
❯♥✐✈❡rs✐❞❛❞❡ ❊st❛❞✉❛❧ ❞❡ ❈❛♠♣✐♥❛s

■♥st✐t✉t♦ ❞❡ ❋ís✐❝❛ ●❧❡❜ ❲❛t❛❣❤✐♥

❖s❝❛r ❙❛❧♦♠ó♥ ❉✉❛rt❡ ▼✉ñ♦③

❊st✉❞♦ ❞❛ ❞✐♥â♠✐❝❛ ❞❡ ♣❛rtí❝✉❧❛s ❜r♦✇♥✐❛♥❛s q✉â♥t✐❝❛s

❚❡s❡ ❛♣r❡s❡♥t❛❞❛ ❛♦ ■♥st✐t✉t♦ ❞❡ ❋ís✐❝❛

●❧❡❜ ❲❛t❛❣❤✐♥ ♣❛r❛ ❛ ♦❜t❡♥çã♦ ❞♦ tít✉❧♦

❞❡ ❉♦✉t♦r ❡♠ ❋ís✐❝❛

❖r✐❡♥t❛❞♦r✿ Pr♦❢✳ ❉r✳ ❆♠✐r ❖r❞❛❝❣✐ ❈❛❧❞❡✐r❛

❈❛♠♣✐♥❛s✱ ❙ã♦ P❛✉❧♦

❉❡③❡♠❜r♦ ❞❡ ✷✵✶✶





✐✐

 



❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦ ❛♦ ♣r♦❢❡ss♦r ❆♠✐r ❖r❞❛❝❣✐ ❈❛❧❞❡✐r❛ ♣❡❧❛ ✈❛❧✐♦s❛ ♦r✐❡♥t❛çã♦✳

❆♦ ♣r♦❢❡ss♦r ▼❛r❝♦s ❈❡s❛r ❞❡ ❖❧✐✈❡✐r❛✱ q✉❡♠ ❛tr❛✈és ❞♦s s❡♠✐♥ár✐♦s ❞❡ ❣r✉♣♦ ❡ ❝♦♥✈❡rs❛s

♣❛rt✐❝✉❧❛r❡s ♠♦t✐✈♦✉ ✉♠❛ ♣❛rt❡ ✐♠♣♦rt❛♥t❡ ❞❡st❡ tr❛❜❛❧❤♦✳

❆♦s ❢✉♥❝✐♦♥ár✐♦s ❞❛ ❈P● ❞♦ ■♥st✐t✉t♦ ❞❡ ❋ís✐❝❛ ●❧❡❜ ❲❛t❛❣❤✐♥ ✭■❋●❲✮✱ q✉❡ ♠❡r❡❝❡♠ ✉♠❛

♠❡♥çã♦ ❡s♣❡❝✐❛❧ ♣❡❧❛ ❞✐s♣♦s✐çã♦ ❡ ❡✜❝✐ê♥❝✐❛ ❝♦♠ q✉❡ r❡❛❧✐③❛♠ s❡✉ tr❛❜❛❧❤♦✳

❆❣r❛❞❡ç♦ ❛ t♦❞♦s ♦s ❝♦❧❡❣❛s q✉❡ ❞✐r❡t❛ ♦✉ ✐♥❞✐r❡t❛♠❡♥t❡ ♣r❡st❛r❛♠✲♠❡ ❛❥✉❞❛✳

❆❣r❛❞❡ç♦ t❛♠❜é♠ à ❋✉♥❞❛çã♦ ❞❡ ❆♠♣❛r♦ à P❡sq✉✐s❛ ❞♦ ❊st❛❞♦ ❞❡ ❙ã♦ P❛✉❧♦ ✭❋❛♣❡s♣✮ ♣❡❧♦

❛♣♦✐♦ ✜♥❛♥❝❡✐r♦✳

▼✉❝❤❛s ❣r❛❝✐❛s ❛ ♠✐ ❝♦♠♣❛ñ❡r❛ ❈❛r♦❧✐♥❛ ♣♦r ❡❧ ❛❢❡❝t♦✱ ❡❧ ✐♥t❡r❝❛♠❜✐♦ ❞❡ ❡①♣❡r✐❡♥❝✐❛s ② ♣♦r

s✉ ❝❛r❛❝t❡r ❢✉❡rt❡ ② ❞❡❝✐❞✐❞♦ q✉❡ ❤❛❝❡♥ ♥✉❡str❛ ❝♦♥✈✐✈❡♥❝✐❛ s✐❡♠♣r❡ ❡♥r✐q✉❡❝❡❞♦r❛✳

✐✐✐



❘❡s✉♠♦

❯s❛♠♦s ♦ ♠♦❞❡❧♦ ✧s✐st❡♠❛✲♠❛✐s✲r❡s❡r✈❛tór✐♦✧ ♣❛r❛ ❡st✉❞❛r ❛ ❞✐♥â♠✐❝❛ q✉â♥t✐❝❛ ❞❡ ✉♠ s✐st❡♠❛ ❞❡

❞✉❛s ♣❛rtí❝✉❧❛s ✐♠❡rs❛s ❡♠ ✉♠ r❡s❡r✈❛tór✐♦ ❡♠ ❡q✉✐❧í❜r✐♦ tér♠✐❝♦✳ ❆♥❛❧✐s❛♠♦s ❛s ❝♦♥s❡q✉ê♥❝✐❛s✱ ♣❛r❛

♦ ❝❛s♦ ❞❡ ❞✉❛s ♣❛rtí❝✉❧❛s✱ ❞❡ ✉s❛r♠♦s ✉♠❛ ❡①t❡♥sã♦ ❞✐r❡t❛ ❞♦ ♠♦❞❡❧♦ ✉s❛❞♦ ♣❛r❛ ✉♠❛ ♣❛rtí❝✉❧❛✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ❡♥❢❛t✐③❛♠♦s q✉❡ ✉♠❛ ♠♦❞❡❧❛❣❡♠ ❛❞❡q✉❛❞❛ ❞♦ ❝♦♥tr❛t❡r♠♦ é ❢✉♥❞❛♠❡♥t❛❧ ♣❛r❛

♦❜t❡r♠♦s ❛ ❞✐♥â♠✐❝❛ ❛♣r♦♣r✐❛❞❛ ♥♦ ❧✐♠✐t❡ ❝❧áss✐❝♦✳ ❯s❛♠♦s ✉♠❛ ❡①t❡♥sã♦ ❞♦ ❜❛♥❤♦ ❞❡ ♦s❝✐❧❛❞♦r❡s

❝❛♣❛③ ❞❡ ✐♥❞✉③✐r ✉♠ ❛❝♦♣❧❛♠❡♥t♦ ❡❢❡t✐✈♦ ❡♥tr❡ ❛s ♣❛rtí❝✉❧❛s ❜r♦✇♥✐❛♥❛s ❞❡♣❡♥❞❡♥❞♦ ❞❛ ❡s❝♦❧❤❛

❢❡✐t❛ ♣❛r❛ ❛ ❢✉♥çã♦ ❡s♣❡❝tr❛❧ ❞♦s ♦s❝✐❧❛❞♦r❡s q✉❡ ❝♦♠♣õ❡♠ ♦ ❜❛♥❤♦✳ ❖ ❛❝♦♣❧❛♠❡♥t♦ é ♥ã♦ ✲ ❧✐♥❡❛r

♥❛s ✈❛r✐á✈❡✐s ❞❡ ✐♥t❡r❡ss❡ ❡ ✐♠♣♦♠♦s ✉♠❛ ❞❡♣❡♥❞ê♥❝✐❛ ❡①♣♦♥❡♥❝✐❛❧ ♥❡st❛s ✈❛r✐á✈❡✐s ♣❛r❛ ❣❛r❛♥t✐r ❛

✐♥✈❛r✐â♥❝✐❛ tr❛♥s❧❛❝✐♦♥❛❧ ❞♦ ♠♦❞❡❧♦✳ ❆ ❞✐♥â♠✐❝❛ q✉â♥t✐❝❛ é ❡st✉❞❛❞❛ ❛tr❛✈és ❞♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡

r❡❞✉③✐❞♦ ❞❛s ❞✉❛s ♣❛rtí❝✉❧❛s✳ ❖❜t✐✈❡♠♦s ❛ ❡✈♦❧✉çã♦ ❞♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ♣❛r❛ ❞♦✐s s✐st❡♠❛s ❞❡

✐♥t❡r❡ss❡✿ ♦ ♣r✐♠❡✐r♦ ❞❡❧❡s é ❢♦r♠❛❞♦ ♣♦r ❞✉❛s ♣❛rtí❝✉❧❛s ❧✐✈r❡s ♣r❡♣❛r❛❞❛s ❡♠ ✉♠ ❡st❛❞♦ ✐♥✐❝✐❛❧

❣❛✉ss✐❛♥♦ ❡ ♦ s❡❣✉♥❞♦ é ❢♦r♠❛❞♦ ♣♦r ❞♦✐s ♦s❝✐❧❛❞♦r❡s ❤❛r♠ô♥✐❝♦s ♣r❡♣❛r❛❞♦s ✐♥✐❝✐❛❧♠❡♥t❡ ❡♠ ✉♠

❡st❛❞♦ ♥ã♦ ❣❛✉ss✐❛♥♦ ❢♦r♠❛❞♦ ♣❡❧❛ s✉♣❡r♣♦s✐çã♦ ❞❡ ♣❛❝♦t❡s ❞❡ ♦♥❞❛ ❣❛✉ss✐❛♥♦s✳ ❆ ✐♥✢✉ê♥❝✐❛ ❞♦

❛♠❜✐❡♥t❡ ❢♦✐ ♦❜s❡r✈❛❞❛ ❛tr❛✈és ❞❛ ❡✈♦❧✉çã♦ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦✳ ◆♦ss♦ ♠♦❞❡❧♦ ❢♦r♥❡❝❡ ✉♠ ❝r✐tér✐♦

❞❡ ❞✐stâ♥❝✐❛ ♣❛r❛ ✐❞❡♥t✐✜❝❛r ❡♠ q✉❡ ❝❛s♦s ✉♠ ❛♠❜✐❡♥t❡ ❝♦♠✉♠ ♣♦❞❡ ✐♥❞✉③✐r ❡♠❛r❛♥❤❛♠❡♥t♦✳

❚rês r❡❣✐♠❡s ❢♦r❛♠ ❡♥❝♦♥tr❛❞♦s✿ ♦ r❡❣✐♠❡ ❞❡ ❞✐stâ♥❝✐❛s ❝✉rt❛s✱ ❡q✉✐✈❛❧❡♥t❡ ❛♦ ❡♥❝♦♥tr❛❞♦ ♥♦

♠♦❞❡❧♦ s✐st❡♠❛✲♠❛✐s✲r❡s❡r✈❛tór✐♦ ❝♦♠ ❛❝♦♣❧❛♠❡♥t♦ ❜✐❧✐♥❡❛r✱ ♦ r❡❣✐♠❡ ❞❡ ❞✐stâ♥❝✐❛s ❧♦♥❣❛s ❡♠ q✉❡

❛s ♣❛rtí❝✉❧❛s ❛t✉❛♠ ❝♦♠♦ s❡ ❡st✐✈❡ss❡♠ ❛❝♦♣❧❛❞❛s ❝♦♠ r❡s❡r✈❛tór✐♦s ✐♥❞❡♣❡♥❞❡♥t❡s✱ ❡ ♦ r❡❣✐♠❡ ❞❡

❞✐stâ♥❝✐❛s ✐♥t❡r♠❡❞✐ár✐❛s ❡♠ q✉❡ ❡①✐st❡ ✉♠❛ ❝♦♠♣❡t✐çã♦ ❡♥tr❡ ♦s ❡❢❡✐t♦s ❞❡ ❞❡❝♦❡rê♥❝✐❛ ❡ ✐♥❞✉çã♦

❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦✳

✐✈



❆❜str❛❝t

❲❡ ✉s❡ t❤❡ s②st❡♠✲♣❧✉s✲r❡s❡r✈♦✐r ♠♦❞❡❧ t♦ st✉❞② t❤❡ ❞②♥❛♠✐❝s ♦❢ ❛ s②st❡♠ ♦❢ t✇♦ ♣❛rt✐❝❧❡s t❤❛t

✐♥t❡r❛❝t ✇✐t❤ ❛ ❤❡❛t ❜❛t❤ ✐♥ t❤❡r♠❛❧ ❡q✉✐❧✐❜r✐✉♠✳ ❲❡ ❛♥❛❧②③❡ t❤❡ ❡✛❡❝ts✱ ❢♦r t❤❡ t✇♦ ♣❛rt✐❝❧❡ ❝❛s❡✱

♦❢ ❛ ❞✐r❡❝t ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ✉s✉❛❧ ♠♦❞❡❧ ❢♦r ♦♥❡ ❜r♦✇♥✐❛♥ ♣❛rt✐❝❧❡✳ ❲❡ ♣❛rt✐❝✉❧❛r❧② ❝❛❧❧ ❢♦r

❛tt❡♥t✐♦♥ t♦ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ r♦❧❡ ♦❢ t❤❡ ❝♦✉♥t❡rt❡r♠ ✐♥ ♦r❞❡r t♦ ♦❜t❛✐♥ t❤❡ ♣r♦♣❡r ❞②♥❛♠✐❝s ✐♥

t❤❡ ❝❧❛ss✐❝❛❧ ❧✐♠✐t✳ ❲❡ ✉s❡ ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❜❛t❤ ♦❢ ♦s❝✐❧❧❛t♦rs ❝❛♣❛❜❧❡ ♦❢ ✐♥❞✉❝✐♥❣ ❛♥ ❡✛❡❝t✐✈❡

❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥ t❤❡ ❜r♦✇♥✐❛♥ ♣❛rt✐❝❧❡s ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❝❤♦✐❝❡ ♠❛❞❡ t♦ t❤❡ s♣❡❝tr❛❧ ❢✉♥❝t✐♦♥

♦❢ t❤❡ ♦s❝✐❧❧❛t♦rs ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❜❛t❤✳ ❚❤❡ ❝♦✉♣❧✐♥❣ ✐s ♥♦♥✲❧✐♥❡❛r ✐♥ t❤❡ ✈❛r✐❛❜❧❡s ♦❢ ✐♥t❡r❡st

❛♥❞ ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❞❡♣❡♥❞❡♥❝❡ ✐s ✐♠♣♦s❡❞ ✐♥ ♦r❞❡r t♦ ❣✉❛r❛♥t❡❡ t❤❡ tr❛♥s❧❛t✐♦♥❛❧ ✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡

♠♦❞❡❧✳ ❚❤❡ q✉❛♥t✉♠ ❞②♥❛♠✐❝s ✐s st✉❞✐❡❞ t❤r♦✉❣❤ t❤❡ r❡❞✉❝❡ ❞❡♥s✐t② ♦♣❡r❛t♦r ♦❢ t❤❡ t✇♦ ♣❛rt✐❝❧❡s✳

❲❡ ♦❜t❛✐♥ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ r❡❞✉❝❡ ❞❡♥s✐t② ♦♣❡r❛t♦r ❢♦r t✇♦ s②st❡♠s ♦❢ ✐♥t❡r❡st✿ t❤❡ ✜rst ♦♥❡ ✐s

❝♦♠♣♦s❡❞ ❜② t✇♦ ❢r❡❡ ♣❛rt✐❝❧❡s ✐♥✐t✐❛❧❧② ♣r❡♣❛r❡❞ ✐♥ ❛ ❣❛✉ss✐❛♥ st❛t❡ ❛♥❞ t❤❡ s❡❝♦♥❞ ♦♥❡ ✐s ❝♦♠♣♦s❡❞

❜② t✇♦ ❤❛r♠♦♥✐❝ ♦s❝✐❧❧❛t♦rs ♣r❡♣❛r❡❞ ✐♥✐t✐❛❧❧② ✐♥ ❛ ♥♦♥✲❣❛✉ss✐❛♥ st❛t❡ ❢♦r♠❡❞ ❜② s✉♣❡r♣♦s✐t✐♦♥ ♦❢

❣❛✉ss✐❛♥ ♣❛❝❦❡ts✳ ❚❤❡ ❡♥✈✐r♦♥♠❡♥t ✐♥✢✉❡♥❝❡ ✐s ♦❜s❡r✈❡❞ t❤r♦✉❣❤ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❡♥t❛♥❣❧❡♠❡♥t✳

❖✉r ♠♦❞❡❧ ♣r♦✈✐❞❡s ❛ ❝r✐t❡r✐♦♥ ♦❢ ❞✐st❛♥❝❡ ❢♦r ✐❞❡♥t✐❢②✐♥❣ ✐♥ ✇❤✐❝❤ ❝❛s❡s ❛ ❝♦♠♠♦♥ ❡♥✈✐r♦♥♠❡♥t

❝❛♥ ✐♥❞✉❝❡ ❡♥t❛♥❣❧❡♠❡♥t✳ ❚❤r❡❡ r❡❣✐♠❡s ❛r❡ ❢♦✉♥❞✿ t❤❡ s❤♦rt ❞✐st❛♥❝❡ r❡❣✐♠❡✱ ❡q✉✐✈❛❧❡♥t t♦ ❛

❜✐❧✐♥❡❛r s②st❡♠✲r❡s❡r✈♦✐r ❝♦✉♣❧✐♥❣✱ t❤❡ ❧♦♥❣ ❞✐st❛♥❝❡ r❡❣✐♠❡ ✐♥ ✇❤✐❝❤ t❤❡ ♣❛rt✐❝❧❡s ❛❝t ❧✐❦❡ ❝♦✉♣❧❡❞ t♦

✐♥❞❡♣❡♥❞❡♥t r❡s❡r✈♦✐rs ❛♥❞ t❤❡ ✐♥t❡r♠❡❞✐❛t❡ r❡❣✐♠❡ s✉✐t❛❜❧❡ ❢♦r t❤❡ ❝♦❡①✐st❡♥❝❡ ❜❡t✇❡❡♥ ❞❡❝♦❤❡r❡♥❝❡

❛♥❞ ✐♥❞✉❝❡❞✲❡♥t❛♥❣❧❡♠❡♥t✳

✈
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■♥tr♦❞✉çã♦

❉❡s❞❡ s✉❛s ♦r✐❣❡♥s ❡♠ ✶✽✷✼ ❝♦♠ ♦ tr❛❜❛❧❤♦ ❞♦ ❜✐ó❧♦❣♦ ❘♦❜❡rt ❇r♦✇♥ s♦❜r❡ ♦ ♠♦✈✐♠❡♥t♦ ❞❡ ❣rã♦s

❞❡ ♣ó❧❡♥ ✐♠❡rs♦s ❡♠ á❣✉❛ ❡ ❛ ♣♦st❡r✐♦r ❞❡s❝r✐çã♦ ❞❛ t❡♦r✐❛ q✉❛♥t✐t❛t✐✈❛ ❞❡st❡ ❢❡♥ô♠❡♥♦ ❞❡s❡♥✈♦❧✈✐❞❛

♣♦r ❊✐♥st❡✐♥ ❡♠ ✶✾✵✺✱ ♦ ♠♦✈✐♠❡♥t♦ ❜r♦✇♥✐❛♥♦ t❡♠ ❛♣r❡s❡♥t❛❞♦ ❣r❛♥❞❡ ✐♥t❡r❡ss❡ t❛♥t♦ ♥❛ ♣❡sq✉✐s❛

t❡ór✐❝❛ ❡ ❢✉♥❞❛♠❡♥t❛❧✱ ♣♦r ❡①❡♠♣❧♦ ❡♠ q✉❡stõ❡s r❡❧❛❝✐♦♥❛❞❛s ❛ ❝♦♠♦ ❡st❡♥❞❡r ❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛ ❛

s✐st❡♠❛s ❛❜❡rt♦s ❬✷✱ ✸✱ ✹✱ ✺✱ ✻✱ ✼❪✱ q✉❛♥t♦ ♥❛s ❛♣❧✐❝❛çõ❡s ♠❛✐s ❞✐✈❡rs❛s ♥❛ ❢ís✐❝❛ ❞❛ ♠❛tér✐❛ ❝♦♥❞❡♥s❛❞❛✱

❛ ❢ís✐❝♦✲q✉í♠✐❝❛ ❡ ♠❛✐s r❡❝❡♥t❡♠❡♥t❡ ♥❛ t❡♦r✐❛ ❞❡ ✐♥❢♦r♠❛çã♦ ❡ ❝♦♠♣✉t❛çã♦ q✉â♥t✐❝❛✳

◆♦ r❡❣✐♠❡ q✉â♥t✐❝♦ ♦ ♠♦✈✐♠❡♥t♦ ❜r♦✇♥✐❛♥♦ t❡♠ s✐❞♦ ♠♦❞❡❧❛❞♦ ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ♥❡♥❤✉♠

s✐st❡♠❛ ♥❛ ♥❛t✉r❡③❛ s❡ ❡♥❝♦♥tr❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ✐s♦❧❛❞♦ ❡✱ ♣♦rt❛♥t♦✱ ♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡ é ❛❝♦♣❧❛❞♦

❛ ✉♠ r❡s❡r✈❛tór✐♦ tér♠✐❝♦ r❡s♣♦♥sá✈❡❧ ♣❡❧❛s ♣❡r❞❛s ❞❡ ❡♥❡r❣✐❛✱ ♠❛♥t❡♥❞♦ ♦ ❡sq✉❡♠❛ ❞❡ q✉❛♥t✐③❛çã♦

✉s✉❛❧ ❬✽✱ ✾✱ ✶✵✱ ✶✸✱ ✶✹❪✳ ❊♠ ❣❡r❛❧✱ ♦s ❞❡t❛❧❤❡s ♠✐❝r♦s❝ó♣✐❝♦s ❞♦ r❡s❡r✈❛tór✐♦ ❡ ❛ ❢♦r♠❛ ❝♦♠♦ ❡st❡

s❡ ❛❝♦♣❧❛ ❛♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡ sã♦ ♠✉✐t♦ ❝♦♠♣❧❡①♦s ♦✉ s✐♠♣❧❡s♠❡♥t❡ ♥ã♦ sã♦ r❡❧❡✈❛♥t❡s ♣❛r❛

❛ ❞✐♥â♠✐❝❛ ♣❛rt✐❝✉❧❛r q✉❡ s❡ ❞❡s❡❥❛ ❡st✉❞❛r✳ P♦r ❡st❛ r❛③ã♦✱ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ q✉❡ r❡♣r❡s❡♥t❛ ♦

r❡s❡r✈❛tór✐♦ ❡ ❛ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ❞♦ ❛❝♦♣❧❛♠❡♥t♦ sã♦ ❡s❝♦❧❤✐❞♦s ❛t❡♥❞❡♥❞♦ ❝r✐tér✐♦s ❢❡♥♦♠❡♥♦❧ó❣✐❝♦s

q✉❡ ♥♦s ♣❡r♠✐t❛♠✱ ♥♦ ❧✐♠✐t❡ ❝❧áss✐❝♦✱ r❡❝✉♣❡r❛r ❛ ❞✐♥â♠✐❝❛ ❜r♦✇♥✐❛♥❛✳ ◗✉❛♥❞♦ ♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡

t❡♠ ✉♠ ú♥✐❝♦ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡ ♣♦r ❡①❡♠♣❧♦✱ ❛ ❞✐♥â♠✐❝❛ ❝❧áss✐❝❛ ❞❡✈❡ ❡st❛r r❡♣r❡s❡♥t❛❞❛ ♣♦r ✉♠❛

❡q✉❛çã♦ t✐♣♦ ▲❛♥❣❡✈✐♥✱ ❝♦♠ ✉♠ t❡r♠♦ ❞✐ss✐♣❛t✐✈♦ q✉❡ ♣♦❞❡ ✐♥❝❧✉✐r ♦✉ ♥ã♦ ❡❢❡✐t♦s ❞❡ ♠❡♠ór✐❛ ❡

✉♠❛ ❢♦rç❛ ✢✉t✉❛♥t❡ ❝✉❥♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❡st❛tíst✐❝♦ ❡stá ❞❡t❡r♠✐♥❛❞♦ ♣❡❧❛ ♣r❡♣❛r❛çã♦ ✐♥✐❝✐❛❧ ❞♦

s✐st❡♠❛ ❬✶✸❪✳ ❖ ♠♦❞❡❧♦ ♠❛✐s ❛♠♣❧❛♠❡♥t❡ ✉s❛❞♦ ♣❛r❛ ❞❡s❝r❡✈❡r ♦ ♠♦✈✐♠❡♥t♦ ❜r♦✇♥✐❛♥♦ ❞❡ ✉♠

❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡ é ❢♦r♠❛❞♦ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♦s❝✐❧❛❞♦r❡s ❤❛r♠ô♥✐❝♦s ✐♥❞❡♣❡♥❞❡♥t❡s ❛❝♦♣❧❛❞♦s

❜✐❧✐♥❡❛r♠❡♥t❡ ✭❝♦♦r❞❡♥❛❞❛✲❝♦♦r❞❡♥❛❞❛ ♣♦r ❡①❡♠♣❧♦✮ ❛♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡ ❡ ❝♦♠ ✉♠❛ ❢✉♥çã♦

❡s♣❡❝tr❛❧ J(ω) ❝✉❥❛ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ❡stá r❡❧❛❝✐♦♥❛❞❛ ❝♦♠ ❛ ❞✐str✐❜✉✐çã♦ ❞♦s ♠♦❞♦s ❞♦ ❜❛♥❤♦ ❡ ❝♦♠♦

❡st❡s ✐♥t❡r❛❣❡♠ ❝♦♠ ❛ ♣❛rtí❝✉❧❛ ❜r♦✇♥✐❛♥❛✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♣❛r❛ ♦❜t❡r ✉♠❛ ❡q✉❛çã♦ ❞❡ ▲❛♥❣❡✈✐♥

♠❛r❦♦✈✐❛♥❛ ❡ ô❤♠✐❝❛ ✭❢♦rç❛ ❞✐ss✐♣❛t✐✈❛ ♣r♦♣♦r❝✐♦♥❛❧ ❛ ✈❡❧♦❝✐❞❛❞❡✮ é ✉s❛❞❛ ✉♠❛ ❢✉♥çã♦ ❡s♣❡❝tr❛❧

q✉❡ ❞❡♣❡♥❞❡ ❧✐♥❡❛r♠❡♥t❡ ❞❛ ❢r❡q✉ê♥❝✐❛ ❞♦s ♠♦❞♦s ❞♦ ❜❛♥❤♦ ❡ q✉❡ ❡①❝❧✉✐ ❞❛ ❞✐♥â♠✐❝❛ t♦❞❛s ❛s

❢r❡q✉ê♥❝✐❛s ♠❛✐♦r❡s ❞♦ q✉❡ ✉♠ ✈❛❧♦r ❞❡ ❝♦rt❡ ❞❡✜♥✐❞♦ ♣❡❧♦ t❡♠♣♦ ❞❡ r❡❧❛①❛çã♦ ❞♦ r❡s❡r✈❛tór✐♦✳

P❛r❛ ❞✉❛s ♣❛rtí❝✉❧❛s ♣♦❞❡♠♦s s❡❣✉✐r ❝r✐tér✐♦s s✐♠✐❧❛r❡s✳ ❊♠ ❣❡r❛❧✱ ♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❞♦ s✐st❡♠❛

❞❡ ✐♥t❡r❡ss❡ ❞❡✈❡ ❝♦♥t✐♥✉❛r s❡ ❝♦♠♣♦rt❛♥❞♦ ❝♦♠♦ ✉♠❛ ♣❛rtí❝✉❧❛ ❜r♦✇♥✐❛♥❛ ❡ ❡st❛r s✉❥❡✐t❛ ❛ ❛çã♦ ❞❡

✉♠❛ ❢♦rç❛ ❡st♦❝ást✐❝❛ ♥♦ ❧✐♠✐t❡ ❝❧áss✐❝♦✳ ❏á ♦ ♠♦✈✐♠❡♥t♦ r❡❧❛t✐✈♦ ♣♦❞❡ t❡r ❝❛r❛❝t❡ríst✐❝❛s ❛❞✐❝✐♦♥❛✐s✱

✷
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♣♦❞❡♠♦s ❡s♣❡r❛r ♣♦r ❡①❡♠♣❧♦ ❛ ❡①✐stê♥❝✐❛ ❞❡ ❛❧❣✉♠ t✐♣♦ ❞❡ ✐♥t❡r❛çã♦ ♠❡❞✐❛❞❛ ♣❡❧♦ r❡s❡r✈❛tór✐♦ ❛❧é♠

❞♦ t❡r♠♦ ❞✐ss✐♣❛t✐✈♦ ✉s✉❛❧✳ ❊♠ ✉♠ tr❛❜❛❧❤♦ ♣ré✈✐♦ ❬✶✷❪ ♠♦str❛♠♦s q✉❡ ♦ ♠♦❞❡❧♦ ❞♦s ♦s❝✐❧❛❞♦r❡s ♥ã♦

✐♥t❡r❛❣❡♥t❡ ❛❝♦♣❧❛❞♦s ❜✐❧✐♥❡❛r♠❡♥t❡ ❛♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡ ♥ã♦ é ❛♣r♦♣r✐❛❞♦ ♣❛r❛ tr❛t❛r ✉♠ s✐st❡♠❛

❞✐ss✐♣❛t✐✈♦ ❡♠ q✉❡ t❡♠♦s ❞♦✐s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡✳ ❆ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ♠♦❞❡❧♦ ✉s✉❛❧ é ❞❡s❡♥✈♦❧✈✐❞❛

♣❡r♠✐t✐♥❞♦ q✉❡ ♦ ❛❝♦♣❧❛♠❡♥t♦ s❡❥❛ ♥ã♦ ❧✐♥❡❛r ♥❛s ✈❛r✐á✈❡✐s ❞❡ ✐♥t❡r❡ss❡ ❡ ♠♦❞✐✜❝❛♥❞♦ ❛ ❢✉♥çã♦

❡s♣❡❝tr❛❧ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❧❡♠❜r❡ ♦ ❧✐♠✐t❡ ❞❡ ❜❛✐①❛s ❢r❡q✉ê♥❝✐❛s ❞❛ ❢✉♥çã♦ r❡s♣♦st❛ ❞❡ ✉♠ ❜❛♥❤♦

❞❡ ♦s❝✐❧❛❞♦r❡s ✐♥t❡r❛❣❡♥t❡s✳ ❖ ♥♦✈♦ ♠♦❞❡❧♦ ❝♦♥s❡❣✉❡ ❝♦♠♣♦rt❛r ❛❞❡q✉❛❞❛♠❡♥t❡ ❛ ✐♥t❡r❛çã♦ ❡❢❡t✐✈❛

❡♥tr❡ ❛s ♣❛rt❡s ❞♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡ ❛ss✐♠ ❝♦♠♦ r❡♣r♦❞✉③✐r ❛ ❞✐♥â♠✐❝❛ ❞✐ss✐♣❛t✐✈❛ ❛❞❡q✉❛❞❛ ♣❛r❛

✉♠ ❡ ❞♦✐s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡✳

❆ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❡st❡ tr❛❜❛❧❤♦ s❡ ❝♦♥❝❡♥tr❛ ❡♠ ❞❡s❝r❡✈❡r ♦s ❞❡t❛❧❤❡s ❞♦ ♠♦❞❡❧♦ ❣❡♥❡r❛❧✐③❛❞♦

♣❛r❛ ❞✉❛s ♣❛rtí❝✉❧❛s ❜r♦✇♥✐❛♥❛s✱ ❝♦♠♣❛r❛♥❞♦ s❡♠♣r❡ q✉❡ ♣♦ssí✈❡❧ ❝♦♠ ♦ ♠♦❞❡❧♦ ❞❡ ♦s❝✐❧❛❞♦r❡s

♥ã♦ ✐♥t❡r❛❣❡♥t❡s ❡ ❛❝♦♣❧❛♠❡♥t♦ ❜✐❧✐♥❡❛r✳ ❊s♣❡❝✐❛❧ ❛t❡♥çã♦ é ❞❛❞❛ ❛♦ ♣❛♣❡❧ ❞❡s❡♠♣❡♥❤❛❞♦ ♣❡❧♦

❝♦♥tr❛t❡r♠♦✱ ❛♥❛❧✐s❛♠♦s ❛s ✐♠♣❧✐❝❛çõ❡s q✉❡ t❡♠ ♣❛r❛ ♦ s✐st❡♠❛ ❞❡ ❞✉❛s ♣❛rtí❝✉❧❛s ❢❛③❡r ✉♠❛ ❡①t❡♥sã♦

❞✐r❡t❛ ❞♦ ❝♦♥tr❛t❡r♠♦ ✉s❛❞♦ ♣❛r❛ ✉♠❛ ♣❛rtí❝✉❧❛ ❡ ♠♦str❛♠♦s ❝♦♠♦ ❛s ✐♥❝♦♥s✐stê♥❝✐❛s ♣♦❞❡♠ s❡r

r❡s♦❧✈✐❞❛s ✉s❛♥❞♦ ✉♠ ❛❝♦♣❧❛♠❡♥t♦ ♥ã♦ ❧✐♥❡❛r ♥❛s ✈❛r✐á✈❡✐s ❞❡ ✐♥t❡r❡ss❡✳

❆ ❞✐♥â♠✐❝❛ q✉â♥t✐❝❛ é ❛♣r❡s❡♥t❛❞❛ ❛tr❛✈és ❞♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦✳ ❆ ❡❧✐♠✐♥❛çã♦ ❞❛s

✈❛r✐á✈❡✐s ❞♦ r❡s❡r✈❛tór✐♦ é ❢❡✐t❛ ❞❡♥tr♦ ❞❛ ❢♦r♠✉❧❛çã♦ ✐♥t❡❣r❛❧ ❞❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛✱ ♦ r❡s✉❧t❛❞♦

❞❡st❡ ♣r♦❝❡ss♦ ♥♦s ❢♦r♥❡❝❡ ✉♠ ♣r♦♣❛❣❛❞♦r r❡s♣♦♥sá✈❡❧ ♣❡❧❛ ❡✈♦❧✉çã♦ ❞♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❡ q✉❡ ❝♦♥té♠

t♦❞❛ ❛ ✐♥✢✉ê♥❝✐❛ ❞♦ r❡s❡r✈❛tór✐♦✳ ❉❡✈✐❞♦ ❛♦ ❛❝♦♣❧❛♠❡♥t♦ ♥ã♦ ❧✐♥❡❛r✱ ❛ ❛çã♦ ❞♦ s✐st❡♠❛ t❛♠❜é♠

é ♥ã♦ ❧✐♥❡❛r ❡ ❛ ✐♥t❡❣r❛çã♦ ❢✉♥❝✐♦♥❛❧ ♥ã♦ ♣♦❞❡ s❡r r❡s♦❧✈✐❞❛ ❡♠ ❢♦r♠❛ ❡①❛t❛✳ ■st♦ ♥♦s ♦❜r✐❣❛ ❛

✐♥tr♦❞✉③✐r ❛♣r♦①✐♠❛çõ❡s ❡ ❝♦♥s✐❞❡r❛çõ❡s ❢❡♥♦♠❡♥♦❧ó❣✐❝❛s ❛❞✐❝✐♦♥❛✐s ♣❛r❛ ♣♦❞❡r♠♦s ♦❜t❡r ❡①♣r❡ssõ❡s

♠❛t❡♠❛t✐❝❛♠❡♥t❡ ♠❛✐s tr❛tá✈❡✐s✳

●r❛♥❞❡s ❡s❢♦rç♦s sã♦ ❛t✉❛❧♠❡♥t❡ r❡❛❧✐③❛❞♦s ♣❛r❛ ❡♥❝♦♥tr❛r ❡sq✉❡♠❛s ❞❡ ♣r♦❝❡ss❛♠❡♥t♦ ❡

❛r♠❛③❡♥❛♠❡♥t♦ ❞❡ ✐♥❢♦r♠❛çã♦ q✉❡ ♣❡r♠✐t❛♠ ♠❛♥t❡r ♦s ❡❢❡✐t♦s ♥❡❣❛t✐✈♦s ❞❛ ✐♥t❡r❛çã♦ ❝♦♠ ♦

❛♠❜✐❡♥t❡ ❡♠ ♥í✈❡✐s ❜❛✐①♦s✳ ■❣✉❛❧♠❡♥t❡ ❛ tr❛♥s♠✐ssã♦ ❞❡ ✐♥❢♦r♠❛çã♦ ❛♦ ❧♦♥❣♦ ❞❡ ❞✐stâ♥❝✐❛s

♠❛❝r♦s❝ó♣✐❝❛s t❛♠❜é♠ ❛♣r❡s❡♥t❛ ✉♠ ❣r❛♥❞❡ ❞❡s❛✜♦ ♥❛ ár❡❛ ❞❡ ✐♥❢♦r♠❛çã♦ ❡ ❝♦♠♣✉t❛çã♦ q✉â♥t✐❝❛✳

■st♦ ❢❛③ ❝♦♠ q✉❡ ✉♠ ♠❡❧❤♦r ❡♥t❡♥❞✐♠❡♥t♦ ❞❛ ✐♥t❡r❛çã♦ ❝♦♠ ♦ ❛♠❜✐❡♥t❡ ❞❡ s✐st❡♠❛s q✉❡ ♣♦ss✉❡♠ ❛♦

♠❡♥♦s ❞✉❛s ♣❛rt❡s ❞✐st✐♥❣✉í✈❡✐s s❡❥❛ ❞❡ ❣r❛♥❞❡ ✐♥t❡r❡ss❡ ❢✉♥❞❛♠❡♥t❛❧ ❡ ♣rát✐❝♦✳ ◆❛ s❡❣✉♥❞❛ ♣❛rt❡

❞❡st❡ tr❛❜❛❧❤♦ ♥♦ss♦ ♦❜❥❡t✐✈♦ s❡rá ✉s❛r ♦ ♣r♦♣❛❣❛❞♦r ♦❜t✐❞♦ ❞♦ ♠♦❞❡❧♦ ♥ã♦ ❧✐♥❡❛r ♣❛r❛ ❡st✉❞❛r

❛ ❡✈♦❧✉çã♦ ❞❛s ❝♦rr❡❧❛çõ❡s q✉â♥t✐❝❛s ❡♠ ✉♠ s✐st❡♠❛ ❜✐♣❛rt✐t❡ ❝✉❥♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❝♦rr❡s♣♦♥❞❡ ❛

✉♠ ❡st❛❞♦ ❝♦♠♣r✐♠✐❞♦ ❞❡ ❞♦✐s ♠♦❞♦s✳ P♦r s❡r ✉♠ ❡st❛❞♦ ❝♦♠ ❢✉♥çã♦ ❞❡ ❲✐❣♥❡r ❣❛✉ss✐❛♥❛ s❡✉

tr❛t❛♠❡♥t♦ ♠❛t❡♠át✐❝♦ é ❜❛st❛♥t❡ s✐♠♣❧❡s ❡ ♦ s❡✉ ❣r❛✉ ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦ ♣♦❞❡ s❡r ❝♦♠♣❧❡t❛♠❡♥t❡

❞❡t❡r♠✐♥❛❞♦ ✉s❛♥❞♦ ❝r✐tér✐♦s ❡ ♠❡❞✐❞❛s ❢❛❝✐❧♠❡♥t❡ ❛♣❧✐❝á✈❡✐s✱ ❝♦♠♦ ♦ ❝r✐tér✐♦ ❞❡ tr❛♥s♣♦s✐çã♦ ♣❛r❝✐❛❧

♣♦s✐t✐✈❛ ❡ ❛ ♥❡❣❛t✐✈✐❞❛❞❡✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ q✉❡ s❡rã♦ ❜r❡✈❡♠❡♥t❡ ✐♥tr♦❞✉③✐❞♦s ♥♦ ❝♦r♣♦ ❞❡st❡

tr❛❜❛❧❤♦✳ ❖ ❡❢❡✐t♦ ❞❛ ✐♥t❡r❛çã♦ ❝♦♠ ♦ r❡s❡r✈❛tór✐♦ é ♦❜s❡r✈❛❞❛ ♥❛ ❡✈♦❧✉çã♦ ❞❡ s✐st❡♠❛s ♣r❡♣❛r❛❞♦s

✐♥✐❝✐❛❧♠❡♥t❡ t❛♥t♦ ❡♠ ❡st❛❞♦s ❡♠❛r❛♥❤❛❞♦s ❝♦♠♦ s❡♣❛rá✈❡✐s✱ ♣♦❞❡♥❞♦ ✐❞❡♥t✐✜❝❛r ❞❡st❛ ❢♦r♠❛ ❛

❝♦♠♣❡t✐çã♦ ❡①✐st❡♥t❡ ❡♥tr❡ ♦s ♣r♦❝❡ss♦s ❞❡ ❞❡❝♦❡rê♥❝✐❛ ❡ ✐♥❞✉çã♦ ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦✳

❋✐♥❛❧♠❡♥t❡✱ ♣r❡t❡♥❞❡r❡♠♦s ❡st❡♥❞❡r ♦ ❡st✉❞♦ ❞❛ ❡✈♦❧✉çã♦ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ♣❛r❛ ❡st❛❞♦s ♥ã♦

❣❛✉ss✐❛♥♦s✳ ❖ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡ é ❢♦r♠❛❞♦ ♣♦r ❞♦✐s ♦s❝✐❧❛❞♦r❡s ❤❛r♠ô♥✐❝♦s ❡ ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ s❡rá
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♣r❡♣❛r❛❞♦ ❝♦♠♦ ❛ s✉♣❡r♣♦s✐çã♦ ❞❡ ❞♦✐s ♣❛❝♦t❡s ❞❡ ♦♥❞❛ ❣❛✉ss✐❛♥♦s✳ ❉❡✈✐❞♦ à ♣r❡s❡♥ç❛ ❞♦s ♣♦t❡♥❝✐❛✐s

❤❛r♠ô♥✐❝♦s ♦ ♣r♦♣❛❣❛❞♦r ♥ã♦ ❧✐♥❡❛r ♣♦❞❡ s❡r s✐♠♣❧✐✜❝❛❞♦ ❞❡ ♠♦❞♦ q✉❡ ❛ ❞✐♥â♠✐❝❛ ❡❢❡t✐✈❛ s❡❥❛ ❞❡

♥♦✈♦ ❧✐♥❡❛r ❡ ❢❛❝✐❧♠❡♥t❡ tr❛tá✈❡❧✳ P❛r❛ ❡st❡ ❝❛s♦ sã♦ ❛♣♦♥t❛❞❛s ❛❧❣✉♠❛s ♣❛rt✐❝✉❧❛r✐❞❛❞❡s ❡♥❝♦♥tr❛❞❛s

♥❛ ✐♥t❡r❛çã♦ ❝♦♠ ♦ r❡s❡r✈❛tór✐♦✳

❆ ✐♥t❡♥çã♦ ♣r✐♥❝✐♣❛❧ ❞❡st❡ tr❛❜❛❧❤♦ é ♠♦str❛r q✉❡ ❛ ✐♥t❡r❛çã♦ ❝♦♠ ♦ ❛♠❜✐❡♥t❡✱ ❝♦♥s✐❞❡r❛❞❛

❣❡r❛❧♠❡♥t❡ ❝♦♠♦ ✐♥✐♠✐❣❛ ❞♦s ♣r♦❝❡ss♦s q✉â♥t✐❝♦s✱ ♣♦❞❡ s❡r ✈✐st❛ t❛♠❜é♠✱ s♦❜ ❞❡t❡r♠✐♥❛❞❛s

❝♦♥❞✐çõ❡s✱ ❝♦♠♦ ❢♦♥t❡ ❞❡ ❝♦rr❡❧❛çõ❡s ❡ ❝♦❡rê♥❝✐❛ q✉â♥t✐❝❛✳ ❊st❛ ✈✐sã♦ ❞✉❛❧ ❢❛③ ❝♦♠ q✉❡ ♦ ❡st✉❞♦ ❞♦s

s✐st❡♠❛s ❞✐ss✐♣❛t✐✈♦s ❛❞q✉✐r❛ ✉♠❛ ✐♠♣♦rtâ♥❝✐❛ ❞✉♣❧❛✳ P♦r ✉♠❛ ♣❛rt❡ ❞❡✈❡♠♦s ❡♥t❡♥❞❡r ❡ ❛♣r❡♥❞❡r ❛

❝♦♥tr♦❧❛r ♦s ❡❢❡✐t♦s ❞❡ ❞❡❝♦❡rê♥❝✐❛ ❡ ♣♦r ♦✉tr❛ ♣♦❞❡♠♦s ❛♣r❡♥❞❡r ❛ ❛♣r♦✈❡✐t❛r ♦s ❡❢❡✐t♦s ❞❡ ❝♦rr❡❧❛çã♦

✐♥❞✉③✐❞❛✳



❈❛♣ít✉❧♦ ✷

▼♦✈✐♠❡♥t♦ ❜r♦✇♥✐❛♥♦ q✉â♥t✐❝♦

◆❡st❡ ❝❛♣ít✉❧♦ s❡rá ❢❡✐t❛ ✉♠❛ r❡✈✐sã♦ rá♣✐❞❛ ❞♦ ♠♦❞❡❧♦ ❜ás✐❝♦ q✉❡ s❡rá ✉s❛❞♦ ♣❛r❛ ❞❡s❝r❡✈❡r ♦

♣r♦❜❧❡♠❛ ❞❛ ❞✐ss✐♣❛çã♦ q✉â♥t✐❝❛ ✉s❛♥❞♦ ♦ ♣❛r❛❞✐❣♠❛ ❞♦ ♠♦✈✐♠❡♥t♦ ❜r♦✇♥✐❛♥♦✳ ❖ ♣r♦❜❧❡♠❛ s❡rá

❛❜♦r❞❛❞♦ ❞❡❞✉③✐♥❞♦ ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ❡ ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ♣❛r❛ ♦ s✐st❡♠❛ ❞✐ss✐♣❛t✐✈♦

♣❛rt✐♥❞♦ ❞❡ ✉♠❛ ❍❛♠✐❧t♦♥✐❛♥❛ q✉❡ ❛❝♦♣❧❛ ❡♠ ❢♦r♠❛ ♥ã♦ ❧✐♥❡❛r ♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡ ❛ ✉♠

r❡s❡r✈❛tór✐♦ ♠♦❞❡❧❛❞♦ ❢❡♥♦♠❡♥♦❧♦❣✐❝❛♠❡♥t❡✳ ❖ ♠♦❞❡❧♦ s❡rá ❞❡s❡♥✈♦❧✈✐❞♦ ♣❛r❛ ✉♠❛ ❡ ❞✉❛s ♣❛rtí❝✉❧❛s

❜r♦✇♥✐❛♥❛s ❞✐st✐♥❣✉í✈❡✐s✳ P♦st❡r✐♦r♠❡♥t❡✱ ❢❛r❡♠♦s ✉♠❛ ❝♦♠♣❛r❛çã♦ ❝♦♠ ♦ tr❛t❛♠❡♥t♦ ♦r✐❣✐♥❛❧

❞❡s❡♥✈♦❧✈✐❞♦ ♣♦r ❈❛❧❞❡✐r❛ ❡ ▲❡❣❣❡tt ❝❤❛♠❛♥❞♦ ❛ ❛t❡♥çã♦ ♣❛r❛ ❛s ❝❛r❛❝t❡ríst✐❝❛s ❡ss❡♥❝✐❛✐s q✉❡

s✉r❣❡♠ q✉❛♥❞♦ ♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡ t❡♠ ♠❛✐s ❞♦ q✉❡ ✉♠ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡ ❛❝♦♣❧❛❞♦ ❝♦♠ ♦

❛♠❜✐❡♥t❡ ❞✐ss✐♣❛t✐✈♦✳

✷✳✶ ❊q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ♣❛r❛ ✉♠❛ ♣❛rtí❝✉❧❛ ❜r♦✇♥✐❛♥❛

❯s✉❛❧♠❡♥t❡ ♦ ♠♦✈✐♠❡♥t♦ ❞✐ss✐♣❛t✐✈♦ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ ❞✐♥â♠✐❝❛ é ❞❡s❝r✐t♦ ❛tr❛✈és ❞♦ ❛❝♦♣❧❛♠❡♥t♦

❞❛ ❞✐t❛ ✈❛r✐á✈❡❧ ✭s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡✮ ❝♦♠ ✉♠ s✐st❡♠❛ ♠❛✐♦r r❡s♣♦♥sá✈❡❧ ♣♦r s✉❛ ♣❡r❞❛ ❞❡ ❡♥❡r❣✐❛✳

❊st❡ ú❧t✐♠♦ é ❝❤❛♠❛❞♦ ❣❡♥❡r✐❝❛♠❡♥t❡ ❞❡ ❛♠❜✐❡♥t❡✱ q✉❛♥❞♦ ♦ s❡✉ ♥ú♠❡r♦ ❞❡ ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ t❡♥❞❡

❛ ✐♥✜♥✐t♦ ♣♦❞❡♠♦s ❝❤❛♠á✲❧♦ ❞❡ r❡s❡r✈❛tór✐♦ ❡ ✜♥❛❧♠❡♥t❡ s❡✱ ♣ré✈✐♦ ❛♦ ❛❝♦♣❧❛♠❡♥t♦✱ ♦ ❛♠❜✐❡♥t❡ s❡

❡♥❝♦♥tr❛ ♥♦ ❡st❛❞♦ ❞❡ ❡q✉✐❧í❜r✐♦ t❡r♠♦❞✐♥â♠✐❝♦ à t❡♠♣❡r❛t✉r❛ T é ❝❤❛♠❛❞♦ ❞❡ ❜❛♥❤♦ tér♠✐❝♦ ♦✉

s✐♠♣❧❡s♠❡♥t❡ ❜❛♥❤♦✳ ◆❡st❡ tr❛❜❛❧❤♦ s❡♠♣r❡ ❝♦♥s✐❞❡r❛r❡♠♦s ✉♠ ♠❡✐♦ ❞✐ss✐♣❛t✐✈♦ ❝♦♠ ✐♥✜♥✐t♦s ❣r❛✉s

❞❡ ❧✐❜❡r❞❛❞❡ ❡ ✐♥✐❝✐❛❧♠❡♥t❡ ❡♠ ❡q✉✐❧í❜r✐♦ t❡r♠♦❞✐♥â♠✐❝♦✳ P♦rt❛♥t♦ ✉s❛r❡♠♦s ❞❡ ❢♦r♠❛ ✐♥❞✐s❝r✐♠✐♥❛❞❛

♦s t❡r♠♦s ❞❡s❝r✐t♦s ❛❝✐♠❛ s❡♠ ♥♦s ♣r❡♦❝✉♣❛r♠♦s ♣❡❧❛ s✉❛ r✐❣♦r♦s❛ ❞❡✜♥✐çã♦✳

❖ ❍❛♠✐❧t♦♥✐❛♥♦ ❞♦ s✐st❡♠❛ ❝♦♠♣❧❡t♦ ♣♦❞❡ s❡r ❞❡✜♥✐❞♦ ♥❛ ❢♦r♠❛

H = HS +HR +HI , ✭✷✳✶✮

♦♥❞❡ HS é ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡✱ HR é ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞♦ r❡s❡r✈❛tór✐♦ ❡ HI

é ♦ ❛❝♦♣❧❛♠❡♥t♦✳ ❊♠ ❣❡r❛❧ ♦s ❞❡t❛❧❤❡s ♠✐❝r♦s❝ó♣✐❝♦s ❞♦ r❡s❡r✈❛tór✐♦ ❡ ❞♦ ❛❝♦♣❧❛♠❡♥t♦ ♥ã♦ sã♦

✐♠♣♦rt❛♥t❡s ♦✉ sã♦ ♠✉✐t♦ ❝♦♠♣❧❡①♦s ♣❛r❛ s❡r❡♠ ❡s❝r✐t♦s ❡①♣❧✐❝✐t❛♠❡♥t❡ ❡♠ ✭✷✳✶✮✱ ✐st♦ ❢❛③ ❝♦♠ q✉❡ ♦

♣r♦❝❡❞✐♠❡♥t♦ ♠❛✐s ❛❞❡q✉❛❞♦ s❡❥❛ ♠♦❞❡❧❛r ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞♦ r❡s❡r✈❛tór✐♦ ❡ ♦ t❡r♠♦ ❞❡ ❛❝♦♣❧❛♠❡♥t♦

✺
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❞❡ ❢♦r♠❛ q✉❡ ❛ ❞✐♥â♠✐❝❛ r❡❞✉③✐❞❛ ❞♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡ r❡♣r♦❞✉③❛ ♦s ❡❢❡✐t♦s ❞✐ss✐♣❛t✐✈♦s ❡s♣❡r❛❞♦s✳

❊♠ ♣❛rt✐❝✉❧❛r✱ ♥♦ q✉❡ ❞✐③ r❡s♣❡✐t♦ ❛♦ ♠♦✈✐♠❡♥t♦ ❜r♦✇♥✐❛♥♦ ♥♦ss♦ ♠♦❞❡❧♦ ❞❡✈❡ ♥♦s ❝♦♥❞✉③✐r ❛ ✉♠❛

❡q✉❛çã♦ t✐♣♦ ▲❛♥❣❡✈✐♥ ♥♦ ❧✐♠✐t❡ ❝❧áss✐❝♦ ❬✶❪✳

❈♦♥s✐❞❡r❛r❡♠♦s ♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡ ❣♦✈❡r♥❛❞♦ ♣❡❧♦ ❍❛♠✐❧t♦♥✐❛♥♦

HS =
P 2

2M
+ V (x). ✭✷✳✷✮

P♦r ♦✉tr❛ ♣❛rt❡✱ s❡ ♦ r❡s❡r✈❛tór✐♦ é ❢r❛❝❛♠❡♥t❡ ♣❡rt✉r❜❛❞♦ ♣❡❧❛ ❛çã♦ ❞♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡✱ ♦ s❡✉

❍❛♠✐❧t♦♥✐❛♥♦ ♣♦❞❡ s❡r ❛♣r♦①✐♠❛❞♦ ♣♦r ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ♦s❝✐❧❛❞♦r❡s ❤❛r♠ô♥✐❝♦s✳ ❆ ❢♦r♠❛ ❡①♣❧í❝✐t❛

❞❡ ❡s❝r❡✈❡r ❡ss❡ ❍❛♠✐❧t♦♥✐❛♥♦ ❛♣r❡s❡♥t❛ ✉♠ ❝❡rt♦ ❣r❛✉ ❞❡ ✢❡①✐❜✐❧✐❞❛❞❡ s❡♠♣r❡ q✉❡ ♦ ♣♦st✉❧❛❞♦

❞❡ ✐♥✜♥✐t♦s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❡ ♣❡rt✉r❜❛çã♦ ❢r❛❝❛ s❡❥❛ r❡s♣❡✐t❛❞♦✱ ✉s✉❛❧♠❡♥t❡ ♥❛ ❧✐t❡r❛t✉r❛

❡♥❝♦♥tr❛♠♦s ❛ ❡①♣r❡ssã♦

HR =
N
∑

k=1

(

P 2
k

2mk
+
mkω

2
kR

2
k

2

)

, ✭✷✳✸✮

♠❛s t❛♠❜é♠ ♣♦❞❡ s❡r ❡s❝r✐t♦ ♥❛ ❢♦r♠❛ s✐♠❡tr✐③❛❞❛ ❬✶✶❪

HR =
1

2

∑

k

(

pkp−k

mk
+mkω

2
kRkR−k

)

, ✭✷✳✹✮

q✉❡ ♣❡r♠✐t❡ ✉♠ tr❛t❛♠❡♥t♦ ♠❛✐s ❣❡r❛❧ ❡ ❞❡✐①❛ ❡♠ ❡✈✐❞ê♥❝✐❛ ❛ ❛♥❛❧♦❣✐❛ ❝♦♠ ❛❧❣✉♥s ❍❛♠✐❧t♦♥✐❛♥♦s

❡♥❝♦♥tr❛❞♦s ♥♦ ❡st✉❞♦ ❞❡ s✐st❡♠❛s ❞❡ ♠✉✐t♦s ❝♦r♣♦s✱ ❝♦♠♦ ♣♦r ❡①❡♠♣❧♦ ♦ r❡s❡r✈❛tór✐♦ ❞❡ ❢ô♥♦♥s

♣r❡s❡♥t❡ ♥❛s ❡①❝✐t❛çõ❡s ❞❡ ✉♠ só❧✐❞♦ ❝r✐st❛❧✐♥♦✶✳

❆ ♣❛rt❡ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ q✉❡ r❡q✉❡r ♠❛✐s ❛t❡♥çã♦ é ♦ t❡r♠♦ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ❛❝♦♣❧❛♠❡♥t♦✳ ❙❡

❝♦♥s✐❞❡r❛♠♦s q✉❡ ❝❛❞❛ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡ ❞♦ r❡s❡r✈❛tór✐♦ é ❢r❛❝❛♠❡♥t❡ ♣❡rt✉r❜❛❞♦✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡

é ♣♦ssí✈❡❧ ❞❡s♣r❡③❛r ♦s ❡❢❡✐t♦s ♥ã♦ ❧✐♥❡❛r❡s ♥❛s ✈❛r✐á✈❡✐s ❞♦ r❡s❡r✈❛tór✐♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❝♦♠ t♦t❛❧

❣❡♥❡r❛❧✐❞❛❞❡ ♦ ❛❝♦♣❧❛♠❡♥t♦ ♥❛ ❢♦r♠❛
∑

k

C̄k(x)Rk,

♦✉✱ ♥❛ ❢♦r♠❛ s✐♠❡tr✐③❛❞❛

HI =
1

2

∑

k

(C−k(x)Rk + Ck(x)R−k) , ✭✷✳✺✮

♦♥❞❡ Ck(x) é ✉♠❛ ❢✉♥çã♦ ♥ã♦ ❧✐♥❡❛r ❞❛ ✈❛r✐á✈❡❧ ❞❡ ✐♥t❡r❡ss❡ q✉❡ s❡rá ❞❡✜♥✐❞❛ ♠❛✐s ❛❞✐❛♥t❡✳

❆ ✐♥t❡r❛çã♦ ♣♦❞❡ ❝♦♥t❡r t❛♠❜é♠ ✉♠ t❡r♠♦ ❡①tr❛✱ ❝❤❛♠❛❞♦ ✉s✉❛❧♠❡♥t❡ ❞❡ ❝♦♥tr❛t❡r♠♦✱ ✉s❛❞♦

♣❛r❛ ❝❛♥❝❡❧❛r ♣♦ssí✈❡✐s ❡❢❡✐t♦s ❞❡ r❡♥♦r♠❛❧✐③❛çã♦ ❞♦ ♣♦t❡♥❝✐❛❧ V (x) ✐♥❞✉③✐❞♦s ♣❡❧♦ ❛❝♦♣❧❛♠❡♥t♦

❝♦♠ ♦ r❡s❡r✈❛tór✐♦ ❡ q✉❡ ♥❛ ♠❛✐♦r ♣❛rt❡ ❞♦s ❝❛s♦s ❞❡ ✐♥t❡r❡ss❡ ❝❛r❡❝❡♠ ❞❡ s❡♥t✐❞♦ ❢ís✐❝♦ ❬✶✸❪✳

❖ ❝♦♥tr❛t❡r♠♦ s❡r✈❡ t❛♠❜é♠ ♣❛r❛ ❣❛r❛♥t✐r ❛ ✐♥✈❛r✐â♥❝✐❛ tr❛♥s❧❛❝✐♦♥❛❧ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ q✉❛♥❞♦

V (x) = 0✳ ❖❜s❡r✈❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡ ❛ s✐t✉❛çã♦ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❜✐❧✐♥❡❛r ❛♠♣❧❛♠❡♥t❡ ✉s❛❞♦ ♥❛

✶ ◗✉❛♥❞♦ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ é ❡s❝r✐t♦ ♥❛ ❢♦r♠❛ ✭✷✳✹✮✱ ♦ ✐♥❞✐❝❡ k ❛❞q✉✐r❡ ✉♠ ❝❛r❛t❡r ♠❛✐s ❣❡r❛❧✱ r❡♣r❡s❡♥t❛♥❞♦ ♥❡ss❡
❝❛s♦ ❛ ✈❛r✐á✈❡❧ ❞❡ ♠♦♠❡♥t♦ ❛ss♦❝✐❛❞❛ ❛ ❝❛❞❛ ♠♦❞♦ ❞❡ ♦s❝✐❧❛çã♦✳
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❧✐t❡r❛t✉r❛ ❬✷✼❪✱ ♥❡st❡ ❝❛s♦ ♦ ❝♦♥tr❛t❡r♠♦ t❡♠ ❛ ❢♦r♠❛ ∆V (x) =
∑

k

C2
k
x2

2mkω
2
k

❡ ♦ t❡r♠♦ ❞❡ ✐♥t❡r❛çã♦ ✜❝❛

HI =
N
∑

k=1

CkxRk +
N
∑

k=1

C2
kx

2

2mkω
2
k

, ✭✷✳✻✮

❡ ❝♦♠♣❧❡t❛♥❞♦ q✉❛❞r❛❞♦s ♦ ❍❛♠✐❧t♦♥✐❛♥♦ t♦t❛❧ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

H =
P 2

2M
+ V (x) +

1

2

N
∑

k=1

{

P 2
k

mk
+mkω

2
k

(

Rk +
Ck

mkω
2
k

x

)2
}

, ✭✷✳✼✮

♦♥❞❡ ✉s❛♠♦s ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞♦ r❡s❡r✈❛tór✐♦ ❡s❝r✐t♦ ♥❛ ❢♦r♠❛ ✭✷✳✸✮✳ ❆ ✐♥✈❛r✐â♥❝✐❛ tr❛♥s❧❛❝✐♦♥❛❧ ❞❡st❡

s✐st❡♠❛✱ q✉❛♥❞♦ V (x) = 0✱ ✜❝❛ ❡✈✐❞❡♥t❡ s❡ r❡❞❡✜♥✐♠♦s ❛s ✈❛r✐á✈❡✐s ❞♦ r❡s❡r✈❛tór✐♦ ❬✶✺❪✱

Rk = − Ck

mkω
2
k

Yk, ❡ µk =
C2
k

mkω
4
k

. ✭✷✳✽✮

❈♦♠ ❡ss❛s ❞❡✜♥✐çõ❡s ❡ ❝♦♥s✐❞❡r❛♥❞♦ P (y)
k s❡♥❞♦ ♦ ♠♦♠❡♥t♦ ❝♦♥❥✉❣❛❞♦ à ✈❛r✐á✈❡❧ Yk t❡♠♦s

H =
P 2

2M
+ V (x) +

1

2

N
∑

k=1

{

P
(y)2
k

µk
+ µkω

2
k (Yk − x)2

}

. ✭✷✳✾✮

❆q✉✐✱ ❛ ❞✐ss✐♣❛çã♦ é ♦❜t✐❞❛ ❛tr❛✈és ❞❡ ♦s❝✐❧❛❞♦r❡s ❞❡ ♠❛ss❛s µk ❝❡♥tr❛❞♦s ♥❛ ✈❛r✐á✈❡❧ x✳ ❈♦♠♦

✈❡r❡♠♦s ♠❛✐s ❛❞✐❛♥t❡ ♥♦ ❝❛s♦ ❞❡ t❡r♠♦s ♠❛✐s ❞❡ ✉♠ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡✱ ❛❝♦♣❧❛❞♦s ❝♦♠ ♦ r❡s❡r✈❛tór✐♦✱

♦ ❝♦♥tr❛t❡r♠♦ ❛❞q✉✐r❡ ✉♠❛ r❡❧❡✈â♥❝✐❛ ♠❛✐♦r ❛♦ ❡st❛r t❛♠❜é♠ r❡❧❛❝✐♦♥❛❞♦ à ♣♦ssí✈❡❧ ✐♥t❡r❛çã♦✱

♠❡❞✐❛❞❛ ♣❡❧♦ r❡s❡r✈❛tór✐♦✱ ❡♥tr❡ ❛s ✈❛r✐á✈❡✐s ❞❡ ✐♥t❡r❡ss❡✳

◆♦ ❝❛s♦ ♠❛✐s ❣❡r❛❧✱ ❝♦♠ ✉♠ ❛❝♦♣❧❛♠❡♥t♦ ❞❛❞♦ ♣♦r ✭✷✳✺✮✱ ♦ ❝♦♥tr❛t❡r♠♦ ❞❡✈❡ s❡r ❡s❝r✐t♦ ♥❛ ❢♦r♠❛

∑ Ck(x)C−k(x)

2mkω
2
k

. ✭✷✳✶✵✮

❯♠ ❝♦♥tr❛t❡r♠♦ ❞❡ss❡ t✐♣♦ ♣♦❞❡ s❡r ❞❡r✐✈❛❞♦ ❞✐r❡t❛♠❡♥t❡✱ ❛tr❛✈és ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❝❛♥ô♥✐❝❛s✱

❞❡ ✉♠ ❛❝♦♣❧❛♠❡♥t♦ t✐♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦ 1
2mk

[

Pk + C̃k(x)
]2
✳ ❆ss✐♠✱ ♥♦ss♦ s✐st❡♠❛ ❞✐ss✐♣❛t✐✈♦ s❡rá

❞❡s❝r✐t♦ ♣❡❧♦ ❍❛♠✐❧t♦♥✐❛♥♦

H =
P 2

2M
+

1

2

N
∑

k=1

(C−k(x)Rk + Ck(x)R−k)

+

N
∑

k=1

[

pkp−k

2mk
+

1

2
mkω

2
kRkR−k

]

+

N
∑

k=1

Ck(x)C−k(x)

2mkω
2
k

, ✭✷✳✶✶✮
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♦✉ ❡q✉✐✈❛❧❡♥t❡♠❡♥t❡ ♣❡❧❛ ▲❛❣r❛♥❣✐❛♥❛✿

L =
1

2
Mẋ2 +

1

2

∑

k

mk(ṘkṘ−k − ω2
kRkR−k)

− 1

2

∑

k

(C−k(x)Rk + Ck(x)R−k)−
∑

k

Ck(x)C−k(x)

2mkω
2
k

. ✭✷✳✶✷✮

P❛r❛ ❣❛r❛♥t✐r ❛ ✐♥✈❛r✐â♥❝✐❛ tr❛♥s❧❛❝✐♦♥❛❧ ❞♦ s✐st❡♠❛ t♦♠❛♠♦s Ck(x) = κke
ikx✱ ♦♥❞❡ κk ♣♦❞❡ s❡r

✐♥t❡r♣r❡t❛❞♦ ❝♦♠♦ ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❞♦ ♣♦tê♥❝✐❛❧ ❞❡ ✐♥t❡r❛çã♦ ❡♥tr❡ ♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡ ❡

♦ r❡s❡r✈❛tór✐♦✳ ❆ss✐♠✱ s❡ ❛ ♣❛rtí❝✉❧❛ ❢♦r ❞❡s❧♦❝❛❞❛ ❞❡ ✉♠❛ ❞✐stâ♥❝✐❛ d✱ ♣♦r ❡①❡♠♣❧♦✱ ♦ ❛❝♦♣❧❛♠❡♥t♦

tr❛♥s❢♦r♠❛✲s❡ ❡♠

C−k(x+ d)Rk = C−k(x)e
−ikdRk,

♦ q✉❡ ♥♦s ♣❡r♠✐t❡ ❞❡✜♥✐r ❛s ♥♦✈❛s ✈❛r✐á✈❡✐s ❞♦ r❡s❡r✈❛tór✐♦ ❝♦♠♦

R̃k = e−ikdRk,

♠❛♥t❡♥❞♦ ❛ss✐♠ ❛ ▲❛❣r❛♥❣✐❛♥❛ ✭✷✳✶✷✮ ✐♥✈❛r✐❛♥t❡✳ ❖❜s❡r✈❡ q✉❡ ❝♦♠ ❡ss❡ t✐♣♦ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❛

q✉❡stã♦ ❞❛ r❡♥♦r♠❛❧✐③❛çã♦ ❞♦ ♣♦t❡♥❝✐❛❧✱ ❞❡✈✐❞❛ ❛♦ ❛❝♦♣❧❛♠❡♥t♦ ❝♦♠ ♦ r❡s❡r✈❛tór✐♦✱ ✜❝❛ ✐❣✉❛❧♠❡♥t❡

r❡s♦❧✈✐❞❛✱ ❥á q✉❡ ♦ ❝♦♥tr❛t❡r♠♦ ❝♦♥tr✐❜✉✐ ♣❛r❛ ❛ ▲❛❣r❛♥❣✐❛♥❛ ✭♦✉ ❍❛♠✐❧t♦♥✐❛♥♦✮ ❝♦♠ ✉♠ t❡r♠♦

❝♦♥st❛♥t❡ q✉❡ ♦❜✈✐❛♠❡♥t❡ ♥ã♦ ♣r♦❞✉③ ♥❡♥❤✉♠ ❡❢❡✐t♦ ♥❛ ❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛✳

❉❡♣♦✐s ❞❡ ❡❧✐♠✐♥❛r ❛s ✈❛r✐á✈❡✐s ❞♦ r❡s❡r✈❛tór✐♦✱ ❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ❞♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡

♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ ✭♦ ♣r♦❝❡❞✐♠❡♥t♦ ❞❡t❛❧❤❛❞♦ ♣♦❞❡ s❡r ❝♦♥s✉❧t❛❞♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✶❪✮

Mẍ+
∑

k

k2κkκ−k

mkω
2
k

∫ t

0
cos k[x(t)− x(t′)] cosωk(t− t′)ẋ(t′)dt′ = f(t). ✭✷✳✶✸✮

❖ t❡r♠♦ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦ ♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞♦ ❝♦♠♦ ✉♠❛ ❢♦rç❛ ✢✉t✉❛♥t❡ ✭ q✉❡ ❞❡♣❡♥❞❡ ❞❛s ❝♦♥❞✐çõ❡s

✐♥✐❝✐❛s ✐♠♣♦st❛s ❛♦ s✐st❡♠❛✮ ❡ ❡s❝r✐t♦ ❝♦♠♦

f(t) = −1

2

∂

∂x

∑

k

{

(

C−k(x)R̃k(0) + Ck(x)R̃−k(0)
)

cosωkt

+
(

C−k(x)Ṙk(0) + Ck(x)Ṙ−k(0)
) sinωkt

ωk

}

. ✭✷✳✶✹✮

❆ ❡①♣r❡ssã♦ ✭✷✳✶✸✮ ❝❧❛r❛♠❡♥t❡ é ✉♠❛ ❡q✉❛çã♦ ❞♦ t✐♣♦ ▲❛♥❣❡✈✐♥✱ ❝♦♠ ✉♠ t❡r♠♦ ❞✐ss✐♣❛t✐✈♦

t♦t❛❧♠❡♥t❡ ❣❡r❛❧ ❡ ❝♦♠ ♠❡♠ór✐❛ ❝♦♠♣❧❡t❛✱ ♦✉ s❡❥❛✱ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛tr✐t♦ ❝♦♥t❡♠ ✐♥❢♦r♠❛çã♦ ❞❡ ♣♦r

♦♥❞❡ ❡ ❡♠ q✉❡ ✐♥st❛♥t❡ ❛ ♣❛rtí❝✉❧❛ ❡st❡✈❡✳ ❆♣r♦✈❡✐t❛♥❞♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❧✐♥❡❛r ❞♦ r❡s❡r✈❛tór✐♦

♣♦❞❡♠♦s ❡s❝r❡✈❡r ♦ s❡❣✉♥❞♦ t❡r♠♦ ❞❡ ✭✷✳✶✸✮ ♥❛ ❢♦r♠❛✿

TD →
∑

k

∫ ∞

0
dω2k2κkκ−k

■♠χ(0)
k (ω)

πω
cos k[x(t)− x(t′)] cosω(t− t′), ✭✷✳✶✺✮
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Ωk
Ω

Im ΧHΩL

Ωk
Ω

Im ΧHΩL

Γ®0

❋✐❣✉r❛ ✷✳✶✿ ❙✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ❉✐♥â♠✐❝❛ ❞♦ ❖s❝✐❧❛❞♦r ❆♠♦rt❡❝✐❞♦

♦♥❞❡ χ(0)
k (ω) é ❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ❞✐♥â♠✐❝❛ ❞♦ ❦✲és✐♠♦ ♦s❝✐❧❛❞♦r ♥ã♦ ✐♥t❡r❛❣❡♥t❡ ❡ ❛ s✉❛ ♣❛rt❡

✐♠❛❣✐♥ár✐❛ ❝♦rr❡s♣♦♥❞❡ ❛

■♠χ(0)
k (ω) =

π

2mkωk
δ(ω − ωk). ✭✷✳✶✻✮

❈♦♠♦ ❢♦✐ ♠♦str❛❞♦ ❡♠ ❬✶✶✱ ✶✷❪✱ ❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ❞✐♥â♠✐❝❛ ✭✷✳✶✻✮ ♣♦❞❡ s❡r ❣❡♥❡r❛❧✐③❛❞❛ ♣❛r❛ ✉♠❛

❢✉♥çã♦ ❞❛ ❢♦r♠❛

■♠χk(ω) ≈ f(k)ωθ(Ω− ω), ✭✷✳✶✼✮

♦♥❞❡ ✐♥❝❧✉í♠♦s ❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ❝♦rt❡ Ω q✉❡ ❞❡✜♥❡ ♦ t❡♠♣♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ r❡❧❛①❛çã♦ ❞♦ ❜❛♥❤♦✳ ❆

❞✐♥â♠✐❝❛ ♠❛r❦♦✈✐❛♥❛ é ❛t✐♥❣✐❞❛ q✉❛♥❞♦ t♦♠❛♠♦s ♦ ❧✐♠✐t❡ Ω → ∞✱ ♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ ♦s t❡♠♣♦s

❞❡ ✐♥t❡r❡ss❡ s❡♠♣r❡ s❡rã♦ ♠✉✐t♦ ♠❛✐♦r❡s ❞♦ q✉❡ ♦ t❡♠♣♦ ❞❡ r❡❧❛①❛çã♦ ❞♦ ❜❛♥❤♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱

❛ ❢✉♥çã♦ f(k) é r❡s♣♦♥sá✈❡❧ ♣❡❧❛ ✐♥✢✉ê♥❝✐❛ ♥ã♦ ❧♦❝❛❧ ❞♦ r❡s❡r✈❛tór✐♦ ❡ ♥♦s ♣❡r♠✐t❡ ✐♥tr♦❞✉③✐r✱ ❡♠

❛♥❛❧♦❣✐❛ ❛ Ω✱ ✉♠ ❝♦♠♣r✐♠❡♥t♦ k−1
0 ❝❛r❛❝t❡ríst✐❝♦ ❞♦ r❡s❡r✈❛tór✐♦✳ ❆ ❡①♣r❡ssã♦ ✭✷✳✶✼✮ ♣♦❞❡ s❡r ♦❜t✐❞❛

s✉❜st✐t✉✐♥❞♦ ❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ❞✐♥â♠✐❝❛ ❞♦ ♦s❝✐❧❛❞♦r ❧✐✈r❡ ♣❡❧♦ ❧✐♠✐t❡ ❞❡ ❢r❡q✉ê♥❝✐❛s ❜❛✐①❛s ✭t❡♠♣♦s

❧♦♥❣♦s✮ ❞❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ❞✐♥â♠✐❝❛ ❞❡ ✉♠ ♦s❝✐❧❛❞♦r ❛♠♦rt❡❝✐❞♦✱ ❝♦♠ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❛♠♦rt❡❝✐♠❡♥t♦

γk✳ ❖❜✈✐❛♠❡♥t❡ ♦ ❜❛♥❤♦ ❞❡ ♦s❝✐❧❛❞♦r❡s ♥ã♦✲✐♥t❡r❛❣❡♥t❡s s❡r✐❛ r❡❝✉♣❡r❛❞♦ t♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ γk → 0

✭✈❡r ✜❣✿ ✷✳✶✮✳ ❆ ❢♦r♠❛ ❢✉♥❝✐♦♥❛❧ ✭✷✳✶✼✮ ♣❛r❛ ❛ r❡s♣♦st❛ ❞✐♥â♠✐❝❛ t❡♠ s✐❞♦ ✉s❛❞❛✱ ♣♦r ❡①❡♠♣❧♦✱ ♣❛r❛

♠♦❞❡❧❛r r❡s❡r✈❛tór✐♦s ❢❡r♠✐ô♥✐❝♦s ❬✷✹✱ ✷✸❪✳

❊st❛ ♠♦❞✐✜❝❛çã♦ ♣❡r♠✐t❡✲♥♦s ❡s❝r❡✈❡r ❛ s♦♠❛tór✐❛ ❡♠ k ❞♦ t❡r♠♦ ❞✐ss✐♣❛t✐✈♦ ❝♦♠♦

∑

k

k2κkκ−k

mkω
2
k

cos k[x(t)− x(t′)] cosωk(t− t′)

=

∫ ∞

0
dω
∑

k

2k2κkκ−k

πω
f(k)ω cos k[x(t)− x(t′)] cosω(t− t′)

=
∑

k

2k2κkκ−kf(k) cos k[x(t)− x(t′)]δ(t− t′),

q✉❡ s✉❜st✐t✉í❞❛ ❡♠ ✭✷✳✶✸✮ ❡ ✐♥t❡❣r❛❞❛ ❡♠ t′ ♥♦s ❞á

Mẍ(t) + ηẋ(t) = f(t), ✭✷✳✶✽✮
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♦♥❞❡ ❞❡✜♥✐♠♦s ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐ss✐♣❛çã♦

η =
∑

k

k2κkκ−kf(k). ✭✷✳✶✾✮

P❛r❛ ❝♦♠♣❧❡t❛r ❛ ❞❡s❝r✐çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ▲❛♥❣❡✈✐♥ ✭✷✳✶✽✮ é ♥❡❝❡ssár✐♦ ❡st✉❞❛r ❛s ♣r♦♣r✐❡❞❛❞❡s

❞❛ ❢♦rç❛ ✢✉t✉❛♥t❡ f(t)✳ P❛r❛ ✐st♦✱ ♦❜s❡r✈❡♠♦s ♣r✐♠❡✐r♦ q✉❡✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❜❛♥❤♦ ✐♥✐❝✐❛❧♠❡♥t❡

❡♠ ❡q✉✐❧í❜r✐♦ t❡r♠♦❞✐♥â♠✐❝♦ ❡ ✉s❛♥❞♦ ❛ ✐♥✈❛r✐â♥❝✐❛ tr❛♥s❧❛❝✐♦♥❛❧ ❞♦ ♠❡s♠♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r✱ ♥♦

❧✐♠✐t❡ ❝❧áss✐❝♦✱
〈

R̃k(0)
〉

=
〈

Ṙk(0)
〉

=
〈

Ṙk(0)R̃k′(0)
〉

= 0, ✭✷✳✷✵✮

〈

Ṙk(0)Ṙk′(0)
〉

=
kBT

mk
δk(−k′) ❡

〈

R̃k(0)R̃k′(0)
〉

=
kBT

mkω
2
k

δk(−k′), ✭✷✳✷✶✮

♦♥❞❡ R̃k = Rk+
Ck(x0)
mkω

2
k

✳ ❉❡st❛ ❢♦r♠❛✱ ❛ss✐♠ ❝♦♠♦ ♥♦ ❝❛s♦ ❧✐♥❡❛r✱ ♣♦❞❡✲s❡ ♠♦str❛r q✉❡ ❛s ♣r♦♣r✐❡❞❛❞❡s

❡st♦❝ást✐❝❛s ❞❡ f(t) s❛t✐s❢❛③❡♠ 〈f(t)〉 = 0 ❡ 〈f(t)f(t′)〉 = 2ηkBTδ(t − t′) ✭✈❡❥❛ ❡q✉❛çã♦ ❆✳✺ ❞♦

❛♣ê♥❞✐❝❡ ❆✮✱ q✉❡ sã♦ ❡①♣r❡ssõ❡s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ✉♠ r❡s❡r✈❛tór✐♦ s❡♠ ♠❡♠ór✐❛✳ ❊♠ ❣❡r❛❧✱ ❞❡♣❡♥❞♦

❞❛ ♠♦❞❡❧❛❣❡♠ q✉❡ ✜③❡r♠♦s ❞❛ r❡s♣♦st❛ ❧✐♥❡❛r ❞♦ r❡s❡r✈❛tór✐♦ ♣♦❞❡rí❛♠♦s t❡r ❝❛s♦s ♠❛✐s ❣❡r❛✐s ❝♦♠

❝♦❡✜❝✐❡♥t❡ ❞❡ ❛tr✐t♦ η(x, t) ❡ ❢♦rç❛s ✢✉t✉❛♥t❡s t❡♠♣♦r❛❧♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞❛s✳

❖ r❡s✉❧t❛❞♦ ❛♣r❡s❡♥t❛❞♦ ❡♠ ✭✷✳✶✽✮ ❝♦✐♥❝✐❞❡ ❝♦♠ ❛q✉❡❧❡ ♦❜t✐❞♦ ❛❝♦♣❧❛♥❞♦ ♦ s✐st❡♠❛ ❡ ♦

r❡s❡r✈❛tór✐♦ ♥❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r ✭❝♦♦r❞❡♥❛❞❛✲❝♦♦r❞❡♥❛❞❛✮ ❡ ✉s❛♥❞♦ ✉♠❛ ❞❡♥s✐❞❛❞❡ ❡s♣❡❝tr❛❧ ❧✐♥❡❛r

❡♠ ω❬✶✸❪

J(ω) ≡ π

2

∑

k

C2
k

mkωk
δ(ω − ωk) ≡ ηωθ(Ω− ω), ✭✷✳✷✷✮

◆♦ ❝❛s♦ ❞❡ t❡r♠♦s ✉♠ ú♥✐❝♦ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡ ♥♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡✱ ♦ ♠♦❞❡❧♦ ❝♦♠ ❛❝♦♣❧❛♠❡♥t♦

❜✐❧✐♥❡❛r é ❝♦♠♣❧❡t❛♠❡♥t❡ s❛t✐s❢❛tór✐♦ ♠❛s✱ ❝♦♠♦ ✈❡r❡♠♦s ♠❛✐s ❛❞✐❛♥t❡✱ ♠♦str❛✲s❡ ✐♥❛❞❡q✉❛❞♦ ♣❛r❛

tr❛t❛r♠♦s ❝♦♠ ❞♦✐s ♦✉ ♠❛✐s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❡ ❡ss❡ é ♦ ♠♦t✐✈♦ ❞❡ t❡r♠♦s ✐♥tr♦❞✉③✐❞♦ ❛ ❣❡♥❡r❛❧✐③❛çã♦

❛♣r❡s❡♥t❛❞❛ ♥❡st❡ ❝❛♣ít✉❧♦✳

✷✳✷ ❊q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ♣❛r❛ ❞✉❛s ♣❛rtí❝✉❧❛s ❜r♦✇♥✐❛♥❛s

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ♦ ♠♦❞❡❧♦ ❣❡♥❡r❛❧✐③❛❞♦ q✉❡ ♥♦s ♣❡r♠✐t❡ ❧✐❞❛r ❛❞❡q✉❛❞❛♠❡♥t❡ ❝♦♠ ❞♦✐s

♦✉ ♠❛✐s ♣❛rtí❝✉❧❛s ✐♠❡rs❛s ❡♠ ✉♠ ♠❡✐♦ ❞✐ss✐♣❛t✐✈♦✳ ❈♦♠❡ç❛r❡♠♦s ❛ ♥♦ss❛ ❛♥❛❧✐s❡ ❡st✉❞❛♥❞♦ ❛❧❣✉♥s

♠♦❞❡❧♦s ❧✐♥❡❛r❡s q✉❡ t❡♠ s✐❞♦ ✉s❛❞♦s ♥❛ ❧✐t❡r❛t✉r❛ ❬✶✻✱ ✹✽❪✱ ❡♠ ♣❛rt✐❝✉❧❛r ❛ ♥♦ss❛ ✐♥t❡♥çã♦ é ❝❤❛♠❛r

❛ ❛t❡♥çã♦ ♣❛r❛ ❛ ♣♦✉❝❛ ❛♥á❧✐s❡ q✉❡ t❡♠ s✐❞♦ ❞❛❞❛ à ✐♥❝❧✉sã♦ ♦✉ ♥ã♦ ❞❡ ❝♦♥tr❛t❡r♠♦s ♥❛ ♣❛rt❡ ❞♦

❍❛♠✐❧t♦♥✐❛♥♦ q✉❡ ❛❝♦♣❧❛ ♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡ ❝♦♠ ♦ r❡s❡r✈❛tór✐♦✳ ❆ ❛♥á❧✐s❡ s❡❣✉✐♥t❡ é ❛♣r❡s❡♥t❛❞❛

♣❛r❛ ❞✉❛s ♣❛rtí❝✉❧❛s s❡♥❞♦ t♦t❛❧♠❡♥t❡ ❞✐r❡t❛ ❛ ❣❡♥❡r❛❧✐③❛çã♦ ♣❛r❛ N ♣❛rtí❝✉❧❛s ❞✐st✐♥❣✉í✈❡✐s✳

✷✳✷✳✵✳✶ ❆❝♦♣❧❛♠❡♥t♦ ❧✐♥❡❛r

❋♦✐ ♠♦str❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡ ❬✶✸✱ ✶✶❪ q✉❡✱ ♥♦ ❝❛s♦ ❞❡ ✉♠ ♣❛rtí❝✉❧❛✱ ✉♠ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❡ ❛❝♦♣❧❛♠❡♥t♦

♥❛ ❢♦r♠❛ 1
2mk

[

Pk + C̃kx
]2

♣r♦❞✉③ ❛✉t♦♠❛t✐❝❛♠❡♥t❡ ♦ ❝♦♥tr❛t❡r♠♦ ❛❞❡q✉❛❞♦✳ ❙❡ ✉s❛r♠♦s ✉♠
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♣r♦❝❡❞✐♠❡♥t♦ s✐♠✐❧❛r ♥♦ ❝❛s♦ ❞❡ ❞✉❛s ♣❛rtí❝✉❧❛s ❝❤❡❣❛r❡♠♦s✱ ✈✐❛ tr❛♥s❢♦r♠❛çõ❡s ❝❛♥ô♥✐❝❛s✱ à s❡❣✉✐♥t❡

▲❛❣r❛♥❣✐❛♥❛ ❞❡ ✐♥t❡r❛çã♦

LI = −
∑

k

(

C
(1)
k x1 + C

(2)
k x2

)

Rk −
∑

k

1

2mkω
2
k

(

C
(1)
k x1 + C

(2)
k x2

)2
. ✭✷✳✷✸✮

■♥✐❝✐❛❧♠❡♥t❡ ❝♦♥s✐❞❡r❛r❡♠♦s q✉❡ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❛❝♦♣❧❛♠❡♥t♦ sã♦ ❞✐❢❡r❡♥t❡s✳ ❖❜s❡r✈❡✲s❡ q✉❡✱

❡♠❜♦r❛ ♥♦ss❛ ✐♥t❡♥çã♦ s❡❥❛ ❡st✉❞❛r s✐st❡♠❛s ❞❡ ✐♥t❡r❡ss❡ ❝♦♠ ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❞❡s❛❝♦♣❧❛❞♦s

♣❛r❛ ♥♦s ❝♦♥❝❡♥tr❛r ♥❛s ♣♦ssí✈❡✐s ✐♥t❡r❛çõ❡s ♠❡❞✐❛❞❛s ♣❡❧♦ r❡s❡r✈❛tór✐♦✱ ♦ ❝♦♥tr❛t❡r♠♦ ♣r❡s❡♥t❡

♥❛ ❡①♣r❡ssã♦ ✭✷✳✷✸✮ ♣r♦❞✉③ ✉♠❛ ▲❛❣r❛♥❣✐❛♥❛ q✉❡✱ ♣❡❧♦ ♠❡♥♦s ❢♦r♠❛❧♠❡♥t❡✱ é ❡q✉✐✈❛❧❡♥t❡ ❛

❝♦♥s✐❞❡r❛r♠♦s ♦s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ x1 ❡ x2 ❛❝♦♣❧❛❞♦s ❞❡s❞❡ ♦ ❝♦♠❡ç♦ ❡ ✉♠ ❝♦♥tr❛t❡r♠♦

✐♥❞❡♣❡♥❞❡♥t❡ ♣❛r❛ ❝❛❞❛ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡✳ ❉❡st❛ ❢♦r♠❛✱ ♦ ❝♦♥tr❛t❡r♠♦ ❡♠ ✭✷✳✷✸✮ ❧❡✈❛ ❡♠ ❝♦♥t❛

❛❞❡q✉❛❞❛♠❡♥t❡ ♦ ❡❢❡✐t♦ ❞❡ r❡♥♦r♠❛❧✐③❛çã♦ ❞♦ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦ ♠❛s ♥ã♦ ♣❡r♠✐t❡ ❛✜r♠❛r ❝♦♠ ❝❧❛r❡③❛

s❡ ❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ❛s ✈❛r✐á✈❡✐s ❞❡ ✐♥t❡r❡ss❡ é ✉♠ ❡❢❡✐t♦ ✐♥❞✉③✐❞♦ ♣❡❧♦ r❡s❡r✈❛tór✐♦ ♦✉ ❢♦✐ ✐♥tr♦❞✉③✐❞♦

❛❞ ❤♦❝✳

P❛r❛ t♦r♥❛r♠♦s ❛ ❞✐s❝✉ssã♦ ✉♠ ♣♦✉❝♦ ♠❛✐s ❣❡r❛❧ ❡s❝r❡✈❡r❡♠♦s ❛ ▲❛❣r❛♥❣✐❛♥❛ ❞❡ ✐♥t❡r❛çã♦ ❝♦♠

✉♠ ❝♦♥tr❛t❡r♠♦ ❣❡♥ér✐❝♦ LC(x1, x2)✱ ❛ss✐♠✱

LI = −
∑

k

(

C
(1)
k x1 + C

(2)
k x2

)

Rk − LC . ✭✷✳✷✹✮

❱❡❥❛♠♦s ❛ ❞✐♥â♠✐❝❛ r❡♣r❡s❡♥t❛❞❛ ♣♦r ❡ss❛ ▲❛❣r❛♥❣✐❛♥❛✳ ❆s ❡q✉❛çõ❡s ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡ ♥❡st❡ ❝❛s♦

sã♦

mẍi(t) +
∑

k

C
(i)
k Rk +

∂LC

∂xi
+
dV (xi)

dxi
= 0

mkR̈k +mkω
2
kRk + C

(1)
k x1 + C

(2)
k x2 = 0. ✭✷✳✷✺✮

❖ ♣r♦❝❡❞✐♠❡♥t♦ ♣❛r❛ ❡❧✐♠✐♥❛r ❛s ✈❛r✐á✈❡✐s ❞♦ r❡s❡r✈❛tór✐♦ é t♦t❛❧♠❡♥t❡ ♣❛❞rã♦✳ P♦r ❡①❡♠♣❧♦✱

♣♦❞❡♠♦s r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ♣❛r❛ Rk ✉s❛♥❞♦ ♦ ♠ét♦❞♦ ❞❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡✳

❋❛③❡♥❞♦ ✐ss♦ ♦❜t❡♠♦s✱

Rk(t) =
1

2πi

∫ ε+i∞

ε−i∞

{

sRk(0)

s2 + ω2
k

+
Ṙk(0)

s2 + ω2
k

}

estds− 1

2πimk

∫ ε+i∞

ε−i∞

C
(1)
k x̃1(s) + C

(2)
k x̃2(s)

s2 + ω2
k

estds,

❡ ✉s❛♥❞♦ ❛ ✐❞❡♥t✐❞❛❞❡ 1
s2+ω2

k

= 1
ω2
k

{

1− s2

s2+ω2
k

}

✱ t❡♠♦s ❡♥tã♦

Rk(t) =
1

2πi

∫ ε+i∞

ε−i∞

{

sRk(0)

s2 + ω2
k

+
Ṙk(0)

s2 + ω2
k

}

estds− 1

2πimkω
2
k

∫ ε+i∞

ε−i∞

(

C
(1)
k x̃1(s) + C

(2)
k x̃2(s)

)

estds

+
1

2πimkω
2
k

∫ ε+i∞

ε−i∞

s2

s2 + ω2
k

(

C
(1)
k x̃1(s) + C

(2)
k x̃2(s)

)

estds. ✭✷✳✷✻✮
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❖❜s❡r✈❡ q✉❡ ♦ s❡❣✉♥❞♦ t❡r♠♦ ❞❛ ❞✐r❡✐t❛ é s✐♠♣❧❡s♠❡♥t❡ 1
mkω

2
k

(

C
(1)
k x1(t) + C

(2)
k x2(t)

)

✳ ◗✉❛♥❞♦

s✉❜st✐t✉í♠♦s ❡st❛ ❡①♣r❡ssã♦ ♥❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ♣❛r❛ xi t❡♠♦s✱

Mẍi +
dV (xi)

dxi
−
∑

k

C
(i)
k

mkω
2
k

(

C
(1)
k x1(t) + C

(2)
k x2(t)

)

+
∑

k

C
(i)
k

2πimkω
2
k

∫ ε+i∞

ε−i∞

s2

s2 + ω2
k

(

C
(1)
k x̃1(s) + C

(2)
k x̃2(s)

)

estds

+
∂LC

∂xi
= −

∑ C
(i)
k

2πi

∫ ε+i∞

ε−i∞

{

sRk(0)

s2 + ω2
k

+
Ṙk(0)

s2 + ω2
k

}

estds. ✭✷✳✷✼✮

❖ ❧❛❞♦ ❞✐r❡✐t♦ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ ❝♦♠♦ ✉♠❛ ❢♦rç❛ ✢✉t✉❛♥t❡ q✉❡ ❞❡♣❡♥❞❡ ❞❛ ❞✐str✐❜✉✐çã♦ ✐♥✐❝✐❛❧

❞❛s ✈❛r✐á✈❡✐s ❞♦ r❡s❡r✈❛tór✐♦ ❡ ♦ q✉❛rt♦ t❡r♠♦ ❞❛ ❡sq✉❡r❞❛ é ♦ r❡s♣♦♥sá✈❡❧ ♣❡❧♦ ❝♦♠♣♦rt❛♠❡♥t♦

❞✐ss✐♣❛t✐✈♦ ❞♦ s✐st❡♠❛✳ ❊st❡ t❡r♠♦ ♣♦❞❡ s❡r r❡❡s❝r✐t♦ ❝♦♠♦

d

dt

{

∑ C
(i)
k

2πimkω
2
k

∫ ε+i∞

ε−i∞

s

s2 + ω2
k

(

C
(1)
k x̃1(s) + C

(2)
k x̃2(s)

)

estds

}

=
d

dt

{

∑ C
(i)
k

mkω
2
k

∫ t

0
cosωk(t− t′)

(

C
(1)
k x1(t

′) + C
(2)
k x2(t

′)
)

dt′
}

,

♦♥❞❡ ✉s❛♠♦s ♦ t❡♦r❡♠❛ ❞❛ ❝♦♥✈♦❧✉çã♦ ❡ ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡ ❞❛ ❢✉♥çã♦ cosωk(t − t′)✳ ❆

❞❡r✐✈❛❞❛ ❡♠ r❡❧❛çã♦ ❛♦ t❡♠♣♦ ♥♦s ❞á

=
∑ C

(i)
k

mkω
2
k

(

C
(1)
k x1(t) + C

(2)
k x2(t)

)

−
∑ C

(i)
k

mkωk

∫ t

0
sinωk(t− t′)

(

C
(1)
k x1(t

′) + C
(2)
k x2(t

′)
)

dt′

❡ ✐♥t❡❣r❛♥❞♦ ♣♦r ♣❛rt❡s

=
∑ C

(i)
k

mkω
2
k

(

C
(1)
k x1(0) + C

(2)
k x2(0)

)

+
∑ C

(i)
k

mkω
2
k

∫ t

0
cosωk(t− t′)

(

C
(1)
k ẋ1(t

′) + C
(2)
k ẋ2(t

′)
)

dt′.

✭✷✳✷✽✮

❖ ♣r✐♠❡✐r♦ t❡r♠♦ ♣♦❞❡ s❡r ❛❞✐❝✐♦♥❛❞♦ à ❢♦rç❛ ✢✉t✉❛♥t❡ ❥á q✉❡ ❞❡♣❡♥❞❡ ✉♥✐❝❛♠❡♥t❡ ❞❛s ❝♦♥❞✐çõ❡s

✐♥✐❝✐❛s ❡ ❞♦s ♣❛râ♠❡tr♦s ❞♦ r❡s❡r✈❛tór✐♦✳ ❆s s♦♠❛s ❡♠ k ❞♦ s❡❣✉♥❞♦ t❡r♠♦ s❡rã♦ r❡❡s❝r✐t❛s ✉s❛♥❞♦

❛ ❢✉♥çã♦ ❡s♣❡❝tr❛❧ ❞❡✜♥✐❞❛ ❡♠ ✭✷✳✷✷✮✿

∑

k

C
(i)2
k

mkω
2
k

cosωk(t− t′) =
2

π

∫ ∞

0
dω
J(ω)

ω
cosω(t− t′),

♦♥❞❡ ❡stá ✐♠♣❧í❝✐t♦ q✉❡ ❛ ❛çã♦ ❞♦ r❡s❡r✈❛tór✐♦ é ✐❞ê♥t✐❝❛ ♣❛r❛ ❛s ❞✉❛s ♣❛rtí❝✉❧❛s✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛✱

❞❡✜♥✐♥❞♦ ✉♠❛ ❢✉♥çã♦ ❡s♣❡❝tr❛❧ ❞❡ ❝♦rr❡❧❛çã♦

Jij(ω) ≡
π

2

∑

k

C
(i)
k C

(j)
k

mkωk
δ(ω − ωk), ✭✷✳✷✾✮
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♣♦❞❡rí❛♠♦s ❡s❝r❡✈❡r

∑

k

C
(i)
k C

(j)
k

mkω
2
k

cosωk(t− t′) =
2

π

∫ ∞

0
dω
Jij(ω)

ω
cosω(t− t′).

❊♠ ❣❡r❛❧✱ ❛s ❢✉♥çõ❡s ❡s♣❡❝tr❛✐s ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❛ ❞✐str✐❜✉✐çã♦ ❞♦s ♠♦❞♦s ❞♦ ❜❛♥❤♦ ❡ ❝♦♠♦

❡st❡s ✐♥t❡r❛❣❡♠ ❝♦♠ ❛s ♣❛rtí❝✉❧❛s ❜r♦✇♥✐❛♥❛s✳

P❛r❛ ♦❜t❡r♠♦s ✉♠❛ ❞✐♥â♠✐❝❛ ♠❛r❦♦✈✐❛♥❛ ❡ ô❤♠✐❝❛✱ ❛ss✉♠✐♠♦s ✉♠❛ ❢✉♥çã♦ ❡s♣❡❝tr❛❧ ❞❛ ❢♦r♠❛

✭✷✳✷✷✮ q✉❡ ✐♥tr♦❞✉③ ❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ❝♦rt❡ Ω ❡ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐ss✐♣❛çã♦ η ❡ ❛♥❛❧♦❣❛♠❡♥t❡✱ ❛tr❛✈és

❞❡ ✭✷✳✷✾✮✱ ♣♦❞❡♠♦s ✐♥tr♦❞✉③✐r ♦ ❝♦❡✜❝✐❡♥t❡ ηij = ηji✳ ❈♦♠ ❡st❛s ❞❡✜♥✐çõ❡s ❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦

✜❝❛

Mẍi +
dV (xi)

dxi
− 2ηiΩ

π
xi −

2ηijΩ

π
xj + ηiẋi + ηij ẋj +

∂LC

∂xi
= fi(t) ✭✷✳✸✵✮

❝♦♠

fi(t) = −
N
∑

k=1

C
(i)
k

ωk
sinωkt Ṙk(0)−

N
∑

k=1

C
(i)
k cosωkt

[

Rk(0) +
1

mkω
2
k

(

C
(1)
k x1(0) + C

(2)
k x2(0)

)

]

. ✭✷✳✸✶✮

❈♦♠♦ ❝❛r❛❝t❡ríst✐❝❛ ❣❡r❛❧ ❞❛ ❡q✉❛çã♦ ✭✷✳✸✵✮ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❡❧❛ ❝♦♠♣♦rt❛ ✉♠ t❡r♠♦

❝♦rr❡s♣♦♥❞❡♥t❡ à ❞✐ss✐♣❛çã♦ ❡s♣❡r❛❞❛ ♥♦ ❝❛s♦ ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ ✭ηiẋi✮ ❡ ✉♠ t❡r♠♦ ❞❡ ❞✐ss✐♣❛çã♦ q✉❡

❞❡♣❡♥❞❡ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ❞❛ s❡❣✉♥❞❛ ♣❛rtí❝✉❧❛✱ q✉❡ t❛♠❜é♠ é ✉♠ t❡r♠♦ ❡♠ ♣r✐♥❝í♣✐♦ ❡s♣❡r❛❞♦✳ P❛r❛

♦❜s❡r✈❛r ♠❡❧❤♦r ♦ ♣❛♣❡❧ q✉❡ ❞❡s❡♠♣❡♥❤❛♠ ♦s ♦✉tr♦s t❡r♠♦s ♣r❡s❡♥t❡s ✐♥tr♦❞✉③✐r❡♠♦s ❛s ✈❛r✐á✈❡✐s

❞❡ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❡ ❝♦♦r❞❡♥❛❞❛ r❡❧❛t✐✈❛ ❞♦ s✐st❡♠❛

q = (x1 + x2)/2; u = x1 − x2, ✭✷✳✸✷✮

❝♦♠ ❡ss❛s ✈❛r✐á✈❡✐s ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛s ❡q✉❛çõ❡s

Mq̈ +
1

2

(

dV (x1)

dx1
+
dV (x2)

dx2

)

− 2Ω

π
(η + η12) q + (η + η12) q̇ +

1

2

(

∂LC

∂x1
+
∂LC

∂x2

)

= fq(t) ✭✷✳✸✸✮

❡

Mü+

(

dV (x1)

dx1
− dV (x2)

dx2

)

− 2Ω

π
(η − η12)u+ (η − η12) u̇+

(

∂LC

∂x1
− ∂LC

∂x2

)

= fu(t), ✭✷✳✸✹✮

❝♦♠ ❛s ❢♦rç❛s ✢✉t✉❛♥t❡s fq(t) = 1
2 (f1(t) + f2(t)) ❡ fu(t) = f1(t)− f2(t)✳ ❆s ❡q✉❛çõ❡s ✭✷✳✸✸✮ ❡ ✭✷✳✸✹✮

❝♦♥té♠ t❡r♠♦s ♣r♦♣♦r❝✐♦♥❛✐s às ✈❡❧♦❝✐❞❛❞❡s ✭q̇ ❡ u̇✮ ❝♦♠♦ ❡s♣❡r❛❞♦✱ ♠❛s t❛♠❜é♠ ❛♣❛r❡❝❡♠ t❡r♠♦s

♣r♦♣♦r❝✐♦♥❛✐s às ♣ró♣r✐❛s ✈❛r✐á✈❡✐s ❞❡ ✐♥t❡r❡ss❡ ✭q ❡ u✮✳ ❆♥❛❧✐s❡♠♦s ❡ss❡s t❡r♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ♣♦r

s✐♠♣❧✐❝✐❞❛❞❡ ♦s ♣♦t❡♥❝✐❛✐s V (xi) = 0✳ ◆❛ ❝♦♦r❞❡♥❛❞❛ r❡❧❛t✐✈❛ ♦ t❡r♠♦ −2Ω
π (η − η12)u r❡♣r❡s❡♥t❛✱

♣❡❧♦ ♠❡♥♦s ❡♠ ♣r✐♥❝í♣✐♦✱ ✉♠❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ❛s ♣❛rtí❝✉❧❛s ♠❡❞✐❛❞❛ ♣❡❧♦ r❡s❡r✈❛tór✐♦✳ ❏á ♥❛

❝♦♦r❞❡♥❛❞❛ ❞♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ♦ t❡r♠♦ −2Ω
π (η + η12) q✱ q✉❛♥❞♦ V (xi) = 0✱ ❢✉♥❝✐♦♥❛ ❝♦♠♦ s❡

❡①✐st✐ss❡ ✉♠ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦ ❛t✉❛♥❞♦ s♦❜r❡ ♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❞♦ s✐st❡♠❛✱ ❡❢❡✐t♦ q✉❡✱ ❡♠ s❡ tr❛t❛♥❞♦

❞❡ ♠♦❞❡❧❛r ✉♠ s✐st❡♠❛ ❞✐ss✐♣❛t✐✈♦ ❞❡ ♣❛rtí❝✉❧❛s ❧✐✈r❡s✱ ♥ã♦ t❡♠ ❡①♣❧✐❝❛çã♦ ♣❧❛✉sí✈❡❧✳ ❆ s♦❧✉çã♦ ♣❛r❛
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❡st❡ ✐♠♣❛ss❡ ♣r♦✈é♠ ❞♦ ❝♦♥tr❛t❡r♠♦✳ P❛r❛ ❝❛♥❝❡❧❛r ♦ ❡❢❡✐t♦ ✐♥❞❡s❡❥❛❞♦ s♦❜r❡ ♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛✱ ♦

❝♦♥tr❛t❡r♠♦ ❞❡✈❡ ❛ss✉♠✐r ❛ ❢♦r♠❛

LC =
∑

k

1

2mkω
2
k

(

C
(1)
k x1(t) + C

(2)
k x2(t)

)2
, ✭✷✳✸✺✮

❛ss✐♠✱

∂LC

∂xi
=
∑

k

C
(i)
k

mkω
2
k

(

C
(1)
k x1(t) + C

(2)
k x2(t)

)

=
2ηiΩ

π
xi(t) +

2ηijΩ

π
xj(t), ✭✷✳✸✻✮

♦♥❞❡ ✉s❛♠♦s ❞❡ ♥♦✈♦ ❛s ❞❡♥s✐❞❛❞❡s ❡s♣❡❝tr❛✐s ✭✷✳✷✷✮ ❡ ✭✷✳✷✾✮✳ ❆ ❝♦♥tr✐❜✉✐çã♦ ❛♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛

♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦
1

2

(

∂LC

∂x1
+
∂LC

∂x2

)

=
2Ω

π
(η + η12) q(t),

q✉❡ ❝❛♥❝❡❧❛ ❛ ❢♦rç❛ ✐♥❞❡s❡❥❛❞❛ ❡ ❞❡st❛ ❢♦r♠❛ ❛ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ❞♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❛❞q✉✐r❡ ♦

s❡✉ ❝❛rát❡r ❞✐ss✐♣❛t✐✈♦ ❡s♣❡r❛❞♦ ♣❛r❛ ♣❛rtí❝✉❧❛s ❧✐✈r❡s✳

❱❡❥❛♠♦s ❛❣♦r❛ ♦ ❡❢❡✐t♦ ❞♦ ❝♦♥tr❛t❡r♠♦ ♥❛ ❡q✉❛çã♦ ❞❛ ❝♦♦r❞❡♥❛❞❛ r❡❧❛t✐✈❛✱ ♥❡ss❡ ❝❛s♦ t❡♠♦s

(

∂LC

∂x1
− ∂LC

∂x2

)

=
2Ω

π
(η − η12)u(t),

q✉❡ ❛✉t♦♠❛t✐❝❛♠❡♥t❡ ❝❛♥❝❡❧❛ t❛♠❜é♠ ♦ t❡r♠♦ ❞❡ ✐♥t❡r❛çã♦ ✐♥❞✉③✐❞♦✳ ❊♥tã♦✱ r❡s✉♠✐♥❞♦✱ ♦

❝♦♥tr❛t❡r♠♦ q✉❡ ♥♦s ❣❛r❛♥t❡ ❛ ❞✐♥â♠✐❝❛ ❡s♣❡r❛❞❛ ♥♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❞♦ s✐st❡♠❛ t❛♠❜é♠ ✐♠♣❡❞❡

❛ ♣r❡s❡♥ç❛ ❞❡ ✉♠ ♣♦t❡♥❝✐❛❧ ❞❡ ✐♥t❡r❛çã♦ ❡♥tr❡ ❛s ♣❛rtí❝✉❧❛s✳ P♦ré♠✱ ❝♦♥t✐♥✉❛ ❡①✐st✐♥❞♦ ❝♦rr❡❧❛çã♦

❡♥tr❡ ❡❧❛s ❛tr❛✈és ❞♦ t❡r♠♦ ❞✐ss✐♣❛t✐✈♦✱ ❛s ❡q✉❛çõ❡s ✜♥❛✐s ♣❛r❛ ❡st❡ ❝❛s♦ sã♦

Mq̈ + (η + η12) q̇ = fq(t) ✭✷✳✸✼✮

❡

Mü+ (η − η12) u̇ = fu(t). ✭✷✳✸✽✮

❖❜s❡r✈❡ ❛q✉✐ ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❡ ♠❛♥t❡r ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❛❝♦♣❧❛♠❡♥t♦ C(i)
k 6= C

(j)
k ✱ ♣♦✐s s❡ ❡❧❡s ❢♦ss❡♠

✐❣✉❛✐s t❛♠❜é♠ ♦ s❡r✐❛♠ ♦s ❝♦❡✜❝✐❡♥t❡s ❞❡ ❛tr✐t♦ η ❡ η12 ❞❡✐①❛♥❞♦ ❛ ❞✐♥â♠✐❝❛ ❞❛ ❝♦♦r❞❡♥❛❞❛ r❡❧❛t✐✈❛

s❡♠ s❡♥t✐❞♦ ❥á q✉❡✱ ❡♠ ♠é❞✐❛✱ r❡♣r❡s❡♥t❛r✐❛ ✉♠ s✐st❡♠❛ ❞❡ ❞✉❛s ♣❛rtí❝✉❧❛s s❡♥❞♦ ❛❢❡t❛❞❛s ♣♦r ❛❧❣✉♠

t✐♣♦ ❞❡ ❛çã♦ à ❞✐stâ♥❝✐❛ q✉❡✱ ❞❡♣❡♥❞❡♥❞♦ ❞❛s ❝♦♥❞✐çõ❡s ✐♥✐❝✐❛s✱ ♣♦❞❡r✐❛ ♣r♦❞✉③✐r ✉♠ ❛❢❛st❛♠❡♥t♦

❞❛s ♣❛rtí❝✉❧❛s ❝♦♠ ✈❡❧♦❝✐❞❛❞❡ ❝♦♥st❛♥t❡✳ P♦r ❡①❡♠♣❧♦✱ s❡ ✉♠❛ ❞❡❧❛s é ❧❡✈❡♠❡♥t❡ ♣❡rt✉r❜❛❞❛ ❡♠

✉♠❛ ❞❡t❡r♠✐♥❛❞❛ ❞✐r❡çã♦✱ ❛ ♦✉tr❛ r❡❛❣✐r✐❛ ✐♥st❛♥t❛♥❡❛♠❡♥t❡ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❛ ❝♦♥❞✐çã♦ u̇ = cte

❢♦ss❡ s❛t✐s❢❡✐t❛✳

❊♠❜♦r❛ ❛ ❞✐♥â♠✐❝❛ r❡♣r❡s❡♥t❛❞❛ ♣♦r ✭✷✳✸✼✮ ❡ ✭✷✳✸✽✮ ♣❛r❡ç❛ s❛t✐s❢❛tór✐❛✱ ❛✐♥❞❛ ♣❡r♠❛♥❡❝❡♠ ❛❧❣✉♥s

❞❡t❛❧❤❡s q✉❡ ♣♦❞❡♠ ✐♥❝♦♠♦❞❛r q✉❛♥❞♦ ✈✐st♦s ♠❛✐s ❞❡ ♣❡rt♦✳ P♦r ❡①❡♠♣❧♦✱ ♥ã♦ é ♠✉✐t♦ ❝❧❛r♦ ❝♦♠♦

❥✉st✐✜❝❛r ❛ ❞❡✜♥✐çã♦ ❞❡ η12✿ ♦ q✉❡ ❡st❡ r❡♣r❡s❡♥t❛ ❡ ♣♦rq✉❡ é ❞✐❢❡r❡♥t❡ ❞❡ η❄ ❙❡rá q✉❡ ❛ ❞❡✜♥✐çã♦ ❞♦
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❝♦❡✜❝✐❡♥t❡ η12 é ❣♦✈❡r♥❛❞❛ ♣❡❧❛ ♠❡s♠❛ ❡s❝❛❧❛ ❞❡ t❡♠♣♦ q✉❡ ❞❡✜♥❡ ♦ η❄ P♦❞❡r✐❛ s❡r ✐♥❝❧✉í❞❛ ✉♠❛

❡s❝❛❧❛ ❞❡ ❞✐stâ♥❝✐❛s ❞❡ ❢♦r♠❛ q✉❡ ❢♦ss❡ ♣♦ssí✈❡❧ ❝❛r❛❝t❡r✐③❛r ❛ s❡♣❛r❛çã♦ ❡♥tr❡ às ♣❛rtí❝✉❧❛s❄ ❊st❛s

q✉❡stõ❡s ❡♥❝♦♥tr❛rã♦ r❡s♣♦st❛ ♥❛ s❡❣✉✐♥t❡ s❡çã♦ q✉❛♥❞♦ ❛♣❧✐q✉❡♠♦s ♦ ♠♦❞❡❧♦ ❝♦♠ ❛❝♦♣❧❛♠❡♥t♦ ♥ã♦

❧✐♥❡❛r ❛♦ ❝❛s♦ ❞❡ ❞✉❛s ♣❛rtí❝✉❧❛s✳

✷✳✷✳✵✳✷ ❆❝♦♣❧❛♠❡♥t♦ ♥ã♦ ❧✐♥❡❛r

◆❛ s❡çã♦ ✭✷✳✶✮ ❛♥t❡r✐♦r ❢♦✐ ♠♦str❛❞♦ q✉❡✱ ❝♦♠ ✉♠ ❛❝♦♣❧❛♠❡♥t♦ ❞♦ t✐♣♦ Ck(x) = κke
ikx✱ ❛ ✐♥✈❛r✐â♥❝✐❛

tr❛♥s❧❛❝✐♦♥❛❧ ❞♦ s✐st❡♠❛ ❢❛③ ❝♦♠ q✉❡ ♥ã♦ s❡❥❛ ♥❡❝❡ssár✐♦ ✐♥tr♦❞✉③✐r ✉♠ ❝♦♥tr❛t❡r♠♦ ♥❛ ▲❛❣r❛♥❣✐❛♥❛✳

❯s❛r❡♠♦s ❡ss❡ ❢❛t♦ ♣❛r❛ ❡st✉❞❛r ❛ ❞✐♥â♠✐❝❛ ❞❡ ❞✉❛s ♣❛rtí❝✉❧❛s ❛❝♦♣❧❛❞❛s ❛ ✉♠ r❡s❡r✈❛tór✐♦ tér♠✐❝♦✳

❆ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ♠♦❞❡❧♦ ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❞✉❛s ♣❛rtí❝✉❧❛s é ❞✐r❡t❛✱ s❡♥❞♦ r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛

▲❛❣r❛♥❣✐❛♥❛

L =
1

2
Mẋ21 +

1

2
Mẋ22 +

1

2

∑

k

mk(ṘkṘ−k − ω2
kRkR−k)

− 1

2

∑

k

[(C−k(x1) + C−k(x2))Rk + (Ck(x1) + Ck(x2))R−k] . ✭✷✳✸✾✮

❆s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ♦❜t✐❞❛s ❞❡st❛ ▲❛❣r❛♥❣✐❛♥❛ sã♦

Mẍi +
1

2

∑

k

(

∂C−k(xi)

∂xi
Rk +

∂Ck(xi)

∂xi
R−k

)

= 0 ✭✷✳✹✵✮

❡

mkR̈−k + C−k(x) + ω2
kR−k = 0. ✭✷✳✹✶✮

❖ ♣r♦❝❡ss♦ ❞❡ ♦❜t❡♥çã♦ ❞❛s ❡q✉❛çõ❡s ❞✐ss✐♣❛t✐✈❛s é ♦ ♠❡s♠♦ q✉❡ ❛♣r❡s❡♥t❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡ ✭✈❡r

❞❡t❛❧❤❡s ❡♠ ❬✶✶❪✮✳ ❯s❛♥❞♦ ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ▲❛♣❧❛❝❡ ♣❛r❛ r❡s♦❧✈❡r ❛ ❡q✉❛çã♦ ♣❛r❛ Rk ❡ s✉❜st✐t✉✐♥❞♦

❡♠ ✭✷✳✹✵✮ ♣♦❞❡♠♦s ❡s❝r❡✈❡r✱ ✉s❛♥❞♦ Ck(x) = κke
ikx✱ ❛ ❡q✉❛çã♦ ♣❛r❛ xi ❝♦♠♦

Mẍi +
∑

k

k2κkκ−k

mkω
2
k

∫ t

0
cos k[xi(t)− xi(t

′)] cosωk(t− t′)ẋi(t′)dt′

+
∑

k

k2κkκ−k

mkω
2
k

∫ t

0
cos k[xi(t)− xj(t

′)] cosωk(t− t′)ẋj(t′)dt′

+
∑

k

kκkκ−k

mkω
2
k

sin k[xi(t)− xj(t)] = fi(t), ❝♦♠ i 6= j ✭✷✳✹✷✮
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♦♥❞❡

fi(t) = −1

2

∂

∂xi

∑

k

{

(

C−k(xi)R̃k(0) + Ck(xi)R̃−k(0)
)

cosωkt

+
(

C−k(xi)Ṙk(0) + Ck(xi)Ṙ−k(0)
) sinωkt

ωk

}

. ✭✷✳✹✸✮

❝♦♠ R̃k = Rk+
Ck[x1(0)]+Ck[x2(0)]

mkω
2
k

✳ ❯s❛♥❞♦ ♥♦✈❛♠❡♥t❡ ❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ❞✐♥â♠✐❝❛ ❞♦ ❜❛♥❤♦ ❞❡✜♥✐❞❛

❡♠ ✭✷✳✶✼✮ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛s s♦♠❛s ❡♠ k ❝♦♠♦

∑

k

k2κkκ−k

mkω
2
k

cos k[xi(t)−xj(t′)] cosωk(t−t′) = 2
∑

k

k2κkκ−kf(k) cos k[xi(t)−xj(t′)]δ(t−t′) ✭✷✳✹✹✮

❡

∑

k

kκkκ−k

mkω
2
k

sin k[x1(t)− x2(t)] =
2

π

∫ ∞

0
dω
∑

k

kκkκ−k
■♠χk(ω)

ω
sin k[x1(t)− x2(t)]

=
2Ω

π

∑

k

kκkκ−kf(k) sin k[x1(t)− x2(t)]. ✭✷✳✹✺✮

❉❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞❛ s❡çã♦ ✭✷✳✶✮ ✈✐♠♦s q✉❡ é ♣♦ssí✈❡❧ ❞❡✜♥✐r ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐ss✐♣❛çã♦ η ❝♦♠♦

❢✉♥çã♦ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ♠✐❝r♦s❝ó♣✐❝❛s ❞♦ ❜❛♥❤♦ ❛tr❛✈és ❞❛ s♦♠❛

η =
∑

k

κkκ−kf(k)k
2, ✭✷✳✹✻✮

❡✱ ❝♦♠♦ ❞❡ ❤á❜✐t♦✱ ❛ s♦♠❛ ♣♦❞❡ s❡r tr❛♥s❢♦r♠❛❞❛ ❡♠ ✉♠❛ ✐♥t❡❣r❛❧ ❛tr❛✈és ❞❛ s✉❜st✐t✉✐çã♦
∑

k →
L
2π

∫

dk✱ ♦♥❞❡ L é ❛ ❞✐♠❡♥sã♦ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ s✐st❡♠❛✳ P♦❞❡♠♦s✱ ❡♥tã♦✱ ❞❡✜♥✐r ❛ ❢✉♥çã♦

ηg(k) =
L

2π
κkκ−kf(k). ✭✷✳✹✼✮

❆ ❢♦r♠❛ ❡①❛t❛ ❞❡ g(k) só ♣♦❞❡ s❡r ❡st❛❜❡❧❡❝✐❞❛ s❡ ♣❛rt✐r♠♦s ❞❡ ✉♠ ♠♦❞❡❧♦ ♠✐❝r♦s❝ó♣✐❝♦ ♣❛r❛ ♦

r❡s❡r✈❛tór✐♦✱ s❡♥❞♦ ♥❡❝❡ssár✐♦ ❝♦♥❤❡❝❡r ❛ r❡s♣♦st❛ ❧✐♥❡❛r ❞♦ ❜❛♥❤♦ ❡ ♦ t✐♣♦ ❞❡ ✐♥t❡r❛çã♦ q✉❡ ❡①✐st❡

❡♥tr❡ ❛ ♣❛rtí❝✉❧❛ ❡①t❡r♥❛ ❡ ♦ r❡s❡r✈❛tór✐♦ ♣❛r❛ ♣♦❞❡r♠♦s ❞❡t❡r♠✐♥❛r ♦s ♣❛râ♠❡tr♦s ❞❡ ❛❝♦♣❧❛♠❡♥t♦

κk✳ ❊♥tr❡t❛♥t♦✱ ❤á ✐♥ú♠❡r❛s s✐t✉❛çõ❡s q✉❡ ♣♦❞❡♠♦s ❛♥❛❧✐s❛r ♥❡st❡s s✐st❡♠❛s ❛tr❛✈és ❞❡ ♠♦❞❡❧❛❣❡♥s

❢❡♥♦♠❡♥♦❧ó❣✐❝❛s ❞❡ g(k)✳

❆ ♣r✐♥❝✐♣❛❧ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ g(k) é ❞❡❞✉③✐❞❛ ❞❡ ✭✷✳✹✻✮✱ ✐st♦ é✱

∫ ∞

0
g(k)k2dk = 1. ✭✷✳✹✽✮

❊①✐st❡♠ ♠✉✐t❛s ❢✉♥çõ❡s q✉❡ s❛t✐s❢❛③❡♠ ❡ss❛ ♣r♦♣r✐❡❞❛❞❡✳ P♦r ❡①❡♠♣❧♦✱ ♣♦❞❡♠♦s ❡s❝♦❧❤❡r

g(k) = Ae−k/k0 , ✭✷✳✹✾✮
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♦♥❞❡ k−1
0 ❞❡t❡r♠✐♥❛ ❛ ❡s❝❛❧❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦s ❞♦ s✐st❡♠❛✷ ❡ A = 1/(2k30) é ✉♠❛ ❝♦♥st❛♥t❡ ❞❡

♥♦r♠❛❧✐③❛çã♦ ❞❡✜♥✐❞❛ ♣♦r ✭✷✳✹✽✮✳ ❯s❛♥❞♦ ❡st❛ ❢✉♥çã♦✱ ❛s s♦♠❛s ❡♠ ✭✷✳✹✹✮ ❡ ✭✷✳✹✺✮✱ ♣♦❞❡♠ s❡r

tr❛♥s❢♦r♠❛❞❛s ❡♠ ✐♥t❡❣r❛✐s ❡ r❡s✉❧t❛♠ ❡♠

∑

k

k2κkκ−k

mkω
2
k

cos kr cosωk(t− t′) = 2ηδ(t− t′)

(

1− 3r2k20
(

1 + k20r
2
)3

)

∑

k

kκkκ−k

mkω
2
k

sin kr =
2Ωη

π

r
(

k20r
2 + 1

)2 , ✭✷✳✺✵✮

❝❤❡❣❛♥❞♦ ✜♥❛❧♠❡♥t❡ à ❡q✉❛çã♦

Mẍi(t) + ηẋi(t) + η

(

1− 3[xi(t)− xj(t)]
2k20

(

1 + k20[xi(t)− xj(t)]2
)3

)

ẋj

+
2Ωη

π

[xi(t)− xj(t)]
(

k20[xi(t)− xj(t)]2 + 1
)2 = fi(t) ❝♦♠ i 6= j ✭✷✳✺✶✮

P❛r❛ ♠❡❧❤♦r ❛♥❛❧✐s❛r ♦ ❡❢❡✐t♦ ❞♦ r❡s❡r✈❛tór✐♦ s♦❜r❡ ♦ s✐st❡♠❛ ❞❡ ❞✉❛s ♣❛rtí❝✉❧❛s ✈❛♠♦s r❡❡s❝r❡✈❡r

❡st❛s ❡q✉❛çõ❡s ✉s❛♥❞♦ ❛s ✈❛r✐á✈❡✐s ❞♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❡ ❝♦♦r❞❡♥❛❞❛ r❡❧❛t✐✈❛ ❞❡✜♥✐❞❛s ❡♠ ✭✷✳✸✷✮✳

❈♦♠ ❡ss❛ s✉❜st✐t✉✐çã♦ ♦❜t❡♠♦s ❛s ❡q✉❛çõ❡s

Mü(t) + (η − η[u(t)]) u̇(t) +
4Ωη

π

u(t)
(

k20u
2(t) + 1

)2 = f1(t)− f2(t) ✭✷✳✺✷✮

❡

Mq̈(t) + (η + η[u(t)]) q̇(t) =
f1(t) + f2(t)

2
, ✭✷✳✺✸✮

❝♦♠

η[u(t)] = η

(

1− 3u2(t)k20
(

1 + k20u
2(t)
)3

)

. ✭✷✳✺✹✮

❈♦♠♦ é ❝♦♥❤❡❝✐❞♦ ♥♦ ♠♦✈✐♠❡♥t♦ ❜r♦✇♥✐❛♥♦ ❬✶❪✱ ❛ ✐♥✢✉ê♥❝✐❛ ❞♦ r❡s❡r✈❛tór✐♦ ♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞❛

♣♦r ✉♠❛ ❢♦rç❛ ❡❢❡t✐✈❛ F (t) q✉❡ ✢✉t✉❛ r❛♣✐❞❛♠❡♥t❡ ♥♦ t❡♠♣♦ ❡ ♣♦ss✉✐ ✉♠ ♣❡r✜❧ t♦t❛❧♠❡♥t❡ ✐rr❡❣✉❧❛r

❡ ♦✉tr❛ ❝✉❥♦ ❝♦♠♣♦rt❛♠❡♥t♦ s✐st❡♠át✐❝♦ ❞❡♣❡♥❞❡ ❞❛ ✈❡❧♦❝✐❞❛❞❡ ♠é❞✐❛✳ ❊st❡ t❡r♠♦ é ♦ r❡s♣♦♥sá✈❡❧

♣❡❧❛ ♣❡r❞❛ ❞❡ ❡♥❡r❣✐❛ ❡ ❧❡✈❛ ❛ ♣❛rtí❝✉❧❛ ❛♦ s❡✉ ❡st❛❞♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❝♦♠ ♦ ❜❛♥❤♦✳ ❊♥tr❡t❛♥t♦✱ ❡♠

♥♦ss♦ ❝❛s♦✱ ❡st❡ t❡r♠♦ ❝♦♥té♠ ❛ ✐♥✢✉ê♥❝✐❛ ♣✉r❛ ❞♦ ❜❛♥❤♦ ✭η✮ ❡ ❛ ✐♥✢✉ê♥❝✐❛ ❞❛ s❡❣✉♥❞❛ ♣❛rtí❝✉❧❛

♠❡❞✐❛❞❛ ♣❡❧♦ ❜❛♥❤♦ ✭η[u(t)]✮✳

❖ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❛♣r❡s❡♥t❛ ✉♠ ♠♦✈✐♠❡♥t♦ ❞✐ss✐♣❛t✐✈♦ ♥♦ q✉❛❧ ♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐ss✐♣❛çã♦ ♥ã♦ é

♠❛✐s ❝♦♥st❛♥t❡✱ ♠❛s ❞❡♣❡♥❞❡ ❞❛ ♣♦s✐çã♦ r❡❧❛t✐✈❛ ❞❛s ♣❛rtí❝✉❧❛s✳ ❖❜s❡r✈❡ q✉❡✱ ❛ ❞✐❢❡r❡♥ç❛ ❞♦ ❝❛s♦ ❝♦♠

❛❝♦♣❧❛♠❡♥t♦ ❧✐♥❡❛r✱ ♥ã♦ ❛♣❛r❡❝❡♠ t❡r♠♦s ❡s♣úr✐♦s q✉❡ ♣♦ss❛♠ s❡r ❝♦♥❢✉♥❞✐❞♦s ❝♦♠ ❝♦♥tr✐❜✉✐çõ❡s

❞❡ ♣♦t❡♥❝✐❛s ❡①t❡r♥♦s✳ ◆♦t❛✲s❡ q✉❡ ♣❛r❛ ❞✐stâ♥❝✐❛s r❡❧❛t✐✈❛s t❛✐s q✉❡ k0u→ ∞ ❛s ♣❛rtí❝✉❧❛s ♥ã♦ s❡

❡♥①❡r❣❛♠ ❡ t❛♥t♦ ♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ q✉❛♥t♦ ❛ ❝♦♦r❞❡♥❛❞❛ r❡❧❛t✐✈❛ ❡①❡❝✉t❛♠ ♠♦✈✐♠❡♥t♦s ❜r♦✇♥✐❛♥♦s

♣✉r♦s✳

✷P♦r ❡①❡♠♣❧♦✱ ❡♠ r❡s❡r✈❛tór✐♦s ❢❡r♠✐ô♥✐❝♦s k0 é ♣r♦♣♦r❝✐♦♥❛❧ ❛♦ ♥ú♠❡r♦ ❞❡ ♦♥❞❛ ❞❡ ❋❡r♠✐ kF ✳
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◆❛ ❡q✉❛çã♦ ♣❛r❛ ❛ ❝♦♦r❞❡♥❛❞❛ r❡❧❛t✐✈❛✱ ❛❧é♠ ❞❛ ❞✐ss✐♣❛çã♦✱ ♦❜s❡r✈❛✲s❡ ✉♠❛ ✐♥t❡r❛çã♦ ❡❢❡t✐✈❛

❡♥tr❡ ❛s ♣❛rtí❝✉❧❛s✱ ✐♥❞✉③✐❞❛ ♣❡❧♦ ❜❛♥❤♦✱ q✉❡ é ❞❡r✐✈❛❞❛ ❞❡ ✉♠ ♣♦t❡♥❝✐❛❧ ❞♦ t✐♣♦

V (k0u) = − 2Ωη

πk20
(

k20u
2(t) + 1

) . ✭✷✳✺✺✮

◆♦ ❧✐♠✐t❡ ❞❡ ❝✉rt❛s ❞✐stâ♥❝✐❛s✱ ♦✉ k0u≪ 1✱ t❡♠♦s ✉♠ ♣♦t❡♥❝✐❛❧ ❤❛r♠ô♥✐❝♦

V (k0u≪ 1) = −Mω2

2k20
+
Mω2u2(t)

2
, ✭✷✳✺✻✮

♦♥❞❡

ω =

√

4ηΩ

Mπ
✭✷✳✺✼✮

é ❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ♦s❝✐❧❛çã♦ q✉❡ ❞❡♣❡♥❞❡ ❞♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐ss✐♣❛çã♦ η ❡ ❞❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ❝♦rt❡ Ω✳

◆♦ ❧✐♠✐t❡ ♦♣♦st♦✱ k0u≫ 1✱ ♦ ♣♦t❡♥❝✐❛❧ ❡❢❡t✐✈♦ ✭✷✳✺✺✮ r❡♣r♦❞✉③ ✉♠ ♣♦t❡♥❝✐❛❧ ❞❡ ❝✉rt♦ ❛❧❝❛♥❝❡

V (k0u≫ 1) = − 2Ωη

πk40u
2(t)

. ✭✷✳✺✽✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❛s ❢♦rç❛s ✢✉t✉❛♥t❡s f1(t) ❡ f2(t)✱ ❞❡♥tr♦ ❞♦ ♠♦❞❡❧♦ ❡①♣♦st♦ ♥❡st❡ ❝❛♣ít✉❧♦✱ s❛t✐s❢❛③❡♠

❛s ♣r♦♣r✐❡❞❛❞❡s ❡st♦❝ást✐❝❛s tí♣✐❝❛s ❞♦ ❝❤❛♠❛❞♦ r✉í❞♦ ❜r❛♥❝♦✱ ✐st♦ é✱ 〈fi(t)〉 = 0 ❡ 〈fi(t)fi(t′)〉 =

2ηkBTδ(t− t′)✳ ❆❧é♠ ❞✐st♦ ❡①✐st❡ ✉♠❛ ♣r♦♣r✐❡❞❛❞❡ ❛❞✐❝✐♦♥❛❧ q✉❡ ❞✐③ r❡s♣❡✐t♦ à ❞✐str✐❜✉✐çã♦ ❡s♣❛❝✐❛❧

❞♦ s✐st❡♠❛✳ ❆s ❢♦rç❛s f1(t) ❡ f2(t) sã♦ ❝♦rr❡❧❛❝✐♦♥❛❞❛s ❡s♣❛❝✐❛❧♠❡♥t❡ ✭✈❡r ✜❣✉r❛ ✷✳✷✮✱ ✐st♦ é✱

〈

f1(t)f2(t
′)
〉

=2η[u(t)]kBTδ(t− t′). ✭✷✳✺✾✮

➱ ✐♥t❡r❡ss❛♥t❡ ♥♦t❛r q✉❡ ❛ ❡q✉❛çã♦ ✭✷✳✺✷✮ ♣❛r❛ ❛ ❝♦♦r❞❡♥❛❞❛ r❡❧❛t✐✈❛ ❡stá s✉❥❡✐t❛ à ❢♦rç❛ ❡st♦❝ást✐❝❛

❡❢❡t✐✈❛ fu(t) ≡ f1(t) − f2(t) t❛❧ q✉❡ 〈fu(t)〉 = 0 ❡ 〈fu(t)fu(t′)〉 = 4kT (η − η[u])δ(t − t′)✳

❈♦♥s❡q✉❡♥t❡♠❡♥t❡✱ ✈❡♠♦s q✉❡ à ♠❡❞✐❞❛ q✉❡ ♦ t❡r♠♦ ❞✐ss✐♣❛t✐✈♦ ❞❡ ✭✷✳✺✷✮ ♣♦ss❛ s❡r ❞❡s♣r❡③❛❞♦✱

q✉❛♥❞♦ k0u ≪ 1✱ ♦ ♠❡s♠♦ ♦❝♦rr❡ ♣❛r❛ ❛ ✢✉t✉❛çã♦ ❞❡ fu(t) ❡ ❛ ❞✐♥â♠✐❝❛ r❡s✉❧t❛♥t❡ é ❛ ❞❡ ✉♠

♦s❝✐❧❛❞♦r ❤❛r♠ô♥✐❝♦ ❝♦♠ ❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ♦s❝✐❧❛çã♦ ❞❛❞❛ ♣♦r ✭✷✳✺✼✮✳ ◆♦ ❧✐♠✐t❡ ♦♣♦st♦✱ k0u≫ 1✱ ❡st❛

♠❡s♠❛ ❡q✉❛çã♦ r❡♣r❡s❡♥t❛ ♦ ♠♦✈✐♠❡♥t♦ ❜r♦✇♥✐❛♥♦ ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ ❧✐✈r❡ ❞❡ ♠❛ss❛ r❡❞✉③✐❞❛ M/2✳

P❛r❛ ✈❛❧♦r❡s ✐♥t❡r♠❡❞✐ár✐♦s ❞❡ uk0 ❛ ❝♦♦r❞❡♥❛❞❛ r❡❧❛t✐✈❛ ❡st❛rá s✉❥❡✐t❛ t❛♥t♦ à ❞✐ss✐♣❛çã♦ q✉❛♥t♦ ❛

✢✉t✉❛çõ❡s ❞❡♣❡♥❞❡♥t❡s ❞❡ ♣♦s✐çã♦✳

❆ ❝♦♦r❞❡♥❛❞❛ ❞♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❡stá s✉❥❡✐t❛ à ❢♦rç❛ ❡st♦❝ást✐❝❛ fq(t) ≡ (f1(t) + f2(t))/2 q✉❡

s❛t✐s❢❛③ 〈fq(t)〉 = 0 ❡ 〈fq(t)fq(t′)〉 = kT (η + η[u])δ(t − t′)✳ ➱ ❢á❝✐❧ ✈❡r q✉❡ ♥♦ ❧✐♠✐t❡ k0u ≫ 1 ❛

❡q✉❛çã♦ ✭✷✳✾✽✮ r❡♣r❡s❡♥t❛ ♦ ♠♦✈✐♠❡♥t♦ ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ ❜r♦✇♥✐❛♥❛ ❞❡ ♠❛ss❛ 2M ❝♦♠♦ ❡r❛ ❞❡ s❡

❡s♣❡r❛r✳
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Η

❋✐❣✉r❛ ✷✳✷✿ ❈♦rr❡❧❛çã♦ ❊s♣❛❝✐❛❧ ❞❡ f1(t) ❡ f2(t)

✷✳✸ ❖♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦

❆❣♦r❛ q✉❡ ❛s ❜❛s❡s ❢❡♥♦♠❡♥♦❧ó❣✐❝❛s ❞♦ ♥♦ss♦ ♠♦❞❡❧♦ ✜❝❛r❛♠ ❝❧❛r❛s✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛ ❞✐♥â♠✐❝❛

q✉â♥t✐❝❛ ❞♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡ ❡♠ t❡r♠♦s ❞♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦✳ ❚r❛t❛r❡♠♦s ❞✐r❡t❛♠❡♥t❡

♦ ♣r♦❜❧❡♠❛ ❞❡ ❞♦✐s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❞✐ss✐♣❛t✐✈♦s✳ ❆s ❡①♣r❡ssõ❡s ♣❛r❛ ✉♠ ú♥✐❝♦ ❣r❛✉ ❞❡ ❧✐❜❡r❞❛❞❡

s❡rã♦ ♦❜t✐❞❛s ❞❛ ❡①♣r❡ssã♦ ♠❛✐s ❣❡r❛❧ ❝♦♠♦ ✉♠ ❧✐♠✐t❡ ♣❛rt✐❝✉❧❛r✳

❆ ▲❛❣r❛♥❣✐❛♥❛ ❞❡ ♥♦ss♦ s✐st❡♠❛ ❝♦♠♣♦st♦ ❢♦✐ ❞❡✜♥✐❞❛ ❡♠ ✭✷✳✸✾✮

L = LS + LR + LI , ✭✷✳✻✵✮

s❡♥❞♦ LS ❛ ▲❛❣r❛♥❣✐❛♥❛ ❞♦ s✐st❡♠❛ ❞❡ ❞✉❛s ♣❛rtí❝✉❧❛s q✉❛♥❞♦ ✐s♦❧❛❞❛s✱ LR ❛ ▲❛❣r❛♥❣✐❛♥❛ ❞♦

r❡s❡r✈❛tór✐♦ ❡ LI ♦ t❡r♠♦ ❞❡ ✐♥t❡r❛çã♦✱ q✉❡ ❝♦♠♦ ❥á ❢♦✐ ❞✐s❝✉t✐❞♦ ♥ã♦ ♣r❡❝✐s❛ ❞❡ ❝♦♥tr❛t❡r♠♦✳

❆ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦ ❞♦ s✐st❡♠❛ ❞❡ ❞✉❛s ♣❛rtí❝✉❧❛s é ♦❜t✐❞♦

tr❛ç❛♥❞♦ ❛s ✈❛r✐á✈❡✐s ❞♦ r❡s❡r✈❛tór✐♦

ρ̃(t) = TrR {exp (−iHt/~) ρ(0) exp (iHt/~)} , ✭✷✳✻✶✮

♦♥❞❡ H ❡ ρ(0) sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❡ ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ✐♥✐❝✐❛❧ ❞♦ s✐st❡♠❛

❝♦♠♣♦st♦✳ ❖ ❡st❛❞♦ ✐♥✐❝✐❛❧ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞♦ s❡♣❛rá✈❡❧✱ ✐st♦ é✱ ❛ss✉♠✐♠♦s q✉❡ ❛ ✐♥t❡r❛çã♦ ❡♥tr❡

♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡ ❡ ♦ r❡s❡r✈❛tór✐♦ é ❧✐❣❛❞❛ ❡♠ t = 0+✳ ❆ss✐♠✱

ρ(0) = ρ̃(0)ρR(0), ✭✷✳✻✷✮

♦♥❞❡ ρ̃(0) é ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ✐♥✐❝✐❛❧ ❞♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡ ❡ ρR(0) = Z−1
R exp(−βHR) é ♦

♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ❝❛♥ô♥✐❝♦ ❞♦ ❜❛♥❤♦ tér♠✐❝♦ ♥ã♦ ♣❡rt✉r❜❛❞♦✳

◆❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ✐♥tr♦❞✉③✐♥❞♦ ❛ ♥♦t❛çã♦ ✈❡t♦r✐❛❧ x = (x1, x2) ❡ y = (y1, y2)✱ ♦

♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

ρ̃(x,y, t) =
x

d2x′d2y′J(x,y, t;x′,y′, 0)ρ̃(x′,y′, 0) ✭✷✳✻✸✮
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❡ ♦ s✉♣❡r♣r♦♣❛❣❛❞♦r J ♣❛r❛ ♦ s✐st❡♠❛ ❞❡ ❞✉❛s ♣❛rtí❝✉❧❛s é ❞❛❞♦ ♣♦r

J(x,y, t;x′,y′, 0) =
∫ x

x′

Dx(t′)
∫ y

y′

Dy(t′) exp
i

~

{

S0
[

x(t′)
]

− S0
[

y(t′)
]}

F
[

x(t′),y(t′)
]

, ✭✷✳✻✹✮

♦♥❞❡ S0 é ❛ ❛çã♦ ❞♦ s✐st❡♠❛ ❞❡ ❞✉❛s ♣❛rtí❝✉❧❛s q✉❛♥❞♦ ✐s♦❧❛❞♦ ❡ F é ♦ ❢✉♥❝✐♦♥❛❧ ❞❡ ✐♥✢✉ê♥❝✐❛ ❞❡

❋❡②♥♠❛♥✲❱❡r♥♦♥ ❬✷✶❪ q✉❡ ❡♠ t❡r♠♦s ❞❡ ♦♣❡r❛❞♦r❡s ❛❞q✉✐r❡ ❛ ❢♦r♠❛

F
[

x(t′),y(t′)
]

= ❚rR
(

ρRU
†
RI [y(t

′)]URI [x(t
′)]
)

, ✭✷✳✻✺✮

❛q✉✐ URI [x(t
′)] é ♦ ♦♣❡r❛❞♦r ❞❡ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ✉♥✐tár✐♦ ♣❛r❛ ♦ ❍❛♠✐❧t♦♥✐❛♥♦ ❞❡♣❡♥❞❡♥t❡ ❞♦

t❡♠♣♦ HRI = HR +HI [x(t
′)]✱ ❝♦♠ ✉♠ ❞❛❞♦ x1(t′) e x2(t′)✱ s❡♥❞♦ 0 ≤ t′ ≤ t✳ ■st♦ s✐❣♥✐✜❝❛ q✉❡ ✉♠

❞❛❞♦ ♣❛r ❞❡ tr❛❥❡tór✐❛s x1(t′) e x2(t′) ❛t✉❛ ❝♦♠♦ ✉♠ t❡r♠♦ ❞❡ ❢♦rç❛ s♦❜r❡ ♦ ❛♠❜✐❡♥t❡✳ ❖ ♦♣❡r❛❞♦r

❞❡ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ é ❞❡s❝r✐t♦ ♣❡❧❛ ❡q✉❛çã♦ ❞❡ ❙❝❤rö❞✐♥❣❡r

i~
d

dt
URI(t) = HRI(t)URI(t), ✭✷✳✻✻✮

❝♦♠ ❛ ❝♦♥❞✐çã♦ ✐♥✐❝✐❛❧ URI(0) = 1 ✭♦♥❞❡ 1 é ♦ ♦♣❡r❛❞♦r ✐❞❡♥t✐❞❛❞❡✮ ❡ t❡♠ ❝♦♠♦ s♦❧✉çã♦ ❢♦r♠❛❧

URI(t) = Te−i
∫
t

0
dt′HRI(t

′)/~, ✭✷✳✻✼✮

♦♥❞❡ T é ♦ ♦♣❡r❛❞♦r ❞❡ ♦r❞❡♥❛♠❡♥t♦ ❝r♦♥♦❧ó❣✐❝♦✳ ◆❛ ✈❡rsã♦ ❞❡ ✐♥t❡r❛çã♦ ❡st❡ r❡s✉❧t❛❞♦ ♣♦❞❡ s❡r

❡s❝r✐t♦ ❝♦♠♦ ❬✷✷❪

URI(t) = e−iHRt/~Te−i
∫
t

0
dt′H̃I [x(t

′)]/~, ✭✷✳✻✽✮

♦♥❞❡ H̃I [x(t
′)] = eiHRt/~HI [x(t

′)]e−iHRt/~✳ ■♥s❡r✐♥❞♦ ✭✷✳✻✽✮ ❡♠ ✭✷✳✻✺✮ t❡♠♦s

F
[

x(t′),y(t′)
]

= ❚rR
(

ρRTe
i
∫
t

0
dt′H̃I [y(t

′)]/~Te−i
∫
t

0
dt′H̃I [x(t

′)]/~
)

. ✭✷✳✻✾✮

❖ ❣r❛♥❞❡ ♥ú♠❡r♦ ❞❡ ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡ ❞♦ r❡s❡r✈❛tór✐♦ ♥♦s ♣❡r♠✐t❡ ❛ss✉♠✐r q✉❡ ♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡

✐♥❞✉③ ❛♣❡♥❛s ✉♠❛ ♣❡rt✉r❜❛çã♦ ❢r❛❝❛ ♥♦ ❛♠❜✐❡♥t❡ ❡ ♣♦❞❡♠♦s ❡①♣❛♥❞✐r ♦ ♣r♦❞✉t♦ ❝r♦♥♦❧ó❣✐❝♦ ❛té

s❡❣✉♥❞❛ ♦r❞❡♠ ❡♠ H̃I ❬✷✸❪✱

Te−i
∫
t

0
dt′H̃I [x(t

′)]/~ ≈ 1− i

~

∫ t

0
dt′H̃I [x(t

′)]− 1

~2

∫ t

0
dt′
∫ t′

0
dsH̃I [x(t

′)]H̃I [x(s)]. ✭✷✳✼✵✮

❙✉❜st✐t✉✐♥❞♦ ❡♠ ✭✷✳✻✾✮ ❡ tr❛ç❛♥❞♦ ❛s ✈❛r✐á✈❡✐s ❞♦ r❡s❡r✈❛tór✐♦ ❡♥❝♦♥tr❛♠♦s

F
[

x(t′),y(t′)
]

≈ 1− 1

~2

∫ t

0
dt′
∫ t′

0
ds
(〈

H̃I [x(t
′)]H̃I [x(s)]

〉

+
〈

H̃I [y(s)]H̃I [y(t
′)]
〉

−
〈

H̃I [y(t
′)]H̃I [x(s)]

〉

−
〈

H̃I [y(s)]H̃I [x(t
′)]
〉)

.

❝♦♠♦ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s s♦♠❡♥t❡ ♥♦s t❡r♠♦s ❛té s❡❣✉♥❞❛ ♦r❞❡♠ ❡♠ H̃I [x(t
′)] ♦ ❢✉♥❝✐♦♥❛❧ ❞❡
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✐♥✢✉ê♥❝✐❛ ❛❝✐♠❛ é ❡q✉✐✈❛❧❡♥t❡ ❛

F
[

x(t′),y(t′)
]

= exp

{

− 1

~2

∫ t

0
dt′
∫ t′

0
ds
(〈

H̃I [x(t
′)]H̃I [x(s)]

〉

+
〈

H̃I [y(s)]H̃I [y(t
′)]
〉

−
〈

H̃I [y(t
′)]H̃I [x(s)]

〉

−
〈

H̃I [y(s)]H̃I [x(t
′)]
〉)}

. ✭✷✳✼✶✮

❆❣♦r❛✱ ❡s❝r❡✈❡r❡♠♦s ❡①♣❧✐❝✐t❛♠❡♥t❡ ❛s ♠é❞✐❛s ❡♠ ✭✷✳✼✶✮ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❛❝♦♣❧❛♠❡♥t♦ Ck(x) = κke
ikx

❡ ✐♥✈♦❝❛♥❞♦ ❛ ✐♥✈❛r✐â♥❝✐❛ tr❛♥s❧❛❝✐♦♥❛❧ ❞♦ s✐st❡♠❛✳ ❆ss✐♠✱ t❡♠♦s q✉❡ 〈Rk(t
′)Rk′(s)〉 = 0 ❛ ♠❡♥♦s

q✉❡ k′ = −k✱ ♦ q✉❡ ♥♦s ♣❡r♠✐t❡ ❡s❝r❡✈❡r

〈

H̃I [x(t
′)]H̃I [x(s)]

〉

=
1

2

∑

k

{

C−k[x(t
′)]Ck[x(s)] + Ck[x(t

′)]C−k[x(s)]
} 〈

Rk(t
′)R−k(s)

〉

. ✭✷✳✼✷✮

❆ ❡①♣r❡ssã♦ 〈Rk(t
′)R−k(s)〉 ♣♦❞❡ s❡r ❡s❝r✐t❛ ❡♠ t❡r♠♦s ❞❛ r❡s♣♦st❛ ❧✐♥❡❛r ❞♦ ❜❛♥❤♦ ❛tr❛✈és ❞♦

t❡♦r❡♠❛ ❞❡ ✢✉t✉❛çã♦ ❞✐ss✐♣❛çã♦✳ ❉❡✜♥✐♠♦s ♣♦r s✐♠♣❧✐❝✐❞❛❞❡ ❛ ❢✉♥çã♦ αk(t
′− s) = 〈Rk(t

′)R−k(s)〉 ❡

αk(t
′ − s) =

~

π

∫ ∞

−∞
dω■♠χ̃k(ω)

e−iω(t′−s)

1− e−ω~β
, ✭✷✳✼✸✮

♦♥❞❡ χ̃k(ω) é ❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ❞✐♥â♠✐❝❛ ❞♦ r❡s❡r✈❛tór✐♦✳ ❆ss✐♠✱ ❛s ♠é❞✐❛s ❡♠ ✭✷✳✼✶✮ ❛❞q✉✐r❡♠ ❛

❢♦r♠❛ ✜♥❛❧

〈

H̃I [x(t
′)]H̃I [x(s)]

〉

=
1

2

∑

k

{

C−k[x(t
′)]Ck[x(s)] + Ck[x(t

′)]C−k[x(s)]
}

αk(t
′ − s), ✭✷✳✼✹✮

❡ t❡♠♦s ❡①♣r❡ssõ❡s s✐♠✐❧❛r❡s ♣❛r❛ ♦s ♦✉tr♦s t❡r♠♦s✳ ❈♦♠ ❡st❡s r❡s✉❧t❛❞♦s ❡♥❝♦♥tr❛♠♦s ♦ ❢✉♥❝✐♦♥❛❧

❞❡ ✐♥✢✉ê♥❝✐❛ ♥ã♦ ❧✐♥❡❛r

F
[

x(t′),y(t′)
]

= exp

{

− 1

~2

∫ t

0
dt′
∫ t′

0
ds
∑

k

κkκ−kK̃k[x,y, t
′, s]α(R)

k (t′ − s)

− i

~2

∫ t

0
dt′
∫ t′

0
ds
∑

k

κkκ−kK̃k[x,y, t
′, s]α(I)

k (t′ − s)

}

, ✭✷✳✼✺✮

♦♥❞❡ ❢♦✐ ❞❡✜♥✐❞♦ ♦ ❦❡r♥❡❧ ♥ã♦ ❧✐♥❡❛r

K̃k[x,y, t
′, s] =

2
∑

i,j=1

[

cos k[xi(t
′)− xj(s)] − cos k[yi(t

′)− yj(s)]

− cos k[yi(t
′)− xj(s)] + cos k[xi(t

′)− yj(s)]
]

, ✭✷✳✼✻✮

❡ ❛s ❢✉♥çõ❡s α(R)
k (t′ − s) ❡ α(I)

k (t′ − s) sã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛s ♣❛rt❡s r❡❛❧ ❡ ✐♠❛❣✐♥❛r✐❛ ❞❛ ❢✉♥çã♦

αk(t
′ − s)✱

α
(R)
k (t′ − s) =

~

π

∫ ∞

0
dω■♠χ̃k(ω) cosω(t

′ − s) coth(~βω/2) ✭✷✳✼✼✮
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α
(I)
k (t′ − s) = −~

π

∫ ∞

0
dω■♠χ̃k(ω) sinω(t

′ − s). ✭✷✳✼✽✮

❯s❛♥❞♦ ❛ r❡❧❛çã♦ ✭✷✳✶✼✮ ♣❛r❛ ❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ❞✐♥â♠✐❝❛✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛

❞❡ αk(t
′ − s) ❝♦♠♦

α
(I)
k (t′ − s) = −~

π
f(k)

∫ Ω

0
dω

d

ds
cosω(t′ − s).

❊st❛ ❡①♣r❡ssã♦✱ q✉❛♥❞♦ s✉❜st✐t✉í❞❛ ♥❛ ✐♥t❡❣r❛❧ ❞❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞♦ ❡①♣♦❡♥t❡ ❡♠ ✭✷✳✼✺✮ ❡ ✐♥t❡❣r❛❞❛

♣♦r ♣❛rt❡s ❝♦♠ r❡s♣❡✐t♦ ❛ s✱ ♥♦s ❧❡✈❛ ❛

∫ t

0
dt′
∫ t′

0
dsK̃k[x,y, t

′, s]α(I)
k (t′ − s)

= −~

π
f(k)

{∫ t

0
dt′ΩK̃k[x,y, t

′, s = t′]−
∫ t

0
dt′K̃k[x,y, t

′, s = 0]
sinΩt′

t′

−
∫ t

0
dt′
∫ t′

0
ds

sinΩ(t′ − s)

(t′ − s)

d

ds
K̃k[x,y, t

′, s]

}

,

◆♦ ❧✐♠✐t❡ ❞❡ t❡♠♣♦s ❧♦♥❣♦s✱ t≫ Ω−1✱ ♣♦❞❡♠♦s ❛♣r♦①✐♠❛r

1

π

sinΩ(t′ − s)

(t′ − s)
≈ δ(t′ − s);

♦ q✉❡ ♥♦s ♣❡r♠✐t❡ s✐♠♣❧✐✜❝❛r ♦ ♥♦ss♦ r❡s✉❧t❛❞♦

∫ t

0
dt′
∫ t′

0
dsK̃k[x,y, t

′, s]α(I)
k (t′ − s)

= −~f(k)

{

Ω

π

∫ t

0
dt′K̃k[x,y, t

′, s = t′]−
∫ t

0
dt′K̃k[x,y, t

′, s = 0]δ(t′)

−
∫ t

0
dt′
∫ t′

0
dsδ(t′ − s)

d

ds
K̃k[x,y, t

′, s]

}

= −~f(k)

{

Ω

π

∫ t

0
dt′K̃k[x,y, t

′, s = t′]− 1

2

∫ t

0
dt′

d

ds
K̃k[x,y, t

′, s]

∣

∣

∣

∣

s=t′

}

.

❆ s❡❣✉♥❞❛ ✐♥t❡❣r❛❧ ❡♠ t′ ❛♥✉❧❛✲s❡ ♣♦rq✉❡ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ q✉❡ ♦ ❛❝♦♣❧❛♠❡♥t♦ é ❧✐❣❛❞♦ ❡♠

t = 0+ ❬✷✺❪✳

❉❛ ❞❡✜♥✐çã♦ ❞❡ K̃k[x,y, t
′, s] ❡♥❝♦♥tr❛♠♦s

K̃k[x,y, t
′, s = t′] = 2

(

cos k[x1(t
′)− x2(t

′)]− cos k[y1(t
′)− y2(t

′)]
)

.

❖❜s❡r✈❡ q✉❡ ♥♦ ❝❛s♦ ❞❡ ✉♠❛ ú♥✐❝❛ ♣❛rtí❝✉❧❛ ❜r♦✇♥✐❛♥❛ ❡st❡ t❡r♠♦ s❡r✐❛ ✐❞❡♥t✐❝❛♠❡♥t❡ ♥✉❧♦✳ ❚❡♠♦s
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t❛♠❜é♠✱

d

ds
K̃k[x,y, t

′, s]

∣

∣

∣

∣

s=t′
= kf(k)

∫ t

0
dt′
(

2
∑

i,j=1

sin k[xi(t
′)− yj(t

′)]
[

ẋi(t
′) + ẏj(t

′)
]

+ sin k[x1(t
′)− x2(t

′)]
[

ẋ2(t
′)− ẋ1(t

′)
]

− sin k[y1(t
′)− y2(t

′)]
[

ẏ2(t
′)− ẏ1(t

′)
])

.

❆ss✐♠✱ ♦ t❡r♠♦ ❛ss♦❝✐❛❞♦ à r❡♥♦r♠❛❧✐③❛çã♦ ❞♦ ♣♦t❡♥❝✐❛❧✱ q✉❡ s✉r❣✐r✐❛ ♥❛t✉r❛❧♠❡♥t❡ ❞♦ ❦❡r♥❡❧

K̃k[x,y, t
′, s = t′]✱ ❝❛♥❝❡❧❛✲s❡ ❛✉t♦♠❛t✐❝❛♠❡♥t❡ ❡ ♥ã♦ é ♥❡❝❡ssár✐♦ ✐♥❝❧✉✐r ✉♠ ❝♦♥tr❛t❡r♠♦ ♥♦

❍❛♠✐❧t♦♥✐❛♥♦ ✐♥✐❝✐❛❧✳ ❆ r❛③ã♦ ❢ís✐❝❛ ❞❡st❡ ❢❛t♦ ❥á ❢♦✐ ❛♥❛❧✐s❛❞❛ ❛♥t❡r✐♦r♠❡♥t❡ ❡ r❡✢❡t❡ ❛ ✐♥✈❛r✐â♥❝✐❛

tr❛♥s❧❛❝✐♦♥❛❧ ❞♦ ♥♦ss♦ ♠♦❞❡❧♦✳

❯s❛♥❞♦ ❛s ❡①♣r❡ssõ❡s ❛♥t❡r✐♦r❡s ♣♦❞❡♠♦s ❡s❝r❡✈❡r ❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞♦ ❡①♣♦❡♥t❡ ❡♠ ✭✷✳✼✺✮✱ ♥❛

❢♦r♠❛ ❝♦♠♣❛❝t❛

− 1

2~

∫ t

0
dt′L̃[x,y, t′] +

2Ω

~π

∫ t

0
dt′V [x,y, t′], ✭✷✳✼✾✮

♦♥❞❡ ❞❡✜♥✐♠♦s ♦ ❦❡r♥❡❧ ✐♥st❛♥tâ♥❡♦

L̃[x,y, t′] =
∑

k

κkκ−kkf(k)

( 2
∑

i,j=1

sin k[xi(t
′)− yj(t

′)]
[

ẋi(t
′) + ẏj(t

′)
]

+ sin k[x1(t
′)− x2(t

′)]
[

ẋ2(t
′)− ẋ1(t

′)
]

− sin k[y1(t
′)− y2(t

′)]
[

ẏ2(t
′)− ẏ1(t

′)
]

)

✭✷✳✽✵✮

❡

V [x,y, t′] =
∑

k

κkκ−kf(k)
(

cos k[x1(t
′)− x2(t

′)]− cos k[y1(t
′)− y2(t

′)]
)

. ✭✷✳✽✶✮

❖s ❜❡♠ ❡♥t❡♥❞✐❞♦s ❡❢❡✐t♦s ❞❡ ❞✐ss✐♣❛çã♦ ❡ ❞✐❢✉sã♦ ❡stã♦ ✐♥❝❧✉í❞♦s ❡♠ L̃[x,y, t′]✳ ◆♦t❡ q✉❡ ❡st❡ t❡r♠♦

❝♦♥t❡♠ ✉♠❛ ❝♦♥tr✐❜✉✐çã♦ q✉❡ ♣r♦✈é♠ ❞✐r❡t❛♠❡♥t❡ ❞♦ ❛♠❜✐❡♥t❡ ❡ ♦✉tr❛ ✐♥❞✉③✐❞❛ ❛tr❛✈és ❞❛ s❡❣✉♥❞❛

♣❛rtí❝✉❧❛✳ P♦r ♦✉tr❛ ♣❛rt❡✱ ❛ ❢✉♥çã♦ V [x,y, t′] ✐♥tr♦❞✉③ ✉♠ ❡❢❡✐t♦ ♥♦✈♦ q✉❡ ♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞♦

❝♦♠♦ ✉♠❛ ✐♥t❡r❛çã♦ ❡❢❡t✐✈❛ ♠❡❞✐❛❞❛ ♣❡❧♦ ❛♠❜✐❡♥t❡ ❡ ❝✉❥❛ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ❞❡♣❡♥❞❡ ❞❛ ♠♦❞❡❧❛❣❡♠

❢❡✐t❛ ❞❛ ❢✉♥çã♦ f(k)✳

◆❡st❡ ♣♦♥t♦ ♦ ❢✉♥❝✐♦♥❛❧ ❞❡ ✐♥✢✉ê♥❝✐❛ t❡♠ ❛ ❢♦r♠❛

F
[

x(t′),y(t′)
]

= exp

{

− 1

~2

∫ t

0
dt′
∫ t′

0
ds
∑

k

κkκ−kK̃k[x,y, t
′, s]α(R)

k (t′ − s)

− i

2~

∫ t

0
dt′L̃[x,y, t′] +

i2Ω

~π

∫ t

0
dt′V [x,y, t′]

}

. ✭✷✳✽✷✮

❖ ❢✉♥❝✐♦♥❛❧ ❛❝✐♠❛✱ ❡s❝r✐t♦ ♥❛ ❛♣r♦①✐♠❛çã♦ ♠❛r❦♦✈✐❛♥❛✱ ❝♦♥té♠ t♦❞❛ ❛ ✐♥✢✉ê♥❝✐❛ ♥ã♦ ❧✐♥❡❛r ❞♦

r❡s❡r✈❛tór✐♦ s♦❜r❡ ♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡✳ P❛r❛ ♦❜s❡r✈❛r ♠❛✐s ❝❧❛r❛♠❡♥t❡ ♦s ❡❢❡✐t♦s ❞❡ ✐♥t❡r❛çã♦

❡ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ❛s ♣❛rtí❝✉❧❛s✱ ❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ s❡♣❛r❛♥❞♦ ♦s t❡r♠♦s q✉❡

❝♦rr❡s♣♦♥❞❡♠ ❛ ❝❛❞❛ ♣❛rtí❝✉❧❛ ✐♥❞✐✈✐❞✉❛❧♠❡♥t❡ ❞♦s q✉❡ ❡stã♦ ❢♦r♠❛❞♦s ♣♦r ✈❛r✐á✈❡✐s q✉❡ ♣❡rt❡♥❝❡♠
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❛ ♣❛rtí❝✉❧❛s ❞✐❢❡r❡♥t❡s✳ ■st♦ ♥♦s ❞á ♦ ❢✉♥❝✐♦♥❛❧ ❞❡ ✐♥✢✉ê♥❝✐❛ ❝♦♠♦ ♣r♦❞✉t♦ ❞❡ três ❢❛t♦r❡s

F
[

x(t′),y(t′)
]

=F
[

x1(t
′), y1(t′)

]

F
[

x2(t
′), y2(t′)

]

× exp

(

− 1

~2

∫ t

0
dt′
∫ t′

0
ds
∑

k

κkκ−kK̄k[x,y, t
′, s]α(R)

k (t′ − s) ✭✷✳✽✸✮

− i

2~

∫ t

0
dt′L̄[x,y, t′] +

i2Ω

~π

∫ t

0
dt′V [x,y, t′]

)

♦♥❞❡ K̄k ❡ L̄ ❡stã♦ ❞❡✜♥✐❞♦s ❡♠ ❢♦r♠❛ ❛♥á❧♦❣❛ ❛ ✭✷✳✼✻✮ ❡ ✭✷✳✽✵✮✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♠❛s ❡①❝❧✉✐♥❞♦

♦s t❡r♠♦s ❝♦♠ i = j✳ ❖ ❢❛t♦r F [xi(t
′), yi(t′)] ❝♦rr❡s♣♦♥❞❡ ❛♦ ❢✉♥❝✐♦♥❛❧ q✉❡ ❝♦♥té♠ ❛ ✐♥✢✉ê♥❝✐❛ ❞♦

r❡s❡r✈❛tór✐♦ s♦❜r❡ ❛ ♣❛rtí❝✉❧❛ i q✉❛♥❞♦ ❛ ♣❛rtí❝✉❧❛ j ♥ã♦ ❡stá ♣r❡s❡♥t❡ ❡ ♦ t❡r❝❡✐r♦ t❡r♠♦ ❞❡ ✭✷✳✽✸✮

r❡s♣♦♥❞❡ ❡①❝❧✉s✐✈❛♠❡♥t❡ ♣♦r ❡❢❡✐t♦s ✐♥t❡r✲♣❛rtí❝✉❧❛✳

❖ ♣r♦♣❛❣❛❞♦r ✭✷✳✻✹✮✱ ❝♦♠ ♦ ❢✉♥❝✐♦♥❛❧ ✭✷✳✽✸✮✱ ❞❡t❡r♠✐♥❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧

✭♣❛r❛ t❡♠♣♦s ❧♦♥❣♦s ❝♦♠♣❛r❛❞♦s ❝♦♠ ♦ t❡♠♣♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ r❡❧❛①❛çã♦ ❞♦ ❛♠❜✐❡♥t❡✮ ❞♦ ♦♣❡r❛❞♦r

❞❡♥s✐❞❛❞❡ ✐♥✐❝✐❛❧ ❞♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡✳ ❆ ❞✐♥â♠✐❝❛ ❛q✉✐ ❞❡s❝r✐t❛ é ❛❧t❛♠❡♥t❡ ♥ã♦ ❧✐♥❡❛r✱ ❡ss❛

❝❛r❛❝t❡ríst✐❝❛ ❢❛③ ❝♦♠ q✉❡ ♦❜t❡r ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦ ✜♥❛❧✱ ♣❛rt✐♥❞♦ ❞❡ ✉♠❛ ❞✐str✐❜✉✐çã♦

✐♥✐❝✐❛❧ ❞❛❞❛✱ s❡❥❛ ✉♠❛ t❛r❡❢❛ ❜❛st❛♥t❡ ❝♦♠♣❧❡①❛✳ ◆♦ q✉❡ s❡❣✉❡ tr❛t❛r❡♠♦s ❞❡ ❡st✉❞❛r ♠❛✐s ❞❡ ♣❡rt♦

❝❛❞❛ ❢❛t♦r ❞❛ ❡①♣r❡ssã♦ ✭✷✳✽✸✮✱ ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ❡①tr❛✐r♠♦s ✐♥❢♦r♠❛çõ❡s q✉❡ ♥♦s ♣❡r♠✐t❛♠ ❡s❝r❡✈❡r

♦ ♠❡♥❝✐♦♥❛❞♦ ❢✉♥❝✐♦♥❛❧ ❡♠ ✉♠❛ ❢♦r♠❛ ♠❛✐s ❛♠✐❣á✈❡❧✳

✷✳✸✳✶ ❈♦♠♣❛r❛çã♦ ❝♦♠ ♦ ♠♦❞❡❧♦ ♦r✐❣✐♥❛❧

❖ ❢✉♥❝✐♦♥❛❧ ❞❡ ✐♥✢✉ê♥❝✐❛ ✭✷✳✽✸✮ ❛✐♥❞❛ é ♠✉✐t♦ ❣❡r❛❧ ❡ ♣♦❞❡♠♦s ❢❛③❡r ❛❧❣✉♠❛s ❝♦♥s✐❞❡r❛çõ❡s

❛❞✐❝✐♦♥❛✐s✳ ❖ ❢❛t♦r F [xi(t
′), yi(t′)] ♣♦❞❡ s❡r ❡s❝r✐t♦ ❡①♣❧✐❝✐t❛♠❡♥t❡ ❝♦♠♦

F [xi(t
′), yi(t′)] = exp

{

i

2~

∑

k

κkκ−kf(k)k

∫ t

0
dt′ sin k[yi(t′)− xi(t

′)]
(

ẋi(t
′) + ẏi(t

′)
)

− 1

~2

∫ t

0
dt′
∫ t′

0
ds
∑

k

κkκ−k

[

cos k[xi(t
′)− xi(s)]− cos k[yi(t

′)− xi(s)]

+ cos k[yi(t
′)− yi(s)]− cos k[yi(s)− xi(t

′)]
]

α
(R)
k (t′ − s)

}

. ✭✷✳✽✹✮

❏á q✉❡ ❛ ❡①♣r❡ssã♦ ❝♦rr❡s♣♦♥❞❡ ❛ ✉♠❛ ú♥✐❝❛ ♣❛rtí❝✉❧❛ ♦♠✐t✐r❡♠♦s ♦ í♥❞✐❝❡ i ♥❛ ❛♥❛❧✐s❡ s❡❣✉✐♥t❡✳

❊st❡ é ♦ ❢✉♥❝✐♦♥❛❧ q✉❡ ♦❜t❡rí❛♠♦s s❡ ❝♦♥s✐❞❡r❛r♠♦s ✉♠❛ ú♥✐❝❛ ♣❛rtí❝✉❧❛ ✐♥t❡r❛❣✐♥❞♦ ❝♦♠ ♦ ❜❛♥❤♦

tér♠✐❝♦ ❞❡♥tr♦ ❞♦ ♠♦❞❡❧♦ ❞❡✜♥✐❞♦ ❡♠ ✭✷✳✶✶✮✳ ❖❜s❡r✈❡ q✉❡✱ ❡♠ ❝♦♥tr❛♣♦s✐çã♦ à ❞✐♥â♠✐❝❛ ❝❧áss✐❝❛✱

❡①✐st❡ ✉♠❛ ✐♥✢✉ê♥❝✐❛ ♥ã♦ ❧♦❝❛❧ s♦❜r❡ ♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡ ❛♣❡s❛r ❞❡ t❡r♠♦s ✉♠ ú♥✐❝♦ ❣r❛✉ ❞❡

❧✐❜❡r❞❛❞❡✳

❆ ❞✐♥â♠✐❝❛ ❜r♦✇♥✐❛♥❛ ✉s✉❛❧ é ♦❜t✐❞❛ q✉❛♥❞♦ ❛ss✉♠✐♠♦s q✉❡ ♦ ♠♦✈✐♠❡♥t♦ ❞❛ ♣❛rtí❝✉❧❛ ❡stá

r❡str✐t♦ ❛ ✉♠❛ r❡❣✐ã♦ ♣❡q✉❡♥❛ q✉❛♥❞♦ ❝♦♠♣❛r❛❞❛ ❝♦♠ ❛❧❣✉♠ ❝♦♠♣r✐♠❡♥t♦ ❝❛r❛❝t❡ríst✐❝♦ ❞♦ ❜❛♥❤♦✱
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k−1
0 ✳ ❆ss✐♠✱ ♣♦❞❡♠♦s ❛ss✉♠✐r k(y(t′)− x(t′)) ≪ 1 q✉❡ ♥♦s ♣❡r♠✐t❡ ❛♣r♦①✐♠❛r

∑

k

κkκ−kf(k)k sin k[y(t
′)− x(t′)] = η(y(t′)− x(t′)),

❝♦♠

η =
∑

k

κkκ−kf(k)k
2, ✭✷✳✽✺✮

❝♦♠♦ ❢♦✐ ❞❡✜♥✐❞♦ ❛♥t❡r✐♦r♠❡♥t❡✳

❉❡♥tr♦ ❞❛ ♠❡s♠❛ ❛♣r♦①✐♠❛çã♦✱ ♦ ✐♥t❡❣r❛♥❞♦ ❞❛ ♣❛rt❡ r❡❛❧ ❞♦ ❡①♣♦❡♥t❡ ❡♠ ✭✷✳✽✹✮ ♣♦❞❡ s❡r ❡s❝r✐t♦

❝♦♠♦

cos k[x(t′)− x(s)]− cos k[y(t′)− x(s)] + cos k[y(t′)− y(s)]− cos k[y(s)− x(t′)]

= k2[x(t′)− y(t′)][x(s)− y(s)],

♦ q✉❡ ♥♦s ❧❡✈❛ ❞✐r❡t❛♠❡♥t❡ ❛

F [x(t′), y(t′)] = exp

{

iη

2~

∫ t

0
dt′(y(t′)− x(t′))

(

ẋ(t′) + ẏ(t′)
)

− η

~π

∫ t

0
dt′
∫ t′

0
ds

∫ ∞

0
dω ω coth

(

~βω

2

)

(x(t′)− y(t′)) cosω(t′ − s)(x(s)− y(s))

}

. ✭✷✳✽✻✮

❆ ❡①♣r❡ssã♦ ❛❝✐♠❛ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ❢✉♥❝✐♦♥❛❧ ❞❡ ✐♥✢✉ê♥❝✐❛ ♦❜t✐❞♦ ✉s❛♥❞♦ ✉♠ ❜❛♥❤♦ ❞❡ ♦s❝✐❧❛❞♦r❡s ♥ã♦

✐♥t❡r❛❣❡♥t❡s✱ ❝♦♠ ❞❡♥s✐❞❛❞❡ ❡s♣❡❝tr❛❧ J(ω) = ηω✱ ❛❝♦♣❧❛❞♦s ❧✐♥❡❛r♠❡♥t❡ à ✈❛r✐á✈❡❧ ❞❡ ✐♥t❡r❡ss❡❬✶✸❪✳

✷✳✸✳✷ ❚r❛t❛♠❡♥t♦ ❞❛s ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡s ♣❛r❛ ♦ ❝❛s♦ ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛

❊♠ ❝❛s♦s ♠❛✐s ❣❡r❛✐s✱ ♣♦❞❡♠♦s r❡❛❧✐③❛r s✐♠♣❧✐✜❝❛çõ❡s ♠❡♥♦s ❢♦rt❡s✳ P♦r ❡①❡♠♣❧♦✱ s❡ ❡s❝r❡✈❡♠♦s ♦

♣r♦♣❛❣❛❞♦r ♠❛r❦♦✈✐❛♥♦ ♣❛r❛ ✉♠❛ ♣❛rtí❝✉❧❛✱ ❡♠ t❡r♠♦s ❞❛s ❝♦♦r❞❡♥❛❞❛s

q(t) = (x(t) + y(t))/2; ξ(t) = x(t)− y(t), ✭✷✳✽✼✮

q✉❡ r❡♣r❡s❡♥t❛♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛ ❝♦♦r❞❡♥❛❞❛ ❞♦ ❝❡♥tr♦ ❡ ❞❛ ❧❛r❣✉r❛ ❞♦ ♣❛❝♦t❡ ❞❡ ♦♥❞❛✱ t❡♠♦s

J(q, ξ, t; q′, ξ′, 0) =

q
∫

q′

Dq(t′)
ξ
∫

ξ′

Dξ(t′) exp
{

i

~
M

∫ t

0
dt′q̇(t′)ξ̇(t′)− i

~

∫ t

0
dt′q̇(t′)f1[ξ(t′)]

− 1

2π~

∫ t

0
dt′
∫ t′

0
ds f2[q(t

′)− q(s), ξ(t′), ξ(s)]K(t′ − s)

}

. ✭✷✳✽✽✮

◆❡st❛ ❡q✉❛çã♦ ✉s❛♠♦s ❛s ❞❡✜♥✐çõ❡s

f1[ξ(t
′)] =

∑

k

κkκ−kf(k)k sin k[ξ(t
′)], ✭✷✳✽✾✮
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f2[q(t
′)− q(s), ξ(t′), ξ(s)] =

∑

k

κkκ−kf(k)4 cos k[q(t
′)− q(s)] sin k[ξ(t′)/2] sin k[ξ(s)/2], ✭✷✳✾✵✮

❡

K(t′ − s) =

∫ ∞

0
dωω cosω(t′ − s) coth(~βω/2). ✭✷✳✾✶✮

❆ s✉♣♦s✐çã♦ ♣r✐♥❝✐♣❛❧ ♥❛ ❛t✉❛❧ ❛❜♦r❞❛❣❡♠ é ❛ss✉♠✐r q✉❡ kξ ≪ 1 ♣❛r❛ q✉❛❧q✉❡r t❡♠♣♦✳ ❖❜s❡r✈❡ q✉❡

❡st❛ ❝♦♥❞✐çã♦ ♥ã♦ ❞✐③ ♥❛❞❛ ❡♠ r❡❧❛çã♦ à ❝♦♦r❞❡♥❛❞❛ ❞♦ ❝❡♥tr♦ ❞♦ ♣❛❝♦t❡ q✉❡ ❛té ❛❣♦r❛ ❝♦♥t✐♥✉❛

❛r❜✐trár✐❛✳ ❖ s✉♣♦st♦ ❛♥t❡r✐♦r r❡str✐♥❣❡ ♦ ♥♦ss♦ ♣r♦❜❧❡♠❛ à ❡✈♦❧✉çã♦ ❞❡ ♣❛❝♦t❡s ❞❡ ♦♥❞❛ ❝✉❥❛ ❧❛r❣✉r❛

é ♠✉✐t♦ ♠❡♥♦r q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❝❛r❛❝t❡ríst✐❝♦ ❞♦ r❡s❡r✈❛tór✐♦✳ ❆ss✐♠✱

f1[ξ(t
′)] =

∑

k

κkκ−kf(k)k sin k[ξ(t
′)] ≈ ηξ(t′) ✭✷✳✾✷✮

❡

f2[q(t
′)− q(s), ξ(t′), ξ(s)] ≈

∑

k

κkκ−kf(k)k
2 cos k[q(t′)− q(s)]ξ(t′)ξ(s), ✭✷✳✾✸✮

♥❛ ❡①♣r❡ssã♦ ✭✷✳✾✸✮ ♣♦❞❡♠♦s r❡s♦❧✈❡r ❛ s♦♠❛ ❡♠ k ❢❛③❡♥❞♦
∑

k

κkκ−kf(k) = η
∫

dkg(k) ❝♦♠ g(k) =

1
2k3

0

e−k/k0 ✱ ✐st♦ ♥♦s ❞á

f2[q(t
′)− q(s), ξ(t′), ξ(s)] = η

1− 3k20 [q(t
′)− q(s)]2

(

1 + k20 [q(t
′)− q(s)]2

)3 ξ(t
′)ξ(s). ✭✷✳✾✹✮

❙✉❜st✐t✉í♠♦s ❡ss❛s ❡①♣r❡ssõ❡s ♥❛ ❡q✉❛çã♦ ✭✷✳✽✽✮ ❡ ❝❤❡❣❛♠♦s ❡♠

J(q, ξ, t; q′, ξ′, 0) =

q
∫

q′

Dq(t′)
ξ
∫

ξ′

Dξ(t′) exp
{

i

~
M

∫ t

0
dt′q̇(t′)ξ̇(t′)− i

~
η

∫ t

0
dt′q̇(t′)ξ(t′)

− η

2π~

∫ t

0
dt′
∫ t′

0
ds

1− 3k20 [q(t
′)− q(s)]2

(

1 + k20 [q(t
′)− q(s)]2

)3 ξ(t
′)K(t′ − s)ξ(s)

}

. ✭✷✳✾✺✮

❆s ✐♥t❡❣r❛✐s ❢✉♥❝✐♦♥❛✐s ♣♦❞❡♠ s❡r r❡s♦❧✈✐❞❛s ✉s❛♥❞♦ ❛ ❛♣r♦①✐♠❛çã♦ ❞❡ ❢❛s❡ ❡st❛❝✐♦♥ár✐❛✱ q✉❡ é

❞❡✜♥✐❞❛ ♣❡❧❛s s❡❣✉✐♥t❡s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦

M ¨̄ξ(t′)− η ˙̄ξ(t′) = 0

M ¨̄q(t′) + η ˙̄q(t′) = 0. ✭✷✳✾✻✮

❏á q✉❡ ❛s ❡q✉❛çõ❡s sã♦ ❧✐♥❡❛r❡s ❡ ❤♦♠♦❣ê♥❡❛s✱ ❛ s♦❧✉çã♦ é ❞✐r❡t❛ ❡ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❡♠ t❡r♠♦s ❞❡

❢✉♥çõ❡s ❤✐♣❡r❜ó❧✐❝❛s✳ ❆ s♦❧✉çã♦ ♣❛r❛ ξ̄(t′) é

ξ̄(t′) =
1

sinh (ηt/2M)

{

ξ sinh
(

ηt′/2M
)

e−ηt/2M + ξ′ sinh
(

η(t− t′)/2M
)

}

eηt
′/2M ✭✷✳✾✼✮
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❡ ♣❛r❛ q̄(t′) é

q̄(t′) =
1

sinh (ηt/2M)

{

q sinh
(

ηt′/2M
)

eηt/2M + q′ sinh
(

η(t− t′)/2M
)

}

e−ηt′/2M . ✭✷✳✾✽✮

❖s ✈❛❧♦r❡s q, ξ ❡ q′, ξ′ ❝♦rr❡s♣♦♥❞❡♠✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❛♦s ♣♦♥t♦s ✜♥❛❧ ❡ ✐♥✐❝✐❛❧ ❞❛s tr❛❥❡tór✐❛s✳ ❆s

tr❛❥❡tór✐❛s ♥♦ s✉♣❡r♣r♦♣❛❣❛❞♦r sã♦ r❡❡s❝r✐t❛s ❡♠ t❡r♠♦s ❞❛s tr❛❥❡tór✐❛s ❝❧áss✐❝❛s

q(t′) = q̄(t′) + δq(t′) ❡ ξ(t′) = ξ̄(t′) + δξ(t′)

❡ ❞❡st❛ ❢♦r♠❛ ♦❜t❡♠♦s ♦ ♣r♦♣❛❣❛❞♦r

J(q, ξ, t; q′, ξ′, 0) = N(q, q′, t) exp

{

i

~

η(q − q′)
2 sinh (ηt/2M)

(

ξe−ηt/2M − ξ′eηt/2M
)

− 1

~

(

A(q, q′, t)ξ2 +B(q, q′, t)ξξ′ + C(q, q′, t)ξ′2
)

}

, ✭✷✳✾✾✮

♦♥❞❡

N(q, q′, t) =

0
∫

0

Dδq(t′)
0
∫

0

Dδξ(t′) exp
{

i

~
M

∫ t

0
dt′δq̇(t′)δξ̇(t′)− i

~
η

∫ t

0
dt′δq̇(t′)δξ(t′)

− η

2π~

∫ t

0
dt′
∫ t′

0
ds

1− 3k20 [q̄(t
′)− q̄(s)]2

(

1 + k20 [q̄(t
′)− q̄(s)]2

)3 δξ(t
′)K(t′ − s)δξ(s)

}

, ✭✷✳✶✵✵✮

❛q✉✐ ❢♦✐ ❛ss✉♠✐❞♦ q✉❡ ❛s ✢✉t✉❛çõ❡s ❡♠ δq sã♦ ❛♣r♦①✐♠❛❞❛♠❡♥t❡ ✐❣✉❛✐s ♣❛r❛ q✉❛❧q✉❡r t❡♠♣♦✱ ✐st♦ é✱

δq(t′) ≈ δq(s)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ❛s ❢✉♥çõ❡s A✱ B ❡ C ❝♦♠♣♦rt❛♠ ❛ ❞❡♣❡♥❞ê♥❝✐❛ ❝♦♠ ❛ t❡♠♣❡r❛t✉r❛

❡ t❡♠✱ ❡①♣❧✐❝✐t❛♠❡♥t❡✱ ❛ ❢♦r♠❛

A(q, q′, t) =
η

4π

∫ t

0
dt′
∫ t

0
ds

(

1− 3k20 [q̄(t
′)− q̄(s)]2

)

(

1 + k20 [q̄(t
′)− q̄(s)]2

)3

eη(t
′+s)/2M sinh

(

ηt′

2M

)

sinh
( ηs
2M

)

sinh2 (ηt/2M)
K(t′−s)e−ηt/M

✭✷✳✶✵✶✮

B(q, q′, t) =
η

2π

∫ t

0
dt′
∫ t

0
ds

(

1− 3k20 [q̄(t
′)− q̄(s)]2

)

(

1 + k20 [q̄(t
′)− q̄(s)]2

)3

eη(t
′+s)/2M sinh

( ηs
2M

)

sinh
(

η(t−t′)
2M

)

sinh2 (ηt/2M)
K(t′−s)e−ηt/2M

✭✷✳✶✵✷✮

C(q, q′, t) =
η

4π

∫ t

0
dt′
∫ t

0
ds

(

1− 3k20 [q̄(t
′)− q̄(s)]2

)

(

1 + k20 [q̄(t
′)− q̄(s)]2

)3

eη(t
′+s)/2M sinh

(

η(t−t′)
2M

)

sinh
(

η(t−s)
2M

)

sinh2 (ηt/2M)
K(t′−s).

✭✷✳✶✵✸✮

❈♦♠ ❛ ❛♣r♦①✐♠❛çã♦ ❛q✉✐ ❞❡s❡♥✈♦❧✈✐❞❛ ❛ ❞✐♥â♠✐❝❛ ❞❛ ❧❛r❣✉r❛ ❞♦ ♣❛❝♦t❡ é ❝♦♠♣❧❡t❛♠❡♥t❡ ❣❛✉ss✐❛♥❛✱

❡♥q✉❛♥t♦ ❛ ❞✐♥â♠✐❝❛ ❞♦ ❝❡♥tr♦ ❞♦ ♣❛❝♦t❡ ❛♣r❡s❡♥t❛ ✢✉t✉❛çõ❡s ❛❧t❛♠❡♥t❡ ♥ã♦ ❧✐♥❡❛r❡s✳

❖ ❝❛s♦ ❡♠ q✉❡ ❛ ❞✐♥â♠✐❝❛ ❞♦ ❝❡♥tr♦ ❞♦ ♣❛❝♦t❡ t❛♠❜é♠ é ❣❛✉ss✐❛♥❛ é ♦❜t✐❞♦ ❛ss✉♠✐♥❞♦✱ ❞❡ ❢♦r♠❛
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❛♥á❧♦❣❛✱ q✉❡ k (q(t′)− q(s)) ≪ 1✳ ■st♦ é ❡q✉✐✈❛❧❡♥t❡ ❛ ❞✐③❡r q✉❡ t♦❞♦ ♠♦✈✐♠❡♥t♦ ❞❛ ♣❛rtí❝✉❧❛ ❡stá

r❡str✐t♦ ❛ r❡❣✐õ❡s ♠✉✐t♦ ♣❡q✉❡♥❛s ❡♠ r❡❧❛çã♦ ❛♦ ❝♦♠♣r✐♠❡♥t♦ ❝❛r❛❝t❡ríst✐❝♦ ❞♦ r❡s❡r✈❛tór✐♦✳ ◆❡st❡

❝❛s♦✱ ♦ r❡s✉❧t❛❞♦ ❝♦✐♥❝✐❞❡ ❝♦♠ ♦ ♦❜t✐❞♦ ♥❛ r❡❢❡rê♥❝✐❛ ✭❬✶✸❪✮ ❡ ❛s ❡①♣r❡ssõ❡s r❡❧❡✈❛♥t❡s ♣♦❞❡♠ s❡r

❞❡❞✉③✐❞❛s ❞❡ ✭✷✳✾✾✱✷✳✶✵✶✱✷✳✶✵✷ ❡ ✷✳✶✵✸✮ t♦♠❛♥❞♦ ♦ ❧✐♠✐t❡ k (q(t′)− q(s)) ≪ 1 ❡ ♠❛♥t❡♥❞♦ t❡r♠♦s

❛té s❡❣✉♥❞❛ ♦r❞❡♠ ♥♦ ❡①♣♦❡♥t❡ ❞♦ ♣r♦♣❛❣❛❞♦r✳ ❖ r❡s✉❧t❛❞♦ ❞❡ ❡st❡ ♣r♦❝❡ss♦ s❡rá r❡❢❡r✐❞♦ ♥♦ q✉❡

s❡❣✉❡ ❝♦♠♦ ❛♣r♦①✐♠❛çã♦ ❧♦❝❛❧✳

✷✳✸✳✸ ❚r❛t❛♠❡♥t♦ ❞❛s ♥ã♦ ❧✐♥❡❛r✐❞❛❞❡s ♣❛r❛ ♦ ❝❛s♦ ❞❡ ❞✉❛s ♣❛rtí❝✉❧❛s

◗✉❛♥❞♦ tr❛t❛♠♦s ♦ s✐st❡♠❛ ❞❡ ❞✉❛s ♣❛rtí❝✉❧❛s✱ ♦ ♥♦ss♦ ✐♥t❡r❡ss❡ ♣r✐♥❝✐♣❛❧ s❡rá ❡st✉❞❛r ♦s ♣♦ssí✈❡✐s

❡❢❡✐t♦s ♠❡❞✐❛❞♦s ♣❡❧♦ r❡s❡r✈❛tór✐♦ ❡ ♥ã♦ ❛ ❞✐♥â♠✐❝❛ ✐♥❞✐✈✐❞✉❛❧ ❞❡ ❝❛❞❛ ♣❛rtí❝✉❧❛✱ é ♣♦r ✐ss♦ q✉❡

♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ ❛s tr❛❥❡tór✐❛s ❞❡ ❝❛❞❛ ♣❛rtí❝✉❧❛ ❡stã♦ ❝♦♥✜♥❛❞❛s ❡♠ ✉♠❛ r❡❣✐ã♦ ♣❡q✉❡♥❛

❝♦♠♣❛r❛❞❛ ❝♦♠♦ ♦ ❝♦♠♣r✐♠❡♥t♦ ❝❛r❛❝t❡ríst✐❝♦ ❞♦ r❡s❡r✈❛tór✐♦✳ ■st♦ ❧❡✈❛ à ❛♣r♦①✐♠❛çã♦ k[xi(t′) −
yi(s)] ≪ 1 ♣❛r❛ i = 1, 2 ❡ ♠❛♥t❡♥❞♦ t❡r♠♦s ❛té s❡❣✉♥❞❛ ♦r❞❡♠✱ ♦ ❢✉♥❝✐♦♥❛❧ ❞❡ ✐♥✢✉ê♥❝✐❛ ♣♦❞❡ s❡r

❡s❝r✐t♦ ❝♦♠♦ ❢❡✐t♦ ❡♠ ✭✷✳✽✸✮ ♠❛s ❝♦♠ F [xi(t
′), yi(t′)] ❡s❝r✐t♦ ♥❛ ❛♣r♦①✐♠❛çã♦ ❧♦❝❛❧ ✭✷✳✽✻✮✳

P❛r❛ ❝❤❡❣❛r ❛ ✉♠ ♠❡❧❤♦r ❡♥t❡♥❞✐♠❡♥t♦ ❞♦ ❢❛t♦r ❞❡ ✐♥t❡r❛çã♦ ❡♠ ✭✷✳✽✸✮✱ é ✐♠♣♦rt❛♥t❡ ❡st✉❞❛r

♦s ❧✐♠✐t❡s ❡♠ q✉❡ ❛s ♣❛rtí❝✉❧❛s s❡ ❡♥❝♦♥tr❛♠ ♦✉ ♠✉✐t♦ ♣❡rt♦ ♦✉ ♠✉✐t♦ ❧♦♥❣❡✱ ♦❜✈✐❛♠❡♥t❡ ❡ss❡s

❧✐♠✐t❡s sã♦ ❞❡✜♥✐❞♦s ❡♠ r❡❧❛çã♦ ❛♦ ❝♦♠♣r✐♠❡♥t♦ ❝❛r❛❝t❡ríst✐❝♦s ❞♦ r❡s❡r✈❛tór✐♦ k−1
0 ✳ P❛r❛ ❝♦♠❡ç❛r✱

❛ss✉♠✐♠♦s k[xi(t′)−xj(s)] ≪ 1 ♣❛r❛ ❛♠❜❛s ♣❛rtí❝✉❧❛s ❡ ❡♠ q✉❛❧q✉❡r ✐♥st❛♥t❡✱ ✐st♦ q✉❡r ❞✐③❡r q✉❡ ❛s

♣❛rtí❝✉❧❛s ❡stã♦ ♠✉✐t♦ ♣❡rt♦ ❡ q✉❡ ❛ ❞✐♥â♠✐❝❛ é ❡ss❡♥❝✐❛❧♠❡♥t❡ ❧♦❝❛❧✳ ◆❡st❛ ❛♣r♦①✐♠❛çã♦✱ ♦ ❢✉♥❝✐♦♥❛❧

s❡ r❡❞✉③ ❛✱

J = exp

{−i
~
h(X,Y )

}

x
∫

x′

y
∫

y

Dx(t′)Dy(t′) exp
i

~

{

S0
[

x(t′)
]

− S0
[

y(t′)
]

− η

2

∫ t

0
(x1ẏ1 − y1ẋ1)dt

′

η

2

∫ t

0
(x2ẏ2 − y2ẋ2)dt

′ − η

2

∫ t

0
dt′ [x1ẏ2 − y2ẋ1 + x2ẏ1 − y1ẋ2]−

ηΩ

π

∫ t

0
dt′
[

(x1 − x2)
2 − (y1 − y2)

2
]

}

× exp







− η

~π

∫ t

0
dt′
∫ t′

0
ds

2
∑

i,j=1

[

xi(t
′)− yi(t

′)
]

K(t′ − s) [xj(s)− yj(s)]







,

♦♥❞❡ ❛ ❢✉♥çã♦ ❞❡♣❡♥❞❡♥t❡ ❞❛ t❡♠♣❡r❛t✉r❛ K(t′ − s) ❢♦✐ ❞❡✜♥✐❞❛ ❡♠ ✭✷✳✾✶✮ ❡ ✐♥tr♦❞✉③✐♠♦s ❛ ❢✉♥çã♦

h(X,Y ) =
η

4

[

(x1 + x2)
2 − (x′1 + x′2)

2 −(y1 + y2)
2 + (y′1 + y′2)

2
]

. ✭✷✳✶✵✹✮

❆❣♦r❛✱ ♣❛r❛ t♦r♥❛r ❛ ❞✐s❝✉ssã♦ ♠❛✐s s✐♠♣❧❡s✱ ✈❛♠♦s ❛ ❡❢❡t✉❛r ❞✉❛s ♠✉❞❛♥ç❛s ❞❡ ✈❛r✐á✈❡✐s s✉❝❡ss✐✈❛s✳

❆ ♣r✐♠❡✐r❛ é ❞❡✜♥✐❞❛ ❝♦♠♦ qi(t) = (xi(t) + yi(t))/2✱ ξi(t) = xi(t) − yi(t) ❡ ♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞❛

❝♦♠♦ ❛s ✈❛r✐á✈❡✐s ❞♦ ❝❡♥tr♦ ❡ ❞❛ ❧❛r❣✉r❛ ❞❡ ❝❛❞❛ ♣❛❝♦t❡✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ s❡❣✉♥❞❛ ✐♥tr♦❞✉③ ❛s

✈❛r✐á✈❡✐s ❞❡ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❡ ❝♦♦r❞❡♥❛❞❛ r❡❧❛t✐✈❛ ❞❡✜♥✐❞❛s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❝♦♠♦

r(t) = (q1(t) + q2(t))/2, ❡ u(t) = q1(t)− q2(t) ✭✷✳✶✵✺✮
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❡ ❛s ✈❛r✐á✈❡✐s ❛✉①✐❧✐❛r❡s

χ(t) = (ξ1(t) + ξ2(t))/2 ❡ v(t) = ξ1(t)− ξ2(t). ✭✷✳✶✵✻✮

❈♦♠ ❡st❛s s✉❜st✐t✉✐çõ❡s ❛ ✈❡rsã♦ ❧♦❝❛❧ ❞♦ s✉♣❡r♣r♦♣❛❣❛❞♦r é

J = exp

{−i
~
h̃(r, χ)

}

r
∫

r′

χ
∫

χ′

u
∫

u′

v
∫

v′

Dr(t′)Dχ(t′)Du(t′)Dv(t′) exp
{

− 4η

~π

∫ t

0
dt′
∫ t′

0
dsK(t′ − s)χ(t′)χ(s)

}

exp
i

~

{

Σ[r, χ, u, v]− 2η

∫ t

0
dt′[χ(t′)ṙ(t′)− r(t′)χ̇(t′)]− 2ηΩ

π

∫ t

0
dt′u(t′)v(t′)dt′

}

, ✭✷✳✶✵✼✮

❝♦♠

Σ[r, χ, u, v] =

∫ t

0
M(2ṙχ̇+ u̇v̇/2)dt′ ✭✷✳✶✵✽✮

❡

h̃(r, χ) = 2η(rχ− r′χ′). ✭✷✳✶✵✾✮

❉♦ ❢✉♥❝✐♦♥❛❧ ❧♦❝❛❧ ✭✷✳✶✵✼✮ ♣♦❞❡♠♦s ♦❜s❡r✈❛r ❛s s❡❣✉✐♥t❡s ❝❛r❛❝t❡ríst✐❝❛s✳ Pr✐♠❡✐r♦✱ ❛ tr❛❥❡tór✐❛

❡st❛❝✐♦♥ár✐❛ ❞❡ r(t) ❞❡❞✉③✐❞❛ ❞❛ ❛çã♦ ♥♦ ❡①♣♦❡♥t❡ ❞♦ ♣r♦♣❛❣❛❞♦r✱ ❞❡s❝r❡✈❡ ❛ ❞✐♥â♠✐❝❛ ❞✐ss✐♣❛t✐✈❛

❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ ❝♦♠ ♠❛ss❛ 2M q✉❡ r❡♣r❡s❡♥t❛ ♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ❞♦ s✐st❡♠❛ ❞❡ ❞✉❛s ♣❛rtí❝✉❧❛s

❜r♦✇♥✐❛♥❛s✳ ❖ s❡❣✉♥❞♦✱ ❡ ♠❛✐s ✐♠♣♦rt❛♥t❡ r❡s✉❧t❛❞♦ é q✉❡✱ ❛ ❝♦♦r❞❡♥❛❞❛ r❡❧❛t✐✈❛ u(t) ♥❡st❛

❛♣r♦①✐♠❛çã♦ ❞❡s❝r❡✈❡ ❛ ❞✐♥â♠✐❝❛ ❧✐✈r❡ ❞❡ ❞✐ss✐♣❛çã♦ ❞❡ ✉♠❛ ✈❛r✐á✈❡❧ s✉❥❡✐t❛ ❛♦ ❡❢❡✐t♦ ❞❡ ✉♠❛ ❢♦rç❛

q✉❡ ✐♥❞✉③ ❛ ✐♥t❡r❛çã♦ ❡♥tr❡ ❛s ♣❛rt❡s ✐♥❞✐✈✐❞✉❛✐s ❞♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡✳ ❊st❡ ❡❢❡✐t♦ ❝♦✐♥❝✐❞❡ ❝♦♠

♦ ❛♣r❡s❡♥t❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡ ♥❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ❡ ❛♣❛r❡❝❡ t❛♠❜é♠ ❡♠ ❛❧❣✉♥s tr❛❜❛❧❤♦s

❡♠ q✉❡ ❛ ❡✈♦❧✉çã♦ q✉â♥t✐❝❛ ❢♦✐ ❡st✉❞❛❞❛ ✉s❛♥❞♦ ❡q✉❛çõ❡s ♠❡str❛s ❡ ❛❝♦♣❧❛♠❡♥t♦ ❜✐❧✐♥❡❛r ❡♥tr❡ ♦

s✐st❡♠❛ ❡ ♦ ❜❛♥❤♦❬✹✽✱ ✶✻❪✳

◆♦ ❧✐♠✐t❡ ❞❡ ❞✐stâ♥❝✐❛s ❧♦♥❣❛s ❛ss✉♠✐♠♦s q✉❡ ❛s ♣❛rtí❝✉❧❛s ❡stã♦ r❡str✐t❛s ❛ s❡ ♠♦✈❡r ❡♠ r❡❣✐õ❡s

s❡♣❛r❛❞❛s✳ ◆❡st❡ ❝❛s♦✱ ❛ ❞✐stâ♥❝✐❛ L ❡♥tr❡ ❛s r❡❣✐õ❡s é ❝♦♥s✐❞❡r❛❞❛ ♠✉✐t♦ ♠❛✐♦r ❞♦ q✉❡ ♦ ❝♦♠♣r✐♠❡♥t♦

❝❛r❛❝t❡ríst✐❝♦ ❞♦ r❡s❡r✈❛tór✐♦ ❡ é ♣♦ssí✈❡❧ ❛♣r♦①✐♠❛r k[xi(t′) − yi(s)] ≫ 1✳ ◗✉❛♥❞♦ ❡ss❛ ❝♦♥❞✐çã♦ é

s❛t✐s❢❡✐t❛ ♦s t❡r♠♦s ❞❡ ✐♥t❡r❛çã♦ sã♦ ❞❡s♣r❡③í✈❡✐s ❡ ♦ s✉♣❡r♣r♦♣❛❣❛❞♦r s❡ r❡❞✉③ ❛

J =

r
∫

r′

u
∫

u′

χ
∫

χ′

v
∫

v′

Dr(t′)Du(t′)Dχ(t′)Dv(t′) exp
{

i

~

∫ t

0
dt′M

(

u̇(t′)v̇(t′)
2

+ 2ṙ(t′)χ̇(t′)
)}

exp

{

− iη
~

∫ t

0
dt′
(

u̇(t′)v(t′)
2

+ 2ṙ(t′)χ(t′)
)

− η

~π

∫ t

0
dt′
∫ t′

0
ds

(

v(s)v(t′)
2

+ 2χ(s)χ(t′)
)

K(t′ − s)

}

.

✭✷✳✶✶✵✮

❖❜✈✐❛♠❡♥t❡✱ ♥♦ ❧✐♠✐t❡ ❞❡ ❧♦♥❣❛s ❞✐stâ♥❝✐❛s ❛ ❞✐♥â♠✐❝❛ é ❝♦♠♣❧❡t❛♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡ ❛♦ ❝❛s♦ ❞❡ ❞✉❛s

♣❛rtí❝✉❧❛s ❞❡s❛❝♦♣❧❛❞❛s ✐♥t❡r❛❣✐♥❞♦ ❝♦♠ ❞♦✐s r❡s❡r✈❛tór✐♦s ✐♥❞❡♣❡♥❞❡♥t❡s ♠❛s ✐❞ê♥t✐❝♦s✳

❆ s❡❣✉✐♥t❡ ❡t❛♣❛ ❞❛ ♥♦ss❛ ❛♥á❧✐s❡ é ❡♥❝♦♥tr❛r ✉♠❛ ❛❜♦r❞❛❣❡♠ ❛❞❡q✉❛❞❛ ♣❛r❛ ❞✐stâ♥❝✐❛s

✐♥t❡r♣❛rtí❝✉❧❛ q✉❡ s❡ ❡♥❝♦♥tr❡♠ ❡♥tr❡ ♦s ❞♦✐s ❧✐♠✐t❡s ❛❝✐♠❛ ♠❡♥❝✐♦♥❛❞♦s✳ ❖ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦
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s✉❜s❡q✉❡♥t❡ ♥ã♦ r❡♣r❡s❡♥t❛ ✉♠❛ s♦❧✉çã♦ ❡①❛t❛ ♥❡♠ ♠❡s♠♦ ✉♠❛ ❛♣r♦①✐♠❛çã♦ ❛♦ ♣r♦❜❧❡♠❛ q✉❡

❡st❛♠♦s tr❛t❛♥❞♦✳ ❖ q✉❡ ♣r❡t❡♥❞❡♠♦s ♥❛ ✈❡r❞❛❞❡ é s✉❜st✐t✉✐r ♦ ❢✉♥❝✐♦♥❛❧ ❡①❛t♦ ✭✷✳✽✸✮ ♣♦r ✉♠❛

✈❡rsã♦ ❧✐♥❡❛r q✉❡ s❛t✐s❢❛ç❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❧♦❝❛❧ ♥♦ ❧✐♠✐t❡ ❞❡ ❞✐stâ♥❝✐❛s ❝✉rt❛s ❡♥tr❡ ❛s ♣❛rtí❝✉❧❛s

❡ q✉❡ s❡❥❛ ❡q✉✐✈❛❧❡♥t❡ ❛♦ ❛❝♦♣❧❛♠❡♥t♦ ❝♦♠ r❡s❡r✈❛tór✐♦s ✐♥❞❡♣❡♥❞❡♥t❡s ♥♦ ❧✐♠✐t❡ ❞❡ ❞✐stâ♥❝✐❛s

❧♦♥❣❛s✳ ❉❡st❛ ❢♦r♠❛ ❡s♣❡r❛♠♦s ♦❜t❡r ❛❧❣✉♠❛ ✐♥❢♦r♠❛çã♦ ❞♦ q✉❡ ❛❝♦♥t❡❝❡r✐❛ ♥❛ r❡❣✐ã♦ ❞❡ ❞✐stâ♥❝✐❛s

✐♥t❡r♠❡❞✐ár✐❛s s❡♠ r❡s♦❧✈❡r ♦ ♣r♦❜❧❡♠❛ ♥ã♦ ❧✐♥❡❛r ❡①❛t♦✳

P❛r❛ ❛t✐♥❣✐r ♦ ♥♦ss♦ ♦❜❥❡t✐✈♦✱ ❝♦♥s✐❞❡r❛r❡♠♦s ❛s ✈❛r✐á✈❡✐s ✐♥s❡♥sí✈❡✐s à ❞✐stâ♥❝✐❛ ✐♥t❡r♣❛rtí❝✉❧❛

❞❡s♣r❡③í✈❡✐s ❡♠ r❡❧❛çã♦ ❛♦ ❝♦♠♣r✐♠❡♥t♦ ❝❛r❛❝t❡ríst✐❝♦ k−1
0 ✱ ✐st♦ é✱ ❛s ✈❛r✐á✈❡✐s v ❡ χ✱ q✉❡ ❡stã♦

r❡❧❛❝✐♦♥❛❞❛s à ❧❛r❣✉r❛ ❞♦s ♣❛❝♦t❡s ❞❡ ♦♥❞❛✱ ♣♦❞❡♠ s❡r ❝♦♥s✐❞❡r❛❞❛s ♠✉✐t♦ ♣❡q✉❡♥❛s q✉❛♥❞♦

❝♦♠♣❛r❛❞❛s ❝♦♠ k−1 ❡ ❛ ❛♣r♦①✐♠❛çã♦ cos [kχ(t′)] ≈ 1✱ sin [kχ(t′)] ≈ kχ(t′)✱ sin [kv(t′)/2] ≈ kv(t′)/2

s❡r✐❛ ❛❞❡q✉❛❞❛ ♥❡st❛ s✐t✉❛çã♦✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♦s t❡r♠♦s ♥ã♦ ❧✐♥❡❛r❡s ❡♥✈♦❧✈❡♥❞♦ ❛s ✈❛r✐á✈❡✐s r ❡ u

s❡rã♦ s✉❜st✐t✉í❞❛s ♣♦r ✉♠❛ ❢✉♥çã♦ ❢❡♥♦♠❡♥♦❧ó❣✐❝❛ ♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧❛ r❡❧❛çã♦ ❡♥tr❡ ♦ ❝♦♠♣r✐♠❡♥t♦

❝❛r❛❝t❡ríst✐❝♦ ❞♦ ❜❛♥❤♦ ❡ ❛ ❞✐stâ♥❝✐❛ ♠é❞✐❛ ❡♥tr❡ ❛s r❡❣✐õ❡s ✜s✐❝❛♠❡♥t❡ ♣❡r♠✐t✐❞❛s ♣❛r❛ ❛s tr❛❥❡tór✐❛s

❞❛s ♣❛rtí❝✉❧❛s✳ ❉❡st❛ ❢♦r♠❛ ♦ s✉♣❡r♣r♦♣❛❣❛❞♦r ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

J = exp

{

i

~
h̃(r, χ, u, v)

}

r
∫

r′

u
∫

u′

χ
∫

χ′

v
∫

v′

Dr(t′)Du(t′)Dχ(t′)Dv(t′)

× exp
i

~

{

M

∫ t

0
dt′ (2ṙχ̇+ u̇v̇/2) +

η

4

∫ t

0
dt′
(

4χ̇(t′)r(t′) + v̇(t′)u(t′)− u̇(t′)v(t′)− 4ṙ(t′)χ(t′)
)

−η
2

∫ t

0
dt′
(

D(k0L)v̇(t
′)u(t′) + 4D(k0L)ṙ(t

′)χ(t′)
)

− 2ηΩ

π

∫ t

0
dt′D(k0L)u(t

′)v(t′)
}

× exp

{

− η

~π

∫ t

0
dt′
∫ t′

0
dsK(t′ − s)

{

2 (1 +D(k0L))χ(t
′)χ(s) +

1

2
(1−D(k0L)) v(t

′)v(s)
}

}

,

✭✷✳✶✶✶✮

♦♥❞❡ r❡❞❡✜♥✐♠♦s

h̃(r, χ, u, v) =
η

4

(

4r′χ′ − 4rχ+ u′v′ − uv
)

− η

2
D(k0L)

(

u′v′ − uv
)

, ✭✷✳✶✶✷✮

❡ ✐♥tr♦❞✉③✐♠♦s ❛ ❢✉♥çã♦

D(k0L) = exp (−k0L) , ✭✷✳✶✶✸✮

❝♦♠ ♦ ♣❛râ♠❡tr♦ L s❡♥❞♦ ❞❡✜♥✐❞♦ ❝♦♠♦ ❛ ❞✐stâ♥❝✐❛ ♠é❞✐❛ ❡♥tr❡ ❛s r❡❣✐õ❡s ♦♥❞❡ ❛s ♣❛rtí❝✉❧❛s s❡

♠♦✈❡♠✳ ❖ ♣❛râ♠❡tr♦ L ♣♦❞❡r✐❛ s❡r ❝♦♥s✐❞❡r❛❞♦ t❛♠❜é♠ ❝♦♠♦ ❛ ❞✐stâ♥❝✐❛ ✐♥✐❝✐❛❧ ❡♥tr❡ ♦s ❝❡♥tr♦s

❞♦s ♣❛❝♦t❡s ❞❡ ♦♥❞❛ ✉♠❛ ✈❡③ q✉❡✱ ❛♦ ❝♦♥s✐❞❡r❛r♠♦s ❛ ❞✐♥â♠✐❝❛ ❞❡ ❝❛❞❛ ♣❛rtí❝✉❧❛ r❡str✐t❛ ❛ r❡❣✐õ❡s

❞✐❢❡r❡♥t❡s✱ ♣♦❞❡♠♦s ❡s♣❡r❛r q✉❡ ♥ã♦ ❡①✐st❛ s♦❜r❡♣♦s✐çã♦ ❛♦ ❧♦♥❣♦ ❞♦ ♠♦✈✐♠❡♥t♦✳

❆s ✐♥t❡❣r❛✐s ❢✉♥❝✐♦♥❛✐s ❡♠ ✭✷✳✶✶✶✮ ♣♦❞❡♠ s❡r ❝❛❧❝✉❧❛❞❛s ❞✐r❡t❛♠❡♥t❡ ❥á q✉❡ t♦❞❛s ❛s ✈❛r✐á✈❡✐s
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❛♣❛r❡❝❡♠ ♥♦ ♠á①✐♠♦ ❛té s❡❣✉♥❞❛ ♦r❞❡♠✳ ❖ r❡s✉❧t❛❞♦ ❞❛ ✐♥t❡❣r❛çã♦ é

J = N (t) exp
i

~

{

h̃(r, χ, u, v)− M

sinh [tγ+/2]

{

γ+
(

r′ − r
)

(

χe−γ+t/2 − χ′eγ+t/2
)

− γ
(

rχ− r′χ′) sinh [tγ+/2]
}

− M

4 sinh
[

t
2

√

γ2− − 4ω2
t

]

{

√

γ2− − 4ω2
t

(

u′ve−γ−t/2 + uv′eγ−t/2
)

− (γ− − γ)
(

uv − u′v′
)

sinh

[

t

2

√

γ2− − 4ω2
t

]

−
√

γ2− − 4ω2
t

(

uv + u′v′
)

cosh

[

t

2

√

γ2− − 4ω2
t

]}

}

× exp−1

~

{

D+

(

Aχ(t)χ
2 +Bχ(t)χχ

′ + Cχ(t)χ
′2)+D−

(

Av(t)v
2 +Bv(t)vv

′ + Cv(t)v
′2)
}

. ✭✷✳✶✶✹✮

◆❡st❛ ❡①♣r❡ssã♦ ✉s❛♠♦s ❛s ❞❡✜♥✐çõ❡s ω2 = 4Ωη
Mπ ✱ γ± = γ(1 ± D[k0L])✱ D̃+ = (1 + D(k0L))✱ D̃− =

(1−D(k0L))✱ ω2
t = ω2D(k0L) ❡ ❛s s❡❣✉✐♥t❡ ❢✉♥çõ❡s ❞♦ t❡♠♣♦ ❡ ❞❛ t❡♠♣❡r❛t✉r❛ ✭❱❡❥❛ ❞❡t❛❧❤❡s ❞❡st❡

❝á❧❝✉❧♦ ♥♦ ❛♣ê♥❞✐❝❡ ❇✮✳

Aχ(t) =
η

π

∫ t

0
dτ

∫ t

0
dsK(τ − s)e−γ+t sinh [sγ+/2] sinh [τγ+/2]

sinh [tγ+/2]
2 eγ+(s+τ)/2 ✭✷✳✶✶✺✮

Bχ(t) =
2η

π

∫ t

0
dτ

∫ t

0
dsK(τ − s)e−γ+t/2 sinh [τγ+/2] sinh [(t− s)γ+/2]

sinh [tγ+/2]
2 eγ+(s+τ)/2 ✭✷✳✶✶✻✮

Cχ(t) =
η

π

∫ t

0
dτ

∫ t

0
dsK(τ − s)

sinh [(t− s)γ+/2] sinh [(t− τ)γ+/2]

sinh [tγ+/2]
2 eγ+(s+τ)/2, ✭✷✳✶✶✼✮

Av(t) =
η

4π

∫ t

0
dτ

∫ t

0
dsK(τ − s)e−γ−t

sinh
[

s
2

√

γ2− − 4ω2
t

]

sinh
[

τ
2

√

γ2− − 4ω2
t

]

sinh
[

t
2

√

γ2− − 4ω2
t

]2 eγ−(s+τ)/2 ✭✷✳✶✶✽✮

Bv(t) =
η

2π

∫ t

0
dτ

∫ t

0
dsK(τ − s)e−γ−t/2

sinh
[

τ
2

√

γ2− − 4ω2
t

]

sinh
[

(t−s)
2

√

γ2− − 4ω2
t

]

sinh
[

t
2

√

γ2− − 4ω2
t

]2 eγ−(s+τ)/2

✭✷✳✶✶✾✮

Cv(t) =
η

4π

∫ t

0
dτ

∫ t

0
dsK(τ − s)

sinh
[

(t−s)
2

√

γ2− − 4ω2
t

]

sinh
[

(t−τ)
2

√

γ2− − 4ω2
t

]

sinh
[

t
2

√

γ2− − 4ω2
t

]2 eγ−(s+τ)/2. ✭✷✳✶✷✵✮

N (t) é ♦ ❝♦❡✜❝✐❡♥t❡ t❡♠♣♦r❛❧ r❡s✉❧t❛♥t❡ ❞❛s ✢✉t✉❛çõ❡s ❡♠ t♦r♥♦ ❞♦ ❝❛♠✐♥❤♦ ❝❧áss✐❝♦ ❡ s❡rá

❞❡t❡r♠✐♥❛❞♦ ❡①✐❣✐♥❞♦ q✉❡ ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦ ✜♥❛❧ s❡❥❛ ♥♦r♠❛❧✐③❛❞♦✳

❖ ♣r♦♣❛❣❛❞♦r ✭✷✳✶✶✹✮ ♥♦s ❢♦r♥❡❝❡ t♦❞❛s ❛s ❢❡rr❛♠❡♥t❛s ♥❡❝❡ssár✐❛s ♣❛r❛ ❡st✉❞❛r ❛ ❡✈♦❧✉çã♦ ❞♦

♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦ ❞❡ ❞✉❛s ♣❛rtí❝✉❧❛s ♥♦ r❡❣✐♠❡ ❞❡ ❞✐stâ♥❝✐❛s ✐♥t❡r♠❡❞✐ár✐❛s✳ ◆♦ s❡❣✉✐♥t❡

❝❛♣ít✉❧♦ ✉s❛r❡♠♦s ❡st❡ ♣r♦♣❛❣❛❞♦r ♣❛r❛ ❡st✉❞❛r ❛ ❡✈♦❧✉çã♦ ❞❛s ❝♦rr❡❧❛çõ❡s q✉â♥t✐❝❛s ❡♠ ✉♠ s✐st❡♠❛

❜✐♣❛rt✐t❡ ❡♠ ❝♦♥t❛t♦ ❝♦♠ ✉♠ r❡s❡r✈❛tór✐♦ tér♠✐❝♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♦ ❡st✉❞♦ s❡rá ❢♦❝❛❞♦ ♥❛ ❡✈♦❧✉çã♦

❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❡ ♥♦ ♣❛♣❡❧ q✉❡ ❞❡s❡♠♣❡♥❤❛ ♦ r❡s❡r✈❛tór✐♦ ❝♦♠♦ ♠❡❞✐❛❞♦r ❞❡st❛s ❝♦rr❡❧❛çõ❡s s❡♠

❡sq✉❡❝❡r ♦ s❡✉ ❝♦♥❤❡❝✐❞♦ ♣❛♣❡❧ ❝♦♠♦ ❢♦♥t❡ ❞❡ ❞❡❝♦❡rê♥❝✐❛✳



❈❛♣ít✉❧♦ ✸

❊✈♦❧✉çã♦ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❡♠ ✉♠

s✐st❡♠❛ ❜✐♣❛rt✐t❡

✸✳✶ ■♥tr♦❞✉çã♦ ❛♦ ❝♦♥❝❡✐t♦ ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦

❖ ❝♦♥❝❡✐t♦ ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦ s✉r❣❡ ❞❡ ❛♣❧✐❝❛r♠♦s ♦ ♣r✐♥❝í♣✐♦ ❞❡ s✉♣❡r♣♦s✐çã♦ ❛ ✉♠ s✐st❡♠❛

❝♦♠♣♦st♦✳ ❊♠ t❡r♠♦s ❣❡r❛✐s✱ ♦ ✈❡t♦r ❞❡ ❡st❛❞♦ ♣❛r❛ ✉♠ s✐st❡♠❛ q✉â♥t✐❝♦ ♣✉r♦ ❢♦r♠❛❞♦ ♣♦r N

s✉❜s✐st❡♠❛s ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

|ψ〉 =
∑

i

ci |i〉 , ✭✸✳✶✮

♦♥❞❡ i = i1, i2, . . . , iN é ✉♠ í♥❞✐❝❡ ❝♦❧❡t✐✈♦ q✉❡ ❝♦♠♣♦rt❛ t♦❞♦s ♦s ♥ú♠❡r♦s q✉â♥t✐❝♦s q✉❡ ❞❡✜♥❡♠

♦ s✐st❡♠❛ ❡ |i〉 é ❢♦r♠❛❞♦ ♣❡❧♦ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧ ❞❡ ✈❡t♦r❡s ❜❛s❡ ❝♦rr❡s♣♦♥❞❡♥t❡s ❛ s✉❜s✐st❡♠❛s

✐♥❞✐✈✐❞✉❛✐s✱ ✐st♦ é✱

|i〉 = |i1〉 ⊗ |i1〉 ⊗ · · · ⊗ |iN 〉 . ✭✸✳✷✮

P♦ré♠✱ ♥❡♠ s❡♠♣r❡ é ♣♦ssí✈❡❧ ❡s❝r❡✈❡r ♦ ❡st❛❞♦ ❞♦ s✐st❡♠❛ ❝♦♠♣❧❡t♦ ❝♦♠♦ ✉♠ ♣r♦❞✉t♦ t❡♥s♦r✐❛❧

❞♦s ❡st❛❞♦s ❞♦s s✉❜s✐st❡♠❛s ✐♥❞✐✈✐❞✉❛✐s

|ψ〉 6= |ψ1〉 ⊗ |ψ2〉 ⊗ · · · ⊗ |ψN 〉 , ✭✸✳✸✮

q✉❛♥❞♦ ✐ss♦ ❛❝♦♥t❡❝❡ ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡ ❛s ♣❛rt❡s ❞♦ s✐st❡♠❛ s❡ ❡♥❝♦♥tr❛♠ ❡♠❛r❛♥❤❛❞❛s✳ ❆

♠❡s♠❛ ✐❞é✐❛✱ ♠❛s ❝♦♠ ✉♠❛ ❛❞❡q✉❛❞❛ r❡❞❡✜♥✐çã♦ ♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ ❛ ❡st❛❞♦s ♠✐st♦s✱ ♥❡st❡ ❝❛s♦

♦❜✈✐❛♠❡♥t❡ ❛ ❣r❛♥❞❡③❛ r❡❧❡✈❛♥t❡ é ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡✳ ❙❡ t✐✈❡r♠♦s ✉♠ s✐st❡♠❛ ❢♦r♠❛❞♦ ♣♦r

N s✉❜s✐st❡♠❛s ❡ ❞❡s❝r✐t♦ ♣❡❧♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ρ✱ ♣♦❞❡♠♦s ❞✐③❡r q✉❡ ρ r❡♣r❡s❡♥t❛ ✉♠ ❡st❛❞♦

❡♠❛r❛♥❤❛❞♦ q✉❛♥❞♦ ♥ã♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦ ❛ s♦♠❛ ❞❡ ♣r♦❞✉t♦s ❞✐r❡t♦s✿

ρ 6=
∑

piρ
(i)
1 ⊗ ρ

(i)
2 ⊗ · · · ⊗ ρ

(i)
N , ✭✸✳✹✮

❝♦♠ pi > 0 ❡
∑

i pi = 1✳ ❖ ❧❛❞♦ ❞✐r❡✐t♦ ❞❡ ✭✸✳✹✮ ❝♦rr❡s♣♦♥❞❡ ❛♦ ❡st❛❞♦ ♠❛✐s ❣❡r❛❧ q✉❡ ♣♦❞❡ s❡r

♣r❡♣❛r❛❞♦ ✉s❛♥❞♦ ❛♣❡♥❛s ♦♣❡r❛çõ❡s ❧♦❝❛✐s ❡ ❝♦♠✉♥✐❝❛çã♦ ❝❧áss✐❝❛ ✭▲❖❈❈✮✳

✸✷
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❆s ✐♠♣❧✐❝❛çõ❡s ❞❛ ❡①✐stê♥❝✐❛ ❞❡ ❡st❛❞♦s ❡♠❛r❛♥❤❛❞♦s✱ ❧♦♥❣❡ ❞❡ s❡r❡♠ tr✐✈✐❛✐s✱ ♠♦t✐✈❛r❛♠ ❣r❛♥❞❡s

❞❡❜❛t❡s ❡♠ t♦r♥♦ ❞♦s ❢✉♥❞❛♠❡♥t♦s ❞❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛ ❡ ♠❛✐s ❡s♣❡❝✐✜❝❛♠❡♥t❡ ❡♠ r❡❧❛çã♦ à s✉❛

❝♦♠♣❧❡t❡③❛ ❝♦♠♦ t❡♦r✐❛ ❢ís✐❝❛ ❞❛ r❡❛❧✐❞❛❞❡✳

❊✐♥st❡✐♥✱ P♦❞♦❧s❦② ❡ ❘♦s❡♥ ✭❊P❘✮✱ ❡♠ ✶✾✸✺ ❬✷✽❪✱ ✉s❛r❛♠ ♦ ♣r✐♥❝í♣✐♦ ❞❡ s✉♣❡r♣♦s✐çã♦ ✭❥✉♥t♦ ❝♦♠

✉♠❛ r❛③♦á✈❡❧ ❞❡✜♥✐çã♦ ❞❡ r❡❛❧✐❞❛❞❡ ❡ ❛ ❤✐♣ót❡s❡ ❞❡ ❧♦❝❛❧✐❞❛❞❡✮ ❛♣❧✐❝❛❞♦ ❛ ✉♠ ❡st❛❞♦ ❝♦♠♣♦st♦ ♣❛r❛

❞❡♠♦♥str❛r q✉❡ ❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛ ❡r❛ ✉♠❛ t❡♦r✐❛ ✐♥❝♦♠♣❧❡t❛✱ ❛♣❡s❛r ❞♦ ❜♦♠ ❛❝♦r❞♦ ❡①✐st❡♥t❡

❡♥tr❡ ❛s s✉❛s ♣r❡✈✐sõ❡s ❡ ♦s r❡s✉❧t❛❞♦s ❡①♣❡r✐♠❡♥t❛✐s✳ ❊st❡ ❜r✐❧❤❛♥t❡ ❛rt✐❣♦ ♠♦t✐✈♦✉ ✉♠❛ r❡s♣♦st❛

♣♦r ♣❛rt❡ ❞❡ ◆✳ ❇♦❤r ❬✷✾❪✱ ❡♠ ✉♠ ❛rt✐❣♦ ❝♦♠ ♦ ♠❡s♠♦ tít✉❧♦ q✉❡ ♦ ♣✉❜❧✐❝❛❞♦ ♣♦r ❊P❘✳ ◆❡❧❡✱ ❇♦❤r

♠❛♥té♠ ❛ ❤✐♣ót❡s❡ ❞❡ ❧♦❝❛❧✐❞❛❞❡ ❡ ❝♦♥❝❡♥tr❛ ❛s s✉❛s ❝rít✐❝❛s ♥❛ ❞❡✜♥✐çã♦ ❞❡ r❡❛❧✐❞❛❞❡ ✉s❛❞❛ ♣♦r

❊P❘✳ ◆♦ ♠❡s♠♦ ❛♥♦✱ ❊✳ ❙❝❤rö❞✐♥❣❡r❬✸✵❪ ♣✉❜❧✐❝♦✉ ✉♠ ❛rt✐❣♦ ❡♠ q✉❡ é ✉s❛❞♦ ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ♦

t❡r♠♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ✭❱❡rs❝❤rä♥❦✉♥❣ ❡♠ ❛❧❡♠ã♦✮✳ ❙❝❤rö❞✐♥❣❡r✱ s❡ ❛❢❛st❛♥❞♦ ❞❛ ♣♦s✐çã♦ ❞❡ ❊P❘✱

❡♥❢❛t✐③❛ q✉❡ ♦ ❡♠❛r❛♥❤❛♠❡♥t♦ é ❛ ♣r✐♥❝✐♣❛❧ ❝❛r❛❝t❡ríst✐❝❛ ❞❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛ ❡ ❡①♣❧♦r❛ ♥♦ s❡✉

tr❛❜❛❧❤♦ ❛s ✐♠♣❧✐❝❛çõ❡s ♠❛✐s ♣❛r❛❞♦①❛✐s q✉❛♥❞♦ ✐♠❛❣✐♥❛ ✉♠ s✐st❡♠❛ ♠❛❝r♦s❝ó♣✐❝♦ s✉❥❡✐t♦ ❛s r❡❣r❛s

❞❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛✳ ▼❛s ❢♦r❛♠ ♥❡❝❡ssár✐♦s ♠✉✐t♦s ❛♥♦s ❛✐♥❞❛ ♣❛r❛ ♣♦❞❡r t❡r♠♦s ✉♠❛ ♣r❡✈✐sã♦

q✉❛♥t✐t❛t✐✈❛ q✉❡ ♣✉❞❡ss❡ s❡r t❡st❛❞❛ ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡✳ ❏♦❤♥ ❙✳ ❇❡❧❧ ❬✸✶❪✱ ✉s♦✉ ✉♠ s✐st❡♠❛ ❞❡ ❞♦✐s

♥í✈❡✐s ✭♠✉✐t♦ ♠❛✐s s✐♠♣❧❡s q✉❡ ♦ s✐st❡♠❛ ✉s❛❞♦ ♣♦r ❊P❘✮ ♣❛r❛ ❛♥❛❧✐s❛r ♦s ❛r❣✉♠❡♥t♦s ❞❡ ❊P❘ ❡

♦❜t❡r ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③ ✉♠❛ ♣r❡✈✐sã♦ q✉❛♥t✐t❛t✐✈❛✱ ♦s s❡✉s r❡s✉❧t❛❞♦s ❧❡✈❛♠ ❛ ❝♦♥❝❧✉✐r q✉❡ ✭♠❛♥t❡♥❞♦

❛ ❤✐♣ót❡s❡ ❞❡ r❡❛❧✐❞❛❞❡ ✮ ❡①✐st❡ ❛❧❣✉♠ t✐♣♦ ❞❡ ♠❡❝❛♥✐s♠♦ ♥❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛ q✉❡ ♣❡r♠✐t❡ q✉❡ ♦

❡❢❡✐t♦ ❞❡ ✉♠ ✐♥str✉♠❡♥t♦ ❞❡ ♠❡❞✐çã♦ ✐♥✢✉❡♥❝✐❡ ❛ ❧❡✐t✉r❛ ❢❡✐t❛ ♣♦r ♦✉tr♦ ✐♥str✉♠❡♥t♦ q✉❡ s❡ ❡♥❝♦♥tr❛

✜s✐❝❛♠❡♥t❡ ❛❢❛st❛❞♦ ❡ ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ ♣r✐♠❡✐r♦✳ ❊st❛ ❝❛r❛❝t❡ríst✐❝❛ é ❝❤❛♠❛❞❛ ❞❡ ♥ã♦ ❧♦❝❛❧✐❞❛❞❡ ❡

t❡✈❡ ❛s ♣r✐♠❡✐r❛s ❡✈✐❞ê♥❝✐❛s ❡①♣❡r✐♠❡♥t❛✐s ♥♦s tr❛❜❛❧❤♦s ❞❡ ❆s♣❡❝t ❡ ❝♦❧❛❜♦r❛❞♦r❡s❬✸✸✱ ✸✹❪✳ ❊♠❜♦r❛

❛ ✐♥✢✉ê♥❝✐❛ ❛ ❞✐stâ♥❝✐❛ ♣❛r❡❝❡ ✈✐♦❧❛r ♦ ♣r✐♥❝í♣✐♦ ❞❛ r❡❧❛t✐✈✐❞❛❞❡ ❡s♣❡❝✐❛❧ ♣❡r♠✐t✐♥❞♦ ♠❡❞✐❛♥t❡ ❛

✉t✐❧✐③❛çã♦ ❞❡ ❡st❛❞♦s ❡♠❛r❛♥❤❛❞♦s ❛ tr❛♥s♠✐ssã♦ ❞❡ s✐♥❛✐s s✉♣❡r❧✉♠✐♥❛✐s✱ t❛❧ ✈✐♦❧❛çã♦ ♥ã♦ ❛❝♦♥t❡❝❡✱

♣♦✐s s❡ ♥ã♦ ❡①✐st❡ ❝♦♠✉♥✐❝❛çã♦ ❡♥tr❡ ♦s ♦❜s❡r✈❛❞♦r❡s q✉❡ ♣❡r♠✐t❛ ❝♦♠♣❛r❛r ❛s s✉❛s ❧❡✐t✉r❛s✱ ❝❛❞❛

✉♠ ❞❡❧❡s só ❝♦♥s❡❣✉✐rá ✈❡r ✉♠❛ s❡q✉ê♥❝✐❛ ❛❧❡❛tór✐❛ ❞❡ r❡s✉❧t❛❞♦s q✉❡ ♥ã♦ ❝❛rr❡❣❛♠ ✐♥❢♦r♠❛çã♦ ❬✸✷❪✳

❆t✉❛❧♠❡♥t❡✱ ♦ ❡♠❛r❛♥❤❛♠❡♥t♦ é ❡st✉❞❛❞♦ ♥ã♦ s✐♠♣❧❡s♠❡♥t❡ ❝♦♠ ♦ ✐♥t❡r❡ss❡ ❞❡ ❡♥t❡♥❞❡r ♦s

❢✉♥❞❛♠❡♥t♦s ❞❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛ ♠❛s ❝♦♠♦ ✉♠ ✐♠♣♦rt❛♥t❡ r❡❝✉rs♦✱ ❡ s✉❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ♣rát✐❝❛

♣❛r❛ r❡s♦❧✈❡r ♣r♦❜❧❡♠❛s ❝♦♠♣❧❡①♦s✱ ❡♠ q✉❡ ♦s r❡❝✉rs♦s ❝❧áss✐❝♦s ♥ã♦ sã♦ s✉✜❝✐❡♥t❡s✱ ❝♦♥st✐t✉✐ ✉♠❛

ár❡❛ ❞❡ ♣❡sq✉✐s❛ ❞❡ rá♣✐❞♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦❬✸✺❪✳

❊♠❜♦r❛ ♠✉✐t♦s ❞♦s ❣r❛♥❞❡s ❛✈❛♥ç♦s ♥❛ t❡♦r✐❛ ❞❡ ✐♥❢♦r♠❛çã♦ q✉â♥t✐❝❛ ❢♦r❛♠ ❛♣r❡s❡♥t❛❞♦s ✉s❛♥❞♦

✈❛r✐á✈❡✐s ❞✐s❝r❡t❛s✱ ♣♦r ❡①❡♠♣❧♦ q✉❜✐ts✱ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❛♠❛r❛♥❤❛♠❡♥t♦ t❡✈❡ ❛ s✉❛ ♣r✐♠❡✐r❛ ❛♣❛r✐çã♦

❡♠ t❡r♠♦s ❞❡ ✈❛r✐á✈❡✐s ❝♦♥tí♥✉❛s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♦ ❡st❛❞♦ ✉s❛❞♦ ♣♦r ❊✐♥st❡✐♥✱ P♦❞♦❧s❦② ❡ ❘♦s❡♥ é

s✐♠♣❧❡s♠❡♥t❡ ✉♠❛ ❢✉♥çã♦ ❞❡❧t❛ ❞❡✜♥✐❞❛ ❡♠ ❢♦r♠❛ ✐♥t❡❣r❛❧

ψ(x1, x2) =

∫ ∞

−∞
e(2πi/~)(x1−x2+x0)pdp, ✭✸✳✺✮

q✉❡ ❞❡s❝r❡✈❡ ♣♦s✐çõ❡s ❡ ♠♦♠❡♥t♦s ♣❡r❢❡✐t❛♠❡♥t❡ ❝♦rr❡❧❛❝✐♦♥❛❞❛s ✭x1 − x2 = x0 ❡ p1 + p2 = 0✮✳

❆ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ✭✸✳✺✮ ♥ã♦ é ✉♠❛ ❢✉♥çã♦ ♥♦r♠❛❧✐③á✈❡❧ ❡ ♦ s❡✉ s✐❣♥✐✜❝❛❞♦ é ❛♣❡♥❛s ❢♦r♠❛❧✱ s❡♥❞♦

✐♠♣♦ssí✈❡❧ ❞❡ r❡♣r♦❞✉③✐r ❡①♣❡r✐♠❡♥t❛❧♠❡♥t❡✳ P♦ré♠✱ ❡st❛ ❢✉♥çã♦ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞❛ ❝♦♠♦ ♦ ❧✐♠✐t❡



❈❆P❮❚❯▲❖ ✸✳ ❊❱❖▲❯➬➹❖ ❉❖ ❊▼❆❘❆◆❍❆▼❊◆❚❖ ❊▼ ❯▼ ❙■❙❚❊▼❆ ❇■P❆❘❚■❚❊ ✸✹

❞❡ ✉♠❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ r❡❣✉❧❛r✱ ❛❞❡q✉❛❞❛♠❡♥t❡ ♥♦r♠❛❧✐③❛❞❛ ❡ ❝♦♠ ❝❧❛r❛ ✐♥t❡r♣r❡t❛çã♦ ❞❡♥tr♦ ❞❛

ót✐❝❛ q✉â♥t✐❝❛✳ ■st♦ é✱ ♣❛r❛ ♦ ❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦ q✉❛♥t✐③❛❞♦✱ ♦ ❡st❛❞♦ ❝♦♠♣r✐♠✐❞♦ ❞❡ ❞♦✐s

♠♦❞♦s é r❡♣r❡s❡♥t❛❞♦ ♣❡❧❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛

ψ(x1, x2) =
1√
2πσ2

exp

{

−e−2z (x1 + x2)
2

8σ2
− e2z

(x1 − x2)
2

8σ2

}

, ✭✸✳✻✮

q✉❡ é ♣r♦♣♦r❝✐♦♥❛❧ ❛ δ(x1 − x2) q✉❛♥❞♦ ♦ ♣❛râ♠❡tr♦ ❞❡ ❝♦♠♣r❡ssã♦ z é ♠✉✐t♦ ❣r❛♥❞❡ ✭z → ∞✮✱

r❡♣r♦❞✉③✐♥❞♦ ❛ss✐♠ ♦ ❡st❛❞♦ ❊P❘✳ ◆❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ✭✸✳✻✮ ❡ ♥❛ ❝♦rr❡s♣♦♥❞❡♥t❡ r❡♣r❡s❡♥t❛çã♦ ❞❡

♠♦♠❡♥t♦✱ ❛s ✈❛r✐á✈❡✐s x ❡ p r❡♣r❡s❡♥t❛♠ ❛s q✉❛❞r❛t✉r❛s ❞♦ ❝❛♠♣♦ ❡❧❡tr♦♠❛❣♥ét✐❝♦❬✸✻❪✳ ◆❡st❛ t❡s❡✱

✉t✐❧✐③❛r❡♠♦s ✉♠ ❡st❛❞♦ ❝♦♠♦ ♦ ❞❡✜♥✐❞♦ ❡♠ ✭✸✳✻✮ ♣❛r❛ ❡st✉❞❛r ❛ ❡✈♦❧✉çã♦ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❡♠

✉♠ s✐st❡♠❛ ❜✐♣❛rt✐t❡ ❞❡ ✈❛r✐á✈❡✐s ❝♦♥t✐♥✉❛s ❡♠ ❝♦♥t❛♥t♦ ❝♦♠ ♦ ❛♠❜✐❡♥t❡✳

✸✳✷ ▼❡❞✐❞❛s ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦ ♣❛r❛ s✐st❡♠❛s ❝♦♥tí♥✉♦s

◆❛ s❡çã♦ ❛♥t❡r✐♦r ❢♦✐ ❞❛❞❛ ✉♠❛ ❞❡✜♥✐çã♦ ❜❛st❛♥t❡ ❣❡r❛❧ ❞♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ ✉♠ s✐st❡♠❛ ❝♦♠♣♦st♦

s❡ ❡♥❝♦♥tr❡ ❡♠ ✉♠ ❡st❛❞♦ ❡♠❛r❛♥❤❛❞♦✳ P♦ré♠✱ ❛s ❡①♣r❡ssõ❡s ✭✸✳✸✮ ❡ ✭✸✳✹✮✱ ❡♠❜♦r❛ ✐♠♣♦rt❛♥t❡s ❞♦

♣♦♥t♦ ❞❡ ✈✐st❛ ❢♦r♠❛❧✱ ♥ã♦ sã♦ ♦♣❡r❛❝✐♦♥❛✐s✳ P♦r ✐ss♦✱ é ♥❡❝❡ssár✐♦ ✐♥tr♦❞✉③✐r ❢♦r♠❛s ❞❡ ❞❡t❡r♠✐♥❛r

q✉❛♥❞♦ ✉♠ ❡st❛❞♦ s❡ ❡♥❝♦♥tr❛ ❡♠❛r❛♥❤❛❞♦ ❡ ❞❡ q✉❛♥t✐✜❝❛r✱ q✉❛♥❞♦ ♣♦ssí✈❡❧✱ ❡ss❡ ❡♠❛r❛♥❤❛♠❡♥t♦✳

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❝r✐tér✐♦s ✭♣❛r❛ ❞❡t❡r♠✐♥❛r s❡ t❡♠♦s ✉♠ ❡st❛❞♦ ❡♠❛r❛♥❤❛❞♦✮ ❡ ♠❡❞✐❞❛s

❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦ ✭♣❛r❛ q✉❛♥t✐✜❝❛r ♦ ❡♠❛r❛♥❤❛♠❡♥t♦✮✳

✸✳✷✳✶ ❈r✐tér✐♦ ❞❡ tr❛♥s♣♦s✐çã♦ ♣❛r❝✐❛❧

❉❛ ❡q✉❛çã♦ ✭✸✳✹✮ t❡♠♦s q✉❡✱ ♦ ❡st❛❞♦ q✉â♥t✐❝♦ ❞❡ ✉♠ s✐st❡♠❛ ❜✐♣❛rt✐t❡ é s❡♣❛rá✈❡❧✱ s❡ ❡ s♦♠❡♥t❡ s❡

♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

ρ =
∑

i

piρ
(i)
1 ⊗ ρ

(i)
2 , ✭✸✳✼✮

♦♥❞❡ ρ
(i)
1 ❡ ρ

(i)
2 sã♦ ♦♣❡r❛❞♦r❡s ❞❡♥s✐❞❛❞❡ ❞❡ ❝❛❞❛ s✉❜s✐st❡♠❛ ✐♥❞✐✈✐❞✉❛❧✳ ◆❡❝❡ss❛r✐❛♠❡♥t❡✱ ❛

tr❛♥s♣♦s✐çã♦ ♣❛r❝✐❛❧ ✭P❚✮ ❞♦ ♦♣❡r❛❞♦r ρ ❡♠ r❡❧❛çã♦ ❛♦ s✉❜❡s♣❛ç♦ ❞❡ ❍✐❧❜❡rt 2 ✭♦✉ 1 ❛♥❛❧♦❣❛♠❡♥t❡✮✱

tr❛♥s❢♦r♠❛ ♦ ♦♣❡r❛❞♦r ρ ❡♠ ✉♠ ♦♣❡r❛❞♦r ♣♦s✐t✐✈♦ s❡♠✐❞❡✜♥✐❞♦✱ ♦✉ s❡❥❛ ♦s s❡✉s ❛✉t♦✈❛❧♦r❡s sã♦ ♥ã♦✲

♥❡❣❛t✐✈♦s✳ ❆s❤❡r P❡r❡s ❬✸✼❪ ♠♦str♦✉ q✉❡ ❡st❡ ❝r✐tér✐♦ é ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❞❡ s❡♣❛r❛❜✐❧✐❞❛❞❡

♠❛s s✉❛ s✉✜❝✐ê♥❝✐❛ ✜❝♦✉ r❡❞✉③✐❞❛ ❛ s✐st❡♠❛s ❞✐s❝r❡t♦s ❞❡ ❞✐♠❡♥sõ❡s 2× 2 ❡ 2× 3 ❝♦♠♦ ❢♦✐ ♠♦str❛❞♦

♣♦r P❛✇❡❧ ❍♦r♦❞❡❝❦✐❬✸✽❪✳ P♦st❡r✐♦r♠❡♥t❡✱ ❘✳ ❙✐♠♦♥❬✸✾❪ ♦❜s❡r✈♦✉ q✉❡✱ ♥♦ ❧✐♠✐t❡ ❞❡ s✐st❡♠❛s ❞❡

❞✐♠❡♥sã♦ ✐♥✜♥✐t❛✱ q✉❛♥❞♦ ♦ ❝r✐tér✐♦ ❞❡ tr❛♥s♣♦s✐çã♦ ♣❛r❝✐❛❧ é ❛♣❧✐❝❛❞♦ ❛ ✉♠ s✐st❡♠❛ ❜✐♣❛rt✐t❡✱ ❛

❝♦♥❞✐çã♦ ❞❡ s❡♣❛r❛❜✐❧✐❞❛❞❡ ✐♠♣õ❡ ♥♦s ♠♦♠❡♥t♦s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ✉♠❛ r❡str✐çã♦ ♠❛✐s ❢♦rt❡ q✉❡ ♦

♣ró♣r✐♦ ♣r✐♥❝í♣✐♦ ❞❡ ✐♥❝❡rt❡③❛✳

❆ ♦♣❡r❛çã♦ ❞❡ tr❛♥s♣♦s✐çã♦ ❞♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡♣r❡s❡♥t❛ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ ✐♥✈❡rsã♦

t❡♠♣♦r❛❧ ❡ ♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞❛ ❣❡♦♠❡tr✐❝❛♠❡♥t❡ ❝♦♠♦ ✉♠❛ r❡✢❡①ã♦ q✉❡ ❧❡✈❛ p → −p ♥♦ ❡s♣❛ç♦

❞❡ ❢❛s❡✳ ❯s❛♥❞♦ ❛ ❢✉♥çã♦ ❞❡ ❲✐❣♥❡r ❞❡ ✉♠ ❡st❛❞♦ ❞❡ ❞♦✐s ♠♦❞♦s ❛ ♦♣❡r❛çã♦ ❞❡ tr❛♥s♣♦s✐çã♦ ♣❛r❝✐❛❧
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♣♦❞❡ s❡r r❡♣r❡s❡♥t❛❞❛ ❝♦♠♦

ρ→ ρPT ⇒W (q1, p1, q2, p2) →W (q1, p1, q2,−p2), ✭✸✳✽✮

♦♥❞❡ PT ✐♥❞✐❝❛ tr❛♥s♣♦s✐çã♦ ♣❛r❝✐❛❧ ❡♠ r❡❧❛çã♦ ❛♦ ♠♦❞♦ ✷ ✭tr❛♥s♣♦♥❞♦ ♦ ♠♦❞♦ ✶ ♦ r❡s✉❧t❛❞♦ é

t♦t❛❧♠❡♥t❡ ❡q✉✐✈❛❧❡♥t❡✮✳ ❆ss✐♠✱ s❡ ρ é s❡♣❛rá✈❡❧✱ ❛ s✉❛ ❢✉♥çã♦ ❞❡ ❲✐❣♥❡r ♥❡❝❡ss❛r✐❛♠❡♥t❡ ❝♦♥t✐♥✉❛

s❡♥❞♦ ✉♠❛ ❢✉♥çã♦ ❞❡ ❲✐❣♥❡r ❞❡♣♦✐s ❞❡ ✉♠❛ ✐♥✈❡rsã♦ t❡♠♣♦r❛❧ ❧♦❝❛❧✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ ♦s ♠♦♠❡♥t♦s

❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❞❡✈❡♠ s❛t✐s❢❛③❡r ♦ ♣r✐♥❝í♣✐♦ ❞❡ ✐♥❝❡rt❡③❛✳ ❊st❡ ú❧t✐♠♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❡♠ ❢♦r♠❛

♠❛tr✐❝✐❛❧ s❡ ❞❡✜♥✐♠♦s ♦ q✉❛❞r✐✈❡t♦r X ❝✉❥❛s ❝♦♠♣♦♥❡♥t❡s s❛t✐s❢❛③❡♠ ❛s r❡❧❛çõ❡s ❞❡ ❝♦♠✉t❛çã♦

❛❞❡q✉❛❞❛s

X = (x1, p1, x2, p2); [Xα, Xβ ] = i~Θαβ , α, β = 1, 2, 3, 4. ✭✸✳✾✮

❝♦♠

Θ =

(

Q 0

0 Q

)

; Q =

(

0 1

−1 0

)

. ✭✸✳✶✵✮

❆ss✐♠✱ ♦ ♣r✐♥❝í♣✐♦ ❞❡ ✐♥❝❡rt❡③❛ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

Λ+
i~

2
Θ ≥ 0, ✭✸✳✶✶✮

♦♥❞❡ Λ é ❝❤❛♠❛❞❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ ❡ s✉❛s ❝♦♠♣♦♥❡♥t❡ sã♦

Λαβ =
1

2
〈∆Xα∆Xβ +∆Xβ∆Xα〉 , ✭✸✳✶✷✮

♦♥❞❡ ∆Xα = Xα − 〈Xα〉 ❡ ♦ s✐♠❜♦❧♦ 〈· · · 〉 ✐♥❞✐❝❛ Tr {ρ · · · }✳ ❆ ✐❣✉❛❧❞❛❞❡ ✭✸✳✶✶✮✱ ❞❡✈❡ s❡r ❡♥t❡♥❞✐❞❛

❡♠ t❡r♠♦s ❞♦s ❛✉t♦✈❛❧♦r❡s ❞❛ ♠❛tr✐③ Λ + i~
2 Θ✳ ■st♦ é✱ ✉♠❛ ♠❛tr✐③ é ♣♦s✐t✐✈❛ s❡♠✐❞❡✜♥✐❞❛ q✉❛♥❞♦

t♦❞♦s s❡✉s ❛✉t♦✈❛❧♦r❡s sã♦ ♠❛✐♦r❡s ♦✉ ✐❣✉❛✐s q✉❡ ③❡r♦✳

❊♠ ❣❡r❛❧✱ ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ t❡♠ ❛ s❡❣✉✐♥t❡ ❡str✉t✉r❛

Λ =

(

A C

CT B

)

, ✭✸✳✶✸✮

♦♥❞❡ A✱ C ❡ B sã♦ ♠❛tr✐③❡s 2× 2✳ ❙✐♠♦♥❬✸✾❪ ♠♦str♦✉ q✉❡ ❛ ❝♦♥❞✐çã♦ ❞❡ ✐♥❝❡rt❡③❛ ✭✸✳✶✶✮ ♣♦❞❡ s❡r

❡s❝r✐t❛ ❛♣r♦✈❡✐t❛♥❞♦ ❛ ❡str✉t✉r❛ ✭✸✳✶✸✮ ❝♦♠♦

detA detB+

(

1

4
− detC

)2

− Tr
(

AQCQBQCTQ
)

≥ 1

4
(detA+ detB) , ✭✸✳✶✹✮

♦♥❞❡ t♦❞♦s ♦s t❡r♠♦s ❡♥✈♦❧✈✐❞♦s sã♦ ✐♥✈❛r✐❛♥t❡s s♦❜ tr❛♥s❢♦r♠❛çõ❡s s✐♠♣❧ét✐❝❛s✳ ❈❤❛♠❛♥❞♦ T2 =

❞✐❛❣ (1, 1, 1,−1) ❛ ♠❛tr✐③ q✉❡ r❡♣r❡s❡♥t❛ ❛ tr❛♥s♣♦s✐çã♦ ❞♦ ♠♦❞♦ 2✱ ❛ tr❛♥s❢♦r♠❛çã♦ ❞❛ ♠❛tr✐③

❞❡ ❝♦✈❛r✐â♥❝✐❛ s♦❜ tr❛♥s♣♦s✐çã♦ ♣❛r❝✐❛❧ ❝♦rr❡s♣♦♥❞❡ à tr❛♥s❢♦r♠❛çã♦ T2ΛT2✳ ❆ ♥♦✈❛ ♠❛tr✐③ ❞❡

❝♦✈❛r✐â♥❝✐❛ ❞❡✈❡ s❛t✐s❢❛③❡r ❛ ❝♦♥❞✐çã♦ ❞❡ ✐♥❝❡rt❡③❛ ♣❛r❛ q✉❡ ❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❢✉♥çã♦ ❞❡ ❲✐❣♥❡r

r❡♣r❡s❡♥t❡ ❛❞❡q✉❛❞❛♠❡♥t❡ ✉♠ ❡st❛❞♦ ❢ís✐❝♦✳ P❛r❛ q✉❡ ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ tr❛♥s❢♦r♠❛❞❛ s❛t✐s❢❛ç❛
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♦ ♣r✐♥❝í♣✐♦ ❞❡ ✐♥❝❡rt❡③❛ ❛❧é♠ ❞❡ ✭✸✳✶✹✮ ♦s ✐♥✈❛r✐❛♥t❡s s✐♠♣❧ét✐❝♦s ❞❡✈❡♠ s❛t✐s❢❛③❡r t❛♠❜é♠ ❛ r❡❧❛çã♦

detA detB+

(

1

4
− |detC|

)2

− Tr
(

AQCQBQCTQ
)

≥ 1

4
(detA+ detB) . ✭✸✳✶✺✮

❊st❛ ❝♦♥❞✐çã♦✱ ✐♥✈❛r✐❛♥t❡ s♦❜ tr❛♥s❢♦r♠❛çõ❡s s✐♠♣❧ét✐❝❛s✱ ❝♦♥st✐t✉✐ ✉♠ ❞❡s❝r✐çã♦ ❞♦ ❝r✐tér✐♦ ❞❡

s❡♣❛r❛❜✐❧✐❞❛❞❡ ❞❡ P❡r❡s✲❍♦r♦❞❡❝❦✐ ❡s❝r✐t♦ ❡♠ t❡r♠♦ ❞♦s ♠♦♠❡♥t♦s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠✳ ❆ r❡❧❛çã♦

✭✸✳✶✺✮ é ✉♠❛ ❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❞❡ s❡♣❛r❛❜✐❧✐❞❛❞❡ ♣❛r❛ q✉❛❧q✉❡r s✐st❡♠❛ ❜✐♣❛rt✐t❡ ❡ s❡ t♦r♥❛ ✉♠❛

❝♦♥❞✐çã♦ ♥❡❝❡ssár✐❛ ❡ s✉✜❝✐❡♥t❡ ♣❛r❛ ❡st❛❞♦s ❜✐♣❛rt✐t❡ ❣❛✉ss✐❛♥♦s✳

✸✳✷✳✷ ◆❡❣❛t✐✈✐❞❛❞❡

❖ ❝r✐tér✐♦ ❞❡ tr❛♥s♣♦s✐çã♦ ♣❛r❝✐❛❧ ♣♦s✐t✐✈❛ ✭PP❚ ♣♦r s✉❛ s✐❣❧❛ ❡♠ ✐♥❣❧ês✮ ❛♥t❡r✐♦r♠❡♥t❡ ❞❡s❝r✐t♦ é

út✐❧ ♣❛r❛ s❛❜❡r♠♦s s❡ ✉♠ ❡st❛❞♦ q✉â♥t✐❝♦ ❜✐♣❛rt✐t❡ s❡ ❡♥❝♦♥tr❛ ❡♠❛r❛♥❤❛❞♦✳ P♦ré♠✱ ♣❛r❛ ♣♦❞❡r♠♦s

❝♦♠♣❛r❛r ✭❡♥tr❡ ❡st❛❞♦s ❞✐❢❡r❡♥t❡s✮ ♦✉ ♣❛r❛ s❡❣✉✐r ❝♦♠ ♣r❡❝✐sã♦ ❛ ❡✈♦❧✉çã♦ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦✱

♣r❡❝✐s❛r❡♠♦s ❞❡ ✉♠ q✉❛♥t✐✜❝❛❞♦r ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦✳

P❛r❛ ❡st❛❞♦s ❣❛✉ss✐❛♥♦s ❞❡ ❞♦✐s ♠♦❞♦s✱ ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ ✭✸✳✶✸✮ ♣♦❞❡ s❡r r❡❡s❝r✐t❛ ❛tr❛✈és

❞❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ s✐♠♣❧ét✐❝❛ ❧♦❝❛❧ Sl = S1 ⊕ S2 ❝♦♠♦

ST
l ΛSl =













a 0 c+ 0

0 a 0 c−
c+ 0 b 0

0 c− 0 b













, ✭✸✳✶✻✮

♦s ❡❧❡♠❡♥t♦s a✱ b✱ c+ ❡ c− sã♦ ❞❡t❡r♠✐♥❛❞♦s ♣❡❧♦s q✉❛tr♦ ✐♥✈❛r✐❛♥t❡s s✐♠♣❧ét✐❝♦s ❧♦❝❛✐s detΛ =

(ab−c2+)(ab−c2−)✱ detA = a2✱ detB = b2 ❡ detC = c+c−✳ ❈♦♠ ❡ss❡s ✐♥✈❛r✐❛♥t❡s✱ é ♣♦ssí✈❡❧ ❝♦♥str✉✐r

✉♠❛ ❣r❛♥❞❡③❛✱ ❝❤❛♠❛❞❛ ❞❡ ❛✉t♦✈❛❧♦r s✐♠♣❧ét✐❝♦ q✉❡ ♣❡r♠✐t❡ ❡s❝r❡✈❡r ❛ ❝♦♥❞✐çã♦ ❞❡ s❡♣❛r❛❜✐❧✐❞❛❞❡

❡♠ ✉♠❛ ❢♦r♠❛ s✐♠♣❧❡s✳ ■st♦ é✱ ♦ ❛✉t♦✈❛❧♦r s✐♠♣❧ét✐❝♦ ❞♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ♣❛r❝✐❛❧♠❡♥t❡ tr❛♥s♣♦st♦

é ❞❡✜♥✐❞♦ ❝♦♠♦

σ̃± =
1√
2

[

D̃Λ ±
√

D̃2
Λ − 4 detΛ

]1/2

, ✭✸✳✶✼✮

♦♥❞❡ D̃Λ = detA+detB− 2 detC✱ ❡ ♦ ❝r✐tér✐♦ PP❚ s❡ r❡❞✉③ ❛ ✉♠❛ s✐♠♣❧❡s ❞❡s✐❣✉❛❧❞❛❞❡ q✉❡ ❞❡✈❡

s❡r s❛t✐s❢❡✐t❛ ♣❡❧♦ ♠❡♥♦r ❛✉t♦✈❛❧♦r

σ̃− ≥ 1. ✭✸✳✶✽✮

❖ ❛✉t♦✈❛❧♦r σ̃− ❝♦♠té♠ t♦❞❛s ❛s ❝❛r❛❝t❡ríst✐❝❛s q✉❛❧✐t❛t✐✈❛s ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ♣❛r❛ ❡st❛❞♦s

❣❛✉ss✐❛♥♦s ❛r❜✐trár✐♦s ❞❡ ❞♦✐s ♠♦❞♦s✱ ❛❧é♠ ❞❡ s❡r ♦ ❝♦♠♣♦♥❡♥t❡ ❢✉♥❞❛♠❡♥t❛❧ ❞♦ q✉❛♥t✐✜❝❛❞♦r ❞❡

❡♠❛r❛♥❤❛♠❡♥t♦ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♥❡❣❛t✐✈✐❞❛❞❡ N ❬✹✷✱ ✹✶❪ ❡ ❞❡✜♥✐❞♦ ❝♦♠♦

N (ρ) ≡
∥

∥ρPT
∥

∥

1
− 1

2
, ✭✸✳✶✾✮

♦♥❞❡ ρPT é ❛ ♠❛tr✐③ ❞❡♥s✐❞❛❞❡ ♣❛r❝✐❛❧♠❡♥t❡ tr❛♥s♣♦st❛ ❡ ‖A‖1 = Tr(
√
A†A) =

∑min{m,n}
i=1 σi ✭σi
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sã♦ ♦s ✈❛❧♦r❡s s✐♥❣✉❧❛r❡s ❞❛ ♠❛tr✐③A✮ r❡♣r❡s❡♥t❛ ✉♠ t✐♣♦ ❡s♣❡❝✐❛❧ ❞❡ ♥♦r♠❛ ❞❛ ♠❛tr✐③A ❞❡ t❛♠❛♥❤♦

m× n✳

❚❛♠❜é♠ é út✐❧ ❞❡✜♥✐r ❛ ♥❡❣❛t✐✈✐❞❛❞❡ ❧♦❣❛rít♠✐❝❛

EN ≡ ln
∥

∥ρPT
∥

∥

1
. ✭✸✳✷✵✮

❊st❛s ❞✉❛s ❣r❛♥❞❡③❛s ♣♦❞❡♠ s❡r ❡s❝r✐t❛s ❡♠ t❡r♠♦s ❞♦ ♠❡♥♦r ❛✉t♦✈❛❧♦r s✐♠♣❧ét✐❝♦ ❞❛ ♠❛tr✐③

❞❡♥s✐❞❛❞❡ ♣❛r❝✐❛❧♠❡♥t❡ tr❛♥s♣♦st❛

N (ρ) = max

[

0,
1− σ̃−
2σ̃−

]

❡ EN (ρ) = max [0,− ln 2σ̃−] . ✭✸✳✷✶✮

P❛r❛ ❡st❛❞♦s ❣❛✉ss✐❛♥♦s ❞❡ ❞♦✐s ♠♦❞♦s ❛ ♥❡❣❛t✐✈✐❞❛❞❡ ❡ ❛ ♥❡❣❛t✐✈✐❞❛❞❡ ❧♦❣❛rít♠✐❝❛ q✉❛♥t✐✜❝❛♠

❛♣r♦♣r✐❛❞❛♠❡♥t❡ ♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❞❡t❡r♠✐♥❛♥❞♦ ♦ q✉ã♦ ❢♦rt❡ é ❛ ✈✐♦❧❛çã♦ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✶✽✮✳

P❛r❛ ❡st❛❞♦s ♠❛✐s ❣❡r❛✐s✱ ❛ ♥❡❣❛t✐✈✐❞❛❞❡ ❛✐♥❞❛ ♣♦❞❡ s❡r ✉s❛❞❛ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❡♠❛r❛♥❤❛♠❡♥t♦ ♠❛s

♥ã♦ ♣♦❞❡ s❡r ❝♦♥s✐❞❡r❛❞❛ ✉♠❛ ♠❡❞✐❞❛ ❝♦♥❝❧✉s✐✈❛✳

✸✳✷✳✸ ❉❡t❡r♠✐♥❛çã♦ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❡♠ ❡st❛❞♦s ♥ã♦✲❣❛✉ss✐❛♥♦s

❆s ♣❡sq✉✐s❛s ❞❡s❡♥✈♦❧✈✐❞❛s ♥❛ ár❡❛ ❞❡ ✐♥❢♦r♠❛çã♦ ❡ ❝♦♠♣✉t❛çã♦ q✉â♥t✐❝❛✱ ❡♥✈♦❧✈❡♥❞♦ ❡st❛❞♦s

❞❡ ✈❛r✐á✈❡✐s ❝♦♥t✐♥✉❛s✱ ♣❛r❡❝❡♠ t❡r ❞❛❞♦ ❛♦ ❧♦♥❣♦ ❞♦s ❛♥♦s ✉♠ ❝❛rát❡r ❢✉♥❞❛♠❡♥t❛❧ ❛♦s ❡st❛❞♦s

❣❛✉ss✐❛♥♦s✳ ❊ss❛ t❡♥❞ê♥❝✐❛ é ❞❡✈✐❞❛ t❛♥t♦ à s✐♠♣❧✐❝✐❞❛❞❡ ❞♦ ❢♦r♠❛❧✐s♠♦ ♠❛t❡♠át✐❝♦ ♥❡❝❡ssár✐♦ ♣❛r❛

♦ s❡✉ tr❛t❛♠❡♥t♦✱ q✉❛♥t♦ à ❛❧t❛ ♣r❡❝✐sã♦ ❛t✐♥❣✐❞❛ ♥❛ s✉❛ r❡❛❧✐③❛çã♦ ❡ ❝♦♥tr♦❧❡ ❡①♣❡r✐♠❡♥t❛❧✳ P♦ré♠✱

❡♠ ♠✉✐t❛s ❛♣❧✐❝❛çõ❡s ♣rát✐❝❛s é ♥❡❝❡ssár✐♦ ❛❜r✐r ♦ ❧❡q✉❡ ❞❡ ❡st❛❞♦s ❞❡ ✈❛r✐á✈❡✐s ❝♦♥tí♥✉❛s ❞✐s♣♦♥í✈❡✐s✳

P♦r ❡①❡♠♣❧♦✱ ♥♦ ♣r♦❜❧❡♠❛ ❞❛ ❡st✐♠❛çã♦ ót✐♠❛ ❞❡ ♣❡r❞❛s ❡♠ ❝❛♥❛✐s ❜♦sô♥✐❝♦s q✉❛♥❞♦ s❡ q✉❡r

✐♠♣❧❡♠❡♥t❛r ✉♠❛ r❡❞❡ ❞❡ ❝♦♠✉♥✐❝❛çõ❡s✱ ♦ ✉s♦ ❞❡ ❡st❛❞♦s ♥ã♦✲❣❛✉ss✐❛♥♦s ✭❝♦♠♦ ❡st❛❞♦s ❞❡ ♣r♦✈❛✮✱

❛❧é♠ ❞❡ s✉♣❡r❛r ❡♠ ❡✜❝✐ê♥❝✐❛ ❛♦s ❡st❛❞♦s ❣❛✉ss✐❛♥♦s✱ r❡♣r❡s❡♥t❛ ✉♠❛ s✐♠♣❧✐✜❝❛çã♦ t❡❝♥♦❧ó❣✐❝❛✱ ❥á

q✉❡ ❛ ❞❡t❡r♠✐♥❛çã♦ ót✐♠❛ ❞♦ ♣❛râ♠❡tr♦ ❞❡ ♣❡r❞❛s r❡q✉❡r ✉♥✐❝❛♠❡♥t❡ ❞❡ ❝♦♥t❛❣❡♠ ❞❡ ❢ót♦♥s❬✹✸❪✳ ➱

♣♦r ✐ss♦ q✉❡ é ✐♠♣♦rt❛♥t❡ ♥❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r♠♦s ❜r❡✈❡♠❡♥t❡ ❝r✐tér✐♦s ❛❞❡q✉❛❞♦s ♣❛r❛ ❞❡t❡r♠✐♥❛r

♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❡♠ ❡st❛❞♦s ♥ã♦✲❣❛✉ss✐❛♥♦s✳

✸✳✷✳✸✳✶ ❈r✐tér✐♦ ❡♥tró♣✐❝♦

❙✳ P✳ ❲❛❧❜♦r♥ ❡ ❝♦❧❛❜♦r❛❞♦r❡s ❬✹✺❪✱ ❞❡s❡♥✈♦❧✈❡r❛♠ ✉♠ ❝r✐tér✐♦ ♣❛r❛ ❞❡t❡r♠✐♥❛r ♦ ❡♠❛r❛♥❤❛♠❡♥t♦

❡♠ s✐st❡♠❛s ❞❡ ✈❛r✐á✈❡✐s ❝♦♥tí♥✉❛s ❜❛s❡❛❞♦ ♥❛ ❡♥tr♦♣✐❛ ❞❡ ❙❤❛♥♦♥✳ ❊st❡ ❝r✐tér✐♦ ♠♦str♦✉✲s❡ ❝❛♣❛③

❞❡ ❞❡t❡r♠✐♥❛r ❡♠❛r❛♥❤❛♠❡♥t♦ ❡♠ ❡st❛❞♦s ♥ã♦✲❣❛✉ss✐❛♥♦s✱ ❛❧é♠ ❞❡ ♥ã♦ r❡♣r❡s❡♥t❛r ♠❛✐♦r❡s ❞❡s❛✜♦s

❡①♣❡r✐♠❡♥t❛✐s✳ ◆❛ ❝♦♥t✐♥✉❛çã♦ r❡s✉♠✐♠♦s s✉❛s ♣r✐♥❝✐♣❛✐s ❝❛r❛❝t❡ríst✐❝❛s✳

Pr✐♠❡✐r♦ é ♥❡❝❡ssár✐♦ ❝♦♥s✐❞❡r❛r ♦s ♦♣❡r❛❞♦r❡s ❣❧♦❜❛✐s

r± = r1 ± r2 ❡ s± = s1 ± s2, ✭✸✳✷✷✮
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♦♥❞❡ ri ❡ si sã♦ ❞❡✜♥✐❞♦s ❛tr❛✈és ❞♦s ♦♣❡r❛❞♦r❡s ❝❛♥ô♥✐❝♦s ✉s✉❛✐s✱

ri = xi cos θi + pi sin θi, si = pi cos θi − xi sin θi, ✭✸✳✷✸✮

♦♥❞❡ xi ❡ pi s❛t✐s❢❛③❡♠ ❛s r❡❧❛çõ❡s ❞❡ ❝♦♠✉t❛çã♦ [xi, pi] = iδij ✭~ = 1✮ ❡ θi r❡♣r❡s❡♥t❛ r♦t❛çõ❡s ❧♦❝❛✐s

❞❡ ❞✐t♦s ♦♣❡r❛❞♦r❡s✶✳ ❖ ❝r✐tér✐♦ ❡♥tró♣✐❝♦ ❞❡ ❲❛❧❜♦r♥ ❡ ❝♦❧❛❜♦r❛❞♦r❡s ❡st❛❜❡❧❡❝❡ q✉❡ t♦❞♦ ❡st❛❞♦

s❡♣❛rá✈❡❧ ✭✐♥❝❧✉✐♥❞♦ ❡st❛❞♦s ♠✐st♦s✮ ❞❡✈❡ s❛t✐s❢❛③❡r ❛ ❞❡s✐❣✉❛❧❞❛❞❡

H [R±] +H [S∓] ≥ ln(2πe), ✭✸✳✷✹✮

♦♥❞❡

H [R] = −
∫

drR(r) lnR(r), ✭✸✳✷✺✮

é ❛ ❡♥tr♦♣✐❛ ❛ss♦❝✐❛❞❛ ❛ ✉♠❛ ♠❡❞✐çã♦ ❞❛ ✈❛r✐á✈❡❧ r ❡ R± ❡ S∓ sã♦ ❛s ❞✐str✐❜✉✐çõ❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡

❛ss♦❝✐❛❞❛s à ♠❡❞✐çã♦ ❞❡ r± ❡ s∓✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

✸✳✷✳✸✳✷ ❈r✐tér✐♦ ❞❡ ❙❤❝❤✉❦✐♥ ❡ ❱♦❣✉❡❧

❖✉tr♦ ✐♥t❡r❡ss❛♥t❡ ❢♦r♠❛❧✐s♠♦ q✉❡ ♣❡r♠✐t❡ ❞❡t❡r♠✐♥❛r ❛♣r♦♣r✐❛❞❛♠❡♥t❡ ♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❡♠

❡st❛❞♦s ♥ã♦✲❣❛✉ss✐❛♥♦s ❢♦✐ ❞❡s❡♥✈♦❧✈✐❞♦ ♣♦r ❙❤❝❤✉❦✐♥ ❡ ❱♦❣✉❡❧ ❡ ♣♦st❡r✐♦r♠❡♥t❡ r❡✜♥❛❞♦ ♣♦r

▼✐r❛♥♦✇✐❝③ ❡ P✐❛♥✐ ❬✹✻❪✳ ❖ ❢♦r♠❛❧✐s♠♦ ❜❛s❡✐❛✲s❡ ♥♦ ❝r✐tér✐♦ ❞❡ tr❛♥s♣♦s✐çã♦ ♣❛r❝✐❛❧ ♣♦s✐t✐✈❛✳ ❖s

❛✉t♦r❡s ♠♦str❛♠ q✉❡ ♣❛r❛ q✉❛❧q✉❡r ❡st❛❞♦ s❡♣❛rá✈❡❧ ρ✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡

〈

f †f
〉PT

= Tr
(

ρTP f †f
)

≥ 0, ✭✸✳✷✻✮

❞❡✈❡ s❡r s❛t✐s❢❡✐t❛ ♣❛r❛ q✉❛❧q✉❡r ♦♣❡r❛❞♦r f q✉❡ ♣♦ss❛ s❡r ❡s❝r✐t♦ ❡♠ ❢♦r♠❛ ♥♦r♠❛❧✳ ❆ss✐♠✱ ♦

♦♣❡r❛❞♦r f ♣♦❞❡ s❡r ❡①♣❛♥❞✐❞♦ ❝♦♠♦

f =

∞
∑

n,m,k,l=0

cnmkla
†namb†kbl, ✭✸✳✷✼✮

❡ ❝♦♠ ❡st❛ ❡①♣r❡ssã♦ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✭✸✳✷✻✮ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❡♠ t❡r♠♦s ❞♦s ♠♦♠❡♥t♦s ❞❛ tr❛♥s♣♦s✐çã♦

♣❛r❝✐❛❧
〈

f †f
〉PT

=
∞
∑

n,m,k,l,p,q,r,s=0

c∗pqrscnmklMpqrs,nmkl(ρ
PT ) ≥ 0, ✭✸✳✷✽✮

❝♦♠

Mpqrs,nmkl(ρ
PT ) =

〈

a†qapa†namb†sbrb†kbl
〉PT

. ✭✸✳✷✾✮

❆ss✐♠✱ ♦ ❡st❛❞♦ ρ é PP❚ s❡ ❡ s♦♠❡♥t❡ s❡ ❛ ♠❛tr✐③ M(ρPT ) é ♣♦s✐t✐✈❛ s❡♠✐❞❡✜♥✐❞❛✳ ❊st❡ ❝r✐tér✐♦

♣♦❞❡ s❡r ❡s❝r✐t♦ ♥❛ ❢♦r♠❛

ρ é PPT ⇔ ∀ r : detMr
(

ρPT
)

≥ 0,

✶P❛r❛ ✉t✐❧✐③❛r s❛t✐s❢❛t♦r✐❛♠❡♥t❡ ♦ ❝r✐tér✐♦ ❡♥tró♣✐❝♦ é ♥❡❝❡ssár✐♦ ❡♥❝♦♥tr❛r ✉♠❛ r♦t❛çã♦ ❛❞❡q✉❛❞❛ ❞❛s q✉❛❞r❛t✉r❛s✱
♣❛r❛♠❡tr✐③❛❞❛ ♣❡❧♦s â♥❣✉❧♦s θ1 ❡ θ2✳
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♦♥❞❡ Mr✱ ❝♦♠ r = (r1, . . . , rN )✱ ❞❡♥♦t❛ ❛ ♠❛tr✐③ ♦❜t✐❞❛ ❡❧✐♠✐♥❛♥❞♦ t♦❞❛s ❛s ❧✐♥❤❛s ❡ ❝♦❧✉♥❛s ❝♦♠

❡①❝❡çã♦ ❞❛q✉❡❧❛s ❡t✐q✉❡t❛❞❛s ❝♦♠ r1, . . . , rN
✷✳ P♦r ❡①❡♠♣❧♦✱ ♦ ❝r✐tér✐♦ ❞❡ ❙✐♠♦♥❬✸✾❪ q✉❡ só ❡♥✈♦❧✈❡

♠♦♠❡♥t♦s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ é ♦❜t✐❞♦ ❞♦ ❞❡t❡r♠✐♥❛♥t❡

D5 =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 〈a〉
〈

a†
〉 〈

b†
〉

〈b〉
〈

a†
〉 〈

a†a
〉 〈

a†2
〉 〈

a†b†
〉 〈

a†b
〉

〈a〉
〈

a2
〉 〈

aa†
〉 〈

ab†
〉

〈ab〉
〈b〉 〈ab〉

〈

a†b
〉 〈

b†b
〉 〈

b2
〉

〈

b†
〉 〈

ab†
〉 〈

a†b†
〉 〈

b†2
〉 〈

bb†
〉

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

, ✭✸✳✸✵✮

♦♥❞❡ ♦ ❞❡t❡r♠✐♥❛♥t❡ D5 é ♦❜t✐❞♦ t♦♠❛♥❞♦ ❛s ❝✐♥❝♦ ♣r✐♠❡✐r❛s ✜❧❛s ❡ ❝♦❧✉♥❛s ❞❛ ♠❛tr✐③ M
(

ρPT
)

✳

✸✳✸ ❆♣❧✐❝❛çõ❡s

◆❛ t❡♦r✐❛ ❞❛ ✐♥❢♦r♠❛çã♦ q✉â♥t✐❝❛✱ ♦ ❡♠❛r❛♥❤❛♠❡♥t♦ t❡♠ s❡ ❝❛r❛❝t❡r✐③❛❞♦ ❝♦♠♦ ✉♠ ❢❡♥ô♠❡♥♦ ❞❡

❣r❛♥❞❡ ✐♥t❡r❡ss❡✳ ●r❛♥❞❡s ❡s❢♦rç♦s ❝♦♥t✐♥✉❛♠ s❡♥❞♦ ❢❡✐t♦s ❝♦♠ ❛ ✐♥t❡♥çã♦ ❞❡ r❡s♦❧✈❡r q✉❡stõ❡s

❢✉♥❞❛♠❡♥t❛✐s r❡❧❛❝✐♦♥❛❞❛s✱ ♣♦r ❡①❡♠♣❧♦✱ à ❞❡t❡çã♦ t❡ór✐❝❛ ❡ ❡①♣❡r✐♠❡♥t❛❧ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❡

❝♦♠♦ ❝❛r❛❝t❡r✐③á✲❧♦ ❡ q✉❛♥t✐✜❝á✲❧♦✳ ❊♠❜♦r❛ ♠❛✐s r❡❧❛❝✐♦♥❛❞♦ ❝♦♠ ❛s ♣♦ssí✈❡✐s ❛♣❧✐❝❛çõ❡s ♣rát✐❝❛s

é t❛♠❜é♠ ❞❡ ✐♥t❡r❡ss❡ ❢✉♥❞❛♠❡♥t❛❧ ❛♣r❡♥❞❡r ❛ ❞✐♠✐♥✉✐r✱ r❡✈❡rt❡r ♦✉✱ ♥♦ ♠❡❧❤♦r ❞♦s ❝❛s♦s✱

❛♣r♦✈❡✐t❛r ❛ ✐♥✢✉ê♥❝✐❛ ❞♦ ❛♠❜✐❡♥t❡ s♦❜r❡ ♦s s✐st❡♠❛s ❡♠❛r❛♥❤❛❞♦s✳ ◆❛ ♣r❡s❡♥t❡ s❡çã♦ ♣r❡t❡♥❞❡♠♦s

❝♦♥tr✐❜✉✐r ♠♦❞❡st❛♠❡♥t❡ ❛ s♦❧✉çã♦ ❞❛ ú❧t✐♠❛ ❞❡st❛s q✉❡stõ❡s ♠❡❞✐❛♥t❡ à ❛♥❛❧✐s❡ ❞❛ ❞✐♥â♠✐❝❛ ❞♦

❡♠❛r❛♥❤❛♠❡♥t♦ ❞❡ ✉♠ s✐st❡♠❛ ❜✐♣❛rt✐t❡ q✉❡ ✐♥t❡r❛❣❡ ❝♦♠ ✉♠ r❡s❡r✈❛tór✐♦ tér♠✐❝♦✳ ▼♦str❛r❡♠♦s

❝♦♠♦ ❛❧é♠ ❞♦ s❡♠♣r❡ ❡s♣❡r❛❞♦ ❡❢❡✐t♦ ❞❡ ❞❡❝♦❡rê♥❝✐❛✱ ❛ ✐♥t❡r❛çã♦ ❝♦♠ ♦ ❛♠❜✐❡♥t❡ ♣♦❞❡ t❛♠❜é♠

✐♥❞✉③✐r ♥♦✈❛s ❝♦rr❡❧❛çõ❡s q✉â♥t✐❝❛s ❡♥tr❡ ♦s s✉❜s✐st❡♠❛s✳

✸✳✸✳✶ ❊st❛❞♦ ❣❛✉ss✐❛♥♦ ❝♦♠♣r✐♠✐❞♦

❈♦♠❡ç❛r❡♠♦s ❡st✉❞❛♥❞♦ ✉♠ s✐st❡♠❛ ❜✐♣❛rt✐t❡ ❞❡s❝r✐t♦ ♣♦r ✉♠ ❡st❛❞♦ ❣❛✉ss✐❛♥♦ ❝♦♠♣r✐♠✐❞♦ ❞❡ ❞♦✐s

♠♦❞♦s✱ ❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

ψ(x1, x2) =
1√
2πσ2

exp

{

−e−2z (x1 + x2)
2

8σ2
− e2z

(x1 − x2)
2

8σ2

}

, ✭✸✳✸✶✮

♠❛♥✐♣✉❧❛♥❞♦ ♦ ♣❛râ♠❡tr♦ ❞❡ ❝♦♠♣r❡ssã♦ z é ♣♦ssí✈❡❧ ❝♦♥tr♦❧❛r ♦ ❣r❛✉ ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦ ✐♥✐❝✐❛❧✳ ❖

❡st❛❞♦ ♣✉r♦ r❡♣r❡s❡♥t❛❞♦ ♣♦r ✭✸✳✸✶✮ é s❡♣❛rá✈❡❧ q✉❛♥❞♦ z → 0 ✭♥❡st❡ ❝❛s♦ ♦ ✈❛❧♦r ❞❡ σ r❡♣r❡s❡♥t❛ ❛

❧❛r❣✉r❛ ❞♦ ♣❛❝♦t❡ ❞❡ ♦♥❞❛ ❝♦rr❡s♣♦♥❞❡♥t❡ ❛ ❝❛❞❛ ♠♦❞♦✮ ❡ ❡♠❛r❛♥❤❛❞♦ ♣❛r❛ q✉❛❧q✉❡r ♦✉tr♦ ✈❛❧♦r ❞❡

z✳ ❈♦♠♦ ❢♦✐ ❝♦♠❡♥t❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❡st❡ ❡st❛❞♦ ❝♦♥st✐t✉✐ ✉♠❛ ❢♦r♠✉❧❛çã♦ r❡❣✉❧❛r✐③❛❞❛ ❞♦ ❡st❛❞♦

❊P❘ ✭✸✳✺✮✱ r❡♣r♦❞✉③✐♥❞♦ ❡st❡ ú❧t✐♠♦ ♥♦ ❧✐♠✐t❡ z → ∞✳

✷■st♦ é ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♦ ❝r✐tér✐♦ ❞❡ ❙✐❧✈❡str❡✳ ❱✐❞❡ ♣♦r ❡①❡♠♣❧♦✿ ▼❛tr✐③ ❚❤❡♦r② ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s✱ ❡❞✐t❛❞♦ ♣♦r ❘✳
❈✳ ❏♦❤♥s♦♥ ✭❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ Pr♦✈✐❞❡♥❝❡✱ ✶✾✾✵✮
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❆ ♠❛tr✐③ ❞❡♥s✐❞❛❞❡ ♣❛r❛ ♦ ❡st❛❞♦ ❝♦♠♣r✐♠✐❞♦ ♣♦❞❡ s❡r ❡s❝r✐t❛ ✉s❛♥❞♦ ❛s ✈❛r✐á✈❡✐s ✭✷✳✶✵✺✱✷✳✶✵✻✮

ρ̃(r′, χ′, u′, v′, 0) =
1

2πσ2
exp

{

−e
−2z

4σ2
(

4r′2 + χ′2)− e2z

4σ2
(

u′2 + v′2/4
)

}

, ✭✸✳✸✷✮

♦♥❞❡ r′ = r(0)✱ χ′ = χ(0)✱ u′ = u(0)✱ v′ = v(0)✳ ◆❡st❛ r❡♣r❡s❡♥t❛çã♦ ❛ ♠❛tr✐③ ❞❡♥s✐❞❛❞❡ ♣♦❞❡

s❡r s❡♣❛r❛❞❛ ❡♠ ❝❛❞❛ ✉♠❛ ❞❛s ✈❛r✐á✈❡✐s ❡ ❡♠ ♣❛rt✐❝✉❧❛r ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦ ♦ ♣r♦❞✉t♦ ❞❡ ✉♠

♣❛❝♦t❡ ❞❡ ♦♥❞❛ r❡♣r❡s❡♥t❛♥❞♦ ♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ ✭✈❛r✐á✈❡✐s r ❡ χ✮ ❡ ♦✉tr♦ r❡♣r❡s❡♥t❛❞♦ ♦ ♠♦✈✐♠❡♥t♦

r❡❧❛t✐✈♦✳ ❊✈✐❞❡♥t❡♠❡♥t❡ ❛s ✈❛r✐á✈❡✐s r, χ, u, v ✏❡s❝♦♥❞❡♠✑ ♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❞♦ ❡st❛❞♦ ✭✸✳✸✶✮ ♠❛s

s❡rã♦ ✉s❛❞❛s ❞❡✈✐❞♦ ❛ ❣r❛♥❞❡ s✐♠♣❧✐✜❝❛çã♦ ♦❜t✐❞❛ ❛♦ ❞❡s❡♥✈♦❧✈❡r♠♦s ❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧✳

❖✉tr❛ ❢♦r♠❛ ❞❡ r❡♣r❡s❡♥t❛r ♦ ❡st❛❞♦ ❞♦ s✐st❡♠❛ é ❛tr❛✈és ❞❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛✱ q✉❡ ♣♦❞❡ s❡r

✈✐st❛ ❝♦♠♦ ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r q✉â♥t✐❝❛ ❞♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡

W̃ (λ,ν) = Tr {ρ̂ exp (−iλq̂/~− iνp̂/~)} , ✭✸✳✸✸✮

♦✉ t❛♠❜é♠ ❝♦♠♦ ❛ tr❛♥s❢♦r♠❛❞❛ ❞❡ ❋♦✉r✐❡r ❝❧áss✐❝❛ ❞❛ ❢✉♥çã♦ ❞❡ ❲✐❣♥❡r

W̃ (λ,ν) =

∫ ∞

−∞

∫ ∞

−∞
W (q, p) exp (−iλq/~− iνp/~) dqdp, ✭✸✳✸✹✮

=

∫ ∞

−∞

∫ ∞

−∞
exp (−iλx/~)

〈

x− ν

2

∣

∣

∣ ρ̂
∣

∣

∣x+
ν

2

〉

d2x

♦♥❞❡ λ = (λ1, λ2) ❡ ν = (ν1, ν2) sã♦ ✈❛r✐á✈❡✐s ❛♥á❧♦❣❛s ❛s ❞❡ ♠♦♠❡♥t♦ ❡ ♣♦s✐çã♦✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆

❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ ❢❛③ ♣❛rt❡ ❞❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡ q✉❛s❡✲❞✐str✐❜✉✐çõ❡s ❞❡ ♣r♦❜❛❜✐❧✐❞❛❞❡ ✐♥tr♦❞✉③✐❞❛s

♥❛ ♠❡❝â♥✐❝❛ q✉â♥t✐❝❛ ❝♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❝❛❧❝✉❧❛r ♣r♦❜❛❜✐❧✐❞❛❞❡s✱ ❛ss♦❝✐❛❞❛s ❛ ♦❜s❡r✈á✈❡✐s✱ ❞❡ ✉♠❛

❢♦r♠❛ ❝❧áss✐❝❛✳ ❆ ❛♥❛❧♦❣✐❛ ❝♦♠ ❛ ❢♦r♠❛ ❝❧áss✐❝❛ ❞❡ tr❛t❛r ❛s ♣r♦❜❛❜✐❧✐❞❛❞❡s t❡♠✱ ♦❜✈✐❛♠❡♥t❡✱ s❡✉s

❧✐♠✐t❡s✱ ❥á q✉❡ ❞✐t❛s ❞✐str✐❜✉✐çõ❡s ♣♦❞❡♠ s❡ t♦r♥❛r ♥❡❣❛t✐✈❛s ♦✉ ♠❛❧ ❝♦♠♣♦rt❛❞❛s ❡♠ ❛❧❣✉♠❛s r❡❣✐õ❡s

❞♦ ❡s♣❛ç♦ ❞❡ ❢❛s❡ ❬✹✼❪✳ P♦r ♦✉tr❛ ♣❛rt❡✱ ❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ ❛♣r❡s❡♥t❛✲s❡ ❡♠ ✉♠❛ ❢♦r♠❛ ♠✉✐t♦

s✐♠♣❧❡s q✉❛♥❞♦ s❡ tr❛t❛ ❞❡ ❡st❛❞♦s ❣❛✉ss✐❛♥♦✳ P❛r❛ ❡st❡s ❡st❛❞♦s✱ ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ s✉r❣❡ ❡♠

❢♦r♠❛ ❞✐r❡t❛ ❞❛ ♣ró♣r✐❛ ❡str✉t✉r❛ ❞❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛✳ ■st♦ é✱ ♣❛r❛ ❡st❛❞♦s ❣❛✉ss✐❛♥♦s ♣♦❞❡♠♦s

❡s❝r❡✈❡r

W̃ (X) = exp

{

−1

2
XΛXT

}

, ✭✸✳✸✺✮

♦♥❞❡ X = (ν1, λ1, ν2, λ2) ❡ Λ é ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ ❝♦♠ ❡❧❡♠❡♥t♦s ❞❡✜♥✐❞♦s ♣❡❧❛ ❡①♣r❡ssã♦ ✭✸✳✶✷✮✳

P♦r ❡①❡♠♣❧♦✱ ❛ ❢✉♥çã♦ ❝❛r❛❝t❡ríst✐❝❛ ✐♥✐❝✐❛❧ ❞♦ ♥♦ss♦ ❡st❛❞♦ ❝♦♠♣r✐♠✐❞♦ ✭✸✳✸✷✮ é

W̃ (λ, λr, ν, νr) = exp

{

−e
−2z

[

~
2
(

4ν2 + e4zν2r
)

+ 4σ4
(

4e4zλ2 + λ2r
)]

16~2σ2

}

, ✭✸✳✸✻✮
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❛q✉✐✱ ❡♠ ❛♥❛❧♦❣✐❛ ❝♦♠ ✭✷✳✶✵✺✮ ❡ ✭✷✳✶✵✻✮ ❛ ❢✉♥çã♦ ❛❝✐♠❛ ❡stá ❡s❝r✐t❛ ♥❛s ✈❛r✐á✈❡✐s

ν = (ν1 + ν2)/2 νr = ν1 − ν2

λ = (λ1 + λ2)/2 λr = λ1 − λ2

, ✭✸✳✸✼✮

❡ ❛ ♠❛tr✐③ ❞❡ ❝♦✈❛r✐â♥❝✐❛ ♥❛ ❜❛s❡ (ν, λ, νr, λr) é Λ = ❞✐❛❣
(

e−2z

2σ2 ,
2e2zσ2

~2
, e2z

8σ2 ,
e−2zσ2

2~2

)

✱ q✉❡ q✉❛♥❞♦

r❡❡s❝r✐t❛ ♥❛ ❜❛s❡ X = (x1, p1, x2, p2)✱ ❛♣r❡s❡♥t❛ ❛ ❡str✉t✉r❛ ✭✸✳✶✸✮ ❝♦♠

A = B =

(

cosh(2z)
4σ2 0

0 σ2 cosh(2z)
~2

)

C =

(

− sinh(2z)
4σ2 0

0 σ2 sinh(2z)
~2

)

. ✭✸✳✸✽✮

❆s ❡①♣r❡ssõ❡s ❝♦rr❡s♣♦♥❞❡♥t❡s ❞❡♣♦✐s ❞❛ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ sã♦ ❜❡♠ ♠❛✐s ❝♦♠♣❧❡①❛s ♠❛s ♣♦❞❡♠ s❡r

♦❜t✐❞❛s ❞✐r❡t❛♠❡♥t❡ ❥á q✉❡ ❛ ❡✈♦❧✉çã♦ é r❡s✉❧t❛❞♦ ❞❛ ✐♥t❡❣r❛❧ ✭✷✳✻✸✮ ❝♦♠ ♦ ♣r♦♣❛❣❛❞♦r ❞❡✜♥✐❞♦ ❡♠

✭✷✳✶✶✹✮ ❡ t♦❞❛s ❛s ✐♥t❡❣r❛✐s ❡♥✈♦❧✈✐❞❛s sã♦ ❣❛✉ss✐❛♥❛s✳ ❈♦♠♦ ❥á ❢♦✐ ♦❜s❡r✈❛❞♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ❡st❡

♣r♦♣❛❣❛❞♦r r❡♣r❡s❡♥t❛ ✉♠❛ t❡♥t❛t✐✈❛ ❞❡ ✐♥❝❧✉✐r ♦s ❡❢❡✐t♦s ❡s♣❡r❛❞♦s ❞❛ ✐♥✢✉ê♥❝✐❛ ❞♦ ❛♠❜✐❡♥t❡ ♥♦

s✐st❡♠❛ ❞❡ ❞✉❛s ♣❛rtí❝✉❧❛s q✉❛♥❞♦ ❛ s❡♣❛r❛çã♦ ❡♥tr❡ ❡❧❛s é ❝♦♠♣❛rá✈❡❧ ❛♦ ❝♦♠♣r✐♠❡♥t♦ ❝❛r❛❝t❡ríst✐❝♦

❞♦ r❡s❡r✈❛tór✐♦✳

◆❛ ❝♦♥t✐♥✉❛çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ♦s r❡s✉❧t❛❞♦s ♦❜t✐❞♦s ♣❛r❛ ❛ ♥❡❣❛t✐✈✐❞❛❞❡ ❧♦❣❛rít♠✐❝❛ ✉t✐❧✐③❛♥❞♦

❞✐❢❡r❡♥t❡s ❝♦♠❜✐♥❛çõ❡s ❞♦s ♣❛râ♠❡tr♦s ❞♦s s✐st❡♠❛ ❝♦♠❡ç❛♥❞♦ ❝♦♠ ❛ s✐t✉❛çã♦ ❡♠ q✉❡ ❛s ❞✉❛s

♣❛rt❡s ❞♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡ s❡ ❡♥❝♦♥tr❛♠ ♥❛ r❡❣✐ã♦ ❞❡ ❞✐stâ♥❝✐❛s ♣❡q✉❡♥❛s ❝♦♠♣❛r❛❞❛s ❝♦♠ ♦

❝♦♠♣r✐♠❡♥t♦ ❝❛r❛❝t❡ríst✐❝♦s ❞♦ r❡s❡r✈❛tór✐♦✳

◆❛ ✜❣✉r❛ ✸✳✶ t❡♠♦s ❛ ♥❡❣❛t✐✈✐❞❛❞❡ ❧♦❣❛rít♠✐❝❛ ❝♦♠♦ ❢✉♥çã♦ ❞♦ t❡♠♣♦ ♣❛r❛ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛

❡ três ✈❛❧♦r❡s ❞✐❢❡r❡♥t❡s ♣❛r❛ ♦ ♣❛râ♠❡tr♦ ❞❡ ❝♦♠♣r❡ssã♦ z✳ ❆ ❞❡♣❡♥❞ê♥❝✐❛ ❡♠ r❡❧❛çã♦ ❛♦

❡♠❛r❛♥❤❛♠❡♥t♦ ✐♥✐❝✐❛❧ é ❡✈✐❞❡♥t❡ ♥❡st❛ ✜❣✉r❛✳ P❛r❛ ✉♠ ❡st❛❞♦ ✐♥✐❝✐❛❧ s❡♣❛rá✈❡❧ ✭z = 0✮ ♦ ❛♠❜✐❡♥t❡

r❛♣✐❞❛♠❡♥t❡ ✐♥❞✉③ ❝♦rr❡❧❛çõ❡s q✉â♥t✐❝❛s ❡ ❡♠ ♠é❞✐❛ ♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ✐♥❞✉③✐❞♦ s❡ ♠❛♥té♠ ❡♠ ✉♠

✈❛❧♦r ♠❛✐s ❛❧t♦ ❞♦ q✉❡ ♣❛r❛ s✐st❡♠❛s ✐♥✐❝✐❛❧♠❡♥t❡ ❡♠❛r❛♥❤❛❞♦s✱ ♥♦s q✉❛✐s ♦ ♣r♦❝❡ss♦ ❞❡ ❞❡❝♦❡rê♥❝✐❛

r❡❞✉③ ❞r❛st✐❝❛♠❡♥t❡ ❛ ♥❡❣❛t✐✈✐❞❛❞❡ ❧♦❣❛rít♠✐❝❛✳ ❖ ❝♦♠♣♦rt❛♠❡♥t♦ ♦s❝✐❧❛tór✐♦ é ❞❡✈✐❞♦ ❛♦ ♣♦t❡♥❝✐❛❧

❞❡ ✐♥t❡r❛çã♦ ❡❢❡t✐✈♦ ✐♥❞✉③✐❞♦ ♣❡❧♦ ❛♠❜✐❡♥t❡ ❬✶✷❪✱ q✉❡ ♥❡st❡ ❧✐♠✐t❡ é ✉♠❛ ❢✉♥çã♦ q✉❛❞rát✐❝❛ ❞❛

❞✐stâ♥❝✐❛ ❡♥tr❡ ❛s ♣❛rtí❝✉❧❛s✳ ➱ ✐♠♣♦rt❛♥t❡ ♦❜s❡r✈❛r q✉❡ ❡♠ t♦❞♦s ♦s ❝❛s♦s ❣r❛✜❝❛❞♦s ♥❛ ✜❣✉r❛

✸✳✶ ❡①✐st❡ ✉♠ ❡♠❛r❛♥❤❛♠❡♥t♦ ✜♥✐t♦ r❡♠❛♥❡s❝❡♥t❡✳

❆ ✜❣✉r❛ ✭✸✳✷✮ ♠♦str❛ q✉❡ ♦ ❢❛t♦ ❞❡ ❡①✐st✐r ✉♠ ❡♠❛r❛♥❤❛♠❡♥t♦ r❡♠❛♥❡s❝❡♥t❡ é ✉♠ ❡❢❡✐t♦ ❛ss♦❝✐❛❞♦

à ❜❛✐①❛ t❡♠♣❡r❛t✉r❛ ❞♦ r❡s❡r✈❛tór✐♦ ❡ q✉❛♥❞♦ ❛✉♠❡♥t❛♠♦s ❛ t❡♠♣❡r❛t✉r❛ ♦ ❡♠❛r❛♥❤❛♠❡♥t♦ s❡♠♣r❡

❝❛✐ ❛ ③❡r♦ ❝♦♠ ♦ t❡♠♣♦✳ P♦ré♠✱ ❞❡ ♥♦✈♦ ♥❡st❡ ❝❛s♦✱ ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ s❡♣❛rá✈❡❧ s❡ ♠♦str❛ ♠❛✐s r♦❜✉st♦

❡ ♠❛♥té♠ ♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ✐♥❞✉③✐❞♦ ♣♦r ♠❛✐s t❡♠♣♦ ❬✹✾❪✳

◗✉❛♥❞♦ ❛s ♣❛rtí❝✉❧❛s ❡stã♦ ♠✉✐t♦ ♣ró①✐♠❛s✱ ❛ ✐♥✢✉ê♥❝✐❛ ♠❛✐s ✐♠♣♦rt❛♥t❡ ❞♦ r❡s❡r✈❛tór✐♦ é

❛ ✐♥t❡r❛çã♦ ❡❢❡t✐✈❛ ✐♥❞✉③✐❞❛ ❡♥tr❡ ❡❧❛s ❡ ♦ ❡❢❡✐t♦ ❞❡ ❞❡❝♦❡rê♥❝✐❛ só s❡ t♦r♥❛ ✐♠♣♦rt❛♥t❡ q✉❛♥❞♦

❛ t❡♠♣❡r❛t✉r❛ ❛✉♠❡♥t❛✳ ◆❛ ✜❣✉r❛ ✸✳✸ ❛ ♥❡❣❛t✐✈✐❞❛❞❡ ❧♦❣❛rít♠✐❝❛ é ❣r❛✜❝❛❞❛ ♣❛r❛ três ✈❛❧♦r❡s

❞♦ ❝♦❡✜❝✐❡♥t❡ ❞❡ ❞✐ss✐♣❛çã♦ γ✳ ❆ ❛♥á❧✐s❡ é ❢❡✐t❛ ❝♦♥s✐❞❡r❛♥❞♦ ✉♥✐❝❛♠❡♥t❡ ♦ ✈❛❧♦r ♠é❞✐♦ ❞♦

❡♠❛r❛♥❤❛♠❡♥t♦ ❞❡✈✐❞♦ ❛ q✉❡ ♦ ❡✐①♦ t❡♠♣♦r❛❧ ❢♦✐ ♣❛r❛♠❡tr✐③❛❞♦ ✉s❛♥❞♦ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❛
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❋✐❣✉r❛ ✸✳✶✿ ◆❡❣❛t✐✈✐❞❛❞❡ ❧♦❣❛rít♠✐❝❛ ♣❛r❛ ♣❛rtí❝✉❧❛s ♣ró①✐♠❛s ❝♦♠♦ ❢✉♥çã♦ ❞♦ t❡♠♣♦✳ ❖s
♣❛râ♠❡tr♦s ✉s❛❞♦s ❢♦r❛♠✿ γ = 1.0❀ kT = 10−4❀ k0L = 0❀ Ω = 10
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❋✐❣✉r❛ ✸✳✷✿ ◆❡❣❛t✐✈✐❞❛❞❡ ❧♦❣❛rít♠✐❝❛ ♣❛r❛ ♣❛rtí❝✉❧❛s ♣ró①✐♠❛s ❝♦♠♦ ❢✉♥çã♦ ❞♦ t❡♠♣♦✳ ❖s
♣❛râ♠❡tr♦s ✉s❛❞♦s ❢♦r❛♠✿ γ = 1.0❀ kT = 10.❀ k0L = 0❀ Ω = 10✳

❢r❡q✉ê♥❝✐❛ ❞❡ ♦s❝✐❧❛çã♦ ω✳ ❆ q✉❛♥t✐❞❛❞❡ ♠é❞✐❛ ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦ ❝r❡s❝❡ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞❡ γ✱

♦✉ s❡❥❛✱ ❛ ♠❡❞✐❞❛ q✉❡ ❛ ✐♥t❡r❛çã♦ ❝♦♠ ♦ r❡s❡r✈❛tór✐♦ ❛✉♠❡♥t❛ ❛s ❝♦rr❡❧❛çõ❡s ✐♥❞✉③✐❞❛s ❡♥tr❡ ❛s

♣❛rtí❝✉❧❛s s❡ t♦r♥❛♠ ♠❛✐s ❢♦rt❡s✳ ❘❡s✉❧t❛❞♦s s✐♠✐❧❛r❡s ❛ ❡st❡✱ ♠❛s s❡❣✉✐♥❞♦ ✉♠ ❢♦r♠❛❧✐s♠♦ ❜❛s❡❛❞♦

❡♠ ❡q✉❛çõ❡s ♠❡str❛s ❡ ❝♦♥s✐❞❡r❛♥❞♦ s❡♠♣r❡ ♦ ❛❝♦♣❧❛♠❡♥t♦ ❜✐❧✐♥❡❛r ❡♥tr❡ ♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡ ❡ ♦

r❡s❡r✈❛tór✐♦ ❢♦r❛♠ ❛♣r❡s❡♥t❛❞♦s ♣♦r ♦✉tr♦s ❛✉t♦r❡s ♥❛ r❡❢❡rê♥❝✐❛ ❬✹✽❪✳

❆té ❛q✉✐✱ ♠♦str❛♠♦s ♦s r❡s✉❧t❛❞♦s ❝♦rr❡s♣♦♥❞❡♥t❡ à ❡✈♦❧✉çã♦ ❞❛ ♥❡❣❛t✐✈✐❞❛❞❡ ❧♦❣❛rít♠✐❝❛ ♣❛r❛

✉♠ ❡st❛❞♦ ❜✐♣❛rt✐t❡ ❣❛✉ss✐❛♥♦ ❡♠ q✉❡ é ♣♦ssí✈❡❧ ❞❡✜♥✐r ✉♠❛ ❞✐stâ♥❝✐❛ ♠é❞✐❛ L ❡♥tr❡ ❛s ♣❛rt❡s ❡

❞✐t❛ ❞✐stâ♥❝✐❛ é ❝♦♥s✐❞❡r❛❞❛ ♠✉✐t♦ ♣❡q✉❡♥❛ q✉❛♥❞♦ ❝♦♠♣❛r❛❞❛ ❝♦♠ ♦ ❝♦♠♣r✐♠❡♥t♦ ❝❛r❛❝t❡ríst✐❝♦ ❞♦

r❡s❡r✈❛tór✐♦✱ k−1
0 ✳ ◆❡st❛ ❛♣r♦①✐♠❛çã♦✱ ❛ ❡✈♦❧✉çã♦ ❞♦ ❡st❛❞♦ é ❞❡t❡r♠✐♥❛❞❛ ♣❡❧♦ ♣r♦♣❛❣❛❞♦r ✭✷✳✶✵✼✮✱

♦ q✉❛❧ ❡q✉✐✈❛❧❡ ❛ ❝♦♥s✐❞❡r❛r q✉❡ ❛ ❝♦♦r❞❡♥❛❞❛ r❡❧❛t✐✈❛ u ❡stá ❝♦♠♣❧❡t❛♠❡♥t❡ ❧✐✈r❡ ❞❡ q✉❛❧q✉❡r

✐♥✢✉ê♥❝✐❛ ❞✐ss✐♣❛t✐✈❛✳

❊♠ ✉♠❛ s✐t✉❛çã♦ ♠❛✐s r❡❛❧✐st❛✱ ❡s♣❡r❛♠♦s q✉❡ ❡①✐st❛ ✉♠❛ ❞✐♥â♠✐❝❛ ❞✐ss✐♣❛t✐✈❛ t❛♥t♦ ♣❛r❛

♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛ q✉❛♥t♦ ♣❛r❛ ❛ ❝♦♦r❞❡♥❛❞❛ r❡❧❛t✐✈❛ ❞♦ ♥♦ss♦ s✐st❡♠❛ ❡ é ❡s♣❡r❛❞♦ t❛♠❜é♠
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❋✐❣✉r❛ ✸✳✸✿ ◆❡❣❛t✐✈✐❞❛❞❡ ❧♦❣❛rít♠✐❝❛ ♣❛r❛ ♣❛rtí❝✉❧❛s ♣ró①✐♠❛s ❡ t❡♠♣❡r❛t✉r❛ ✜♥✐t❛ ❝♦♠♦ ❢✉♥çã♦ ❞♦
t❡♠♣♦✳ ❖s ♣❛râ♠❡tr♦s ✉s❛❞♦s ❢♦r❛♠✿ z = 0.❀ kT = 5.❀ k0L = 0.❀ Ω = 10.❀ ω =

√
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❋✐❣✉r❛ ✸✳✹✿ ■♥✢✉ê♥❝✐❛ ❞❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❛s ♣❛rtí❝✉❧❛s ♥❛ ❡✈♦❧✉çã♦ ❞❛ ♥❡❣❛t✐✈✐❞❛❞❡ ❧♦❣❛rít♠✐❝❛ ♣❛r❛
t❡♠♣❡r❛t✉r❛ ❜❛✐①❛✳ ❖s ♣❛râ♠❡tr♦s ✉s❛❞♦s ❢♦r❛♠✿ γ = 1.0❀ z = 0.❀ kT = 10−4❀ Ω = 10.✳

✉♠❛ r❡❞✉çã♦ ♠♦♥ót♦♥❛ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ r❡♠❛♥❡s❝❡♥t❡ q✉❛♥❞♦ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❛s ♣❛rtí❝✉❧❛s

❛✉♠❡♥t❛✳ ◆❛ ✜❣✉r❛ ✸✳✹ ♣♦❞❡♠♦s ♦❜s❡r✈❛r ❛ ✐♥✢✉ê♥❝✐❛ q✉❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❛s ♣❛rtí❝✉❧❛s t❡♠

♥♦ ❡♠❛r❛♥❤❛♠❡♥t♦✳ ❈♦♠♦ ❡s♣❡r❛❞♦✱ ♦ ❡♠❛r❛♥❤❛♠❡♥t♦ r❡♠❛♥❡s❝❡♥t❡ s❡ r❡❞✉③ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞❛

❞✐stâ♥❝✐❛ ♠❛s ♣❛r❡❝❡ ❡①✐st✐r ✉♠❛ ❝♦♠♣❡t✐çã♦ ❡♥tr❡ ♦s ♣r♦❝❡ss♦s ❞❡ ✐♥❞✉çã♦ ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦ ❡

❞❡❝♦❡rê♥❝✐❛✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ q✉❛♥❞♦ ❛ ❞✐stâ♥❝✐❛ ❛✉♠❡♥t❛ ♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ♠é❞✐♦ s❡ r❡❞✉③ ❡ ❛s

♦s❝✐❧❛çõ❡s ✜❝❛♠ ❛♠♦rt❡❝✐❞❛s✳ ◆❛ ❝✉r✈❛ ♣❛r❛ k0L = 2.0 ♦❜s❡r✈❛✲s❡ q✉❡ ♦ s✐st❡♠❛ t❛r❞❛ ♠❛✐s ❡♠ ✜❝❛r

❡♠❛r❛♥❤❛❞♦✳ ❊st❡ t❡♠♣♦ ❞❡ ❛tr❛s♦ ♥♦ ❡st❛❜❡❧❡❝✐♠❡♥t♦ ❞❛s ❝♦rr❡❧❛çõ❡s q✉â♥t✐❝❛s t❡♥❞❡ ❛♦ ✐♥✜♥✐t♦

♥♦ ❧✐♠✐t❡ k0L→ ∞ ❡ ♣❛r❛ ❞✐stâ♥❝✐❛s ✜♥✐t❛s s❡♠♣r❡ t❡♠♦s ✉♠ ❡st❛❞♦ ❛ss✐♥t♦t✐❝❛♠❡♥t❡ ❡♠❛r❛♥❤❛❞♦

q✉❛♥❞♦ ❛ t❡♠♣❡r❛t✉r❛ é s✉✜❝✐❡♥t❡♠❡♥t❡ ❜❛✐①❛✳

❙❡ ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ s❡ ❡♥❝♦♥tr❛ ❡♠❛r❛♥❤❛❞♦✱ ♦ q✉❡ ❛♥t❡s ♣❡r❝❡❜í❛♠♦s ❝♦♠♦ ✉♠ ❛tr❛s♦ ♥❛ ❛♣❛r✐çã♦

❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ♣♦❞❡ s❡r ✐♥t❡r♣r❡t❛❞♦ ❛❣♦r❛ ❝♦♠♦ ✉♠ t❡♠♣♦ ❞❡ r❡ss✉rr❡✐çã♦ ❞♦ ♠❡s♠♦✳ ❖

❡♠❛r❛♥❤❛♠❡♥t♦ ✐♥✐❝✐❛❧ é ♣❡r❞✐❞♦ ♣❡❧❛ ❞❡❝♦❡rê♥❝✐❛ ❞❡✈✐❞♦ ❛ ❛çã♦ ❞♦ ❛♠❜✐❡♥t❡ ❡ ♣♦st❡r✐♦r♠❡♥t❡

♦ s✐st❡♠❛ ❣❛♥❤❛ ❡♠❛r❛♥❤❛♠❡♥t♦ ❞❡✈✐❞♦ à ✐♥t❡r❛çã♦ ✐♥❞✉③✐❞❛✳ ➱ ✐♠♣♦rt❛♥t❡ ❡s❝❧❛r❡❝❡r q✉❡ ❡st❡
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❡❢❡✐t♦ só é ❛♣r❡❝✐á✈❡❧ q✉❛♥❞♦ ❛s t❡♠♣❡r❛t✉r❛s sã♦ s✉✜❝✐❡♥t❡♠❡♥t❡ ❜❛✐①❛s✳ ❊♠ ❛❧t❛s t❡♠♣❡r❛t✉r❛s ❛

❞❡❝♦❡rê♥❝✐❛ ❞♦♠✐♥❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❛ ❞✐♥â♠✐❝❛ ❞♦ s✐st❡♠❛✳ ❖ ❡❢❡✐t♦ ♠♦str❛❞♦ ♥❛ ✜❣✉r❛ ✸✳✺ s✉❣❡r❡ ❛

♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ❝♦♥tr♦❧❛r♠♦s ♦ ♣r♦❝❡ss♦ ❞❡ ✐♥❞✉çã♦ ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦ ♠♦❞✐✜❝❛♥❞♦ ♦s ♣❛râ♠❡tr♦s

❡✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ❝♦♥tr♦❧❛♥❞♦ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s s✉❜s✐st❡♠❛s✳
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❋✐❣✉r❛ ✸✳✺✿ ■♥✢✉ê♥❝✐❛ ❞❛ ❞✐stâ♥❝✐❛ ♥♦ r❡ss✉r❣✐♠❡♥t♦ ❞❛s ❝♦rr❡❧❛çõ❡s q✉â♥t✐❝❛s✳ ❖s ♣❛râ♠❡tr♦s
✉s❛❞♦s ❢♦r❛♠✿ γ = 1.0❀ kT = 10−4❀ z = 0.3❀ Ω = 10.✳

✸✳✸✳✷ P❛r ❊P❘

◆❛ s❡çã♦ ❛♥t❡r✐♦r✱ ♦ ú♥✐❝♦ ❧✐♠✐t❡ ♥ã♦ ❝♦♥s✐❞❡r❛❞♦ ❢♦✐ ❛q✉❡❧❡ ❡♠ q✉❡ ❛s ♣❛rtí❝✉❧❛s s❡ ❡♥❝♦♥tr❛♠ ♠✉✐t♦

❛❢❛st❛❞❛s✳ ❊st❡ ❧✐♠✐t❡ ♣♦ré♠✱ t❡♠ ✉♠❛ ✐♥t❡r♣r❡t❛çã♦ ✐♥t❡r❡ss❛♥t❡ q✉❛♥❞♦ ❝♦♥s✐❞❡r❛♠♦s ❛ ❡✈♦❧✉çã♦

❞❡ ✉♠ ❡st❛❞♦ ❣❛✉ss✐❛♥♦ ♥❛ ❢♦r♠❛ ✭✸✳✸✶✮✳ ❈♦♠♦ ❥á ❢♦✐ ✐♥❞✐❝❛❞♦✱ ♦ ❡st❛❞♦ ✭✸✳✸✶✮ r❡♣r♦❞✉③ ♦ ❡st❛❞♦

✉t✐❧✐③❛❞♦ ♣♦r ❊P❘✱ q✉❡ ♣♦ss✉✐ ❝♦rr❡❧❛çõ❡s ♣❡r❢❡✐t❛s✱ ♥♦ ❧✐♠✐t❡ z → ∞✳ P♦rt❛♥t♦✱ s❡ ✐♥tr♦❞✉③✐♠♦s

❛❞❡q✉❛❞❛♠❡♥t❡ ♠♦♠❡♥t♦s ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❡♠ ✭✸✳✸✶✮✱ ♣♦❞❡♠♦s t❡r ✉♠❛ ✈❡rsã♦ r❡❣✉❧❛r✐③❛❞❛ ❞❡

✉♠ ♣❛r ❊P❘ ♦♥❞❡ s✉❛s ❝♦♠♣♦♥❡♥t❡s ✈✐❛❥❛♠ ❡♠ s❡♥t✐❞♦s ❝♦♥trár✐♦s✱ ♥❡st❡ ❝❛s♦✱ ❛ ❢✉♥çã♦ ❞❡ ♦♥❞❛

♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

ψEPR(x1, x2) =
1√
2πσ2

exp

{

−e−2z (x1 + x2)
2

8σ2
− e2z

(x1 − x2 − d)2

8σ2
+ i

p0
~
(x1 − x2)

}

, ✭✸✳✸✾✮

❡ ❡♠ t❡r♠♦s ❞❛s ✈❛r✐á✈❡✐s✱ (r, χ, u, v)✱ ♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ ✐♥✐❝✐❛❧ é

ρEPR(r
′, χ′, u′, v′) =

1

2πσ2
exp

{

−e
−2z

4σ2
(

4r′2 + χ′2)− e2z

4σ2

(

(

u′ − d
)2

+ v′2/4
)

+ i
p0
~
v′
}

. ✭✸✳✹✵✮

❉❡✈✐❞♦ às ♣❛rtí❝✉❧❛s s❡ ❛❢❛st❛r❡♠ r❛♣✐❞❛♠❡♥t❡✱ ❛ ❡✈♦❧✉çã♦ ❞♦ ❡st❛❞♦ ρEPR é ❞❡t❡r♠✐♥❛❞❛ ♣❡❧♦

♣r♦♣❛❣❛❞♦r ✭✷✳✶✶✵✮✱ q✉❡ ❞❡s❝r❡✈❡ ♦ ❡❢❡✐t♦ ❞❡ ❞♦✐s r❡s❡r✈❛tór✐♦s ✐♥❞❡♣❡♥❞❡♥t❡s ❛t✉❛♥❞♦ ❡♠ ❝❛❞❛

♣❛rtí❝✉❧❛ s❡♣❛r❛❞❛♠❡♥t❡✳ ❱❡❥❛♠♦s ❝♦♠♦ s❡ ❝♦♠♣♦rt❛ ❛ ♥❡❣❛t✐✈✐❞❛❞❡ ❧♦❣❛rít♠✐❝❛ ♥❡st❡ ❝❛s♦✳

◆❛ ✜❣✉r❛ ✸✳✻ ♦❜s❡r✈❛♠♦s ❛ ❡✈♦❧✉çã♦ ❞❛ ♥❡❣❛t✐✈✐❞❛❞❡ ❧♦❣❛rít♠✐❝❛ q✉❛♥❞♦ ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ é

❞❡✜♥✐❞♦ ♣♦r ✭✸✳✹✵✮✱ ♥❡st❛ s✐t✉❛çã♦✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞❡ q✉❛❧ s❡❥❛ ♦ ✈❛❧♦r ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ✐♥✐❝✐❛❧✱

♦ ❡❢❡✐t♦ ❞♦ ❛♠❜✐❡♥t❡ é ❞❡str✉✐r ❛s ❝♦rr❡❧❛çõ❡s q✉â♥t✐❝❛s ❞♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡✱ ♣r♦❞✉③✐♥❞♦ ♦ ❡❢❡✐t♦
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EN

❋✐❣✉r❛ ✸✳✻✿ ◆❡❣❛t✐✈✐❞❛❞❡ ❧♦❣❛rít♠✐❝❛ ♣❛r❛ ♦ ❡st❛❞♦ ❊P❘ ❝♦♠♦ ❢✉♥çã♦ ❞♦ t❡♠♣♦✳ ❖s ♣❛râ♠❡tr♦s
✉s❛❞♦s ❢♦r❛♠✿ γ = 1.0❀ kT = 10−4❀ Ω = 5.✳

❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♠♦rt❡ sú❜✐t❛ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❬✹✹❪✳

✸✳✸✳✸ ❊st❛❞♦s ♥ã♦✲❣❛✉ss✐❛♥♦s

❖ ❡st✉❞♦ ❞❛ ❡✈♦❧✉çã♦ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❢❡✐t♦ ❛♥t❡r✐♦r♠❡♥t❡✱ ♣♦❞❡ s❡r ❡st❡♥❞✐❞♦ ❛ ❡st❛❞♦s ♥ã♦✲

❣❛✉ss✐❛♥♦s✳ ❊ss❛ ❝❛t❡❣♦r✐❛ ❞❡ ❡st❛❞♦s ❛♣r❡s❡♥t❛ ✈ár✐♦s ❞❡s❛✜♦s ♥♦ ♠♦♠❡♥t♦ ❞❡ s❡ ❞❡t❡r♠✐♥❛r ♦

❡♠❛r❛♥❤❛♠❡♥t♦ ❞❡ ✉♠ ❡st❛❞♦ ♣❛rt✐❝✉❧❛r✳ ◆❛s ♣r✐♠❡✐r❛s s❡çõ❡s ❞❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛♠♦s ✈ár✐❛s

♠❡❞✐❞❛s q✉❡✱ ♣❡❧♦ ♠❡♥♦s ❡♠ ♣r✐♥❝í♣✐♦✱ ♣❛r❡❝❡♠ s❡r ❛❞❡q✉❛❞❛s ♣❛r❛ ♦ ❡st✉❞♦ ❞❡ ❡st❛❞♦s ♠✐st♦s

♥ã♦ ❣❛✉ss✐❛♥♦s✳ P♦ré♠✱ ❡♠ ♥♦ss♦ ❡st✉❞♦ ❡st❛s ♠❡❞✐❞❛s s❡ ♠♦str❛r❛♠ ❡✜❝✐❡♥t❡s ✉♥✐❝❛♠❡♥t❡ ♥❛

❞❡t❡r♠✐♥❛çã♦ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❞♦ ❡st❛❞♦ ✐♥✐❝✐❛❧✱ ❞❡♣♦✐s ❞❛ ❡✈♦❧✉çã♦ ♦ ❝r✐tér✐♦ ❞❡ ❙✐♠♦♥ ❡ ❛

♥❡❣❛t✐✈✐❞❛❞❡ ❧♦❣❛rít♠✐❝❛ ❢♦r❛♠ ❛s ú♥✐❝❛s ❢❡rr❛♠❡♥t❛s q✉❡ ❛♣r❡s❡♥t❛r❛♠ r❡s✉❧t❛❞♦s ❝♦♥✜á✈❡✐s✱ ♠❛s

✈❛❧❡ ❧❡♠❜r❛r q✉❡ ♣❛r❛ ❡st❛❞♦s ♥ã♦✲❣❛✉ss✐❛♥♦s ♦ ❝r✐tér✐♦ ❞❡ s❡♣❛r❛❜✐❧✐❞❛❞❡ ❞❡ ❙✐♠♦♥ é ♥❡❝❡ssár✐♦ ♠❛s

♥ã♦ s✉✜❝✐❡♥t❡✳

❊♠ ❣❡r❛❧✱ ❛ ♥❡❣❛t✐✈✐❞❛❞❡ ❧♦❣❛rít♠✐❝❛ s❡r✈✐rá ♣❛r❛ ♠❡❞✐r ✉♥✐❝❛♠❡♥t❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡

❡♠❛r❛♥❤❛♠❡♥t♦ ❣❛✉ss✐❛♥♦ q✉❡ ♣♦ss✉✐ ♦ ♥♦ss♦ ❡st❛❞♦✱ ♣♦r ❡ss❛ r❛③ã♦✱ ♦s r❡s✉❧t❛❞♦s ❛q✉✐ ❛♣r❡s❡♥t❛❞♦s

❝♦rr❡s♣♦♥❞❡♠ ❛ ❡st❛❞♦s q✉❡ ❛✐♥❞❛ ♠❛♥té♠ ❢♦rt❡s ❝❛r❛❝t❡ríst✐❝❛s ❣❛✉ss✐❛♥❛s✳

✸✳✸✳✸✳✶ ❈♦♥s✐❞❡r❛çõ❡s s♦❜r❡ ♦ ♣r♦♣❛❣❛❞♦r ♣❛r❛ ❞♦✐s ♦s❝✐❧❛❞♦r❡s ❜r♦✇♥✐❛♥♦s

❖ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡ q✉❡ ❝♦♥s✐❞❡r❛r❡♠♦s ❛q✉✐ é ❝♦♠♣♦st♦ ♣♦r ❞♦✐s ♦s❝✐❧❛❞♦r❡s ❤❛r♠ô♥✐❝♦s

r❡♣r❡s❡♥t❛❞♦s ♣❡❧❛ ▲❛❣r❛♥❣✐❛♥❛

LS =
1

2
Mẋ21 −

1

2
Mω2

0

(

x1 +
L

2

)2

+
1

2
Mẋ22 −

1

2
Mω2

0

(

x2 −
L

2

)2

, ✭✸✳✹✶✮

♦ t❡r♠♦ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❡ ❛ ▲❛❣r❛♥❣✐❛♥❛ ❞♦ r❡s❡r✈❛tór✐♦ sã♦ ♦s ♠❡s♠♦s q✉❡ t❡♠ s✐❞♦ ✉s❛❞♦ ❞❡s❞❡ ♦

❝♦♠❡ç♦ ✭❝♦♥✜r❛ ❛ ❡q✉❛çã♦ ✷✳✸✾✮✳

❆ ✜❣✉r❛ ✸✳✼ é ✉♠ ❡sq✉❡♠❛ ❞♦s ♣❛❝♦t❡s ❞❡ ♦♥❞❛ ✉s❛❞♦s ♣❛r❛ ❝♦♥str✉✐r ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❞♦

s✐st❡♠❛✳ ❈❛❞❛ ♣❛rtí❝✉❧❛ ✐♥❞✐✈✐❞✉❛❧♠❡♥t❡ s❡rá r❡♣r❡s❡♥t❛❞❛ ♣♦r ✉♠ ❡st❛❞♦ ❞❡s❧♦❝❛❧✐③❛❞♦ ❢♦r♠❛❞♦
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♣❡❧❛ s✉♣❡r♣♦s✐çã♦ ❞❡ ❞♦✐s ♣❛❝♦t❡s ❣❛✉ss✐❛♥♦s✱ ✉♠ ❞❡❧❡s ❝❡♥tr❛❞♦ ♥❛ ♣♦s✐çã♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❞♦ ♣♦t❡♥❝✐❛❧

❤❛r♠ô♥✐❝♦ ❡ ♦ ♦✉tr♦ ❧✐❣❡✐r❛♠❡♥t❡ ❞❡s❧♦❝❛❞♦ ❞❡ ✉♠❛ ❞✐stâ♥❝✐❛ a✳

L

a

-15 -10 -5 0 5 10 15

0.2

0.4

0.6

0.8

1.0

❋✐❣✉r❛ ✸✳✼✿ ❊st❛❞♦ ✐♥✐❝✐❛❧

◆❛ r❡♣r❡s❡♥t❛çã♦ ❞❡ ♣♦s✐çã♦ ♦ ❡st❛❞♦ ❡s❝♦❧❤✐❞♦ ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

ψS(x1, x2) = N0

{

ψ0

(

x1 +
L

2

)

ψ0

(

x2 −
L

2

)

+ ψ0

(

x1 +
L

2
+ a

)

ψ0

(

x2 −
L

2
− a

)}

, ✭✸✳✹✷✮

❝♦♠

ψ0(x) = exp

(−x2
4σ2

)

, ❡ N0 =
1

√

4πσ➨

(

1 + e−a
2/4σ➨

)

. ✭✸✳✹✸✮

❆ ❡✈♦❧✉çã♦ t❡♠♣♦r❛❧ ❞♦ ♦♣❡r❛❞♦r ❞❡♥s✐❞❛❞❡ r❡❞✉③✐❞♦ ❝♦♥t✐♥✉❛ s❡♥❞♦ ❞❡✜♥✐❞❛ ♣❡❧♦ ♣r♦♣❛❣❛❞♦r

✭✷✳✻✹✮ ❝♦♠ ♦ ❢✉♥❝✐♦♥❛❧ ❞❡ ✐♥✢✉ê♥❝✐❛ ✭✷✳✽✸✮✳ ❊st❡ ú❧t✐♠♦ ♣r❡❝✐s❛ s❡r r❡❡s❝r✐t♦ ♣❛r❛ tr❛t❛r♠♦s

❛❞❡q✉❛❞❛♠❡♥t❡ ❛ ❞✐♥â♠✐❝❛ ❞♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ✭✸✳✹✷✮✳ ◆❛s ✈❛r✐á✈❡✐s qi = (xi + yi)/2 ❡ ξi = xi − yi✱

❛♥t❡r✐♦r♠❡♥t❡ ✐♥tr♦❞✉③✐❞❛s✱ ❛s ❢✉♥çõ❡s ♥ã♦ ❧✐♥❡❛r❡s ✭✷✳✼✻✱ ✷✳✽✵ ❡ ✷✳✽✶✮ ♣♦❞❡♠ s❡r ❡s❝r✐t❛s ❝♦♠♦

K̄k[x,y, t
′, s] =

2
∑

i,j 6=1

4 cos k[qi(t
′)− qj(s)] sin k[ξi(t

′)/2] sin k[ξj(s)/2], ✭✸✳✹✹✮

V [x,y, t′] = −
∑

k

2κkκ−kf(k)

(

2 sin k[q1(t
′)− q2(t

′)] sin k
[

ξ1(t
′)− ξ2(t

′)
2

])

, ✭✸✳✹✺✮

❡

L̄[x,y, t′] = l̄[x,y, t′] +
∑

k

κkκ−kkf(k)Dk[x,y, t
′] ✭✸✳✹✻✮
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❝♦♠

l̄[x,y, t′] =
∑

k

κkκ−kkf(k)

{

(ξ̇1(t
′)− ξ̇2(t

′)) sin k
[

q1(t
′)− q2(t

′)
]

cos k

[

ξ1(t
′) + ξ2(t

′)
2

]

+ 2(q̇1(t
′) + q̇2(t

′)) cos k
[

q1(t
′)− q2(t

′)
]

sin k

[

ξ1(t
′) + ξ2(t

′)
2

]}

✭✸✳✹✼✮

❡

Dk[x,y, t
′] =

1

k

(

2 sin k[q1(0)− q2(0)] sin k

[

ξ1(0)− ξ2(0)

2

]

✭✸✳✹✽✮

−2 sin k[q1(t)− q2(t)] sin k

[

ξ1(t)− ξ2(t)

2

])

.

❆s ✈❛r✐á✈❡✐s ξ r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❛ ❧❛r❣✉r❛ ❞♦ ♣❛❝♦t❡ ❞❡ ♦♥❞❛ ♣♦❞❡♠ s❡r ❞❡s♣r❡③❛❞❛s q✉❛♥❞♦

❝♦♠♣❛r❛❞❛s ❝♦♠ k−1 ❡ ♦s t❡r♠♦s ❡♥✈♦❧✈❡♥❞♦ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ❝❡♥tr♦s ❞♦s ♣❛❝♦t❡s ♣♦❞❡♠ s❡r

❡①♣❛♥❞✐❞♦s ❛♦ r❡❞♦r ❞❡ L ✭L ❝♦rr❡s♣♦♥❞❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s ♣♦♥t♦s ❞❡ ❡q✉✐❧í❜r✐♦ ❞♦s ♣♦t❡♥❝✐❛s

❤❛r♠ô♥✐❝♦s✮✳ ■st♦ é✱

cos k[qi(t
′)− qj(s)] ≈ cos(kL)− k sin(kL)

(

qi(t
′)− qj(s)− L

)

sin k[q1(t
′)− q2(s)] ≈ sin(kL)− k cos(kL)

(

q1(t
′)− q2(s)− L

)

,

❡ss❛ ❛♣r♦①✐♠❛çã♦ é ❥✉st✐✜❝❛❞❛ ♣❡❧♦ ❢❛t♦ ❞❛s tr❛❥❡tór✐❛s ❞❡ ❝❛❞❛ ♣❛rtí❝✉❧❛ ❡st❛r❡♠ ❝♦♥✜♥❛❞❛s

♣❡❧♦ ♣♦t❡♥❝✐❛❧ ❤❛r♠ô♥✐❝♦ ❢❛③❡♥❞♦ ♣♦ssí✈❡❧ ❞❡✜♥✐r ✉♠❛ ❞✐stâ♥❝✐❛ ♠❡❞✐❛ L ❡♥tr❡ ❡❧❛s✳ ❈♦♠ ❡st❛s

❛♣r♦①✐♠❛çõ❡s ❡ ✉s❛♥❞♦ ❛❣♦r❛ ❛s ✈❛r✐á✈❡✐s ✭✷✳✶✵✺ ❡ ✷✳✶✵✻✮ ♣❛r❛ ❢❛❝✐❧✐t❛r ❛ ✐♥t❡❣r❛çã♦✱ t❡♠♦s ❛té

s❡❣✉♥❞❛ ♦r❞❡♠

K̄k[r, u, ξ, t
′, s] = k2 cos(kL)

(

2χ(s)χ(t′)− v(s)v(t′)
2

)

,

♦ t❡r♠♦ ✐♥st❛♥tâ♥❡♦

l̄[r, u, χ, v] =
∑

k

κkκ−kkf(k)
{

v̇(t′)
(

sin(kL) + k cos(kL)
(

u(t′)− L
))

+ 4ṙ(t′)kχ(t′)
(

cos(kL)− k sin(kL)
(

u(t′)− L
))}

❡ ♦ t❡r♠♦ ❞❡ ❝♦♥t♦r♥♦

Dk(u, v) =
1

k

(

2 sin(ku′) sin(kv′/2)− 2 sin(ku) sin(kv/2)
)

= (v′ − v) (sin(kL)− kL cos(kL)) + k cos(kL)
(

u′v′ − uv
)

♦♥❞❡ ✉s❛♠♦s u′ = u(0)✱ v′ = v(0) ❡ u = u(t)✱ v = v(t)✳

❈❛❧❝✉❧❛♥❞♦ ❛s s♦♠❛s ❡♠ k ❡ r❡❛❣r✉♣❛♥❞♦ t❡r♠♦s ❝❤❡❣❛♠♦s ♥♦ ♣r♦♣❛❣❛❞♦r ✭✈❡r ❛♣ê♥❞✐❝❡ ❈ ♣❛r❛
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♦❜t❡r ♦s ❞❡t❛❧❤❡s✮

J =

∫ r

r′

∫ u

u′

∫ χ

χ′

∫ v

v′
Dr(t′)Du(t′)Dχ(t′)Dv(t′)

exp
i

~

{

m

2

∫ t

0
dt′
(

4ṙ(t′)χ̇(t′) + u̇(t′)v̇(t′)
)

− m

2

∫ t

0
dt′
(

4ω2
0r(t

′)χ(t′) + ω(L)2u(t′)v(t′) + F (L)v(t′)
)

}

exp

{

− i

~

∫ t

0
dt′
[

η−(L)
u̇(t′)v(t′)

2
+ 2η+(L)ṙ(t

′)χ(t′)
]}

exp

{

− 1

~π

∫ t

0
dt′
∫ t′

0
ds

[

η−(L)
v(s)v(t′)

2
+ 2η+(L)χ(s)χ(t

′)
]

K(t′ − s)

}

, ✭✸✳✹✾✮

♦♥❞❡ ❢♦r❛♠ ✐♥tr♦❞✉③✐❞❛s ❛s ❢✉♥çõ❡s

η+(L) = η

(

1 +

(

1− 3k20L
2
)

(

1 + k20L
2
)3

)

η−(L) = η

(

1−
(

1− 3k20L
2
)

(

1 + k20L
2
)3

)

, ✭✸✳✺✵✮

❡

ω(L)2 = ω2
0 +

4Ωγ

π

(

1− 3k20L
2
)

(

1 + k20L
2
)3 F (L) = ω2

0L+
4Ωγ

π

4k20L
3

(

1 + k20L
2
)3 . ✭✸✳✺✶✮

❆s ✈❛r✐á✈❡✐s ❡♥✈♦❧✈✐❞❛s ♥♦ ♣r♦♣❛❣❛❞♦r ✭✸✳✹✾✮ ❛♣❛r❡❝❡♠ ♥♦ ♠á①✐♠♦ ❛té s❡❣✉♥❞❛ ♦r❞❡♠ ❡ ♣♦rt❛♥t♦

t♦❞❛s ❛s ✐♥t❡❣r❛✐s ❢✉♥❝✐♦♥❛✐s sã♦ ❣❛✉ss✐❛♥❛s✱ ♦ r❡s✉❧t❛❞♦ é ❞✐r❡t♦ ❡ ♦s ❞❡t❛❧❤❡s sã♦ ❛♣r❡s❡♥t❛❞♦s ♥♦

❛♣ê♥❞✐❝❡ ✭❈✮✳ ❖ r❡s✉❧t❛❞♦ ✜♥❛❧ ❞❛ ✐♥t❡❣r❛çã♦ é

J = N (t) exp
i

~

{

Qr(t, L)
(

r′χ′ + rχ
)

−Or(t, L)r
′χ−Nr(t, L)rχ

′ +mγ+(L)
(

r′χ′ − rχ
)

+
mF (L)γ−(L)

2ω(L)2
(

v′ − v
)

+
2F (L)

ω(L)2
Qv(t, L)(v

′ + v)− 2F (L)

ω(L)2
(

Nv(t, L)v
′ +Ov(t, L)v

)

+ Qv(t, L)
(

u′v′ + uv
)

−Ov(t, L)u
′v −Nv(t, L)v

′u+
mγ−(L)

4

(

u′v′ − uv
)

}

exp−1

~

{

Aχ(t, L)χ
➨ +Bχ(t, L)χχ

′ + Cχ(t, L)χ
′2 +Av(t, L)v

2 +Bv(t, L)vv
′ + Cv(t, L)v

′2
}

,

✭✸✳✺✷✮

♦♥❞❡ ❛ ❢♦r♠❛ ❡①♣❧✐❝✐t❛ ❞❛s ❢✉♥çõ❡s Qr,v✱ Or,v✱ Nr,v ❞❡♣❡♥❞❡♥t❡s ❞♦ t❡♠♣♦ ❡ ❛s ❢✉♥çõ❡s Aχ,v✱ Bχ,v✱

Cχ,v ❞❡♣❡♥❞❡♥t❡s ❞♦ t❡♠♣♦ ❡ ❛ t❡♠♣❡r❛t✉r❛ ♥ã♦ é ❝♦❧♦❝❛❞❛ ❛q✉✐ ♣♦r q✉❡stõ❡s ❞❡ ❡s♣❛ç♦ ♠❛s é ❞❛❞❛

♥♦ ❛♣ê♥❞✐❝❡ ❈ ♣❛❣✐♥❛s ✻✽ ❡ ✻✾✳

✸✳✸✳✸✳✷ ❊✈♦❧✉çã♦ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦

❖ ❡st❛❞♦ ✐♥✐❝✐❛❧ ✭✸✳✹✷✮ é ❝❧❛r❛♠❡♥t❡ ♥ã♦ s❡♣❛rá✈❡❧✳ P❛r❛ ❝❛r❛❝t❡r✐③❛r ♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❞❡st❡ ❡st❛❞♦

✉t✐❧✐③❛r❡♠♦s ❛s ❢❡rr❛♠❡♥t❛s ❞❡s❝r✐t❛s ♥❛ s❡çã♦ ✭✸✳✷✳✸✮✳
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1 2 3 4 5
a

-0.4

-0.3

-0.2

-0.1

Entropic

Simon

Critérios

❋✐❣✉r❛ ✸✳✽✿ ❈♦♠♣❛r❛çã♦ ❞❡ ❝r✐tér✐♦s ♣❛r❛ ❝❛r❛❝t❡r✐③❛r ♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❞♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ✭✸✳✹✷✮✳

WHq,pL a=0.

-1

0

1

2

q

-5

0

5

p

0.0

0.1

0.2

0.3

WHq,pL a=2.

-2

0

2

4

q

-5

0

5

p

0.00

0.05

0.10

0.15

WHq,pL a=3.

-2

0

2

4

q

-5

0

5

p

0.00

0.05

0.10

0.15

❋✐❣✉r❛ ✸✳✾✿ ❋✉♥çã♦ ❞❡ ❲✐❣♥❡r ♣❛r❛ ✉♠❛ ♣❛rtí❝✉❧❛✳ ❖s ❣rá✜❝♦s ❝♦rr❡s♣♦♥❞❡♠ ❛♦s ✈❛❧♦r❡s ❞♦
♣❛râ♠❡tr♦ a = 0, 2, 3 r❡s♣❡❝t✐✈❛♠❡♥t❡✳

◆❛ ✜❣✉r❛ ✸✳✽ ❣r❛✜❝❛♠♦s ❛s ❡①♣r❡ssõ❡s

CS = detΛ− 1

4
(detA+ detB+ 2 |detC|) + 1

16
, ✭✸✳✺✸✮

❡

CE = H [R+] +H [S−]− ln(2πe), ✭✸✳✺✹✮

q✉❡ ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ❞♦s ❝r✐tér✐♦s ❞❡ s❡♣❛r❛❜✐❧✐❞❛❞❡ ❞❡ ❙✐♠♦♥ ❬✸✾❪ ❡ ❞❡ ❲❛❧❜♦r♥ ❡ ❝♦❧❛❜♦r❛❞♦r❡s

❬✹✺❪✱ ❝♦♠♦ ❢✉♥çã♦ ❞♦ ♣❛râ♠❡tr♦ a q✉❡ ❞❡t❡r♠✐♥❛ ❛ s❡♣❛r❛çã♦ ❡♥tr❡ ♦s ❝❡♥tr♦s ❞♦s ♣❛❝♦t❡s ❞❡ ♦♥❞❛

q✉❡ ❞❡✜♥❡♠ ❝❛❞❛ ♣❛rtí❝✉❧❛ s❡♣❛r❛❞❛♠❡♥t❡✳ ❆♠❜❛s ❡①♣r❡ssõ❡s CS ❡ CE ❞❡✈❡♠ s❡r ♠❛✐♦r❡s ♦✉

✐❣✉❛✐s q✉❡ ③❡r♦ ♣❛r❛ ❡st❛❞♦s s❡♣❛rá✈❡✐s✳ ❈♦♠♦ ♣♦❞❡ s❡r ✈✐st♦✱ ♦ ❝r✐tér✐♦ ❞❡ ❙✐♠♦♥ só ❝♦♥s❡❣✉❡ ✈❡r

♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ♣❛r❛ ✈❛❧♦r❡s ❞❡ a < 4✱ ♦✉ s❡❥❛ é ❝♦♥✜á✈❡❧ só q✉❛♥❞♦ ♦ ❡st❛❞♦ é q✉❛s❡✲❣❛✉ss✐❛♥♦✳

P❛r❛ ✈❡r ✐ss♦✱ ♦❜s❡r✈❡ ♦ ❣rá✜❝♦ ❝♦♠♣❛r❛t✐✈♦ ✭✸✳✾✮✳ ◗✉❛♥❞♦ ♦ ✈❛❧♦r ❞❡ a ❛✉♠❡♥t❛ ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧

♣❡r❞❡ ❛ s✉❛s ❝❛r❛❝t❡ríst✐❝❛s ❣❛✉ss✐❛♥❛s ❡ s❡ ❢❛③ ♥❡❝❡ssár✐♦ ✉s❛r ♦ ❝r✐tér✐♦ ❡♥tró♣✐❝♦ ♣❛r❛ ♠♦str❛r q✉❡

❡①✐st❡ ❡♠❛r❛♥❤❛♠❡♥t♦ ♣❛r❛ q✉❛❧q✉❡r ✈❛❧♦r ❞❡st❡ ♣❛râ♠❡tr♦✳

❉❡♣♦✐s ❞❛ ❡✈♦❧✉çã♦ ❞❡s❡♥✈♦❧✈✐❞❛ ❝♦♠ ♦ ♣r♦♣❛❣❛❞♦r ✭✸✳✺✷✮✱ ❛♣r❡s❡♥t❛♠♦s ♦ ❝♦♠♣♦rt❛♠❡♥t♦
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❋✐❣✉r❛ ✸✳✶✵✿ ◆❡❣❛t✐✈✐❞❛❞❡ ❧♦❣❛rít♠✐❝❛ ❝♦♠♦ ❢✉♥çã♦ ❞♦ t❡♠♣♦✳ ❖s ♣❛râ♠❡tr♦s ✉s❛❞♦s ❢♦r❛♠✱ ω0 = 1✱
k0L = 10−4✱ kT = 5✱ Ω = 10 ❡ k0a = 0.3 à ❡sq✉❡r❞❛ ❡ k0a = 0.15 à ❞✐r❡✐t❛✳

t❡♠♣♦r❛❧ ❞❛ ♥❡❣❛t✐✈✐❞❛❞❡ ❧♦❣❛rít♠✐❝❛✳ ◆❛ ✜❣✉r❛ ✸✳✶✵ ♦❜s❡r✈❛♠♦s ❛ ✈❛r✐❛çã♦ ❞❛ ♥❡❣❛t✐✈✐❞❛❞❡

❧♦❣❛rít♠✐❝❛ ♣❛r❛ ❞♦✐s ❡st❛❞♦s ✐♥✐❝✐❛✐s ❝♦♠ ♣❛râ♠❡tr♦s a ❞✐❢❡r❡♥t❡s ❡ ♣❛r❛ t❡♠♣❡r❛t✉r❛s ✜♥✐t❛s✱

♥❡st❛ ✜❣✉r❛ ♦s ❝❡♥tr♦s ❞♦s ♣♦t❡♥❝✐❛✐s ❤❛r♠ô♥✐❝♦s ❝♦✐♥❝✐❞❡♠✳ ◆♦ ❣rá✜❝♦ ❞❛ ❡sq✉❡r❞❛ ❞❛ ✜❣✉r❛

✸✳✶✵ ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ s❡ ❡♥❝♦♥tr❛ ❡♠❛r❛♥❤❛❞♦ ♠❛s é ❛❧t❛♠❡♥t❡ ♥ã♦✲❣❛✉ss✐❛♥♦✱ ♣♦r ✐ss♦ ♦ ✈❛❧♦r

✐♥✐❝✐❛❧ ❞❛ ♥❡❣❛t✐✈✐❞❛❞❡ é ③❡r♦✳ ❖ ♣♦t❡♥❝✐❛❧ ✐♥❞✉③✐❞♦ ♣❡❧♦ ❛♠❜✐❡♥t❡ t❡♥❞❡ ❛ ❛♣r♦①✐♠❛r ♦s ♣❛❝♦t❡s ❞❡

♦♥❞❛ ❡ ❝♦♠♦ r❡s✉❧t❛❞♦ ❞❡st❡ ❡❢❡✐t♦ ♦ ❡st❛❞♦ s❡ t♦r♥❛ ♠❛✐s ❣❛✉ss✐❛♥♦ ❡ ❛ ♥❡❣❛t✐✈✐❞❛❞❡ ❧♦❣❛rít♠✐❝❛

❛✉♠❡♥t❛✱ ♦ ♣r♦❝❡ss♦ é ♠❛✐s ❢♦rt❡ q✉❛♥❞♦ ❛ ✐♥t❡r❛çã♦ ❝♦♠ ♦ ❛♠❜✐❡♥t❡ é ♠❛✐♦r✱ ♦✉ s❡❥❛ ♣❛r❛ ✈❛❧♦r❡s

❣r❛♥❞❡s ❞❛ ❝♦♥st❛♥t❡ ❞❡ ❞✐ss✐♣❛çã♦ γ✳ ❈♦♠ ♦ ♣❛ss❛r ❞♦ t❡♠♣♦ ❡ ❝♦♠ ♦ ❡❢❡✐t♦ ❞❛ t❡♠♣❡r❛t✉r❛✱ ❛

❞❡❝♦❡rê♥❝✐❛ ❞♦♠✐♥❛ ❛ s✐t✉❛çã♦ ❡ ♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❞❡s❛♣❛r❡❝❡✱ ♦✉ ♣❡❧♦ ♠❡♥♦s ❛ s✉❛ ♣❛rt❡ ❣❛✉ss✐❛♥❛

❥á q✉❡ ❛ ♠❡❞✐❞❛ ✉s❛❞❛ só ♥♦s ❢♦r♥❡❝❡ r❡s✉❧t❛❞♦s ❝♦♥❝❧✉s✐✈♦s ♣❛r❛ ✈❛❧♦r❡s ♠❛✐♦r❡s ❞♦ q✉❡ ③❡r♦✳

◆♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ✜❣✉r❛ ✸✳✶✵ ❣r❛✜❝❛♠♦s ❛ ♥❡❣❛t✐✈✐❞❛❞❡ ❧♦❣❛rít♠✐❝❛ ♣❛r❛ ✉♠ ❡st❛❞♦ ✐♥✐❝✐❛❧ q✉❡ é

❛♣r♦①✐♠❛❞❛♠❡♥t❡ ❣❛✉ss✐❛♥♦ ✭k0a = 0.15✮ ❡ ♣♦r ❡ss❛ r❛③ã♦ ♦ s❡✉ ❡st❛❞♦ ✐♥✐❝✐❛❧ ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦

é ❛❞❡q✉❛❞❛♠❡♥t❡ ❞❡t❡r♠✐♥❛❞♦ ❛tr❛✈és ❞❛ ♥❡❣❛t✐✈✐❞❛❞❡ ❧♦❣❛rít♠✐❝❛✳ P♦ré♠✱ ♥ã♦ ❡①✐st❡♠ ❞✐❢❡r❡♥ç❛s

q✉❛❧✐t❛t✐✈❛s ❛♣r❡❝✐á✈❡✐s ♥♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❡st❛ ♠❡❞✐❞❛ ❡♠ r❡❧❛çã♦ ❛♦ ♣r❡✈✐❛♠❡♥t❡ r❡❧❛t❛❞♦✳ P❛r❛

♦✉tr♦s ✈❛❧♦r❡s ❞❡ a ♦ ❝♦♠♣♦rt❛♠❡♥t♦ é ♦ ♠❡s♠♦✳ P❡❧❛ ♣r♦①✐♠✐❞❛❞❡ ❞❛s ♣❛rt❡s✱ ♦ ❛♠❜✐❡♥t❡ ✐♥❞✉③

❡♠❛r❛♥❤❛♠❡♥t♦ ❣❛✉ss✐❛♥♦ ❡ ❡st❡ só é ♣❡r❞✐❞♦ ♣♦r ❝❛✉s❛ ❞❛ t❡♠♣❡r❛t✉r❛✳

❱❡❥❛♠♦s ❛❣♦r❛ ❛ ❡✈♦❧✉çã♦ ❞❛s ❝♦rr❡❧❛çõ❡s q✉â♥t✐❝❛s ♥♦ ❡st❛❞♦ ✭✸✳✹✷✮ ❝♦♠ k0a = 0.4 ✭✈❡❥❛

✜❣✉r❛ ✸✳✶✶✮ ❛ t❡♠♣❡r❛t✉r❛ ③❡r♦ ♣❛r❛ ❛❝♦♣❧❛♠❡♥t♦s ❝♦♠ ♦ r❡s❡r✈❛tór✐♦ ❞❡ ❞✐❢❡r❡♥t❡ ✐♥t❡♥s✐❞❛❞❡ ❡

❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❡ k0L✳ ❖ ❡♠❛r❛♥❤❛♠❡♥t♦ ❞♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ ♥ã♦ é ❞❡t❡t❛❞♦ ♣♦r ❝r✐tér✐♦s ❜❛s❡❛❞♦s

❡♠ s❡❣✉♥❞♦s ♠♦♠❡♥t♦s✱ ♠❛s ❞❡ ♥♦✈♦ ❛ ✐♥t❡r❛çã♦ ♠❡❞✐❛❞❛ ♣❡❧♦ r❡s❡r✈❛tór✐♦ ✐♥❞✉③ ❡♠❛r❛♥❤❛♠❡♥t♦

❣❛✉ss✐❛♥♦✳ ➚ ♠❡❞✐❞❛ q✉❡ ♦s ❝❡♥tr♦s ❞♦s ♣♦t❡♥❝✐❛✐s ❤❛r♠ô♥✐❝♦s s❡ ❛❢❛st❛♠✱ ❛ ✐♥✢✉ê♥❝✐❛ ❞♦ ❛♠❜✐❡♥t❡

é ♠❡♥♦s ❢♦rt❡✱ ❛té ♦ ♣♦♥t♦ ❡♠ q✉❡ ♣❛r❛ ❞✐stâ♥❝✐❛s ❝♦♠♣❛rá✈❡✐s ❝♦♠ ♦ ❝♦♠♣r✐♠❡♥t♦ ❝❛r❛❝t❡ríst✐❝♦

❞♦ r❡s❡r✈❛tór✐♦ s✉r❣❡ ✉♠ ❛tr❛s♦ ♥❛ ❢♦r♠❛çã♦ ❞❛s ❝♦rr❡❧❛çõ❡s ❣❛✉ss✐❛♥❛s ❝♦♠♣❧❡t❛♠❡♥t❡ ❛♥á❧♦❣♦ ❛♦

❛♣r❡s❡♥t❛❞♦ ♥❛ s❡çã♦ ✭✸✳✸✳✶✮✳ P♦ré♠✱ ♥♦ ❧❛❞♦ ❞✐r❡✐t♦ ❞❛ ✜❣✉r❛ ✸✳✶✶ ✭♦♥❞❡ γ = 1✮ ♦❜s❡r✈❛♠♦s ✉♠❛

✐♥✈❡rsã♦ ♥♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛ ♥❡❣❛t✐✈✐❞❛❞❡ ♣❛r❛ ❛s ❞✐stâ♥❝✐❛s ✐♥t❡r✲♣♦ç♦ ❞❡ k0L = 0.5 ❡ k0L = 0.8

❡♠ r❡❧❛çã♦ ❛♦ ❣rá✜❝♦ ❞❛ ❡sq✉❡r❞❛ ✭❝♦♠ γ = 0.3✮✳ P❛r❡❝❡ ❡①✐st✐r ✉♠❛ ❞✐stâ♥❝✐❛ ♥❛ q✉❛❧ ❛ ✐♥✢✉ê♥❝✐❛

❞♦ r❡s❡r✈❛tór✐♦ ❛♣r❡s❡♥t❛ ✉♠ ♠í♥✐♠♦ ❧♦❝❛❧✱ ♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ✐♥❞✉③✐❞♦ ❞✐♠✐♥✉✐ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞❡
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❋✐❣✉r❛ ✸✳✶✶✿ ◆❡❣❛t✐✈✐❞❛❞❡ ❧♦❣❛rít♠✐❝❛ ❝♦♠♦ ❢✉♥çã♦ ❞♦ t❡♠♣♦✳ ❖s ♣❛râ♠❡tr♦s ✉s❛❞♦s ❢♦r❛♠✱ k0a =
0.4✱ ω0 = 1✱ kT = 0✱ Ω = 10 ❡ γ = 0.3 à ❡sq✉❡r❞❛ ❡ γ = 1 à ❞✐r❡✐t❛✳

k0L ❛t✐♥❣❡ ♦ ♠í♥✐♠♦ ❡ ❞❡♣♦✐s ❝r❡s❝❡ ❞❡ ♥♦✈♦✳ ◆❛ ✜❣✉r❛ ✸✳✶✷ ❡ss❡ ❢❡♥ô♠❡♥♦ é ❛♥❛❧✐s❛❞♦ ❝♦♠ ♠❛✐♦r

❞❡t❛❧❤❡✳

❈♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ♦❜s❡r✈❛r ♠❛✐s ❝❧❛r❛♠❡♥t❡ ♦ ❡❢❡✐t♦ ❞❡ ✐♥✈❡rsã♦ ♥♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❞❛

♥❡❣❛t✐✈✐❞❛❞❡ ❛♣♦♥t❛❞♦ ♥❛ ❛♥á❧✐s❡ ❞❛ ✜❣✉r❛ ✸✳✶✶✱ ❣r❛✜❝❛♠♦s ♥❛ ✜❣✉r❛ ✸✳✶✷ ❛ ❡✈♦❧✉çã♦ ❞❛ ♥❡❣❛t✐✈✐❞❛❞❡

❧♦❣❛rít♠✐❝❛ ♣❛r❛ ✉♠ ❡st❛❞♦ ✐♥✐❝✐❛❧♠❡♥t❡ s❡♣❛rá✈❡❧ ✭k0a = 0✮ ❡ ❞✐❢❡r❡♥t❡s ✈❛❧♦r❡s ❞❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♦s

❝❡♥tr♦s ❞♦s ♣♦t❡♥❝✐❛✐s ❤❛r♠ô♥✐❝♦s✳ ◆❡st❛ ✜❣✉r❛✱ ♦❜s❡r✈❛✲s❡ ❝❧❛r❛♠❡♥t❡ três ✐♥t❡r✈❛❧♦s ❞❡ ❞✐stâ♥❝✐❛s

r❡❧❡✈❛♥t❡s✳ ❖ ♣r✐♠❡✐r♦ ❝♦rr❡s♣♦♥❞❡ ❛ ❞✐stâ♥❝✐❛s ♣❛r❛ ❛s q✉❛✐s k0L < 1√
3
✱ ♥❡st❡ ✐♥t❡r✈❛❧♦ q✉❛♥❞♦

❛ ❞✐stâ♥❝✐❛ ✐♥t❡r✲♣♦ç♦ ❛✉♠❡♥t❛ ♦ ❡♠❛r❛♥❤❛♠❡♥t♦ r❡♠❛♥❡s❝❡♥t❡ ✐♥❞✉③✐❞♦ ❞✐♠✐♥✉✐✱ ♦ q✉❡ s❡ ❡①♣❧✐❝❛

♣❡❧♦ ❛✉♠❡♥t♦ ❞❛ ❢✉♥çã♦ ❞✐ss✐♣❛t✐✈❛ γ−(L) ✭✈❡❥❛ ❛ ✜❣✉r❛ ✸✳✶✸✮ q✉❡ ❡stá ❧✐❣❛❞❛ à ❝♦♦r❞❡♥❛❞❛ r❡❧❛t✐✈❛✳

❊st❡ ❡❢❡✐t♦ s❡ r❡✢❡t❡ ♥❛ ✜❣✉r❛ ✷✳✷ ❡ r❡♣r❡s❡♥t❛ ❛ ♣❡r❞❛ ❞❡ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ❛s ❢♦rç❛s ✢✉t✉❛♥t❡s f1(t) ❡

f2(t)✳ ❖ s❡❣✉♥❞♦ ✐♥t❡r✈❛❧♦ ❝♦rr❡s♣♦♥❞❡ à r❡❣✐ã♦ 1√
3
< k0L < 1.0✱ ♥❡st❛ s✐t✉❛çã♦✱ ♦ ❛✉♠❡♥t♦ ❞❡ k0L

♣r♦❞✉③ ✉♠ ❛✉♠❡♥t♦ ♥♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ✐♥❞✉③✐❞♦✳ ❉❡♥tr♦ ❞❡st❡ ✐♥t❡r✈❛❧♦✱ ❛s ❢✉♥çõ❡s γ+(L) ❡ γ−(L)✱

❛ss✐♠ ❝♦♠♦ ❛ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ❛s ❢♦rç❛s ✢✉t✉❛♥t❡s ✭❡q✉❛çã♦ ✷✳✺✾✮✱ s♦❢r❡♠ ✉♠❛ ✐♠♣♦rt❛♥t❡ tr❛♥s✐çã♦

✭✜❣✉r❛ ✸✳✶✸✮✳ ❆ ❢✉♥çã♦ γ+(L)✱ r❡s♣♦♥sá✈❡❧ ♣❡❧❛ ❞✐ss✐♣❛çã♦ ♥❛ ❝♦♦r❞❡♥❛❞❛ ❞♦ ❝❡♥tr♦ ❞❡ ♠❛ss❛✱ ♣❛ss❛

❛ s❡r ♠❡♥♦r ❞♦ q✉❡ γ−(L)✱ ❡❢❡✐t♦ q✉❡ s❡ r❡✢❡t❡ ♥❛ ✐♥✈❡rsã♦ ❞❡ s✐♥❛❧ ♥❛ ❝♦rr❡❧❛çã♦ ❡♥tr❡ ❛s ❢♦rç❛s

✢✉t✉❛♥t❡s✳ ❖ ❡♠❛r❛♥❤❛♠❡♥t♦ ✐♥❞✉③✐❞♦ é ♠í♥✐♠♦ q✉❛♥❞♦ ❛ ❝♦rr❡❧❛çã♦ 〈f1(t)f2(t)〉 = 0 ❡ ❝r❡s❝❡ ❝♦♠

♦ ❛✉♠❡♥t♦ ❞♦ ✈❛❧♦r ❛❜s♦❧✉t♦ ❞❡ ❞✐t❛ ❝♦rr❡❧❛çã♦✳ ❚♦❞♦s ❡ss❡s ❢❡♥ô♠❡♥♦s ❝❛r❛❝t❡r✐③❛♠ ❛ ❝♦♠♣❡t✐çã♦

❡♥tr❡ ❛ ✐♥❞✉çã♦ ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦ ❡ ❛ ❞❡❝♦❡rê♥❝✐❛✱ q✉❡ ♥♦ ✐♥t❡r✈❛❧♦ 1√
3
< k0L < 1.0 t❡♠ ❝♦♠♦

✈❡♥❝❡❞♦r ♦ ♣r✐♠❡✐r♦✳ ◆♦ ú❧t✐♠♦ ✐♥t❡r✈❛❧♦ ❝♦♥s✐❞❡r❛❞♦ k0L > 1.0✱ ♦❜s❡r✈❛♠♦s q✉❡ ♦ ❡♠❛r❛♥❤❛♠❡♥t♦

r❡♠❛♥❡s❝❡♥t❡ ❞❡❝r❡s❝❡ ❞❡ ♥♦✈♦ ❛té ❞❡s♣❛r❡❝❡r q✉❛♥❞♦ k0L → ∞✳ ◆❡st❛s ❝♦♥❞✐çõ❡s✱ ❛s ❢✉♥çõ❡s

❞✐ss✐♣❛t✐✈❛s ❣r❛✜❝❛❞❛s ♥❛ ✜❣✉r❛ ✸✳✶✸ s❡ ✐❣✉❛❧❛♠ ❡ ❛s ❢♦rç❛s ✢✉t✉❛♥t❡s ♣❡r❞❡♠ ❛ s✉❛ ❝♦rr❡❧❛çã♦

r❡♣r♦❞✉③✐♥❞♦ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❡♥❝♦♥tr❛❞♦ ♥♦ ❧✐♠✐t❡ ❞♦s r❡s❡r✈❛tór✐♦s ✐♥❞❡♣❡♥❞❡♥t❡s ❛t✉❛♥❞♦ s♦❜r❡

❝❛❞❛ ♣❛rtí❝✉❧❛ s❡♣❛r❛❞❛♠❡♥t❡✳
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❈♦♥❝❧✉sõ❡s

◆❡st❡ tr❛❜❛❧❤♦ ❡st✉❞❛♠♦s ❛ ❞✐♥â♠✐❝❛ q✉â♥t✐❝❛ ❞❡ ❞✉❛s ♣❛rtí❝✉❧❛ ❜r♦✇♥✐❛♥❛s ✐♠❡rs❛s ❡♠ ✉♠ ♠❡✐♦

❞✐ss✐♣❛t✐✈♦✳ ❖ ♠❡✐♦ ❢♦✐ ♠♦❞❡❧❛❞♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❧✐♠✐t❡ ❞❡ ✐♥✜♥✐t♦s ❣r❛✉s ❞❡ ❧✐❜❡r❞❛❞❡✱ ❝♦♠♦ ✉♠

❝♦♥❥✉♥t♦ ❞❡ ♦s❝✐❧❛❞♦r❡s ❤❛r♠ô♥✐❝♦s ❝✉❥❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ❞✐♥â♠✐❝❛ s❛t✐s❢❛③ ❛ r❡❧❛çã♦ ■♠χk(ω) ≈
f(k)ωθ(Ω−ω)✱ ❡st❛ ❢♦r♠❛ ♣❛rt✐❝✉❧❛r ♣❡r♠✐t❡ ❛♥❛❧✐s❛r ❡♠ ❢♦r♠❛ s❡♣❛r❛❞❛ ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❡s♣❛❝✐❛❧

❡ t❡♠♣♦r❛❧ ❞❛ r❡s♣♦st❛ ❧✐♥❡❛r ❞♦ r❡s❡r✈❛tór✐♦✳ ❆ ❞✐♥â♠✐❝❛ ♠❛r❦♦✈✐❛♥❛ é ♦❜t✐❞❛ q✉❛♥❞♦ t♦♠❛♠♦s ♦

❧✐♠✐t❡ ❞❛ ❢r❡q✉ê♥❝✐❛ ❞❡ ❝♦rt❡ Ω → ∞ ❡❧✐♠✐♥❛♥❞♦ ❛ss✐♠ ❛ ♠❡♠ór✐❛ ❞♦ r❡s❡r✈❛tór✐♦✳ P♦r ♦✉tr♦ ❧❛❞♦

❛ ❢✉♥çã♦ f(k) ♣❡r♠✐t❡ ✐♥tr♦❞✉③✐r ✉♠❛ ❡s❝❛❧❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦s q✉❡ é ❞❡ ❣r❛♥❞❡ ✐♥t❡r❡ss❡ q✉❛♥❞♦ ♦

s✉❜s✐st❡♠❛ é ❢♦r♠❛❞♦ ♣♦r ♠❛✐s ❞❡ ✉♠❛ ♣❛rtí❝✉❧❛ ❜r♦✇♥✐❛♥❛✳ ◆♦ ❝❛s♦ ♠❛✐s ❣❡r❛❧✱ ❛ ✐♥✢✉ê♥❝✐❛ ❞♦

❜❛♥❤♦ é ♠✉✐t♦ ♠❛✐s ❝♦♠♣❧❡①❛ ❞♦ q✉❡ ❛q✉❡❧❛ q✉❡ ❣❡r❛ ♦ ♠♦✈✐♠❡♥t♦ ❜r♦✇♥✐❛♥♦✱ ✐♥❝❧✉s✐✈❡ ♥♦ ❝❛s♦ ❞❡

✉♠❛ ♣❛rtí❝✉❧❛✳ P♦rt❛♥t♦✱ ♣❛r❛ ✉♠❛ ♣❛rtí❝✉❧❛ ♦ ❝♦♠♣r✐♠❡♥t♦ ❝❛r❛❝t❡ríst✐❝♦ ❡st❛❜❡❧❡❝❡ ❛s ❝♦♥❞✐çõ❡s

❞❡ ♣r❡♣❛r❛çã♦ ♣❛r❛ q✉❡ ❡st❛ s✐❣❛ ✉♠❛ ❞✐♥â♠✐❝❛ ❜r♦✇♥✐❛♥❛✳

❊st✉❞❛♠♦s ❛ ✐♠♣♦rtâ♥❝✐❛ ❞❡ ✐♥❝❧✉✐r ✉♠ ❝♦♥tr❛t❡r♠♦ ♥♦ t❡r♠♦ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦

❡ ♠♦str❛♠♦s ❝♦♠♦ ✉♠❛ ❛♥á❧✐s❡ ❝♦♠♣❧❡t❛ ❞❡st❛ ♣❛rt❡ ❞♦ ❍❛♠✐❧t♦♥✐❛♥♦ é ♥❡❝❡ssár✐❛ ♣❛r❛ ♦❜t❡r♠♦s

❛ ❞✐♥â♠✐❝❛ ❛❞❡q✉❛❞❛✳ ◆♦ ❧✐♠✐t❡ ❝❧áss✐❝♦ ❡ ♥♦ ❝❛s♦ ❞❡ t❡r♠♦s ✉♠❛ ú♥✐❝❛ ♣❛rtí❝✉❧❛ ❜r♦✇♥✐❛♥❛✱ ♦

❛❝♦♣❧❛♠❡♥t♦ ♠❛✐s ♦ ❝♦♥tr❛t❡r♠♦ ❞❡✈❡ ♥♦s ❣❛r❛♥t✐r ✉♠❛ ❡q✉❛çã♦ t✐♣♦ ▲❛♥❣❡✈✐♥ ♣❛r❛ ❛ ✈❛r✐á✈❡❧

❞❡ ✐♥t❡r❡ss❡ ❡ ❛♦ ♠❡s♠♦ t❡♠♣♦ ✉♠ ❍❛♠✐❧t♦♥✐❛♥♦ ✐♥✈❛r✐❛♥t❡ s♦❜ tr❛♥s❧❛çõ❡s q✉❛♥❞♦ ❝♦♥s✐❞❡r❛♠♦s

♣❛rtí❝✉❧❛s ❧✐✈r❡s ❡ ❛♠❜✐❡♥t❡s ❤♦♠♦❣ê♥❡♦s✳ ◗✉❛♥❞♦ ✐♥s❡r✐♠♦s ✉♠❛ s❡❣✉♥❞❛ ♣❛rtí❝✉❧❛ ♥♦ ❛♠❜✐❡♥t❡

♦ ❝♦♥tr❛t❡r♠♦ ❛❞q✉✐r❡ ❛✐♥❞❛ ♠❛✐s ✐♠♣♦rtâ♥❝✐❛ ❥á q✉❡ ♦s ♣♦ssí✈❡✐s ❡❢❡✐t♦s ❞❡ ✐♥t❡r❛çã♦ ♠❡❞✐❛❞❛

♣❡❧♦ r❡s❡r✈❛tór✐♦ ♣♦❞❡♠ s❡r ♦❝✉❧t❛❞♦s ♦✉ ♠❛❧ ✐♥t❡r♣r❡t❛❞♦s ❞❡✈✐❞♦ ❛ ✉♠❛ ♠♦❞❡❧❛❣❡♠ ❡rr❛❞❛✳ ❆

❞✐♥â♠✐❝❛ ❝❧áss✐❝❛ ♦❜t✐❞❛ ❝♦♠ ♦ ♠♦❞❡❧♦ ❞❡ ❛❝♦♣❧❛♠❡♥t♦ s✐st❡♠❛✲r❡s❡r✈❛tór✐♦ ❛q✉✐ ❛♣r❡s❡♥t❛❞♦✱ ♥♦s

♣❡r♠✐t❡ ❡♥❝♦♥tr❛r ✉♠❛ ❡q✉❛çã♦ t✐♣♦ ▲❛♥❣❡✈✐♥ s❡♠ ♣♦t❡♥❝✐❛❧ ❡①t❡r♥♦ ♣❛r❛ ❛ ❝♦♦r❞❡♥❛❞❛ ❞♦ ❝❡♥tr♦

❞❡ ♠❛ss❛ ❝♦♠ ✉♠ t❡r♠♦ ❞✐ss✐♣❛t✐✈♦ q✉❡✱ ❡♠ ❣❡r❛❧✱ ❞❡♣❡♥❞❡ ❞❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❛s ♣❛rtí❝✉❧❛s✳ P❛r❛ ❛

❝♦♦r❞❡♥❛❞❛ r❡❧❛t✐✈❛✱ ❛❧é♠ ❞♦ t❡r♠♦ ❞✐ss✐♣❛t✐✈♦✱ t❡♠♦s ✉♠❛ ✐♥t❡r❛çã♦ q✉❡ ♣♦❞❡ s❡r ❞❡r✐✈❛❞❛ ❞❡ ✉♠

♣♦t❡♥❝✐❛❧ ❡❢❡t✐✈♦ ✐♥❞✉③✐❞♦ ♣❡❧♦ ❛❝♦♣❧❛♠❡♥t♦ ❝♦♠ ♦ r❡s❡r✈❛tór✐♦✳

❆ ❞✐♥â♠✐❝❛ q✉â♥t✐❝❛ ❞❡ ♣❛rtí❝✉❧❛s ❜r♦✇♥✐❛♥❛s ❧✐✈r❡s ❢♦✐ ❛♥❛❧✐s❛❞❛ ❝♦♥s✐❞❡r❛♥❞♦ três s✐t✉❛çõ❡s

r❡❧❡✈❛♥t❡s✳ Pr✐♠❡✐r♦ ❛ss✉♠✐♥❞♦ q✉❡ ❛s ♣❛rt❡s ❞♦ s✉❜s✐st❡♠❛ s❡ ❡♥❝♦♥tr❛✈❛♠ ❡♠ r❡❣✐õ❡s ❡s♣❛❝✐❛✐s

♠✉✐t♦ ♣❡q✉❡♥❛s ❡♠ ❝♦♠♣❛r❛çã♦ ❝♦♠ ♦ ❝♦♠♣r✐♠❡♥t♦ ❝❛r❛❝t❡ríst✐❝♦ ❞♦ r❡s❡r✈❛tór✐♦✱ ♥❡st❡ ❝❛s♦ ❛

❞✐♥â♠✐❝❛ é ❧♦❝❛❧ ❡ ❛ ❝♦♦r❞❡♥❛❞❛ r❡❧❛t✐✈❛ ❡✈♦❧✉✐ ❧✐✈r❡ ❞❡ ❞✐ss✐♣❛çã♦✳ ❆ s❡❣✉♥❞❛ s✐t✉❛çã♦ ❝♦♥s✐❞❡r❛❞❛✱

✺✸
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❝♦rr❡s♣♦♥❞❡ ❛ ❛ss✉♠✐r q✉❡ ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❛s ♣❛rtí❝✉❧❛s é ♠✉✐t♦ ❣r❛♥❞❡ q✉❛♥❞♦ ❝♦♠♣❛r❛❞❛

❝♦♠ ♦ ❝♦♠♣r✐♠❡♥t♦ ❝❛r❛❝t❡ríst✐❝♦ ❞♦ s✐st❡♠❛✱ ♥❡st❡ ❝❛s♦✱ ❛ ❞✐♥â♠✐❝❛ é ❡q✉✐✈❛❧❡♥t❡ à ❞❡ ❞✉❛s

♣❛rtí❝✉❧❛s ❛❝♦♣❧❛❞❛s ❛ ❞♦✐s r❡s❡r✈❛tór✐♦s ✐♥❞❡♣❡♥❞❡♥t❡s✱ ♦✉ s❡❥❛ ❞✉❛s ♣❛rtí❝✉❧❛s ❜r♦✇♥✐❛♥❛s q✉❡

♥✉♥❝❛ ✐♥t❡r❛❣❡♠✳ ❋✐♥❛❧♠❡♥t❡✱ ❢♦✐ ❝♦♥s✐❞❡r❛❞❛ ❛ s✐t✉❛çã♦ ✐♥t❡r♠❡❞✐ár✐❛ ❡♠ q✉❡ ❛s ❞✐stâ♥❝✐❛s ❡♥tr❡

❛s r❡❣✐õ❡s ✜s✐❝❛♠❡♥t❡ ♣❡r♠✐t✐❞❛s ♣❛r❛ ❛s ♣❛rtí❝✉❧❛s sã♦ ❞❛ ♠❡s♠❛ ♦r❞❡♠ ❞❡ ❣r❛♥❞❡③❛ ❞♦ q✉❡ ♦

❝♦♠♣r✐♠❡♥t♦ ❝❛r❛❝t❡ríst✐❝♦ ❞♦ ❛♠❜✐❡♥t❡✳

◆❛s três s✐t✉❛çõ❡s ❛♥t❡r✐♦r♠❡♥t❡ ❡①♣♦st❛s ❡st✉❞❛♠♦s ❛ ❡✈♦❧✉çã♦ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❞❡ ✉♠

❡st❛❞♦ ❣❛✉ss✐❛♥♦ ❝♦♠♣r✐♠✐❞♦ ✈❛r✐❛♥❞♦ ♦s ♣❛râ♠❡tr♦s ❞♦ s✐st❡♠❛ ✭♣❛râ♠❡tr♦ ❞❡ ❝♦♠♣r❡ssã♦✱

❝♦❡✜❝✐❡♥t❡ ❞✐ss✐♣❛t✐✈♦✱ t❡♠♣❡r❛t✉r❛ ❡ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❛s ♣❛rtí❝✉❧❛s✮✳ ❊♥❝♦♥tr❛♠♦s q✉❡ ❡①✐st❡ ✉♠❛

❝♦♠♣❡t✐çã♦ ❡♥tr❡ ❛ ❞❡❝♦❡rê♥❝✐❛ ❡ ♦ ❡❢❡✐t♦ ❞❡ ✐♥❞✉çã♦ ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦✳ P❛r❛ ♣❡q✉❡♥❛s ❞✐stâ♥❝✐❛s

❡ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛s ❡st❡ ú❧t✐♠♦ é ♦ ♠❛✐s ✐♠♣♦rt❛♥t❡ ❡ ♥♦s ❝❛s♦s ❛♥❛❧✐s❛❞♦s ❡♠ ❡st❛s ❝♦♥❞✐çõ❡s

s❡♠♣r❡ ❛❝❤❛♠♦s ✉♠ ❡♠❛r❛♥❤❛♠❡♥t♦ r❡♠❛♥❡s❝❡♥t❡✳ P♦ré♠✱ q✉❛♥❞♦ ♦ ❡st❛❞♦ ✐♥✐❝✐❛❧ s❡ ❡♥❝♦♥tr❛

❡♠❛r❛♥❤❛❞♦✱ ❛ ❡✈♦❧✉çã♦ ❞♦ s✐st❡♠❛ é ♠❡♥♦s s❡♥sí✈❡❧ às ❝♦rr❡❧❛çõ❡s ✐♥❞✉③✐❞❛s ❡ ♠❛✐s s❡♥sí✈❡❧

❛♦s ❡❢❡✐t♦ ❞❡ ❞❡❝♦❡rê♥❝✐❛✳ P❛r❛ ❣r❛♥❞❡s ❞✐stâ♥❝✐❛s ♦✉ ❛❧t❛s t❡♠♣❡r❛t✉r❛s✱ ❛ ❞❡❝♦❡rê♥❝✐❛ ❞♦♠✐♥❛

❞❡str✉✐♥❞♦ r❛♣✐❞❛♠❡♥t❡ ❛s ❝♦rr❡❧❛çõ❡s q✉â♥t✐❝❛s✳ P❛r❛ ❞✐stâ♥❝✐❛s ✐♥t❡r♣❛rtí❝✉❧❛ ❝♦♠♣❛rá✈❡✐s ❝♦♠

♦ ❝♦♠♣r✐♠❡♥t♦ ❝❛r❛❝t❡ríst✐❝♦ ❞♦ r❡s❡r✈❛tór✐♦✱ ♦❜s❡r✈❛♠♦s ❛ ♣❡r❞❛ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ✐♥✐❝✐❛❧ ❡

♣♦st❡r✐♦r♠❡♥t❡ ♦ ❛♣❛r❡❝✐♠❡♥t♦ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ✐♥❞✉③✐❞♦✱ ❡st❡ ❢❡♥ô♠❡♥♦ s❡ ❛♣r❡s❡♥t❛ ❝♦♠ ✉♠

✐♥t❡r✈❛❧♦ ❞❡ t❡♠♣♦ ❡♥tr❡ ♦s ❞♦✐s ❡✈❡♥t♦s ❝✉❥❛ ❞✉r❛çã♦ é ❝♦♥tr♦❧á✈❡❧ ♠❛♥✐♣✉❧❛♥❞♦ ♦s ♣❛râ♠❡tr♦s ❞♦

s✐st❡♠❛✱ ❡♠ ♣❛rt✐❝✉❧❛r ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❛s ♣❛rtí❝✉❧❛s✳

❋✐♥❛❧♠❡♥t❡✱ ❛♣❧✐❝❛♠♦s ♦ ♥♦ss♦ ♠♦❞❡❧♦ à ❡✈♦❧✉çã♦ ❞❡ ✉♠ s✐st❡♠❛ ❢♦r♠❛❞♦ ♣♦r ❞♦✐s ♦s❝✐❧❛❞♦r❡s

❤❛r♠ô♥✐❝♦s ♣r❡♣❛r❛❞♦s ❡♠ ✉♠ ❡st❛❞♦ ✐♥✐❝✐❛❧ ♥ã♦ ❣❛✉ss✐❛♥♦ ❢♦r♠❛❞♦ ♣❡❧❛ s✉♣❡r♣♦s✐çã♦ ❞❡ ❞♦✐s ♣❛❝♦t❡s

❞❡ ♦♥❞❛ ❣❛✉ss✐❛♥♦s✳ P❛r❛ ❡st❡ ❡st❛❞♦ ❢♦✐ ❡st✉❞❛❞❛ t❛♠❜é♠ ❛ ❡✈♦❧✉çã♦ ❞♦ ❡♠❛r❛♥❤❛♠❡♥t♦✳ P❛r❛

❡st❛ s✐t✉❛çã♦ ♦s r❡s✉❧t❛❞♦s ♥ã♦ sã♦ ❝♦♥❝❧✉s✐✈♦s ❞❡✈✐❞♦ ❛♦ ❢❛t♦ ❞❡ t❡r♠♦s ✉s❛❞♦ ✉♠❛ ♠❡❞✐❞❛ ❞❡

❡♠❛r❛♥❤❛♠❡♥t♦ ✭♥❡❣❛t✐✈✐❞❛❞❡ ❧♦❣❛rít♠✐❝❛✮ q✉❡✱ ♣❛r❛ ❡st❛❞♦s ♥ã♦ ❣❛✉ss✐❛♥♦s✱ só ❢♦r♥❡❝❡ r❡s✉❧t❛❞♦s

❝♦♥✜á✈❡✐s q✉❛♥❞♦ ♦ s❡✉ ✈❛❧♦r é ♣♦s✐t✐✈♦✳ P♦ré♠✱ ❢♦✐ ♣♦ssí✈❡❧ ❞❡t❡r♠✐♥❛r três r❡❣✐õ❡s ❡s♣❛❝✐❛✐s ❡♠

q✉❡ ❛ ✐♥✢✉ê♥❝✐❛ ❞♦ r❡s❡r✈❛tór✐♦ ❛♣r❡s❡♥t❛ ❝♦♠♣♦rt❛♠❡♥t♦s q✉❛❧✐t❛t✐✈♦s ❞✐❢❡r❡♥t❡s✳ ❊♠ ♣❛rt✐❝✉❧❛r✱

♣❛r❛ ✉♠ ❡st❛❞♦ ✐♥✐❝✐❛❧ s❡♣❛rá✈❡❧ ❡ ❜❛✐①❛s t❡♠♣❡r❛t✉r❛✱ ❝♦♠ ♦ ❛✉♠❡♥t♦ ❞❛ ❞✐stâ♥❝✐❛ L ❡♥tr❡ ♦ ❝❡♥tr♦

❞♦s ♣♦t❡♥❝✐❛✐s ❤❛r♠ô♥✐❝♦s✿ ♦ ❡♠❛r❛♥❤❛♠❡♥t♦ ❞✐♠✐♥✉✐ ♣❛r❛ ✈❛❧♦r❡s ❞❡ 0 < k0L <
1√
3
✱ ❛✉♠❡♥t❛ ♣❛r❛

✈❛❧♦r❡s ❞❡ 1√
3
< k0L < 1.0 ❡ ❞✐♠✐♥✉✐ ❞❡ ♥♦✈♦ ♣❛r❛ ✈❛❧♦r❡s ❞❡ k0L > 1✳ ❊st❡ ❝♦♠♣♦rt❛♠❡♥t♦✱ ✉♠❛ ✈❡③

♠❛✐s s✉❣❡r❡ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ ♦❜t❡r♠♦s ♦ ❣r❛✉ ❞❡ ❡♠❛r❛♥❤❛♠❡♥t♦ ❞❡s❡❥❛❞♦ ♠❡❞✐❛♥t❡ ❛ ♠❛♥✐♣✉❧❛çã♦

❞♦s ♣❛râ♠❡tr♦s ❞♦ s✐st❡♠❛✳ ❖ ❡❢❡✐t♦ ❞❡ ♣❡r❞❛ ❡ ❣❛♥❤♦ ❞❡ ❝♦rr❡❧❛çõ❡s é ✉♠❛ ♠❛♥✐❢❡st❛çã♦✱ ♥♦ ❧✐♠✐t❡

q✉â♥t✐❝♦✱ ❞❛ ❞❡♣❡♥❞ê♥❝✐❛ ❡s♣❛❝✐❛❧ ❞❛s ♣r♦♣r✐❡❞❛❞❡s ❡st❛tíst✐❝❛s ❞❛s ❢♦rç❛s ✢✉t✉❛♥t❡s ♣r❡s❡♥t❡s ♥❛

❞✐♥â♠✐❝❛ ❝❧áss✐❝❛✳

❖s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s ♥❡st❡ tr❛❜❛❧❤♦ sã♦ r❡❧❡✈❛♥t❡s ♣❛r❛ ✉♠ ♠❡❧❤♦r ❡♥t❡♥❞✐♠❡♥t♦ ❞❛

❡✈♦❧✉çã♦ ❞♦s s✐st❡♠❛s ❜✐♣❛rt✐t❡ q✉❛♥❞♦ ❛ ✐♥✢✉ê♥❝✐❛ ❞♦ ❛♠❜✐❡♥t❡ ♥ã♦ ♣♦❞❡ s❡r ❞❡s♣r❡③❛❞❛✱ ♣♦r

❡①❡♠♣❧♦ ♥♦ ❝♦♥t❡①t♦ ❞❛ t❡♦r✐❛ ❞❡ ✐♥❢♦r♠❛çã♦ q✉â♥t✐❝❛✳ ❆ ❡①t❡♥sã♦ ❛♦ ❝❛s♦ ❞❡ ♠❛✐s ❞❡ ❞✉❛s

♣❛rtí❝✉❧❛s ❜r♦✇♥✐❛♥❛s ❞✐st✐♥❣✉í✈❡✐s é ❞✐r❡t❛ ❡ ♣♦❞❡ ❝♦♥tr✐❜✉✐r ♣❛r❛ ❡st✉❞♦ ❞❛s ❝♦rr❡❧❛çõ❡s q✉â♥t✐❝❛s

❞❡ s✐st❡♠❛s ♠✉❧t✐♣❛rt✐t❡✳ P❛r❛ ♣❛rtí❝✉❧❛s ✐♥❞✐st✐♥❣✉í✈❡✐s ❡ ✐♥t❡r❛❣❡♥t❡s ♦ ❢♦r♠❛❧✐s♠♦ ❛♣r❡s❡♥t❛❞♦

❛q✉✐✱ ❡♠❜♦r❛ ❛♣❧✐❝á✈❡❧✱ ♥ã♦ é ♦ ♠❛✐s ❛❞❡q✉❛❞♦ ❥á q✉❡ ♣❡r♠✉t❛r ❛s tr❛❥❡tór✐❛s ♥❛s ✐♥t❡❣r❛✐s ❢✉♥❝✐♦♥❛✐s



❈❆P❮❚❯▲❖ ✹✳ ❈❖◆❈▲❯❙Õ❊❙ ✺✺

♣❛r❛ ❣❛r❛♥t✐r ❛ ❡st❛tíst✐❝❛ ❛❞❡q✉❛❞❛ ❧❡✈❛r✐❛ ❛ ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❞✐❢í❝✐❧ ✐♥t❡r♣r❡t❛❝ã♦✱ s❡♥❞♦ ♥❡❝❡ssár✐♦

✉s❛r ❢❡rr❛♠❡♥t❛s ♣ró♣r✐❛s ❞❛ t❡♦r✐❛ ❞❡ ❝❛♠♣♦s✳ ❆♣❡s❛r ❞❛ ❝♦♠♣❧❡①✐❞❛❞❡✱ ❡ss❛ t❛r❡❢❛ s❡ ❡♥❝♦♥tr❛

❛t✉❛❧♠❡♥t❡ ❡♠ ❡st✉❞♦ ❞❡✈✐❞♦ à s✉❛ ❛♣❧✐❝❛❜✐❧✐❞❛❞❡ ❡♠ s✐st❡♠❛s ❣❡r❛✐s ❞❡ ♠✉✐t❛s ♣❛rtí❝✉❧❛s✳



❆♣ê♥❞✐❝❡ ❆

Pr♦♣r✐❡❞❛❞❡s ❞❛ ❢♦rç❛ ✢✉t✉❛♥t❡

◆❡st❡ ❛♣ê♥❞✐❝❡ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ ❡st❛❜❡❧❡❝❡r ♦ ❝♦♠♣♦rt❛♠❡♥t♦ ❡st❛tíst✐❝♦ ❞❛s ❢♦rç❛s

✢✉t✉❛♥t❡s fi(t)

fi(t) = −1

2

∂

∂xi

∑

k

[

(

C−k(xi)R̃k(0) + Ck(xi)R̃−k(0)
)

cosωkt

+
(

C−k(xi)Ṙk(0) + Ck(xi)Ṙ−k(0)
) sinωkt

ωk

]

.

❙✉♣♦♥❞♦ q✉❡ ♦ ❜❛♥❤♦ ❡st❡❥❛ ✐♥✐❝✐❛❧♠❡♥t❡ ❡♠ ❡q✉✐❧í❜r✐♦ t❡r♠♦❞✐♥â♠✐❝♦ ❡ ✉s❛♥❞♦ ❛ ✐♥✈❛r✐â♥❝✐❛

tr❛♥s❧❛❝✐♦♥❛❧ ❞♦ ♠❡s♠♦✱ t❡♠♦s✱ ♥♦ ❧✐♠✐t❡ ❝❧áss✐❝♦✱

〈

R̃k(0)
〉

=
〈

Ṙk(0)
〉

=
〈

Ṙk(0)R̃k′(0)
〉

= 0 ✭❆✳✶✮

❡
〈

Ṙk(0)Ṙk′(0)
〉

=
kBT

mk
δk(−k′) ❡

〈

R̃k(0)R̃k′(0)
〉

=
kBT

mkω
2
k

δk(−k′) ✭❆✳✷✮

♦♥❞❡ R̃k = Rk +
Ck(x0)
mkω

2
k

✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛ q✉❡ ♥♦ ❝❛s♦ ❧✐♥❡❛r ♣♦❞❡✲s❡ ♠♦str❛r q✉❡ ❛s ♣r♦♣r✐❡❞❛❞❡s

❡st♦❝ást✐❝❛s ❞❡ fi(t) s❛t✐s❢❛③❡♠✱ 〈fi(t)〉 = 0 ❡ 〈fi(t)fi(t′)〉 = 2ηkBTδ(t− t′)✳

❉❛ ❡q✉❛çã♦ ✭❆✳✶✮ é ❞✐r❡t♦ q✉❡ 〈fi(t)〉 = 0 ❡ ♣❛r❛ ❛ ❝♦rr❡❧❛çã♦ t❡♠♦s

〈

fi(t)fi(t
′)
〉

=
1

2

∑

k

[(

∂C−k(xi)

∂xi

∂Ck(x
′
i)

∂x′i
+
∂Ck(xi)

∂xi

∂C−k(x
′
i)

∂x′i

)

〈

R̃k(0)R̃−k(0)
〉

cosωkt cosωkt
′

(

∂C−k(xi)

∂xi

∂Ck(x
′
i)

∂x′i
+
∂Ck(xi)

∂xi

∂C−k(x
′
i)

∂x′i

)

〈

Ṙk(0)Ṙ−k(0)
〉 sinωkt sinωkt

′

ω2
k

]

=
∑

k

kBTk
2κkκ−k

mkω
2
k

cos k[xi(t)− xi(t
′)] cosωk(t− t′), ✭❆✳✸✮

♦♥❞❡ ❢♦✐ ✉s❛❞♦ ✭❆✳✷✮ ❡ Ck(x) = κke
ikx✳ ■❞❡♥t✐✜❝❛♥❞♦ ❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ❞✐♥â♠✐❝❛ ❞♦ ❜❛♥❤♦ ❞❡

✺✻
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♦s❝✐❧❛❞♦r❡s ♥ã♦ ✐♥t❡r❛❣❡♥t❡s t❡♠♦s

〈

fi(t)fi(t
′)
〉

=

∫ ∞

0

2

π

∑

k

kβTk
2κkκ−k

■♠χ(0)
k (ω)

ω
cos k[xi(t)− xi(t

′)] cosωk(t− t′). ✭❆✳✹✮

❙❡♥❞♦ ❝♦❡r❡♥t❡s ❝♦♠ ♥♦ss♦ ♠♦❞❡❧♦ ❢❡♥♦♠❡♥♦❧ó❣✐❝♦ s✉❜st✐t✉í♠♦s ■♠χ(0)
k (ω) → ■♠χk(ω) ♦♥❞❡ χk(ω) =

f(k)ωδ(Ω − ω)✱ ♦ q✉❛❧ é ✈❛❧✐❞♦ ♣❛r❛ ❢r❡q✉ê♥❝✐❛s ♠✉✐t♦ ♣❡q✉❡♥❛s ❝♦♠♣❛r❛❞❛s ❝♦♠ ❛ ❢r❡q✉ê♥❝✐❛ ❞❡

❝♦rt❡ Ω✳ ■♥t❡❣r❛♥❞♦ ❡♠ ω ❝❤❡❣❛♠♦s ❡♠

〈

fi(t)fi(t
′)
〉

=2
∑

k

kBTk
2f(k)κkκ−k cos k[xi(t)− xi(t

′)]δ(t− t′)

=2ηkBTδ(t− t′), ✭❆✳✺✮

❝♦♠

η =
∑

k

k2κkκ−kf(k). ✭❆✳✻✮

❖ t❡r♠♦ ❞❡ ❝♦rr❡❧❛çã♦ ❝r✉③❛❞♦ ♣♦❞❡ s❡r ❝❛❧❝✉❧❛❞♦ ❡♠ ❢♦r♠❛ s✐♠✐❧❛r✱

〈

f1(t)f2(t
′)
〉

=
1

2

∑

k

[(

∂C−k(x1)

∂x1

∂Ck(x
′
2)

∂x′2
+
∂Ck(x1)

∂x1

∂C−k(x
′
2)

∂x′2

)

〈

R̃k(0)R̃−k(0)
〉

cosωkt cosωkt
′

(

∂C−k(x1)

∂x1

∂Ck(x
′
2)

∂x′2
+
∂Ck(x1)

∂x1

∂C−k(x
′
2)

∂x′2

)

〈

Ṙk(0)Ṙ−k(0)
〉 sinωkt sinωkt

′

ω2
k

]

=
∑

k

kBTk
2κkκ−k

mkω
2
k

cos k[x1(t)− x2(t
′)] cosωk(t− t′) ✭❆✳✼✮

❡ ✉s❛♥❞♦ ❛ s✉s❝❡♣t✐❜✐❧✐❞❛❞❡ ❞✐♥â♠✐❝❛ t❡♠♦s

〈

f1(t)f2(t
′)
〉

=2
∑

k

kBTk
2f(k)κkκ−k cos k[x1(t)− x2(t)]δ(t− t′)

=2η[u(t)]kBTδ(t− t′),

❝♦♠

η[u(t)] = η

(

1
(

k20u
2(t) + 1

)2 − 4u2(t)k20
(

k20u
2(t) + 1

)3

)

♦♥❞❡ ✉s❛♠♦s ✭✷✳✹✾✮✳



❆♣ê♥❞✐❝❡ ❇

Pr♦♣❛❣❛❞♦r ♣❛r❛ ♦ ❡st❛❞♦ ❣❛✉ss✐❛♥♦

❝♦♠♣r✐♠✐❞♦

◆❡st❡ ❛♣ê♥❞✐❝❡ ❛♣r❡s❡♥t❛♠♦s ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ q✉❡ ♥♦s ❧❡✈❛ ❞❛ ❡q✉❛çã♦ ✭✷✳✽✸✮ à ❡q✉❛çã♦ ✭✷✳✶✶✶✮✳

P❛r❛ ✐st♦✱ ❝♦♥s✐❞❡r❡♠♦s ♣r✐♠❡✐r♦ ❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞♦ ❡①♣♦♥❡♥t❡ ❞♦ s✉♣❡r♣r♦♣❛❣❛❞♦r ✭✷✳✻✹✮ ❝♦♠

♦ ❢✉♥❝✐♦♥❛❧ ✭✷✳✽✸✮ ♥✉♠❛ s✐t✉❛çã♦ ❡♠ q✉❡ ❛ ❞✐stâ♥❝✐❛ ♠❡❞✐❛ ❡♥tr❡ ❛s ♣❛rtí❝✉❧❛s é ❝♦♠♣❛rá✈❡❧ ❝♦♠ ♦

❝♦♠♣r✐♠❡♥t♦ ❝❛r❛t❡ríst✐❝♦ ❞♦ ❛♠❜✐❡♥t❡✳ ◆❛ ❢♦r♠❛ ♠❛✐s ❣❡r❛❧ t❡♠♦s ✭❛ ♠❡♥♦s ❞♦ ❢❛t♦r 1/~✮

S0[x1(t
′), x2(t′)]− S0[y1(t

′), y2(t′)] +
η

2

∫ t

0
dt′
(

y1(t
′)− x1(t

′)
) (

ẋ1(t
′) + ẏ1(t

′)
)

+
η

2

∫ t

0
dt′
(

y2(t
′)− x2(t

′)
) (

ẋ2(t
′) + ẏ2(t

′)
)

− 1

2

∑

k

κkκ−kkf(k)Dk[x(t), y(t)]

− 1

2

∑

k

κkκ−kkf(k)

∫ t

0
dt′

2
∑

i 6=j=1

sin k[xi(t
′)− yj(t

′)]
[

ẋi(t
′) + ẏj(t

′)
]

+
2Ω

π

∑

k

κkκ−kf(k)

∫ t

0
dt′
(

cos k[x1(t
′)− x2(t

′)]− cos k[y1(t
′)− y2(t

′)]
)

}

,

♦♥❞❡✱

Dk[x(t), y(t)] =
1

k
cos k[x1(t)− x2(t)]−

1

k
cos k[x1(0)− x2(0)]

− 1

k
cos k[y1(t)− y2(t)]−

1

k
cos k[y1(0)− y2(0)] ✭❇✳✶✮

✺✽
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❡ S0[x1(t′), x2(t′)] ❡ ❛ ❛çã♦ ❞♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡ q✉❛♥❞♦ ✐s♦❧❛❞♦✳ ❈♦❧♦❝❛♥❞♦ ♥❛ ❢♦r♠❛ ❡①♣❧í❝✐t❛

❡st❡s ❞♦✐s ♣r✐♠❡✐r♦s t❡r♠♦s ❡ ✉s❛♥❞♦ ❛s ✈❛r✐á✈❡✐s r, χ, u, v t❡♠♦s

η

4

(

4r′χ′ − 4rχ+ u′v′ − uv
)

− 1

2

∑

k

κkκ−kkf(k)Dk[u, v] +M

∫ t

0
dt′
(

2ṙ(t′)χ̇(t′) + u̇(t′)v̇(t′)/2
)

+
η

4

∫ t

0
dt′
(

4χ̇(t′)r(t′) + v̇(t′)u(t′)− u̇(t′)v(t′)− 4ṙ(t′)χ(t′)
)

− 1

2

∑

k

κkκ−kkf(k)

∫ t

0
dt′
(

v̇(t′) sin
[

ku(t′)
]

cos
[

kχ(t′)
]

+ 4ṙ(t′) cos
[

ku(t′)
]

sin
[

kχ(t′)
])

− 2Ω

π

∑

k

κkκ−kf(k)

∫ t

0
dt′
(

2 sin
[

ku(t′)
]

sin
[

kv(t′)/2
])

,

♦♥❞❡

Dk[u, v] =
2

k
sin[ku′] sin[kv′/2]− 2

k
sin[ku(t)] sin[kv(t)/2]. ✭❇✳✷✮

❉❡st❛ ❡①♣r❡ssã♦ é ❡✈✐❞❡♥t❡ q✉❡ ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦ ❝♦rr❡s♣♦♥❞❡♥t❡s sã♦ ♥ã♦ ❧✐♥❡❛r❡s ♦ q✉❡

❞✐✜❝✉❧t❛ ♦ ❝á❧❝✉❧♦ ❞❛s ✐♥t❡❣r❛✐s ❢✉♥❝✐♦♥❛✐s✳ P❛r❛ r❡s♦❧✈❡r ❡ss❡ ♣r♦❜❧❡♠❛ ❛♣r♦①✐♠❛r❡♠♦s ❛ ❡①♣r❡ssã♦

❛❝✐♠❛ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ♦s ❞♦✐s ❧✐♠✐t❡s ✭k0u ≪ 1 ❡ k0u ≫ 1✮ ❝♦♠ s♦❧✉çã♦ ❡①❛t❛ ❝♦♥❤❡❝✐❞❛ s❡❥❛♠

r❡s♣❡✐t❛❞♦s✱ ❛ss✐♠✱ ❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞♦ ❡①♣♦♥❡♥t❡ ❞♦ s✉♣❡r♣r♦♣❛❣❛❞♦r s❡rá s✉❜st✐t✉í❞❛ ♣♦r

η

4

(

4r′χ′ − 4rχ+ u′v′ − uv
)

− η

2
D(k0L)

(

u′v′ − uv
)

+M

∫ t

0
dt′
(

2ṙ(t′)χ̇(t′) + u̇(t′)v̇(t′)/2
)

+
η

4

∫ t

0
dt′
(

4χ̇(t′)r(t′) + v̇(t′)u(t′)− u̇(t′)v(t′)− 4ṙ(t′)χ(t′)
)

− η

2

∫ t

0
dt′
(

D(k0L)v̇(t
′)u(t′) + 4D(k0L)ṙ(t

′)χ(t′)
)

− 2ηΩ

π

∫ t

0
dt′D(k0L)u(t

′)v(t′),

♦♥❞❡ ♦ ❢❛t♦r D(k0L) = exp (−k0L)✱ ✐♥tr♦❞✉③ ♦ ❝♦♠♣r✐♠❡♥t♦ ❝❛r❛t❡ríst✐❝♦ ❞♦ r❡s❡r✈❛tór✐♦ k−1
0 ❡ ❛

❞✐stâ♥❝✐❛ L q✉❡ é ✐♥t❡r♣r❡t❛❞❛ ❝♦♠♦ ❛ ❞✐stâ♥❝✐❛ ♠é❞✐❛ ❡♥tr❡ ❛s r❡❣✐õ❡s ✜s✐❝❛♠❡♥t❡ ♣❡r♠✐t✐❞❛s ❛ ❝❛❞❛

♣❛rtí❝✉❧❛✳ ◆❛ ❡①♣r❡ssã♦ ❛❝✐♠❛ ❢♦✐ ❢❡✐t❛ ❛ ❛♣r♦①✐♠❛çã♦

∑

k

κkκ−kkf(k)Dk[u, v] ≈
∑

k

κkκ−kkf(k)
(

v′ sin[ku′]− v sin[ku]
)

= ηD(k0L)
(

v′u′ − vu.
)

❆ ♠❡s♠❛ ❛♣r♦①✐♠❛çã♦ ❞❡✈❡ s❡r ❛♣❧✐❝❛❞❛ à ♣❛rt❡ r❡❛❧ ❞♦ ❡①♣♦❡♥t❡ ❞♦ s✉♣❡r♣r♦♣❛❣❛❞♦r✳ ❖❜t❡♠♦s

❆ss✐♠✱ ❡♠ t❡r♠♦s ❞❛s ✈❛r✐á✈❡✐s ❛✉①✐❧✐❛r❡s χ(t) = (ξ1(t) + ξ2(t))/2 ❡ v(t) = ξ1(t)− ξ2(t)✱ ❛ ❡①♣r❡ssã♦

− η

~π

∫ t

0
dt′
∫ t′

0
ds

∫ ∞

0
dωω coth(~βω/2) cosω(t′ − s)

{

2 (1 +D(k0L))χ(t
′)χ(s) +

1

2
(1−D(k0L)) v(t

′)v(s)
}

.
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❈♦❧♦❝❛♥❞♦ t♦❞♦ ❥✉♥t♦✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ♦ s✉♣❡r♣r♦♣❛❣❛❞♦r ❝♦♠♦

J = exp

{

i

~
h̃(r, χ, u, v)

}

r
∫

r′

u
∫

u′

χ
∫

χ′

v
∫

v′

Dr(t′)Du(t′)Dχ(t′)Dv(t′)

exp
i

~

{

M

∫ t

0
dt′ (2ṙχ̇+ u̇v̇/2) +

η

4

∫ t

0
dt′
(

4χ̇(t′)r(t′) + v̇(t′)u(t′)− u̇(t′)v(t′)− 4ṙ(t′)χ(t′)
)

−η
2

∫ t

0
dt′
(

D(k0L)v̇(t
′)u(t′) + 4D(k0L)ṙ(t

′)χ(t′)
)

− 2ηΩ

π

∫ t

0
dt′D(k0L)u(t

′)v(t′)
}

exp

{

− η

~π

∫ t

0
dt′
∫ t′

0
ds

∫ ∞

0
dωω coth(~βω/2) cosω(t′ − s) ✭❇✳✸✮

(

2 (1 +D(k0L))χ(t
′)χ(s) +

1

2
(1−D(k0L)) v(t

′)v(s)
)}

.

♦♥❞❡✱

h̃(r, χ, u, v) =
η

4

(

4r′χ′ − 4rχ+ u′v′ − uv
)

− η

2
D(k0L)

(

u′v′ − uv
)

. ✭❇✳✹✮

❊q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦

❉♦ ♣r♦♣❛❣❛❞♦r ✭❇✳✸✮ ♣♦❞❡♠ s❡r ❞❡❞✉③✐❞❛s ❛s ❡q✉❛çõ❡s ❞❡ ♠♦✈✐♠❡♥t♦

2Mr̈ + 2η (1 +D(k0L)) ṙ = 0 ✭❇✳✺✮

2Mχ̈− 2η (1 +D(k0L)) χ̇ = 0 ✭❇✳✻✮

Mv̈

2
− η

2
(1−D(k0L)) v̇ +

M

2
ω2D(k0L)v = 0 ✭❇✳✼✮

Mü

2
+
η

2
(1−D(k0L)) u̇+

M

2
ω2D(k0L)u = 0, ✭❇✳✽✮

❝♦♠ ω2 = 4Ωη
Mπ ✳ ❆ s♦❧✉çã♦ ❞❛s ❡q✉❛çõ❡s ✭❇✳✺✱ ❇✳✻✱ ❇✳✼✱ ❇✳✽✮✱ ❝♦♠ ❛s ❞❡✜♥✐çõ❡s γ± = γ(1±D[k0L])

❡ ω2
t = ω2D(k0L)✱ é

r̄(t′) =
e−γ+t′/2

sinh
[γ+

2 t
]

{

reγ+t/2 sinh
[γ+
2
t′
]

+ r′ sinh
[γ+
2
(t− t′)

]}

✭❇✳✾✮

χ̄(t′) =
eγ+t′/2

sinh
[γ+

2 t
]

{

χe−γ+t/2 sinh
[γ+
2
t′
]

+ χ′ sinh
[γ+
2
(t− t′)

]}

✭❇✳✶✵✮
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v̄(t′) =
eγ−t′/2

sinh
[

γ−
2 t
√

1− 4ω2
t /γ

2
−
]

{

ve−γ−t/2 sinh

[

γ−
2
t′
√

1− 4ω2
t /γ

2
−

]

+v′ sinh
[

γ−
2
(t− t′)

√

1− 4ω2
t /γ

2
−

]}

✭❇✳✶✶✮

ū(t′) =
e−γ−t′/2

sinh
[

γ−
2 t
√

1− 4ω2
t /γ

2
−
]

{

ueγ−t/2 sinh

[

γ−
2
t′
√

1− 4ω2
t /γ

2
−

]

+u′ sinh
[

γ−
2
(t− t′)

√

1− 4ω2
t /γ

2
−

]}

. ✭❇✳✶✷✮

❆çã♦ ❝❧áss✐❝❛

❖ ❢❛t♦ ❞❛s ✈❛r✐á✈❡✐s ❡♥tr❛r❡♠ ♥♦ ❢✉♥❝✐♦♥❛❧ ♥♦ ♠á①✐♠♦ ❛té s❡❣✉♥❞❛ ♦r❞❡♠✱ ♥♦s ♣❡r♠✐t❡ ✉s❛r ❛

❛♣r♦①✐♠❛çã♦ ❞❛ ❢❛s❡ ❡st❛❝✐♦♥ár✐❛ ♣❛r❛ ❝❛❧❝✉❧❛r ❛s ✐♥t❡❣r❛✐s ❢✉♥❝✐♦♥❛✐s✳ ❊st❛ ❛♣r♦①✐♠❛çã♦ ❝♦♥s✐st❡

❡♠ ❞❡✜♥✐r ❝❛❞❛ tr❛❥❡tór✐❛ ❡♠ t❡r♠♦s ❞❛ s✉❛ ❞❡s✈✐❛çã♦ ❞♦ ❝❛♠✐♥❤♦ ❝❧áss✐❝♦✱ ✐st♦ é✱ ❝❛❞❛ ❝♦♦r❞❡♥❛❞❛

s❡rá ❡s❝r✐t❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛

x(t) = x̄(t) + δx(t) ✭❇✳✶✸✮

♦♥❞❡ x̄(t) ❡ ❛ tr❛❥❡tór✐❛ ❝❧áss✐❝❛ ♦❜t✐❞❛ ❝♦♠♦ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ❞❡ ▲❛❣r❛♥❣❡ ❡ δx(t) é ❛ ✈❛r✐❛çã♦

❞♦ ❝❛♠✐♥❤♦ ❝❧áss✐❝♦✳ ❆ss✐♠✱ ♣♦r ❡①❡♠♣❧♦✱ ♥♦ ❝❛s♦ ❞❡ ❛♣❡♥❛s ✉♠❛ ✈❛r✐á✈❡❧ ♣♦❞❡♠♦s ❡s❝r❡✈❡r ♦

♣r♦♣❛❣❛❞♦r q✉❡ ❧✐❣❛ ✉♠ ♣♦♥t♦ a ❝♦♠ ✉♠ ♣♦♥t♦ b ❝♦♠♦

K(b, a) =

∫ b

a
exp

{

i

~

∫ tb

ta

L(ẋ, x, t)

}

Dx(t) = f(ta, tb) exp

{

i

~
Scl[b, a]

}

, ✭❇✳✶✹✮

♦♥❞❡ Scl ❡ ❛ ❛çã♦ ❝❧áss✐❝❛ ♦❜t✐❞❛ ❞❡
∫ tb
ta
L( ˙̄x, x̄, t) ❡ f(ta, tb) é ✉♠❛ ❢✉♥çã♦ q✉❡ ❞❡♣❡♥❞❡ só ❞♦ ✐♥t❡r✈❛❧♦

❞❡ t❡♠♣♦ ❡ é ♦r✐❣✐♥❛❞♦ ♣❡❧❛s ✢✉t✉❛çõ❡s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ❡♠ t♦r♥♦ ❞♦ ❝❛♠✐♥❤♦ ❝❧áss✐❝♦❬✶✾❪✳

❙❡❣✉✐♥❞♦ ♦ r❛❝✐♦❝í♥✐♦ ✐♥❞✐❝❛❞♦ ❞❡✈❡♠♦s ❡♥❝♦♥tr❛r ❛ ❛çã♦ ❝❧áss✐❝❛ ❞❡ ♥♦ss♦ s✐st❡♠❛✳ ❖❜s❡r✈❡♠♦s

♣r✐♠❡✐r♦ ❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞♦ ❡①♣♦❡♥t❡ ❡♠ ✭❇✳✸✮ ❝♦rr❡s♣♦♥❞❡♥t❡ às ✈❛r✐á✈❡✐s r ❡ χ✱ ♦ ✐♥t❡❣r❛♥❞♦

t❡♠ ❛ ❢♦r♠❛

2Mṙ(τ)χ̇(τ) + η (χ̇(τ)r(τ)− ṙ(τ)χ(τ))− 2ηD(k0L)ṙ(τ)χ(τ),

s✉❜st✐t✉✐♥❞♦ r(τ) ❡ χ(τ) ♣❡❧❛s r❡s♣❡❝t✐✈❛s tr❛❥❡tór✐❛s ❝❧áss✐❝❛s ✭❇✳✾✱❇✳✶✵✮ ❡ ✐♥t❡❣r❛♥❞♦ ❞❡ 0 ❛té t

♦❜t❡♠♦s ✜♥❛❧♠❡♥t❡

−M
sinh

[

t
2γ+

]

{

γ+

(

r′χe−γ+t/2 + rχ′eγ+t/2
)

+ (γ+ − γ)
(

rχ− r′χ′) sinh
[

t

2
γ+

]

−γ+
(

rχ+ r′χ′) cosh
[

t

2
γ+

]}

. ✭❇✳✶✺✮
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❉❛ ♠❡s♠❛ ❢♦r♠❛ ♣♦❞❡♠♦s ✐♥t❡❣r❛r ❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞♦ ❡①♣♦♥❡♥t❡ ❡♠ ✭❇✳✸✮ ❝♦rr❡s♣♦♥❞❡♥t❡ às

✈❛r✐á✈❡✐s u ❡ v✳ ❆ss✐♠✱ ♦ r❡s✉❧t❛❞♦ ❞❡ s✉❜st✐t✉✐r ❛s tr❛❥❡tór✐❛s ❝❧áss✐❝❛s ♥♦s ❞á

−M
4 sinh

[

t
2

√

γ2− − 4ω2
t

]

{

√

γ2− − 4ω2
t

(

u′ve−γ−t/2 + uv′eγ−t/2
)

− (γ− − γ)
(

uv − u′v′
)

sinh

[

t

2

√

γ2− − 4ω2
t

]

−
√

γ2− − 4ω2
t

(

uv + u′v′
)

cosh

[

t

2

√

γ2− − 4ω2
t

]}

.

✭❇✳✶✻✮

◆❛ ♣❛rt❡ r❡❛❧ ♣r❡❝✐s❛♠♦s ❞❛ ❡①♣r❡ssã♦

χ̄(τ)χ̄(s) =
eγ+(s+τ)/2

sinh
[

t
2γ+

]2

{

χ′2 sinh
[

(t− s)

2
γ+

]

sinh

[

(t− τ)

2
γ+

]

+ χ2e−γ+t sinh
[s

2
γ+

]

sinh
[τ

2
γ+

]

+ e−γ+t/2χχ′ sinh
[τ

2
γ+

]

sinh

[

(t− s)

2
γ+

]

+ e−γ+t/2χχ′ sinh
[s

2
γ+

]

sinh

[

(t− τ)

2
γ+

]}

, ✭❇✳✶✼✮

◗✉❛♥❞♦ ✐♥t❡❣r❛r♠♦s ❡♠ s ❡ τ ♣♦❞❡♠♦s ✉s❛r ❛ s✐♠❡tr✐❛ ❡①♣❧í❝✐t❛ ♥❛ tr♦❝❛ ❞❡st❛s ✈❛r✐á✈❡✐s ♣❛r❛

❡s❝r❡✈❡r ❛ ✐♥t❡❣r❛❧ ❞✉♣❧❛
∫ t
0 dτ

∫ τ
0 dsK(τ − s)2 (1 +D(k0L)) χ̄(τ)χ̄(s) ❝♦♠♦

η

π

∫ t

0
dτ

∫ τ

0
dsK(τ − s)2 (1 +D(k0L)) χ̄(τ)χ̄(s) = (1 +D(k0L))

(

Aχ(t)χ
2 +Bχ(t)χχ

′ + Cχ(t)χ
′2) ,

✭❇✳✶✽✮

❝♦♠ ❛s ❞❡✜♥✐çõ❡s

Aχ(t) =
η

π

∫ t

0
dτ

∫ t

0
dsK(τ − s)e−γ+t sinh

[

s
2γ+

]

sinh
[

τ
2γ+

]

sinh
[

t
2γ+

]2 eγ+(s+τ)/2 ✭❇✳✶✾✮

Bχ(t) =
2η

π

∫ t

0
dτ

∫ t

0
dsK(τ − s)e−γ+t/2

sinh
[

τ
2γ+

]

sinh
[

(t−s)
2 γ+

]

sinh
[

t
2γ+

]2 eγ+(s+τ)/2 ✭❇✳✷✵✮

Cχ(t) =
η

π

∫ t

0
dτ

∫ t

0
dsK(τ − s)

sinh
[

(t−s)
2 γ+

]

sinh
[

(t−τ)
2 γ+

]

sinh
[

t
2γ+

]2 eγ+(s+τ)/2. ✭❇✳✷✶✮

❉❛ ♠❡s♠❛ ❢♦r♠❛ t❡♠♦s

η

π

∫ t

0
dτ

∫ τ

0
dsK(τ − s)

1

2
(1−D(k0L)) v(t

′)v(s) = (1−D(k0L))
(

Av(t)v
2 +Bv(t)vv

′ + Cv(t)v
′2) ,

✭❇✳✷✷✮
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❝♦♠ ❛s ❞❡✜♥✐çõ❡s

Av(t) =
η

4π

∫ t

0
dτ

∫ t

0
dsK(τ − s)e−γ−t

sinh
[

s
2

√

γ2− − 4ω2
t

]

sinh
[

τ
2

√

γ2− − 4ω2
t

]

sinh
[

t
2

√

γ2− − 4ω2
t

]2 eγ−(s+τ)/2 ✭❇✳✷✸✮

Bv(t) =
η

2π

∫ t

0
dτ

∫ t

0
dsK(τ − s)e−γ−t/2

sinh
[

τ
2

√

γ2− − 4ω2
t

]

sinh
[

(t−s)
2

√

γ2− − 4ω2
t

]

sinh
[

t
2

√

γ2− − 4ω2
t

]2 eγ−(s+τ)/2

✭❇✳✷✹✮

Cv(t) =
η

4π

∫ t

0
dτ

∫ t

0
dsK(τ − s)

sinh
[

(t−s)
2

√

γ2− − 4ω2
t

]

sinh
[

(t−τ)
2

√

γ2− − 4ω2
t

]

sinh
[

t
2

√

γ2− − 4ω2
t

]2 eγ−(s+τ)/2. ✭❇✳✷✺✮

❈♦❧♦❝❛♥❞♦ ❛s ❡①♣r❡ssõ❡s ✭❇✳✶✺✱ ❇✳✶✻✱ ❇✳✶✽ ❡ ❇✳✷✷✮ ♥♦ s✉♣❡r♣r♦♣❛❣❛❞♦r t❡♠♦s

J = N (t) exp
i

~

{

h̃(r, χ, u, v)− M

sinh
[

t
2γ+

]

{

γ+

(

r′χe−γ+t/2 + rχ′eγ+t/2
)

+ (γ+ − γ)
(

rχ− r′χ′) sinh
[

t

2
γ+

]

−γ+
(

rχ+ r′χ′) cosh
[

t

2
γ+

]}

− M

4 sinh
[

t
2

√

γ2− − 4ω2
t

]

{

√

γ2− − 4ω2
t

(

u′ve−γ−t/2 + uv′eγ−t/2
)

− (γ− − γ)
(

uv − u′v′
)

sinh

[

t

2

√

γ2− − 4ω2
t

]

−
√

γ2− − 4ω2
t

(

uv + u′v′
)

cosh

[

t

2

√

γ2− − 4ω2
t

]}

}

× exp−1

~

{

D+

(

Aχ(t)χ
2 +Bχ(t)χχ

′ + Cχ(t)χ
′2)+D−

(

Av(t)v
2 +Bv(t)vv

′ + Cv(t)v
′2)
}

, ✭❇✳✷✻✮

♦♥❞❡ N (t) é ✉♠ ❝♦❡✜❝✐❡♥t❡ ❞❡♣❡♥❞❡♥t❡ ❞♦ t❡♠♣♦✱ ♣r♦❞✉③✐❞♦ ♣❡❧❛s ✢✉t✉❛çõ❡s ❡♠ t♦r♥♦ ❞♦ ❝❛♠✐♥❤♦

❝❧áss✐❝♦ ❡ q✉❡ é ❞❡t❡r♠✐♥❛❞♦ ❡①✐❣✐♥❞♦ ❛ ♥♦r♠❛❧✐③❛çã♦ ❞❛ ♠❛tr✐③ ❞❡♥s✐❞❛❞❡ ✜♥❛❧✳



❆♣ê♥❞✐❝❡ ❈

Pr♦♣❛❣❛❞♦r ♣❛r❛ ❞♦✐s ♦s❝✐❧❛❞♦r❡s

◗✉❛♥❞♦ ♦ ♥♦ss♦ s✐st❡♠❛ ❞❡ ✐♥t❡r❡ss❡ é ❢♦r♠❛❞♦ ♣♦r ❞♦✐s ♦s❝✐❧❛❞♦r❡s ❤❛r♠ô♥✐❝♦s ❝♦♠ ♣♦♥t♦s ❞❡

❡q✉✐❧í❜r✐♦ ✜①♦s✱ ♣♦❞❡♠♦s ❛♣❧✐❝❛r ❛❧❣✉♠❛s ❛♣r♦①✐♠❛çõ❡s ❛♦ ♣r♦♣❛❣❛❞♦r ✭✷✳✻✹✮ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ♦s

❛s♣❡❝t♦s ♠❛✐s ✐♠♣♦rt❛♥t❡s ❞❛ ❞✐♥â♠✐❝❛ s❡❥❛♠ ♠❛♥t✐❞♦s ❡ q✉❡ ❛s ❡①♣r❡ssõ❡s ♠❛t❡♠át✐❝❛s s❡❥❛♠

tr❛tá✈❡✐s ❛♥❛❧✐t✐❝❛♠❡♥t❡✳ ❊st❛s ❛♣r♦①✐♠❛çõ❡s sã♦ ❜❛s❡❛❞❛s ♥❛ ✐❞❡✐❛ ❞❡ q✉❡ ♦s ♣♦t❡♥❝✐❛✐s ❤❛r♠ô♥✐❝♦s

t❡♥❞❡♠ ❛ ❝♦♥✜♥❛r ❛s tr❛❥❡tór✐❛s ❡♠ ✉♠❛ r❡❣✐ã♦ ♣ró①✐♠❛ ❛♦ ♣♦♥t♦ ❞❡ ❡q✉✐❧í❜r✐♦ ❡ ♣♦rt❛♥t♦ ♦s t❡r♠♦s

♥ã♦ ❧✐♥❡❛r❡s ❡♠ ✭✷✳✽✸✮ ♣♦❞❡♠ s❡r ❡①♣❛♥❞✐❞♦s ❡♠ t♦r♥♦ ❞❛ ❞✐stâ♥❝✐❛ ♠é❞✐❛ q✉❡ s❡♣❛r❛ ♦s ❝❡♥tr♦s ❞♦s

♣♦t❡♥❝✐❛✐s✳ ❈♦♠♦ r❡s✉❧t❛❞♦ ❞❡st❛s ❝♦♥s✐❞❡r❛çõ❡s✱ ♦ ❢✉♥❝✐♦♥❛❧ ❞❡ ✐♥✢✉ê♥❝✐❛ ❛té s❡❣✉♥❞❛ ♦r❞❡♠ ❡♠

t♦❞❛s ❛s ✈❛r✐á✈❡✐s ♣♦❞❡ s❡r ❡s❝r✐t♦ ❝♦♠♦

F [r(t′), u(t′), χ(t′), v(t′)] = F
[

r(t′), u(t′), χ(t′), v(t′)
]

exp

{

− 1

~π

∫ t

0
dt′
∫ t′

0
ds
∑

k

κkκ−kk
2f(k) cos(kL)

(

2χ(s)χ(t′)− v(s)v(t′)
2

)

K(t′ − s)

− i

2~

∑

k

κkκ−kf(k)k
[

(sin(kL)− kL cos(kL))
(

v′ − v
)

+ k cos(kL)
(

u′v′ − uv
)]

− i

2~

∫ t

0
dt′
∑

k

κkκ−kf(k)k
[

v̇(t′)
(

sin(kL) + k cos(kL)
(

u(t′)− L
))

+ 4k cos(kL)ṙ(t′)χ(t′)
]

− i2Ω

~π

∫ t

0
dt′
∑

k

κkκ−kf(k)
[

k sin(kL)v(t′) + k2 cos(kL)
(

u(t′)− L
)

v(t′)
]

}

, ✭❈✳✶✮

♦♥❞❡✱ ♦ ❢❛t♦r F [r(t′), u(t′), χ(t′), v(t′)] r❡s✉❧t❛ ❞❡ s❡ ❡s❝r❡✈❡r ♦ ♣r♦❞✉t♦ F [x1(t
′), y1(t′)]×

F [x2(t
′), y2(t′)] ♥❛s ♥♦✈❛s ✈❛r✐á✈❡✐s✱ ❡ s✉❛ ❢♦r♠❛ ❡①♣❧✐❝✐t❛ ❝♦rr❡s♣♦♥❞❡ ❛

F
[

r(t′), u(t′), χ(t′), v(t′)
]

= exp

{

− iη
~

∫ t

0
dt′
(

u̇(t′)v(t′)
2

+ 2ṙ(t′)χ(t′)
)

− η

~π

∫ t

0
dt′
∫ t′

0
ds

(

v(s)v(t′)
2

+ 2χ(s)χ(t′)
)

K(t′ − s)

}

. ✭❈✳✷✮

P❛r❛ ❡♥❝♦♥tr❛r♠♦s ❛ ❢♦r♠❛ ✜♥❛❧ ❞♦ ♣r♦♣❛❣❛❞♦r é ♥❡❝❡ssár✐♦ ❝❛❧❝✉❧❛r ❛s s♦♠❛s ❡♠ k✳ ■st♦ é ❢❡✐t♦

✻✹
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❛tr❛✈és ❞❛ s✉❜st✐t✉✐çã♦ ✉s✉❛❧
∑

k → L̃
2π

∫

dk✱ ♦♥❞❡ L̃ é ❛ ❞✐♠❡♥sã♦ ❝❛r❛❝t❡ríst✐❝❛ ❞♦ s✐st❡♠❛ ❝♦♠♣❧❡t♦

❡ ✉s❛♥❞♦ ❛ ♣r❡s❝r✐çã♦ ❬✶✷✱ ✶✶❪✱

ηg(k) =
L̃

2π
κkκ−kf(k) ❝♦♠ g(k) =

1

2k30
e−k/k0 ,

♦♥❞❡ k−1
0 ❞❡t❡r♠✐♥❛ ❛ ❡s❝❛❧❛ ❞❡ ❝♦♠♣r✐♠❡♥t♦s r❡❧❡✈❛♥t❡s ❞♦ s✐st❡♠❛✳ ❆ss✐♠✱ t❡♠♦s ❛s s♦♠❛s

∑

k

κkκ−kf(k)k
2 = η

∑

k

κkκ−kf(k) cos(kL) =
η

2k20

1

1 + k20L
2

∑

k

κkκ−kf(k)k
2 cos(kL) = η

1− 3k20L
2

(

1 + k20L
2
)3

∑

k

κkκ−kf(k)k sin(kL) = η
L

(

k20L
2 + 1

)2

❙✉❜st✐t✉✐♥❞♦ ❡st❛s ❡①♣r❡ssõ❡s ❡♠ ✭❈✳✶✮ ❡ ❝♦❧♦❝❛♥❞♦ t♦❞♦s ♦s t❡r♠♦s ♥❛ ❡①♣r❡ssã♦ ❞♦ ♣r♦♣❛❣❛❞♦r

✭✷✳✻✹✮✱ ❝❤❡❣❛♠♦s ♥❛ ❡q✉❛çã♦ ✭✸✳✹✾✮✱

J =

∫ r

r′

∫ u

u′

∫ χ

χ′

∫ v

v′
Dr(t′)Du(t′)Dχ(t′)Dv(t′)

exp
i

~

{

m

2

∫ t

0
dt′
(

4ṙ(t′)χ̇(t′) + u̇(t′)v̇(t′)
)

− m

2

∫ t

0
dt′
(

4ω2
0r(t

′)χ(t′) + ω(L)2u(t′)v(t′) + F (L)v(t′)
)

}

exp

{

− i

~

∫ t

0
dt′
[

η−(L)
u̇(t′)v(t′)

2
+ 2η+(L)ṙ(t

′)χ(t′)
]}

exp

{

− 1

~π

∫ t

0
dt′
∫ t′

0
ds

[

η−(L)
v(s)v(t′)

2
+ 2η+(L)χ(s)χ(t

′)
]

K(t′ − s)

}

,

❝♦♠ ❛s ❞❡✜♥✐çõ❡s ✭✸✳✺✵ ❡ ✸✳✺✶✮✳

❊q✉❛çõ❡s ❞❡ ▼♦✈✐♠❡♥t♦

Pr♦❝❡❞❡♠♦s ❛❣♦r❛ ❝♦♠ ♦ ❝á❧❝✉❧♦ ❞❛s ✐♥t❡❣r❛✐s ❢✉♥❝✐♦♥❛✐s ♥♦ ♣r♦♣❛❣❛❞♦r ✭✸✳✹✾✮✳ ❆s tr❛❥❡tór✐❛s q✉❡

♠✐♥✐♠✐③❛♠ ❛ ❛çã♦ ❡♠ ✭✸✳✹✾✮ s❛t✐s❢❛③❡♠ ❛ ❡q✉❛çã♦ ❞❡ ❊✉❧❡r✲▲❛❣r❛♥❣❡

∂L
∂x

− d

dt

∂L
∂ẋ

= 0. ✭❈✳✸✮

❆té s❡❣✉♥❞❛ ♦r❞❡♠ ♥❛ ❛çã♦✱ ❛ ✈❛r✐á✈❡❧ rc ❞❡✈❡ s❛t✐s❢❛③❡r ❛ ❡q✉❛çã♦

r̈c(t
′) + ω2

0rc(t
′) + γ+(L)ṙc(t

′) = 0, ✭❈✳✹✮
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♦♥❞❡ ❞❡✜♥✐♠♦s ♦s ♥♦✈♦s ❝♦❡✜❝✐❡♥t❡s

γ+(L) =
η+(L)

m
, γ =

η

m
. ✭❈✳✺✮

❆ s♦❧✉çã♦ ❞❛ ❡q✉❛çã♦ ✭❈✳✹✮ é

rc(t
′) = e−γ+(L)t′/2

{

C
(r)
1 exp

(

− t
′

2

√

γ+(L)2 − 4ω2
0

)

+ C
(r)
2 exp

(

t′

2

√

γ+(L)2 − 4ω2
0

)}

, ✭❈✳✻✮

❛s ❝♦♥st❛♥t❡s sã♦ ❢❛❝✐❧♠❡♥t❡ ❡♥❝♦♥tr❛❞❛s ✉s❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ r(0) = r′ ❡ r(t) = r✱

C
(r)
1 =

r′ exp
(

t
2

√

γ+(L)2 − 4ω2
0

)

− r exp
(

t
2γ+(L)

)

2 sinh
(

t
2

√

γ+(L)2 − 4ω2
0

) , ✭❈✳✼✮

C
(r)
2 =

r exp
(

t
2γ+(L)

)

− r′ exp
(

− t
2

√

γ+(L)2 − 4ω2
0

)

2 sinh
(

t
2

√

γ+(L)2 − 4ω2
0

) ,

❞❡♣♦✐s ❞❡ s✉❜st✐t✉✐r ❛s ❝♦♥st❛♥t❡s ❡ s✐♠♣❧✐✜❝❛r ❛ ❡q✉❛çã♦ ✭❈✳✻✮ ♦❜t❡♠♦s ❛ ❢♦r♠❛ ✜♥❛❧ ❞❛ tr❛❥❡tór✐❛

❝❧áss✐❝❛ ♣❛r❛ ❛ ✈❛r✐á✈❡❧ r

rc(t
′) =

e−γ+(L)t′/2

sinh
(

t
2

√

γ+(L)2 − 4ω2
0

)

{

r′ sinh
[

(t− t′)
2

√

γ+(L)2 − 4ω2
0

]

+ reγ+(L)t/2 sinh

[

t′

2

√

γ+(L)2 − 4ω2
0

]}

. ✭❈✳✽✮

P❛r❛ ❛ ✈❛r✐á✈❡❧ ❛✉①✐❧✐❛r χ t❡♠♦s

χ̈c(t
′) + ω2

0χc(t
′)− γ+(L)χ̇c(t

′) = 0 ✭❈✳✾✮

❡ ❛ s♦❧✉çã♦ ❝♦rr❡s♣♦♥❞❡♥t❡ é

χc(t
′) =

eγ+(L)t′/2

sinh
(

t
2

√

γ+(L)2 − 4ω2
0

)

{

χ′ sinh
[

(t− t′)
2

√

γ+(L)2 − 4ω2
0

]

+ χe−γ+(L)t/2 sinh

[

t′

2

√

γ+(L)2 − 4ω2
0

]}

. ✭❈✳✶✵✮

❆ ❡q✉❛çã♦ ❞❡ ♠♦✈✐♠❡♥t♦ ❝❧áss✐❝❛ ♣❛r❛ ❛ ❝♦♦r❞❡♥❛❞❛ r❡❧❛t✐✈❛ ❡ ❛ s✉❛ r❡s♣❡❝t✐✈❛ s♦❧✉çã♦ sã♦

üc(t
′) + ω(L)2uc(t

′) + γ−(L)u̇c(t′) + F (L) = 0, ✭❈✳✶✶✮

uc(t
′) = e−γ−(L)t′/2

{

C
(u)
1 exp

(

− t
′

2

√

γ−(L)2 − 4ω(L)2
)

+ C
(u)
2 exp

(

t′

2

√

γ−(L)2 − 4ω(L)2
)}

− F (L)

ω(L)2
,

✭❈✳✶✷✮
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♦♥❞❡ ❞❡✜♥✐♠♦s

γ−(L) =
η−(L)
m

. ✭❈✳✶✸✮

❆♣❧✐❝❛♥❞♦ ❛s ❝♦♥❞✐çõ❡s ❞❡ ❝♦♥t♦r♥♦ t❡♠♦s

C
(u)
1 =

u′(L) exp
(

t
2

√

γ−(L)2 − 4ω(L)2
)

− u(L) exp
(

t
2γ−(L)

)

2 sinh
(

t
2

√

γ−(L)2 − 4ω(L)2
) ,

C
(u)
2 =

u(L) exp
(

t
2γ−(L)

)

− u′(L) exp
(

− t
2

√

γ−(L)2 − 4ω(L)2
)

2 sinh
(

t
2

√

γ−(L)2 − 4ω(L)2
) , ✭❈✳✶✹✮

♦♥❞❡ u(L) = u + F (L)
ω(L)2

✱ u′(L) = u′ + F (L)
ω(L)2

❡ u′ = u(0)✱ u = u(t)✳ ❙✉❜st✐t✉✐♥❞♦ ❛s ❝♦♥st❛♥t❡s ♥❛

❡q✉❛çã♦ ♣❛r❛ uc t❡♠♦s

uc(t
′) =

e−γ−(L)t′/2

sinh
(

t
2

√

γ−(L)2 − 4ω(L)2
)

{

u′(L) sinh
[

(t− t′)
2

√

γ−(L)2 − 4ω(L)2
]

+u(L)eγ−(L)t/2 sinh

[

t′

2

√

γ−(L)2 − 4ω(L)2
]}

. ✭❈✳✶✺✮

❋✐♥❛❧♠❡♥t❡ ❛ ❡q✉❛çã♦ ♣❛r❛ v é

v̈c(t
′) + ω(L)2vc(t

′)− γ−(L)v̇c(t′) = 0 ✭❈✳✶✻✮

❡ ❛ s✉❛ s♦❧✉çã♦

vc(t
′) =

eγ−(L)t′/2

sinh
(

t
2

√

γ−(L)2 − 4ω(L)2
)

{

v′ sinh
[

(t− t′)
2

√

γ−(L)2 − 4ω(L)2
]

+ve−γ−(L)t/2 sinh

[

t′

2

√

γ−(L)2 − 4ω(L)2
]}

, ✭❈✳✶✼✮

❝♦♠ v′ = v(0) ❡ v = v(t)✳

❆çã♦ ❝❧áss✐❝❛ ❝♦rr❡s♣♦♥❞❡♥t❡ às ✈❛r✐á✈❡✐s r ❡ χ

P❛r❛ ❡♥❝♦♥tr❛r ❛ ❛çã♦ ❝❧áss✐❝❛✱ ✐s♦❧❛♠♦s ♣r✐♠❡✐r♦ ♦s t❡r♠♦s ❞❛ ♣❛rt❡ ✐♠❛❣✐♥ár✐❛ ❞♦ ❡①♣♦❡♥t❡ ❞❡

✭✸✳✹✾✮ q✉❡ ❞❡♣❡♥❞❡♠ só ❞❛s ✈❛r✐á✈❡✐s r ❡ χ ❡ s✉❜st✐t✉í♠♦s ♣❡❧❛s tr❛❥❡tór✐❛s ❝❧áss✐❝❛s ✭❈✳✽ ❡ ❈✳✶✵✮

m

2

∫ t

0
dt′
(

4ṙc(t
′)χ̇c(t

′)− 4ω2
0rc(t

′)χc(t
′)− 4γ+(L)ṙc(t

′)χc(t
′)
)

=
m

sinh [Γ+(L)t/2]

{

−Γ+(L)
(

r′χe−γ+(L)t/2 + rχ′eγ+(L)t/2
)

+
(

r′χ′ − rχ
)

γ+(L) sinh [Γ+(L)t/2] +
(

r′χ′ + rχ
)

Γ+(L) cosh [Γ+(L)t/2]
}

=Qr(t, L)
(

r′χ′ + rχ
)

−Or(t, L)r
′χ−Nr(t, L)rχ

′ +m
(

r′χ′ − rχ
)

γ+(L), ✭❈✳✶✽✮
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♦♥❞❡ ❞❡✜♥✐♠♦s Γ+(L) =
√

γ+(L)2 − 4ω2
0 ❡ ❛s ❢✉♥çõ❡s

Qr(t, L) = mΓ+(L) coth [Γ+(L)t/2] ✭❈✳✶✾✮

Or(t, L) =
mΓ+(L)e

−γ+(L)t/2

sinh [Γ+(L)t/2]
Nr(t, L) =

mΓ+(L)e
γ+(L)t/2

sinh [Γ+(L)t/2]
. ✭❈✳✷✵✮

❚❛♠❜é♠ é ♥❡❝❡ssár✐♦ s✉❜st✐t✉✐r ❛ tr❛❥❡tór✐❛ ❝❧áss✐❝❛ ♥❛ ♣❛rt❡ r❡❛❧ ♥♦ ❡①♣♦❡♥t❡ ❞❡ ✭✸✳✹✾✮✳ Pr✐♠❡✐r♦

♦❜s❡r✈❡ ♦ ♣r♦❞✉t♦

2χc(s)χc(τ) =
eγ+(L)(s+τ−t)/2

2 sinh [Γ+(L)t/2]
2

{

4e−γ+(L)t/2χ2 sinh [Γ+(L)s/2] sinh [Γ+(L)τ/2]

+ 4χ′2eγ+(L)t/2 sinh [Γ+(L) (t− s) /2] sinh [Γ+(L) (t− τ) /2]

+ 4χχ′ (sinh [Γ+(L)s/2] sinh [Γ+(L) (t− τ) /2] + sinh [Γ+(L) (t− s) /2] sinh [Γ+(L)τ/2])} ,
✭❈✳✷✶✮

q✉❛♥❞♦ ✐♥t❡❣r❛♠♦s ❡♠ s ❡ τ ♣♦❞❡♠♦s ✉s❛r ❛ s✐♠❡tr✐❛ ♥❛ tr♦❝❛ ❞❡ss❛s ✈❛r✐á✈❡✐s ♣❛r❛ ❡s❝r❡✈❡r ❛

✐♥t❡❣r❛❧ ❞✉♣❧❛ ❝♦♠♦

∫ t

0
dτ

∫ τ

0
ds (2χ(s)χ(τ))K(τ − s) =

1

2

∫ t

0
dτ

∫ t

0
ds (2χ(s)χ(τ))K(τ − s). ✭❈✳✷✷✮

❯s❛♥❞♦ ♦ r❡s✉❧t❛❞♦ ❛❝✐♠❛ ♥❛ ♣❛rt❡ r❡❛❧ ❝♦rr❡s♣♦♥❞❡♥t❡ à ✈❛r✐á✈❡❧ χ ❞♦ ❡①♣♦♥❡♥t❡ ❞♦ ♣r♦♣❛❣❛❞♦r

✭✸✳✹✾✮ ♦❜t❡♠♦s

2m

π

∫ t

0
dτ

∫ τ

0
dsγ+(L)χc(s)χc(τ)K(τ − s) = Aχ(t, L)χ

➨ +Bχ(t, L)χχ
′ + Cχ(t, L)χ

′2, ✭❈✳✷✸✮

❝♦♠ ❛s ❞❡✜♥✐çõ❡s

Aχ(t, L) =
mγ+(L)

π

∫ t

0
dτ

∫ t

0
dsK(τ − s)

sinh [Γ+(L)τ/2] sinh [Γ+(L)s/2]

sinh [Γ+(L)t/2]
2 e−γ+(L)teγ+(L)(s+τ)/2,

✭❈✳✷✹✮

Bχ(t, L) =
2mγ+(L)

π

∫ t

0
dτ

∫ t

0
dsK(τ−s)sinh [Γ+(L)τ/2] sinh [Γ+(L)(t− s)/2]

sinh [Γ+(L)t/2]
2 e−γ+(L)t/2eγ+(L)(s+τ)/2,

✭❈✳✷✺✮

Cχ(t, L) =
mγ+(L)

π

∫ t

0
dτ

∫ t

0
dsK(τ − s)

sinh [Γ+(L)(t− τ)/2] sinh [Γ+(L)(t− s)/2]

sinh [Γ+(L)t/2]
2 eγ+(L)(s+τ)/2.

✭❈✳✷✻✮
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❆çã♦ ❝❧áss✐❝❛ ♣❛r❛ u ❡ v

❆ ❛çã♦ ❝❧áss✐❝❛ ❝♦rr❡s♣♦♥❞❡♥t❡ às ✈❛r✐á✈❡✐s u ❡ v é ♦❜t✐❞❛ ❞❡ ❢♦r♠❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❛♥á❧♦❣❛✱ ♦

r❡s✉❧t❛❞♦ é

m

2

∫ t

0
dτ
(

u̇c(τ)v̇c(τ)− ω(L)2uc(τ)vc(τ)− F (L)vc(τ)− γ−(L)u̇c(τ)vc(τ)
)

=
mF (L)γ−(L)

2ω(L)2
(

v′ − v
)

+
2F (L)

ω(L)2
Qv(t, L)(v

′ + v)− 2F (L)

ω(L)2
(

Nv(t, L)v
′ +Ov(t, L)v

)

+Qv(t, L)
(

u′v′ + uv
)

−Ov(t, L)u
′v −Nv(t, L)v

′u+
mγ−(L)

4

(

u′v′ − uv
)

, ✭❈✳✷✼✮

♦♥❞❡ ✐♥tr♦❞✉③✐♠♦s ❛s ❞❡✜♥✐çõ❡s

Qv(t, L) =
mΓ−(L)

4
coth [Γ−(L)t/2] ✭❈✳✷✽✮

Ov(t, L) =
mΓ−(L)e−γ−(L)t/2

4 sinh [Γ−(L)t/2]
Nv(t, L) =

mΓ−(L)eγ−(L)t/2

4 sinh [Γ−(L)t/2]
✭❈✳✷✾✮

❡ ❛ ❢✉♥çã♦ Γ−(L) =
√

γ−(L)2 − 4ω(L)2✳

❆ ♣❛rt❡ r❡❛❧ ❝♦rr❡s♣♦♥❞❡♥t❡ à ✈❛r✐á✈❡❧ v é ❝❛❧❝✉❧❛❞❛ ❝♦♠❡ç❛♥❞♦ ♣❡❧♦ ♣r♦❞✉t♦

v(s)v(τ)

2
=

eγ−(L)(s+τ−t)/2

2 sinh [Γ−(L)t/2]
2

{

e−γ−(L)t/2v2 sinh [Γ−(L)s/2] sinh [Γ−(L)τ/2]

+ v′2eγ−(L)t/2 sinh [Γ−(L) (t− s) /2] sinh [Γ−(L) (t− τ) /2]

+ vv′ (sinh [Γ−(L)s/2] sinh [Γ−(L) (t− τ) /2] + sinh [Γ−(L) (t− s) /2] sinh [Γ−(L)τ/2])} .

■♥t❡❣r❛♥❞♦ ❡♠ s ❡ τ ♣♦❞❡♠♦s ✉s❛r ❛ s✐♠❡tr✐❛ ❡①♣❧✐❝✐t❛ ♥❛ tr♦❝❛ ❞❡ss❛s ✈❛r✐á✈❡✐s ♣❛r❛ ❡s❝r❡✈❡r

∫ t

0
dτ

∫ τ

0
ds

(

v(s)v(τ)

2

)

K(τ − s) =
1

2

∫ t

0
dτ

∫ t

0
ds

(

v(s)v(τ)

2

)

K(τ − s),

❡ ❛ ❢♦r♠❛ ✜♥❛❧ ❞❛ ♣❛rt❡ r❡❛❧ ❞♦ ❡①♣♦❡♥t❡ ❞❡ ✭✸✳✹✾✮ q✉❡ ❞❡♣❡♥❞❡ ❞❛ ✈❛r✐á✈❡❧ v ♣♦❞❡ s❡r ❡s❝r✐t❛ ❝♦♠♦

m

2π

∫ t

0
dτ

∫ τ

0
dsγ−(L)v(s)v(τ)K(τ − s) = Av(t, L)v

2 +Bv(t, L)vv
′ + Cv(t, L)v

′2, ✭❈✳✸✵✮

♦♥❞❡ ❢♦r❛♠ ✉s❛❞❛s ❛s ❞❡✜♥✐çõ❡s

Av(t, L) =
mγ−(L)

4π

∫ t

0
dτ

∫ t

0
dsK(τ − s)

sinh [Γ−(L)τ/2] sinh [Γ−(L)s/2]

sinh [Γ−(L)t/2]
2 e−γ−(L)teγ−(L)(s+τ)/2,

✭❈✳✸✶✮

Bv(t, L) =
mγ−(L)

2π

∫ t

0
dτ

∫ t

0
dsK(τ−s)sinh [Γ−(L)τ/2] sinh [Γ−(L)(t− s)/2]

sinh [Γ−(L)t/2]
2 e−γ−(L)t/2eγ−(L)(s+τ)/2,

✭❈✳✸✷✮



❆P✃◆❉■❈❊ ❈✳ P❘❖P❆●❆❉❖❘ P❆❘❆ ❉❖■❙ ❖❙❈■▲❆❉❖❘❊❙ ✼✵

Cv(t, L) =
mγ−(L)

4π

∫ t

0
dτ

∫ t

0
dsK(τ − s)

sinh [Γ−(L)(t− τ)/2] sinh [Γ−(L)(t− s)/2]

sinh [Γ−(L)t/2]
2 eγ−(L)(s+τ)/2.

✭❈✳✸✸✮

❯s❛♥❞♦ ❛s ❡①♣r❡ssõ❡s ✭❈✳✶✽✱ ❈✳✷✸✱ ❈✳✷✼ ❡ ❈✳✸✵✮✱ ❝❤❡❣❛♠♦s ❛♦ r❡s✉❧t❛❞♦ ❞❛ ✐♥t❡❣r❛çã♦ ❢✉♥❝✐♦♥❛❧ ❡♠

✭✸✳✹✾✮✱ q✉❡ ❝♦rr❡s♣♦♥❞❡ à ❡q✉❛çã♦ ✭✸✳✺✷✮

J = N (t) exp
i

~

{

Qr(t, L)
(

r′χ′ + rχ
)

−Or(t, L)r
′χ−Nr(t, L)rχ

′ +mγ+(L)
(

r′χ′ − rχ
)

+
mF (L)γ−(L)

2ω(L)2
(

v′ − v
)

+
2F (L)

ω(L)2
Qv(t, L)(v

′ + v)− 2F (L)

ω(L)2
(

Nv(t, L)v
′ +Ov(t, L)v

)

+ Qv(t, L)
(

u′v′ + uv
)

−Ov(t, L)u
′v −Nv(t, L)v

′u+
mγ−(L)

4

(

u′v′ − uv
)

}

exp−1

~

{

Aχ(t, L)χ
➨ +Bχ(t, L)χχ

′ + Cχ(t, L)χ
′2 +Av(t, L)v

2 +Bv(t, L)vv
′ + Cv(t, L)v

′2
}

.

✭❈✳✸✹✮
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