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P❛r❛ ▼❛r✐s❛ ❡ ❱❛❧❞✐r✳

✐✈



✧❙❡ ❛ ♣♦ss❡ ❞❡ ✉♠ ♠✉♥❞♦ ❣❛♥❤❛st❡
♥ã♦ t❡ ❛❧❡❣r❡s ♣♦r ✐ss♦✱ ♥ã♦ ✐♠♣♦rt❛✳✳✳
❙❡ ❛ ♣♦ss❡ ❞❡ ✉♠ ♠✉♥❞♦ ♣❡r❞❡st❡
♥ã♦ s♦❢r❛s ♣♦r ✐ss♦✱ ♥ã♦ ✐♠♣♦rt❛✳✳✳
P❛ss❛♠✲s❡ ❛s ❞♦r❡s ❡ ♦s ♣r❛③❡r❡s✳✳✳
❊✱ t✉✱ ♣❡❧♦ ♠✉♥❞♦ ♣❛ss❛s✱ ♥ã♦ ✐♠♣♦rt❛✳✧
❖ ❧✐✈r♦ ❞❛ ♥❛t✉r❡③❛✳

✈



❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦ ❛♦s ♠❡✉s ♣❛✐s✱ ▼❛r✐s❛ ❡ ❱❛❧❞✐r✱ ♣❡❧♦ ❛♣♦✐♦ ❡ ❝♦♥✜❛♥ç❛ q✉❡ s❡♠♣r❡ ❞❡❞✐❝❛r❛♠ às

♠✐♥❤❛s ✐❞❡❛❧✐③❛çõ❡s✳

❆❣r❛❞❡ç♦ t❛♠❜é♠ ❛♦s ♠❡✉s ✐r♠ã♦s✱ ▼ár❝✐❛✱ ❏ú♥✐♦r ❡ ❘❡♥❛t♦✱ ♣❡❧♦s ✐♥❝❡♥t✐✈♦s ❡ ❛♣♦✐♦ ❡♠

q✉❡❞❛s✳

❆❣r❛❞❡ç♦ ❛♦s ❛♠✐❣♦s ❡ ❝♦❧❡❣❛s ❆♥❛ ❈❛♠✐❧❛✱ ❈❛r♦❧✐♥❛✱ ❊❧✐❡❧✱ ❋á❜✐♦✱ ❏ú♥✐♦r✱ ▼❛❡❧✱ ❡♠ ❡s✲

♣❡❝✐❛❧ ❛❣r❛❞❡ç♦ ♣❡❧❛ ♣❛r❝❡r✐❛ ❡ ❝♦♠♣❛♥❤❡✐r✐s♠♦ ❛♦ ♠❡✉ ❣r❛♥❞❡ ❛♠✐❣♦ ❋❡❧✐♣❡✱ ♣❡❧❛ ❢♦rç❛ ❡

❣❡♥❡r♦s✐❞❛❞❡ ♠❡✉ ✐♠❡♥s♦ ♦❜r✐❣❛❞♦ ❛♦ ❘❛❢❛❡❧✱ ♣❡❧♦ ❛♣♦✐♦ ❡ ❛❥✉❞❛ ❡♠ ✉♠ ❞♦s ♠♦♠❡♥t♦s ♠❛✐s

❞✐❢í❝❡✐s ❛❣r❛❞❡ç♦ ❛♦ ▼ár❝✐♦ ❡ ❛♦s ❛♠✐❣♦s ❞❛ ❍✷✱ ❡✱ ♣♦r ❣r❛♥❞❡s ❡st✉❞♦s ❡ ❞✐s❝✉ssõ❡s ♣r♦❞✉✲

t✐✈❛s ❛❣r❛❞❡ç♦ ❛♦ ❈❧❛②t♦♥✳ ❆♦s ❛♠✐❣♦s ▼❛t❡✉s✱ ▼❛✐❝♦♥ ❡ ❱❛❧♠í❝✐♦ ♣❡❧❛ ❢♦rç❛ ♠❛♥❞❛❞❛ ❞❡

❙❛♥t❛ ❈❛t❛r✐♥❛✳

❯♠ ❛❣r❛❞❡❝✐♠❡♥t♦ ❡s♣❡❝✐❛❧ ❛♦ ♠❡✉ ♦r✐❡♥t❛❞♦r ▼♦r❡tt✐ ♣❡❧❛ ❛♠✐③❛❞❡ ♣❡r♠✐t✐❞❛✱ ❡ ♣❡❧❛

♦♣♦rt✉♥✐❞❛❞❡ ❞♦ ❝r❡s❝✐♠❡♥t♦ ♣r♦✜ss✐♦♥❛❧ ❡ ♣❡ss♦❛❧✳ ❚❛♠❜é♠ ❛❣r❛❞❡ç♦ ❛♦ ♣r♦❢❡ss♦r ▲❡❞✉í♥♦

♣♦r ❞✐s♣♦♥✐❜✐❧✐③❛r ❛s ❝❧❛ss❡s ❣❡r❛❞❛s ❡♠ s✉❛ t❡s❡ ❞❡ ❞♦✉t♦r❛❞♦✳

❆❣r❛❞❡ç♦ ❛♦ ♣r♦❢❡ss♦r ❈r✐st✐❛♥♦ ♣❡❧❛ ♣❛rt✐❝✐♣❛çã♦ ♥❛ ❜❛♥❝❛ ❡ ❛ t♦❞♦s ♦s ♣r♦❢❡ss♦r❡s ❞♦

■▼❊❈❈ q✉❡ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ q✉❡ ❡st❡ tr❛❜❛❧❤♦ s❡ r❡❛❧✐③❛ss❡✳

➚ ❈❆P❊❙ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

❆❣r❛❞❡ç♦ ❛ t♦❞♦s q✉❡ ❞❡ ✉♠❛ ♠❛♥❡✐r❛ ♦✉ ❞❡ ♦✉tr❛ ♠❡ ❛✉①✐❧✐❛r❛♠ ❛ tr❛♥s❢♦r♠❛r ♦ s♦♥❤♦

❡♠ ✉♠❛ r❡❛❧✐❞❛❞❡ ❡ q✉❡ ♥ã♦ ♥♦♠✐♥❡✐ ❛q✉✐✳ ❙♦✉ ❡t❡r♥❛♠❡♥t❡ ❞❡✈❡❞♦r à t♦❞♦s q✉❡ t♦r♥❛r❛♠

♦ ❝❛♠✐♥❤♦ ❡ ❛s ♣❡❞r❛s ♠❛✐s ❧❡✈❡s ❡ ♠❛✐s ❛❧❡❣r❡✳

✈✐



❘❡s✉♠♦

◆❡st❡ tr❛❜❛❧❤♦ é ❛♣r❡s❡♥t❛❞❛ ✉♠❛ ♥♦✈❛ ❛❜♦r❞❛❣❡♠ ❞❛ ❤❡✉ríst✐❝❛ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣✱ ♥♦

q✉❡ s❡ r❡❢❡r❡ ❛ ❣❡r❛çã♦ ❞❡ s♦❧✉çõ❡s ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠❛ s♦❧✉çã♦ ❢❛❝tí✈❡❧✱ ♣❛r❛ ❡♥❝♦♥tr❛r ❛

s♦❧✉çã♦ ót✐♠❛ ❞❡ ✉♠❛ ❢♦r♠✉❧❛çã♦ ❞❡ ♣r♦❣r❛♠❛çã♦ ❧✐♥❡❛r ✐♥t❡✐r❛ ♣❛r❛ ♦ Pr♦❜❧❡♠❛ ❞❡ ❈♦rt❡

❞❡ ❊st♦q✉❡ ❯♥✐❞✐♠❡♥s✐♦♥❛❧✳ ❖ ❞❡s❡♠♣❡♥❤♦ ❞♦ ♥♦✈♦ ❛❧❣♦r✐t♠♦ é ❝♦♠♣❛r❛❞♦ à ♠❡t♦❞♦❧♦❣✐❛

♣✉❜❧✐❝❛❞❛ ❡♠ ❆ s✐♠✉❧❛t❡❞ ❛♥♥❡❛❧✐♥❣ ❤❡✉r✐st✐❝ ❢♦r t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝✉tt✐♥❣ st♦❝❦ ♣r♦❜❧❡♠

❛♣r❡s❡♥t❛❞❛ ❡♠ ❬✷❪✳ ❖s r❡s✉❧t❛❞♦s ❞♦s ❡①♣❡r✐♠❡♥t♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s ✐♥❞✐❝❛♠ q✉❡ ❡ss❛ ♥♦✈❛

❛❜♦r❞❛❣❡♠✱ ❢♦r♥❡❝❡ s♦❧✉çõ❡s ♠✉✐t♦ ♠❡❧❤♦r❡s ❡♠ r❡❧❛çã♦ ❛♦ ✈❛❧♦r ♦❜❥❡t✐✈♦ ❡♠ t❡♠♣♦ ❡q✉✐✈❛✲

❧❡♥t❡ ❞❡ ❡①❡❝✉çã♦✳ ❆❧é♠ ❞✐ss♦✱ ✉♠❛ ❝♦♠♣❛r❛çã♦ q✉❛❧✐t❛t✐✈❛ é ❢❡✐t❛ ❝♦♠ ♦ s♦❧✈❡r ❈P▲❊❳✳

P❛r❛ ♦s ❡①♣❡r✐♠❡♥t♦s ♥✉♠ér✐❝♦s ✉t✐❧✐③❛✲s❡ ♦ ❣❡r❛❞♦r ❞❡ ♣r♦❜❧❡♠❛s ❈❯❚●❊◆✶✿ ❆ ♣r♦❜❧❡♠

❣❡♥❡r❛t♦r ❢♦r t❤❡ ❙t❛♥❞❛r❞ ❖♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❈✉tt✐♥❣ ❙t♦❝❦ Pr♦❜❧❡♠✱ ♣r♦♣♦st♦ ❡♠ ❬✻❪✱ ♦ q✉❛❧

❢♦r♥❡❝❡ ✉♠ ❣❡r❛❞♦r ❞❡ ❝❧❛ss❡s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦s ❝r✐tér✐♦s ❞❡ t❛♠❛♥❤♦ ❞♦s ✐t❡♥s

✜♥❛✐s ❡ ❞❡♠❛♥❞❛s✳ ❋✐♥❛❧♠❡♥t❡✱ sã♦ r❡♣♦rt❛❞♦s r❡s✉❧t❛❞♦s ❞♦s ❡①♣❡r✐♠❡♥t♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s

❜❛s❡❛❞♦s ♥❛ ♠❡t♦❞♦❧♦❣✐❛ ❛♣r❡s❡♥t❛❞❛ ❡♠ ❬✶❪ ♥♦ ❛rt✐❣♦●✉✐❞❡❧✐♥❡s ❢♦r ❉❡s✐❣♥✐♥❣ ❛♥❞ ❘❡♣♦rt✐♥❣

♦♥ ❈♦♠♣✉t❛t✐♦♥❛❧ ❊①♣❡r✐♠❡♥ts ✇✐t❤ ❍❡✉r✐st✐❝ ▼❡t❤♦❞s✳

✈✐✐



❆❜str❛❝t

❚❤✐s ✇♦r❦ ♣r❡s❡♥ts ❛ ♥❡✇ ❛♣♣r♦❛❝❤ t♦ ❤❡✉r✐st✐❝ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣✱ ✐♥ r❡❢❡rs t♦ t❤❡

❣❡♥❡r❛t✐♦♥ ♦❢ s♦❧✉t✐♦♥s ✐♥ t❤❡ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❛ ❢❡❛s✐❜❧❡ s♦❧✉t✐♦♥✱ t♦ ✜♥❞ t❤❡ s♦❧✉t✐♦♥ ❛♥ ♦♣t✐✲

♠❛❧ ✐♥t❡❣❡r ❧✐♥❡❛r ♣r♦❣r❛♠♠✐♥❣ ❢♦r♠✉❧❛t✐♦♥ ❢♦r t❤❡ ❈✉tt✐♥❣ ❙t♦❝❦ Pr♦❜❧❡♠ ❖♥❡✲❞✐♠❡♥s✐♦♥❛❧✳

❚❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ♥❡✇ ❛❧❣♦r✐t❤♠ ✐s ❝♦♠♣❛r❡❞ t♦ t❤❡ ♠❡t❤♦❞♦❧♦❣② ♣✉❜❧✐s❤❡❞ ✐♥

❆ s✐♠✉❧❛t❡❞ ❛♥♥❡❛❧✐♥❣ ❤❡✉r✐st✐❝ ❢♦r t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❝✉tt✐♥❣ st♦❝❦ ♣r♦❜❧❡♠ ♣r❡s❡♥t❡❞

✐♥ ❬✷❪✳ ❚❤❡ r❡s✉❧ts ♦❢ ❝♦♠♣✉t❛t✐♦♥❛❧ ❡①♣❡r✐♠❡♥ts ✐♥❞✐❝❛t❡ t❤❛t t❤✐s ♥❡✇ ❛♣♣r♦❛❝❤ ♣r♦✈✐✲
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✹✳✹ ❆♥á❧✐s❡ ❞❡ ❘❡s✉❧t❛❞♦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✸

✹✳✹✳✶ ❈♦♠♣❛r❛çã♦ ❞❡ ❙♦❧✉çõ❡s ●❡r❛❞❛s ♣❛r❛ ♦ ❙❆ ✿ ◆♦✈❛ ✈s ❆rt✐❣♦ ✳ ✳ ✳ ✳ ✸✺

✹✳✹✳✷ ❈♦♠♣❛r❛çã♦ ❡♥tr❡ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ ❡ ❈P▲❊❳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✹✳✺ ❆♥á❧✐s❡ ❝♦♠ ❆✉♠❡♥t♦ ♥♦ ❈✉st♦ ❋✐①♦ ❞❡ ❙❡t✉♣ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✹✳✺✳✶ ❈♦♠♣❛r❛çã♦ ❡♥tr❡ ❛s ❡str❛té❣✐❛s✿ ✭◆♦✈❛ ✈s ❆rt✐❣♦✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✹✳✺✳✷ ❈♦♠♣❛r❛çã♦ ❡♥tr❡ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ ❡ ❈P▲❊❳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✶

①✐



❙✉♠ár✐♦ ①✐✐

✹✳✺✳✸ ❆♥á❧✐s❡ ❞❡ ❈✉st♦s ❚♦t❛✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✺ ❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s ✫ P❡rs♣❡❝t✐✈❛s ✹✽

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✺✵

❆♥❡①♦s ✺✷



❈❛♣ít✉❧♦ ✶

■♥tr♦❞✉çã♦

❖ ♦❜❥❡t✐✈♦ ❞❡ss❡ tr❛❜❛❧❤♦ ❡stá ❢♦❝❛❞♦ ❡♠ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❞❡ ❝♦rt❡ ✉♥✐❞✐♠❡♥s✐♦♥❛❧✱

♠❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡✱ Pr♦❜❧❡♠❛s ❞❡ ❈♦rt❡ ❞❡ ❊st♦q✉❡ ❯♥✐❞✐♠❡♥s✐♦♥❛❧✱ ♦s q✉❛✐s ♣♦❞❡♠ s❡r

❡s❝r✐t♦s ❝♦♠♦ ♣r♦❜❧❡♠❛s ❞❡ ♣r♦❣r❛♠❛çã♦ ❧✐♥❡❛r ✐♥t❡✐r❛ ❝♦♠❜✐♥❛t♦r✐❛❧ ❡ sã♦ ♣❡rt❡♥❝❡♥t❡ ❛

❝❧❛ss❡ NP ✲ ❝♦♠♣❧❡t♦ ✳ ◆❛ ❢♦r♠✉❧❛çã♦ ❛♣r❡s❡♥t❛❞❛ sã♦ ❝♦♥s✐❞❡r❛❞♦s ❝✉st♦s ❞❡ s❡t✉♣✱ ♥ú♠❡r♦

❞❡ ♦❜❥❡t♦s ♣r♦❝❡ss❛❞♦s ❡ ❡①❝❡ss♦ ❞❡ ♣r♦❞✉çã♦✳ ❇❛s❡❛❞♦ ♥❛ ♣r♦♣♦st❛ ♣✉❜❧✐❝❛❞❛ ❡♠ ❬✷❪✱ ❛

r❡s♦❧✉çã♦ ❞❡ t❛✐s ♣r♦❜❧❡♠❛s é ❡❢❡t✉❛❞❛ ♣♦r ♠❡✐♦ ❞❛ ❤❡✉ríst✐❝❛ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ ❝♦♠ ✉♠❛

♥♦✈❛ ♣r♦♣♦st❛ ❞❡ ❣❡r❛çã♦ ❞❡ s♦❧✉çõ❡s ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ✉♠❛ ❞❛❞❛ s♦❧✉çã♦ ❝♦rr❡♥t❡✳

■♥✐❝✐❛❧♠❡♥t❡✱ ❛ ♣❛rt✐r ❞♦ q✉❡ ❢♦✐ ♣✉❜❧✐❝❛❞♦ ❡♠ ❬✶✻❪✱ ❛♣r❡s❡♥t❛✲s❡ ✉♠❛ ♠❡t♦❞♦❧♦❣✐❛

❝❛♣❛③ ❞❡ ❣❡r❛r t♦❞♦s ♣♦ssí✈❡✐s ♣❛❞rõ❡s ❞❡ ❝♦rt❡ ❢❛❝tí✈❡✐s✱ ❡ ❛ ♣❛rt✐r ❞❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❡

❡①❡❝✉çã♦ ❞♦ ♠ét♦❞♦✱ ❢♦✐ ♣♦ssí✈❡❧ ♦❜t❡r ❛ ♠❛tr✐③ A ✭❝✉❥❛s ❝♦❧✉♥❛s r❡♣r❡s❡♥t❛♠ ♣❛❞rõ❡s ❞❡

❝♦rt❡s✮ ✉s❛❞❛ ♥❛ ♦❜t❡♥çã♦ ❞❡ ✉♠❛ s♦❧✉çã♦ ✐♥✐❝✐❛❧✳ ❆s s♦❧✉çõ❡s ✐♥✐❝✐❛✐s ❢♦r❛♠ ❢♦r♥❡❝✐❞❛s

❛tr❛✈és ❞❛ r❡s♦❧✉çã♦ ❞♦s ♣r♦❜❧❡♠❛s r❡s♦❧✈✐❞♦s ♣♦r r❡❧❛①❛çã♦ ❧✐♥❡❛r✳

Pr♦❜❧❡♠❛s ❞❡ ❝♦rt❡ ❞❡ ❡st♦q✉❡ ❛♣r❡s❡♥t❛♠ ✉♠❛ ❡str✉t✉r❛ r❡❧❛t✐✈❛♠❡♥t❡ s✐♠♣❧❡s ♥♦

q✉❡ s❡ r❡❢❡r❡ ❛ ♠♦❞❡❧❛❣❡♠ ❞♦ ♣r♦❜❧❡♠❛✱ ❡♥tr❡t❛♥t♦✱ ❛ ❢♦r♠❛ ❞❡ r❡s♦❧✉çã♦ ❡①❛t❛ ♣♦❞❡ s❡

t♦r♥❛r ✉♠❛ t❛r❡❢❛ ár❞✉❛ ✉♠❛ ✈❡③ q✉❡ s❡ tr❛t❛ ❞❡ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♣r♦❣r❛♠❛çã♦ ❧✐♥❡❛r ✐♥t❡✐r❛

❡ ♣❡rt❡♥❝❡♥t❡ ❛ ❝❧❛ss❡ NP ✲ ❝♦♠♣❧❡t♦✱ ♦ q✉❡ ✐♠♣❧✐❝❛ s❡r ❞✐❢í❝✐❧ ❞❡ s❡ r❡s♦❧✈❡r ❞❡ ♠❛♥❡✐r❛

✶



✷

❡①❛t❛✳ P♦r ❡ss❛ r❛③ã♦ é q✉❡ ❡♠ ❣r❛♥❞❡ ♣❛rt❡ ❞❛s ❛♣❧✐❝❛çõ❡s ✉t✐❧✐③❛✲s❡ ✉♠❛ ❤❡✉ríst✐❝❛ ❝♦♠♦

r❡❝✉rs♦ ♣❛r❛ ♦❜t❡r s♦❧✉çõ❡s ♦✉ s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s ♣❛r❛ ❡ss❡s ♣r♦❜❧❡♠❛s✳

❊♠ ✶✾✾✻✱ ❈❤❡♥ ❬✷❪ ♣r♦♣õ❡ ✉t✐❧✐③❛r ❛ ❤❡✉ríst✐❝❛ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ ❡♠ ♣r♦❜❧❡♠❛s ❞❡

❝♦rt❡ ❞❡ ❡st♦q✉❡✱ ✈✐st♦ q✉❡ ❢❛❝✐❧♠❡♥t❡ s❡ ❡♥❝♦♥tr❛ ♦✉tr❛s s♦❧✉çõ❡s ♣♦r ♠❡✐♦ ❞❡ ✉♠❛ ❡str❛té❣✐❛

♣❛r❛ ❣❡r❛r s♦❧✉çõ❡s ✈✐③✐♥❤❛s ❡✱ ❛❧é♠ ❞✐ss♦✱ é ♣♦ssí✈❡❧ ❡s❝❛♣❛r ❞❡ s✉❜✲ót✐♠♦s ❧♦❝❛✐s ♣♦❞❡♥❞♦

❡♥❝♦♥tr❛r s♦❧✉çõ❡s s✉✜❝✐❡♥t❡♠❡♥t❡ ❜♦❛s ❡♠ t❡♠♣♦ r❛③♦á✈❡❧✳ ❆♣ós ✉♠ ❡st✉❞♦ ❞♦ q✉❡ ❢♦✐

♣r♦♣♦st♦✱ ❛♣r❡s❡♥t❛✲s❡ ✉♠❛ ✈❛r✐❛çã♦ ❞❛ ❣❡r❛çã♦ ❞❛ ✈✐③✐♥❤❛♥ç❛ ❡♠ r❡❧❛çã♦ ❛ ❬✷❪ ❛♦ s❡ ♦❜s❡r✈❛r

✉♠❛ r❡❧❡✈❛♥t❡ ✐♥s✉✜❝✐ê♥❝✐❛ ❡♠ r❡s♦❧✉çõ❡s ❞❡ ❡①❡♠♣❧❛r❡s ❞❡ ♠❛✐♦r ♣♦rt❡✳

❊♠ ❣❡r❛❧✱ ♣r♦❜❧❡♠❛s ❞❡ ❝♦rt❡ ❡ ❡♠♣❛❝♦t❛♠❡♥t♦ ♣♦❞❡♠ s❡r ❝❧❛ss✐✜❝❛❞♦s ❞❡ ❞✐✈❡rs❛s

♠❛♥❡✐r❛s✱ t❛✐s ❝♦♠♦ ❉②❝❦❤♦✛ ❬✸❪ ❛♣r❡s❡♥t❛ ♦r❣❛♥✐③❛♥❞♦ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❞✐♠❡♥sã♦✱ ❛tr✐❜✉✐çã♦

❞❡ t✐♣♦s✱ s♦rt✐♠❡♥t♦ ❞❡ ✉♥✐❞❛❞❡s ♣❡q✉❡♥❛s ❡ ❣r❛♥❞❡s✳ ❉❡♥tr♦ ❞❡ss❡ ❝♦♥t❡①t♦✱ ●❛✉ ❡ ❲äs❝❤❡r

❬✻❪ ♣r♦♣õ❡♠ ✉♠ ❣❡r❛❞♦r ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❝♦rt❡ ❞❡ ❡st♦q✉❡ ✉♥✐❞✐♠❡♥s✐♦♥❛✐s✱ ❡ ♣♦rt❛♥t♦✱ ❞♦

♠♦❞♦ ♠❛✐s ♥❡✉tr♦ ♣♦ssí✈❡❧✱ ❢♦r❛♠ ❣❡r❛❞♦s ✈✐♥t❡ ❡①❡♠♣❧❛r❡s ♥✉♠ t♦t❛❧ ❞❡ ❞❡③♦✐t♦ ❝❧❛ss❡s✱

❛ss✐♠✱ ♣ô❞❡✲s❡ ❡st❛❜❡❧❡❝❡r ✉♠❛ ❝♦♠♣❛r❛çã♦ ❥✉st❛ ❡♥tr❡ ♦s ♠ét♦❞♦s✳

❖ ♣r❡s❡♥t❡ t❡①t♦ ❡stá ♦r❣❛♥✐③❛❞♦ ♥❛ s❡❣✉✐♥t❡ ♦r❞❡♠✳ ◆♦ ❈❛♣ít✉❧♦ ✷ ❢❛③✲s❡ ✉♠❛

♠❡♥çã♦ ❛♦ s✉r❣✐♠❡♥t♦ ❞❛s ❢♦r♠✉❧❛çõ❡s ❡ ❡♠ q✉❡ ♠❡✐♦s t❛✐s ♣r♦❜❧❡♠❛s ❝♦st✉♠❛♠ s✉r❣✐r✱ ❡♠

s❡❣✉✐❞❛✱ ❛♣r❡s❡♥t❛✲s❡ ❛ t✐♣♦❧♦❣✐❛ ♣r♦♣♦st❛ ♣♦r ❉②❝❦❤♦✛ ❬✸❪✳ ❆♣ós ✉♠❛ ❜r❡✈❡ ❡①♣❧❛♥❛çã♦ s♦❜r❡

♣❛❞rõ❡s ❞❡ ❝♦rt❡✱ sã♦ ♠♦str❛❞❛s ❛❧❣✉♠❛s ❞❛s ❢♦r♠✉❧❛çõ❡s ❜ás✐❝❛s✱ ❡ ❞❡♥tr❡ ❡ss❛s✱ ❞❡st❛❝❛✲s❡

❛ ❢♦r♠✉❧❛çã♦ ✉s❛❞❛ ♥❡st❡ tr❛❜❛❧❤♦✳ ◆❛ s❡q✉ê♥❝✐❛✱ ❞❡st❛❝❛✲s❡ ♦ ♠ét♦❞♦ ❞❡ ❣❡r❛r ♦s ♣♦ssí✈❡✐s

♣❛❞rõ❡s ❞❡ ❝♦rt❡ ❛ ♣❛rt✐r ❞❡ ✉♠ ✐t❡♠ ❡♠ ❡st♦q✉❡✳ ❖ ❈❛♣ít✉❧♦ ✸ ❛♣r❡s❡♥t❛ ❛ ❤❡✉ríst✐❝❛

❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ ❡ ❞❡t❛❧❤❛✲s❡ ❛ ❡str❛té❣✐❛ ❞❡ ❣❡r❛çã♦ ❞❡ ✈✐③✐♥❤❛♥ç❛ ✉s❛❞❛ ♣♦r ❈❤❡♥ ❬✷❪ ❡

❛ ♥♦ss❛ ♣r♦♣♦st❛ ♥❡st❛ ♣❡sq✉✐s❛✳ ◆♦ ❈❛♣ít✉❧♦ ✹ ❝♦♥st❛♠ ♦s ❡①♣❡r✐♠❡♥t♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s✱ ♥♦

q✉❛❧ sã♦ ❢♦r♥❡❝✐❞❛s ❛s ✐♥❢♦r♠❛çõ❡s ❜ás✐❝❛s s♦❜r❡ ❛s ❝❧❛ss❡s ♦❜t✐❞❛s ♣❡❧♦ ❣❡r❛❞♦r ❞❡ ♣r♦❜❧❡♠❛s✱

❡ ❛♣r❡s❡♥t❛✲s❡ ❝♦♠♦ ❢♦r❛♠ ❡❢❡t✉❛❞❛s ❛s s❡❧❡çõ❡s ❞❡ ♣❛râ♠❡tr♦s ♥❡❝❡ssár✐♦s ♣❛r❛ ❛ ❡①❡❝✉çã♦

❞♦ ❛❧❣♦r✐t♠♦✳



✸

❆♦ ✜♥❛❧✱ ♣❛r❛ ❡❢❡✐t♦ ❞❡ ❝♦♠♣❛r❛çã♦ q✉❛❧✐t❛t✐✈❛✱ t♦♠❛✲s❡ ♦s ♠❡s♠♦s ❡①❡♠♣❧❛r❡s ♥♦s

q✉❛✐s ❢♦r❛ ❡①♣❡r✐♠❡♥t❛❞❛ ❛ ❤❡✉ríst✐❝❛ ❝♦♠ ❛♠❜❛s ❡str❛té❣✐❛s✱ ❡ ❛♣❧✐❝❛✲s❡ ♦ s♦❧✈❡r ❝♦♠❡r❝✐❛❧

❈P▲❊❳✱ r❡♣♦rt❛♥❞♦ ♥❡ss❡ ❝♦♥t❡①t♦ ❛♥á❧✐s❡s ❡♥tr❡ s♦❧✉çõ❡s ❢♦r♥❡❝✐❞❛s✳ ❆ ❛♥á❧✐s❡ ❞❡ ✉♠ ♣♦♥t♦

❞❡ ✈✐st❛ ❣❡r❛❧✱ s❡❣✉❡ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛❧❣✉♥s ❛s♣❡❝t♦s ✐♠♣♦rt❛♥t❡s ❡ ♥❡❝❡ssár✐♦s s❡❣✉♥❞♦ ♦ q✉❡

❇❛rr ❡t ❛❧✳ ❬✶❪ ❛♣r❡s❡♥t❛♠ ❝♦♠♦ ♣r♦♣♦st❛ ❞❡ ❛♥á❧✐s❡ ❞❡ ✉♠ ♠ét♦❞♦ ❤❡✉ríst✐❝♦✳
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Pr♦❜❧❡♠❛s ❞❡ ❝♦rt❡
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❉❡✈❡✲s❡ ❛ ❑❛♥t♦r♦✈✐❝❤ ♦ ♣✐♦♥❡✐r✐s♠♦ s♦❜r❡ ♦s tr❛❜❛❧❤♦s ❞❡ ♣❡r❞❛s ❡♠ ♣r♦❜❧❡♠❛s ❞❡

❝♦rt❡✱ ♣r♦❞✉③✐❞♦ ❡♠ ♠❡❛❞♦s ❞❡ ✶✾✸✾ ❡ ♣✉❜❧✐❝❛❞♦ s♦♠❡♥t❡ ❡♠ ✶✾✻✵ ❬✶✵❪✳ P♦st❡r✐♦r♠❡♥t❡

P❛✉❧ ❡ ❲❛❧t❡r ✭✶✾✺✹✮ ❬✶✹❪✱ ▼❡t③❣❡r ✭✶✾✺✽✱ ❬✶✸❪✮ ❡ ❊✐❧♦♥ ✭✶✾✻✵✱ ❬✺❪ ✮ ♠♦str❛r❛♠ ❢♦r♠✉❧❛çõ❡s

s❡♠❡❧❤❛♥t❡s✱ ❡♥tr❡t❛♥t♦✱ s❡✉s ♠ét♦❞♦s ❛❞❡q✉❛✈❛♠✲s❡ s♦♠❡♥t❡ ❛ ♣r♦❜❧❡♠❛s ♣❡q✉❡♥♦s✳ ❯♠

❣r❛♥❞❡ ❛✈❛♥ç♦ s❡ ♦❜t❡✈❡ ❛♣ós ♦s tr❛❜❛❧❤♦s ❞❡ ●✐❧♠♦r❡ ❡ ●♦♠♦r② ❬✼✱ ✽❪✱ ❞❡s❞❡ ❡♥tã♦ ♠✉✐t♦s

♣❡sq✉✐s❛❞♦r❡s ❞❡❞✐❝❛r❛♠ ❛t❡♥çã♦ ❛♦s ♣r♦❜❧❡♠❛s ❞❡ ❝♦rt❡✳

❖s ♣r♦❜❧❡♠❛s ❞❡ ❝♦rt❡ s✉r❣❡♠ ❢r❡q✉❡♥t❡♠❡♥t❡ ❡♠ ✐♥❞ústr✐❛s✱ ♣❡❧❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡

❝♦rt❛r ♣❡ç❛s ❣r❛♥❞❡s ❡♠ ♣❡ç❛s ♠❡♥♦r❡s ❛✜♠ ❞❡ s✉♣r✐r ❞❡♠❛♥❞❛s ❞❡ ❝❧✐❡♥t❡s✳ ❊♠ ♦✉tr❛s

♣❛❧❛✈r❛s✱ s✉♣♦♥❞♦ q✉❡ é r❡q✉❡r✐❞♦ ✉♠❛ ❞❡♠❛♥❞❛ ❞❡ m ✐t❡♥s ❞❡ t❛♠❛♥❤♦s ✭❧❛r❣✉r❛✱ ❝♦♠✲

♣r✐♠❡♥t♦✱ ✈♦❧✉♠❡✮ ❞✐st✐♥t♦s wi, (i = 1, · · · ,m)✱ ❛ ♣❛rt✐r ❞❡ n ♣❡ç❛s ♠❛✐♦r❡s ❞❡ t❛♠❛♥❤♦s

Lj, (j = 1, · · · , n)✱ ❞❡s❡❥❛✲s❡ ❝♦rt❛r ❞❡ ♠❡❧❤♦r ♠♦❞♦ ❛s ♣❡ç❛s ❣r❛♥❞❡s✱ s✉❥❡✐t♦ ❛ r❡str✐çõ❡s ❞❡

❞❡♠❛♥❞❛s✱ ✈✐s❛♥❞♦ ❛ ♠✐♥✐♠✐③❛çã♦ ❞♦s ❝✉st♦s ♦✉ ♠❛①✐♠✐③❛çã♦ ❞❡ ❧✉❝r♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ✉♠❛

❞❛❞❛ ❡s♣❡❝✐✜❝✐❞❛❞❡ ♣❡rt✐♥❡♥t❡ ❛ ❛❧❣✉♠ ♣r♦❜❧❡♠❛ ❞❡ ❝♦rt❡✳

❉❡ ♦✉tr❛ ❢♦r♠❛✱ ♣♦❞❡✲s❡ ♠✐♥✐♠✐③❛r ♦ ♥ú♠❡r♦ ❞❡ ♣❡ç❛s ✉s❛❞❛s ♥♦ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡

✹
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✐t❡♥s ♠❡♥♦r❡s✳ ❚❛✐s ♣r♦❜❧❡♠❛s sã♦ ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ ♣r♦❜❧❡♠❛ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ ❞❡ m ✐t❡♥s

❞✐st✐♥t♦s wi, (i = 1, · · · ,m) ❝♦♠ ❝❛r❛❝t❡ríst✐❝❛s ❡s♣❡❝í✜❝❛s ✭❧❛r❣✉r❛✱ ❝♦♠♣r✐♠❡♥t♦✱ ✈♦❧✉♠❡✮

q✉❡ ❞❡✈❡♠ s❡r ❝♦❧♦❝❛❞♦s ❡♠ ✉♠ r❡❝✐♣✐❡♥t❡ ❞❡ ❝❛♣❛❝✐❞❛❞❡ L✳

❱✐st♦ q✉❡ ❤á ✉♠❛ ❣r❛♥❞❡ ✈❛r✐❡❞❛❞❡ ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❝♦rt❡✱ ❉②❝❦❤♦✛ ❬✸❪ ❝❧❛ss✐✜❝♦✉

s✐st❡♠❛t✐❝❛♠❡♥t❡ q✉❛tr♦ ✐♠♣♦rt❛♥t❡s ❝❛r❛❝t❡ríst✐❝❛s ❞♦s ♣r♦❜❧❡♠❛s ❞❡ ❝♦rt❡✱ ❛s q✉❛✐s t❡♠

✉♠ ♣❛♣❡❧ ❢✉♥❞❛♠❡♥t❛❧ ♥❛ ❡s❝♦❧❤❛ ❡ ♥❛ ❝♦♠♣❧❡①✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s ❛♣r♦①✐♠❛❞❛s✳ ❊♠ ❝❛❞❛

s✉❜❝❧❛ss❡✱ ❞❡✜♥✐❞❛ ♣♦r ❝❛❞❛ ✉♠❛s ❞❡ss❛s ❝❛r❛❝t❡ríst✐❝❛s✱ tê♠✲s❡ t✐♣♦s ❡s♣❡❝í✜❝♦s q✉❡ ♣♦r

s✉❛ ✈❡③ ❢♦r♠❛♠ ✾✻ ❝♦♠❜✐♥❛çõ❡s ❞❡ ♣r♦❜❧❡♠❛s ❜❡♠ ❡str✉t✉r❛❞♦s✳ ❆❜❛✐①♦✱ ❝♦♠ sí♠❜♦❧♦s

❛♣r♦♣r✐❛❞♦s ✭❝❢✳ ❉②❝❦❤♦✛✮✱ ❡stá ❛ ❝❧❛ss✐✜❝❛çã♦ ❞♦s ♣r♦❜❧❡♠❛s ❞❡ ❝♦rt❡ ❡ ❡♥t❡♥❞❡✲s❡ ♣♦r

♦❜❥❡t♦s ❛s ♣❡ç❛s ♠❛✐♦r❡s q✉❡ sã♦ ♣r♦❝❡ss❛❞❛s ❡♠ ✐t❡♥s ✜♥❛✐s q✉❡ sã♦ ❞❡♠❛♥❞❛❞♦s✳

(α) ❉✐♠❡♥sã♦

(1) ❯♥✐❞✐♠❡♥s✐♦♥❛❧❀

(2) ❇✐❞✐♠❡♥s✐♦♥❛❧❀

(3) ❚r✐❞✐♠❡♥s✐♦♥❛❧❀

(N) N ✲❞✐♠❡♥s✐♦♥❛❧✱ N > 3✳

(β) ❚✐♣♦ ❞❡ ❆tr✐❜✉✐çã♦

(B) ❚♦❞♦s ♦s ♦❜❥❡t♦s ✭♦❜❥❡t♦s q✉❡ s❡rã♦ ♣r♦❝❡ss❛❞♦s✮ ❡ ✉♠❛ s❡❧❡çã♦ ❞❡ ✐t❡♥s ❞❡♠❛♥✲

❞❛❞♦s ✭✐t❡♥s ✜♥❛✐s✮❀

(V ) ❯♠❛ s❡❧❡çã♦ ❞❡ ♦❜❥❡t♦s ✭♦❜❥❡t♦s q✉❡ s❡rã♦ ♣r♦❝❡ss❛❞♦s✮ ❡ t♦❞♦s ♦s ✐t❡♥s ❞❡♠❛♥✲

❞❛❞♦s ✭✐t❡♥s ✜♥❛✐s✮❀

(γ) ❈❧❛ss✐✜❝❛çã♦ ❞♦s ❖❜❥❡t♦s

(O) ❯♠ ú♥✐❝♦ ♦❜❥❡t♦❀

(I) ❱ár✐♦s ♦❜❥❡t♦s ❞❡ t❛♠❛♥❤♦s ✐❣✉❛✐s❀
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(D) ❱ár✐♦s ♦❜❥❡t♦s ❞❡ t❛♠❛♥❤♦s ❞✐st✐♥t♦s❀

(δ) ❈❧❛ss✐✜❝❛çã♦ ❞♦s ■t❡♥s

(F ) P♦✉❝♦s ✐t❡♥s ❞❡ ❞✐❢❡r❡♥t❡s t❛♠❛♥❤♦s❀

(M) ❱ár✐♦s ✐t❡♥s ❞❡ ❞✐❢❡r❡♥t❡s t❛♠❛♥❤♦s❀

(R) ❱ár✐♦s ✐t❡♥s ❝♦♠ ♣♦✉❝♦s t❛♠❛♥❤♦s ❞✐❢❡r❡♥t❡s❀

(C) ■t❡♥s ❞❡ t❛♠❛♥❤♦s ✐❣✉❛✐s❀

❈❛❞❛ ♣r♦❜❧❡♠❛ ♦❜t✐❞♦ ♣❡❧❛ ❝♦♠❜✐♥❛çã♦ ❞❡ss❛s ❝❛r❛❝t❡ríst✐❝❛s é r❡♣r❡s❡♥t❛❞♦ ♣♦r

✉♠❛ q✉á❞r✉♣❧❛ ❞❛ ❢♦r♠❛ α/β/γ/δ✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ t✐♣♦ ❞❛❞♦ ♣♦r ✸✴❇✴❖✴❋ ❞❡♥♦t❛ t♦❞♦s ♦s

♣r♦❜❧❡♠❛s tr✐❞✐♠❡♥s✐♦♥❛✐s ✭✸✮✱ ♦♥❞❡ ✉♠ ♦❜❥❡t♦ ❣r❛♥❞❡ ✭❖✮ ❞❡✈❡ s❡r ❡♠♣❛❝♦t❛❞♦ ❝♦♠ ✉♠❛

s❡❧❡çã♦ ❞❡ ✐t❡♥s ✭❇✮ ❞❡ ♣♦✉❝♦s ✐t❡♥s ❞❡ ❞✐❢❡r❡♥t❡s t❛♠❛♥❤♦s ✭❋✮✳ ❆s t✐♣♦❧♦❣✐❛s ❞❡ ❛❧❣✉♥s

♣r♦❜❧❡♠❛s ❝❧áss✐❝♦s sã♦ ❛♣r❡s❡♥t❛❞❛s ♥❛ ❚❛❜❡❧❛ ✷✳✶✳

Pr♦❜❧❡♠❛s ❚✐♣♦❧♦❣✐❛

Pr♦❜❧❡♠❛ ❞❡ ❝♦rt❡ ❞❡ ❡st♦q✉❡ ✭❣❡r❛❧✮ ✶✴ ✴ ✴ ✱
✷✴ ✴ ✴ ✱ ♦✉
✸✴ ✴ ✴

Pr♦❜❧❡♠❛ ❞❡ ❝♦rt❡ ❞❡ ❡st♦q✉❡ ✭❝❧áss✐❝♦✮ ✶✴❱✴■✴❘

Pr♦❜❧❡♠❛ ❞❛ ♠♦❝❤✐❧❛ ✭❝❧áss✐❝♦✮ ✶✴❇✴❖✴

Pr♦❜❧❡♠❛ ❞❡ ❝❛rr❡❣❛♠❡♥t♦ ❞❡ ❇✐♥✬s ✭❝❧áss✐❝♦✮ ✶✴❱✴■✴▼
Pr♦❜❧❡♠❛ ❞❡ ❝❛rr❡❣❛♠❡♥t♦ ❞❡ ❇✐♥✬s ❜✐❞✐♠❡♥s✐♦♥❛❧ ✷✴❱✴■✴▼

Pr♦❜❧❡♠❛ ❞❡ ❝❛rr❡❣❛♠❡♥t♦ ❞❡ ❝♦♥tê✐♥❡r ✸✴❱✴■✴ ✱ ♦✉
✸✴❇✴❖✴

❚❛❜❡❧❛ ✷✳✶✿ ❚✐♣♦❧♦❣✐❛ ❞❡ ❉②❝❦❤♦✛

❊♠ ✷✵✵✼✱ ❲äs❝❤❡r ❡t ❛❧✳ ❬✶✼❪ ♣r♦♣õ❡♠ ✉♠❛ ♠❡❧❤♦r✐❛ ♥❛ t✐♣♦❧♦❣✐❛ ❛♣r❡s❡♥t❛❞❛ ♣♦r

❉②❝❦❤♦✛ ❬✸❪✱ ❛ q✉❛❧ é ❛♣r❡s❡♥t❛❞❛ ♣♦r✿



✷✳✶✳ ■♥tr♦❞✉çã♦ ✼

• ❉✐♠❡♥s✐♦♥❛❧✐❞❛❞❡

(1) ❯♥✐❞✐♠❡♥s✐♦♥❛❧❀

(2) ❇✐❞✐♠❡♥s✐♦♥❛❧❀

(3) ❚r✐❞✐♠❡♥s✐♦♥❛❧❀

(N) N ✲❞✐♠❡♥s✐♦♥❛❧✱ N > 3✳

• ❚✐♣♦ ❞❡ ❆tr✐❜✉✐çã♦

(OM) ▼❛①✐♠✐③❛çã♦ ❞❡ s❛í❞❛✿ s❡❧❡❝✐♦♥❛✲s❡ ✐t❡♥s ❞❡ ♠♦❞♦ ❛ ♠❛①✐♠✐③❛r ♦ ✉s♦ ❞♦s ♦❜❥❡t♦s❀

(IM) ▼✐♥✐♠✐③❛çã♦ ❞❡ ❡♥tr❛❞❛✿ ❛❧♦❝❛✲s❡ t♦❞♦s ✐t❡♥s ❞❡ ❢♦r♠❛ ❛ ♠✐♥✐♠✐③❛r ❛ ✉t✐❧✐③❛çã♦

❞♦ ♦❜❥❡t♦❀

• ❱❛r✐❡❞❛❞❡s ❞❡ ❖❜❥❡t♦s

(O) ❯♠ ú♥✐❝♦ ♦❜❥❡t♦❀

✭❖❛✮ ❈♦♠ t♦❞❛s ❛s ❞✐♠❡♥sõ❡s ✜①❛s❀

✭❖♦✮ ❈♦♠ ✉♠❛ ♦✉ ♠❛✐s ❞✐♠❡♥sõ❡s ✈❛r✐á✈❡✐s❀

✭❖♠✮ ❈♦♠ ✈ár✐❛s ❞✐♠❡♥sõ❡s ✈❛r✐á✈❡✐s✳

(SF ) ❱ár✐♦s ♦❜❥❡t♦s

✭❙✐✮ ■❣✉❛✐s❀

✭❙✇✮ P♦✉❝♦ ❤❡t❡r♦❣ê♥❡♦s❀

✭❙s✮ ▼✉✐t♦ ❤❡t❡r♦❣ê♥❡♦s❀

• ❱❛r✐❡❞❛❞❡ ❞❡ ■t❡♥s

(IS) ■❞ê♥t✐❝♦s❀

(W ) ❱ár✐♦s ✐t❡♥s ♣♦✉❝♦ ❤❡t❡r♦❣ê♥❡♦s❀

(S) ❱ár✐♦s ✐t❡♥s ♠✉✐t♦ ❤❡t❡r♦❣ê♥❡♦s❀
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• ❋♦r♠❛t♦ ❞❡ ■t❡♥s

❆tr✐❜✉✐✲s❡ ❛♦s ♣r♦❜❧❡♠❛s q✉❡ ♣♦ss✉❡♠ ❞✉❛s ♦✉ três ❞✐♠❡♥sõ❡s ✉♠❛ ❝❧❛ss✐✜❝❛çã♦ ❛♦

❢♦r♠❛t♦ ❞♦s ✐t❡♥s✿

(R) ❘❡❣✉❧❛r❡s❀

(I) ■rr❡❣✉❧❛r❡s❀

❉❡ss❛ ❢♦r♠❛✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦rt❡ ❜✐❞✐♠❡♥s✐♦♥❛❧ r❡♣r❡s❡♥t❛❞♦ ♣♦r

2/V/D/R ♥❛ t✐♣♦❧♦❣✐❛ ❞❡ ❉②❝❦❤♦✛ ❬✸❪ é ❡①♣r❡ss❛❞♦ ♣♦r 2/IM/Sw/W ♥❛ t✐♣♦❧♦❣✐❛ ❛♣r❡✲

s❡♥t❛❞♦ ♣♦r ❲äs❝❤❡r ❡t ❛❧✳ ❬✶✼❪✳

◆❛ s❡çã♦ s❡❣✉✐♥t❡ s❡rá ❛♣r❡s❡♥t❛❞♦ ❡ ❢♦r♠✉❧❛❞♦ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❝♦rt❡ q✉❡ s❡rá ❝♦♥✲

s✐❞❡r❛❞♦ ♥❡st❡ tr❛❜❛❧❤♦✱ ❝✉❥♦ ❢♦❝♦ é ❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ♦✉ ❛♣r♦①✐♠❛❞❛ ✉t✐❧✐③❛♥❞♦

✉♠❛ ❤❡✉ríst✐❝❛ ❝♦♠♦ ♠❡t♦❞♦❧♦❣✐❛✳
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❞❡ ❝♦rt❡s ❞❡ ♠♦❞♦ q✉❡ ❛ ❞❡♠❛♥❞❛ s❡❥❛ ❛t❡♥❞✐❞❛✳ ❊♠ ♦✉tr❛s ♣❛❧❛✈r❛s✱ ❞❛❞♦ ✉♠ ♣❛❞rã♦ j✱ ❡

✉♠❛ ❞❡♠❛♥❞❛ di ❞❡ ✉♠ ❞❛❞♦ ✐t❡♠ i ❞❡ t❛♠❛♥❤♦ wi✱ ❞❡♥♦t❛♠♦s ♣♦r aij ❛ q✉❛♥t✐❞❛❞❡ ❞♦ ✐t❡♠

i ♦❜t✐❞❛ ❛♦ s❡ ❝♦rt❛r ♦ ♦❜❥❡t♦ ♠❡str❡ ❝♦♠ ♦ ♣❛❞rã♦ ❞❡ ❝♦rt❡ j✱ ❡ ♣♦r xj ❛ q✉❛♥t✐❞❛❞❡ ❡♠ q✉❡

♦ ♦❜❥❡t♦ é ❝♦rt❛❞♦ ✉s❛♥❞♦✲s❡ ♦ ♣❛❞rã♦ j✳ ▲♦❣♦✱ ♦ ♠♦❞❡❧♦ é ❞❛❞♦ ♣♦r✿

▼✐♥✐♠✐③❛r C

n∑

j=1

xj

❙✉❥❡✐t♦ à
n∑

j=1

aijxj = di , i = 1, · · · ,m

xj ∈ N, j = 1, · · · , n,

❡♠ q✉❡ C r❡♣r❡s❡♥t❛ ♦ ❝✉st♦ ❞❡ ❝❛❞❛ ♣❡ç❛ ❡♠ ❡st♦q✉❡✳ ❯♠❛ ♦❜s❡r✈❛çã♦ r❡❧❡✈❛♥t❡ é ❞❡ q✉❡

♥❡ss❡ ♠♦❞❡❧♦ s✉♣õ❡✲s❡ q✉❡ ❛ ❞❡♠❛♥❞❛ ❞❡✈❡ s❡r ❡①❛t❛♠❡♥t❡ ❛t❡♥❞✐❞❛✳

P♦r ♦✉tr♦ ❧❛❞♦✱ s❡ ♦ ♦❜❥❡t✐✈♦ ❢♦r ♠✐♥✐♠✐③❛r ♦ ❞❡s♣❡r❞í❝✐♦✱ ❡♥tã♦ é ♥❡❝❡ssár✐♦ ❞❡✜♥✐r

cj ❝♦♠♦ ♦ ❞❡s♣❡r❞í❝✐♦ ♦❜t✐❞♦ ♥♦ ♣❛❞rã♦ j✱ ❡ ❡♥tã♦ t❡♠♦s✿

▼✐♥✐♠✐③❛r C1

n∑

j=1

cjxj

❙✉❥❡✐t♦ à
n∑

j=1

aijxj = di , i = 1, · · · ,m

xj ∈ N, j = 1, · · · , n,

❡♠ q✉❡✿

• C1 é ♦ ❝✉st♦ ♣♦r ✉♥✐❞❛❞❡ ❞❡s♣❡r❞✐ç❛❞❛❀

• cj = L−
m∑

i=1

wiaij , j = 1, · · · , n❀

■❧✉str❛t✐✈❛♠❡♥t❡✱ ❛ ♣r✐♥❝✐♣❛❧ ✐❞❡✐❛ ♣♦❞❡ s❡r ♠♦str❛❞❛ ♥❛ ❋✐❣✉r❛ ✷✳✷✳

➱ ✐♠♣♦rt❛♥t❡ ❞❡st❛❝❛r q✉❡ s❡ ❛s r❡str✐çõ❡s ❞❡ ❞❡♠❛♥❞❛ ❢♦r❡♠ ❞❡ ✐❣✉❛❧❞❛❞❡✱ ♦ ♣r♦✲
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=
n∑

j=1

(

L−
m∑

i=1

aijwi

)

xj = L

n∑

j=1

xj −
m∑

i=1

aijwi xj. ✭✷✳✸✮

❉❡ss❛ ❢♦r♠❛✱ ♣❡❧❛ r❡str✐çã♦ ❞❡ ✐❣✉❛❧❞❛❞❡ ♣❛r❛ ❛ ❞❡♠❛♥❞❛✱ ♦❜t❡♠♦s✿

L
n∑

j=1

xj −
m∑

i=1

wi di

︸ ︷︷ ︸

k

. ✭✷✳✹✮

P♦rt❛♥t♦✱ ✉♠❛ ✈❡③ q✉❡ L✱ ❡ k sã♦ ❝♦♥st❛♥t❡s✱ ♣♦❞❡✲s❡ ❝♦♥❝❧✉✐r q✉❡ ♦s ♣r♦❜❧❡♠❛s ❞❡

♠✐♥✐♠✐③❛r ❞❡s♣❡r❞í❝✐♦ ✭✷✳✷✮ ❡ ✐t❡♥s ♣r♦❝❡ss❛❞♦s q✉❡ ♣❡rt❡♥❝❡♠ ❛♦ ❡st♦q✉❡ ✭✷✳✹✮ sã♦ ❡q✉✐✈❛✲

❧❡♥t❡s✳

❆❧é♠ ❞❡ ❝✉st♦s ♠❛t❡r✐❛✐s✱ ❞❡✈❡✲s❡ ❞❛r ❛t❡♥çã♦ ❛♦ t❡♠♣♦ ❞❡ ♣r♦❞✉çã♦✱ ❡ ♣♦rt❛♥t♦✱ ❡♠

❛❧❣✉♠❛s ✐♥❞ústr✐❛s t♦r♥❛✲s❡ ♥❡❝❡ssár✐♦ ❝♦♥s✐❞❡r❛r ♦ t❡♠♣♦ ♣❛r❛ ❛t❡♥❞❡r ❛ ❞❡♠❛♥❞❛✳ P❛r❛

❡ss❡ ♠♦❞❡❧♦ ❤á ✉♠❛ ♠✉❞❛♥ç❛ ♥❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❝♦♠ ♦ ❛❝rés❝✐♠♦ ❞❡ ✉♠ ❝✉st♦ ✜①♦✱ t❛✐s

❝✉st♦s sã♦ ❛tr✐❜✉í❞♦s ❛♦ s❡t✉♣ ✭t❡♠♣♦ ❡ tr❛❜❛❧❤♦✮ ♥❡❝❡ssár✐♦ ♣❛r❛ ❛rr❛♥❥❛r ❛s ❢❛❝❛s ❞❡ ❝♦rt❡

♥❛ ♠✉❞❛♥ç❛ ❞❡ ✉♠ ♣❛❞rã♦ ♣❛r❛ ♦✉tr♦✳ ❱❡❥❛♠♦s✿

▼✐♥✐♠✐③❛r C1

n∑

j=1

cjxj + C2

n∑

j=1

yj

❙✉❥❡✐t♦ à
n∑

j=1

aijxj = di , i = 1, · · · ,m

yj ≤ xj ≤ Nyj , j = 1, · · · , n

xj ∈ N, j = 1, · · · , n,

yj ∈ {0, 1} , j = 1, · · · , n,

❡♠ q✉❡ C2 é ♦ ❝✉st♦ ✜①♦ ♣♦r ✉s❛r ✉♠ ♣❛❞rã♦✱ ❡ N é ✉♠ ♥ú♠❡r♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❣r❛♥❞❡✳

❊s♣❡❝✐✜❝❛♠❡♥t❡✱ ♦ ♠♦❞❡❧♦ q✉❡ é ❢♦❝♦ ❞❡ss❡ tr❛❜❛❧❤♦ t❡♠ ❝♦♠♦ ♦❜❥❡t✐✈♦ ♠✐♥✐♠✐③❛r
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❛ q✉❛♥t✐❞❛❞❡ ❞❡ ✐t❡♥s ♣r♦❝❡ss❛❞♦s ♣❡rt❡♥❝❡♥t❡s ❛♦ ❡st♦q✉❡ ❡ s❡t✉♣ ❞❡ ♣r♦❞✉çã♦✱ ❛❧é♠ ❞✐ss♦✱

♣❛r❛ ✉♠❛ ❡①♣❛♥sã♦ ♥♦ ❡s♣❛ç♦✲s♦❧✉çã♦ ❢❛③✲s❡ ❝♦♠ q✉❡ ❛ ❢♦r♠✉❧❛çã♦ ♣❡r♠✐t❛ ✉♠❛ ❢♦❧❣❛ ♥❛

♣r♦❞✉çã♦✱ ♦✉ s❡❥❛✱ ❛ ❢♦r♠✉❧❛çã♦ tr❛❜❛❧❤❛rá ❝♦♠ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✧≥✧✮ ♥❛s r❡str✐çõ❡s ❞❡ ❞❡✲

♠❛♥❞❛s ♣❡r♠✐t✐♥❞♦ ❛ss✐♠ ✉♠ ❡①❝❡ss♦✱ ♦ q✉❛❧ s❡rá ♣❡♥❛❧✐③❛❞♦ ♥❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✳ ❆ s❡❣✉✐r✱

✈❡❥❛♠♦s ♦ ♠♦❞❡❧♦ ❛♣r❡s❡♥t❛❞♦✿

• P❛râ♠❡tr♦s

• wi = ❧❛r❣✉r❛ ❞♦ ✐t❡♠ i❀

• aij = ♦ ♥ú♠❡r♦ ❞❡ ✉♥✐❞❛❞❡s i ❝♦rt❛❞❛s ❝♦♠ ♦ ♣❛❞rã♦ j ❞❛ ❜♦❜✐♥❛ ♠❡str❡✱

(i = 1, · · · ,m ; j = 1, · · · , n )✳

• di = ❞❡♠❛♥❞❛ ❞♦ ✐t❡♠ i❀

• C1 = ❝✉st♦ ♣♦r ❝❛❞❛ ✐t❡♠ ❡♠ ❡st♦q✉❡❀

• C2 = ❝✉st♦ ✜①♦ ♣♦r s❡t✉♣ ❞❡ ♣r❡♣❛r❛çã♦ ❞❛ ♠áq✉✐♥❛ ♣❛r❛ ✉♠ ♣❛❞rã♦ ❞❡ ❝♦rt❡❀

• M = ♥ú♠❡r♦ ❣r❛♥❞❡ q✉❡ ♣❡♥❛❧✐③❛ ❝❛❞❛ ✉♥✐❞❛❞❡ ❡①❝❡❞❡♥t❡❀

• N = ♥ú♠❡r♦ ❣r❛♥❞❡ ❧✐♠✐t❛♥t❡ ♣❛r❛ ❝❛❞❛ xj❀

• ❱❛r✐á✈❡✐s ❞❡ ❉❡❝✐sã♦

• xj = ♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s q✉❡ ♦ ♣❛❞rã♦ j é ✉s❛❞♦❀

• yj =







1 ✱ s❡ ♦ ♣❛❞rã♦ j é ✉s❛❞♦

0 ✱ ❝❛s♦ ❝♦♥trár✐♦

• sobrai = ❛ q✉❛♥t✐❞❛❞❡ ❡①❝❡❞❡♥t❡ ❛ ❞❡♠❛♥❞❛ ❞♦ ✐t❡♠ i❀

• ▼♦❞❡❧♦

Minimizar C1

n∑

j=1

xj + C2

n∑

j=1

yj +M

m∑

i=1

sobrai
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sujeito a :
n∑

j=1

aij xj = di + sobrai , ∀i = 1, · · · ,m

yj ≤ xj ≤ Nyj, ∀j = 1, · · · , n

x ∈ Z
n
+, sobra ∈ Z

m
+ , y ∈ B

n

▼❡s♠♦ s❡♥❞♦ ♣r♦❜❧❡♠❛s ❛♣❛r❡♥t❡♠❡♥t❡ s✐♠♣❧❡s✱ t❡♠✲s❡ q✉❡ ❞❡✈✐❞♦ ❛♦ ❣r❛♥❞❡ ♥ú♠❡r♦

❞❡ ♣♦ssí✈❡✐s ♣❛❞rõ❡s ❞❡ ❝♦rt❡ ❡ ❛♦ ❢❛t♦ ❞❡ s❡r ✉♠ ♣r♦❜❧❡♠❛ ❞❡ Pr♦❣r❛♠❛çã♦ ▲✐♥❡❛r ■♥t❡✐r♦ ✲

P▲■✱ ♦ P❈❊ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ♣❡rt❡♥❝❡ ❛ ❝❧❛ss❡ ❞❡ ♣r♦❜❧❡♠❛sNP✲❞✐❢í❝❡✐s✱ ♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ t❛❧

♣r♦❜❧❡♠❛ ♥ã♦ é r❡s♦❧✈✐❞♦ ❡♠ t❡♠♣♦ ❧✐♠✐t❛❞♦ ♣♦r ✉♠ ♣♦❧✐♥ô♠✐♦ ❡♠ n✳ P♦rt❛♥t♦✱ é ❥✉st✐✜❝á✈❡❧

q✉❡ ♣❡sq✉✐s❛❞♦r❡s ♦♣t❡♠ ❜✉s❝❛r ❤❡✉ríst✐❝❛s q✉❡ ❢♦r♥❡❝❡♠ s♦❧✉çõ❡s s✉✜❝✐❡♥t❡♠❡♥t❡ ❜♦❛s✳ ❊♠

♣r✐♥❝í♣✐♦✱ ✈❡r❡♠♦s ❛ s❡❣✉✐r✱ ✉♠ ♠ét♦❞♦ ❞❡ ♣❛❞rõ❡s ❞❡ ❝♦rt❡ q✉❡ ❢♦r♥❡❝❡ t♦❞♦s ♦s ♣❛❞rõ❡s

♣♦ssí✈❡✐s✱ ❡♥tr❡t❛♥t♦✱ ♣❛r❛ ❝❧❛ss❡s ❝♦♠ ❛❧❣✉♠❛ ❡s♣❡❝✐✜❝✐❞❛❞❡ ♣❛rt✐❝✉❧❛r ♦ ♠ét♦❞♦ ❞❡✈❡ s❡r

✐♥t❡rr♦♠♣✐❞♦✱ ♣♦✐s ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ♣❛❞rõ❡s ❞❡ ❝♦rt❡ ❝❤❡❣❛ ❛ ♠✐❧❤õ❡s✱ ❡♠ ❝♦♥tr❛♣❛rt✐❞❛✱ ♠❛✐s

t❛r❞❡ s❡rá ♣r♦♣♦st♦ ✉♠❛ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ t❛❧ ♣❡r❝❛❧ç♦✳

✷✳✷✳✷ ●❡r❛çã♦ ❞❡ P❛❞rõ❡s ❞❡ ❈♦rt❡s

❙✉❧✐♠❛♥ ❬✶✻❪ ❛♣r❡s❡♥t❛ ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❞♦ ♣r♦❝❡❞✐♠❡♥t♦ ♣❛r❛ ❣❡r❛r ❝♦❧✉♥❛s✱ ❛s q✉❛✐s

r❡♣r❡s❡♥t❛♠ t♦❞♦s ♦s ♣♦ssí✈❡✐s ♣❛❞rõ❡s ❞❡ ❝♦rt❡✳ ❈♦♠♦ ❥á ♠❡♥❝✐♦♥❛❞♦✱ ❡♠ ❛❧❣✉♥s ❝❛s♦s ♥ã♦

é ♣♦ssí✈❡❧ ❣❡r❛r t♦❞♦s ❡ss❡s ♣❛❞rõ❡s ❞❡ ❝♦rt❡✳

P♦r ♠❡✐♦ ❞❡ ✉♠ ♠ét♦❞♦ ❞❡ r❛♠✐✜❝❛çã♦ ❡♠ ár✈♦r❡ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r t♦❞♦s ♦s

♣❛❞rõ❡s ❞❡ ❝♦rt❡ ❢❛❝tí✈❡✐s ♣❛r❛ ♦ ♣r♦❜❧❡♠❛✳ P❛r❛ ❝❛❞❛ ♦❜❥❡t♦ ♠❡str❡ k ❡♠ ❡st♦q✉❡ é ❝♦♥str✉í❞❛

✉♠❛ ár✈♦r❡ s❡♣❛r❛❞❛ ❞❛s ♦✉tr❛s✱ ♦ ♥ó ✐♥✐❝✐❛❧ ❝♦♥té♠ ❛ ❧❛r❣✉r❛ ❞♦ ♦❜❥❡t♦ ♠❡str❡ k ✭Lk ✮

♣❡rt❡♥❝❡♥t❡ ❛♦ ❡st♦q✉❡ ❡ ❡stá ❧♦❝❛❧✐③❛❞♦ ♥♦ q✉❡ s❡ ❞❡♥♦♠✐♥❛ ♥í✈❡❧ ✶✳ ❊♠ ❝❛❞❛ r❛♠♦ ❞❛ ár✈♦r❡

♥♦ ♥í✈❡❧ i , i = 1, · · · ,m✱ é ♠♦str❛❞♦ ♦ ♣r♦❞✉t♦ ❡♥tr❡ ♦ ♥ú♠❡r♦ ❞❡ ✉♥✐❞❛❞❡s ❞❡ ❧❛r❣✉r❛ wi q✉❡

sã♦ ❝♦rt❛❞❛s ♥♦ ♣❛❞rã♦ j✱ ❡ ❛ ❧❛r❣✉r❛ r❡q✉❡r✐❞❛ wi✱ ✐st♦ é✱ aijkwi✳ ❊♠ ✉♠ ♥í✈❡❧ i , i = 1, · · · ,m✱

♦ ♥ó ❛r♠❛③❡♥❛ ❛ ❧❛r❣✉r❛ r❡st❛♥t❡ ❛♣ós s❡r❡♠ s❛t✐s❢❡✐t♦s ♦s ❝♦rt❡s ❡s♣❡❝✐✜❝❛❞♦s ♣❡❧♦s r❛♠♦s



✷✳✷✳ P❈❊✲❯♥✐❞✐♠❡♥s✐♦♥❛❧ ✶✺

❛♥t❡r✐♦r❡s✳ P♦r ✜♠✱ ♦s ú❧t✐♠♦s ♥ós r❡♣r❡s❡♥t❛♠ ❛s ♣❡r❞❛s ❞❡ ♠❛t❡r✐❛❧ r❡s✉❧t❛♥t❡s ❞❡ ❝❛❞❛

♣❛❞rã♦ ❣❡r❛❞♦✳

❈❛❞❛ ❝❛♠✐♥❤♦ ♣❡r❝♦rr✐❞♦ ❞❛ r❛✐③ ✭♥ó ✐♥✐❝✐❛❧✮ ❛té ♦ t♦♣♦ ❞❛ ár✈♦r❡ r❡♣r❡s❡♥t❛ ✉♠

♣❛❞rã♦ ❞❡ ❝♦rt❡ ❢❛❝tí✈❡❧✱ q✉❡ ♣♦r s✉❛ ✈❡③✱ ❢♦r♠❛ ✉♠❛ ❝♦❧✉♥❛ ❞❛ ♠❛tr✐③ r❡str✐çã♦✱ ❝♦♠♦ ♣♦❞❡

s❡r ✈✐st♦ ♥❛ ❋✐❣✉r❛ ✷✳✸✳

Lk

0 · w1

(a11k − 2) · w1

(a11k − 1) · w1
a11k · w1

Lk − a11k · w1 Lk − (a11k − 1) · w1 Lk − (a11k − 2) · w1 w′
k

Nı́vel 1

a21k · w2 (a21k − 1) · w2 0 · w2

Nı́vel 2

Lk − a11k · w1Lk −
2∑

i=1

(ai1k − 1) · wi Lk −
2∑

i=1

[ai1k(i− 1)] · wi

Lk −
n−2∑

i=1

(ai1k − 1) · wi

0 · wn−1

a(n−1)1k · wn−1 (a(n−1)1k − 1) · wn−1

Lk −
n−1∑

i=1

(ai1k − 1) · wi Lk −
n−1∑

i=1

[ai1k(i− 1)] · wi

c1k c2k

(a(n−1)1k − 2) · w(n−1)

Nı́vel n

Nı́vel (n-1)

❋✐❣✉r❛ ✷✳✸✿ ●❡r❛çã♦ ❞❡ P❛❞rõ❡s ❞❡ ❈♦rt❡



✷✳✷✳ P❈❊✲❯♥✐❞✐♠❡♥s✐♦♥❛❧ ✶✻

❊①❡♠♣❧♦ ■❧✉str❛t✐✈♦

❙✉♣♦♥❞♦ q✉❡ ❡①✐st❛♠ ♦❜❥❡t♦s ❡♠ ❡st♦q✉❡ ❞❡ ✉♠ ú♥✐❝♦ t❛♠❛♥❤♦ L = 100 ✭♦♥❞❡ L = L1✮✱

❡ ❞❡s❡❥❡✲s❡ ❝♦rt❛r ❡♠ ✐t❡♥s ✜♥❛✐s ❞❡ t❛♠❛♥❤♦s w1 = 50, w2 = 40, w3 = 30✱ ❡ w4 = 20✱ ❝♦♠

✉♠❛ ❞❛❞❛ ❞❡♠❛♥❞❛ r❡q✉❡r✐❞❛✳ ❊♥tã♦ ♣♦❞❡✲s❡ ♦❜t❡r ❛❧❣✉♠❛s ❝♦♥✜❣✉r❛çõ❡s ❞❡ ❝♦rt❡s✱ ❝♦♠♦

❛ ❋✐❣✉r❛ ✷✳✹✿

❋✐❣✉r❛ ✷✳✹✿ ●❡r❛çã♦ ❞❡ P❛❞rõ❡s ❞❡ ❈♦rt❡ ✲ ❊①❡♠♣❧♦ ■❧✉str❛t✐✈♦

P♦rt❛♥t♦✱ ♣❛r❛ ❡ss❡ ❡①❡♠♣❧♦ ✐❧✉str❛t✐✈♦✱ ♦❜té♠✲s❡ ❛ ♠❛tr✐③ A ❡ ♦ ✈❡t♦r desp ✭❞❡s♣❡r✲

❞í❝✐♦✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✿



✷✳✷✳ P❈❊✲❯♥✐❞✐♠❡♥s✐♦♥❛❧ ✶✼

A =












2 1 1 1 0 0 0 0 0 0 0 0

0 1 0 0 2 1 1 1 0 0 0 0

0 0 1 0 0 2 1 0 3 2 1 0

0 0 1 2 1 0 1 3 0 2 3 5












;

desp =

[

0 10 0 10 0 0 10 0 10 0 10 0

]

.

P❛r❛ ❛ s❡❣✉♥❞❛ ♣❛rt❡ ❞❛ r❡s♦❧✉çã♦ ❞♦ P❈❊✱ ❛tr❛✈és ❞❛ ♠❡t♦❞♦❧♦❣✐❛ ❛q✉✐ ❡♠♣r❡❣❛❞❛✱

t❡♠✲s❡ ❛ ❞❡s✐❣♥❛çã♦ ❞❛ s♦❧✉çã♦ ✐♥✐❝✐❛❧✳ ◆❡ss❡ ♣♦♥t♦ ♣♦❞❡✲s❡ ✉s❛r ❝♦♠♦ s♦❧✉çã♦ ✐♥✐❝✐❛❧ ✉♠❛

q✉❛❧q✉❡r ♦✉ ❛❧❣♦ ♠❛✐s ❡s♣❡❝í✜❝♦✱ ❞❡s❞❡ q✉❡ t❛❧ s❡❥❛ ❢❛❝tí✈❡❧✳ ❆q✉✐✱ ❛ s♦❧✉çã♦ ✉s❛❞❛ é ❛ ♦❜t✐❞❛

♣❡❧❛ r❡❧❛①❛çã♦ ❧✐♥❡❛r ❞♦ ♣r♦❜❧❡♠❛✱ ❛ q✉❛❧ ❛♣ós ❛ ♦❜t❡♥çã♦✱ é ❛rr❡❞♦♥❞❛❞❛ ♣❛r❛ x = ⌈x⌉

✭x = ⌈x⌉ é ♦ ♠❡♥♦r ✐♥t❡✐r♦ ♠❛✐♦r ♦✉ ✐❣✉❛❧ ❛ x✮❞❡ t❛❧ ♠♦❞♦ q✉❡ ❛ ❞❡♠❛♥❞❛ s❡❥❛ ❛t❡♥❞✐❞❛✱ ♦✉

s❡❥❛✱ ❢❛❝tí✈❡❧✳

◆❛ ❢♦r♠✉❧❛çã♦ ❞♦ ♣r♦❜❧❡♠❛ r❡❧❛①❛❞♦ ♥ã♦ sã♦ ❝♦♥s✐❞❡r❛❞♦s ♦s ❝✉st♦s ❞❡ s❡t✉♣✱ ♣♦✐s

❜❛st❛ q✉❡ ❛ s♦❧✉çã♦ s❡❥❛ ❢❛❝tí✈❡❧✱ ❡ ♣♦rt❛♥t♦✱ ❛s r❡str✐çõ❡s q✉❡ ❡♥✈♦❧✈❡♠ ❛s ✈❛r✐á✈❡✐s ❜✐♥ár✐❛s

sã♦ ❡❧✐♠✐♥❛❞❛s ❞❛ ❢♦r♠✉❧❛çã♦ ♦r✐❣✐♥❛❧ ❞♦ ♣r♦❜❧❡♠❛✱ ✐st♦ é✿

Minimizar C1

n∑

j=1

xj +M

m∑

i=1

sobrai

sujeito a :
n∑

j=1

aij xj = di + sobrai , ∀i = 1, · · · ,m

x ∈ Z
n
+, sobra ∈ Z

m
+ .

❉❛♥❞♦ ❝♦♥t✐♥✉✐❞❛❞❡✱ ❛ ♣r♦♣♦st❛ ♥♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦ ❡stá ❜❛s❡❛❞❛ ♥❛ ✐❞é✐❛ ❞❡ ✉s❛r

✉♠❛ ❤❡✉ríst✐❝❛ ♣❛r❛ ❡♥❝♦♥tr❛r ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣❛❞rõ❡s ❞❡ ❝♦rt❡ q✉❡ ❢♦r♥❡❝❡ ❛ ♠❡❧❤♦r s♦❧✉çã♦

♣❛r❛ ♦ P❈❊ ✉♥✐❞✐♠❡♥s✐♦♥❛❧ ✈✐st♦ q✉❡ ❤✐♣♦t❡t✐❝❛♠❡♥t❡ ❢♦r❛♠ ♦❜t✐❞♦s t♦❞♦s ♦s ♣❛❞rõ❡s ❞❡

❝♦rt❡ ❢❛❝tí✈❡✐s ♣❛r❛ ❡❢❡t✉❛r ❛ ❜✉s❝❛✳



❈❛♣ít✉❧♦ ✸

❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣

✸✳✶ ❈♦♥❝❡✐t♦ ❇ás✐❝♦ ❞❡ ❖t✐♠✐③❛çã♦ ▲♦❝❛❧

❉❛❞♦ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♦t✐♠✐③❛çã♦ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦ q✉❛❧ ♣♦❞❡ s❡r ❡s♣❡❝✐✜❝❛❞♦ ♣♦r ✉♠

❝♦♥❥✉♥t♦ ❞❡ s♦❧✉çõ❡s ❥✉♥t❛♠❡♥t❡ ❝♦♠ ✉♠❛ ❢✉♥çã♦ ❝✉st♦ q✉❡ ❛ss♦❝✐❛ ✉♠ ✈❛❧♦r ❛ ✉♠❛ s♦❧✉çã♦✱

❞❡✜♥❡✲s❡ ✉♠❛ s♦❧✉çã♦ ót✐♠❛ ❝♦♠♦ ❛ s♦❧✉çã♦ q✉❡ é ❛ss♦❝✐❛❞❛ ❛♦ ♠❡♥♦r ❝✉st♦ ♣♦ssí✈❡❧✳ ❆ss✐♠✱

❞❛❞❛ ✉♠❛ s♦❧✉çã♦ q✉❛❧q✉❡r ♣❛r❛ ✉♠ ❞❡t❡r♠✐♥❛❞♦ ♣r♦❜❧❡♠❛✱ ❞❡♥♦♠✐♥❛✲s❡ ♣♦r ♦t✐♠✐③❛çã♦

❧♦❝❛❧ ❛ t❡♥t❛t✐✈❛ ❞❡ ♠❡❧❤♦r❛r ❛ s♦❧✉çã♦ ♣♦r ♠❡✐♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❛çõ❡s✱ ♦✉ s❡❥❛✱ ♠❡❧❤♦✲

r❛r ❧♦❝❛❧♠❡♥t❡ ❛ s♦❧✉çã♦ ❛t✉❛❧✳ ❊ss❛s ❛çõ❡s sã♦ ❡s♣❡❝✐✜❝❛❞❛s ❝♦♠♦ ♣❡rt✉❜❛çõ❡s ♥❛ s♦❧✉çã♦

❝♦rr❡♥t❡✱ ❡ ❣❡r❛♠ ♦ q✉❡ s❡ ❝❤❛♠❛ ❞❡ s♦❧✉çõ❡s ✈✐③✐♥❤❛s✱ ❛ss✐♠✱ ❞❛❞❛ ✉♠❛ s♦❧✉çã♦ s é ♣♦ssí✈❡❧

♦❜t❡r s♦❧✉çõ❡s ✈✐③✐♥❤❛s ❛ ❡❧❛✱ ✐st♦ é✱ s♦❧✉çõ❡s s′ ∈ N (s) ✭❱✐③✐♥❤❛♥ç❛ ❞❡ s✮✳ ❆ ♣❛rt✐r ❞✐ss♦✱ ♦

❛❧❣♦r✐t♠♦✱ ❞❡ ♠♦❞♦ s✐♠♣❧❡s✱ t♦♠❛ ❛ s♦❧✉çã♦ ❞❡ ♠❡♥♦r ❝✉st♦s ❡ r❡♣❡t❡ ♦ ♣r♦❝❡❞✐♠❡♥t♦✳ ❆♦

✜♥❛❧✱ ❡♥❝♦♥tr❛✲s❡ ✉♠❛ s♦❧✉çã♦ q✉❡ ♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ é ❛ ót✐♠❛✱ ♠❛s t❡♠ ♦ ❝✉st♦ ♠í♥✐♠♦

❞❡♥tr❡ t♦❞❛s ❛s s♦❧✉çõ❡s ❡♠ s✉❛ ✈✐③✐♥❤❛♥ç❛✳

❊♠❜♦r❛✱ ❡♠ ❛❧❣✉♥s ♣r♦❜❧❡♠❛s ❝♦♠❜✐♥❛t♦r✐❛✐s✱ s❡❥❛ ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ✉♠❛ ❜♦❛ s♦❧✉✲

çã♦✱ ❛✐♥❞❛ q✉❡ ❡ss❡s ♣r♦❜❧❡♠❛s ♣❡rt❡♥ç❛♠ ❛ ❝❧❛ss❡ NP✲❞✐❢í❝✐❧✱ ❤á ❣r❛♥❞❡s ❝❤❛♥❝❡s ❞❡ q✉❡ ❛

s♦❧✉çã♦ ♦❜t✐❞❛ ❛tr❛✈és ❞❛ ♦t✐♠✐③❛çã♦ ❧♦❝❛❧ ♥ã♦ s❡❥❛ ❜♦❛ ♦ s✉✜❝✐❡♥t❡✱ ♣♦✐s ❞✐✜❝✐❧♠❡♥t❡ ❡s❝❛♣❛♠

✶✽



✸✳✷✳ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ ✶✾

❞❡ ❧♦❝❛✐s s✉❜✲ót✐♠♦s✳ P❛r❛ ❝♦♥t♦r♥❛r ❡ss❡ ♣r♦❜❧❡♠❛✱ ♣♦❞❡✲s❡ ❛♣❧✐❝❛r ❛ ❤❡✉ríst✐❝❛ ❙✐♠✉❧❛t❡❞

❆♥♥❡❛❧✐♥❣ ✭❙❆✮ ❞❡s❡♥✈♦❧✈✐❞❛ ❡♠ ❬✶✶❪✳

✸✳✷ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣

❆ ❤❡✉ríst✐❝❛ s✐♠✉❧❛t❡❞ ❛♥♥❡❛❧✐♥❣ ❞❡st❛❝♦✉✲s❡ ❛♣ós t❡r s✐❞♦ ❛♣r❡s❡♥t❛❞❛ ♥♦ tr❛❜❛❧❤♦

❞❡ ❑✐r❦♣❛tr✐❝❦ ❡t ❛❧✳ ❬✶✶❪ q✉❡ r❡❧❛❝✐♦♥♦✉ ❛ s✐♠✉❧❛çã♦ ❞❡ r❡s❢r✐❛♠❡♥t♦ ❞❡ só❧✐❞♦s ♣r♦♣♦st❛

♣♦r ▼❡tr♦♣♦❧✐s ❬✶✷❪ ❝♦♠ ♣r♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦✳ P♦st❡r✐♦r♠❡♥t❡✱ s✉r❣✐r❛♠ ♣❡sq✉✐s❛s ❡♠

♣r♦❜❧❡♠❛s ❞❡ ♦t✐♠✐③❛çã♦ t❛✐s ❝♦♠♦ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ ✐♠❛❣❡♥s✱ ❢ís✐❝❛ ❡ q✉í♠✐❝❛ ♠♦❧❡❝✉❧❛r✱

❡♥tr❡ ♦✉tr♦s✱ ✭ ✈❡❥❛ ❬✹❪ ❡ ❬✾❪✮✳ ❈♦♠♦ ♦ ♣ró♣r✐♦ ♥♦♠❡ s✉❣❡r❡✱ ♦ s✐♠✉❧❛t❡❞ ❛♥♥❡❛❧✐♥❣ é ✉♠

♣r♦❝❡❞✐♠❡♥t♦ ❝♦♠♣✉t❛❝✐♦♥❛❧ q✉❡ s✐♠✉❧❛ ♦ ♣r♦❝❡ss♦ ❢ís✐❝♦ ❞❡ r❡s❢r✐❛♠❡♥t♦ ❝♦♥tr♦❧❛❞♦ ❡♠ q✉❡

♦ ♦❜❥❡t✐✈♦ é ❧❡✈❛r ♦ s✐st❡♠❛ ❛♦ s❡✉ ❡st❛❞♦ ♠í♥✐♠♦ ❞❡ ❡♥❡r❣✐❛✳ ❚❛❧ ♣r♦❝❡ss♦ é ❞✐✈✐❞♦ ❡♠ três

❢❛s❡s✿

(i) ❛❧t❛ t❡♠♣❡r❛t✉r❛✱ ♥❛ q✉❛❧ t❡♠♦s ✉♠❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ ❛❧t❛ ❡♥❡r❣✐❛✱ ♣♦r ❡①❡♠♣❧♦✱ ❡♠

♠❛t❡r✐❛✐s ❢ís✐❝♦s ❝♦♠♦ ♦ ♠❡t❛❧✱ ♦♥❞❡ ❤á ✉♠ ❛❧t♦ ❛q✉❡❝✐♠❡♥t♦ ❛té ❛ ❢✉♥❞✐çã♦ ❞♦ ♠❡s♠♦❀

(ii) ♣❡r♠❛♥ê♥❝✐❛ ❡♠ ❛❧t❛ t❡♠♣❡r❛t✉r❛ ❡♠ q✉❡ s✉❛s ♣❛rtí❝✉❧❛s s❡ ❛rr❛♥❥❛♠ ❛❧❡❛t♦r✐❛♠❡♥t❡❀

(iii) ❞✐♠✐♥✉✐çã♦ ❞❡ t❡♠♣❡r❛t✉r❛ ❧❡♥t❛♠❡♥t❡ ♦♥❞❡ ♦❝♦rr❡ ✉♠❛ ❝♦♥✜❣✉r❛çã♦ ❞❡ ❡♥❡r❣✐❛ ♠❛✐s

❜❛✐①❛✳

❇❛s✐❝❛♠❡♥t❡✱ ❛ ❤❡✉ríst✐❝❛ s❡ ❞❡st❛❝❛ ♣♦r s✐♠✉❧❛r ❛ ❛❝❡✐t❛çã♦ ❞❡ s♦❧✉çõ❡s q✉❡ ♥ã♦

sã♦ ❞❡ ♠❡❧❤♦r❛ ♣❛r❛ q✉❡ s❡❥❛ ♣♦ssí✈❡❧ ❡✈✐t❛r s♦❧✉çõ❡s s✉❜✲ót✐♠❛s✱ ✐st♦ é✱ é ♣♦ssí✈❡❧ q✉❡ ♦

❛❧❣♦r✐t♠♦ ❛❝❡✐t❡ ✉♠❛ s♦❧✉çã♦ ❞❡ q✉❛❧✐❞❛❞❡ ✐♥❢❡r✐♦r ❞❡ ♠♦❞♦ q✉❡ ❛ ❣❡r❛çã♦ ❞❡ s♦❧✉çõ❡s ♥❛

✈✐③✐♥❤❛♥ç❛ ❞❡st❛✱ ♣♦ss✐❜✐❧✐t❡ ❛ s❛í❞❛ ❞♦ ❧♦❝❛❧ s✉❜✲ót✐♠♦✳ ❊①❡♠♣❧✐✜❝❛♥❞♦✱ s✉♣♦♥❤❛ ✉♠❛ ❞❛❞❛

❢✉♥çã♦ ♦❜❥❡t✐✈♦ f(x) ❡♠ ✉♠ ♣r♦❜❧❡♠❛ ❞❡ ♠✐♥✐♠✐③❛çã♦✱ ✉♠❛ s♦❧✉çã♦ ✐♥✐❝✐❛❧ x0✱ ❡ ✉♠❛ s♦❧✉çã♦

x′ ∈ N(x0) ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ s♦❧✉çã♦ ✐♥✐❝✐❛❧✱ ❛ q✉❛❧ f(x0) < f(x′)✱ ❡♥tr❡t❛♥t♦✱ s✉♣♦♥❞♦ q✉❡

❛ s♦❧✉çã♦ s❡❥❛ ❛❝❡✐t❛✱ ✈❡❥❛♠♦s ❛ ❋✐❣✉r❛ ✸✳✶✳





✸✳✷✳ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ ✷✶

✶✳ ❙❡❧❡❝✐♦♥❡ ✉♠❛ t❡♠♣❡r❛t✉r❛ ✐♥✐❝✐❛❧ T = T0✱ ❡ ✉♠❛ s♦❧✉çã♦ ✐♥✐❝✐❛❧ x0✳ ❉❡✜♥❛ f0 = f(x0)✱

i = 0✱ ❡ s✐❣❛ ♣❛r❛ ❛ P❛ss♦ ✷❀

✷✳ ❋❛ç❛ i = i+ 1;✱ ❣❡r❡ ❛❧❡❛t♦r✐❛♠❡♥t❡ ✉♠❛ s♦❧✉çã♦ xi ❡ ❝❛❧❝✉❧❡ fi = f(xi)❀

✸✳ ❙❡ fi < fi−1✱ ✈á ♣❛r❛ ❛ P❛ss♦ ✺✳ ❈❛s♦ ❝♦♥trár✐♦✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡

‖ < exp

(
|fi − fi−1|

T

)

✱ ❛❝❡✐t❡ xi❀

✹✳ ❙❡ fi ❢♦✐ r❡❥❡✐t❛❞❛ ♥♦ ♣❛ss♦ ✸✱ ❢❛ç❛ fi = fi−1❀

✺✳ ❙❡ ❡st✐✈❡r s❛t✐s❢❡✐t♦ ❝♦♠ ♦ ✈❛❧♦r ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ fi✱ ❡♥tã♦ ♣❛r❡✳ ❙❡ ♥ã♦✱ ❞❡❝r❡sç❛ ❛

t❡♠♣❡r❛t✉r❛ T0 é ✈á ♣❛r❛ ♦ ♣❛ss♦ ✷✳

❈♦♠ ❛ ✜♥❛❧✐❞❛❞❡ ❞❡ s❡ ✐♥t❡♥s✐✜❝❛r ♠❛✐s ❛ ❣❡r❛çã♦ ♥❛s ✈✐③✐♥❤❛♥ç❛s ❞❛ s♦❧✉çã♦ ❝♦rr❡♥t❡✱

♦♣t❛✲s❡ ♣❡❧❛ ✈❡rsã♦ ❞♦ ❛❧❣♦r✐t♠♦ q✉❡ ❞❡❝r❡s❝❡ ❛ t❡♠♣❡r❛t✉r❛ ❛♣ós L ❛❝❡✐t❛çõ❡s ✭♣♦r ♣r♦❜❛❜✐✲

❧✐❞❛❞❡✮ ❞❡♥tr♦ ❞❛ ✈✐③✐♥❤❛♥ç❛✳ ❉❡ss❡ ♠♦❞♦✱ s❡ ♦ ♣♦♥t♦ ❣❡r❛❞♦ ♥♦s ❢♦r♥❡❝❡ ✉♠ ✈❛❧♦r ♦❜❥❡t✐✈♦

♠❡❧❤♦r ❞♦ q✉❡ ♦ ❥á ❝♦♥s❡❣✉✐❞♦✱ ❡♥tã♦ ❛❜❛♥❞♦♥❛✲s❡ ♦ ❧♦♦♣ ✐♥t❡r♥♦ ❡ ❡♠ s❡❣✉✐❞❛ ❞✐♠✐♥✉✐✲s❡ ❛

t❡♠♣❡r❛t✉r❛✳ ❱❡❥❛♠♦s✿

❉❛❞♦s

x s♦❧✉çã♦ ❛t✉❛❧✳
x′ ♣♦♥t♦ ❣❡r❛❞♦ ♥❛ ✈✐③✐♥❤❛♥ç❛✳
x⋆ ♠❡❧❤♦r s♦❧✉çã♦ ❛té ♦ ♠♦♠❡♥t♦✳
T0 t❡♠♣❡r❛t✉r❛ ✐♥✐❝✐❛❧✳
Tf t❡♠♣❡r❛t✉r❛ ✜♥❛❧✳
L ♥o ♠á①✐♠♦ ❞❡ ✐t❡r❛çõ❡s ✐♥t❡r♥❛s ❝♦♠ ❛❝❡✐t❛çã♦✳

nmaxint ♥o ♠á①✐♠♦ ❞❡ ✐t❡r❛çõ❡s ✐♥t❡r♥❛s s❡♠ ❛❝❡✐t❛çã♦✳

❘❡ss❛❧t❛♠♦s ❛ ✐♠♣♦rtâ♥❝✐❛ ❞♦s ♣❛râ♠❡tr♦s ♥❡ss❡ ❛❧❣♦r✐t♠♦✱ ❡ ♣❛r❛ t❛❧✱ s❡rá ❛♣r❡s❡♥✲

t❛❞♦ ♥♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦ ❛ s❡❧❡çã♦ ❞♦s ♠❡s♠♦s ❡♠♣r❡❣❛❞❛ ♥♦ ♠ét♦❞♦✳

❖✉tr❛ ♣r✐♥❝✐♣❛❧ ❝❛r❛❝t❡ríst✐❝❛ ❞❛ ❤❡✉ríst✐❝❛ s✐♠✉❧❛t❡❞ ❛♥♥❡❛❧✐♥❣ é ❛ ❜✉s❝❛ ❞❡ s♦❧✉çõ❡s

♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❛ s♦❧✉çã♦ ✐♥❝✉♠❜❡♥t❡✱ ♦✉ s❡❥❛✱ ❛ ❜✉s❝❛ é ❢❡✐t❛ ❛ ♣❛rt✐r ❞❛ ♠❡❧❤♦r s♦❧✉çã♦

❡♥❝♦♥tr❛❞❛ ❛té ♦ ♠♦♠❡♥t♦✳ ❆ s❡❣✉✐r✱ ❛ ♣ró①✐♠❛ s❡çã♦ t❡♠ ❛ ✜♥❛❧✐❞❛❞❡ ❞❡ ❛❜♦r❞❛r ❛ ♣r♦♣♦st❛



✸✳✷✳ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ ✷✷

❆❧❣♦r✐t♠♦

❬✶❪ x⋆ = x

❬✷❪ T = T0

❬✸❪ nmax = −L

❬✹❪ ❲❍■▲❊ (T > Tf )

naceita = 0
❲❍■▲❊ ( (naceita < L) && (nmax < nmaint) )

nmax = namx+ 1

❣❡r❛rx′ ∈ N (x)

∆f = f(x′)− f(x)

■❋ ∆f < 0

x = x′

naceita = naceita+ 1

■❋ f(x′) < f(x⋆)

x⋆ = x′

naceita = L

❊◆❉ ■❋

❊▲❙❊

■❋ ❯♥✐❢♦r♠❡(0, 1) < exp(−∆f/T )

x = x′

naceita = naceita+ 1

❊◆❉ ■❋

❊◆❉ ■❋

❊◆❉ ❲❍■▲❊

T = αT

❬✺❪ ❊◆❉ ❲❍■▲❊
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❛♣r❡s❡♥t❛❞❛ ♣♦r ❈❤❡♥ ❛ q✉❛❧ ❞❡s❡♥❝❛❞❡♦✉ ✉♠❛ ✐♥✈❡st✐❣❛çã♦ ♣❛r❛ ❡ss❡ tr❛❜❛❧❤♦ q✉❡✱ ♣♦r s✉❛

✈❡③✱ ❛♣r❡s❡♥t❛ ✉♠❛ ♣❡sq✉✐s❛ ♠❛✐s ❛❜r❛♥❣❡♥t❡ ❡♠ r❡❧❛çã♦ ❛ ❜✉s❝❛ ❧♦❝❛❧ ❛ ♣❛rt✐r ❞❡ ✉♠❛

s♦❧✉çã♦✳

✸✳✸ ●❡r❛çã♦ ❞❡ s♦❧✉çõ❡s

❆ ❜✉s❝❛ ♣♦r ♠❡❧❤♦r❡s s♦❧✉çõ❡s é ❢❡✐t❛ ❛ ♣❛rt✐r ❞❡ ✉♠❛ ♣❡rt✉r❜❛çã♦ ♥❛ s♦❧✉çã♦ ✐♥✐❝✐❛❧

❢❛❝tí✈❡❧✱ ❡ s❡❣✉❡ ❛tr❛✈és ❞❡ ♣❡rt✉❜❛çõ❡s ❞❛ s♦❧✉çã♦ ❝♦rr❡♥t❡✳ ❆ ♣r♦♣♦st❛ ❛q✉✐ ❛♣r❡s❡♥t❛❞❛

é ❝♦♥❢r♦♥t❛❞❛ ❝♦♠ ❛ ♠❡t♦❞♦❧♦❣✐❛ ❥á ❡①✐st❡♥t❡ ❡♠ ❬✷❪ ♣✉❜❧✐❝❛❞♦ ♣♦r ❈❤✉❡♥✲▲✉♥❣ ❙✳ ❈❤❡♥ ✱

❙t❡♣❤❡♥ ▼✳ ❍❛rt✱ ❲❛✐ ▼✉✐ ❚❤❛♠✳

❯♠❛ ✈❡③ q✉❡ ❡ss❡ tr❛❜❛❧❤♦ ❡stá ❢✉♥❞❛♠❡♥t❛❞♦ ♥♦ ❛rt✐❣♦ ❝✐t❛❞♦✱ s❡rá ♥❡❝❡ssár✐♦ ♣r✐✲

♠❡✐r❛♠❡♥t❡ ✉♠❛ ❛♣r❡s❡♥t❛çã♦ ❞❡t❛❧❤❛❞❛ ❞❛ ❜✉s❝❛ ❧♦❝❛❧ ❞❡s❝r✐t❛ ♣♦r ❈❤❡♥✱ ❍❛rt ❡ ❚❤❛♠✱

♣❛r❛ ❞❡♣♦✐s ❛♣r❡s❡♥t❛r ♥♦ss❛ ♠♦❞✐✜❝❛çã♦✳

✸✳✸✳✶ ❊str❛té❣✐❛ ♣❛r❛ ●❡r❛çã♦ ❞❡ ❙♦❧✉çõ❡s ❱✐③✐♥❤❛s ✲ ❆rt✐❣♦

❋♦✐ ♣r♦♣♦st♦ ❛♥t❡r✐♦r♠❡♥t❡ ✉♠❛ ♣❡rt✉r❜❛çã♦ ❛❧❡❛tór✐❛ ❞❡ ❛♣❡♥❛s ❞✉❛s ❡♥tr❛❞❛s ❞❛

s♦❧✉çã♦ ❝♦rr❡♥t❡✱ ♦✉ s❡❥❛✱ ❞❛❞❛ ✉♠❛ s♦❧✉çã♦ ♣r♦♣õ❡✲s❡ s❡❧❡❝✐♦♥❛r ❛❧❡❛t♦r✐❛♠❡♥t❡ ❞✉❛s ❡♥tr❛❞❛s

❞❡ ♠♦❞♦ q✉❡ ❣❡r❡ s♦❧✉çõ❡s ✈✐③✐♥❤❛s ❛ ♣❛rt✐r ❞❛ ♣❡rt✉r❜❛çã♦ ❞❡ ✉♠ ♣❛r ❞❡ ✈❛r✐á✈❡✐s✳ ❱✐st♦ q✉❡

sã♦ ❝♦♥❤❡❝✐❞♦s ♦s ❧✐♠✐t❡s ✐♥❢❡r✐♦r ❡ s✉♣❡r✐♦r ❞❡ ❝❛❞❛ ✈❛r✐á✈❡❧ ❞❡ ❞❡❝✐sã♦✱ ❛ ❡str❛té❣✐❛ ♣r♦♣õ❡

q✉❡ ♣❛r❛ ❝❛❞❛ ✈❛r✐á✈❡❧ s❡❥❛ ❛tr✐❜✉í❞♦ ✉♠ ✈❛❧♦r ❡♥tr❡ s❡✉s r❡s♣❡❝t✐✈♦s ❧✐♠✐t❛♥t❡s✱ ❡ ❛❧é♠ ❞✐ss♦✱

❛ s♦❧✉çã♦ ❣❡r❛❞❛ ❞❡✈❡ s❡r ❢❛❝tí✈❡❧✳

Pr✐♠❡✐r❛♠❡♥t❡✱ ❞❡t❡r♠✐♥❛✲s❡ ♣❛r❛ ❝❛❞❛ ✈❛r✐á✈❡❧ ♦s ❧✐♠✐t❛♥t❡s ✐♥❢❡r✐♦r ❡ s✉♣❡r✐♦r

[LBj , UBj]✳ ❈❧❛r❛♠❡♥t❡✱ LBj = 0, ∀j = 1, · · · , n✱ ✉♠❛ ✈❡③ q✉❡ xj ≥ 0, ∀j = 1, · · · , n✱

❡ ♦ ❧✐♠✐t❛♥t❡ s✉♣❡r✐♦r s❡rá ♦ ♠❛✐♦r ✈❛❧♦r ✐♥t❡✐r♦ q✉❡ ♣♦❞❡ s❡r ❛tr✐❜✉í❞♦ ❛ xj ♣❛r❛ q✉❡ s❡❥❛

♣♦ssí✈❡❧ ❛t❡♥❞❡r ✉♠❛ ❞❡♠❛♥❞❛ ❞❡ di✱ i = 1, · · · ,m✳ ■st♦ é✱ ❝❛❞❛ ✈❛r✐á✈❡❧ r❡♣r❡s❡♥t❛ ♦ ♥ú♠❡r♦

❞❡ ✈❡③❡s q✉❡ ✉♠ ♣❛❞rã♦ ❞❡ ❝♦rt❡ é ✉t✐❧✐③❛❞♦✱ ❡ ❡♠ ❝❛❞❛ ♣❛❞rã♦ ♣♦❞❡ s❡r ❝♦rt❛❞♦ ✉♠ ✐t❡♠ i
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❡♠ ✉♠❛ q✉❛♥t✐❞❛❞❡ ❞❡♥♦t❛❞❛ ♣♦r aij✱ ❛ss✐♠✱ ♦ ✈❛❧♦r

⌈
di
aij

⌉

, (aij 6= 0) é q✉❛♥t✐❞❛❞❡ ♠í♥✐♠❛

q✉❡ ♦ ♣❛❞rã♦ j ❞❡✈❡ s❡r ❝♦rt❛❞♦ ♣❛r❛ ❛t❡♥❞❡r ❛ ❞❡♠❛♥❞❛ di✱ ♣♦rt❛♥t♦✱ ❞❡✜♥❡✲s❡✿

UBj = max
j

{⌈
di
aij

⌉

|i = 1, · · · ,m e aij 6= 0

}

, ♣❛r❛ ❝❛❞❛ j = 1, · · · , n.

❱❡❥❛♠♦s ❝♦♠♦ ♣r♦❝❡❞❡r ♣❛r❛ ❞❡t❡r♠✐♥❛r ♦ ❧✐♠✐t❡ ✐♥❢❡r✐♦r LB′

j ♣❛r❛ x′

j ❞❡ ♠♦❞♦ q✉❡

❛ s♦❧✉çã♦ x′ s❡❥❛ ❢❛❝tí✈❡❧✳

❉❛❞❛ ✉♠❛ s♦❧✉çã♦ x = [x1 · · · xk · · · xn]
T ❢❛❝tí✈❡❧✱ ♦✉ s❡❥❛✱ Ax = d + S✱ ❝♦♠ S ≥ 0✱

t❡♠✲s❡✿ 










a11x1+ · · · +a1nxn

a21x1+ · · · +a2nxn

✳✳✳
✳✳✳

am1x1+ · · · +amnxn












=












d1 +S1

d2 +S2

✳✳✳
✳✳✳

dm +Sm












.

❆♦ s❡❧❡❝✐♦♥❛r ✉♠❛ ✈❛r✐á✈❡❧ xk ♣♦❞❡✲s❡ ❞❡t❡r♠✐♥❛r s❡✉ ❧✐♠✐t❛♥t❡ ✐♥❢❡r✐♦r LB′

k t❛❧ q✉❡

❛ s♦❧✉çã♦ s❡❥❛ ❢❛❝tí✈❡❧✳ ❉❡ ❢❛t♦✱ ♣❛r❛ ❝❛❞❛ i = 1, · · · ,m✱ t♦♠❛✲s❡

ui =







0, s❡ aik = 0
⌊
Si

aik

⌋

, s❡ aik > 0
.

❆ ♣❛rt✐r ❞✐ss♦✱ ❞❡♥♦t❛✲s❡ ∆xk = −min
i
{ui}✱ ❡ ❞❡✜♥❡✲s❡

LB′

k = ∆xk + xk.



✸✳✸✳ ●❡r❛çã♦ ❞❡ s♦❧✉çõ❡s ✷✺

❖❜s❡r✈❡ q✉❡ ❛ s♦❧✉çã♦ x ❝♦♠ x′

k = ∆xk + xk é ❢❛❝tí✈❡❧ ♣♦✐s ♣❛r❛ ❝❛❞❛ i t❡♠✲s❡✿

ai1x1 + · · ·+ aikx
′

k + · · ·+ a1nxn = ai1x1 + · · · − aik

⌊
Sl

alk

⌋

+ aikxk + · · ·+ a1nxn

= di + Si − aik

⌊
Sl

alk

⌋

≥ di + Si − aik
Si

aik

= di ≥ 0.

✭✸✳✶✮

❉❛❞❛ ✉♠❛ s♦❧✉çã♦ x = (x1, · · · , xn) ❡♠ ✉♠❛ ❞❛❞❛ ✐t❡r❛çã♦ ❞♦ ❛❧❣♦r✐t♠♦✱ s❡❣✉❡ q✉❡

♣❛r❛ ❝❛❞❛ j = 1, · · · , n t❡♠✲s❡ ♦s ❧✐♠✐t❡s ✐♥❢❡r✐♦r ❡ s✉♣❡r✐♦r LBj ❡ UBj✱ ❡ ❞❡ss❡ ♠♦❞♦✱ ✐♥✐❝✐❛✲s❡

❛ ❜✉s❝❛ ♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ x✱ N(x)✱ ❞❡s❝r✐t❛ ❛❜❛✐①♦✿

◮ ❙❡❧❡❝✐♦♥❛✲s❡✱ ❛❧❡❛t♦r✐❛♠❡♥t❡✱ ❞✉❛s ✈❛r✐á✈❡✐s ❞❡ ❞❡❝✐sã♦ ✭❞✐st✐♥t❛s✮✱ ❞❡✜♥❡✲s❡

xj = x′

j ∈ [LBj, UBj] ❡ xk = x′

k ∈ [LBk, UBk]❀

◮ ❙❡ x′✱ r❡s✉❧t❛♥t❡✱ é ❢❛❝tí✈❡❧✱ ❞❡✜♥❡✲s❡ x = x′ ❡ f = f(x′)✱ ❡ s❡❣✉❡✲s❡ ❝♦♠ ♦ ❙❆❀

◮ ❈❛s♦ ❝♦♥trár✐♦✱ ❞❡✜♥❡✲s❡ x′

k = xk✱ ❡ ❡♥tã♦ ❞❡t❡r♠✐♥❛✲s❡ xj = x′

j ∈ [LB′

j, UBj] t❛❧ q✉❡ x

s❡❥❛ ❢❛❝tí✈❡❧✳

❊♥tr❡t❛♥t♦✱ ❡♠ ❡①❡♠♣❧❛r❡s ❝♦♠ ❞❡♠❛♥❞❛s ♣♦r ✉♠ ♠❛✐♦r ♥ú♠❡r♦ ❞❡ ♣❡ç❛s ❞✐st✐♥t❛s

é ♣♦ssí✈❡❧ ❣❡r❛r ♠✐❧❤❛r❡s ❞❡ ♣❛❞rõ❡s ❞❡ ❝♦rt❡s✱ ❡ ❝❛❞❛ ✉♠ ❞❡ss❡s✱ ♣♦r s✉❛ ✈❡③✱ é ❛ss♦❝✐❛❞♦ ❛

✉♠❛ ✈❛r✐á✈❡❧ ❞❡ ❞❡❝✐sã♦✱ ❧♦❣♦✱ ❛♣ós ❛❧❣✉♥s t❡st❡✱ ❛ ❣❡r❛çã♦ ❞❡ s♦❧✉çõ❡s ♠❡❧❤♦r❡s ♣♦r ♠❡✐♦ ❞❛

♣❡rt✉r❜❛çã♦ ❞❡ ❛♣❡♥❛s ❞✉❛s ✈❛r✐á✈❡✐s s❡ ♠♦str❛ ✐♥❡✜❝✐❡♥t❡✱ ♠♦t✐✈♦ ♣❡❧♦ q✉❛❧ s❡ ❞❡s❡♥❝❛❞❡♦✉

✉♠❛ ♥♦✈❛ ♣r♦♣♦st❛ ♣❛r❛ ❛ ❡str❛té❣✐❛ ❞❡ ❣❡r❛çã♦ ❞❡ s♦❧✉çõ❡s✳

✸✳✸✳✷ ❯♠❛ ◆♦✈❛ ❊str❛té❣✐❛ ♣❛r❛ ●❡r❛çã♦ ❞❡ ❙♦❧✉çõ❡s ❱✐③✐♥❤❛s

❉❛❞❛ ✉♠❛ s♦❧✉çã♦ ✐♥✐❝✐❛❧✱ s❛❜❡✲s❡ q✉❡ ❡st❛ é ❢❛❝tí✈❡❧ ✭♦✉ s❡❥❛✱ Ax ≥ d✮ ❡ ♣♦ss✉✐ ♣❡❧♦

♠❡♥♦s m ✈❛r✐á✈❡✐s ♥❛ ❜❛s❡✱ ❛❧é♠ ❞✐ss♦✱ ♣♦ss✐✈❡❧♠❡♥t❡✱ ♥ã♦ é ❛ s♦❧✉çã♦ ót✐♠❛ ❡ ♣♦❞❡ s❡r

♠✐♥✐♠✐③❛❞❛✳ P♦rt❛♥t♦✱ ✐♥✐❝✐❛✲s❡ ✉♠❛ ♣❡rt✉r❜❛çã♦ ❝♦♠ ✐♥t❡♥çã♦ ❞❡ r❡t✐r❛r ❡ ❛❞✐❝✐♦♥❛r ✈❛r✐á✈❡✐s
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♥❛ ❜❛s❡ ❛tr✐❜✉✐♥❞♦ ✈❛❧♦r❡s ✵ ♦✉ ✶✱ ♦✉ s❡❥❛✱ ❝♦♠ ✈❛❧♦r ③❡r♦ ❛ ✈❛r✐á✈❡❧ s❛✐ ❞❛ ❜❛s❡✱ ❡ ❝♦♠ ✈❛❧♦r

✉♠ ❛ ✈❛r✐á✈❡❧ ❡♥tr❛ ♦✉ ♣❡r♠❛♥❡❝❡ ♥❛ ❜❛s❡✱ ♦ ❢❛t♦ ♠❛✐s ✐♠♣♦rt❛♥t❡ é q✉❡ ❛ ♣r♦❞✉çã♦ s❡❥❛

❞✐♠✐♥✉í❞❛✳

❊str❛t❡❣✐❝❛♠❡♥t❡✱ ♣r♦♣õ❡✲s❡ ✉♠❛ ♣❡rt✉❜❛çã♦ ♥❛ s♦❧✉çã♦ ❝♦rr❡♥t❡ ❞❡ ♠♦❞♦ ♠❛✐s

❛❜r❛♥❣❡♥t❡✱ ♦✉ s❡❥❛✱ ♣♦♥❞❡r❛❞❛♠❡♥t❡✱ ❛ ♠❛✐♦r ♣♦ssí✈❡❧✱ ❡ ❡s♣❡r❛✲s❡ q✉❡ s❡❥❛ ♣♦ssí✈❡❧ ♦❜t❡r

✉♠❛ s♦❧✉çã♦ q✉❡ ❛t❡♥❞❛ ❛ ❞❡♠❛♥❞❛ ♠í♥✐♠❛✱ ✐st♦ é✱ ❛ ❢❛❝t✐❜✐❧✐❞❛❞❡ é ♦❜❥❡t✐✈❛❞❛✱ ❡♥tr❡t❛♥t♦✱

♥ã♦ é ♦ ♦❜❥❡t✐✈♦ ✐♥✐❝✐❛❧✱ ✈✐st♦ q✉❡ q✉❛❧q✉❡r ✧❛❧t❛ ♣r♦❞✉çã♦✧ ❢♦r♥❡❝❡ ✉♠❛ s♦❧✉çã♦ ❢❛❝tí✈❡❧✱ ♠❛s

q✉❡ ♥ã♦ s❡rá ❛ ót✐♠❛✳ P♦rt❛♥t♦✱ ❞✐r❡❝✐♦♥❛✲s❡ ❛ s♦❧✉çã♦ ❝♦rr❡♥t❡ ♣❛r❛ ✉♠❛ s♦❧✉çã♦ ✐♥❢❛❝tí✈❡❧✱

✐st♦ é✱ ✧❜❛✐①❛ ♣r♦❞✉çã♦✧✱ ❡♠ s❡❣✉✐❞❛✱ ♦ ♠ét♦❞♦ ❛✉♠❡♥t❛ ❛ ♣r♦❞✉çã♦ ❣r❛❞❛t✐✈❛♠❡♥t❡ ❛té q✉❡

s❡ t♦r♥❡ ❢❛❝tí✈❡❧✱ ❡ ❡♥tã♦ s❡❣✉❡ ❝♦♠ ♦ ❛❧❣♦r✐t♠♦✳

❖✉tr♦ ❞✐❢❡r❡♥❝✐❛❧ ✐♥❝❧✉í❞♦ ♥❛ ❡str❛té❣✐❛ ❞❡ ❣❡r❛çã♦ é ♦ ❢❛t♦ ❞♦ ❝á❧❝✉❧♦ ❞♦ ❧✐♠✐t❛♥t❡ ❞❡

✉♠❛ ✈❛r✐á✈❡❧ s❡r ❡❢❡t✉❛❞♦ ❧♦❣♦ ❛♣ós ❛ ♣❡rt✉r❜❛çã♦ ❞❛s ✈❛r✐á✈❡✐s✱ ♣♦✐s ❛♦ ❝♦♥trár✐♦ ❞❡ r❡t♦r♥❛r

♦ ✈❛❧♦r ❛♥t❡r✐♦r ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❞❡ ❞❡❝✐sã♦ ❛❧t❡r❛❞❛✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❞✐♠✐♥✉✐r ❛ ✈❛r✐❛çã♦

❞❡ s♦❧✉çõ❡s ❣❡r❛❞❛s✱ t♦r♥❛✲s❡ ♠❛✐s ❝♦❡r❡♥t❡ t❡♥t❛r ❛tr✐❜✉✐r ♦ ♠❡♥♦r ✈❛❧♦r ♣♦ssí✈❡❧ ♣❛r❛ q✉❡

❛ s♦❧✉çã♦ s❡❥❛ ❢❛❝tí✈❡❧✳

❆ s❡❣✉✐r sã♦ ❛♣r❡s❡♥t❛❞❛s ❛s ❡t❛♣❛s q✉❡ ❝♦♠♣õ❡♠ ❛ ♥♦✈❛ ❣❡r❛çã♦ ❞❡ s♦❧✉çõ❡s ✈✐③✐♥❤❛s✿

(i) ❊♥❝♦♥tr❛✲s❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s ❞❛s ✈❛r✐á✈❡✐s ❞❡ ❞❡❝✐sã♦ ♥ã♦ ♥✉❧❛s✳

(ii) ❆❧❡❛t♦r✐❛♠❡♥t❡✱ s❡❧❡❝✐♦♥❛✲s❡ ❞❡ 10% ❛ 30% ❞❡ss❡s í♥❞✐❝❡s ❢♦r♠❛♥❞♦ ♦ ❝♦♥❥✉♥t♦ I✱ ❡ ♥♦

♠á①✐♠♦ ✸ í♥❞✐❝❡s ❞❡♥tr❡ ♦s í♥❞✐❝❡s ❞❛s ✈❛r✐á✈❡✐s ♥✉❧❛s✱ ♦s q✉❛✐s ❝♦♠♣♦rã♦ ♦ ❝♦♥❥✉♥t♦

K✱ ❡♥tã♦ ❞❡✜♥❡✲s❡✱ ❛❧❡❛t♦r✐❛♠❡♥t❡ xj = 0 ♦✉ 1✱ ❝♦♠ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✵✳✺✱ ♣❛r❛ ❝❛❞❛

j ∈ J ✱ ♦♥❞❡ J = I ∪K❀

(iii) ❙❡ x′✱ r❡s✉❧t❛♥t❡✱ é ❢❛❝tí✈❡❧✱ ❞❡✜♥❡✲s❡ x = x′✱f(x) = f(x′) ❡ s❡❣✉❡✲s❡ ❝♦♠ ♦ ❙❆❀

(iv) ❈❛s♦ ❝♦♥trár✐♦✱ s❡❧❡❝✐♦♥❛✲s❡ x′

j t❛❧ q✉❡ x′

j = min
k∈J

{x′

k}✱ ❡ ❡♥tã♦✱ ❞❡t❡r♠✐♥❛✲s❡ LB′

j t❛❧

q✉❡ x′ s❡❥❛ ❢❛❝tí✈❡❧❀

• ❙❡ LB′

j > UBj✱ ❞❡✜♥❡✲s❡ x′

j = xj✱ ❡ t❡st❛✲s❡ ❛ ❢❛❝t✐❜✐❧✐❞❛❞❡ ♥♦✈❛♠❡♥t❡❀
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• ❈❛s♦ ❝♦♥trár✐♦✱ ❞❡✜♥❡✲s❡ x′

j = LB′

j ❡ x = x′✱ ❡♠ s❡❣✉✐❞❛✱ s❡❣✉❡✲s❡ ❝♦♠ ♦ ❙❆✳

◆♦ ✐♥í❝✐♦ ❞♦ tr❛❜❛❧❤♦ ❤♦✉✈❡r❛ ❛❧❣✉♠❛s ✐♥t❡rr♦❣❛çõ❡s s♦❜r❡ ❛ ♣❡rt✉r❜❛çã♦ ✉s❛❞❛ ♥♦

❛rt✐❣♦✱ ❜❛s✐❝❛♠❡♥t❡ s♦❜r❡ s✉❛ ❡✜❝✐ê♥❝✐❛ ❝♦♠ ♣r♦❜❧❡♠❛s ❞❡ ♣♦rt❡ ♠❛✐♦r✳ P♦rt❛♥t♦✱ t❡♥❞♦ ❡♠

♠ã♦s ♣r♦❜❧❡♠❛s ♠❛✐♦r❡s✱ ❢♦✐ ♣♦ssí✈❡❧ ❢❛③❡r t❡st❡s ♥♦s q✉❛✐s ❞❡t❡r♠✐♥❛♠♦s ❛❧❣✉♠❛s ❝❛r❛❝t❡✲

ríst✐❝❛s ❝♦♠♦ ♥ú♠❡r♦ ❞❡ ✈❛r✐á✈❡✐s ❛ s❡r❡♠ ♣❡rt✉r❜❛❞❛s✱ ❡ ❞❡ q✉❡ ♠♦❞♦ ❡ss❛ ♣❡rt✉r❜❛çã♦ s❡r✐❛

♠❛✐s ❡✜❝✐❡♥t❡✳ ❉❡ss❡ ♠♦❞♦✱ ❝♦♠♣♦♠♦s ♦ ❛❧❣♦r✐t♠♦ ❛♥t❡r✐♦r♠❡♥t❡ ❛♣r❡s❡♥t❛❞♦ ♦ q✉❛❧ s❡ ❞❡✉

❛tr❛✈és ❞❡ ❡s❝♦❧❤❛s ❡ss❡♥❝✐❛✐s✳



❈❛♣ít✉❧♦ ✹

❊①♣❡r✐♠❡♥t♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s

✹✳✶ ■♥tr♦❞✉çã♦

◆♦ss♦s ❡①♣❡r✐♠❡♥t♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❡stã♦ ❡♠❜❛s❛❞♦s ❡♠ ❡①❡♠♣❧❛r❡s ❣❡r❛❞♦s ❝♦♠

❝❛r❛❝t❡ríst✐❝❛s ❞✐❢❡r❡♥t❡s ❡♠ r❡❧❛çã♦ ❛ ❞❡♠❛♥❞❛ ❡ t❛♠❛♥❤♦ ❞❡ ✐t❡♥s✳ ❆♣ós ❛ ♦❜t❡♥çã♦ ❞❡ t❛✐s

❡①❡♠♣❧❛r❡s ♦❜té♠✲s❡ s♦❧✉çõ❡s ✐♥✐❝✐❛✐s✱ s♦❧✉çõ❡s ❢♦r♥❡❝✐❞❛s ♣❡❧♦s ♠ét♦❞♦s ❈❤❡♥ ❬✷❪ ❡ ♥♦✈♦✱ ❡

s♦❧✉çõ❡s ♦❜t✐❞❛s ♣❡❧♦ ♣❛❝♦t❡ ❝♦♠♣✉t❛❝✐♦♥❛❧✱ ❈P▲❊❳✳

✹✳✷ ❈❧❛ss❡s ❞❡ Pr♦❜❧❡♠❛s

❊♠ ✶✾✾✺✱ ❲äs❝❤❡r ❡ ●❛✉ ❬✻❪ ❝♦♥st❛t❛r❛♠ q✉❡ ❡♠ ❡st✉❞♦s ❞❡ ♣r♦❜❧❡♠❛s ❞❡ ❝♦rt❡ ❞❡

❡st♦q✉❡ ❤❛✈✐❛ ❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ ❞❡s❡♥✈♦❧✈❡r ❛❧❣♦ ♠❛✐s s✐st❡♠át✐❝♦✱ ❝♦♠ ❝❛♣❛❝✐❞❛❞❡ ❞❡ ❡①❡r❝❡r

❛ ✈❡r✐✜❝❛çã♦ ❞❡ ❛❧❣♦r✐t♠♦s ♠❡❧❤♦r❡s✱ ♥♦ q✉❡ s❡ r❡❢❡r❡ à s♦❧✉çõ❡s s✉♣❡r✐♦r❡s✱ s♦❜r❡ ♦✉tr♦s

❛❧❣♦r✐t♠♦s ❥á ♣✉❜❧✐❝❛❞♦s ♥❛ ❧✐t❡r❛t✉r❛✳ ❆ ♣❛rt✐r ❞✐ss♦✱ ♥❛ ✜♥❛❧✐❞❛❞❡ ❞❡ t♦r♥❛r r❡s✉❧t❛❞♦s

♠❛✐s s❛t✐s❢❛tór✐♦s✱ ❡❧❛❜♦r❛r❛♠ ✉♠❛ ♣r♦♣♦st❛ ♣❛r❛ ❞❡s❡♥✈♦❧✈❡r ♣r♦❜❧❡♠❛s✲t❡st❡s✱ ❛ ✜♠ ❞❡

❞✐s♣♦♥✐❜✐❧✐③❛r ✉♠❛ ✈❡r✐✜❝❛çã♦ ♠❛✐♦r ❡ ♠❡♥♦s t❡♥❞❡♥❝✐♦s❛✳ P❛r❛ t❛♥t♦✱ ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ❡♠

❬✻❪ ✉♠ ❣❡r❛❞♦r ❞❡ ♣r♦❜❧❡♠❛s ♣❛r❛ Pr♦❜❧❡♠❛s ❞❡ ❈♦rt❡ ❞❡ ❊st♦q✉❡✳

✷✽
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P❛r❛ ✜♥s ❝♦♠♣❛r❛t✐✈♦s✱ ✉s❛♠♦s ❛s ✶✽ ❝❧❛ss❡s ✉t✐❧✐③❛❞❛s ♣♦r ❙❛❧❧❡s✲◆❡t♦ ❬✶✺❪✱ ❛s

q✉❛✐s ❢♦r❛♠ ❣❡r❛❞❛s ✉s❛♥❞♦ ♦s ♠❡s♠♦s ♣❛râ♠❡tr♦s ❡ ❛ ♠❡s♠❛ s❡♠❡♥t❡✱ ✶✾✾✹✱ ❛❞♦t❛❞♦s ♥♦

❈❯❚●❊◆✶ ❬✻❪✱ ❡ ♣❛r❛ ❝❛❞❛ ❝❧❛ss❡ s❡❧❡❝✐♦♥❛♠♦s ✷✵ ❡①❡♠♣❧❛r❡s✳ ❉❡ ❢♦r♠❛ s✉❝✐♥t❛✱ ❞❡s❝r❡✈❡✲

r❡♠♦s ❛q✉✐ ♦ ♠♦❞♦ ❝♦♠♦ sã♦ ❣❡r❛❞♦s ❡ss❡s ❡①❡♠♣❧❛r❡s✳ ❆ s❡❣✉✐r✱ sã♦ ❞❛❞♦s ♦s ♣❛râ♠❡tr♦s✿

P❛râ♠❡tr♦s

m ◆ú♠❡r♦ ❞❡ ✐t❡♥s❀

W ❚❛♠❛♥❤♦ ❞❛ ❜♦❜✐♥❛ ♠❡str❡❀

v1 ▲✐♠✐t❡ ✐♥❢❡r✐♦r ❞♦s ❝♦♠♣r✐♠❡♥t♦s ❞♦s ✐t❡♥s❀

v2 ▲✐♠✐t❡ s✉♣❡r✐♦r ❞♦s ❝♦♠♣r✐♠❡♥t♦s ❞♦s ✐t❡♥s❀

d̄ ❉❡♠❛♥❞❛ ♠é❞✐❛ ♣♦r ✐t❡♠❀

s ❙❡♠❡♥t❡✳

❖s ✈❛❧♦r❡s ✜①❛❞♦s ♣❛r❛ ❝❛❞❛ ♣❛râ♠❡tr♦ ❡stã♦ ❞❡s❝r✐t♦s ♥❛ ❚❛❜❡❧❛ ✹✳✶

P❛râ♠❡tr♦s ❱❛❧♦r❡s

m ✶✵✱ ✷✵✱ ✹✵
W ✶✵✵✵
v1 ✵✳✵✶ ❡ ✵✳✵✷
v2 ✵✳✵✷ ❡ ✵✳✵✽
wi v1 ·W ≤ wi ≤ v2 ·W
d̄ ✶✵ ❡ ✶✵✵
s ✶✾✾✹

❚❛❜❡❧❛ ✹✳✶✿ ❱❛❧♦r❡s ❛ss✉♠✐❞♦s ♣❡❧♦ ❈❯❚●❊◆✶✳

❉❡ss❡ ♠♦❞♦✱ q✉❛♥❞♦ wi ∈ [0.01 ·W ; 0.02 ·W ] t❡♠✲s❡ ❝❧❛ss❡s ❝♦♠ ✐t❡♥s ♣❡q✉❡♥♦s ♣❛r❛

❝❛❞❛ ✈❛❧♦r ❞❡ m✱ ❡ t❛♠❜é♠✱ ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ❞❡ d̄✱ ❛ss✐♠✱ sã♦ ❢♦r♠❛❞❛s s❡✐s ❝❧❛ss❡s ❝♦♠ ✐t❡♥s

♣❡q✉❡♥♦s✳ ❆♥❛❧♦❣❛♠❡♥t❡✱ q✉❛♥❞♦ wi ∈ [0.01·W ; 0.08·W ] ❡✱ wi ∈ [0.02·W ; 0.08·W ]✱ ♦❜té♠✲s❡
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s❡✐s ❝❧❛ss❡s ❝♦♠ ✐t❡♥s ✈❛r✐❛❞♦s ❡ s❡✐s ❝❧❛ss❡s ❝♦♠ ✐t❡♥s ❣r❛♥❞❡s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❱❡❥❛♠♦s ♥❛

❚❛❜❡❧❛ ✹✳✷ ❛ ❝❧❛ss✐✜❝❛çã♦ ❞♦s ♣r♦❜❧❡♠❛s ❣❡r❛❞♦s✳

❈❧❛ss❡ v1 v2 m d̄

■t❡♥s ❞❡ t❛♠❛♥❤♦s ♣❡q✉❡♥♦s

✶ ✵✳✵✶ ✵✳✵✷ ✶✵ ✶✵
✷ ✵✳✵✶ ✵✳✵✷ ✶✵ ✶✵✵
✸ ✵✳✵✶ ✵✳✵✷ ✷✵ ✶✵
✹ ✵✳✵✶ ✵✳✵✷ ✷✵ ✶✵✵
✺ ✵✳✵✶ ✵✳✵✷ ✹✵ ✶✵
✻ ✵✳✵✶ ✵✳✵✷ ✹✵ ✶✵✵

■t❡♥s ❞❡ t❛♠❛♥❤♦s ✈❛r✐❛❞♦s

✼ ✵✳✵✶ ✵✳✵✽ ✶✵ ✶✵
✽ ✵✳✵✶ ✵✳✵✽ ✶✵ ✶✵✵
✾ ✵✳✵✶ ✵✳✵✽ ✷✵ ✶✵
✶✵ ✵✳✵✶ ✵✳✵✽ ✷✵ ✶✵✵
✶✶ ✵✳✵✶ ✵✳✵✽ ✹✵ ✶✵
✶✷ ✵✳✵✶ ✵✳✵✽ ✹✵ ✶✵✵

■t❡♥s ❞❡ t❛♠❛♥❤♦s ❣r❛♥❞❡s

✶✸ ✵✳✵✷ ✵✳✵✽ ✶✵ ✶✵
✶✹ ✵✳✵✷ ✵✳✵✽ ✶✵ ✶✵✵
✶✺ ✵✳✵✷ ✵✳✵✽ ✷✵ ✶✵
✶✻ ✵✳✵✷ ✵✳✵✽ ✷✵ ✶✵✵
✶✼ ✵✳✵✷ ✵✳✵✽ ✹✵ ✶✵
✶✽ ✵✳✵✷ ✵✳✵✽ ✹✵ ✶✵✵

❚❛❜❡❧❛ ✹✳✷✿ ❈❛r❛❝t❡ríst✐❝❛s ❞❛s ❝❧❛ss❡s ❣❡r❛❞❛s ♣❡❧♦ ❈❯❚●❊◆✶✳

✹✳✸ ❙❡❧❡çã♦ ❞❡ P❛râ♠❡tr♦s

❆♣ós ♦❜t❡r ❛s ❝❧❛ss❡s ❝♦♠ s❡✉s r❡s♣❡❝t✐✈♦s ❡①❡♠♣❧❛r❡s✱ ♦ ♣❛ss♦ s❡❣✉✐♥t❡ ❝♦♥s✐st❡ ❡♠

❣❡r❛r ❛s ♠❛tr✐③❡s ❝✉❥❛s ❝♦❧✉♥❛s r❡♣r❡s❡♥t❛♠ ♦ ♣❛❞rõ❡s ❞❡ ❝♦rt❡✳
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✹✳✸✳✶ ●❡r❛çã♦ ❞❡ ♣❛❞rõ❡s ❞❡ ❝♦rt❡

❈♦♠♦ ❥á ♠❡♥❝✐♦♥❛❞♦ ♥♦ ❈❛♣ít✉❧♦ ✷✱ s❛❜❡✲s❡ q✉❡ ❡♠ ❞❡t❡r♠✐♥❛❞♦s ♣r♦❜❧❡♠❛s é ♣♦ssí✈❡❧

❣❡r❛r ♠✐❧❤❛r❡s ❞❡ ♣❛❞rõ❡s ❞❡ ❝♦rt❡✱ ♦ q✉❡ ✐♠♣❧✐❝❛ ♥❛ ✐♥✈✐❛❜✐❧✐❞❛❞❡ ❞❡ r❡s♦❧✉çã♦ ❡①❛t❛ ❡♠

t❡♠♣♦ r❛③♦á✈❡❧✱ ♣♦rt❛♥t♦✱ ❡♠ ❛❧❣✉♠❛s ❝❧❛ss❡s✱ ❞❡✈✐❞♦ ❛♦ ❡♥♦r♠❡ ♥ú♠❡r♦ ❞❡ ♣❛❞rõ❡s ❞❡

❝♦rt❡✱ ❢♦r❛♠ ♥❡❝❡ssár✐♦ ✐♠♣♦r ✉♠ ❧✐♠✐t❡ ♣♦r t❡♠♣♦ ❞❡ tr✐♥t❛ ♠✐♥✉t♦s ♥❛ ❣❡r❛çã♦ ❞❡ ❝♦❧✉♥❛s✱

❡ ❛❧é♠ ❞✐ss♦✱ ♣❛r❛ q✉❡ s❡❥❛ ♣♦ssí✈❡❧ ♦ ✉s♦ ❞♦ s♦❧✈❡r ❈P▲❊❳✱ t❛♠❜é♠ é ❡❢❡t✉❛❞❛ ✉♠❛ s❡❧❡çã♦

❞♦s ♣❛❞rõ❡s ❢♦r♥❡❝✐❞♦s✱ ♣♦✐s ♦ s♦❧✈❡r ❛t✐♥❣❡ ♦ ❧✐♠✐t❡ ❞❡ ♠❡♠ór✐❛ ♠✉✐t♦ r❛♣✐❞❛♠❡♥t❡✳ ❆

s❡❣✉✐r✱ ❛♣r❡s❡♥t❛✲s❡ ♥❛ ❚❛❜❡❧❛ ✹✳✸ ❛ ♠é❞✐❛ ❞❡ ♥ú♠❡r♦ ❞❡ ♣❛❞rõ❡s ❞❡ ❝♦rt❡ ❣❡r❛❞♦s ❡♠ ❝❛❞❛

❝❧❛ss❡✳

❈❧❛ss❡
◆ú♠❡r♦ ❞❡ ❈♦❧✉♥❛s

▼❡♥♦r ▼é❞✐❛ ▼❛✐♦r

✶ ✫ ✷ ✻✵✻✻ ✷✸✹✸✹✳✽✺ ✺✺✹✽✶
✸ ✫ ✹ ✶✽✹✻✽ ✹✶✽✶✻✳✵✺ ✻✽✻✹✹
✺ ✫ ✻ ✷✸✶✸✺ ✹✸✼✻✸✳✸✺ ✺✹✾✷✵
✼ ✫ ✽ ✷✶ ✷✵✽✳✾ ✺✹✽
✾ ✫ ✶✵ ✼✽ ✺✹✺✵✳✸ ✷✾✷✻✼
✶✶ ✫ ✶✷ ✽✹✹✾ ✷✸✺✾✶✳✹✼ ✹✷✹✼✺
✶✸ ✫ ✶✹ ✶✷ ✸✹✳✷✺ ✻✺
✶✺ ✫ ✶✻ ✷✼ ✶✹✷✳✶✺ ✷✽✾
✶✼ ✫ ✶✽ ✹✵✵ ✾✻✻✳✻ ✷✵✼✵

❚❛❜❡❧❛ ✹✳✸✿ ▼é❞✐❛ ❡♥tr❡ ♦s ♣❛❞rõ❡s ❣❡r❛❞♦s ❡♠ ❝❛❞❛ ❝❧❛ss❡✳

✹✳✸✳✷ ❚❡♠♣❡r❛t✉r❛ ■♥✐❝✐❛❧

❍á ✈ár✐♦s ♠❡✐♦s ❞❡ s❡ ❡st✐♠❛r ❛ t❡♠♣❡r❛t✉r❛ T0✱ ♣♦r ❡①❡♠♣❧♦✱ r❡❞✉③✐r ❛ t❡♠♣❡r❛t✉r❛ ❛té

q✉❡ ♦ ♥ú♠❡r♦ ❞❡ s♦❧✉çõ❡s ❛❝❡✐t❛s ✭♣♦r ♣r♦❜❛❜✐❧✐❞❛❞❡✮ ❛t✐♥❥❛ 60%✱ ❡ ❡♥tã♦ ✉s❛✲s❡ ❛ t❡♠♣❡r❛t✉r❛

❝♦rr❡♥t❡ ❝♦♠♦ ❛ ✐♥✐❝✐❛❧✳ ❈♦♥t✉❞♦✱ ✈✐st♦ q✉❡ ❛ ♣r♦♣♦st❛ é ❛t❛❝❛r t♦❞❛s ❛s ❝❧❛ss❡s ❞❡ ♠♦❞♦

❣❡r❛❧✱ t♦r♥❛✲s❡ ♠❛✐s ✐♥❝✐s✐✈♦ ♦♣t❛r ♣♦r t❡st❛r ❡♠ ❝❛❞❛ ❝❧❛ss❡ três ♥í✈❡✐s ❞❡ t❡♠♣❡r❛t✉r❛ ❡

s❡❧❡❝✐♦♥❛r ❛ ♠❡❧❤♦r ❝♦♠❜✐♥❛çã♦ ❡♥tr❡ ❡❧❡s✳ P♦rt❛♥t♦✱ t♦♠❛♠♦s ✉♠ ♣r♦❜❧❡♠❛ ❡♠ ❝❛❞❛ ❝❧❛ss❡✱
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❡①❡❝✉t❛♠♦s ♦ ♠ét♦❞♦✱ ❡ ❛ss✐♠ ❛ ❚❛❜❡❧❛ ✹✳✹ ❢♦r♥❡❝❡ ♦s ❞❛❞♦s t❛✐s ❝♦♠♦ ✈❛❧♦r ♦❜❥❡t✐✈♦ ❡ t❡♠♣♦

❞❡ ❡①❡❝✉çã♦ ❞❛ s❡❧❡çã♦ ❞❡ T0✳ ❱✐st♦ q✉❡ ❛ ❣❡r❛çã♦ ❛♣r❡s❡♥t❛❞❛ ♣♦r ❈❤❡♥ ❬✷❪ é ❛♣❧✐❝❛❞❛ ❛

❛♣❡♥❛s ✉♠ ❡①❡♠♣❧❛r ❡ s❡✉s ♣❛râ♠❡tr♦s sã♦ s❡❧❡❝✐♦♥❛❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ♠❡s♠♦✱ ❛q✉✐ ♣❛r❛

❞✐❢❡r❡♥t❡s ❝❧❛ss❡s✱ ❛ s❡❧❡çã♦ s❡rá ❞❡t❡r♠✐♥❛❞❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ t❡st❡s ❞❛ ♠❡t♦❞♦❧♦❣✐❛ ♣ró♣r✐❛✱

✐st♦ s❡ ❞❡✈❡ ❛♦ ❢❛t♦ ❞❡ q✉❡ ❛❧❣✉♥s t❡st❡s ❢❡✐t♦s ❝♦♠ ❛ ♠❡t♦❞♦❧♦❣✐❛ ❞♦ ❛rt✐❣♦ ♥ã♦ ♦❜t✐✈❡r❛♠

q✉❛❧q✉❡r r❡s✉❧t❛❞♦ s✐❣♥✐✜❝❛t✐✈♦✳

❈❧❛ss❡
T0 = 8000 T0 = 4000 T0 = 2000

❱❛❧♦r ❖❜❥✳ ❚❡♠♣♦✭s✮ ❱❛❧♦r ❖❜❥✳ ❚❡♠♣♦✭s✮ ❱❛❧♦r ❖❜❥✳ ❚❡♠♣♦✭s✮

✶ ✶✵✹✶✾ ✹✹✽✳✾ ✶✵✷✷✵ ✹✹✸✳✼ ✾✷✷✶ ✹✺✵✳✻
✷ ✷✼✶✸✻ ✺✹✾✳✸ ✷✵✸✸✾ ✻✵✽✳✺ ✷✵✾✸✺ ✻✵✾✳✵
✸ ✶✵✼✾✾✻ ✶✵✶✹✳✼ ✽✸✵✹✺ ✶✵✼✾✳✽ ✼✽✸✽✵ ✶✸✻✽✳✹
✹ ✺✹✾✺✺✹ ✶✺✷✾✳✻ ✺✹✸✽✵✸ ✶✹✽✸✳✾ ✺✹✼✺✺✸ ✶✹✾✾✳✾
✺ ✸✸✾✻✸✸ ✻✸✻✵✳✸ ✸✷✺✸✽✺ ✽✹✹✼✳✶ ✸✶✵✽✽✷ ✽✹✾✼✳✾
✻ ✷✾✹✸✸✻✺ ✷✽✶✷✳✻ ✷✾✹✵✻✾✺ ✷✺✽✸✳✶ ✷✾✸✺✻✾✺ ✷✺✻✹✳✷
✼ ✺✵✺✵ ✵✳✷ ✸✵✺✶ ✵✳✷✷ ✸✵✺✵ ✵✳✷✶
✽ ✹✹✵✶ ✵✳✶✽ ✶✸✾✹ ✵✳✷✷ ✷✸✾✸ ✵✳✷
✾ ✼✵✵✾✸ ✷✻✶✳✺ ✼✵✹✾✸ ✷✽✹ ✼✵✹✾✼ ✸✵✻✳✾
✶✵ ✷✽✸✾✸✼ ✷✶✺ ✷✽✵✹✸✻ ✷✷✶✳✷ ✷✽✵✾✸✻ ✷✶✼✳✾
✶✶ ✹✹✷✵✷ ✷✻✹✳✽ ✹✷✷✵✶ ✷✽✻✳✻ ✸✽✶✾✽ ✸✵✺✳✸
✶✷ ✸✽✾✻✻✼ ✸✽✺✳✾ ✸✽✹✻✻✺ ✸✻✷✳✼✼ ✸✽✸✻✻✺ ✸✻✾✳✸✽
✶✸ ✺✽✺✺ ✵✳✶✸ ✸✵✺✸ ✵✳✶✸ ✶✽✺✸ ✵✳✶✸
✶✹ ✸✺✷✾ ✵✳✶ ✷✸✸✵ ✵✳✶✶ ✷✼✸✵ ✵✳✶✷
✶✺ ✶✾✶✷✼ ✵✳✼✷ ✶✽✶✷✻ ✵✳✼✸ ✶✻✾✷✽ ✵✳✼✻
✶✻ ✼✵✸✸ ✵✳✼✷ ✷✵✸✸ ✵✳✸✸ ✸✵✸✼ ✵✳✼✸
✶✼ ✷✽✷✺✷ ✼✳✹✾ ✷✼✷✹✼ ✽✳✷ ✷✺✷✹✼ ✽✳✾✸
✶✽ ✷✶✹✶✹✹ ✸✳✽✷ ✷✶✶✶✺✶ ✸✳✼✷ ✷✶✷✶✹✽ ✸✳✽✹

❚❛❜❡❧❛ ✹✳✹✿ ❙❡❧❡çã♦ ❞❡ ❚❡♠♣❡r❛t✉r❛ ■♥✐❝✐❛❧✳

P♦rt❛♥t♦✱ é ♣♦ssí✈❡❧ ♥♦t❛r q✉❡ ✉♠❛ t❡♠♣❡r❛t✉r❛ ❛❧t❛ ♣❡r♠✐t❡ ❛ ❛❝❡✐t❛çã♦ ❞❡ ♠✉✐t❛s

s♦❧✉çõ❡s q✉❡ ♥ã♦ sã♦ ❞❡ ♠❡❧❤♦r❛ ♦ q✉❡ t❛❧✈❡③ ❢❛ç❛ ❛ ❜✉s❝❛ s❡ ❞✐st❛♥❝✐❛r ❞❛ s♦❧✉çã♦ ót✐♠❛✱

❡ ❞❡ss❛ ❢♦r♠❛✱ t♦r♥❛✲s❡ ♠❡♥♦s ❡✜❝✐❡♥t❡✳ ❙❡♥❞♦ ❛ss✐♠✱ ♦♣t❛✲s❡ ♣♦r ✉♠❛ t❡♠♣❡r❛t✉r❛ ♠❡♥♦r✱

❡ ❞❡✈✐❞♦ ❛♦s r❡s✉❧t❛❞♦s ❞♦s t❡st❡s✱ ❛ t❡♠♣❡r❛t✉r❛ ✐♥✐❝✐❛❧ ❢♦✐ ❞❡✜♥✐❞❛ ❝♦♠♦ ❡♥tr❡ ❛s t❡♠♣❡✲

r❛t✉r❛ ✐♥✐❝✐❛✐s q✉❡ ❢♦r♥❡❝❡r❛♠ ♠❡❧❤♦r❡s r❡s✉❧t❛❞♦s✱ s❡♥❞♦ ❛ss✐♠✱ ❛ t❡♠♣❡r❛t✉r❛ ✐♥✐❝✐❛❧ ✜❝❛



✹✳✹✳ ❆♥á❧✐s❡ ❞❡ ❘❡s✉❧t❛❞♦s ✸✸

❞❡t❡r♠✐♥❛❞❛ ♣♦r T0 = 3000✳

✹✳✸✳✸ ◆ú♠❡r♦s ❞❡ ■t❡r❛çõ❡s ■♥t❡r♥❛s

❆ss✐♠ ❝♦♠♦ ♥❛ s❡❧❡çã♦ ❞❡ t❡♠♣❡r❛t✉r❛ ✐♥✐❝✐❛❧ ❛♣❧✐❝❛♠♦s s♦♠❡♥t❡ ❛ ♠❡t♦❞♦❧♦❣✐❛ ♣ró✲

♣r✐❛✱ ♣♦✐s ♥❛ ♠❡t♦❞♦❧♦❣✐❛ ❛♣r❡s❡♥t❛❞❛ ♣♦r ❈❤❡♥ ❬✷❪✱ ✜①❛♠♦s ♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ✐♥t❡r♥❛s

❝♦♠♦ L = 16 · n✱ ✐❣✉❛❧♠❡♥t❡ ❝♦♠♦ ❢♦✐ ❡s♣❡❝✐✜❝❛❞♦ ♣❡❧♦ ❛✉t♦r✳ ❆ s❡❧❡çã♦ ❛q✉✐ ❛♣r❡s❡♥t❛❞❛

✈✐s❛ ❡♥❝♦♥tr❛r ♦ ♣❛râ♠❡tr♦ q✉❡ s❡ ❡♥❝❛✐①❛ ♠❡❧❤♦r ❡♠ r❡❧❛çã♦ ❛♦ ✈❛❧♦r ♦❜❥❡t✐✈♦ ❡ t❡♠♣♦ ❞❡

♠áq✉✐♥❛✱ ♣♦rt❛♥t♦✱ t❡♥❞♦ ♦❜s❡r✈❛❞♦ q✉❡ ♦ ♣❛râ♠❡tr♦ t❡♠ r❡❧❛çã♦ ❞✐r❡t❛ ❝♦♠ ♦ ♥ú♠❡r♦ ❞❡

✈❛r✐á✈❡✐s✱ é s✉✜❝✐❡♥t❡ s❡❧❡❝✐♦♥❛r ✉♠ ❡①❡♠♣❧❛r q✉❡ ❝♦♥t❡♥❤❛ ✉♠ ♥ú♠❡r♦ ❡①♣r❡ss✐✈♦ ❞❡ ✈❛r✐á✲

✈❡✐s ❡ ❛ ♣❛rt✐r ❞❡st❡ ✈❡r✐✜❝❛r ♣♦r t❡st❡s q✉❛❧ ✈❛❧♦r ❞❡✈❡ s❡r ❛tr✐❜✉í❞♦ ❛♦ ♣❛râ♠❡tr♦ L✱ ❡✱ ♣❛r❛

❛ ♠❡t♦❞♦❧♦❣✐❛ ♣r♦♣♦st❛✱ ❛ ❚❛❜❡❧❛ ✹✳✺ r❡♣♦rt❛ ♦s ❞❛❞♦s ❞♦s t❡st❡s ❡❢❡t✉❛❞♦s ❡♠ ✉♠ ❡①❡♠♣❧❛r

❞❛ ❈❧❛ss❡ ✺✳

❱❛❧♦r L ❱❛❧♦r ❖❜❥❡t✐✈♦ ❚❡♠♣♦ ✭s✮

n = 52971 ✸✸✾✶✹✵ ✶✸✾✵✱✺
2 · n ✸✸✺✶✹✸ ✷✾✽✶✱✻
4 · n ✸✸✷✶✹✶ ✺✺✶✺✱✼
8 · n ✸✷✺✶✸✾ ✶✶✶✽✸
16 · n ✸✶✾✶✸✽ ✷✷✶✹✺

❚❛❜❡❧❛ ✹✳✺✿ ❙❡❧❡çã♦ ❞♦ ♥ú♠❡r♦ ❞❡ ✐t❡r❛çõ❡s ✐♥t❡r♥❛s✳

❋❛❝✐❧♠❡♥t❡ ♦❜s❡r✈❛✲s❡ q✉❡ ♣❛r❛ ❝❛❞❛ ✈❛❧♦r ♠❛✐♦r ❞❡ ♥ú♠❡r♦s ❞❡ ✐t❡r❛çõ❡s ✐♥t❡r♥❛s é

♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r s♦❧✉çõ❡s ♠❡❧❤♦r❡s✳ ❈♦♥t✉❞♦✱ ♦❜❥❡t✐✈❛✲s❡ t❛♠❜é♠ ♣♦r t❡♠♣♦ r❛③♦á✈❡❧ ❞❡

r❡s♦❧✉çõ❡s ❡ ♣♦rt❛♥t♦ t❡♠✲s❡ ❝♦♠♦ r❛③♦á✈❡❧ ♦ ✈❛❧♦r ✜①❛❞♦ ❡♠ L = 4 · n

✹✳✹ ❆♥á❧✐s❡ ❞❡ ❘❡s✉❧t❛❞♦s

❆ ❛♥á❧✐s❡ ❞❡ r❡s✉❧t❛❞♦s ❡stá ❞✐✈✐❞✐❞❛ ♥❛ ❝♦♠♣❛r❛çã♦ ❡♥tr❡ ❛s ♠❡t♦❞♦❧♦❣✐❛s ♣❡sq✉✐s❛❞❛s✱

❡ ❡♠ ♣r✐♥❝í♣✐♦ ❛♥❛❧✐s❛✲s❡ r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❡❧♦ ❛❧❣♦r✐t♠♦ ❞♦ ❛rt✐❣♦ ❡st✉❞❛❞♦ ❡ ♦ ❛❧❣♦r✐t♠♦



✹✳✹✳ ❆♥á❧✐s❡ ❞❡ ❘❡s✉❧t❛❞♦s ✸✹

❛♣r❡s❡♥t❛❞♦ ♥❡ss❡ tr❛❜❛❧❤♦✱ ♥❛ s❡q✉ê♥❝✐❛✱ ❝♦♠♣❛r❛✲s❡ r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❡❧❛ ♠❡t♦❞♦❧♦❣✐❛

♣ró♣r✐❛ ❝♦♠ r❡s✉❧t❛❞♦s ❢♦r♥❡❝✐❞♦s ♣❡❧♦ s♦❧✈❡r ❝♦♠❡r❝✐❛❧ ❈P▲❊❳✳

❉❡ ❛❝♦r❞♦ ❝♦♠ ❛ ❢♦r♠✉❧❛çã♦ ♠❛t❡♠át✐❝❛ ❞♦ ♣r♦❜❧❡♠❛ ❛q✉✐ ♣r♦♣♦st❛✱ ❡♠ ❝❛❞❛ ♣r♦✲

❜❧❡♠❛ s❡rá ❝♦♥s✐❞❡r❛❞♦ ♦s ❝✉st♦s C1 ❡ C2✱ ❡ ✉♠❛ ♣❡♥❛❧✐❞❛❞❡M = 1000 ♣♦r ✉♥✐❞❛❞❡ ❡①❝❡❞❡♥t❡✳

❆♣ós ❛ ✐♠♣❧❡♠❡♥t❛çã♦ ❡ ❡①❡❝✉çã♦ ❞♦s ❛❧❣♦r✐t♠♦s é ♣♦ssí✈❡❧ ❡①tr❛✐r ❞❛s s♦❧✉çõ❡s ❡♥❝♦♥tr❛❞❛s

✐♥❢♦r♠❛çõ❡s t❛✐s ❝♦♠♦ ♥ú♠❡r♦s ❞❡ ✐t❡♥s ❡①❝❡❞❡♥t❡s✱ s❡t✉♣✱ ✐t❡♥s ♣r♦❝❡ss❛❞♦s✱ ❡ ❞❡s♣❡r❞í✲

❝✐♦ ♣r♦✈❡♥✐❡♥t❡s ❞♦ ♣❛❞rõ❡s s❡❧❡❝✐♦♥❛❞♦s✱ ❡ ♣♦rt❛♥t♦✱ ♦s ❞❛❞♦s ❡①tr❛í❞♦s t❡rã♦ s✉❛s ♠é❞✐❛s

r❡❧❛t❛❞❛s ❡♠ t❛❜❡❧❛s✳

◆❛s t❛❜❡❧❛s ❛♣r❡s❡♥t❛❞❛s ♥❛s ❛♥á❧✐s❡s ❛ s❡❣✉✐r ❡st❛rá ✐♥❝❧✉í❞❛ ✉♠❛ t❡r♥❛ ❞❡♥♦t❛❞❛

♣♦r (m, t, d) ❡♠ q✉❡ m r❡♣r❡s❡♥t❛ ♦ ♥ú♠❡r♦ ❞❡ ✐t❡♥s✱ t ❞❡♥♦t❛ ❛ ✈❛r✐❛çã♦ ❞♦s t❛♠❛♥❤♦s ❞♦s

✐t❡♥s ❡ d ❛ ❞❡♠❛♥❞❛✳ ❱❡❥❛♠♦s✱ r❛♣✐❞❛♠❡♥t❡✱ ❛ ❞❡s❝r✐çã♦ ❛q✉✐ ❞❡✜♥✐❞❛ ❞❛❞❛ ♥❛ ❚❛❜❡❧❛ ✹✳✻✳

◆ú♠❡r♦ ❞❡ ■t❡♥s (m) ❚❛♠❛♥❤♦ (t) ❉❡♠❛♥❞❛ (d)

✶✵ P ✲ P❡q✉❡♥♦ ❇ ✲ ❇❛✐①❛
✷✵ ❱ ✲ ❱❛r✐❛❞♦s ❆ ✲ ❆❧t❛
✹✵ ● ✲ ●r❛♥❞❡ ✲

❚❛❜❡❧❛ ✹✳✻✿ ◆♦t❛çã♦ ❞❡♥♦♠✐♥❛❞❛ ♣❛r❛ ❝❛❞❛ ❝❧❛ss❡✳

❚♦❞♦s ♦s ❛❧❣♦r✐t♠♦s ❢♦r❛♠ ✐♠♣❧❡♠❡♥t❛❞♦s ❡ ❡①❡❝✉t❛❞♦s ♥❛ ❧✐♥❣✉❛❣❡♠ ❞♦ ♣r♦❣r❛♠❛

▼❛t▲❛❜ ✭▼❆❚▲❆❇ ❘✷✵✶✵❜ ✻✹✲❜✐t✮✱ ❛❧é♠ ❞✐ss♦✱ ♦ ♣❛❝♦t❡ ❝♦♠❡r❝✐❛❧ ❈P▲❊❳ ✭✻✹✲❜✐t✮ ❢♦✐ ✉s❛❞♦

❝♦♠♦ ❡①t❡♥sã♦ ♥♦ ▼❛t▲❛❜✳ ❖s ♣r♦❣r❛♠❛s ❢♦r❛♠ r♦❞❛❞♦s ❡♠ ❞♦✐s ♠✐❝r♦❝♦♠♣✉t❛❞♦r❡s✱ s❡♥❞♦

q✉❡ ♦ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ ❢♦✐ t♦t❛❧♠❡♥t❡ ❡①❡❝✉t❛❞♦ ♥♦ ♠✐❝r♦❝♦♠♣✉t❛❞♦r ■♥t❡❧ ❈♦r❡ ✷ ✭✷✳✸✸

●❍③✮✱ ✹ ●❇ ✭❘❆▼✮ ❡ s✐st❡♠❛ ♦♣❡r❛❝✐♦♥❛❧ ❲✐♥❞♦✇s ✼ ✭✻✹ ❇✐ts✮✱ ♥♦ ❡♥t❛♥t♦✱ ❞❡✈✐❞♦ ❛ ✉♠

♣r♦❜❧❡♠❛ ❞❡ ✐♥❝♦♠♣❛t✐❜✐❧✐❞❛❞❡ ♦❝♦rr✐❞♦ ❡♥tr❡ ♦ ▼❛t▲❛❜ ❡ ♦ s♦❧✈❡r✱ ❛ ❛❧t❡r♥❛t✐✈❛ ❢♦✐ ❡①❡❝✉t❛r

♦ ❈P▲❊❳ ♥♦ ♠✐❝r♦❝♦♠♣✉t❛❞♦r ❝♦♠ ♣r♦❝❡ss❛❞♦r ■♥t❡❧ ❈♦r❡ ✷ ❉✉♦ ✭✶✳✻✻ ●❍③✮✱ ✷ ●❇ ✭❘❆▼✮

❡ s✐st❡♠❛ ♦♣❡r❛❝✐♦♥❛❧ ❲✐♥❞♦✇s ✼ ✭✻✹ ❇✐ts✮✳



✹✳✹✳ ❆♥á❧✐s❡ ❞❡ ❘❡s✉❧t❛❞♦s ✸✺

✹✳✹✳✶ ❈♦♠♣❛r❛çã♦ ❞❡ ❙♦❧✉çõ❡s ●❡r❛❞❛s ♣❛r❛ ♦ ❙❆ ✿ ◆♦✈❛ ✈s ❆rt✐❣♦

❈♦♥s✐❞❡r❛♥❞♦ C1 = C2 = 1✱ ❛ ❡①❡❝✉çã♦ ♥♦s ✈✐♥t❡ ❡①❡♠♣❧❛r❡s ❡♠ ❝❛❞❛ ❝❧❛ss❡ ❢♦r♥❡❝❡ ❛s

❚❛❜❡❧❛s ✹✳✼✱ ✹✳✽✱ ❡ ✹✳✾ q✉❡ r❡♣r❡s❡♥t❛♠ ❛s ❝❧❛ss❡s ❞❡ ✐t❡♥s ❞❡ t❛♠❛♥❤♦s ♣❡q✉❡♥♦s✱ ✐t❡♥s ❞❡

t❛♠❛♥❤♦s ✈❛r✐❛❞♦s ❡ ✐t❡♥s ❞❡ t❛♠❛♥❤♦s ❣r❛♥❞❡s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ q✉❡ ♣♦r s✉❛ ✈❡③ ❛♣r❡s❡♥t❛♠

❛s ♠é❞✐❛s ❞♦ ♥ú♠❡r♦ ❞❡ s❡t✉♣✱ ♦❜❥❡t♦s ♣r♦❝❡ss❛❞♦s✱ ✐t❡♥s ❡①❝❡❞❡♥t❡s à ♣r♦❞✉çã♦ ❡ ❞❡s♣❡r❞í❝✐♦s

♣r♦✈❡♥✐❡♥t❡s ❡♠ ❝❛❞❛ ♣❛❞rã♦ ❞❡ ❝♦rt❡ s❡❧❡❝✐♦♥❛❞♦✱ ♥♦ ❡♥t❛♥t♦✱ ❡ss❡ ú❧t✐♠♦ ♥ã♦ é ❝♦♥s✐❞❡r❛❞♦

♥❛ ❢♦r♠✉❧❛çã♦ ❞❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦ ❡ ♣♦rt❛♥t♦ ♥ã♦ ❞❡✈❡ s❡r ❛✈❛❧✐❛❞♦ ❞❡ ♠♦❞♦ ❝♦♠♣❛r❛t✐✈♦✱

♠❛s ❝♦♠♦ ✐♥❢♦r♠❛çã♦ ❛❞✐❝✐♦♥❛❧✳ ❈♦♥t✉❞♦✱ ♠❛✐s ❛❞✐❛♥t❡ ❛♣r❡s❡♥t❛r❡♠♦s ✉♠❛ t❛❜❡❧❛ ♦♥❞❡ sã♦

❝♦♥s✐❞❡r❛❞♦s ♦s ❝✉st♦s t♦t❛✐s ❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ♦s ❞❡s♣❡r❞í❝✐♦s ♣♦r ❡①❝❡ss♦ ❞❡ ♣r♦❞✉çã♦ ❡ ♦s

♦❜t✐❞♦s ❛♦ ✜♥❛❧ ❞❡ ❝❛❞❛ ♣❛❞rã♦ ❞❡ ❝♦rt❡✳

❖❜s❡r✈❛♥❞♦ ♦s ❞❛❞♦s r❡❧❛t❛❞♦s ♥❛ ❚❛❜❡❧❛ ✹✳✼ é ♣♦ssí✈❡❧ ♥♦t❛r ❛ s✉♣❡r✐♦r✐❞❛❞❡ ❞♦s

r❡s✉❧t❛❞♦s ❞❛ ♥♦✈❛ ❣❡r❛çã♦ ❞❡ s♦❧✉çõ❡s✳ ■st♦ s❡ ❞❡✈❡ ❛♦ ❢❛t♦ ❞❡ q✉❡✱ ❡♠ ♠✉✐t♦s ❡①❡♠♣❧❛r❡s✱

❛ ❣❡r❛çã♦ ❞❡ s♦❧✉çõ❡s ♣✉❜❧✐❝❛❞❛ ♥♦ ❛rt✐❣♦ s❡r ✐♥❝❛♣❛③ ❞❡ ❣❡r❛r ✉♠❛ s♦❧✉çã♦ ♠❡❧❤♦r ❞♦ q✉❡ ❛

❞❛❞❛ ❝♦♠♦ s♦❧✉çã♦ ✐♥✐❝✐❛❧✳ P❛r❛ ❛s ❈❧❛ss❡s ✷✱ ✹ ❡ ✻✱ ✈ê✲s❡ q✉❡ ❛ ♠é❞✐❛ ❞♦ ♥ú♠❡r♦ ❞❡ s❡t✉♣ é

♠❛✐♦r ♥❛s s♦❧✉çõ❡s ❣❡r❛❞❛s ♣❡❧❛ ♥♦✈❛ ♣r♦♣♦st❛✱ ❡♥tr❡t❛♥t♦✱ ♦ ♥ú♠❡r♦ ❞❡ ♦❜❥❡t♦s ♣r♦❝❡ss❛❞♦s

❡ ♦ ❡①❝❡ss♦ ❞❡ ♣r♦❞✉çã♦ sã♦ ♠❡♥♦r❡s ❡♠ t♦❞❛s ❛s ❈❧❛ss❡s ✭✶ ❛té ✻✮✳

❈❧❛ss✐✜❝❛çã♦ ❙❡t✉♣ ❖❜❥✳ Pr♦❝❡ss❛❞♦s ❊①❝❡ss♦ ❞❡ ♣r♦❞✉çã♦ ❉❡s♣❡r❞í❝✐♦

(m, t, d) ✭◆♦✈❛✮ ❆rt✐❣♦ ✭◆♦✈❛✮ ❆rt✐❣♦ ✭◆♦✈❛✮ ❆rt✐❣♦ ✭◆♦✈❛✮ ❆rt✐❣♦

✶ ✭✶✵✱ P✱ ❇✮ ✼✳✷ ✾✳✽✺ ✶✶✳✹ ✶✺✳✾✺ ✺✳✻ ✽✵✳✷ ✺ ✵✳✷

✷ ✭✶✵✱ P✱ ❆✮ ✶✷✳✷ ✾✳✽ ✶✵✽✳✽ ✶✶✷✳✻✺ ✻✳✺ ✻✺✳✷ ✸✶✳✹✺ ✵✳✶✺

✸ ✭✷✵✱ P✱ ❇✮ ✶✹✳✹✺ ✶✼✳✻ ✸✹✳✺ ✹✶✳✻✺ ✻✼✳✼ ✶✹✾✳✹ ✻✳✹✺ ✵

✹ ✭✷✵✱ P✱ ❆✮ ✶✾✳✷ ✶✼✳✻✺ ✸✷✺✳✹ ✸✸✶✳✷✺ ✺✷✽✳✾✺ ✺✽✾✳✵✺ ✸✳✹✺ ✵

✺ ✭✹✵✱ P✱ ❇✮ ✸✵✳✹✺ ✸✸✳✶✺ ✶✷✷✳✶✺ ✶✸✷✳✹✺ ✹✷✼✳✶ ✺✵✽✳✼ ✶✹✳✹✺ ✾✳✻

✻ ✭✹✵✱ P✱ ❆✮ ✸✹✳✶ ✸✸✳✻ ✶✶✾✺✳✺ ✶✷✵✹✳✾ ✹✵✻✺✳✸ ✹✶✸✻✳✺ ✶✶✳✻ ✶✵✳✷

❚❛❜❡❧❛ ✹✳✼✿ ❘❡s✉❧t❛❞♦s ❝♦♠ ❊str❛té❣✐❛s✿ Pr♦♣♦st❛ ❡ ❆rt✐❣♦ ✲ C1 = C2 = 1 ✭❈❧❛ss❡s✿ ✶✲✻✮✳

P❛r❛ ❛s ❝❧❛ss❡s ❝♦♠ ✐t❡♥s ❞❡ t❛♠❛♥❤♦s ✈❛r✐❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❛ ❚❛❜❡❧❛ ✹✳✽✱ ❝♦♥st❛t❛✲

s❡✱ ♥♦✈❛♠❡♥t❡✱ q✉❡ ♣❛r❛ ❛❧❣✉♠❛s ❝❧❛ss❡s✱ ❡s♣❡❝✐✜❝❛♠❡♥t❡ ❈❧❛ss❡s ✽ ❡ ✶✵✱ ♦ ♥ú♠❡r♦ ♠é❞✐♦ ❞❡



✹✳✹✳ ❆♥á❧✐s❡ ❞❡ ❘❡s✉❧t❛❞♦s ✸✻

s❡t✉♣ é ♠❡♥♦r ♥❛s s♦❧✉çõ❡s ❡♥❝♦♥tr❛❞❛s ♣❡❧❛ ❡str❛té❣✐❛ ❞❡ ❣❡r❛çã♦ ❞♦ ❛rt✐❣♦✱ ❝♦♥t✉❞♦✱ ❛s

♠é❞✐❛s ❞❡ ♥ú♠❡r♦ ❞❡ ♦❜❥❡t♦s ♣r♦❝❡ss❛❞♦s ❡ ❞❡ ❡①❝❡ss♦ ❞❡ ♣r♦❞✉çã♦ sã♦ ♠❛✐♦r❡s ♥❛s ❈❧❛ss❡s ✼

❛té ✶✷✱ ♦✉ s❡❥❛✱ é ♣♦ssí✈❡❧ ❛✜r♠❛r q✉❡ s❡t✉♣ ❡ ♥ú♠❡r♦ ♦❜❥❡t♦s ♣r♦❝❡ss❛❞♦s sã♦ ✐♥✈❡rs❛♠❡♥t❡

♣r♦♣♦r❝✐♦♥❛✐s✳

❈❧❛ss✐✜❝❛çã♦ ❙❡t✉♣ ❖❜❥✳ Pr♦❝❡ss❛❞♦s ❊①❝❡ss♦ ❞❡ ♣r♦❞✉çã♦ ❉❡s♣❡r❞í❝✐♦

(m, t, d) ✭◆♦✈❛✮ ❆rt✐❣♦ ✭◆♦✈❛✮ ❆rt✐❣♦ ✭◆♦✈❛✮ ❆rt✐❣♦ ✭◆♦✈❛✮ ❆rt✐❣♦

✼ ✭✶✵✱❱✱❇✮ ✼✳✾✺ ✽✳✶ ✹✼✳✹ ✹✽✳✷✺ ✺✶ ✺✺✳✶ ✷✹✹✳✺✺ ✷✵✻✳✽✺

✽ ✭✶✵✱❱✱❆✮ ✾ ✽✳✷ ✹✼✶✳✶ ✹✼✷ ✺✵✹✳✼ ✺✵✾✳✹ ✷✹✻✳✹✺ ✷✵✾✳✹

✾ ✭✷✵✱❱✱❇✮ ✶✺✳✼ ✶✻✳✹ ✾✾✳✸✺ ✶✵✶✳✺ ✻✹✳✽✺ ✼✵✳✾ ✹✶✽✳✺✺ ✹✷✺✳✻

✶✵ ✭✷✵✱❱✱❆✮ ✶✻✳✼ ✶✻✳✻✺ ✾✽✽✳✼ ✾✾✶✳✶✺ ✻✸✺✳✺✺ ✻✹✷✳✺✺ ✹✸✶✳✼ ✹✸✵✳✸✺

✶✶ ✭✹✵✱❱✱❇✮ ✷✽✳✸✺ ✸✵✳✷✺ ✶✽✶✳✻ ✶✽✺✳✼✺ ✶✺✷✳✷ ✶✻✺✳✼ ✶✻✼✳✹✺ ✶✼✺✳✸✺

✶✷ ✭✹✵✱❱✱❆✮ ✸✵✳✾ ✸✶✳✸ ✶✼✼✼✳✶ ✶✼✽✶✳✻ ✶✸✶✶✳✾ ✶✸✷✻✳✼ ✶✽✽✳✹ ✶✾✵✳✸

❚❛❜❡❧❛ ✹✳✽✿ ❘❡s✉❧t❛❞♦s ❝♦♠ ❣❡r❛çã♦ ❞❡ s♦❧✉çõ❡s✿ ♣r♦♣♦st❛ ❡ ❛rt✐❣♦ ✲ ✭❈❧❛ss❡s✿ ✼✲✶✷✮✳

◆♦✈❛♠❡♥t❡✱ ♥❛ ❚❛❜❡❧❛ ✹✳✾ ❛s ♠é❞✐❛s ❞❡ ♥ú♠❡r♦ ❞❡ s❡t✉♣ ♥❛s ❈❧❛ss❡s ✶✸✱ ✶✹ ❡ ✶✽

t❛♠❜é♠ sã♦ ♠❡♥♦r❡s ♥❛s s♦❧✉çõ❡s ❡♥❝♦♥tr❛❞❛s ♣❡❧❛ ❣❡r❛çã♦ ❡s♣❡❝✐✜❝❛❞❛ ♥♦ ❛rt✐❣♦✱ ♥♦ ❡♥t❛♥t♦✱

❛ss✐♠ ❝♦♠♦ ♥❛s t❛❜❡❧❛s ❥á ♠❡♥❝✐♦♥❛❞❛s✱ ❛ ❣❡r❛çã♦ ❞❡ s♦❧✉çõ❡s ♣r♦♣♦st❛ ♥❡ss❡ tr❛❜❛❧❤♦ ❣❡r❛

s♦❧✉çõ❡s ❝♦♠ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ♦❜❥❡t♦s ♣r♦❝❡ss❛❞♦s ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ❝♦♠ ♠❡♥♦r ♥ú♠❡r♦

❞❡ ❡①❝❡ss♦ ❞❡ ♣r♦❞✉çã♦✳

❈❧❛ss✐✜❝❛çã♦ ❙❡t✉♣ ❖❜❥✳ Pr♦❝❡ss❛❞♦s ❊①❝❡ss♦ ❞❡ ♣r♦❞✉çã♦ ❉❡s♣❡r❞í❝✐♦

(m, t, d) ✭◆♦✈❛✮ ❆rt✐❣♦ ✭◆♦✈❛✮ ❆rt✐❣♦ ✭◆♦✈❛✮ ❆rt✐❣♦ ✭◆♦✈❛✮ ❆rt✐❣♦

✶✸ ✭✶✵✱●✱❇✮ ✾✳✷ ✾ ✻✷✳✷ ✻✷✳✽ ✷✵✳✽ ✷✸✳✵✺ ✽✶✷✳✾ ✼✻✹✳✽✺

✶✹ ✭✶✵✱●✱❆✮ ✾✳✹✺ ✾ ✻✷✵✳✸✺ ✻✷✵✳✽ ✷✵✼✳✹✺ ✷✵✽✳✾ ✽✶✹✳✺✺ ✼✻✹✳✽

✶✺ ✭✷✵✱●✱❇✮ ✶✼✳✶ ✶✼✳✻ ✶✷✺✳✺ ✶✷✺✳✽ ✸✾✳✼ ✹✶✳✸ ✶✶✸✷✳✺ ✶✷✶✺✳✶

✶✻ ✭✷✵✱●✱❆✮ ✶✽✳✶ ✶✽✳✷ ✶✷✹✽✳✸ ✶✷✹✽✳✻ ✸✽✽✳✷ ✸✽✾✳✶ ✶✶✺✹✳✸ ✶✷✹✺

✶✼ ✭✹✵✱●✱❇✮ ✸✹✳✹ ✸✺✳✹ ✷✶✻✳✹ ✷✶✼✳✷ ✸✶✳✸ ✸✸✳✹ ✶✺✶✾✳✻ ✶✻✸✵✳✽

✶✽ ✭✹✵✱●✱❆✮ ✸✼✳✶ ✸✻ ✷✶✾✶✳✺ ✷✶✾✷✳✼ ✸✻✷✳✶ ✸✻✺✳✹ ✶✻✺✺✳✼ ✶✻✷✼✳✹

❚❛❜❡❧❛ ✹✳✾✿ ❘❡s✉❧t❛❞♦s ❝♦♠ ❣❡r❛çã♦ ❞❡ s♦❧✉çõ❡s✿ ♣r♦♣♦st❛ ❡ ❛rt✐❣♦ ✲ ✭❈❧❛ss❡s✿ ✶✸✲✶✽✮✳

➱ ✐♠♣♦rt❛♥t❡ r❡ss❛❧t❛r q✉❡ ❡♠ ✐♥ú♠❡r♦s ❡①❡♠♣❧❛r❡s ❞❡ ❝❛❞❛ ✉♠❛ ❞❛s ❝❧❛ss❡s ❛❜♦r✲

❞❛❞❛s ❛s s♦❧✉çõ❡s ❣❡r❛❞❛s ♣❡❧❛ ❡str❛té❣✐❛ ❡s♣❡❝✐✜❝❛❞❛ ♥♦ ❛rt✐❣♦ ♥ã♦ s✉♣❡r❛♠ ❛s s♦❧✉çõ❡s



✹✳✹✳ ❆♥á❧✐s❡ ❞❡ ❘❡s✉❧t❛❞♦s ✸✼

✐♥✐❝✐❛✐s✱ ❡ ❞❡✈✐❞♦ ❛ ❡ss❡ ❢❛t♦ ♥♦t❛✲s❡ q✉❡ ♦ ♥ú♠❡r♦ ♠é❞✐♦ ❞❡ s❡t✉♣ ♣♦❞❡ s❡r ♠❡♥♦r ❡♠ ❛❧❣✉✲

♠❛s ❝❧❛ss❡s✱ ✉♠❛ ✈❡③ q✉❡ ❛ s♦❧✉çã♦ ✐♥✐❝✐❛❧ é ❢♦r♥❡❝✐❞❛ ♣❡❧❛ r❡s♦❧✉çã♦ ❞♦ ♣r♦❜❧❡♠❛ r❡❧❛①❛❞♦

s❡♠ ❛s r❡str✐çõ❡s ❞❡ s❡t✉♣✳

✹✳✹✳✷ ❈♦♠♣❛r❛çã♦ ❡♥tr❡ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ ❡ ❈P▲❊❳

◆❡ss❡ ♠♦♠❡♥t♦✱ ❜✉s❝❛♠♦s ✉♠❛ ❝♦♠♣❛r❛çã♦ ❝♦♠ ♦ s♦❧✈❡r ❝♦♠❡r❝✐❛❧✱ ❈P▲❊❳✱ ❞❡ ♠♦❞♦

q✉❡ s❡❥❛ ❢❡✐t❛ ✉♠❛ ❛✈❛❧✐❛çã♦ ❞❛ q✉❛❧✐❞❛❞❡ ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❡❧❛ ❤❡✉ríst✐❝❛ ❝♦♠♣♦st❛ ❝♦♠

❛ ♥♦✈❛ ♣r♦♣♦st❛ ❞❡ ❣❡r❛çã♦ ❞❡ s♦❧✉çõ❡s✳ ❘❡ss❛❧t❛✲s❡ q✉❡ ❛♣❡s❛r ❞❛ ♥❡❝❡ss✐❞❛❞❡ ❞❡ s❡ ❧✐♠✐t❛r

♦ ♥ú♠❡r♦ ❞❡ ❝♦❧✉♥❛s ❡♠ ✈ár✐❛s ❝❧❛ss❡s ♣❛r❛ q✉❡ ♦ s♦❧✈❡r ❈P▲❊❳ ❝♦♥s✐❣❛ ♥♦s ❢♦r♥❡❝❡r ✉♠❛

s♦❧✉çã♦ ót✐♠❛ ✐♥t❡✐r❛✱ ❡st❡ ❛✐♥❞❛ s❡ ♠♦str❛ s✉♣❡r✐♦r ♥❛ ♠❛✐♦r✐❛ ❞♦s ❡①❡♠♣❧❛r❡s✳ ❉❡♣❡♥❞❡♥❞♦

❞❛ ❝❧❛ss❡✱ ♦ ❈P▲❊❳ r❡♣♦rt❛ ✉♠❛ s♦❧✉çã♦ ❡①❛t❛ q✉❡ ♠✉✐t❛s ✈❡③❡s é ✉♠❛ s♦❧✉çã♦ ❛❝❡✐t❛ ♣♦r

t♦❧❡râ♥❝✐❛ ✭ ✐✳ ❡✳✱ ♦ ❈P▲❊❳ ♣❛r❛ q✉❛♥❞♦ ❤á ✉♠❛ ❞✐❢❡r❡♥ç❛ ♠í♥✐♠❛ ❡♥tr❡ ❛ s♦❧✉çã♦ ❛t✉❛❧ ❡

❛ ♣♦ssí✈❡❧ s♦❧✉çã♦ ót✐♠❛✱ ❡ ❡♥tã♦ r❡♣♦rt❛ ❛ ❛t✉❛❧ ❝♦♠♦ s♦❧✉çã♦ ót✐♠❛✮✱ ❡ ❡♠ ♠✉✐t❛s ❝❧❛ss❡s

♦ ♣r♦❣r❛♠❛ é ♣❛r❛❞♦ ♣♦r ❢❛❧t❛ ❞❡ ♠❡♠ór✐❛✱ ♥❡ss❡ ❝❛s♦ ♦ ✉s✉ár✐♦ ✐♥t❡rr♦♠♣❡ ❡ ❛r♠❛③❡♥❛ ❛

s♦❧✉çã♦ ❡♥❝♦♥tr❛❞❛ ❛té ♦ ✐♥st❛♥t❡✳ ❆s ❚❛❜❡❧❛s ✹✳✶✵✱ ✹✳✶✶ ❡ ✹✳✶✷ ❛♣r❡s❡♥t❛♠ ❛s ♠é❞✐❛s ❞♦

♥ú♠❡r♦ ❞❡ s❡t✉♣✱ ♥ú♠❡r♦ ❞❡ ♦❜❥❡t♦s ♣r♦❝❡ss❛❞♦s ❡ ❡①❝❡ss♦ ❞❡ ♣r♦❞✉çã♦✱ ❢♦r♥❡❝✐❞❛s ❛tr❛✈és

❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✳ ◆♦✈❛♠❡♥t❡✱ ✉♠❛ ✈❡③ q✉❡ ♦ ❞❡s♣❡r❞í❝✐♦ ♥ã♦ é ❝♦♥s✐❞❡r❛❞♦ ❞✐r❡t❛♠❡♥t❡

♥❛ ❢♦r♠✉❧❛çã♦ r❡ss❛❧t❛✲s❡ q✉❡ é ❛♣r❡s❡♥t❛❞❛ ❛ s✉❛ ♠é❞✐❛ ❛♣❡♥❛s ❝♦♠♦ ✐♥❢♦r♠❛çã♦ ❛❞✐❝✐♦♥❛❧✳

❆♥❛❧✐s❛♥❞♦ ❛s ❈❧❛ss❡s ✶ ❛té ✻✱ ❡♠ q✉❡ ♦s ✐t❡♥s tê♠ t❛♠❛♥❤♦s ♣❡q✉❡♥♦s✱ é ♣♦ssí✈❡❧

♦❜s❡r✈❛r✱ ♥❛s ❈❧❛ss❡s ✹✱ ✺ ❡ ✻✱ q✉❡ ♦ ♥ú♠❡r♦ ♠é❞✐♦ ❞❡ s❡t✉♣ é ♠❡♥♦r ♥❛s s♦❧✉çõ❡s ❡♥❝♦♥tr❛❞❛s

♣❡❧♦ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣✱ ❡♥tr❡t❛♥t♦✱ ♥♦t❛✲s❡ q✉❡ ♦ s♦❧✈❡r ❢♦r♥❡❝❡ s♦❧✉çõ❡s s✉♣❡r✐♦r❡s ♥♦ q✉❡

s❡ r❡❢❡r❡ ❛ ♠é❞✐❛ ❞❡ ♦❜❥❡t♦s ♣r♦❝❡ss❛❞♦s ❡ ❡①❝❡ss♦ ❞❡ ♣r♦❞✉çã♦✳

➱ r❛③♦á✈❡❧ ❝♦♥❝❧✉✐r ♦ ❢❛t♦ ❞❡ q✉❡ ✉♠ ♥ú♠❡r♦ ♠❛✐♦r ❞❡ s❡t✉♣ é r❡✢❡t✐❞♦ ❡♠ ✉♠❛

❞✐♠✐♥✉✐çã♦ ♥♦ ♥ú♠❡r♦ ❞❡ ♦❜❥❡t♦s ♣r♦❝❡ss❛❞♦s✱ q✉❡ ♣♦r s✉❛ ✈❡③✱ ❣❡r❛ ♠❡♥♦s ✐t❡♥s ❡①❝❡❞❡♥t❡s

à ❞❡♠❛♥❞❛✳ P♦rt❛♥t♦✱ ❛♣❡s❛r ❞♦ ❢❛t♦ ❞♦ ♥ú♠❡r♦ ♠é❞✐♦ ❞❡ s❡t✉♣ s❡r ♠❡♥♦r ♥❛s s♦❧✉çõ❡s

❡♥❝♦♥tr❛❞❛s ♣❡❧♦ ❙❆ ♥❛s ❈❧❛ss❡s ✶✱✷ ❡ ✸✱ é ✈✐sí✈❡❧ ♦ ❛✉♠❡♥t♦ ♥♦ ♣r♦❝❡ss❛♠❡♥t♦ ❞❡ ♦❜❥❡✲



✹✳✹✳ ❆♥á❧✐s❡ ❞❡ ❘❡s✉❧t❛❞♦s ✸✽

❈❧❛ss✐✜❝❛çã♦ ❙❡t✉♣ ❖❜❥✳ Pr♦❝❡ss❛❞♦s ❊①❝❡ss♦ ❞❡ ♣r♦❞✉çã♦ ❉❡s♣❡r❞í❝✐♦

(m, t, d) ❙❆ ✭◆✮ ❈P▲❊❳ ❙❆ ✭◆✮ ❈P▲❊❳ ❙❆ ✭◆✮ ❈P▲❊❳ ❙❆ ✭◆✮ ❈P▲❊❳

✶ ✭✶✵✱ P✱ ❇✮ ✼✳✷ ✺✳✼✺ ✶✶✳✹ ✶✶✳✸ ✺✳✻ ✹✳✹✺ ✺ ✸✳✺✺

✷ ✭✶✵✱ P✱ ❆✮ ✶✷✳✷ ✶✶✳✾ ✶✵✽✳✽ ✶✵✽✳✻ ✻✳✺ ✷✳✺ ✸✶✳✹✺ ✶✾✳✼

✸ ✭✷✵✱ P✱ ❇✮ ✶✹✳✹✺ ✶✹✳✶✺ ✸✹✳✺ ✸✷✳✾ ✻✼✳✼ ✺✹✳✻ ✻✳✹✺ ✸✳✸

✹ ✭✷✵✱ P✱ ❆✮ ✶✾✳✷ ✶✾✳✷✺ ✸✷✺✳✹ ✸✷✸✳✻✺ ✺✷✽✳✾✺ ✺✶✶✳✼ ✸✳✹✺ ✸✳✵✺

✺ ✭✹✵✱ P✱ ❇✮ ✸✵✳✹✺ ✸✶✳✾✵ ✶✷✷✳✶✺ ✶✷✵ ✹✷✼✳✶ ✹✵✽✳✷ ✶✹✳✹✺ ✶✺✳✾✺

✻ ✭✹✵✱ P✱ ❆✮ ✸✹✳✶ ✸✻✳✺ ✶✶✾✺✳✺ ✶✶✾✸✳✸ ✹✵✻✺✳✸ ✹✵✹✺✳✼ ✶✶✳✻ ✶✹✳✹

❚❛❜❡❧❛ ✹✳✶✵✿ ❘❡s✉❧t❛❞♦s ❝♦♠ C1 = C2 = 1 ✭❈❧❛ss❡s✿ ✶✲✻✮✳

t♦s ❞♦ ❡st♦q✉❡ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡ ✉♠ ♠❛✐♦r ❡①❝❡ss♦ ❞❡ ♣r♦❞✉çã♦✱ s❡❣✉♥❞♦ ❛s ✐♥❢♦r♠❛çõ❡s

❛♣r❡s❡♥t❛❞❛s ♥❛ ❚❛❜❡❧❛ ✹✳✶✵✳

❖s ✈❛❧♦r❡s ♠é❞✐♦s ❛♣r❡s❡♥t❛❞♦s ♥❛s ❈❧❛ss❡s ✼ ❛té ✶✷ ✭❚❛❜❡❧❛ ✹✳✶✶✮ ❛♣r❡s❡♥t❛♠ ✉♠❛

♣❡q✉❡♥❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ♦s ♠ét♦❞♦s✱ ❡ ❡♠ ✉♠❛ ❛♥á❧✐s❡ ❞❡ ✉♠ ♣♦♥t♦ ❞❡ ✈✐st❛ ♠❛✐s ❣❡r❛❧✱ ♥♦

q✉❡ s❡ r❡❢❡r❡ à ✈❛r✐❛çã♦ ❞❡ ❝✉st♦s t♦t❛✐s✱ s❡rá ♣♦ssí✈❡❧ ♦❜s❡r✈❛r ❡ss❡ ❢❛t♦ ❝♦♠ ♠❛✐s ❝❧❛r❡③❛✳

❈❧❛ss✐✜❝❛çã♦ ❙❡t✉♣ ❖❜❥✳ Pr♦❝❡ss❛❞♦s ❊①❝❡ss♦ ❞❡ ♣r♦❞✉çã♦ ❉❡s♣❡r❞í❝✐♦

(m, t, d) ❙❆ ✭◆✮ ❈P▲❊❳ ❙❆ ✭◆✮ ❈P▲❊❳ ❙❆ ✭◆✮ ❈P▲❊❳ ❙❆ ✭◆✮ ❈P▲❊❳

✼ ✭✶✵✱❱✱❇✮ ✼✳✾✺ ✼✳✶ ✷✹✹✳✺✺ ✷✶✼✳✾ ✺✶ ✺✵✳✼✺ ✹✼✳✹✵ ✹✼✳✷✺

✽ ✭✶✵✱❱✱❆✮ ✾ ✽✳✷ ✹✼✶✳✶ ✹✼✶✳✶ ✺✵✹✳✼✵ ✺✵✹✳✸✺ ✷✹✻✳✹✺ ✷✷✵✳✼✺

✾ ✭✷✵✱❱✱❇✮ ✶✺✳✼ ✶✹✳✷ ✾✾✳✸✺ ✾✾✳✸✺ ✻✹✳✽✺ ✻✹ ✹✶✽✳✺✺ ✹✶✼✳✸

✶✵ ✭✷✵✱❱✱❆✮ ✶✻✳✼ ✶✺✳✽✺ ✾✽✽✳✼ ✾✽✾✳✹✺ ✻✸✺✳✺✺ ✻✸✺✳✵✺ ✹✸✶✳✼ ✹✷✺✳✺✺

✶✶ ✭✹✵✱❱✱❇✮ ✷✽✳✸✺ ✷✻✳✷✺ ✶✽✶✳✻ ✶✽✵✳✸ ✶✺✷✳✷ ✶✹✽✳✹✺ ✶✻✼✳✹✺ ✶✺✾✳✾

✶✷ ✭✹✵✱❱✱❆✮ ✸✵✳✾ ✸✵✳✻ ✶✼✼✼✳✶ ✶✼✼✻✳✶ ✶✸✶✶✳✾ ✶✸✵✾✳✺ ✶✽✽✳✹ ✶✼✾✳✷

❚❛❜❡❧❛ ✹✳✶✶✿ ❘❡s✉❧t❛❞♦s ❝♦♠ C1 = C2 = 1 ✭❈❧❛ss❡s✿ ✼✲✶✷✮✳

❆ ❚❛❜❡❧❛ ✹✳✶✷ r❡❢❡r❡✲s❡ ❛ r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ❡♠ ❝❧❛ss❡s ❝♦♠ ❞❡♠❛♥❞❛ ♣♦r ✐t❡♥s ❣r❛♥✲

❞❡s✳ ◆♦✈❛♠❡♥t❡✱ ♦ s♦❧✈❡r ❢♦r♥❡❝❡ s♦❧✉çõ❡s s✉♣❡r✐♦r❡s ❡♠ r❡❧❛çã♦ ❛s ♠é❞✐❛s ❞❡ ♥ú♠❡r♦ ❞❡

s❡t✉♣ ❡ ❡①❝❡ss♦ ❞❡ ♣r♦❞✉çã♦✱ ♠❛s ✈✐s✐✈❡❧♠❡♥t❡ ❝♦♠ ♣♦✉❝❛ ❞✐❢❡r❡♥ç❛ ♥❛ ♠❛✐♦r✐❛ ❞♦s ✈❛❧♦✲

r❡s ❝♦♠♣❛r❛❞♦s✳ P❛r❛ q✉❡ ❤❛❥❛ ♠❛✐s ❝❧❛r❡③❛ ♥❛ ❝♦♠♣❛r❛çã♦ ✉♠❛ t❛❜❡❧❛ ❝♦♠ ❛ ✈❛r✐❛çã♦ ❞❛

❞✐❢❡r❡♥ç❛ ❡♠ ♣♦r❝❡♥t❛❣❡♠ s❡rá ❛♣r❡s❡♥t❛❞❛ ♠❛✐s ❛❞✐❛♥t❡✳

❖s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ❛té ❛❣♦r❛ ❢♦r❛♠ r❡❢❡r❡♥t❡s ❛♦s ♣r♦❜❧❡♠❛s ♦♥❞❡ ❝✉st♦s ❞❡



✹✳✺✳ ❆♥á❧✐s❡ ❝♦♠ ❆✉♠❡♥t♦ ♥♦ ❈✉st♦ ❋✐①♦ ❞❡ ❙❡t✉♣ ✸✾

❈❧❛ss✐✜❝❛çã♦ ❙❡t✉♣ ❖❜❥✳ Pr♦❝❡ss❛❞♦s ❊①❝❡ss♦ ❞❡ ♣r♦❞✉çã♦ ❉❡s♣❡r❞í❝✐♦

(m, t, d) ❙❆ ✭◆✮ ❈P▲❊❳ ❙❆ ✭◆✮ ❈P▲❊❳ ❙❆ ✭◆✮ ❈P▲❊❳ ❙❆ ✭◆✮ ❈P▲❊❳

✶✸ ✭✶✵✱●✱❇✮ ✾✳✷ ✽ ✻✷✳✷ ✻✷✳✶✺ ✷✵✳✽ ✷✵✳✼✺ ✽✶✷✳✾ ✻✽✷✳✾✺

✶✹ ✭✶✵✱●✱❆✮ ✾✳✹✺ ✽✳✽✺ ✻✷✵✳✸✺ ✻✷✵✳✻✵ ✷✵✼✳✹✺ ✷✵✼✳✷✺ ✽✶✹✳✺✺ ✼✺✺✳✵✺

✶✺ ✭✷✵✱●✱❇✮ ✶✼✳✶ ✶✺ ✶✷✺✳✺ ✶✷✺✳✷ ✸✾✳✼ ✸✾ ✶✶✸✷✳✺ ✶✵✾✻✳✼

✶✻ ✭✷✵✱●✱❆✮ ✶✽✳✶ ✶✼✳✻ ✶✷✹✽✳✸ ✶✷✹✽✳✸ ✸✽✽✳✷ ✸✽✼✳✾ ✶✶✺✹✳✸ ✶✷✼✵✳✽

✶✼ ✭✹✵✱●✱❇✮ ✸✹✱✹ ✷✾✱✾ ✷✶✻✱✹ ✷✶✺✱✾ ✸✶✱✸ ✷✾✱✷ ✶✺✶✾✳✻ ✶✻✶✷✳✸

✶✽ ✭✹✵✱●✱❆✮ ✸✼✳✶ ✸✹✳✷ ✷✶✾✶✳✺ ✷✶✾✶ ✸✻✷✳✶ ✸✻✵✳✸ ✶✻✺✺✳✼ ✶✺✽✸✳✾

❚❛❜❡❧❛ ✹✳✶✷✿ ❘❡s✉❧t❛❞♦s ❝♦♠ C1 = C2 = 1 ✭❈❧❛ss❡s✿ ✶✸✲✶✽✮✳

s❡t✉♣ ❡ ❝✉st♦s ♣♦r ❖❜❥❡t♦s Pr♦❝❡ss❛❞♦s sã♦ ✐❣✉❛✐s✱ t♦❞❛✈✐❛✱ q✉❡st✐♦♥❛✲s❡ q✉❛✐s ♠✉❞❛♥ç❛s

♦❝♦rr❡♠ s❡ ❛tr✐❜✉✐r♠♦s ✉♠❛ ✈❛❧♦r ♠❛✐♦r ♣❛r❛ ❝❛❞❛ s❡t✉♣ ♥❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✱ ❡ ♣♦rt❛♥t♦✱ ♥❛

♣ró①✐♠❛ s❡çã♦ ❡❢❡t✉❛♠♦s ❡ss❛ ✈❡r✐✜❝❛çã♦✳

✹✳✺ ❆♥á❧✐s❡ ❝♦♠ ❆✉♠❡♥t♦ ♥♦ ❈✉st♦ ❋✐①♦ ❞❡ ❙❡t✉♣

■♥t❡♥❝✐♦♥❛❧♠❡♥t❡✱ ❛tr✐❜✉✐✲s❡ ✉♠ ❝✉st♦ ✜①♦ ❞❡ s❡t✉♣✱ C2 = 10✱ ♥❛ ❢♦r♠✉❧❛çã♦✱ ❡ ❛♣❧✐❝❛✲

s❡ ♥♦✈❛♠❡♥t❡ ❛ ❤❡✉ríst✐❝❛ ❝♦♠ ❛♠❜❛s ❡str❛té❣✐❛s ❞❡ ❣❡r❛çã♦ ❞❡ s♦❧✉çõ❡s ✈✐③✐♥❤❛s ❡ ♦ s♦❧✈❡r

❈P▲❊❳ s♦❜r❡ t♦❞♦s ♦s ❡①❡♠♣❧❛r❡s ❣❡r❛❞♦s ❡♠ ❝❛❞❛ ❝❧❛ss❡✳ ❆ ♣❛rt✐r ❞✐ss♦✱ ✉♠❛ ♥♦✈❛ ❛♥á❧✐s❡

é ❢❡✐t❛ ❝♦♠ ❜❛s❡ ♥♦s ❡①♣❡r✐♠❡♥t♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s ❝♦♠ ❛ ✐♥t❡♥çã♦ ❞❡ ✐♥✈❡st✐❣❛r ♦ ❝♦♠♣♦r✲

t❛♠❡♥t♦ ❞♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s✳ ❆ s❡❣✉✐r sã♦ ❛♣r❡s❡♥t❛❞❛s ❛s ❚❛❜❡❧❛s ✹✳✶✸✱ ✹✳✶✹ ❡ ✹✳✶✺✱ q✉❡

❢♦r♥❡❝❡♠ ❞❛❞♦s ❝♦♠♣❛r❛t✐✈♦s ❡♥tr❡ ❛s ❞✉❛s ❡str❛té❣✐❛s ❞❡ ❣❡r❛çã♦ ❞❡ s♦❧✉çõ❡s ✈✐③✐♥❤❛s✱ ❡✱

♣❛r❛ ❡❢❡✐t♦ ❝♦♠♣❛r❛t✐✈♦ ❞❛ q✉❛❧✐❞❛❞❡ ❞❡ s♦❧✉çõ❡s✱ ❛♣r❡s❡♥t❛✲s❡ ❛s ❚❛❜❡❧❛s ✹✳✶✻✱ ✹✳✶✼ ❡ ✹✳✶✽✱

❡♠ q✉❡ sã♦ ❢♦r♥❡❝✐❞❛s ❛s ✐♥❢♦r♠❛çõ❡s ♦❜t✐❞❛s ❞❛s s♦❧✉çõ❡s ❡♥❝♦♥tr❛❞❛s ♣❡❧❛ ❤❡✉ríst✐❝❛ ❡ ♣❡❧♦

s♦❧✈❡r✳ ❊♠ t♦❞❛s sã♦ ✐♥❢♦r♠❛❞♦s ♦s ✈❛❧♦r❡s ♠é❞✐♦s ❞♦s ♥ú♠❡r♦s ❞❡ s❡t✉♣✱ ♦❜❥❡t♦s ♣r♦❝❡ss❛✲

❞♦s ❡ ✐t❡♥s ❡①❝❡❞❡♥t❡s à ❞❡♠❛♥❞❛✱ ❛❧é♠ ❞✐ss♦✱ ❝♦♠♦ ✐♥❢♦r♠❛çã♦ ❛❞✐❝✐♦♥❛❧ t❡♠✲s❡ ❛ ♠é❞✐❛ ❞❡

❞❡s♣❡r❞í❝✐♦s ♦❜t✐❞♦s ♥♦s ♣❛❞rõ❡s ❞❡ ❝♦rt❡ s❡❧❡❝✐♦♥❛❞♦s ♣❡❧❛s s♦❧✉çõ❡s ❡♥❝♦♥tr❛❞❛s✳



✹✳✺✳ ❆♥á❧✐s❡ ❝♦♠ ❆✉♠❡♥t♦ ♥♦ ❈✉st♦ ❋✐①♦ ❞❡ ❙❡t✉♣ ✹✵

✹✳✺✳✶ ❈♦♠♣❛r❛çã♦ ❡♥tr❡ ❛s ❡str❛té❣✐❛s✿ ✭◆♦✈❛ ✈s ❆rt✐❣♦✮

❱✐s✐✈❡❧♠❡♥t❡✱ ❛ ♠❡t♦❞♦❧♦❣✐❛ ❞❛ ❣❡r❛çã♦ ❞❡ s♦❧✉çõ❡s ❛♣r❡s❡♥t❛❞❛ ❡♠ ❈❤❡♥ ❬✷❪ ♠♦str❛

♣♦✉q✉íss✐♠❛s ✈❛r✐❛çõ❡s✳ ◆❛ ♠❛✐♦r✐❛ ❞❛s ❝❧❛ss❡s ♣♦❞❡✲s❡ ♦❜s❡r✈❛r ✉♠❛ ♣❡q✉❡♥❛ ❞✐❢❡r❡♥ç❛

❛♦ q✉❡ ❢♦✐ ❛♣r❡s❡♥t❛❞♦ ♥❛s ❚❛❜❡❧❛s ✹✳✼✱ ✹✳✽ ❡ ✹✳✾✱ ♣♦ré♠ ❡♠ ♥❡♥❤✉♠❛ ❤♦✉✈❡ ✉♠❛ ♠❡❧❤♦r❛

s✐❣♥✐✜❝❛t✐✈❛✳ ■♠❡❞✐❛t❛♠❡♥t❡✱ ❝♦♥❝❧✉✐✲s❡ q✉❡ ❡ss❡ ❢❛t♦ ♦❝♦rr❡✱ ♣♦✐s✱ ♥❛ ♠❛✐♦r✐❛ ❞♦s ❡①❡♠♣❧❛r❡s

❞❡ ❝❛❞❛ ❝❧❛ss❡✱ ♦ ♠ét♦❞♦ ✐♠♣❧❡♠❡♥t❛❞♦ ♣♦r ❈❤❡♥ ❬✷❪ é ✐♥❝❛♣❛③ ❞❡ ❣❡r❛r s♦❧✉çõ❡s ♠❡❧❤♦r❡s

❞♦ q✉❡ ❛s ✐♥✐❝✐❛✐s✳

❈❧❛ss✐✜❝❛çã♦ ❙❡t✉♣ ❖❜❥✳ Pr♦❝❡ss❛❞♦s ❊①❝❡ss♦ ❞❡ ♣r♦❞✉çã♦ ❉❡s♣❡r❞í❝✐♦

(m, t, d) ✭◆♦✈❛✮ ❆rt✐❣♦ ✭◆♦✈❛✮ ❆rt✐❣♦ ✭◆♦✈❛✮ ❆rt✐❣♦ ✭◆♦✈❛✮ ❆rt✐❣♦
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✷ ✭✶✵✱ P✱ ❆✮ ✶✷✳✾ ✾✳✽ ✶✵✾✳✶ ✶✶✷✳✻✺ ✾✳✹✺ ✻✺✳✷ ✹✷✳✽ ✵✳✹✺

✸ ✭✷✵✱ P✱ ❇✮ ✶✹✳✼✺ ✶✼✳✻ ✸✹✳✸✺ ✹✶✳✻✺ ✻✻✳✸✺ ✶✹✾✳✹ ✻✳✼ ✵

✹ ✭✷✵✱ P✱ ❆✮ ✶✽✳✼ ✶✼✳✻✺ ✸✷✺✳✸✺ ✸✸✶✳✷✺ ✺✷✽✳✹ ✺✽✾✳✵✺ ✷✳✾✺ ✵

✺ ✭✹✵✱ P✱ ❇✮ ✸✵✳✷✺ ✸✸✳✵✺ ✶✷✶✳✸✺ ✶✸✷✳✹✺ ✹✷✵✳✷✺ ✺✵✽✳✽ ✶✺✳✵✺ ✾✳✻✺

✻ ✭✹✵✱ P✱ ❆✮ ✸✹✳✷ ✸✸✳✼ ✶✶✾✺✳✺ ✶✷✵✹✳✽ ✹✵✻✹✳✻ ✹✶✸✺✳✾ ✶✶✳✽ ✶✵✳✶

❚❛❜❡❧❛ ✹✳✶✸✿ ❘❡s✉❧t❛❞♦s ❞❛s ♠é❞✐❛s ❝♦♠ C1 = 1; C2 = 10

❈❧❛ss✐✜❝❛çã♦ ❙❡t✉♣ ❖❜❥✳ Pr♦❝❡ss❛❞♦s ❊①❝❡ss♦ ❞❡ ♣r♦❞✉çã♦ ❉❡s♣❡r❞í❝✐♦

(m, t, d) ✭◆♦✈❛✮ ❆rt✐❣♦ ✭◆♦✈❛✮ ❆rt✐❣♦ ✭◆♦✈❛✮ ❆rt✐❣♦ ✭◆♦✈❛✮ ❆rt✐❣♦

✼ ✭✶✵✱❱✱❇✮ ✽✳✶ ✽✳✸✺ ✹✼✳✼✺ ✹✽✳✸ ✺✷✳✻✺ ✺✺✳✷✺ ✷✷✷✳✽✺ ✷✷✷✳✺

✽ ✭✶✵✱❱✱❆✮ ✽✳✻✺ ✽✳✷ ✹✼✶✳✹✺ ✹✼✶✳✾ ✺✵✻✳✸✺ ✺✵✾✳✷ ✷✹✶✳✹✺ ✷✵✾✳✹

✾ ✭✷✵✱❱✱❇✮ ✶✺✳✻✺ ✶✻✳✹✺ ✾✾✳✺ ✶✵✶✳✻✺ ✻✺✳✸✺ ✼✶✳✷ ✹✶✷✳✸ ✹✷✻✳✵✺

✶✵ ✭✷✵✱❱✱❆✮ ✶✻✳✺ ✶✻✳✻✺ ✾✽✽✳✼✺ ✾✾✶✳✷✺ ✻✸✺✳✾ ✻✹✷✳✼✺ ✹✷✸✳✾✺ ✹✸✵✳✶✺

✶✶ ✭✹✵✱❱✱❇✮ ✷✽✳✶✺ ✸✵✳✷✺ ✶✽✶✳✻ ✶✽✺✳✼ ✶✺✷✳✹✺ ✶✻✺✳✻✺ ✶✻✶✳✺✺ ✶✼✺✳✸✺

✶✷ ✭✹✵✱❱✱❆✮ ✸✵✳✻ ✸✶✳✶ ✶✽✵✶✳✸ ✶✽✵✺✳✽ ✶✹✼✺✳✼ ✶✹✽✾✳✻ ✶✼✽✳✶ ✶✽✷✳✶

❚❛❜❡❧❛ ✹✳✶✹✿ ❘❡s✉❧t❛❞♦s ❞❛s ♠é❞✐❛s ❝♦♠ C1 = 1; C2 = 10 ✲ ✭❈❧❛ss❡s✿ ✼✲✶✷✮✳



✹✳✺✳ ❆♥á❧✐s❡ ❝♦♠ ❆✉♠❡♥t♦ ♥♦ ❈✉st♦ ❋✐①♦ ❞❡ ❙❡t✉♣ ✹✶

❈❧❛ss✐✜❝❛çã♦ ❙❡t✉♣ ❖❜❥✳ Pr♦❝❡ss❛❞♦s ❊①❝❡ss♦ ❞❡ ♣r♦❞✉çã♦ ❉❡s♣❡r❞í❝✐♦

(m, t, d) ✭◆♦✈❛✮ ❆rt✐❣♦ ✭◆♦✈❛✮ ❆rt✐❣♦ ✭◆♦✈❛✮ ❆rt✐❣♦ ✭◆♦✈❛✮ ❆rt✐❣♦

✶✸ ✭✶✵✱●✱❇✮ ✾✳✹✺ ✾ ✻✷✳✶✺ ✻✷✳✽✺ ✷✵✳✽✺ ✷✸✳✶✺ ✽✸✸✳✽ ✼✻✹✳✽✺

✶✹ ✭✶✵✱●✱❆✮ ✶✵✳✹ ✾ ✻✷✵✳✹ ✻✷✵✳✽ ✷✵✼✳✸ ✷✵✽✳✾ ✾✷✸✳✹ ✼✻✹✳✽

✶✺ ✭✷✵✱●✱❇✮ ✶✼✳✼ ✶✼✳✻ ✶✷✺✳✸ ✶✷✺✳✾ ✸✾✳✸ ✹✶✳✹ ✶✶✻✼✳✸ ✶✷✶✺✳✶

✶✻ ✭✷✵✱●✱❆✮ ✶✽✳✻ ✶✽✳✶ ✶✷✹✽✳✸ ✶✷✹✽✳✼ ✸✽✽✳✶ ✸✽✾✳✷ ✶✷✹✸✳✷ ✶✷✹✶✳✹

✶✼ ✭✹✵✱●✱❇✮ ✸✹✳✾ ✸✺✳✹ ✷✶✻✳✹ ✷✶✼✳✷ ✸✶✳✶ ✸✸✳✹ ✶✺✾✼✳✸ ✶✻✸✵✳✽

✶✽ ✭✹✵✱●✱❆✮ ✸✻ ✸✻ ✷✶✾✶✳✶ ✷✶✾✷✳✽ ✸✻✶✳✺ ✸✻✺✳✻ ✶✺✹✶✳✺ ✶✻✷✼✳✹

❚❛❜❡❧❛ ✹✳✶✺✿ ❘❡s✉❧t❛❞♦s ❞❛s ♠é❞✐❛s ❝♦♠ C1 = 1; C2 = 10 ✲ ✭❈❧❛ss❡s✿ ✶✸✲✶✽✮✳

✹✳✺✳✷ ❈♦♠♣❛r❛çã♦ ❡♥tr❡ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ ❡ ❈P▲❊❳

P❛r❛ ❛s ❝❧❛ss❡s ❞❡ ✐t❡♥s ❝♦♠ t❛♠❛♥❤♦s ♣❡q✉❡♥♦s✱ ♦♥❞❡ ❛s ✐♥❢♦r♠❛çõ❡s ❛♣r❡s❡♥t❛❞❛s ♥❛

❚❛❜❡❧❛ ✹✳✶✻ sã♦ ❞❡s❝r✐t❛s✱ é ♣♦ssí✈❡❧ ♦❜s❡r✈❛r ❝❧❛r❛♠❡♥t❡ q✉❡ ♦ ♥ú♠❡r♦ ♠é❞✐♦ ❞❡ s❡t✉♣ é ♠❡♥♦r

♥❛s s♦❧✉çõ❡s ❡♥❝♦♥tr❛❞❛s ♣❡❧♦ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ ♥❛s ❈❧❛ss❡s ✷ ❛té ✻✱ ❡♥tr❡t❛♥t♦✱ ❝♦♠♦

❝♦♥s❡q✉ê♥❝✐❛ t❡♠✲s❡ ✉♠❛ ❞✐❢❡r❡♥ç❛ r❡❧❛t✐✈❛♠❡♥t❡ ❣r❛♥❞❡ ❡♥tr❡ ♦s ✈❛❧♦r❡s ♠é❞✐♦s ❞❡ ♦❜❥❡t♦s

♣r♦❝❡ss❛❞♦s✱ ❡ ♣♦r ❡ss❛ r❛③ã♦ ✉♠❛ ❛❝❡♥t✉❛❞❛ ❞✐❢❡r❡♥ç❛ ❡♥tr❡ ❡①❝❡ss♦ ♠é❞✐♦ ❞❡ ♣r♦❞✉çã♦✱

♣r✐♥❝✐♣❛❧♠❡♥t❡ ♥❛s ❈❧❛ss❡s ✶✱ ✷ ❡ ✸✳

❈❧❛ss✐✜❝❛çã♦ ❙❡t✉♣ ❖❜❥✳ Pr♦❝❡ss❛❞♦s ❊①❝❡ss♦ ❞❡ ♣r♦❞✉çã♦ ❉❡s♣❡r❞í❝✐♦

(m, t, d) ❙❆ ✭◆✮ ❈P▲❊❳ ❙❆ ✭◆✮ ❈P▲❊❳ ❙❆ ✭◆✮ ❈P▲❊❳ ❙❆ ✭◆✮ ❈P▲❊❳

✶ ✭✶✵✱ P✱ ❇✮ ✼✳✶✺ ✻✳✺✺ ✶✶✳✾✺ ✶✶✳✸✺ ✾✳✻ ✺✳✶ ✹✳✽✺ ✺✳✻✺

✷ ✭✶✵✱ P✱ ❆✮ ✶✷✳✾ ✶✸✳✽ ✶✵✾✳✶ ✶✵✽✳✼✺ ✾✳✹✺ ✸✳✷✺ ✹✷✳✽ ✸✶✳✻

✸ ✭✷✵✱ P✱ ❇✮ ✶✹✳✼✺ ✶✹✳✼✺ ✸✹✳✸✺ ✸✸✳✷ ✻✻✳✸✺ ✺✼✳✹ ✻✳✼ ✷✳✻

✹ ✭✷✵✱ P✱ ❆✮ ✶✽✳✼ ✷✶✳✻✺ ✸✷✺✳✸✺ ✸✷✸✳✽ ✺✷✽✳✹ ✺✶✹✳✹ ✷✳✾✺ ✹

✺ ✭✹✵✱ P✱ ❇✮ ✸✵✳✷✺ ✸✶✳✵✺ ✶✷✶✳✸✺ ✶✷✵✳✸ ✹✷✵✳✷✺ ✹✶✵✳✽ ✶✺✳✵✺ ✶✸✳✶

✻ ✭✹✵✱ P✱ ❆✮ ✸✹✳✷ ✸✺✳✵ ✶✶✾✺✳✺ ✶✶✾✸✳✼ ✹✵✻✹✳✻ ✹✵✹✽✳✻ ✶✶✳✽ ✶✷✳✻

❚❛❜❡❧❛ ✹✳✶✻✿ ❘❡s✉❧t❛❞♦s ❝♦♠ C1 = 1; C2 = 10 ✭❈❧❛ss❡s✿ ✶✲✻✮✳

❆ ❚❛❜❡❧❛ ✹✳✶✼ ❡①♣õ❡ ❛s ✐♥❢♦r♠❛çõ❡s ❞❛❞❛s ♣❡❧❛s s♦❧✉çõ❡s ♦❜t✐❞❛s ♥❛s ❝❧❛ss❡s ❝♦♠ ✐t❡♥s

❞❡ t❛♠❛♥❤♦s ✈❛r✐❛❞♦s✳ ❖❜s❡r✈❡ q✉❡ ❛s ♠é❞✐❛s ❛♣r❡s❡♥t❛❞❛s ❞❡♠♦♥str❛♠ ♣♦✉❝❛s ❞✐❢❡r❡♥ç❛s

❡♥tr❡ ❛ ❛♣❧✐❝❛çã♦ ❞❛s ♠❡t♦❞♦❧♦❣✐❛s✱ ❡ ✐ss♦ ✐♠♣❧✐❝❛ q✉❡ ❡♠ ✉♠❛ ❝♦♠♣❛r❛çã♦ ❞❡ ❝✉st♦s t♦t❛✐s

❡①✐st❡ ✉♠❛ ❞✐❢❡r❡♥ç❛ r❡❧❛t✐✈❛♠❡♥t❡ ♣❡q✉❡♥❛ ❡♥tr❡ ❛♠❜❛s✳



✹✳✺✳ ❆♥á❧✐s❡ ❝♦♠ ❆✉♠❡♥t♦ ♥♦ ❈✉st♦ ❋✐①♦ ❞❡ ❙❡t✉♣ ✹✷

❈❧❛ss✐✜❝❛çã♦ ❙❡t✉♣ ❖❜❥✳ Pr♦❝❡ss❛❞♦s ❊①❝❡ss♦ ❞❡ ♣r♦❞✉çã♦ ❉❡s♣❡r❞í❝✐♦

(m, t, d) ❙❆ ✭◆✮ ❈P▲❊❳ ❙❆ ✭◆✮ ❈P▲❊❳ ❙❆ ✭◆✮ ❈P▲❊❳ ❙❆ ✭◆✮ ❈P▲❊❳

✼ ✭✶✵✱❱✱❇✮ ✽✳✶ ✼ ✹✼✳✼✺ ✹✼✳✹ ✺✷✳✻✺ ✺✵✳✼✺ ✷✷✷✳✽✺ ✷✸✷✳✺

✽ ✭✶✵✱❱✱❆✮ ✽✳✻✺ ✼✳✽✺ ✹✼✶✳✹✺ ✹✼✶✳✺ ✺✵✻✳✸✺ ✺✵✹✳✸✺ ✷✹✶✳✹✺ ✷✶✽✳✷✺

✾ ✭✷✵✱❱✱❇✮ ✶✺✳✻✺ ✶✸✳✾✺ ✾✾✳✺ ✾✾✳✸✺ ✻✺✳✸✺ ✻✹ ✹✶✷✳✸ ✹✶✺✳✻

✶✵ ✭✷✵✱❱✱❆✮ ✶✻✳✺ ✶✺✳✽ ✾✽✽✳✼✺ ✾✾✵✳✸✺ ✻✸✺✳✾ ✻✸✺✳✵✺ ✹✷✸✳✾✺ ✹✸✾✳✼

✶✶ ✭✹✵✱❱✱❇✮ ✷✽✳✶✺ ✷✼✳✶ ✶✽✶✳✻ ✶✽✵✳✼ ✶✺✷✳✹✺ ✶✹✽✳✹✺ ✶✻✶✳✺✺ ✷✵✷✳✾

✶✷ ✭✹✵✱❱✱❆✮ ✸✵✳✻ ✸✵ ✶✽✵✶✳✸ ✶✽✵✵✳✾ ✶✹✼✺✳✼ ✶✹✼✷✳✼ ✶✼✽✳✶ ✶✽✼✳✶

❚❛❜❡❧❛ ✹✳✶✼✿ ❘❡s✉❧t❛❞♦s ❝♦♠ C1 = 1; C2 = 10 ✭❈❧❛ss❡s✿ ✼✲✶✷✮✳

❊♠❜♦r❛ ♦ ♥ú♠❡r♦ ♠é❞✐♦ ❞❡ s❡t✉♣ s❡❥❛ ♠❡♥♦r ♥❛s s♦❧✉çõ❡s ❞❛❞❛s ♣❡❧♦ s♦❧✈❡r ❡♠

t♦❞❛s ❛s ❝❧❛ss❡s ❞❛ ❚❛❜❡❧❛ ✹✳✶✽✱ ✈ê✲s❡ q✉❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦ ♥ú♠❡r♦ ♠é❞✐♦ ❞❡ ♦❜❥❡t♦s

♣r♦❝❡ss❛❞♦s é ♠❛✐♦r ❞♦ q✉❡ ♦s ❞❛s s♦❧✉çõ❡s ♦❜t✐❞❛s ♣❡❧♦ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ ✭❡①❝❡t♦ ♥❛

❈❧❛ss❡ ✶✼✮✱ ❡♥tr❡t❛♥t♦✱ ❛✐♥❞❛ q✉❡ ✉♠❛ ❞✐❢❡r❡♥ç❛ ♣❡q✉❡♥❛✱ ♦ ♥ú♠❡r♦ ♠é❞✐♦ ❞❡ ✐t❡♥s ❡①❝❡❞❡♥t❡s

à ❞❡♠❛♥❞❛ sã♦ ♠❡♥♦r❡s ♥❛s s♦❧✉çõ❡s ❡♥❝♦♥tr❛❞❛s ♣❡❧♦ s♦❧✈❡r✳

❈❧❛ss✐✜❝❛çã♦ ❙❡t✉♣ ❖❜❥✳ Pr♦❝❡ss❛❞♦s ❊①❝❡ss♦ ❞❡ ♣r♦❞✉çã♦ ❉❡s♣❡r❞í❝✐♦

(m, t, d) ❙❆ ✭◆✮ ❈P▲❊❳ ❙❆ ✭◆✮ ❈P▲❊❳ ❙❆ ✭◆✮ ❈P▲❊❳ ❙❆ ✭◆✮ ❈P▲❊❳

✶✸ ✭✶✵✱●✱❇✮ ✾✳✹✺ ✼✳✼ ✻✷✳✶✺ ✻✷✳✺✺ ✷✵✳✽✺ ✷✵✳✼✺ ✽✸✸✳✽ ✼✵✸✳✸✺

✶✹ ✭✶✵✱●✱❆✮ ✶✵✳✹ ✽✳✸ ✻✷✵✳✹ ✻✷✶✳✺ ✷✵✼✳✸ ✷✵✼✳✷✺ ✾✷✸✳✹ ✼✷✶

✶✺ ✭✷✵✱●✱❇✮ ✶✼✳✼ ✶✹✳✼ ✶✷✺✳✸ ✶✷✺✳✻ ✸✾✳✸ ✸✾ ✶✶✻✼✳✸ ✶✶✵✶✳✸

✶✻ ✭✷✵✱●✱❆✮ ✶✽✳✻ ✶✺✳✼ ✶✷✹✽✳✸ ✶✷✹✽✳✾ ✸✽✽✳✶ ✸✽✼✳✾ ✶✷✹✸✳✷ ✶✶✷✶✳✽

✶✼ ✭✹✵✱●✱❇✮ ✸✹✳✾ ✷✾✳✾ ✷✶✻✳✹ ✷✶✺✳✾ ✸✶✳✶ ✷✾✳✷ ✶✺✾✼✳✸ ✶✻✶✷✳✸

✶✽ ✭✹✵✱●✱❆✮ ✸✻ ✸✹✳✸ ✷✶✾✶✳✶ ✷✶✾✷✳✷ ✸✻✶✳✺ ✸✻✵✳✸ ✶✺✹✶✳✺ ✶✼✵✾✳✸

❚❛❜❡❧❛ ✹✳✶✽✿ ❘❡s✉❧t❛❞♦s ❝♦♠ C1 = 1; C2 = 10 ✭❈❧❛ss❡s✿ ✶✸✲✶✽✮✳

❖❜s❡r✈❡ q✉❡ ❡♠❜♦r❛ ♦ ❝✉st♦ ♣♦r s❡t✉♣ t❡♥❤❛ ✉♠ ❛✉♠❡♥t♦✱ ❛✐♥❞❛ t❡♠✲s❡ ♦ ❡①❝❡ss♦ ❞❡

♣r♦❞✉çã♦ ❢♦rt❡♠❡♥t❡ ♣❡♥❛❧✐③❛❞♦ ♥❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✱ ❧♦❣♦✱ é ♣♦ssí✈❡❧ q✉❡ ❛s s♦❧✉çõ❡s ❡♥❝♦♥✲

tr❛❞❛s ❛❞♠✐t❛♠ ✉♠ ♠❛✐♦r ♥ú♠❡r♦ ❞❡ s❡t✉♣ ♣♦✐s ♦ ❝✉st♦ ♣♦r ✐t❡♠ ❡①❝❡❞❡♥t❡ ❝♦♥t✐♥✉❛ s❡♥❞♦

❛❧t♦✳



✹✳✺✳ ❆♥á❧✐s❡ ❝♦♠ ❆✉♠❡♥t♦ ♥♦ ❈✉st♦ ❋✐①♦ ❞❡ ❙❡t✉♣ ✹✸

✹✳✺✳✸ ❆♥á❧✐s❡ ❞❡ ❈✉st♦s ❚♦t❛✐s

❆♦ s❡ ❝♦♥s✐❞❡r❛r ♦s ✐t❡♥s ❡①❝❡❞❡♥t❡s t❛♠❜é♠ ❝♦♠♦ ❞❡s♣❡r❞í❝✐♦s ❢❛ç❛♠♦s ❛ s♦♠❛ ❞♦s

♣r♦❞✉t♦s ❡♥tr❡ ❛ sobrai ❡ ♦ t❛♠❛♥❤♦ wi ♣❛r❛ ❝❛❞❛ i = 1, · · · ,m✱ ♦✉ s❡❥❛✿

∑

i

sobrai · wi , i = 1, · · · ,m.

❆ s❡❣✉✐r✱ ❝♦♠♦ ✐♥❢♦r♠❛çõ❡s ❛❞✐❝✐♦♥❛✐s✱ sã♦ ❛♣r❡s❡♥t❛❞♦s ♥❛s ❚❛❜❡❧❛s ✹✳✶✾✱ ✹✳✷✵✱ ♦ ♥ú♠❡r♦

♠é❞✐♦ ❞❡ ❞❡s♣❡r❞í❝✐♦ r❡❢❡r❡♥t❡ ❛♦s ✐t❡♥s ❡①❝❡❞❡♥t❡s à ❞❡♠❛♥❞❛✳

❈❧❛ss✐✜❝❛çã♦ ❉❡s♣❡r❞í❝✐♦ ▼é❞✐♦

(m, t, d) ❙❆ ✭❆rt✳✮ ❙❆ ✭◆♦✈♦✮ ❈P▲❊❳

✶ ✭✶✵✱P✱❇✮ ✺✶✼✾✳✷ ✻✷✸✳✾ ✺✷✶✳✹

✷ ✭✶✵✱P✱❆✮ ✹✻✵✺✳✺ ✻✽✶✳✺ ✸✸✶✳✷

✸ ✭✷✵✱P✱❇✮ ✶✾✵✼✵✳✽ ✶✶✾✶✸✳✷ ✶✵✸✶✹✳✸

✹ ✭✷✵✱P✱❆✮ ✶✵✺✻✺✶✳✹ ✾✾✼✾✼✳✷ ✾✼✾✾✷✳✾

✺ ✭✹✵✱P✱❇✮ ✾✵✻✻✼✳✷ ✽✵✸✻✸✳✷ ✼✽✶✾✹✳✾

✻ ✭✹✵✱P✱❆✮ ✼✽✼✷✵✶✳✹ ✼✼✼✽✶✵✳✺ ✼✼✺✹✾✵✳✸
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❚❛❜❡❧❛ ✹✳✶✾✿ ❉❡s♣❡r❞í❝✐♦ ♣♦r ❊①❝❡ss♦ ❞❡ Pr♦❞✉çã♦ ✲ C1 = C2 = 1✳

❉✐❢❡r❡♥t❡♠❡♥t❡ ❞♦ q✉❡ é ❝♦♥s✐❞❡r❛❞♦ ❞✐r❡t❛♠❡♥t❡ ♥❛ ❢✉♥çã♦ ♦❜❥❡t✐✈♦✱ ♦s ❝✉st♦s t♦t❛✐s

r❡♣r❡s❡♥t❛♠ ❛s s♦♠❛s ❞❡ ♥ú♠❡r♦ ❞❡ ♦❜❥❡t♦s ♣r♦❝❡ss❛❞♦s✱ s❡t✉♣✱ ❞❡s♣❡r❞í❝✐♦ r❡❧❛t✐✈♦ ❛♦ ✜♥❛❧

❞❡ ❝❛❞❛ ♣❛❞rã♦ ❞❡ ❝♦rt❡ ❥✉♥t❛♠❡♥t❡ ❝♦♠ ❛ s♦♠❛ ❞♦s t❛♠❛♥❤♦s ❞❡ ✐t❡♥s ✜♥❛✐s ❡①❝❡❞❡♥t❡s à



✹✳✺✳ ❆♥á❧✐s❡ ❝♦♠ ❆✉♠❡♥t♦ ♥♦ ❈✉st♦ ❋✐①♦ ❞❡ ❙❡t✉♣ ✹✹

❈❧❛ss✐✜❝❛çã♦ ❉❡s♣❡r❞í❝✐♦ ▼é❞✐♦

(m, t, d) ❙❆ ✭❆rt✳✮ ❙❆ ✭◆♦✈♦✮ ❈P▲❊❳
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✷ ✭✶✵✱P✱❆✮ ✹✻✵✺✳✷ ✾✼✽✳✺ ✹✷✽✳✶

✸ ✭✷✵✱P✱❇✮ ✶✾✵✼✵✳✽ ✶✶✼✻✷✳✻ ✶✵✻✶✻✳✷

✹ ✭✷✵✱P✱❆✮ ✶✵✺✻✺✶✳✹ ✾✾✼✹✽ ✾✽✶✻✻✳✷

✺ ✭✹✵✱P✱❇✮ ✾✵✻✻✻✳✽ ✼✾✺✻✷✳✹ ✼✽✺✵✸✳✼

✻ ✭✹✵✱P✱❆✮ ✼✽✼✶✵✷✳✽ ✼✼✼✽✻✵✳✻ ✼✼✺✽✼✻✳✹

✼ ✭✶✵✱❱✱❇✮ ✺✽✹✵✳✸ ✺✷✻✷✳✽ ✹✾✺✽✳✷

✽ ✭✶✵✱❱✱❆✮ ✹✻✼✻✻✳✻ ✹✻✷✼✾✳✹ ✹✺✽✷✼✳✼

✾ ✭✷✵✱❱✱❇✮ ✶✶✹✾✶✳✹ ✾✹✶✹✳✽ ✾✵✻✹✳✾

✶✵ ✭✷✵✱❱✱❆✮ ✾✶✽✾✽✳✻ ✽✾✻✼✵✳✼ ✽✽✽✹✸✳✾

✶✶ ✭✹✵✱❱✱❇✮ ✷✸✾✷✷✳✺ ✶✾✽✺✹✳✹ ✶✾✼✵✻✳✷

✶✷ ✭✹✵✱❱✱❆✮ ✶✽✽✽✸✸✳✸ ✶✽✹✹✵✼✳✽ ✶✽✸✼✶✷

✶✸ ✭✶✵✱●✱❇✮ ✻✶✵✶✳✾ ✺✺✸✹✳✻ ✺✼✼✶✳✻
✶✹ ✭✶✵✱●✱❆✮ ✺✽✼✻✷✳✼ ✺✸✾✶✽✳✼ ✺✼✾✼✼✳✷
✶✺ ✭✷✵✱●✱❇✮ ✶✷✹✷✻ ✶✶✼✻✽✳✶ ✶✶✸✺✹✳✸

✶✻ ✭✷✵✱●✱❆✮ ✶✶✶✸✵✺✳✷ ✶✶✵✵✾✹✳✺ ✶✶✵✸✽✸
✶✼ ✭✹✵✱●✱❇✮ ✾✷✸✸✳✶ ✽✼✸✶✳✹ ✽✷✵✼✳✹

✶✽ ✭✹✵✱●✱❆✮ ✶✵✺✵✷✸✳✶ ✶✵✹✹✻✶✳✸ ✾✽✼✻✾✳✻

❚❛❜❡❧❛ ✹✳✷✵✿ ❉❡s♣❡r❞í❝✐♦ ♣♦r ❊①❝❡ss♦ ❞❡ Pr♦❞✉çã♦ ✲ C1 = C2 = 10✳



✹✳✺✳ ❆♥á❧✐s❡ ❝♦♠ ❆✉♠❡♥t♦ ♥♦ ❈✉st♦ ❋✐①♦ ❞❡ ❙❡t✉♣ ✹✺

♣r♦❞✉çã♦✱ ✐st♦ é✿

❈✉st♦ ❚♦t❛❧ = C1

∑

j

xj + C2

∑

j

yj +
∑

i

sobrai · wi +
∑

j

despj · xj.

❈♦♠♦ ❥á ♠❡♥❝✐♦♥❛❞♦✱ ♥❛ ♠❛✐♦r✐❛ ❞♦s ❡①♣❡r✐♠❡♥t♦s ♦ ❈P▲❊❳ s❡ ♠♦str❛ s✉♣❡r✐♦r ❡♠

❣r❛♥❞❡ ♣❛rt❡ ❞♦s ❞❛❞♦s ♦❜t✐❞♦s ❛ ♣❛rt✐r ❞❛s s♦❧✉çõ❡s ❡♥❝♦♥tr❛❞❛s✱ ❝♦♥t✉❞♦✱ ❡s♣❡❝✐✜❝❛✲s❡ ❡ss❛

❞✐❢❡r❡♥ç❛✱ ❡♥tr❡ ❛ ❤❡✉ríst✐❝❛ ❝♦♠ ❛ ♥♦✈❛ ♣r♦♣♦st❛ ❞❡ ❣❡r❛çã♦ ❞❡ s♦❧✉çõ❡s ✈✐③✐♥❤❛s ❡ ♦ s♦❧✈❡r✱

♥❛s ❚❛❜❡❧❛s ✹✳✷✶ ❡ ✹✳✷✷ ♦♥❞❡ sã♦ ❞❛❞♦s ♦s ✈❛❧♦r❡s ♠é❞✐♦s ❞♦s ❝✉st♦s t♦t❛✐s ♦❜t✐❞♦s ❡♠ ❝❛❞❛

❝❧❛ss❡✱ ❡ ❛❧é♠ ❞✐ss♦✱ ❛ ✈❛r✐❛çã♦ ❞❛ ❞✐❢❡r❡♥ç❛ ❡♠ ♣♦r❝❡♥t❛❣❡♠ ❡♥tr❡ ❝❛❞❛ ♠ét♦❞♦✳

❈❧❛ss✐✜❝❛çã♦ ❈✉st♦s ❚♦t❛✐s ❱❛r✐❛çã♦ ❞❛

(m, t, d) ❙❆ ✭◆✮ ❈P▲❊❳ ❉✐❢❡r❡♥ç❛ ❡♠ %
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❚❛❜❡❧❛ ✹✳✷✶✿ ❱❛r✐❛çã♦ ❞❡ ❈✉st♦s ❚♦t❛✐s C1 = C2 = 1✳

❊♠❜♦r❛ ❡♠ ❛❧❣✉♥s ❡①❡♠♣❧❛r❡s ❞❛s ❈❧❛ss❡s ✶✱ ✷ ❡ ✸ s❡❥❛ ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦

♠❡❧❤♦r ❞♦ q✉❡ ❛ ❢♦r♥❡❝✐❞❛ ♣❡❧♦ ❈P▲❊❳✱ é ♥♦tá✈❡❧ ❛ ❞✐❢❡r❡♥ç❛ ❛❝❡♥t✉❛❞❛ ❡♥tr❡ ❛s ♠❡t♦❞♦❧♦❣✐❛s

♥♦s ❞❡♠❛✐s ❡①❡♠♣❧❛r❡s✳ P♦r ♦✉tr♦ ❧❛❞♦✱ q✉❛♥❞♦ ❛tr✐❜✉✐✲s❡ ✉♠ ❝✉st♦ ♠❛✐♦r ♣❛r❛ ❝❛❞❛ s❡t✉♣✱



✹✳✺✳ ❆♥á❧✐s❡ ❝♦♠ ❆✉♠❡♥t♦ ♥♦ ❈✉st♦ ❋✐①♦ ❞❡ ❙❡t✉♣ ✹✻

✐st♦ é C2 = 10✱ é ♣♦ssí✈❡❧ ♥♦t❛r ✉♠❛ ♠❡❧❤♦r❛ ♥❛s ❈❧❛ss❡s ✶✸✱ ✶✹ ❡ ✶✻ ✭❝❢✳ ❚❛❜❡❧❛ ✹✳✷✵✮✳

❈❧❛ss✐✜❝❛çã♦ ❈✉st♦s ❚♦t❛✐s ❱❛r✐❛çã♦ ❞❛

(m, t, d) ❙❆ ✭◆✮ ❈P▲❊❳ ❉✐❢❡r❡♥ç❛ ❡♠ %
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✾ ✭✷✵✱❱✱❇✮ ✶✵✵✽✸✳✶ ✾✼✶✾✳✸ ✸✳✻✵
✶✵ ✭✷✵✱❱✱❆✮ ✾✶✷✹✽✳✹ ✾✵✹✸✶✳✾ ✵✳✽✾
✶✶ ✭✹✵✱❱✱❇✮ ✷✵✹✼✾ ✷✵✸✻✵✳✽ ✵✳✺✼
✶✷ ✭✹✵✱❱✱❆✮ ✶✽✻✻✾✸✳✷ ✶✽✻✵✵✵ ✵✳✸✼
✶✸ ✭✶✵✱●✱❇✮ ✻✺✷✺ ✻✻✶✹✳✺ ✲✶✳✸✼
✶✹ ✭✶✵✱●✱❆✮ ✺✺✺✻✻✳✺ ✺✾✹✵✷✳✼ ✲✻✳✾✵
✶✺ ✭✷✵✱●✱❇✮ ✶✸✷✸✼✳✼ ✶✷✼✷✽✳✷ ✸✳✽✹
✶✻ ✭✷✵✱●✱❆✮ ✶✶✷✼✼✷ ✶✶✷✾✶✵✳✼ ✲✵✳✶✷
✶✼ ✭✹✵✱●✱❇✮ ✶✵✽✾✹✳✶ ✶✵✸✸✹✳✻ ✺✳✶✸
✶✽ ✭✹✵✱●✱❆✮ ✶✵✽✺✺✸✳✾ ✶✵✸✵✶✹✳✶ ✺✳✶✵

❚❛❜❡❧❛ ✹✳✷✷✿ ❱❛r✐❛çã♦ ❞❡ ❈✉st♦s ❚♦t❛✐s C1 = 1; C2 = 10 ✳

P♦r ✜♠✱ ❛♣r❡s❡♥t❛✲s❡ ♥❛ ❚❛❜❡❧❛ ✹✳✷✸ ♦ ✈❛❧♦r ♠é❞✐♦ ❞♦ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦ ❞❡ ❝❛❞❛

♠❡t♦❞♦❧♦❣✐❛✱ ❡♥tr❡t❛♥t♦✱ r❡ss❛❧t❛✲s❡ q✉❡ ♦s t❡♠♣♦s ❡♠ r❡❧❛çã♦ ❛ ❡①❡❝✉çã♦ ❞♦ ❙✐♠✉❧❛t❡❞

❆♥♥❡❛❧✐♥❣ ♥ã♦ ❞❡✈❡♠ t❡r ❡❢❡✐t♦ ❝♦♠♣❛r❛t✐✈♦ ❡♠ r❡❧❛çã♦ ❛♦ t❡♠♣♦ ❞❡❝♦rr✐❞♦ ♣❡❧♦ s♦❧✈❡r

❈P▲❊❳✱ ✉♠❛ ✈❡③ q✉❡ ♥ã♦ ❢♦r❛♠ ✐♠♣❧❡♠❡♥t❛❞♦s ♥❛ ♠❡s♠❛ ❧✐♥❣✉❛❣❡♠ ♥❡♠ ♥♦ ♠❡s♠♦ ❝♦♠✲

♣✉t❛❞♦r✱ ♦✉ s❡❥❛✱ sã♦ ❛♣❡♥❛s ❞❛❞♦s ✐♥❢♦r♠❛t✐✈♦s✳



✹✳✺✳ ❆♥á❧✐s❡ ❝♦♠ ❆✉♠❡♥t♦ ♥♦ ❈✉st♦ ❋✐①♦ ❞❡ ❙❡t✉♣ ✹✼

❈❧❛ss✐✜❝❛çã♦ ❚❡♠♣♦✭s✮ C1 = 1 & C2 = 1 ❚❡♠♣♦✭s✮ C1 = 1 & C2 = 10

(m, t, d) ❙❆ ✭❆rt✳✮ ❙❆ ✭◆✮ ❈P▲❊❳ ❙❆ ✭❆rt✳✮ ❙❆ ✭◆✮ ❈P▲❊❳

✶ ✭✶✵✱P✱❇✮ ✷✵✻✳✶✽ ✸✵✹✳✷✾ ✸✵✵✳✵✷ ✶✽✺✳✸ ✷✽✺✳✾ ✸✵✶✳✶
✷ ✭✶✵✱P✱❆✮ ✸✼✾✳✹✸ ✺✶✷✳✹✹ ✸✷✵✳✾ ✷✼✶✳✸ ✹✷✺✳✺ ✶✽✶✳✻

✸ ✭✷✵✱P✱❇✮ ✶✽✼✵✳✾ ✶✽✹✵ ✸✵✷✳✻✻ ✶✽✷✼✳✶ ✶✾✺✾✳✽ ✶✸✵✳✽

✹ ✭✷✵✱P✱❆✮ ✷✶✽✼✳✶ ✶✼✾✷✳✼ ✹✵✼✳✶ ✶✹✵✾✳✸ ✶✹✸✼✳✸ ✶✼✷✳✸

✺ ✭✹✵✱P✱❇✮ ✺✸✸✽✳✷ ✸✶✵✻✳✺ ✷✹✾✳✻ ✹✺✶✺✳✷ ✷✽✸✷✳✹ ✶✽✸✳✼

✻ ✭✹✵✱P✱❆✮ ✻✶✷✼✳✼ ✸✶✹✼✳✻ ✸✶✽✳✸ ✻✵✽✺✳✽ ✸✶✸✷✳✼ ✶✾✻✳✸

✼ ✭✶✵✱❱✱❇✮ ✵✳✸✸ ✵✳✷ ✹✻✱✷✸ ✵✳✸✼ ✵✳✷✹ ✸✺✳✼
✽ ✭✶✵✱❱✱❆✮ ✵✳✸✻ ✵✳✷✷ ✺✷✳✶ ✵✳✹✶ ✵✳✷✺ ✽✽✳✾
✾ ✭✷✵✱❱✱❇✮ ✶✷✷✳✾ ✾✾✳✽ ✾✹✳✼ ✶✷✸✳✽✹ ✾✾✳✼ ✾✵✳✹

✶✵ ✭✷✵✱❱✱❆✮ ✶✷✸✳✶ ✶✵✹✳✾ ✼✶✳✶ ✼✺✳✶ ✻✾✳✷ ✺✸✳✾

✶✶ ✭✹✵✱❱✱❇✮ ✷✵✼✽✳✽ ✶✶✷✻✳✶ ✷✸✵✳✸ ✶✸✶✾✳✶ ✼✽✸✳✼ ✶✽✻✳✸

✶✷ ✭✹✵✱❱✱❆✮ ✷✶✻✷✳✼ ✶✶✺✵✳✹ ✷✵✻✳✷ ✶✸✸✸✳✼ ✼✼✷✳✻ ✶✽✶✳✸

✶✸ ✭✶✵✱●✱❇✮ ✵✳✵✾ ✵✳✵✺ ✵✳✷✸ ✵✳✶✵ ✵✳✵✺ ✵✳✸✶
✶✹ ✭✶✵✱●✱❆✮ ✵✳✵✾ ✵✳✵✹ ✸✳✸ ✵✳✶✵ ✵✳✵✻ ✾✳✹
✶✺ ✭✷✵✱●✱❇✮ ✵✳✹✺ ✵✳✶✻ ✶✶✳✾ ✵✳✹✺ ✵✳✶✽ ✸✾✳✼
✶✻ ✭✷✵✱●✱❆✮ ✵✳✹✽ ✵✳✶✾ ✶✹✳✺✽ ✵✳✹✾ ✵✳✷✶ ✸✹✳✼
✶✼ ✭✹✵✱●✱❇✮ ✼✳✶ ✶✳✼ ✶✵✵✳✸✷ ✻✳✺ ✶✳✺ ✶✵✵✳✸
✶✽ ✭✹✵✱●✱❆✮ ✼✳✷ ✶✳✽ ✽✸✳✸✽ ✼✳✹ ✶✳✾ ✶✷✾✳✸

❚❛❜❡❧❛ ✹✳✷✸✿ ❚❡♠♣♦s ❞❡❝♦rr✐❞♦s ♣❡❧♦ ♠ét♦❞♦ ❞❡ r❡s♦❧✉çã♦✳



❈❛♣ít✉❧♦ ✺

❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s ✫ P❡rs♣❡❝t✐✈❛s

❆ ♣❛rt✐r ❞♦s r❡s✉❧t❛❞♦s ❢♦r♥❡❝✐❞♦s ♣❡❧♦s ❡①♣❡r✐♠❡♥t♦s ❝♦♠♣✉t❛❝✐♦♥❛✐s é ♣♦ssí✈❡❧ ❝♦♥❝❧✉✐r

q✉❡ ❛ ♥♦✈❛ ♣r♦♣♦st❛ ❞❡ ❣❡r❛r s♦❧✉çõ❡s ❢♦r♥❡❝❡ s♦❧✉çõ❡s ❝♦♠ q✉❛❧✐❞❛❞❡ s✉♣❡r✐♦r ❡♠ t♦❞❛s ❛s

❝❧❛ss❡s ❣❡r❛❞❛s q✉❛♥❞♦ ❝♦♠♣❛r❛❞❛ ❝♦♠ ❛ ❡str❛té❣✐❛ ✉t✐❧✐③❛❞❛ ♣♦r ❈❤❡♥ ❬✷❪✳P♦rt❛♥t♦✱ ✉♠❛ ✈❡③

q✉❡ ✉♠❛ ❞❛s ♠♦t✐✈❛çõ❡s ❞❡ss❛ ✐♥✈❡st✐❣❛çã♦ ❡r❛ ❣❡r❛r ✈✐③✐♥❤❛♥ç❛s ♠❡❧❤♦r❡s✱ ♣♦✐s✱ ❛ ❣❡r❛çã♦

❛♣r❡s❡♥t❛❞❛ ❡♠ ❈❤❡♥ ❬✷❪ é ❧✐♠✐t❛❞❛ ✱ ❞❡ ❢❛t♦✱ ❝♦♥s❡❣✉❡✲s❡ ❝♦♠♣r♦✈❛r ✉♠❛ s✉♣❡r✐♦r✐❞❛❞❡ s♦❜r❡

❛ ❣❡r❛çã♦ ♣✉❜❧✐❝❛❞❛ ❡♠ ❬✷❪✳

➱ ✐♠♣♦rt❛♥t❡ ❞❡st❛❝❛r q✉❡ ♥♦s r❡s✉❧t❛❞♦s ❢♦r♥❡❝✐❞♦s ♣❡❧❛ ♥♦✈❛ ❡str❛té❣✐❛ ♦❜t❡✈❡✲s❡

❡♠ t♦❞♦s ♦s ❡①❡♠♣❧❛r❡s ❞❡ ❝❛❞❛ ✉♠❛ ❞❛s ❝❧❛ss❡s ✉♠❛ s♦❧✉çã♦ ♠❡❧❤♦r ❞♦ q✉❡ ❛ ❞❛❞❛ ❝♦♠♦

s♦❧✉çã♦ ✐♥✐❝✐❛❧✱ ❡♥q✉❛♥t♦ q✉❡ ❡♠ ♠✉✐t♦s ❡①❡♠♣❧❛r❡s ❛ ❡str❛té❣✐❛ ❞❡ ❈❤❡♥ ❬✷❪ ♥ã♦ ❝♦♥s❡❣✉✐✉

❡♥❝♦♥tr❛r ✉♠❛ s♦❧✉çã♦ ♠❡❧❤♦r ❞♦ q✉❡ ❛ ❞❛❞❛ ❝♦♠♦ ✐♥✐❝✐❛❧✳

❊♠❜♦r❛ ❡♠ ❛❧❣✉♠❛s ❝❧❛ss❡s ♦ ❙✐♠✉❧❛t❡❞ ❆♥♥❡❛❧✐♥❣ ❝♦♥s✐❣❛ s♦❧✉çõ❡s ❝♦♠ ♦ ✈❛❧♦r

♠é❞✐♦ ❞❡ s❡t✉♣ ♠❡♥♦r✱ ✐ss♦ ♥ã♦ ♦❝♦rr❡✉ ♥❛ ♠❛✐♦r✐❛ ❞♦s ❡①❡♠♣❧❛r❡s ❞❛s ❝❧❛ss❡s ✶✱ ✷ ❡ ✸✱

❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ♦s ✈❛❧♦r❡s ♠é❞✐♦s ❞♦s ❝✉st♦s t♦t❛✐s ✭C1 × {♥♦ ❞❡ ❖❜❥✳ Pr♦❝❡ss❛❞♦s} +

C2 × {s❡t✉♣} + {❉❡s♣❡r❞í❝✐♦ t♦t❛❧}✮ ❝❛❧❝✉❧❛❞♦s ♠♦str❛♠ ♥❛s três ♣r✐♠❡✐r❛s ❝❧❛ss❡s ✉♠❛

❞✐❢❡r❡♥ç❛ ❛❝❡♥t✉❛❞❛ ❡♠ r❡❧❛çã♦ às s♦❧✉çõ❡s ❞❛❞❛s ♣❡❧♦ ❈P▲❊❳✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♥❛s ❞❡♠❛✐s

❝❧❛ss❡s ♦ ❙❆ ❞❡♠♦♥str❛ ❝♦♠♣❡t✐t✐✈✐❞❛❞❡ ✉♠❛ ✈❡③ q✉❡ ❛ ❞✐❢❡r❡♥ç❛ é ♠✉✐t❛ ❜❛✐①❛✱ t❛♥t♦ ❝♦♠

✹✽



✹✾

C2 = 1 ♦✉ C2 = 10✱ ❡ s✉♣❡r✐♦r ♥❛s ❈❧❛ss❡s ✶✸✱ ✶✹ ❡ ✶✻✱ q✉❛♥❞♦ C2 = 10✳

❉❡✈✐❞♦ ❛♦ ❢❛t♦ ❞❡ ✉♠ ❛❧t♦ ❝✉st♦ ✜♥❛♥❝❡✐r♦ ♣❛r❛ ❛❞q✉✐r✐r ✉♠ s♦❧✈❡r ❝♦♠❡r❝✐❛❧✱ ❛

❤❡✉ríst✐❝❛ ❛♣r❡s❡♥t❛❞❛ t♦r♥❛✲s❡ ✉♠❛ ❢❡rr❛♠❡♥t❛ ♠❛✐s ❛❝❡ssí✈❡❧ ❡ ♣♦rt❛♥t♦ ♠❛✐s ❛tr❛t✐✈❛✱ ♣♦✐s

❡♠ ❣r❛♥❞❡ ♣❛rt❡ ❞♦s ❡①♣❡r✐♠❡♥t♦s ❝♦♥s❡❣✉✐✉ ♦❜t❡r s♦❧✉çõ❡s s✉✜❝✐❡♥t❡♠❡♥t❡ ❜♦❛s✳ ❯♠❛ ♦♣çã♦

♣❛r❛ ❡♥❝♦♥tr❛r s♦❧✉çõ❡s ♠❡❧❤♦r❡s ♥❛s ❝❧❛ss❡s ❝♦♠ ♠❛✐♦r ❞✐❢❡r❡♥ç❛ s❡r✐❛ ❛✉♠❡♥t❛r ♥ú♠❡r♦ ❞❡

✐t❡r❛çõ❡s ✐♥t❡r♥❛s✱ ❡♥tr❡t❛♥t♦✱ ❛✉♠❡♥t❛r✐❛ ♦ t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦✳

❱✐s✐✈❡❧♠❡♥t❡✱ ❛s ❝❧❛ss❡s ✸✱ ✹✱ ✺✱ ✻✱ ✶✶ ❡ ✶✷ ❛♣r❡s❡♥t❛♠ ✉♠ ♠❛✐♦r t❡♠♣♦ ❞❡ ❡①❡❝✉çã♦✱

✐ss♦ ❞❡✈❡✲s❡ ❛♦ ❢❛t♦ ❞❡ q✉❡ sã♦ ❛s ❝❧❛ss❡s ❝♦♠ ♠❛✐♦r ♥ú♠❡r♦ ❞❡ ♣❛❞rõ❡s ❞❡ ❝♦rt❡ ❞✐s♣♦♥í✈❡✐s✳
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