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Limiting behavior of weighted sums of heavy-tailed
random vectors

By CHEN PINGYAN (Guangzhou) and HANS-PETER SCHEFFLER (Dortmund)

Abstract. We present an integral test to determine the limiting behavior of
weighted sums of i.i.d. R?-valued random vectors belonging to the (generalized)
domain of operator semistable attraction of some nonnormal law, and deduce a
version of Chover’s law of the iterated logarithm for them.

1. Introduction and Main Results

Let X, X1, Xo,... beiid. R%valued random vectors. We assume that
X belongs to the strict generalized domain of semistable attraction of a full
operator semistable Y having nonnormal component (see [9] for details).
Then, by definition, there exists a constant ¢ > 1 and a sequence (k)
of natural numbers tending to infinity with kj,41/k, — ¢ as n — oo and
linear operators A4, € GL(R?) such that for S,, = Yo X; we have

ApSi, =Y as n— oo (1.1)

Here = denotes convergence in distribution. The distribution v of the
limit Y is then strictly (¢, c)-operator semistable (E an invertible d x d
matrix), that is

ve = (Pv) (1.2)
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where ¢ denotes the c-fold convolution power and (c®v)(A) = v(c FA)
is the image measure. Note that if v is strictly operator stable with expo-
nent E, then (1.2) holds for any ¢ > 1, but the class of operator semistable
laws is much larger than that of operator stable laws.

Then it is shown in [11], that there exists a sequence (B,) C GL(R?)

1 A Fasn— oo,

regularly varying with exponent —F, that is B, B
such that

By, Sk, =Y as n — oo. (1.3)

Moreover the whole sequence (B,,Sy,), is stochastically compact with dis-
tributions in {A\=F1* : A € [1,¢]}. Given any unit vector # € R, we can
project the random walk (S),) onto the direction 6, that is we consider the
one-dimensional random walk

n
(Sn,0) =D (X:,0).

i=1
Then it is shown in [11] that for any ||#|] = 1 there exists a sequence
rn = rn(0) > 0 such that (r,(Sn,0)), is stochastically compact. The
norming sequence (r,,) behaves roughly like n~1/20)  where the tail index
0 < a(f) < 2 depends on the exponent F in (1.2). See [9] for details.

The tail behavior of (X,6) is well understood. In fact, if we let

Vo(t,0) = P{|(X,0)| > t} is follows from Theorem 6.4.15 of [9] that for
any 0 > 0 there exist constants C1,Cy > 0 and a tg > 0 such that

s VoA, 8)
A = (6.0)

for any t > tg and any A > 1. Especially, for some B, Bs > 0 and some
to > 0 we have

< GO+ (1.4)

BIAM70 < V(t,0) < Boa—o0)+0 (1.5)

for all t > to. Here the tail-index «(0) is as above.

(1.4) and (1.5) are weaker than the well known tail behavior
P{|Z| >t} ~ Ct~® of an a-stable variable Z, but sufficiently sharp enough
for our purpose.

In the following, let B[0,1] and BV[0,1] denote, respectively, the set
of all bounded measurable functions and all functions of bounded variation
on [0,1].
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The law of the iterated logarithm for sums of a-stable random variables
was first discovered in [7] and then generalized in various ways. See e.g.
[1]-]5], [10]. In this paper we generalize the results in [1] and [10] in the
following way:

Let X belong to the strict generalized domain of semistable attraction
of some full (c¥,c) operator semistable Y having no normal component.
Then we have

Theorem 1.1. Let f : [1,00) — (0,00) be nondecreasing with
lim, o f(x) = co. Then:

(a) If there exists a g9 > 0 such that [;° ”(gﬁ < 00, then for any

h € BV|0,1], any ||0|| = 1 we have for r,, = r,(0) and «(0) as above,

o ra I (/) 0)
. Tn 2 =1 /M iy o
hrrln_)solip 7 () 1/a0) =0 as. (1.6)
and especially for any 6 > 0
. [7n D iy 1(i/n) (X3, O)]
hTrLrLsOlcl)p (log )9/ =0 a.s. (1.7)
(b) If there exists a ¢g > 0 such that [,° mf(;lﬁ = o0, then for any
function h satisfying that there exists a xo € (0, 1] with h(xg) # 0 and
h is continuous in xy and any ||f|| = 1 we have
: [rn D iy hi/n)(Xi, O)]
hirisolip 7 () 1/a0) =00 a.s. (1.8)
and especially for any 0 < 6 < 1
n Y ey h(i/n)(X;,0
lim sup Irn 2 iz MG/ ) =00 a.s. (1.9)

n—00 (log n)(1=8)/a(6)

As a corollary the following law of the iterated logarithm (LIL) holds
true:

Corollary 1.2. Let h as in (a) and (b) of Theorem 1.1. Then for any
|10]] = 1 we have

1/loglogn

Tn i h(i/n){(X;,0) = /a0 4. (1.10)

i=1

lim sup
n—oo
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where r,, is as above.

If we restrict 6 to the set {6 :]|0]| =1, 0 < «(f) < 1}, we can weaken
the condition on h.

Theorem 1.3. Let f : [1,00) — (0,00) be nondecreasing with
limy .o f(x) = oo. If there exists a g9 > 0 such that [,° f(z)l = < 00,
then for any h € B[0,1], any 0 € {0 : ||0|| =1, 0 < a(#) < 1}, (1.6) holds,
and especially for any 6 > 0, (1.7) holds.

Corollary 1.4. Let h € BJ[0,1] satisfy (b) of Theorem 1.1, then for
any 0 € {0 :]|0]] =1, 0 < a(f) < 1}, (1.10) holds true.

Additionally to the results above on weighted sums of (X, ) we also
derive the limiting behavior of weighted sums of (S, ) as in [1].

Theorem 1.5. Let h € BJ[0,1] such that for some 0 < ty < 1,
ft x)dz # 0. Moreover let f : [1,00) — (0,00) be nondecreasing with
hmzﬁoof( ) = co. Then

(a) If there exists a g9 > 0 such that [)° < oo, then for any

f(w)1 =0
|10]] = 1 we have
: [P0 D kg P(k/1)(Sk, )|
hTrLrLsolcl)p knjl’( J1/al0) =0 a.s. (1.11)
(b) If there exists a ¢g > 0 such that [,° mf(gﬁ = o0, then for any
|10]] = 1 we have
lim sup Irn 2 i k/n)<Sk’0>’ =00 a.s. (1.12)
n—o0 nf(n)l/o®)

Corollary 1.6. Let h(z) be as in Theorem 1.5. Then for any 0 < <1
and any ||0|| = 1 we have

, [ 2y PR/ (S8, 0)]
hrrln_)solip n(log m) /a0 0 as. (1.13)
and .
lim sup Irn 2 =y Rk /) (S5, ) =00 a.s. (1.14)

n—00 n(log n)(1=9)/a(0)
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and especially

n 1/loglogn
lim sup "n it K/1) (S, 0) =el/0) g (1.15)

n— 00 n

Complementary to our results on the limiting behavior of weighted
sums of (Xj,0) given above, we also consider the behavior of the norm of
the partial sum S, of the X;’s. Our result extends Theorem 2.6 in [10]
by dropping the symmetry assumption and by allowing one to be an
eigenvalue of the exponent E. Recall that the distribution v of YV is a
full (c¥,c) operator semistable law without normal component and let
RE=Vi&®d--- & V), denote the spectral decomposition of R? with respect
to E. Recall that E = EM @ --- @ E® and that every eigenvalue of E(®)
has real part 1/a; for 1 < i < p. Then Theorem 1 in [6] implies that
O0<ap < - <ap <2

In the following let X belong to the strict generalized domain of
semistable attracttion of a (c”,c) semistabel law v such that (1.3) holds.
In view of Theorem 8.3.7 of [9] we can assume without loss generality that
the distribution of X is spectrally compatible with v. Then the spaces V;
are B,, invariant for all n and all 1 < i < p, so that B,, = B,gl) ®--- @B}lp).
We write X = XM +... 4 X®) with respect to the spectral decomposition
of R4 obtained above and for 1 < i < p set XGeot) = x@) 44 x@)
and B =BV & ... & BY.

Theorem 1.7. Suppose that X is in the strict generalized domain of
semistable attraction of some full (¢, c) operator semistable law without
normal component, where ¢ > 1. Moreover let f : [1,00) — (0,00) be
nondecreasing with lim,_,~, f(x) = co. Then

(a) If there exists a g9 > 0 such that [° ”(gﬁ < 00, then for any
1 <% < p we have that
B(l,...,i)S(l,...,z‘)H
hma1|’" > =0 as. 1.16
ey f(n) Ve (1.16)
and especially for any § > 0
lim sup H - - H =0 as. (1.17)

n—oo (log 'rl)(l—’—é)/aZ
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(b) If there exists a ¢g > 0 such that [,° mf(;lﬁ = o0, then for any
1 <i < p we have
B(1 aaaa Z)S(L Z)
lim sup [ B “ | =00 a.s. (1.18)
n—o0 fn)te
and especially for any 0 < 6 < 1
lim sup B - | =00 a.s. (1.19)

n—oo (10g n)(l_‘s)/o‘i

Corollary 1.8. Under the assumptions of Theorem 1.7 we have

limsupHBT(l1 """ i)Sél"“’i)|‘1/loglogn — /% as. (1.20)
n—oo
Results similar to Theorem 1.1-1.5 and the respective corollaries also
hold true for X%, We leave the formulation and proofs to the interested
reader.

2. Proofs

Before we give the proofs of our results in Section 1, we recall for easier
reference some notations and results of [9].
For any unit vector § € R? and b > 0 let

U(t,0) = E(I(X,0)]"1(|(X,0)| < 1)).

Then it is shown in Corollary 6.4.16 of [9] that for any ||0|| = 1 and b > «(6)
there exists a tgp > 0 and constants m, M > 0 such that
t*Vo(t, 0)
<——2< M forallt>t. 2.1
S Ty S M eralt=to 21)

where the tail-function Vy(t,60) = P{|(X,0)| > t}.

We also need the following large deviation result presented in [10] (see
also [9], Theorem 9.1.3):
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For any sequence z,, — oo we have

—1
0 < lim inf LU O] > 7”20}

n=oe nP{|(X,0)] > rten) (2.2)

P —1
< lim sup (S, O > 1, w0}

< o0
n—0o0 nP{](X, 0>’ > r;lxn}

where 7, is the norming sequence for (S,,,0) as above. This large deviation
result replaces the stability property of stable random variables.

Finally, some technical estimates on nP{|(X,0)| > r, !} as in (9.21)
and (9.22) of [9] together with some asymptotic results on 7, as in Lem-
ma 4.1 of [10] are needed. In fact, for any ||f|| = 1 we have

0< ir;flnP{|(X,¢9>| >, '} <supnP{[(X,0)| > '} < oo, (2.3)
nz n>1

where r,, = r,(0) is as above.

The following lemma generalizes Lemma 2.1 in [1] and (4.8) of [10].

Lemma 2.1. Let f be as in (a) of Theorem 1.1. Then for any ||6]| =1
we have

k
. maxjy<g<n ‘Tn Zz‘:l <Xi7 0>‘
fim sup F(n)1/o®)

PRrROOF. Given any A > 0 let

=0 a.s.

Ay = { max [(Sy, 0] > Ayt f(n) /2O )

1<k<n
and for nj = 2% let

By, = { max  [(S,,0)] > Ayt f(nm)l/a<9>}.
N <N<Nm41

In view of Remark 4.5 of [11] it follows that r,, ! is eventually increasing

to infinity and hence lim sup 4,, C limsup B,,,. Now argue as in the proof

of (4.8) in [10] and Lemma 2.1 in [1], using (1.4), (2.2) and (2.3) to complete

the proof. O

We need the next lemma to prove the divergent part of the main
theorem.
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Lemma 2.2. Let f be as in (b) of Theorem 1.1. Then there exists
a nondecreasing function g : [1,00) — (0,00) such that lim,, . g(z) = oo

o0 d _
and [, srgtre = °°
PROOF. The assertion follows from Lemma 2.2 of [1]. O

PROOF OF THEOREM 1.1. (a) By the Abel’s partial summation meth-
od, we get

Zh(k/nxxk,m‘
k=1

n—1 k n
=[S ht/m) — e+ 1) 30+ ) Y 010)
k=1 =1 =1
k n—1
< o 30060 32tk /m) = (G 1)) + 1))
- 7 =1 k=1

By the assumption there exists a constant 0 < Cy < oo, such that
Sz h(k/n) — h((k +1)/n)| + |h(1)] < Cp for all n > 1. So, using Lem-
ma 2.1 (1.16) follows.

(b) Suppose that

[rn 32y 2(i/n) (X, 0)]

hqun_)SOl(l)p F(n) /20 =00 a.s.
does not hold. Then by Kolmogorov 0-1 law, there exists a dy € [0,00)
such that o S (/) (X 0)

. Tn 2 =1 N/ is _

hzn_)solip F ()0 =dy a.s.

Hence, for the function g obtained in Lemma 2.2 we have
L S (i), )]
n—00 1/a(9)
(f(n)g(n))
Let {X’, X], n > 1} be independent copies of {X, X,, n > 1}. Since
equation (2.4) above also holds for (X]) instead of (X;), it follows
Ll S /) (X~ X1,6)]
n—00 1/a(0)
(f(n)g(n))

=0 as. (2.4)

=0 a.s.



Weighted sums of heavy-tailed vectors 145

Let n(m) = inf{n : [zgn] = m} for all m > 1. By the same argument as
on page 371 of [1], we get
lim Tn(m)|<Xm - X7/na 0>| —0 as.

m=20 ((f(n(m))g(n(m))) "/

Then the Borel-Cantelli lemma implies

[e.o]

ZP{ nm) (X — X7,0)] >

m=1

(f<n<m>>g<n<m>))1/a<0>>} < .

l\.')lr—l

For all m large enough, using (6.1) in [8], it follows that

P{ruml(X.0)] > (Fn(m)gtn(m)) ")}

< 2P{rn(m)|<X - X', 0)| >

N —

(f<n<m>>g<n<m>>)”“‘<‘”>}

and hence
> P{rn (X, 0)] = (F(n(m)g(n(m))) ")} < oo,

In view of (1.4) together with (2.3), the formula above implies that

> I = < 0. (2.5)

m=1 (n(m))g(n(m)))i+eo

Since sup,,>1(n(m + 1) —n(m)) < [1/xo] + 1, we have

n(m+1)—1 1 [1/xo] +1

MZ(W) R )90 = nm)(F(n(m))g(n(m))) 7o
and then

[ gt <2+ Z DS

This leads to a contradiction and completes the proof. O
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PrROOF THEOREM 1.3. Since

f(n)~ YO, Zh i/n)(X;,0)

=1

< sup |h(z)|f(n)" /Oy Z|<Xi,9>|
i=1

0<z<1

and

n 9k+1

max_ f(n)"*Or, Y (X5, 0)] < Corgran f(25) 71O Y T [(X,0)]
1=1

2k <n<2k+1 ‘
=1
where Cy = SUpy>1 SUPgk < <okt rnr;clﬂ < oo by Lemma 4.1 in [10], it
suffices to prove that

2k+1

rore f(20) TV N T (X, 0) = 0 as.

i=1
By the Borel-Cantelli lemma, this follows if we can show that

2k+1

ZP{r2k+1f(2k —1/a(0) Z (X, 0)] > 5} <oo foralle>0. (2.6)
k=1 =1
Observe that
[ee} 2k+1
P{T2k+1f(2k)1/a(9) Z (X, 0)| > 5}
k= i=1
Z k;+1P{ (X, 0)] > 7"2k+1f(2k)1/0‘(9)}
k=1
00 2k+1
+ ZP{ Z | Xz,‘g |I(|<XZ, 9>| < r2k+1f(2k)l/a(9)) > 67“ f(Qk)l/a(G)}
k=1 =1
=11+ Is.

In view of (1.4) and (2.3), we conclude that

L <Cgsup2k+1P{| X, 0)| >r2k+1}Zf (29)~(1=20) < o0,
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Moreover, by Markov’s inequality together with (1.4), (2.1) and (2.3) we
have, using «(f) < 1, that for an individual summand of I we have

2k+1

P{Z | XZ,G |I(|<XZ,9>| < r2k+1f(2k)1/04(6’)) > 57471 f(2k)1/a(6)}
=1

< e 7“2k+1f(2k) 1/a(0) 2k+1E’<X 9>’I ‘(X 0>‘ < r2k+lf(2k)1/oz(6’))

— 871742k+1f(2k)71/a(9) 2]€+1U1 (r;}-‘rlf(Qk‘)l/a(e)’H)
1 Ul( 2k+1 f(2k)1/a ©) 9)
2k+1f(2k)1/a )Vb( 2k+1f(2k)1/a % 0)

] VE)( 2k+1f(2k)1/a( ) 0)
‘/0( 2k+1)9)
< Cf(2h)~t=)

2MVo (ryln )

for all large k and some constant C' > 0. Hence, by our assumption on f
we conclude Iy < 0o, so (2.6) holds true. This completes the proof. O

PROOF OF THEOREM 1.5. By analyzing the proof of Theorem 1.1
carefully, it is easy to see that the result of Theorem 1.1 and hence of
Corollary 1.2 also hold if h(k/n) is replaced by a, j where the real trian-
gular array {a,;: 1 <k <n, n> 1} fulfills the following two conditions:

(a) SuPnzl(ZZ;% |an,k - an,k—1| + |an,n|) < 0.
(b) There exist increasing sequences (n(k)); and (m(k))x such that
supy>1(n(k +1) —n(k)) < oo and liminfy ]an(k),m(k)\ > 0.

Now, under the assumptions of Theorem 1.5, let a,, ; = = >°°, h(i/n).
Then it is easy to see that {a, } fulfills (a) and (b) above. An application
of the above mentioned variant of Theorem 1.1 to the present case gives,
after a change of the order of summation, the desired result. O

Before we give a proof of Theorem 1.7 and its corollary, we first prove
a special case sufficient for our purpose. Recall from [9] that a (c¥,c¢)
operator semistable law is called spectrally simple, if every eigenvalue of
FE has the same real part.
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Proposition 2.3. Let the distribution of Y be a full (c¥,c) operator
semistable, spectrally simple, nonnormal law on a finite dimensional vector
space V' and let X belong to the strict generalized domain of semistable
attraction of Y i.e. (1.3) holds. Let f : [1,00] — (0, 00) nondecreasing with
lim,_,~ f(x) = co. Then

(a) If there exists a eo > 0 such that [,° m < 00, then

limsup ~———— H nn H =0 a.=s.

oo f(n)t/e

(b) If there exists a g9 > 0 such that [,° % = o0, then

xT

limsup ~———— HB Sn H =00 a.s.

n—oo  f(n)l/®
and especially

limsup B,S logllog = 61/ a.s.
non
n— oo

where B,, € RV (—E) is the embedding sequence and 1/« is the real part
of the eigenvalues of E.

PROOF. (a) Let nj, = 2. Since

[ BnSul [[Brji1Snl
- 1704 <sup sup ||B, Bnk+1|| max LH/Q
nEp<n<ngi1 f(n) k>1 np<n<npyiq nE<n<ngi1 f(nk)
and by (4.7) of [10] we have supy>, Sup,, <n<n,, [Bn Bnk+1H < 00, it is

enough to prove that

[ B 150

MR L0 as. as k — 0o
np<n<ngig f(nk)l/a

holds true. Let {8, ... (™} be an orthonormal basis of V. Since

S H2 ’< ”k+1S”70 >‘2 '+’<Bnk+1sn70(m)>‘2

[ Br
it suffices to show that for any 1 < j < m we have

(4)
max |< nk+1Sn"9 >|
nE<n<ng41 f(nk)l/a

— 0 as. as k — oo. (2.7)
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Fix any 1 < j <m. Then (2.7) follows, if we can show that

max
ng S’I’L<7’Lk+1

|(Buyesq 5n.09)) = nE (B, X,00)I(|(
flng)t/e

By X09)] < f(ni)V/)]|

—0 (2.8)

a.s. as k — oo and

B [(Bay oy X0D)I((Bny  X,00)| < f(ri)V/)]
Fng)t/e

— 0 ask— o0. (2.9)

Write B:zk+1‘9(j) = 10 for some r > 0 and ||fg|| = 1. Fork > 1ande > 0
let

A = { max !m(Sn,Qk) — nE[ri(X, 0p)(Jrp(X, 0;)] < f(nk)l/o‘)”

nE<n<gi1
> 5f(nk;)1/a}-

For the proof of (2.8), by Borel-Cantelli’s Lemma, we have to show that
Y pey P(Ag) < 0o. Now let

Ep = {|re(Xi, 0k)| > f(n)V® for at least one 1 < i < Nt}

and

Gy, :{ max

np<n<ngii1

ri Y (Xa Ok T (rg [ (X, 01)| < f (i)'
=1
— nE [ X, O L1l X, 00} < S () V)] | > e )V |

Then A;, C ExUG). Moreover, using that sup nP{|(B, X, 09))| > 1} < oo,
together with Corollary 4.15 of [12] we obtain, by setting § = aeg, that

P(Ey) < ngaVo(ry L f(n)V?, 01)

Vo(ry ' f (), 6;) 1
= — ne+1Vo(ry  0k)
Vo(ry 1, 0k) TRk

< Cf(ny)~ e
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for all large k and some constant C' > 0. Moreover, in view of Theorem
4.20 and Corollary 4.15 of [12], we get using Kolmogoroff’s inequality, that

P(Gy) < e 2f () Y “ni 1 B[rH(X, 00)°T([(X, 04)] < i f () V)]
— e 2y (F (i) ") Ua (r (k) Y, 601)

- Us (ry, ' f (ng,) /01
(lelf(nk)l/a)zvo (lelf(nk)l/a’ Hk)

Vo(ri ' F ()2, 01)
Vb(rk_lv 01@)

ng1Vo(ry ', 0k)

< Ce 2 f(ny) e

for some constant C' > 0 and all large k. Hence P(Ay) < C f(ng)~ 1740 for
all large k, so by our assumption on f, (2.8) holds true.
For the proof of (2.9) note that since by [11] the sequence (B, S,)

1/a

is stochastically compact, we have By, Sy, /f(n;)/“ — 0 in probability.

Using that (B,,) is regularly varying that implies that for any 1 < j <m
(Bryy1 S 09)
f(nk)l/a

Now (2.8) implies that

— 0 in probability. (2.10)

[(Bryss S 09)) = 0 E[(Bryy, X, 0DV I(|(Bry,, X, 09)| < f(ng) /)]

fng)t/e
in probability, as k — oo, so by (2.10) it follows that (2.9) holds true.

The proof of (b) is similar to the proof of (4.16) in [10] and therefore
omitted. O

NE+1 Nk+1

— 0

ProOOF oF THEOREM 1.7. Using Proposition 2.3, the result of Theo-
rem 1.7 follows along the lines of the proof of Theorem 2.6 in [10]. O
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