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Abstract—Here, we have used the discrete (%)-expansion

procedure with the derivative operator MR-L (modified
Riemann-Liouville) and FCT (fractional complex
transform) to find the exact/analytical solution of an
electrical transmission line which is non-linear. Results
include solutions for integer and fractional DDE. We
consider two special cases of solutions: hyperbolic and
trigonometric. Hyperbolic solutions indicate propagation
of singular wave on the transmission line. Trigonometric
solutions show propagation of complex wave.
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|. INTRODUCTION

Fractional differential equations are the subset of fractional
calculus in mathematics that expands regular distinction to a
complicated or non-integer order [1]. This has major
influence on the various subjects, such as quantum
mechanics, physics, control systems, non-linear analysis in
applied mathematics and other areas. In physics and
engineering, many equations [2-3] have recently been
expanded into non-integer orders in order to provide new
models. They are given with some computational, numerical
and some solution methods since solving an FDE is
difficult. Similarly DDE finds applications in areas like
engineering physics, applied mathematics. Different
applications of DDE require specific effective method [4-7]
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for solutions. Some interesting DDE model can be found in
literature [8-10].

Over the years, researchers are using different analysis of
transmission lines [11-12] and different numerical methods
to find exact/analytical solutions of DDEs linked with non-
linear waves and solitons [13-15]. In [13], exact solutions

for the DDEs linked with the NLTL network uses the (%’)—

expansion process where as [14] uses fractional analysis of
the same network with discrete tanh method. Similarly [15]
reports a different electrical transmission line circuit

employing the discrete (%)-expansion process using
fractional analysis.

This paper extends the application of the discrete (%’)—

expansion procedure to find an exact solution for local
FDDE (fractional differential-difference equation) of Toda
network. For simplicity, it will first transform the FDE to
ODE using the fractional complex transform (FCT) method
and then develop the solution method.

Organisation of this paper will be the following. Section Il
will provide the general expansion of the above mentioned
method. Section 11 will discuss the fractional complex
transform and the procedures for transforming the fractional
differential equation (FDE) into an ordinary differential
equation (ODE). Section 1V will explain how to derive the
solution from transmission line network using the solution
process. It will be followed by the evolutionary profile in
section V.

I1. GENERAL (i(—‘g) —EXPANSION METOD

Fractional complex transform (FCT) is used as a gentle way
of transforming FDE to ODE. FCT can be used to rewrite
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the equations in form of ODE in order to get the solution of

FDE.

For a function,

E=E(t, %, X1, X3, ... X)),

Let

- [6©]
U = ;ai [m

be a solution of certain ODE, where G (&) satisfies
G"@E)+AG' @) +pGE) =0 )
' _ aGe
Here, G (§) = o

and by using homogenous balancing principal n can be
determined.

Now for equation (1), the auxiliary equation (AE) can be
written as,

m2+Am+u=0

which is satisfied by m = @

Then the solutions of equation (1) are

f(f) =
e_T/15 (cl cosh (_122—4u f)

+ ¢, sinh

(=)

for 2 —4u>0

\ e_TK <c1 cos (\/—# f) + ¢y sin (\/—#f))

for 2 —4u<0

-2
Lez (et ),

with arbitrary constants ¢, and ¢ .

for 2—4u=0

Hence (;(—(;) can be summarized as,

-
AZ—ap A2—ap
cqsinh > €]+ cy cosh 2 3
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2 2 \/Az—zl-p JA2—4u ,
cq cosh > & |+ cysinh 2 3

for 2 —4u>0
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for 2 —4u<0

A
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I11. FRACTIONAL COMPLEX TRANSFORM (FCT)

The key steps to establish the exact PFDE solution by using
FCT are provided below.
Let’s assume the PFDE

P(uq, oo, Ug, Difty, oo, DUy, D Uy, v, DY Uy, oo, Dy Uy,
2 2 2 2 _
s DE Wiy DE*Uq, o, DE* Uy, DUy, e, Dy, ) =00 (3)

with variables (t, x, x4, x5, ... x5,).

Where P is the polynomial function in wu;, fractional
derivatives are in terms of different partial derivatives.

And u; = u;(t, x,xq, x5,...x,) fori = 1,2,... k.
Fori=12,...k, j=12,...,n, D,‘}jui as given in (3) is
usually callled modified Riemann-Liouville derivative of
fractional (a) order of u;(x;) w.r.t x;.

With o order, Jumarie’s MR-L derivative is defined as

follows:
.

DEFO) = | royes e o =97 (F®) — £(0) &,
0<a <1
<
FmEnEm, m>1
4)
\
n= F(ia) is the modified FCT usually utilised for some

FDEs that only applicable for wave solution.

As FCT follows chain rule, applying this to the function
u (t, x):

a“ui _ aui

—_— — a
at Os 55 s=t
Pui . w oy p (5)
axP X oax '’ ’

Where g, a,.are the fractal indices.

To make this calculation easy, with 0 <« <1 the
properties of MR-L derivative is chosen.

Thus the MR-L property

sps _ TF@A+s) o «
b v = r(1+s-a) Q)
E(X
r(+a)

can also be utilised in modified FCT, n =

Procedures to adopt for FDE to ODE transformation is
presented below in different steps.
Step 1: It is assumed

u;(t, %, %1, %3, ... ) = U; (&) with

f=cttlt Dt t Y
o o o

where ¢, ki, k, are unevaluated constants.
Using this above mentioned transform along with equation
(5), equation (3) can be transformed into ODE as below,

P (U, e, Up, €D Uy, ..., €D§ Uy, ky Dg Uy, ... k1 DE U, ..,
¢*DEUs, ..., 2 D¢ Uy, kiDZ Uy, ... k}DE Uy, ..., kADEU, , ...,
kiD¢Uy,..) =0 8)
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The general representation of the transformation for
i=12,...,kandr = 1,2,..., N can be written as,

D{%U; (t,x,xq,%5,..
D;f‘Ui (t, x, %1, x5, ..

Xn) = ¢"D{ Ui(§),
-Xp) = kiDg Ui(§),

DgU; (&%, %1, %a, - Xy) = kgD Ui (§),

Step 2: To express the solution of equation (8) in terms of
£® the polynomial function can be assumed as:

6®’
'@
uE) = Zaj,i [ﬁf)] ,
j=12..,

k 9)

where G (§) is the root of equation (1).

And g;;(i =0,1,...m;and j = 1,2 ..., k) is a constant
which can be evaluated by homogenous balance between
non-linear terms and highest-order derivatives appearing in
equation (8) with the condition a;; # 0.

Step 3: After substituting equation (9) into equation (8), and
using equation (1), the co-efficient of the terms containing

(

different powers of 5 equatlng to zero a set of algebraic

equations in terms of A W, a;; are obtained.

Step 4: Substituting the solutions of the set of algebraic
equations obtained in step 3 in equation (2), an interesting
type of exact solution of equation (3) is expected to be
established. Equation (3) should be turned into ODE for
a =1 value.

IV. FRACTIONAL NON-LINEAR LC LADDER TRANSMISSION
LINE EQUATION

Figure-1. Non-linear TL network

The above figure is a non-linear transmission line with n
identical unit cells. Each cell contains a linear inductors and
non-linear capacitors which vary with voltage ¥}, applied to
the nth cell. So it can be written as,

CV) = C(1— aVy+byp) (10)
Applying KCL in the above network, below DDE is
obtained,

d?vy
dt?

LC, & V"

—alCy &2 +bLCO -2V,

(11)

2 — VYn+1 +V1’l—1
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The Taylor expansion for the right side of equation (11) can
be written as,
a?vy,

acvi azvi

—a = —(— +o
dt? dt? dt? LCo 4! )
2
V;
where V' = —".
dn 2

Considering weakly dispersive limit of the discrete system
of equation (11), the discrete index n may be assumed to be
a continuous variable of x, especially if the voltage varies
slowly from unit section to other.
Considering 6 is the dispersion between LC, pair, putting
x = n8 and eliminating terms higher than &*, equation (11)
can be written as,

Transforming equation (12) into its continuum form and
substituting the linear derivative operator by order a,
equation (12) is reduced to,

1

LCo

82d%vy,
dx?

s*d*vy,
12 dx*

d?vy,
dt?

22
d?v2
dt?

a?vy
dt?

) =0. (12)

DE“V, ~ DE“aV? + DbV — o (82D2* Uy + 1> DIV,

=0 (13)

Substituting § = c—+ k= ” + &, into equation (13), we

get,
2 A¥Vy 5 d?vE 2d%VE 1 (82kid*V,
dg? dEZ +bc dEZ LCo ( dg? +
8*kidtvy\
12dE4 ) =0
Writing V,(t,x) = U(§) = U, the above equation can be

written as,
2n2 212772 212773 1 21,212
¢2DU — ac?DZU? + be?DFU* — o (82kFDF U +

54K
ziugu):o (14)

Assuming integration constants to be zero, integrating twice
the above equation (and considering k; = k) we get,

84K
12 LCy

c*(U — aU? + bU?) - —U - U” =0. (15)
0
Assume that the exact solution of above equation can be
written as,
¢"\'
U® =3 (%) (16)
m =1 is obtained by homogenous balance between the
highest order derivative and non-linear terms.

Substituting U = a4 + a4 ( ) in equation (15) and equating

the coefficients of different powers of( ) to zero, the
following equations are obtained.
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52K 84K

G') 2 2.2 2.3
—) :c“ay —acca§ + bcaj — apg- ——aAu =0
(c; 0 0 0~ Tc, 207 g, M
1
fed 82K?
(—) c?ay — 2aaga.c? + 3bctaak ———a; —
G LCo
8kt 2
a,A* +2a,u=0
; 12LC0( 1 1M1
G') 2.2 2 2 &%%*
—) :—aatc® + 3bcaga; ———3a,41 =0
(G 1 01 g21cy” 1
17)

41,4
“bcta; — a; =0

12 LCo

(17)

The constants ay,aq,c,k are obtained by solving the
equations (17).

Case-1:

ForA?2 —4u >0, E=c§+k1x§+50 and0<x<1

N
_a(A+y2%-4p) @ = 2a
0 3b/AZ—4p 17 3pfaz—ap
wl™ [
K=+ 2av6 c= 2JLco
— 6/-(2aZ2—9p)(AZ—4p) ' (2a2-9b)\/AZ -4

For which the solution will be,

V(t,x)=U=
_ |e1 sinh< A22—4u§>+ c2 cosh( 122—4uz >}
ap+a, _7 + 7‘2—4u le \/xz
lC1 cosh( 2_4 E>+ [ sinh( 2_4uE>J
(18)
@
x=0.
141
10+
1 ]
6-
0 T T T 1
I 2 3 4 5
_ 4i !
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Case-2:
Forﬂz—4u<0,§=c%+k1%+§0and0<ocs1

an = —a(A—A%2—4p @ = -2a
0 3by—AZ+ap 17 3p/-AZ+4p
6b >
k=+ 206 c= *ico
— 6/-(2a2-9b)(—A%+4p) ' (2a%2-9b)\/-AZ+4pn

For which the solution will be,

Vo(t,x) = U =

—AZ+4p

2

I —cq sin € |+ cp cos
-A n V=AZ+4p
l ¢q Cos| £ |+ cysin 3

2
Case-3: As the coefficients a, and a, are undefined,
A% — 4 u = 0 does not have any solutions.

—AZ+4p

V. RESULTS AND DISCUSSION

To understand the implications of the equations derived
above we consider hyperbolic and trigonometric solutions
only. For the third rational case, a, and a; become
undetermined because their denominator contains (A% —
4 u), which is zero. This makes the solution undetermined
and hence we exclude this. For both these (hyperbolic and
trigonometric) cases we use C;, =0, C, =1,a =0.21,b =
0.197, %=3, 6§=1, u=3. But we take 1 as 4 in

hyperbolic and and 1 in trigonometric case.

(b)
x=1.2500

14+
101
74 i
&

0 T V——'_ T T 1
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(d)

x=6.6667
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Figure-2. Evolution of voltage with time 1V} (¢, x) for case-1 (hyperbolic) at different locations on TL for a = 1
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Figure-3. Evolution of voltage with time 1V}, (¢, x) for case-1 (hyperbolic) at different locations on TL for a = 0.5
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Figure-4. Evolution of voltage with time V, (¢, x) for case-2 (trigonometric) at different locations on TL for a = 1
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Figure-5. Evolution of voltage with time (¢, x) for case-2 (trigonometric) at different locations on TL for a = 0.5

Figure 2(a), (b), (c), (d) shows the time evolution of voltage
for a = 1 at different positions on the transmission line. It
shows evolution of singular voltage indicating bright ((a),
(b)) and dark ((c), (d)) waves. Figure 3(a), (b), (c), (d)
repeats the same process for o« = 0.5. In this case voltage
generation is accelerated and in all locations under
consideration the nature of the generated wave is dark.

For the trigonometric case with a = 1 the evolution of wave
is shown in figure 4(a), (b), (c), (d) at same locations as for
the hyperbolic case. Unlike in the hyperbolic case this
indicates the evolution of a complex wave with time which
oscillates aperiodically between positive and negative
voltages. The figure 5(a), (b), (c), (d) repeats it for a = 0.5.
In figure 4 the voltage generation is random in nature. In
figure 5 the voltage generation is more ordered and
accelerate as one moves along the transmission line.

V1. CONCLUSION

Using appropriate parameters, we were able to obtain three
exact solutions as we can see in case 1,2,3 are hyperbolic,
trigonometric, and rational respectively, in order to achieve
our goal of establishing exact solution of FDDE of the given
network. Finally we conclude by stating that, for problem
modelling and the resolution of un-differentiable numerical
in fractional order time-space, the fractional calculus is an
useful tool. Using this tool is has been changed how the
voltage evolves with time along a non-linear transmission
line under different modelling conditions. This will find
application in non-linear discrete systems like all electrical
switches and periodic non-linear structures. In future this
model can be expanded to consider coupled non-linear
transmission line and planar non-linear TL.
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