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Abstract:—As an analogue here we extend and give new horizon to semimodule theory by introducing fuzzy
exact and proper exact sequences of fuzzy semi modules for generalizing well known theorems and results
of semimodule theory to their fuzzy environment. We also elucidate completely the characterization of
fuzzy projective semi modules via Hom functor and show that semimodule pup is fuzzy projective if and

only if Hom(up,~) preservers the exactness of the sequence /LM/&VMEH]M// with 3 being K-regular.
Some results of commutative diagram of R-semimodules having exact rows specifically the “5-lemma”
to name one, were easily transferable with the novel proofs in their fuzzy context. Also, towards the
end apart from the other equivalent conditions on homomorphism of fuzzy semimodules it is necessary
to see that in semimodule theory every fuzzy free is fuzzy projective however the converse is true only
with a specific condition.
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1 Introduction

From 1965 onwards when the crucially relevant las of semimodules over commutative semirings.
concept “fuzzy” came into existence, number of In the light of forgoing here we study the fuzzy
structures in algebra were extended to their fuzzy context of semimodules, free and projective semi-
versions[21]. After which researchers did every- modules over semirings in order to set a new plat-
thing they could, to clarify concepts in the field form for future researches.

of fuzzy module theory, leaving no stone un-
turned[3], [4], [7], [8], [12], [22]. And here in this
paper we primarily deals with two aspects mainly:
the study of fuzzy semimodules and fuzzy pro-
jective semimodules over semirings, where semir-
ing is a structure near to ring but apart from
the necessary condition of having an additive in-
verse. The term semiring was first coined by Van-
diver[19], after which the concepts of automata
and formal languages in[9] and [5] was extensively
studied in its fuzzy context in which semirings act
as a vital tool. Shu and Wang [16], [17] discussed
the cardinality of bases and dimensional formu-

The present study is structured as follows. In
Section 2 along with basic definitions appropriate
examples have been constructed to support the
study. In section 3 we have investigated and gen-
eralized the concept of semimodules and proved
many interesting results. Section 4 analyses the
concept of fuzzy projective semimodules. In it
generalization from the corresponding results of
the classical theory, along with the equivalent de-
scription of the same with a particular condition
has being mentioned. At last, section 5 discusses
the applications and future scope of the current
study.
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2 Preliminaries

Definitions and results applied during the present
study are discussed below.
Terminology used extensively in this study :

1. R is a ring that has its identity.
2. pd means projective dimension
3. d means there exists

4. Fuzzy module over the module M is de-
noted as .

5. = means implies

6. p(m) represents the arbitrary element of
fuzzy set pps.

Definition 1. [1] An additively written commu-
tative semigroup M with a neutral element 0 is
called a right R- semimodule M 4, if R is a semir-
ing and there is a function a: M x R — M such
that if a(m,a) is denoted by ma then the follow-
ing conditions hold:

(i) (m+m')a =ma+ ma,

(it) m(a + a’) = ma + md/,

(111) m(aa’) = (ma)d’,

(iv) m.1 = m,

(v) 0.a = m.0 =0 for all a,a’ € R and m,m’ €
M.

Definition 2. [1] Let M be a right R-
semimodule. A function A : M — L is called
a fuzzy subsemimodule of Mg , if the following
conditions hold:

(i) X(m +m’) > X(m)A AX(m/) for all m,m’ €
M.

(iii) A(ma) > A(m) for allm € M and a € R.
Remark 1. [1] : If 7 is a fuzzysubsemimodule
of a right semimodule say Mp then 7(0r) = 1
and in the sequel fuzzysubsemimodules of Mg are
called fuzzy right ideals of the semiring R.
Proposition 1. [1] : If 7 is a fuzzysubsemimod-
ule of a right semimodule say Mp and i a fuzzy
ideal of R then Tu is a fuzzysubsemimodule of M.

3 Fuzzy Subsemimodules

NOTE : For notational convenience we will call
fuzzy subsemimodules as fuzzy semimodules.
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In this section R represents the semiring hav-

ing identity 1 and each semimodule M is unitary
complying 1.z = z for all € M. Here we have
characterized fuzzy semimodules and were able to
establish interesting connecting theorems, propo-
sitions and results.
Example 1. Let Zy be a semiring where it de-
notes set of integers that are not negative. Also,
Z denote the set of integers forming a semimodule
over Zy. Then a map 7w: Z — [0,1] defined as

A(2) = 1,if z=10
N TN08,if 22 0

forms a fuzzysubsemimodule as it satisfies defini-
tion 2 as shown below:

(i) By definition of w

(ii) True as presented in the following figures :
For any value of Z say 0,1,2,3,4,5 we have

e 0 1 2 3 4 5

1 0.8 0.8 0.8 0.8 0.8

0
0.8 0.8 0.8 0.8 0.8 0.8

1
. 0.8 0.8 0.8 0.8 0.8 0.8
0.8 0.8 0.8 0.8 0.8 0.8

3
5 0.8 0.3 0.8 0.3 0.8 0.8
. 0.8 0.3 0.8 0.8 0.8 0.8

Fig.1 Working of “4” operation on the elements

of Z
>
g 0 1 2 3 4 5
0.8 0.8 0.8 0.8 038 08
0
08 0.8 0.8 08 08 08
1
5 0.8 0.8 0.8 0.8 0.8 0.8
0.8 0.8 0.8 0.8 08 08
3
: 08 0.8 08 08 08 03
- 0.8 0.8 0.8 0.8 0.8 0.8

Fig.2 Working of “A” operation on the elements
of Z

(iii) For instance let m € Z be 4 and a € Zy be 8
then A(ma) > A(m) holds true by the definition
of ™ since 0.8 > 0.8. Likewise for any other value
of Z and Zy the mentioned condition is satisfied.
Thus, © can be termed as fuzzysubsemimodule.
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Example 2. Let Zy be a semiring where it repre-
sents the set of integers that are not negative. Let
Qo denote the set of non negative rational num-
bers forming a semimodule over semiring Zy then
amap v : Qo— 1[0,1] defined as

(q) = 1,if g =10
U=Norifq+ 0

forms a fuzzysubsemimodule. The same can be
exhibited in the similar way as was in example 1.
Definition 3. Let f: ur — VN be the homomor-
phism of fuzzy semimodules. Then Imf of v is
defined as Imf = [v(n) € vy : v(n) + f (u(m1))
= F (1(my)) for some pu(ma) and p(ms) € prg).
And, Kerf = {u(m) € jins : F(u(m)) = 0y, }.
Definition 4. Let f: uy — vy be the homo-
morphism of fuzzy semimodules. Then f is said
to be i-reqular if f(urr) = Imf. And K-regular
if F(u(m1)) =  (u(ms)) implies p(my) + p(ms)
= 1(ma) + p(ma) for some p(ms) and p(ma) €
Kerf. Also, the same is termed as fuzzy semi-
monomorphism if Kerf = 0.

Definition 5. Let the sequence of fuzzy semimod-
ules and fuzzy semimodule homomorphisms

e —> un_lh;l)un@un+1 — .... 18 termed as
fuzzy exact if Imfn,_1= Kerf, for eachn. And is
called as proper exact if fn_1(pn_1) = Kerf, for
every n.

Definition 6. The exact sequence of fuzzy semi-

modules of the form 0 — NAL nB 2 g = 0
is called as the fuzzy short exact sequence. And
the same is termed as fuzzy split if for some
h € Hom(ng, ua) we have fh = id,, for some
fuzzy semimodules np and pa.

Definition 7. Assuming N to be R-semimodule
and vy be fuzzy semimodule over it. Then the set
ni,ng,....,nm € N s linearly independent with re-
gard to vy if it meets the following two criteria

(i) The set [n1, na,....,
dent,

N ) 18 linearly indepen-

(i) v(a1 + a2 + ...+ ap) = minv(ar),....,
v(ay,)] for any a; € Rn;, 1 <i < m.

Also, it is said that a subset B of N in defi-
nition 7 is called fuzzy pseudo basis of vy if
B is mazximal subset of N that is any finite
subset [ni,na,....,ni] of B is linearly inde-
pendent. And, the fuzzy pseudo basis of vy
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is also referred as a fuzzy basis for N in this
contert.

Lemma 1. Let R be a semiring, then the se-

quence of fuzzy R-semimodules quiVMﬁmMu
18 fuzzy exact if there exists fuzzy exact non-
horizontal sequences in the following diagram.

My —E vy —E 50,

\ 3
o

Fig.3 Representing fuzzy exact non-horizontal
sequences

Proof. Let v(m) € Kerj3. Also,

f _

implies ¢(v(m)) € Ker f. B

then v(m) € Ker¢ = Im 6. v(m) + O(m (k1)
An(ka).  Tmplies [v(m) + Og(u(m})] =

Gg(u(mb). And v(m) + a{u(m}) = a(u(m))

since g = a. Thus, v(m) € Ima.

Since Ker f = 0
)

Conversely, let v(m) € Ima. v(m) + a(u(m]
= a(u(ml). Again since § g = & then, [V(m) +
6.

~—

03(u(m})] = [83(p(m})] implying v(m) € Im
But Im § = Ker ¢. Hence f¢ = 3. ng)l/( )
Bv(m) gives Bv(m) = 0 thus, v(m) € Ker3. [

Result 1. For fuzzy semimodules every proper
exact sequence is fuzzy exact.

Proof. ,uMguNinM« be the fuzzy proper exact
sequence. So we have Kerf = a(uy) C Ima.
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Thus, we are left to show Ima C Ker3. Let (v(n))
€ Ima so we have (v(n)) + a(u(mi)) = a(u(mz))

which implies (v(n)) € &(unr) = Ker. Hence the
given sequence is fuzzy exact. O

Corollary 1. For a semiring R, the sequence

of fuzzy R-semimodules ,uM/luMinMu 18 fuzzy
proper exact if the non-horizontal sequences of the
following commutative diagram are fuzzy proper
exact.

Gl

Fig.4 Tllustrating fuzzy proper exact
non-horizontal sequences

Proof. By above result and lemma 1, Ker f=1Im
7, hence ¥(unr) C Ker 3, Now let v(m) € Ker
5 then f(v(m)) = Fa(v(m)) = 0 hence ¢(v(m))
€ Kerf. But Kerf = 0, therefore v(m) € Ker ¢
= O(rk). Hence v(m) = 0(w(k)) = O(gu(m’)) =

Au(m'). Hence upr = Ker j3. O

Corollary 2. For a semiring R, the sequence of
fuzzy R-semimodules with B being K-regular

,uM/guMinMu 1s fuzzy proper exact if the non-
horizontal sequences of the following commutative
diagram are fuzzy proper exact.
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Fig.5 Symbolizing fuzzy proper exact sequence
with S being K-regular

Proof. For (3 being K-regular let uM/iVMinMu
be a fuzzy proper exact sequence. Consider the
following diagram :

Ca !

Fig.6 Fuzzy proper exact sequence

where g(u(m’)) = a(u(m')) for all pu(m') € par,
O(v(m)) = v(m) for all v(m) € Ker B3, ¢(v(m)) =
v(m)/ Ker B for all v(m) € vy and f(v(m)/ ker
B) = B(v(m)) for all v(m)/ ker B € vy /Kerp.
Let v(m1)/Ker B = v(ma)/Ker B then v(my)
+ v(m3) = v(mz) + v(mg) € Ker B. Hence
Br(my) = Pr(mg) therefore f is well defined.
Now If fv(m1) = Br(ms) we have v(m;1) + v(ms3)
= v(mg) + v(my) where v(ms) and v(my) €
Kerj as 3 is K-regular. Hence v(m1)/Ker § =
v(m2)/Ker  implying f is injective. Therefore,
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the sequence 0 — Ker Bi VM KA v /ker3 — 0 is
fuzzy proper exact and the diagram above is com-
mutative. Converse, can be easily derived from
Corollary 1. O

Corollary 3. For a semiring R, the sequence of
Juzzy R-semimodules with (B being K-regular

,uM/iI/MinMu is fuzzy exact if the mnon-
horizontal sequences of figure 5 are fuzzy exact.

Proof. Let ,uM/ingnMu be a fuzzy proper ex-
act sequence with 8 being K-regular. Consider
the following diagram :

5 &J
B Beggi. . B s

3
5 6
o

Imex

b \
0
0

Fig.7 Symbolizing fuzzy exact sequence with 3
being K-regular

where g(u(m')) = a(u(m')) € Im a for all u(m’)
€ un, 0(v(m)) = v(m) for all v(m) € Im a,
¢(v(m)) = v(m)/ Im @ for all v(m) € vy and
F(u(m)/Tma) = Bu(m) for all v(m)/Imj €
vy /Ima.

Let v(m1)/Im & = v(msa)/Im & then y(ml) +
v(imz) = v(mg) + v(my) € Im & = Ker g.

iz

v
Hence Bv(myi) = Pr(mg) confirming f is well
defined. Let If Bv(m1) = Br(msg) and as B is
K-regular we have v(my) + v(ms) = v(mga) +
v(my4) where v(m3) and v(my) € Ker = Im a.
Hence v(m1)/Im @ = v(ms)/Im & therefore f is
injective. Clearly, the sequence 0 — [ mads VN

2 vy /Ima — 0 is fuzzy exact. Therefore the

above mentioned figure is commutative. Con-
verse, can be easily derived from Lemma 1. [
E-ISSN: 2224-2880
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Result 2. Ezact sequence ,uMEWNﬁmM/ of
fuzzy semimodules having & i-reqular is fuzzy
proper exact.

Proof. Since the given sequence is fuzzy exact
ker3 = Ima. Now, a(uy) C Ima = Ker3 implies
a(upr) € Kerf. To show the converse let v(n) €
Ker3 = Ima. Thus, v(n) € Ima and since & is
i-regular v(n) € a(par). O

Theorem 1. For a commutative diagram of fuzzy
R-semimodules, having exact rows of R- semi-
module homomorphisms statements 1 and 2 holds
true.

oy W, D g
i J I
aly a_}"ls_g_}’flc

Fig.8 Commutative fuzzy exact semimodule
homomorphisms

NOTE FOR FIGURE 8

(i). First Row is ,uAguBgnc

(ii). Second Row is M;la—leg B—m’o

(iii). First Row is fuzzy exact means Im a = Ker
I5} and similarly for the second row.
(i

v). Commutative diagram means ja = a/i

kB =pBj

and

1. {f§ is injective and i, B are surjective then
k is injective.

2. If j is surjective and & and k are injective
then i is surjective.

Proof. (1) Assume n(c) € Ker k. Then v(b) € vp
such that Buv(b) = n(c) since 3 is surjective. Now,
0 = kn(c)asn(c) € Kerk

0= k:ﬂ( (b)) as Bis surjective

= B"5(v(b)) since diagram is commutative

= j(v(b)) € Ker 3/ = Ima’ since the second
row is fuzzy exact. So, we can write j(v (b)) +
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o' (' (ah))
J(w() + a'i(p(ar) = a'i(p(az)
J(v(®) + jalu(ar) = ja(u(az)
= j(v(b)) € Imja
=v(b) € Ima

as j is injective. Then, v(b) € Ker f3 since the first
row is exact. Which implies Bv(b) = 0. Thus,
n(c) = 0. Hence Ker k is injective as all elements
lying in it are 0.

(2) Let p/(a’) € p/y,. Since j is surjective there-
fore for each v/(b') € vj; 3 v(b) € vp such that
Jj(v(b)) = V' (V). Now since &' is injective, we
have j(v(b)) = a'(i/(a’) € Im@ = Kerf' as the
second row is fuzzy exact. Now,

= (' = kB asthe diagram is commutative

— Fj((t)) = k3 (b)) )

= kB(v(b)) = 0since j(v(b)) belongsto Kerf'

= B(v(b)) € Kerk

where since k is injective, it implies 3(v(b)) = 0
gives rise to v(b) € Ker j3

= v(b) € Im & {Since the first row is fuzzy ex-
act. }

Then v(b) + a(u(ai)) = a(u(az)) for some p(ay)
and p(az) € pa B B

Consider, ' (/(a')) = j(v(8)) = }(@(u()))

= @ (i(u(a))) as the given diagram is commuta-
tive.

Hence, u'(a’) = i(u(a))), since @ is injective.

Therefore i is surjective. O

Theorem 2.(5-Lemma) For a commutative dia-
gramm of fuzzy R-semimodules having fuzzy exact
rows, where p; are the fuzzy R-semimodules over
R-semimodules M; and v; are over N;

5 5

|
o)

A Ly —= =l —= s
# r 3 _ )

1 2 Z, 7 t

S A e | AL

Fig.9 Commutativity fuzzy exact semimodule
homomorphisms
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following stands true

1. Ifty and t4 are surjective and ts is injective
then t3 is surjective.

2. Ifty and ty are injective and tq is surjective,
then t3 is injective.

3. If ty, to, ty and t5 are isomorphisms, then
t3 is an isomorphism.

Proof. (1) let v3(n3) € v 3 pa(my) € pg with
ta(pa(ma)) = gsvs(ns) [since #4 is surjective]

= §4933(n3) = 0 = gatapa(ma) = t5fapra(my)
[since diagram is commutative]

= fapa(ma) = 0 [since 5 is injective]

= Jus(ms) € pz with f3(uz(ms)) = pa(ma).
Consider,

93(v3(n3) — t3(uz(ma)) = ga(va(n3) — gats(ua(ms))

7:> 3 1/2(n2) € vy with gg(yg(ng)) = (Vg(ng) -
t3(ps(ms)) -
= 3 (p2(mz)) € po with t2(u2(ms)) = va(n2)

[since tg is surjective]
Then

t3]fa(pa(ma)) + ps(ms)] = 53(f2_ﬂ2(m2))+

(2) Let pz(ma) € pg with £3(uz(ms)) = 0
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= taf3(u3(ms)) = gats(us(ms)) = 0
(3(m

3)) = O[tsinjective]

= J3\Hu

= J(u2(m2)) € pawith fa(pz(ma)) = (u3(ms))

= gota(p2(ma)) = t3 fa(pa(mz)) = t3(us(ms)) =0
= 3(v1(n1)) € v1, g1 (v1(m1)) = ta(pa(m2))

= I(p1(m1)) € pa, t1(pa(ma)) = (v1(n1))

= git1(p1(m1)) = g1(v1(m))

= t2(f1(p1(m1))) = ta(pa(ma))

= filpa(ma) = (p2(mo))

= fa(pz(mz) = fofi(p(m1)) = 0 = (uz(ms3)).

Thus t3 is injective.
(3) Trivial.

Proposition 2. Let h : np — vg be a homo-
morphism of fuzzy R-semimodules. The following
are equivalent:

(i) h is injective.

(ii) h is K-regular and 0— T]P£>VQ is fuzzy exact.
(iii) h is K-regular with Kerh = 0.

(iv) h is K-reqular semi monomorphism.

(v) h is a monomorphism.

Proof. (i) = (ii) Let h is injective. Let n(p) and
n(p') be in np such that h(n(p)) = h(n(p')) then
(1(p)) = (1(2")) hence (n(p)) + 0 = (n(p)) + 0
with 0 € Kerh. Hence h is K-regular. Recall that
h:mp — vg is fuzzy exact if and only if Im(0) =
Kerh = 0.
n(p) € Kerh = h(n(p)) = 0 = h(0). Then n(p)
= 0 because h is injective. Thus, Kerh = 0 and
the sequence is fuzzy exact.
(i) = (iii) Trivial
(i) = (iv) Trivial
(iv) = (v) Let h is K-regular semi monomor-
phism. Let 4 : pa — np and 42 : ua — np be
the two homomorphism of fuzzy R-semimodules
such that hoy1 = hoya......(1).
Since h is K-regular so 3 h(n(p1)) = h (n(p2))
such that n(p1) + n(p3) = n(p2) + n(p4) for some
n(ps) and n(py) € Kerh. From equation 1 we

have ho¥;(u(a)) = hoya(u(a))
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71 (u(a))] = h[F2(pu(a))]
= [n(p(a)] + K = [F2(u(a))] + K
= M (u(a)] = Fa(u(a))]

] = [72]

Thus, h is a monomorphism.

(v) = (i) Let h : mp — vg be the monomor-
phism such that hoj; = hoJa = 71 = 72 where
Y1 pz = npand Yot iz — np.

We need to show h is injective

Let h(n(p1) = h(n(p2). Assume h is not in-
jective then 3 n(p;) and n(p2) € np such that
n(p1) # n(p2) = h(n(p1) = h(n(pz)........(1)

Let Py = [n(p1),n(p2)]. Define 1, :
m(Py) =n(p;) for alli =1, 2.
Define 7, m  — np as Yi[mn(p
= Nm(p2))] = n(p1) and Fa[n(n(p1))]
Ya2[n1(n(p2))] = n(p2). Since h is fuzzy monomor-
phism we have hoy; = hoYa = 71 = Jo

= n(p1) = n(p2)-

which is a contradiction to equation (1) above.
Conversely, Let h is injective and we need to show
h is monomorphism. For the same let us assume
hoy1 = ho@s and we need to prove §; = 7, where
Vi pz = npand y2 0 pz — np.

hoyi(u(2)) = hoya(u(2))

= h[71(u(2))] = h32(p(2))]
= h(n(p1)) = h(n(p2))

= (n(p1)) = (n(p2))

Since h is injective. Hence 71 = 7. O

4 Fuzzy Projective Semimodules

In this section fuzzy projective semimodules via
Hom functor are discussed. Precisely, Theorem 3
demonstrates when does a fuzzy semimodule pup
is fuzzy projective. Also towards the end we have
shown that, in semimodule theory every fuzzy
free is fuzzy projective however the converse is
true only with a specific situation.

Definition 8. A fuzzy R-semimodule pp is called
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projective if and only if for every surjective fuzzy
R-homomorphism f : ua — pp and for every
fuzzy R-homomorphism g : up — pup there exist
a fuzzy R-homomorphism h : up — pa such that
the figure below commutes that is : fh = g.

Hp

Fig.10 Fuzzy projective semimodule

Theorem 3. The following are comparable state-
ments concerning fuzzy left R- semimodules pp:

(i) wp is fuzzy projective

(i) There is always a fuzzy proper exact induced
sequence of homomorphism 0 — hompg (up,

— ﬁ/

prr) = homp (wp, vam)— homg (up,
nar )= 0 for any fuzzy proper exact se-
quence

uM/guMinMu with B being K-regular.

Proof. (ii) =
jective. As pn — vy — 0 is fuzzy proper exact
sequence with vy — 0 being regular, it implies
(ii) homp (up, un) — homp (up, par)— 0 is
proper fuzzy exact sequence. Which further con-
cludes pup is projective. Since every fuzzy proper
exact is exact, and by Theorem 3.4[22]

(i) Suppose & :  un — vas be sur-

(i) = (ii) Let us assume pup to be fuzzy projec-

tive. a_nd Y EWM Em e as a fuzzy proper exact
with 3 being K-regular. Consider the sequence

0— kerB& VM LA v /ker3 — 0 where ¢(v(m))
v(m)/Ker( is canonical surjection.

Then, 6
is injective. As we have up fuzzy projective

the sequence 0 — homp (up, Kerf) LN hompg

v(m)/Kerf3)— 0 is fuzzy
urr — Kerp

(p var) % homp (up,
proper exact sequence. Define g :
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and f:  (vm)/KerB — nuyv where g(u(m')
(@(M(m)) and f(v(m)/KerB) = B(v(m)). Le

v(m)/Ker B) = f(u(m')/Kerp) then B(v(m)
B(u(m')). Since B is K-regular then v(m) +

ml) w(m’) + v(mso) where v(mq) and v(mg)
Kerf. Hence (v(m))/Kerp =

wu(m’)/Ker therefore f is injective. Taking into

account the commutative diagram below

)
t
)

An <l

/\m

u

]

iy

3|

Hom,( g, vy, .-'KEJ;E}
T
Hom, (4,. 4, }—% > Hom, (u,.v, J—?—)Homx(ﬂp._ M)

] él

o
(=)
Homy(utp, Kerf)

N

]

Fig.11 Commutative induced sequence of
homomorphism

where §'(p) = g(p) and f'(\) = g(\) where p €
Homp(pp, par) and A € Hompg(pup, va/Kerp).
Now Let p , A € Hompg(pup,vr/Kerf3) such that
f'(p) = f'(N\). Since f’ is injective then p = .
Let p € Homp(up, Kerp). Since pup is fuzzy pro-
jective then there exist 4 : pup — ppr such that
the following figure commutes.

Hp

il 2

o ATE

= | o
Ly ? Kerfs
Fig.12 pp is fuzzy projective
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Thus g is surjective. Thus, the sequence 0 —

~! /8/
homp (pp, par) <= homg (up, var)— hompg
(p, narr)— 0 is fuzzy proper exact by corollary
2. O

Corollary 4. The statements regarding fuzzy left
R- semimodules pp that follow are equivalent.

(i) pp is fuzzy projective

(ii) For every fuzzy proper exact sequence of left

R-semimodules ,uM/guMinMu with B be-
ing regular . The induced sequence of ho-
momorphisms

0 — homg (up, par) L2 hompg (up,

VM)E% hompg (1p, Ny )— 0 is fuzzy proper
exact.

Proof. 1t is a result of Theorem 3. O

Proposition 3. Consider uyr, a fuzzy free
R-semimodule with a fuzzy basis B and let vy be
an arbitrary left fuzzy R-semimodule. For each
function g € 1/]1\3, there is a unique fuzzy
R-homomorphism & : pupy — vn satisfying ba =
g(b) for all b € B.

Proof. As we know each element p(m) of ppr can
be written in the form Xryb where r, are the ele-
ments of R where only a finite number of elements
in R are not equal to zero. Define the function
a: g — vy by Xrpb = Xrpg(b). Tt is trivial that
@ is a homomorphism satisfying the requird prop-
erty. Also, if 5 : uar — v is a R-homomorphism
satisfying b3 = g(b) for all b € B then (Xryb)3
= Yry(bB) = Lrg(b) = Lrpba = (Srpb)a thus,
f = @ implying @ is unique. O

Proposition 4. Every fuzzy free R-semimodule
s fuzzy projective.

Proof. Let up be a fuzzy free R-semimodule hav-
ing a fuzzy basis B. Let ¢ : nyy — vy be
a surjective R-homomorphism of fuzzy left R-
semimodules and let @ : up — vy be a R-
homomorphism. Since ¢ is surjective for a el-
ement b of B 3 an element n(m) of nys such
that 7(m)¢ = ba from the proposition 3 we have
B : pp — nar satisfying b3 = n(m). Then, af¢ =
p(m)¢ = ba for all b € B. Also by the uniqueness
part used in proposition 3 we have @ = f¢. O
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Proposition 5. A fuzzy left semimodule is fuzzy
projective if and only if it is a retract of a fuzzy
free left R-semimodule.

NOTE A left R-semimodule p4 is a retract of
a left R-semimodule pp if and only if there ex-
ist a surjective R-homomorphism h : us — up
and an R-homomorphism g : up — pa satisfy-
ing the condition that gh is a identity map on upg.

Proof. From the proof given in [13] we have 0 —

1A i) B EN 6, — 0 be an exact sequence where
0, is fuzzy projective and pup is fuzzy free R-
semimodule, then in the following diagram, we
can have

R-homomorphism g’ : 6, — up to have a com-
mutative diagram.

Fig.13 Commutativity is shown for the fuzzy
projective 6,

Then gg' =1p,.That is 6, is retract of fuzzy free
left R-semimodule pp.

Conversely, let pup is retract of fuzzy free
R-semimodules vy and let § : vp — pp and
Y : up — vp be a R-homomorphisms such that 6
is surjective and 0 is identity map on pup. Let
¢ : My — 7N be a surjective R-homomorphisms
and let & : up — mn be a R-homomorphisms.
Since v is fuzzy projective (by proposition 4), 3
an R-homomorphisms 3 : vp — npr such that
Bp = Oa. Thus, Y3 = Yha = a. Hence
YB : pup — mu shows the required commuta-
tivity to prove the projectivity. This converse
part is supported using the following figure.
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Fig.14 Exhibiting the commutativity for proving
fuzzy projectivity

Result 3. up is fuzzy projective if it is a direct
summand of a fuzzy free semimodule pp.

Proof. Let up = ux @ pp and let 7 be the map
wr = pg®up — pp where the second mapping is
canonical projection. Similarly, let A be the map
wp = ur = pg @ pp where the first mapping is
canonical injection. Consider the following figure
with horizontal row being fuzzy exact

Hp

Fig.15 Horizontal row being exact

then in the figure given below
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Fig.16 Exhibiting the fuzzy projectivity of up
Since pp is fuzzy projective we can have a ho-

momorphism 6 : pp — pa such that B0 = ah.
Assume 61 = 6h : up — p4. Then B0, =

= 71y, by proposition 5

ol

hence pp is fuzzy projective. O

5 Applications and future scope

Apart from the areas of modern science[19],
semirings and semimodules have given numerous
applications in various branches of mathematics
and computer science. Complete understanding
of semimodules help us to understand the al-
gebraic structure “semirings” and can result in
applications not only in the fields of automata
and optimization theory but also in generalizing
fuzzy computation and bounded distributive lat-
tices[6]. As we know, to comprehend ring R one
must be aware of the fact that how R acts on two
of its important substructures right and left mod-
ules. Thus, the module theory plays a crucial role
in ring theory. The major subsections of mod-
ule theory are projective and injective modules.
Semimodules over semirings are the generaliza-
tion of such algebraic structures and thereby help
in broadening the theory of projective and injec-
tive modules into semimodules. To add in the
existing literature, here in this paper we have
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given a new direction to the theory of semimod-
ules and projective semimodules by giving it an
extension in its fuzzy domain, which further can
set platform for many novel researches. That
is, it creates the staging to extend the research
mentioned in [4], [8], [12], [13], [18], [22] to their
corresponding fuzzy semimodule environment.
Also, the present work encourages one to extend
the current study to the fuzzy environment of the
research mentioned in [10] so as to be useful in
theory of fuzzy weighted automata [15], and to
give an algebraic approach to fuzzy compression
algorithms and reconstruction of digital images
[11].

And can set a platform to define general alge-
braic frameworks for shortest-distance problems
which are based on the structure of fuzzy semir-
ings, including their fuzzy pseudocode. Last but
not the least since the mathematical logic has
evolved from the set theory concept. In fact, the
entire digital world has evolved from the set the-
ory, this work can thus opens door to future ad-
vances like [13].

6 Conclusion

Along with the generalization of well known re-
sults of semimodule theory, complete character-
ization of fuzzy projective semimodules is dis-
cussed here via Hom functor. Also, equivalent
conditions in homomorphisms of fuzzy semimod-
ules are touched during the study in addition to
which the necessary condition for a fuzzy semi-
module to be a fuzzy projective semimodule is
explained with a specific condition.
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