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ABSTRACT

The total irregularity of a simple undirected graph G = (V, E)
is defined as irr¢ (G) = 3 Puwvev(c) lda(u) —da(v)
da (u) is the degree of the vertex w. In this paper we investigate the
change of the total irregularity of graphs under various subdivision
operations. Also, we present exact expressions and upper bounds
on the total irregularity of different composite graphs such as the
double graph, the extended double cover of a graph, the generalized
thorn graph, several variants of subdivision corona graphs, and the
hierarchical product graphs.
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1. INTRODUCTION

In this paper, all graphs are simple and connected. Let G = (V, F)
be a graph with n vertices and m edges. We denote the degree of
a vertex u by dg(u) and the maximum and minimum degree of
the graph G by A and 4, respectively. The imbalance of an edge
e = (u,v) € E(G) is defined as imb(e) = |dg(u) — dg(v)]. In
[4], Albertson defined the irregularity of G as

irr(G)= Y imb(e)= > |dg(u)—dg(v)| (1)

ecE(G) (u,v)eE(G)

and found upper bounds of irregularity for bipartite graphs,
triangle-free graphs and a sharp upper bound of irregularity for
trees. Hansen and Mélot [15]] characterized the graphs with n ver-
tices and m edges with maximal irregularity.
Recently in [1] a new measure of irregularity of a graph, so-called
the rotal irregularity, that depends also on one single parameter
(the pairwise difference of vertex degrees) was introduced. It was
defined as

e (@) = % 3 Jda(w) - da(v)]. @

u,veV (G)

In this paper, we assume that for a graph G with the vertex set
V(G) = {v1,v2,...,v,} theorder d(vy) > d(v2) > ... > d(v,)
holds. Then,

i (G) = 3 (d(w) — dw)) = 3 3 (dw:) - d(vy)). G)

i<j i=1 j=i+1
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The motivation to introduce the total irregularity of a graph, as
modification of the irregularity of graph, is twofold [1]. First, in
contrast to irr(G), irr¢(G) can be computed directly from the se-
quence of the vertex degrees (degree sequence) of GG. Second, the
most irregular graphs with respect to irr are graphs that have only
two degrees. On the contrary the most irregular graphs with re-
spect to irry, as it is shown in [1]], are graphs with maximal num-
ber of different vertex degrees, which is much closer to what one
can expect from “very” irregular graphs. Also in [1f, sharp up-
per bounds on the total irregularity of a graph were given. Re-
cently, irregularity measures irr and irr, were compared in [13],
where it was shown that for a connected graph G with n vertices
irr; (G) < n?irr(G) /4. Moreover, if G is a tree, then it was shown
that irr;(G) < (n — 2)irr(G). A lot of researches on irregularity
of graphs have been carried out recently [2} 3| [7]. In this work we
investigate the change of the total irregularity under different graph
operations. The rest of the paper is structured as follows. In Sec-
tions [2| exact expressions of the total irregularity of graphs under
several graph subdivision operations are presented. Exact expres-
sions of the total irregularity for double graphs and extended dou-
ble cover graphs are given in Section [3] The sharp upper bound on
the total irregularity of thorn graphs is presented in Section[d] while
in Sections [5] and [f] exact expressions and upper bounds on the to-
tal irregularity of several subdvision corona graphs and hierarchical
product graphs are given.

2. TOTAL IRREGULARITY OF SOME
SUBDIVISION GRAPHS

DEFINITION 1. The line graph of G, denoted by L(G) is the
graph whose vertices are the edges of G and two vertices of L(G)
are adjacent if and only if the corresponding edges are adjacent in

Next, we presented definitions of several subdivision graphs whose
the total irregularities will be studied in this section.

DEFINITION 2. The subdivision graph of a graph G denoted
by S(G) is obtained from G by replacing each edge of G by a path
of length two.

DEFINITION 3. The triangle parallel graph of a graph G is
denoted by R(QG) and is obtained from G by replacing each edge
of G by a triangle.

DEFINITION 4. The line superposition graph Q(G) of a graph
G is obtained from G by inserting a new vertex into each edge of



G, and joining with edges each pair of new vertices on adjacent
edges of G.

DEFINITION 5. The total graph T(G) of a graph G has a ver-
tex for each edge and vertex of G, and two vertces in T(G) are
adjacent if and only if their corresponding elements are either ad-
Jjacent or incident in G.

DEFINITION 6. A sequence D = [dy,da,...,d,] is graphical
if there is a graph whose vertex degrees are d;, i = 1,...,n. If in
addition dy > dy > -+ > d,,, then D is a degree sequence. Fur-
thermore, the notation D(G) = [z]", 252, - , x| means that
the degree sequence is comprised of n; vertices of degree x;, where
1=1,2,--- )t

First, we determine the total irregularity of the subdivision graph
S(G) and the line graph L(G) of G in terms of the number of
vertices, edges, and the total irregularity of G.

THEOREM 7. Let G be simple undirected connected graphs
with |V(G)| = n, |[E(G)| = m and r pendent vertices. Then,

irr;(S(G)) =

PROOF. Since S(G) is obtained from G by replacing each edge
by a path of length two, it follows that |V (S(G))| = n + m and
|E(S(G))| = 2m. Also, ds(g)(v) = dg(v), ifv € V(G), oth-
erwise ds(e)(v) = 2. Consider the degree sequence of V(G) =

irry(G) 4+ 2m(m +r —n).

{v1,v2,...,0,} with d(vy) > d(ve) > > d(vp—y) >
1=...=1 Then, V(S(Q)) = {v1,v2,...,0n,2,...,2} with
r—times m—times
d(vy) > d(va) > >dpr)>22=...=2>1=...=1,
m-times r—times
and the total irregularity of G is
. 1
i (G) = 5 > lda(u) - dg(v)|
u,veV (Q)
n—1 n
= > (da(vi) — da(vy))
=1 j=1i+1
-5 5 et - den+ X S o)
i=1 j=i+1 i1=1 j=n—-r+1
= Z Z (da(vi) — de(vy)) +Z de(v;)) —1)(n—n+r)
i=1 j=it1 i=1

= 3 Y (o) — da(oy) +72m—n), @

i=1 j=i+1

and the total irregularity of S(G) is

irr (S(6)) :% Yo ldsie(w) —dsi)(v)]
u,weV (S(GQ))
= > > (dsie(vi) — ds(o) (v)))

i=1 j=i+1
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n—r

= Z dS(G) ’UZ) dS(G)(Uj))+

=1 j=1i+

3

-r

n—r n—-r4+m

PEDS

i=1 j=n—-r+1

dS(G) ’UZ — 2) +

n+m n—r4+m n+m

Z Y. Wsew) -1+ Y >t

i=1 j=n—r+m+1 i=n—r+1j=n—-r4+m-41

= 3 Y (el - dalv,) +

i=1 j=i+1

3

-r

[de()(m—+71)—2m —7r)]+mr

=Y (o)~ da(w,) + (2m—r)m £ 7) -
i=1 j=i+1
2m+r)(n—r)+mr

= (dg(vi) —da(vy)) + r(2m —n) + 2m(m +r —n)
i=1 j=it+1

&)

From (@) and (3)), we obtain
irr; (S(G)) = irre(G) + 2m(m+r —n). O
Next, we determine the total irregularity of the line graph. Let G =
(E,V) be a graph with |V(G)| = n, |E(G)| = m. Then L(G)
satisfies |V (L(G))| = m, |[E(L(G))] = > dg(®)? —m. It
veV(G)

follows that dp(gye; = dg(u;) + dg(v;) — 2 forall e; = w;v; €
L(G).

PROPOSITION 1. Let L(G) be the line graph of G . Then,
irry (L(G)) < 2 irr¢(G). The bound is sharp.

PROOF. Since dL(G)ei =dg (uz) + dg(vi) — 2. Then

irr; (L(G)) = % Z

eje;€V(L(G))
1
=5 Y. da(w) +da(vi) —2)-
uiuj,v; v €E(G)

|dr()(e) — dria)(es)|

(da(uy) + da(v;) = 2)]

- % . Z <G>‘(dG(Ui)_dG(Ui))+(dG(“j)_dG(Uj))l
= % > ldo(w) —da(vi)| +
u; 0 €V (L(Q))
5 Y ldolu) —do(w)

wj, v €EV(L(G))
= 2irry(G)
To show the bound is sharp, consider the complete graph K,,. The
line graph L(K,,) is the (2n—4)—regular graph of order (%). Then
D(K,) = [(n — 1)*] and D(L(K,)) = [(2n — 4)"%
irry (K,) = irry (L(K,)) =0. O

Next, we determine the total irregularity of the triangle parallel
graph.

]. Hence,



THEOREM 8. The total irregularity of the triangle parallel
graph R(G) of a graph G is

irr; (R(G)) = 2 irr¢(G) 4+ 2m(2m — n).

PROOF. From the definition of the triangle parallel graph
R(G) of G, one can conclude that |[V(R(G))| = n + m and
|E(R(G))| = 3m. Also, it follows that dr(c)(v) = 2d¢(v), if
v € V(G), and dr()(v) = 2, ifv € V(R(G))\V(G). Hence,
from (3) the total irregularity of R(G) is

n+m—-1 n4+m

irr (R(G) = > Y (drie)(vi) — dre)(v)))
i=1 j=it+1

n+m

i=1 \j=i+1 j=n+1

n n+m

SN @dalw) - 2da(w) + Y] Y Qdew) - 2)

i=1 j—it1 i=1 j=n+t1
=23 > (do(vi) —da(v;)) +2m Y (da(v:) —1)
i=1 j—it1 i=1

= 21irr¢(G) + 2m(2m — n).
O

Now, we determine the total irregularity of the line superposition
graph Q(G) in terms of the total irregularities of the graph G' and
its line graph L(G).

THEOREM 9. The total irregularity of the line superposition
graph Q(G) of G is

irr, (Q(Q)) = irry(G) + irr (L(GQ)) +

1

3 > Ao ®) —da(z) +2
teV (L(Q))
zeV(G)

PROOF. From the construction of Q(G), we obtain that
V(Q(G))| = n -+ m and |E(Q(G))| = 2m + |E(L(G))]. Also,
do(e(v) = da(v), if v € V(G), and dr(e)(v) = dre)(v) +
2, if v € V(R(G))\V(G). Hence, from (2), the total irregularity
of Q(G) is

irr, (Q(G)) = % D> o (u) —daw (v)]

u,veV (Q(G))

Yo ldaw(u) = dow) ()] +
u,veV(Q(G))\V(G)

> dow)(p) — doe) ()] +
p,q€V(G)
1
5 >

teV(QIG)\V(G)

N~ N

|ldq(a)(t) — do(a)(2)]

zeV(G)
1
=3 > doo () +2) = (dre) () +2)] +
u,veV(L(G))
5 Z |da(p) — da(g)| +
p,qeV(G)

Z < Z (dr(@)(v:) — dsie (v;)) + Z (ds(e)(vi) —2)

)
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1
S
teV(L(G))
zeV(G)

= irry(L(Q)) + irr (G) +

1
5 > ldue®) —dalz) +2].
teV (L(Q))
zeV(G)

|dre)(t) +2 — da(2)|

O

Finally, we present the total irregularity of the total graph T'(G) in
terms of the total irregularity of graph G and its line graph L(G).

THEOREM 10. The fotal irregularity of the total graph T'(G)
of G is

irry(T'(Q)) = 2irr(GQ) + irre (L(G)) +
> |2 dg(u) — dre)(v) — 2|

ueV(G)
veV(T(G)\V(G)

N —

PROOF. From the definition of total graph, it follows that
V(T(G)) = V(G) U E(G). Also from the fact that two ver-
tices of T'(G) are adjacent if and only if the corresponding el-
ements of GG are either adjacent or incident, one can obtain that
[V(T(G@)| = n+ m and |E(T(GQ))| = 3m + |E(L(Q))|.
Also, it follows that dr(q)(v) = 2dg(v), if v € V(G) and
drc)(v) = dpe)(v) + 2, if v € V(T(G))\V(G). Therefore,
the total irregularity of the total graph T'(G) is

irr, (T(G)) = é >

u,veV (T(G))
>

u,veV (G)

|dr(c (1) — dr ) (V)]

|dr(c) () = dr@)(v)| +

N =

1
5 Z |dT(G) (u) — dT(G>(“)| +
u,veV(T(G))\V(G)
1
3 > |dr(e) () — dre) (V)]
ueV(QG)
veV(T(G)\V(G)
1
=3 > 2da(u) - 2da(v)] +
u,veV(G)
1
5 Z |dL(G)(U)+2*dL(G)(U)72‘ +
u,veV(L(G))
1
s Z |2dc(u) — dpc)(v) — 2|
ueV(G)
veV(T(G)\V(G)

= 2irr,(G) + irr (L(G)) +

1
3 > |2de(u) — die(v) —2|.
ueV (G)
veV(T(G))\V(G)

O

EXAMPLE 1. Let K, be the complete bipartite graph where
a,b > 2 and P,, be a path on n vertices (n > 2). The following
results are obtained directly from Theoremsm @ |2|and

(1) irry(S(Kqp)) = ab(2ab —a —b)



Z1 €2 T3

A Y2 Y3
(c)

Fig. 1. (a) Cycle graph C3, (b) Double graph C, (c) Extended double
cover C3*.

2) irr(R(Py))
3) irr(Q(Py))
4) irry(T(Py))

3. TOTAL IRREGULARITY OF DOUBLE GRAPH
AND EXTENDED DOUBLE COVER

In this section, we give exact expressions of the total irregularity of
double graph and extended double cover [5 12} [17].

2(n+1)(n—2)
2(n+3)(n—2)

(6n —13)

DEFINITION 11. The double graph G* of a given graph G is
constructed by making two copies of G (including the initial edge
set of each) and adding edges wiv> and vius for every edge uv of

G.

DEFINITION 12. The extended double cover of G, denoted by
G** is the bipartite graph with bipartition (X,Y) where X =
{1, 22, ...,z } and Y = {y1,y2, ..., yn} in which x; and y; are
adjacent if and only if either v; and v; are adjacent in G or i = j.

For example, the extended double cover graph of the complete
graph is the complete bipartite graph. This construction of the ex-
tended double cover graph was introduced by Alon [5]. The double
graph C} and the extended double cover graph C3* of the cycle Cs
are illustrated respectively in Figure |I|

THEOREM 13. The total irregularity of the double graph G*
and the total irregularity of the extended double cover G** of the
graph G are

irry (G*) = 8irry (G),  irry(G™) = 4irry (G).

PROOF. From the definition of double graph, we one can ob-
tain that dg- (x;) = dg+(y;) = 2dg(v;), where v; € V(G) and
Zi,y; € V(G*) are corresponding clone vertices of v;. Thus the
total irregularity of double graph G* is

irr, (G*) = % Z

u,veV (G*)

|dg- () — de=(v)]
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:% Z |2dc;($¢)_2dG(Ij)‘+

i, €X

2 Rdal) 24y +

Yir Y; €Y
> 2da(wi) - 2da(y;)|
xi,eX,yj 2%
= 8irry(G)
By definition of the extended double cover G**, one can conclude
that G** consists of 2n vertices, (n + 2m) edges and dg+(z;) =
dg+(y;) = dg(v;) + 1 fori = 1,2,...,n. Here, v; € V(G) and
Zi,Y; € V(G™) are corresponding clone vertices of v;. Thus the
total irregularity of extended double cover G** is

irr, (G™) = % Z

w,veV (G*)

|ldg (u) — dg (v)]

5 Y Mde(e) +1-da(es) ~ 1]+

xi,@;€X

DY o) +1—daly) ~ 1]+

Yi Y €Y
> Jdal(x) +1-dea(y;) - 1
z;,€X,y;€Y

4irr(G).

O

4. TOTAL IRREGULARITY OF THORN GRAPH

Anedge e = (u,v) of a graph G is called a thorn if either d(u) = 1
or d(v) = 1. The concept of thorn graph was first introduced by
Gutman [14] by joining a number of thorns to each vertex of any
given graph G. A variety of topological indices of thorn graphs
have been recently studied [8| (10} 9} [11} 16} 18] 121}, 22, 123]]. Let
V(G) = {Ul,’UQ, ...,’Un} and V(GT) = V(G) @] V1 U V2 U...u
V,, be the vertex sets of G and its thorn graph G7T, respectively.
The vertex set V;,2 = 1,...,n, is the set of vertices of degree 1
attached to the vertex v; in GT. It holds that V; N V; = 0,7 # j.
Let denote the vertices of the set V; by v;;, fort = 1,2,...,n and
j = 1,2,...,p;. Thus, V(GT)| = n+ z where, z = > 1 | p;
and the degree of the vertices v; in GT are dor (v;) = dg(v;) +
pi, for i = 1,2, ..., n. In the following, we first present the total
irregularity of the general thorn graph G and then consider some
particular cases.

THEOREM 14. The total irregularity of the thorn graph GT of
the graph G with |V (G)| = n, |[E(G)| =mand Y, p; = z is

n—1 n
irr, (GT) < irry(G) + 2(2 + 2m —n) + Z Z |pi — pjl

i=1 j=i+1
PROOF. The total irregularity of the thorn graph G7 is

n+z—1 n+z

irr, (GT) = Z Z ldgr (vi) — dgr (v;)]
i=1 j=itl
n—1 n
= Z Z |de(vi) 4+ pi — da(vy) — pj| +
i=1 j=i+1



n n+z
Z Z lda(vi) +pi — 1
i=1 j=nt1
n-1 n n-1 n
<N lda(w) —da()l+ Y Y Ipi—psl+
i=1 j=it1 i=1 j=it1

n

Z(dc(%) +pi— 1)z

i=1
= irrt(G)+z(z+2m—n)+Z Z lpi — pjl- (6)
i=1 j=i+1

Moreover, the bound is sharp and can be obtained for infinitely
many graphs. [

The following corollaries are direct consequences of the previous
theorem.

COROLLARY 4.1. Let G be a thorn graph with parameters
p; = x for all i, then

irr, (GT)

COROLLARY 4.2. If the parameter p;(> 1) is equal to the de-
gree of the corresponding vertex v;, for all i, then

irry (GT) = 2 irr (G) + 2 m(4m — n).

COROLLARY 4.3. If A is an integer such that A > A and if
GT is the thorn graph with parameters p; = \ — dg(v;), then

irry(GT) = n(A — 1)(nA — 2m)

=irry(G)+nzx (2m+n (z-—1)).

COROLLARY 4.4. If the number of thorns, i.e., pendant edges
attached to any vertex of the parent graph is a linear function of
the degree of the corresponding vertex v;, i.e., p; = adg(v;) + b,
where a and b are positive numbers, the total irregularity of the
thorn graph is

irr, (GT) = (a+1) irry (G) 4+ (2am+bn) (2 (a+1)m+(b—1)n)

COROLLARY 4.5. Let C,, , be the thorny ring (having n ring

as parent and (x — 2) thorns at each vertex) then irr,(C,, ;) =
n?(z —1)(xz — 2).

COROLLARY 4.6. Let P, , be the thorn path (caterpillar) ob-
tained from P, by attaching x pendent vertices at each vertex of
P,, then we have irr; (P, ) = n?z% + (nz + 2)(n — 2).

COROLLARY 4.7. Let S, , be the thorn star obtained from
Sn (= K1) by joining x thorns at each vertex of the parent graph
S, Then, irry(Sy ) = (n+1)?22+ (n+1)(n— 1)z +n(n—1).

5. TOTAL IRREGULARITY OF THE
SUBDIVISION CORONA GRAPHS

Next we consider the total irregularity of the subdivision-vertex
corona and the subdivision-edge corona graphs , introduced by
Lu and Miao [20] and the total irregularity of the subdivision-
vertex neighborhood corona and the subdivision-edge neighbor-
hood corona graphs, introduced by Liu and Lub [19]]. Let S(G)
be the subdivision graph of G and let I(G) be the set of inserted
vertices to S(G).
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DEFINITION 15. The subdivision-vertex corona of two vertex-
disjoint graphs G and G4, denoted by G © Ga, is the graph ob-
tained from S(G1) and |V (G1)| copies of G, all vertex-disjoint,
by joining the ith vertex of V(G1) to every vertex in the ith copy of
Go.

DEFINITION 16. The subdivision-edge corona of two vertex-
disjoint graphs G1 and G4, denoted by G1 © Go, is the graph ob-
tained from S(G1) and |I(G1)| copies of G2, all vertex-disjoint,
by joining the ith vertex of I(G1) to every vertex in the ith copy of

2.

DEFINITION 17. The subdivision-vertex neighborhood corona
of Gy and G5, denoted by G [ G, is the graph obtained from
the subdivision graph S(G1) and |V (G1)| copies of Ga, all vertex
disjoint, and joining the neighbours of the ith vertex of V(G1) to
every vertex in the ith copy of G.

DEFINITION 18. The subdivision-edge neighborhood corona
of G1 and G, denoted by G1 B G, is the graph obtained from
S(G1) and |I1(Gy)| copies of Ga, all vertex disjoint, and joining
the neighbours of the ith vertex of 1(G1) to every vertex in the ith
copy of Gs.

Note that if G; and G5 are two graphs on disjoint sets of n; and
ngy vertices, m; and my edges, respectively, then G; ® G2 has
ni1 +nine +my Vertices, 2m1 + nimo +n1no edges, G1 © GQ,
has n1+mi+mqne vertices, 2mq+mimso+ming edges, G1LG,
has n; + m; + nyng vertices, 2m; + nims + 2minq edges, and
G1 H G5 has ny +my + myns vertices, 2my + mins + 2mino
edges.

EXAMPLE 2. An illustration of the above presented product
corona graphs of the path and the cycle on n vertices is given in
Figure[Z]

THEOREM 19. The total irregularity of the subdivision corona
graphs are

(1) irr(Gh ® Go) = irry(Gy) + nyirry(Ge) + n2(n3 — ny —
2my) + 2nymy (ng + mg — 1) + 2m3,

() irry(G1 © Ga) = irr, (G1) + m2irr(Ga) +
ni

mi(ng + ne — 2ma) + mi Y |da, (v;) —na—2| +
=1

ni mitming

> 2 e (vi) —da,(v;) —1
i=1 j=ni+1
) irry(Ghp B Ge) < (n2 4+ ne + 1)irr(Gr) +

ny
n%irrt(G’g) + 2”%7712 + mq Z |dG1(’Ui) —277,2 —2‘ +
i=1

>

ny no

> > lday (vi) +day ()

=1 i=1
(IV) irry(G1 B Ga) = (na + 1)irry(G1) + m?irr(Ga) +
2m2(n2 4 2ng +ma + 1) — 2nymy (na + ma + 1).

PROOF. (I) The vertex set of the subdivision-vertex corona
G1 ® G can be partitioned into the subsets

(H vy = {1)1' S V(G1 ® GQ) : dG1®G2 (’Uz) = dGl ('Uz) + no,
i:1,2,...,n1},

2 Vo = A{v; € V(G10Gs) dgyec, (Vi) = da, (vi) + 1,
= 1,2, RN 777,1”2}, and
3) Vs = {v; e V(G1 © Ga) 1 dgyec, (vi) = 2,

i=1,2,...,mi}.
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n1
—o o o 0 e O e 0o A = iI'I't(Gl) + Z (nl’l’bz(dcl (Uz) =+ Ng — 1) — 2n1m2—|—

i=1

my (dG1 ('Uz) + Nno — 2)) + nlirrt(Gg) +

ni+ning
V. Y o
i=ni+1
= irry(G1) + nina(ng — 1) — 2nimy + 2nynamy + 2mi +
nimi(ne — 2) + nq irr,(Ga) + mini (2ma — no)
= irry(G1) + ny irry(Ga) + n3(n3 — na — 2ma) +
2nymy (ng +mo — 1) + 2m3.

V V (IT) Let V(G1 © Ga) = Vi U Vi U Vi, where
. . . . (H " = {vi € V(G1 0 Gs) : dg o, (vi) = da, (vi),

7,:1,2,‘..,711 B
@ Vo = {v; €eV(G10G:) dg,oa, (Vi) =da,(v;) + 1,
i=1,2,...,mns}, and
(e) 3) Vs = {vi e V(G1 ©G2) :dg 06, (Vi) =n2+2,
= 1,2,...7’[711}.
Then, the total irregularity of G; © G is

ni+ming+mi—1,
ni+minz+mg

irr(G1 © G2) = > lde, 06, (vi) — day o, (v)))]
® P
ni ni
=D D lde,(w) —da, (v;)] +
i=1 j=i+1

niy nijt+ming

Z Z |[day (v;) — day (vy) — 1] +

i=1  j=ni+1

(&) ny  nit+ming+ml
Fig. 2. (a) Path P4, (b) Subdivision S(Py), (c) Cycle Cs, (d) Z: N Z lde (vi) = m2 = 2| +
Subdivision-vertex corona Py ® C3, (e) Subdivision-edge corona Py © =1 j=nmitminz+l
Cs3, (f) Subdivision-vertex neighbourhood corona Py [ Cs, and (g) nitming nitming
Subdivision-edge neighbourhood corona Py B C3 graphs. Z Z lda, (vi) +1—dg, (v;) = 1| +
i=ni1+1  j=itl
Thus, the total irregularity of Gy ® G is ni+ming nitming+ml

nit+ning+mi-1 Z |dG2 (vl) tl-ny— 2|

nit+ning+my i=n1+l j=ni+ming+1
irr, (G © Gy) = > de, oa, (Vi) — dayoa, (v;)] ni ni+ming
i1, =i (G + Y, D> lda, (v:) = day (v;) = 1 +my

J=itl i=1 j=ni+1
ni ni
ni
=2 2 ldey(w) e = day (o)) el S lde, (v5) — ma — 2] + miire,(Ga) + m3 (n3 + ns — 2ms)
e i=1
ni ni+ning ni
Z Z lde, (vi) + n2 — de, (v5) — 1] + = irr;(Gy) + miirr, (Gz) + mi(n3 + ny 72m2)+m12
i=1 j=nqi+1 =
ny mni+ninet+ml niy nit+ming
> > lde,(w)+n2—2 + lda, (vi) =n2 =2/+ > > |da, (v:) —da, (v;) — 1]
i=1 j=njt+nins+l i=1 j=ni+1

nit+ninz nit+ning

> > lday(vi) + 1 —da, (v;) — 1] +

(LII) Also here, one can partition the vertex set of G [ G5 into

i=ni+1 =i+l (D Vl = {v; e V(G1 O Gy) : dg,ma, (v;) = dg, (vs),
ni+ning ni+ning+ml 1= 1?27"'7n1}’
Z Z |day (vi) +1 — 2] @2 Ve = v € V(G1OGy):dg e, (vi) = de, (vi)+

i=ni1+1 j=ni+nins+1 ng(/Uj)vl <i< 7L1,1 SJ < n2}a



3) s = {v; e V(G1 B G2) : deyme, (v;) = 2ne + 2,
i=1,2,...,mi}.

Then,the total irregularity of G; [ G5 is
irr,(G1 D Gg) =

ni+ning+mi-lni+nina+mg

> 2

ldc 06, (Vi) — dayBa6, (v))]

i=1 j=it1
ny ni
= > > lde, (v) —dg, (v;)| +
i=1 j=it1

nip nit+ning

Z Z |dG1 (Uz) - dGlE\GQ (’U]')‘ +
i=1 j=nq+1

ny ni+ning+ml

DD

i=1 j=ni+ninz2+1

|dGl (Uz) — 27’L2 - 2| +

nit+ning ni+ning

Z Z |dG15G2 (Ul) - dGlE’G2 (vj)‘ +
i=n1+1 j=i+1

nit+ning nit+ninz+ml

> X

i=ni1+1 j=ni+ning+1

l[de,ma, (vi) — 219 — 2|. %)

Further, we have
n]p ni+ning
Y D ldeimes(v) —de, (v3)]
i=1 j=ni+1

nyp mnip mn2

Z DD ldey (i) + dey (ve) — da, (v3)]

nyp nip mn2

DX (lde, (vk) = da, (03)] + day (vr)

i=1 k=1 t=1

= nairr,(G1) + 2n3my, ®)

IN

ni+ninz ni+ning

Z Z ‘dclmc2 (US) —dg,06, (vt)‘
s=ni1+1 t=s+1

nil,n2 ny,n

Z Z ‘dG1 (vl) + dGz (vj) - dGl (Uk) - dGz (Ul)l

i,j=1 k,l=1

ni,nz ni,n

< Z Z (‘dG1 (UZ) - dG1 (vk)‘ + ‘dGz (Uj) - dGz (1)1)‘)
i,j=1 k,l=1
= ng irr, (G1) + n% irry (Ga) )

n1 nmi+ning+ml

DD

i=1 j=ni+ninz+1

|dG1 ('Ul) — 27’L2 — 2| =

ni
my Y lda, (vi) = 2ny —2|,  and (10)

i=1

nit+ning nit+ning+ml

DI

i=n1+1 j=nit+ninz+1

|dG1[3G'2 (UZ) —2np — 2‘ =

np n2

my Y Y lda, (vi) + day (v0) = 200 = 2. (11)

k=11=1
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From {@), ), (), (TI0) and (TI)), we obtain

irr, (G A Gy) < (n2 +ny + 1) irr, (Gy)+

ny
n2irr,(Gy) + 2n2my +my Z |[de, (Vi) — 2ns — 2| +

i=1
ny ng
>N lda, (vi) + day (0r) — 202 — 2|,
i=1 =1

(I'V') Here again, we partition V (G B G,) into three subsets
(1) ‘/1 = {’Ui € V(Gl E GQ) . dGlEng (’Uz) = (TLQ + 1) dG1 (Ui)a

i:1,2,...,n1 5

Q) Vo = {v; e V(G1BGy) :dg,a, (v:) = da, (vi) + 2,
= 1,2,...,m1n2},

(3) Vs = {vi € V(G1 B Gs) 1 dg,ma, (vi) = 2,

i=1,2,...,mi}
and then, the total irregularity of G; B G5 is
irry(G1 BGa) =

nit+ming+mi—1 nit+ming+mg

2 2

|[de 86, (Vi) — da8a, (v5)]

i=1 j=it1
ni ny
=3 > e+ 1)da, (v:) = (na + 1) da, (v))] +
i=1 j—itl

ny ni+ming

> 2

i=1 j=nq+1

|(n2 + 1) da, (v:) = da, (v;) = 2| +

ni1  nitmingt+ml

[(ne + 1) dg, (vi) — 2| +
i=1 j=ni+minz+1
nit+ming ni+ming
i=§+l j;rl
ni+minz ni+minz+ml
i:;Jrl j:nhgn:mfrl

= (no +1)irry(Gy) +

ny
Z (mina((ne + 1)de, (v;) — 2) — 2myms) +

i=1

|d02 (UZ) +2- dG2 (Uj) - 2| +

ldg, (vi) +2 = 2]

ny
Z mi((ne + 1)dg, (v;) —2) + m2irr, (Gy) + 2mimy
i=1
= (ng + 1)irr,(Gy) + miirr, (Ga) +
2m2(n3 + 2no + mo + 1) — 2nymy (ng +my + 1).

O
The following results are direct consequences of Theorem [T9}

COROLLARY 5.1. Let C,, be a cycle on n vertices, P, be a
path on n vertices and G be a simple graph with p = |V (G)|
vertices and g = |E(Q)| edges. Then

(1) irre(C,, ® G) = n?irr(G) + n2p(p + 1)

(2) irre (G © Cp) = irrg(G) + n(n — 3)p? +2(2n — 1)pg + 2¢>
3) irry(P, ® G) = n?irry(G) + n?p? + n(n — 2)p — 2ng — 2
@) irr,(GOP,) = irry(G)+(n—2)(n+1)p? +4(n—1)pg+ 24>



COROLLARY 5.2. Let C,, be a cycle on n vertices, P, be a
path on n vertices and G be a simple graph with p = |V(G)|
vertices and g = |E(Q)| edges. Then

() it (C, BG) = n? irry(G) + 2n2p(p + 1)

2 i, (GBEC,) = (n+1) irry(G) + 2(n® 4 3n + 1)¢°—
2(2n+ 1)pg

3) i (P, B G) = (n—1)2 irre(G) + 2(n — 1)2p? +
2n(n —2)p—2(n—1)g—2

@ irr,(GBP,) = (n+1) irry(G) +2(n? + 4n — 2)¢* — 4dnpq.

6. TOTAL IRREGULARITY OF HIERARCHICAL
PRODUCT GRAPHS

The hierarchical product of graphs, introduced in [6], is defined as
follows. Let G; = (V;, E;) be graphs with vertex sets V;,i = 1,2,
having a distinguished or root vertex, labeled 0. The hierarchical
product G; M G5 is the graph with vertices iz, x; € V;, and
edges {z1x2,y1y2} where either x; = y; and 3 ~ yo in G, or
22 = 0and z; ~ y; in Gy. Thus, G1MG3 has |V; | | V| vertices and
|E1| + [Vi| | E2] edges and dg,na, (z122) = dg, (1) + dg, (x2)
if z5 = 0 otherwise, dg,ng, (T122) = da, (z2).

THEOREM 20. Let G; = (Vi, E;),1 = 1,2 be graphs with
[Vi| = na, |Va| = no, |E1] = mi and |Es| = mo. The total
irregularity of the hierarchical product G, M Gy is

irry (G M Gy) <irry(G1) + 211 nomy + n? irry (Ga).
PROOF. Let v; € V(G2) be the root of G2 and the degree se-
quences of G, G are:
D(Gl) = [dGl (ul)v dGl (u2)7 ) dG1 (unlfl)’ dGl (un1)]7
D(GQ) [dGz (vl)v dGz (v2)7 T dGz (1)"2,1), dG2 (vn2 )]
By the definition of hierarchical product graphs, the degree se-
quence of G M Gy is
D(Gl M G2) = [ng (Ul) + dGl (u1)7 dG2 (Ul) + dG1 (u2)7 )
dG2 (vl) + dGl (un1—1)7 dG2 (vl) + dGl (un1)7
d”élz (1}2), dTGuz (’1)3)7 T dg‘; (Un2_1), dglz (Unz)}'
Hence, the total irregularity of G; M G5 is
irr,(G1 M Gy) =
1
3 >
u;vi,uv;€V(G1NG2)

_1 > [(day (v1) + de, (u)—

ug,ui €V (G1),v1€V(G2)
ni
(day (v1) +da, (uy))]| + 5

Z |dG2(U1) +dG1 (ul) - dG2(Uj)|
u; €V (G1),v1,v;€V(G2)
2

n
+o >

v, €V (G2),v#v1,v, 701

< irrt(Gl)—i—%Z Z

u; €V (G1),v1,v;€V(G2)
1
MY ) —dew)l+
u;€V(G1),v1,v;€V(G2)

ldGnG, (wivi) — dayna, (uv;)]

lda, (vi) — da, (v5)]

dG1 (UZ) +
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111 112 121 122 211 212 221 222

12 110 120 210 220

1 2 101

011 012 021 022

(a) (

c)
11 12 21 22
10 20
00
01 02
(b) ()

Fig. 3. Hierarchical product of graphs (a) K3, (b) K2 = K3 M K3, (c)
K3 =K2nKsand (d) K = K3 N Ks.

2
s 3
2
v;,v;€V(G2)
v1,v;€V(G2)

= irry(G1) + n1(2namy) +
2

n
7 X

v1,v;€V(G2)

|da, (vi) — da, (vs)] —

o )—ﬁ\?

‘dGz (Ul) - dGz (vJ)D

lda, (v1) = da, (v5)| +

2 ni
ny irry(Ga) — 5 Z

v1,v;€V(G2)

= irr,(G1) + 211 nomy + n? irr (Ga).

lda, (v1) — dg, (v;)])

O

The total irregularity of K7 = K. ! M K, forr > 1 is given
in Proposition [2] The hierarchical products K2, K3, K3 are illus-
trated in Figure [3|

PROPOSITION 2. The total irregularity of the hierarchical
product K is

n?(n” —1)(n"1 - 1).

o (KT —
irry (K) ]

PROOF. The degree sequences of the hierarchical products
KL,--- K2 according to the definition of the hierarchical prod-
uct are

D(K;) =[(n - 1)"],
D(K3) = [(2(n —1))", (n — )" 1],
D(K?) = [(3(n— 1)), (2(n — D))", (n = 1) 1],



D(K3) = [(4(n = 1))", (3(n — 1), (2(n —
(n—1)"° (1),

1))n2(n—1),

The degree sequence of the hierarchical products K for positive
integer r is

D(K}) = [(r(n —1))", ((r = 1)(n — 1)),
((r=2)(n = 1) D" ((r = 3)(n — 1) D",
S B = D) (9 — 1)),

(n— 1)(=0mHy,

Then

irry(K) =n(n—1)% (n+2n> +3n> + -+ (r = 3)n" *+
(r=2n" 2+ (@ —1n"") + n*(n—1)° (n+
202 +3n% 4+ (r— 4" 4 (r = 3)n P4
(r—=2)n""?) 4+ n*(n—1)° (n+2n* + 3n’+
e (r=B)n" P+ (r =4+ (r = 3)n" ) +
40?0 (n—1)% (n+2n%) + 0> (n - 1)%n

r—1 r—2
= n(n— 1)22ini +(n—1)3 <n22ini+
i=1 =1
r—(r-1)

-3
n4TZini 4o p20-2) Z int
i=1

=1

r—1 r—2 r—(j+1)
= n(n—l)ZZinz—i—(n—l)?’ n% Z in’
i=1 j=1 i=1

=nn+@r-1n" —rn") +
n(n? —n?+ (r—1)n" — (r — 1)n"?)
n+1
n?(n” —1)(n"" 1 -1)
n+1 ’

O

7. CONCLUSION

The results presented in this paper complement the results from [3]].
Here we consider the total irregularity of simple undirected graphs
under several graph operations. We presented the exact expression
of the total irregularity of subdivision graph, triangle parallel graph,
superposition graph, total graph, double graph, extended dou-
ble graph, subdivision-vertex corona, subdivision-edge corona and
subdivision-edge neighbourhood corona and sharp upper bounds of
the total irregularity of thorn graph, subdivision-vertex neighbour-
hood corona and the hierarchical product of graphs. It is an open
problem if the presented upper bounds on the total irregularity of
thorn graph, subdivision-vertex neighbourhood corona and the hi-
erarchical product of graphs are the best possible.
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