L : K] < n? instead of < n?, we get

NLDM /L < 64n3dn4n4dQ%nSe4n4dﬁ
L < .
For N0y, /1 we have the same estimate. So by Lemma 3.3 (ii),
3 4 3 497
NLDIVI/L < (NLaMl/L)Q(NLaMg/L)Q < 616n dn16n ngn 616n dh.
By inserting this inequality and the one arising from Lemma 4.1,

‘DL| S n6n3d . 66n3dﬁ . |l)K|n3

into [Dps| = Npdaz | Dy | after some computations we obtain (4.19). O
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PROOF OF THEOREM 2.1. Let m > 3 and let =,y € Og be a solution to
by™ = f(x) with y # 0. We have x — a; = & (i = 1,...,n) with the ~;,&;
as in Lemma 4.2. Let M := K(aq, a2, X/71 /72, p), where p is a primitive m-th
root of unity, and let T be the set of places of M lying above the places from S.
Let p1,...,p; be the prime ideals (finite places) in S, and Py, ..., Py the prime
ideals in 7. Then t' < [M : K]t < m?n%t. Further, let Pr := maxﬁ/:l Nar'Bi,
Qr :=TI_, NuF

We clearly have

ME" — €y =ar — a1, &,& € Or, (4.25)

and the left-hand side is a binary form of non-zero discriminant which splits into
linear factors over M. By Proposition 3.11, we have

log* RT)
log* Pr
% (Ras + hay - dyf logQr + mdpy A+ B),  (4.26)

h(€1) < c’lmGPTRT(l +

where A = max(h(y1),h(72), B = h(a1 — a2), dyy = [M : Q] and ¢} is the
constant ¢; from Proposition 3.11, but with s,d replaced by the upper bounds
m?2n?s, m?n2d for the cardinality of T and [M : Q], respectively, and Rt is the
T-regulator.

Using d < 2s we can estimate ¢} by the larger but less complicated bound,

ch < 250(4m2n2s)Tm s (4.27)

Next, b .
ext, by (3.5), .
Pr<Qr<Qg  <Q¢". (4.28)

Let C be the upper bound for |Dj;| from (4.18). Thus, by Lemma 3.5 and (3.9),
max(has, Ryr) < 5C(log* €)™ nd=1,
Further, A can be estimated from above by the bound from (4.10), and B by
h(ar) + h(as) +1log2 < h(f) + (n+1)1og2 < h+ (n + 1)log 2

in view of Lemma 3.6. Together with (4.28), this implies

Rys + hay - dyf log Qr +mdy A+ B
< 7C(log* C)™ "1 . 4 og Qg < TC(log* C)™ ™. (4.29)
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Next, by (3.9), the inequality d + ¢ < 2s, and (4.28), we have

Ry < CY2(log" C)™ "4~ (log" Pr)”' < C'/2(log™ €)™ " *~! (m*n? log" Q)™ """

< (m2n2)m2n2501/2(10g* C)2m2n2571

and oo™ R
1+ og* el < 4m2n®slog* C,
log PT
hence
Prir (14 20T < (am2n?) Q™ OV log” O (4.30)
og It

Combining (4.29), (4.30) with (4.26) gives

h(&) < Tmc) (4m*n®)™ " QY™ C log" €)M
50

S ) (4m2n25)13m2n25Qg12n2 C2.
Using

h(z) <log2+ h(a1) +h(y1) +mh(&),  h(y) <m™*(h(b) + h(f) +nh(z)),
and the upper bound for h(v;) from (4.10), we get
h(z), h(y) < 25 mn(4m?n2s)Bm s Quin® 2, (4.31)

Now substituting C, i.e., the upper bound for |Dy;| from (4.18), and some algebra
gives the upper bound (2.4) from Theorem 2.1. |

PROOF OF THEOREM 2.2. Let 2,y € Og be a solution to by? = f(x) with
y # 0. We have ¢ — a; = ;£ (i = 1,...,n) with the v;,&; as in Lemma 4.2. Let

M = K(o,az, a3, V Y1/735 AY Y2/73 )

and let T be the set of places of M lying above the places from S. Notice that
[M : K] < 4n3. Then

N~ =ar -1, NE - =as—o, &,&% €07, (4.32)

By applying Proposition 3.12 to (4.32), and doing the same computations as
above, we obtain the same bound as in (4.31), but with m = 2 and m?n? rep-
laced by 4n3, and with C the upper bound for |Dj| from (4.19). After some
computation, we obtain the bound (2.6) from Theorem 2.2. O
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5. Proof of Theorem 2.3

We assume that in some finite extension G of K, the polynomial f factorizes
as ag(X — 1)+ (X —ap). Fori=1,...,n,let L; = Q(oy), let dr,, hr,, Rr,
denote the degree, class number and regulator of L;, and let T; be the set of
places of L; lying above the places in S. Further, denote by Ry, the T;-regulator
of L;, and denote by t; the cardinality of T;. Let Qr, := HmeTi Np. B, where
the product is over all prime ideals in 7;. The group of Tj-units Or- is finitely
generated and by Lemma 2 of [15] (see also [9], [10] and [8]) we may choose a

fundamental system of Tj-units, i.e., basis of OF, modulo torsion 7;1,...,7 -1
such that
t;—1
H h(nij) < criBr,
j=1 (5.1)
) < co; R,
(Jmax h(nig) < B,
where e
t; —1)! _ N
C1; = (Q(til—thlf)_)l’ Coi = 296\/ tl' - 2d%7 ! 10g de, C14-

We estimate these upper bounds from above. First noting ¢; < [L; : K]s < ns we
have the generous estimate

c1i, C2i < 1200£2% < 1200(ns)?"s. (5.2)
For the class number and regulator hy,,, Ry,, we have similarly to (4.17):
max(hy,, Rp,,hr,Re,) < 5|Dg,|"/*(log™ | Dy, [)"*!
< (nPd)"deCn=2)h Dy, (5.3)

Further, from (3.9), d < 2s, we deduce

RTi < (nSd)nde(2n72)d/ﬁ|DK|n(10g* PTi)’ﬂsfl

(n3d)nde(2n—2)d7L|DK|n(n log* PS)ns—l

IN

< (4n752)nse(2n72)dﬁ‘DK‘n(log* Ps)nsfl' (54)

By inserting this and (5.2) into (5.1), we obtain

ti—1 P
1 20nij) < C1 = 1200(4ns*)"** | Dc|" (log" Pg)"* ", (5.5)
j=1
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max h(??ij) S 01. (56)

1<j<ti—1

Now let z,y and m satisfy
by™ = f(x), m€Zssz, x,y € Og, y#0, ynot aroot of unity, (5.7)

Lemma 5.1. For i = 1,2 there are v;,& € L, and integers b;; - --b; 4, of
absolute value at most m/2, such that

. bive, -
(x — ag)healee = it ooyt e,
~ (5.8)
h(v;) < Oy := (2n35)%"%| D¢ |>"e*ndh (b 4 log™* Ps).
PrOOF. For convenience, we put r := hr, hr,. By symmetry, it suffices to
prove the lemma for ¢ = 1. For notational convenience, in the proof of this lemma
only, we suppress the index i =1 (so L = Ly, T = T3, t = 11, etc.). We use the
same notation as in the proof of Lemma 4.2. Similar to (4.11), (4.12), we have

[x—a] [g9()] _ [D(f)] Cipam_ m—a] [g(x)]
1, q] + lq] 2 [f]2n—2’ LI Y™ =

where [-] denote fractional ideals with respect to Or. From these relations, it
follows that there are integral ideals B, B, of Or and a fractional ideal 2l of

Or, such that
[z — o

o] — D122
e D(f) D(f)
By 2 (] [f]2r—2 B2 2 [f] [f]2r—2
Since

[ao][1,a] € lao) [T 11, e5] €[] < 1],

Jj=1

it follows that [1,a]™! D [ag]. Hence
[z —a] = €5t A™,
where €1, €y are ideals of O such that

€1, & 2 [aghD(f)]-
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Raising to the power r, we get
(x— )" =m75 A", (5.9)

for some non-zero ~y1,vs € Or and A € L* with
[v6] 2 [aobD(f)]" for k=1,2.

By Lemma, 3.8, there exist €1,e2 € O} such that for k =1, 2,

r h
hexm) < 7-log Nr(agbD(f)) + ey, + i log Qr,

where ¢ < 39ddLL+2 < 39(2ns)*5+2. There are € € O%, a root of unity ¢ of L,

and integers by, ...,b;—1 of absolute value at most m/2, such that

-1 _ m, by b1
goe1 = (et oMy

where 11, ...,m—1 are the fundamental units of O%. satisfying (5.5), (5.6). Writing

13
yi= (TR g=eh,
€272
we get
b b
r—a=mn"n 59",

where 5 "

h(v) < dl log Nr(aobD(f)) + 2¢Ry, + 2% log Qr. (5.10)

L L
By (5.3), d < 2s, (4.15), (3.5) we have
hL, RL < (27138)27156271(%|1)K|n7 r= hLl th < (2,”38)4715e4ndﬁ|1)K‘2n7
d; " log N7 (agbD(f)) < (2n — 1) logn + 2nh,
d; ' logQr < d 'log Qs < slog™ Ps.

By inserting these bounds into (5.10) and using n > 2, after some algebra we
obtain the upper bound Cs. O

COMPLETION OF THE PROOF OF THEOREM 2.3. In what follows, let L :=
K(ay,a9), dr :=[L: Q], T the set of places of L lying above the places from S,
and t the cardinality of T. Let again z,y € Og and m an integer > 3 with
by™ = f(x), y # 0 and y not a root of unity. Put

X = max h(z— ;).

1=1,...,n
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Without loss of generality we assume
m > (10n25)3"5| Dy |67 p1° et indh, (5.11)
Then
X > max(C3, m(4d) " (log 3d)~?),
with Oy := (10n2s)3™| D[ P2° el ndh - (5.12)
Indeed, by Lemma 3.9 we have
m < n- X + h(ag) + h(b)
h(y)

If X < Cj3 this contradicts (5.11). If X > C5 the other lower bound for X in the
maximum easily follows.

< (2d(log(3d))? (nX + 2h).

We assume without loss of generality, that
X = h(z — a9).

If | — asl, <1 for v € T, then using = € Og we have

1
X < e log ( H max(1,|z — agv)>

vgT
log*(n + 1)

< - tow ( T maxfeal,)) < hlew) <

dL v€T

which is impossible by (5.12). Hence max,cr |z — aal, > 1. Choose vy € T such
that
|z — aaly, :rvnea%(\xfagn. (5.13)

Then we have

1
X< —|[1 — asl} L |z — asly

o GG )
1

< 1 <10g (|l’ - 042|f;0 H max(1, |O‘2|v))>
L vgT

which gives
eXdL/t

_ > '
x 042'110 = HUQT maX(l, |Ol2|v)1/t
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Thus we have

g = aaly, < |z — 1w, Hyng max(1, |a2|v)1/t (5.14)
= EEPA eXdr/t . .

T — (1

:

Tr — (9 vo

Put s(vg) = 1 if vy is real, s(vg) = 2 if v is complex, and s(vy) = 0 if vy is finite.
Since by Lemma 3.6 we have

o — afu, [ [ max(1, aals) "
vgT

< 2°) max(1, |az|y, ) max(1, oz |y,) [ max(1, azly)
vgT

< 250%0) exp(dy (h(a) + h(as))) < 20mHD(0) exp((dLh(f)),
(5.14) gives us

r—«

!

Tl <ew ((n +1)s(vo) log2 + dh(f) — XdL/t>. (5.15)

Notice that by (5.12) we have

r —

‘1 - <1. (5.16)

r — Q2 vo

In general, we have for y € L with |1 — y|,, < 1 and any positive integer r,

|1 - yr‘vo < 2T.S(UO)|1 - y‘vo'
Hence

) z—ap\ e
r — Q2
Using (5.12) and the estimates (5.3), h(f) < h, di, < nd, s <t < ns, this can be

simplified to
hLth2
T —«
(=)
T — Q2

On the other hand using Proposition 3.10 and Lemma 5.1 we get a Baker

< exp ((hLthQ +n+1)s(vg)log2 +dph(f) — XdL/t>.

Vo

< exp(—Xdy/2t). (5.17)

Vo

type lower bound

hi, h
T —aq )\ iR
1—
Tr — (g

Vo
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m
et bi1 bity—1 —byy —b2,ty—1 &1
= ‘l—w'nn M1 M T M1 | o

3
N(vp)
m@ log B) (5.18)

Vo

> exp ( —c1(th + to,dp) -

where

t1—1 to—1

O := max(h(&, /&), m(d)) - max(h(v1 /72), m(d)) - H h(mj) - H h(ma;),

B :=max{3,m, [bi1], ..., b1, 1], [ba1], -, b2, 1),
2 if v is infinite
N(vo) := . . o
NpB  if vg =B is a prime ideal B,

C1 (tl + t2, dL) = 12(166dL)3t1+3t2+2(10g* dL)Q.

We estimate the above parameters. First, by (5.8), we have h(v;) < C; for
i = 1,2. Moreover, the exponents b;; in (5.8) have absolute values at most m/2.
Together with (5.6) and (5.12), these imply

2 1 3
h(€1/&) < maxh(€) +h(&) < —(X 4 C) + (b +t2 = 2)C1< — - X+ 2n5Cy
3 X ns+2 X
< (3 + 4d(log 3d)® - 2nsCy) - = < 4ms+20y . 2 (5.19)
m m
where we have used t1,t2 < ns, d < 2s, n > 2. Further, using (5.5) and
h(")/l/’yg) S 202, we get
X X
O<CE-4™T20 . = .20, < Cy - —, (5.20)
m m

where

Cy:=2x107 (410n45818)7ls|DK|5"610"dﬁ(ﬁ +1)(log* Pg)"~2.
Next, using dy, < n(n —1)d < 2n(n — 1)s, t1,ta < ns, we have

ci(ty +ta,dp) < Cs := (32en?s)0m5T3, (5.21)
Finally, by (3.5), (5.11) we have
N(Uo) <Pr< P}_}L:K] < Pg(n—l)

and B = m since the exponents b;; in (5.8) have absolute values at most m/2.
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Inserting these and (5.20), (5.21) into (5.18), we arrive at the lower bound

_ hryhi, X
1- <xal> > exp ( — C4C’5Pg("_1)a 10gm>.

r — Qg
vo

A comparison with the upper bound (5.17) gives

nX
exp ( - C’4C’5P§L(" 1)E logm) < exp(—dpX/2t).

By dividing out X and inserting ¢t < n?s, d < 2s, we arrive at

S 2?’125040513;}(”71)

logm

< (10n28)35ns‘DK|5n610ndﬁ(}; +1)- Pg(n_l)(log* PS)3nS_1~

Applying the inequalities (log X)? < (B/2€)2X€ for X > 1, B > 0, ¢ > 0 and
X +1< (e t/e)eX for X >0, ¢ > 1, we arrive at our final estimate

m < (10n28)40ns|DK|6nP§2€11nd?L'

This completes our proof of Theorem 2.3. O
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