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Introduction 
The family of ruthenium oxides, ruthenates, emerged a few years 
after the discovery of the copper oxides and cuprates at the IBM 
laboratory in Zurich [1]. The structure of Sr2RuO4 is quite similar 
to that of the first superconducting cuprate La2CuO4 discovered in 
1986, i.e., a perovskite structure [2]. Simply, the copper atoms are 
replaced by ruthenium atoms and lanthanum atoms by strontium 
elements. The Sr2RuO4 unit cell (I4/mmm) is a stoichiometric 
compound and chemically possesses significant stability [3].  

Transition-metal oxides have attracted considerable interest due 
to their rich physical properties such as metal–insulator transition, 
exotic superconductivity, spin–charge–orbital ordering, etc. The 
discovery of superconductivity in Sr2RuO4 at about 1.5 K in 
1994 [4]. Until today, most high-temperature superconductors 
(HTCS) have possessed CuO2 planes as their basic structural 
units. Investigations reveal that the high hybridization between 
the Cu 3dx2-y2 and O – 2p orbits, the intense electron-electron 
correlation at the Cu site, and the charge transfer character around 
the Fermi level, have an important effect on the superconductivity 
in these materials [5]. Sr2RuO4 is attractive because some other 
compounds isostructural to the cuprate superconductors, such 
as La2NiO4 and Sr2RhO4, are not superconductors. Hence the 
discovery of Sr2RuO4 provides an opportunity to study the overall 
characteristics of the HTCS. 

Theoretically, the magnetic excitations in the Sr2RuO4 
compound are extensively studied by M. Braden et al. through 
inelastic neutron scattering [6]. The in-plane and out-of-plane 
optical spectra, magneto-resistance and resistivity at different 
temperatures, X-ray fluorescence emission, and the improvement 
of superconductivity by doping are studied to encompass all 
features of this crystal [7-11]. Furthermore, several efforts are 
carried out by Hashimoto et al. to prove that strontium ruthenate 
is believed to be a spin-triplet superconductor at low temperatures 
[12]. The preliminary computations reported by T. Oguchi et al., 
based on bare DFT suggest that the Fermi surface of Sr2RuO4 
comprises three dissimilar sheets: two electron-like sheets located 
around the Γ-point and a hole-like one centered at the X-point [13]. 

This research paper aims to give a detailed description of the elastic 
and thermodynamic properties of the Sr2RuO4 and Sr2RuO2F2 
alloys under hydrostatic pressure and temperature effect, using 
the FP-LAPW method within density functional theory (DFT) as 
implemented in the WIEN2K software.

Computational Details
Elastic and thermodynamic properties of the Sr2RuO4 and 
Sr2RuO2F2 compounds are probed via first-principles full-potential 
linearized augmented-plane-wave (FP-LAPW) method within the 
DFT scheme as implemented in WIEN2K ab initio simulation 
program [14]. We applied the generalized gradient approximation 
presented by Perdew–Burke–Ernzerhof (GGA-PBE) to describe 
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Abstract
We present a first-principles study of the elastic and thermodynamic properties of the Sr2RuO4-xFx alloy (x = 0, 2). Computations are carried out using 
the WIEN2K code based on a non-relativistic full–potential linearized augmented plane wave (FP-LAPW) method within the density functional theory 
(DFT). The Voigt–Reuss–Hill approximation method is applied to analyze the elastic constants, Poisson ratio, bulk, shear, and Young modulus at zero 
pressure and temperature using ELASTIC 1.0 software. The Sr2RuO4 and Sr2RuO2F2 tetragonal phases are mechanically stable because the elastic constants 
satisfy Born’s mechanical stability condition. In addition, we performed a quasi-harmonic Debye model calculation using the GIBBS2 package to predict 
the thermodynamic properties and their temperature and pressure dependencies. Thermodynamic parameters such as the Gibbs free energy, heat capacity, 
Grüneisen parameter, and Debye temperature are successfully obtained and discussed.
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the exchange-correlation effects and to evaluate the ground state parameters [15]. Tran Balaha modified Becke-Johnson exchange 
potential (TB-mBJ) is implemented to overcome deficiencies in the electronic properties and bandgap calculations [16].  The static 
computations are performed using a dense mesh (10 × 10 × 10) k-points grid in reciprocal space (in the first Brillouin zone). The 
self-consistent criterion is selected with an accuracy of 10-6 Ry, while the iterations are halted when the force convergence threshold 
is approximately10 − 4 eV/Å. The product of the maximum modulus of reciprocal vector (Kmax) and the smallest of all atomic sphere 
radii (Rmin) is 8 (Kmax ×Rmin = 8). The cut-off energy which defines the core-valence state separation is chosen to be -6.0 Ry. The 
other input feedings of the WIEN2K software are chosen as lmax = 10 and Gmax = 16. lmax exhibits the maximum value of the angular 
momentum vector and Gmax presents the Fourier-expanded charge density.

Electronic Properties

Figure 1: Spin-polarized total densities of states for Sr2RuO4 and Sr2RuO2F2 compounds.

The superconductor Sr2RuO4 (no.139) consists of alternative monolayers piled up along the c-axis and suggests a metallic ground state 
[17] (see Fig. 1). The fractional atomic coordinates are defined by Sr: 4e (0,0, ZSr); Ru: 2a (0,0,0); O (1): 4e (0,0, ZO) and O (2) / F: 4c 
(0,0.5,0) (ZSr= 0.3527; ZO= 0.1607). The optimized lattice parameters are listed in Table 1. The Sr2RuO4-xFx quaternary alloy (x = 2) 
is formed by substituting the oxygen, which defines the shortest Ru – O (2) bonds in the ab plane with fluorine atoms. The suggested 
substitution relocated the bands and displaced the electronic states from the Fermi level to lower energy levels creating an electronic 
bandgap, as presented in Fig. 1. Usually, the intensity and interaction between atoms are widely alerted after the substitution process. 
The electronic band structures of the Sr2RuO4 and Sr2RuO2F2 compounds along the high symmetry points of the Brillouin zone using 
the spin-polarized GGA-PBE + TB-mBJ approximations are depicted in Fig. 2 (a) - (b)  and Fig. 3. 

Fig. 2 (a) - (b). illustrates that there are three bands lightly intersect the Fermi level, which proves that the minority spin exhibits 
a metallic behavior. The majority spin presents a semiconducting demeanor, and the total contributions of both minority spin and 
majority spin states suggest a metallic ground state of the Sr2RuO4 compound. 

Fig. 3 demonstrates that the valence band maxima (VBM) and the conduction band minima (CBM) for F – doped Sr2RuO4 occur at 
M and Г points. Hence, the Sr2RuO2F2 quaternary alloy exhibits an indirect bandgap of 1.5 eV. 

Table 1: Equilibrium lattice constants of Sr2RuO4 and Sr2RuO2F2 using the GGA-PBE approximation
Present work Other  works Experimental

a (Å) a/b c (Å) a (Å) a/b c (Å) a (Å) a/b c (Å)
Sr2RuO4 3.85 1 12.78 3.84 [17] 1 12.78 [17] 3.9 [18] 1 12.7 [18]
Sr2RuO2F2 3.98 1 13.40 3.98 [17] 1 13.23 [17] (-) (-)
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Figure 2 (a) - (b): Spin-polarized band structures of Sr2RuO4 [(a) 
Spin up / (b) Spin down]

Figure 3: Spin-polarized band structures of Sr2RuO2F2 alloy.

Elastic Properties 
The elastic property is an important feature of solids. It is closely 
related to various fundamental physical properties, such as specific 
heat, melting point, Debye temperature, thermal expansion 
coefficient, etc.  The elastic tensor Cij is derived by performing 
six finite distortions of the lattice and deriving the elastic constants 
from the strain-stress relationship [19]. Other elastic properties 
can be ascertained based on the computed elastic constants Cij, 
such as bulk modulus (B) and shear modulus (G). Two different 
theories are employed to assess the elastic moduli [20]: Reuss 
theory (BR and GR) and Voigt theory (BV and GV) [21]: 

                                
                                                                                           (1)

                                                                                           (2)
 
                                                                                           (3)

                                                                                           (4)     

Cij is the inverse matrix of Sij, and they exhibit the elastic stiffness 
coefficients and the elastic compliance coefficients, respectively. 
On the other hand, there is a so-called Hill theory, where [21]:

BH = (BV+BR)/2                                                                 (5)
GH = (GV+GR)/2                                                                (6)

Pugh criterion ensures that when BH/GH is less (bigger) than 1.75, 
the material is considered brittle (ductile) [22]. Furthermore, 
Young’s modulus E and Poisson’s ratio ν are obtained using the 
following formulas [23]:

E = 9BG/ (3B+G)                                                             (7)
ν = (3B-2G)/ [2(3B+G)]                                                   (8)

For a tetragonal crystal, nine independent single-crystal elastic 
constants characterize the capacity of a material to deform under 
small stresses (C11, C12, C13, C22, C23, C33, C44, C55, and C66). The 
mechanical stability is confirmed using Born’s criteria [24]. 
Against any homogeneous elastic deformation, the material is 
considered stable when the following conditions are verified:

                                                                                          (9)

First-principles calculation of stress tensors is presented by Nielsen 
and Martin following Hooke’s law (σij = Cijkl εkl), where σij presents 
the stress tensor, εkl is the Lagrangian strain tensor, and Cijkl is 
the elastic constant tensor which is 6 × 6 matrix (36 elements 
in general cases) [25, 26]. The generalized Hooke’s law for a 
tetragonal structure may be written as [27]:

Where σi and τi are normal and shear stress, respectively, while 
εi and γi are normal and shear strains, respectively. The predicted 
elastic constants (stiffness) and elastic compliances of tetragonal 
Sr2RuO4 and Sr2RuO2F2 are presented as a matrix in Voigt notation 
at 0K: 

• Elastic constant (stiffness) matrix in GPa of Sr2RuO4:
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• Elastic constant (stiffness) matrix in GPa of Sr2RuO2F2:

• Elastic compliance matrix in 1/GPa of Sr2RuO4:

• Elastic compliance matrix in 1/GPa of Sr2RuO2F2:

The findings suggest that C11, C12, and C33 of Sr2RuO4 are all 
smaller than those of Sr2RuO2F2, indicating the c-axes of 
tetragonal Sr2RuO4 are easier to be compressed than for the 
Sr2RuO2F2 compound. Furthermore, the values obtained for C44 
are substantially smaller than those of C11, indicating the resistance 
of the studied materials to shear deformation along the (100) 
plane. The reason should be that C11 is mainly determined by the 
stronger and stable polar covalent bond between Ru – 4d and O 
(1) – 2p / O (2) – 2p electrons that is along the a-axis, while C44 
is principally determined by the weak hybridization between Ru – 
4d/ F – p orbitals and the ionicity of Sr – O bonds which are along 
the c-axis. The lowest value that occurs on C66 implies that the 
shear deformation, corresponding to C66, is the easiest to achieve 
compared to the other deformations. The wide discrepancies in 
the elastic constants also indicate that the Sr2RuO4 and Sr2RuO2F2 
materials are mechanically anisotropic. Despite the mismatch 
of Cij’s between Sr2RuO4 and Sr2RuO2F2 compounds, the two 
tetragonal phases are mechanically stable because the elastic 
constants satisfy the Born’s mechanical stability condition. By 
using the computed elastic constants Cij, the bulk (B) and shear 
(G) moduli of the crystal structures can be calculated according to 
the Voigt, Reuss, and Hill approximations, as tabulated in Table 2.

According to Pugh criteria, the BH/GH ratio separates ductile and 
brittle materials. Brittleness and ductility have a huge influence 
on the mechanical behavior of a material. For Sr2RuO4, the ratio 
of BH/GH is 3.38, the discovered finding is consistent, to some 
extent, with the theoretical investigation previously reported 
(BH/GH = 2.15) by Xi-Ping Hao et al [28]. For the Sr2RuO2F2 
compound, the ratio BH/GH calculated using the PBE-GGA+TB-
mBJ approach is found to be 4.42. This value is greater than Pugh’s 
critical point, thus Sr2RuO2F2 has a ductile feature. Both tetragonal 
compounds show ductile nature since their BH/GH ratios are > 
1.75. The Cauchy relationship which is defined as Cc = C12 - C44 
is an important parameter signifying the ductility or brittleness of 
a material [26]. The positive value of this parameter ensures the 
ductility of the material, otherwise, it is brittle when the value is 
found to be negative. The computed Cc using the PBE-GGA+TB-

mBJ approximation of Sr2RuO4 and Sr2RuO2F2 is 234.5 GPa and 
506.2 GPa, respectively. From these results, we can conclude that 
the studied materials are ductile, which confirms Pugh’s criteria. 
The bulk modulus is significantly greater than the shear modulus. 
This result indicates that the shear deformation is easier to occur, 
and the parameter limiting the stability of Sr2RuO4 and Sr2RuO2F2 
is the shear modulus. Young’s modulus and Poisson’s ratio are 
important parameters for selecting materials in engineering design 
(see Table 2). The Voigt Young’s moduli of tetragonal Sr2RuO4 
and Sr2RuO2F2 are predicted to be 276.6 GPa and 385.12 GPa, 
while the Voigt Poisson’s ratios are 0.35 and 0.34, respectively.

The elastic anisotropy Ʌ is strongly related to the probability of 
promoting micro-cracks in the solids. For an isotropic crystal, 
the elastic anisotropy is about 1. With any deviation from the 
unity, the crystal becomes anisotropic. The simulated compounds 
Sr2RuO4 and Sr2RuO2F2 have anisotropic factors of 0.10 and 0.63, 
respectively. Therefore, they are robust anisotropic crystals.

Thermodynamic Properties

Figure 4: The thermal expansion coefficient as a function 
temperatures at different pressures

Fig. 4. shows the evolution of the thermal expansion coefficient 
with temperatures at different pressures. Thermal expansion 
is critical to investigate the thermodynamic and thermoelastic 
behavior of the solids at different temperatures. From Fig. 4, it 
is observed that the thermal expansion α grows exponentially up 
to room temperature. Above 300 K, the growth becomes slow 
and gradually approaches a linear increase. The upward trend 
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is less pronounced at high temperatures. The thermal expansion 
coefficient decreases significantly further increase of pressure at 
varying temperatures, as depicted in Fig. 4. At 300 K and zero 
pressure (see Table 2), the obtained values of the thermal expansion 
coefficient α for Sr2RuO4 and Sr2RuO2F2 compounds are 4.58 × 
10-5 K-1 and 4.62 × 10-5 K-1, respectively. The superconductor 
Sr2RuO4 has a lower thermal expansion coefficient than the 
Sr2RuO2F2 alloy. Usually, it is attributed to the high melting point 
of Sr2RuO4 [29].

Figure 5: The Debye temperature as a function of temperature 
at different pressures.

The Debye temperature θD is an extremely significant feature of 
materials that can be employed to determine the thermal properties 
of solids. As the temperature rises beyond absolute zero, the atoms 
of the crystal solid gradually vibrate to Debye's temperature. θD 
represents the temperature at which the vibrations reach their 
maximum possible modes, and it is a reasonable estimate of the 
hardness of solids [30]. Fig. 5. exhibits the Debye temperature as 
a function of different temperatures, respectively, for the Sr2RuO4 
ternary alloy and the Sr2RuO2F2 quaternary alloy at various 
pressures. At a particular pressure, Debye temperature θD is 
almost constant from 0 K to 100 K, meaning that the crystals have a 
weak anharmonicity and slightly expand in this temperature range. 
When T > 100 K, θD decreases linearly with rising temperature, 

reflecting the change in the vibrational spectra of atoms with 
temperature.  At room temperature and zero pressure, the values 
of θD are 494.09 K and 430.67 K for Sr2RuO4 and Sr2RuO2F2, 
respectively.

Figure 6: Gibbs free energy (G) as a function of temperature at 
different pressures

The temperature and pressure dependence of the Gibbs free energy 
(G) is shown in Fig. 6. At a fixed temperature, the Gibbs free 
energy values grow intensively as the pressure increases. On the 
other hand, G slightly diminishes with increasing temperature at 
a given pressure.

The Grüneisen parameter (γ) estimates the alteration in the 
frequency of the crystal lattice vibration and describes the 
influence of temperature or pressure on lattice volume and phonon 
frequencies [31]. The Grüneisen parameter γ for both materials 
at P = 0 GPa is approximately constant when T < 50 K, and 
monotonously decreases as the temperature increases up to 100 K. 
At a fixed temperature, the γ decreases dramatically with pressure, 
indicating that the temperature has a minor effect on the Grüneisen 
character (see Fig. 7). 
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Figure 7: The Grüneisen parameter γ as a function of temperature at different pressures

In general terms, the heat capacity of a substance is a significant feature that provides the necessary comprehension and relevant 
analysis of vibrational characteristics. The temperature dependence of heat capacity at constant volume Cv and constant pressure Cp 
for Sr2RuO4 and Sr2RuO2F2 compounds are plotted in Fig. 8. Both Cv and Cp obey T3 at low-temperature and abruptly jump with the 
temperature at a given pressure. The specific heat capacities present a robust dependence on temperature due to the Debye model 
based on the anharmonic approximation and are weakly sensitive to the pressure variation. At higher temperatures, the Cv and Cp 
parameters approach the Dulong-Petit limit [29].

Figure 8: The heat capacity as a function of temperature at different pressures
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Table 2: The calculated elastic parameters shear (G) and bulk (B) moduli, Poisson’s ratio (ν), Young’s modulus (E), Cauchy 
relation (Cc) using the Voigt, Reuss and Hill approximations
Parameters Sr2RuO4 Sr2RuO2F2
Voigt bulk modulus BV (GPa) 317.20 409.38
Voigt shear modulus GV (GPa) 102.09 143.36
Reuss bulk modulus BR (GPa) 317.08 368.88
Reuss shear modulus GR (GPa) 85.11 32.49
Hill bulk modulus BH (GPa) 317.14 389.13
Hill shear modulus GH (GPa) 93.60 87.92
BH/GH 3.38 4.42
Voigt Young modulus E 276.60 385.12
Voigt Poisson ratio ν 0.35 0.34
Reuss Young modulus E 234.36 94.68
Reuss Poisson ratio ν 0.38 0.46
Hill Young modulus E 255.65 245.30
Hill Poisson ratio ν 0.37 0.39
Ʌ 0.10 0.63
Cc (GPa) 234.5 506.2

Conclusion
In summary, the first-principles calculations based on the DFT 
theory have been employed, using the FP-LAPW method, to 
investigate the elastic and thermodynamic properties of Sr2RuO4 
and Sr2RuO2F2. It is found that elastic constants of the studied 
compounds satisfy all of the mechanical stability criteria, indicating 
their structural stability. The temperature and pressure-dependent 
thermal properties were investigated using the quasi-harmonic 
approximation, providing a good description of free Gibbs energy 
G, Debye temperature θD, and heat capacity Cv in the pressure 
range from 0 to 25 GPa and temperature range from 0 to 400 K.
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