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Common fixed point theory for a pair of multivalued
operators
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ABSTRACT. The aim of this paper is to present a common fixed point theory for a pair of multivalued op-
erators in complete metric spaces. Existence and stability results for the common fixed point problem will be
discussed. The approach is based on some fixed point results for multivalued graphical contractions and for
multivalued operators of Feng-Liu type. Our results extend to the multivalued case some recent results in the
literature.

1. INTRODUCTION

The multivalued analogous of the famous Banach-Cacciopoli contraction principle
was proved by Nadler [7] in 1969. One year later, Covitz and Nadler [4] proved that
Nadler’s contraction principle also holds without the hypothesis of boundedness for the
values of the multivalued operator. There are many extensions, in various directions, of
this principle. Of these extensions, we mention here the graph contraction principle [12]
and the case of Feng-Liu operators [6]. For other extensions and generalizations see e.g.
[2], [3], [51, [9], [15], [17], [18], [19], [23], [24].

The aim of this paper is to present a common fixed point theory for a pair of multi-
valued operators. Existence and stability results for the common fixed point problem will
be discussed. The approach is based on some fixed point results for multivalued graph-
ical contractions and for multivalued operators of Feng-Liu type. Our results extend to
the multivalued case some recent results given in [14].

2. PRELIMINARIES

Let (M, d) be a metric space and P(M) be the family of all nonempty subsets of M. The
following family of sets is important in our considerations:

P,(M):={A e P(M)| Ais closed}.
In the same framework, we also consider the following concepts:
e the distance from a pointa € M to aset B € P(M)
D: M x P(M)— Ry, D(a,B) := inf{d(a,b) | b € B}.
e the excess functional of A over B generated by d
e: P(M)x P(M) —» R, U{+o0}, e(A, B) :=sup{D(a, B),a € A}.
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o the Hausdorff-Pompeiu functional generated by d
H:P(M)x P(M)—RyU{+oo}, H(A,B) = max{e(A, B),e(B,A)}.

In the same setting, if F': M — P (M) is a multivalued operator, then « € M is called a
fixed point for F'if z € F(x). The set

Fix(F)={v e M|z € F(x)}
is the fixed point set of F'. We also denote by
Graph(F) = {(z,y) e M x M|y € F(x)}

the graph of the multivalued operator F'.
If F,G: M — P(M) are two multivalued operators, we denote by

ComFiz(F,G):={x e M|z € F(z)NG(x)}

the set of all common fixed points for F' and G.
If W, Z are nonempty sets and 7' : W — P(Z) is a multivalued operator, then a selection
of T is a single-valued operator ¢t : W — Z such that

t(x) € T'(z), for every x € W.

Definition 2.1. ([19]) Let (M, d) be a metric space. Then F' : M — P(M) is called a
multivalued weakly Picard operator if for each z € M and each y € F(x) there exists a
sequence {x, },en in X such that
@) zo=x, 1=y
(il)) zp41 € F(zy), foralln € N;
(iii) the sequence {z,}nen is convergent and its limit is a fixed point of F.

Notice that a sequence satisfying (i) and (ii) is called an iterative sequence of Picard
type for F.

Let (M, d) be a metric space and F : M — P(M) be a multivalued weakly Picard
operator. Then, we define the multivalued operator F>° : Graph(F) — P(Fiz(F')) by the
formula F>°(z,y) = {z* € Fiz(F') | there exists a sequence of successive approximations
of F' starting from (x, y) converging to z*}.

If F: M — P(M) is a multivalued weakly Picard operator, then F is a called a mul-
tivalued weakly c-Picard operator if ¢ > 0 and there exists a selection f> of F'*° such
that

d(z, f*(z,y)) < cd(z,y), forall (z,y) € Graph(F).

The following retraction-displacement condition will be important for our main results.

Definition 2.2. ([12]) Let (M, d) be a metric space and let F' : M — P(M) be a multivalued
operator such that Fiiz(F) # (. We say that F' satisfies the strong retraction-displacement
condition if there exist ¢ > 0 and a set retraction v : M — F'iz(F') such that

2.1) d(xz,r(z)) < eD(z, F(x)), forall z € M.

The concept is generated by the situations in which for every € M there exists a
sequence of successive approximations starting from = which converges to a fixed point
of F. Thenr : M — Fiz(F) is defined by r(z) := {z* € Fiz(F) | there exists a sequence
of successive approximations of F' starting from x converging to z*}.

Some typical conditions in fixed point theory for a multivalued operator are recalled
now.

Definition 2.3. Let (M,d) be a metric space and F' : M — P(M). Then, the multivalued
operator F'is called:
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(a) a-contraction if o €]0,1[and H(F (z1), F(z2)) < ad(z1,x2), forall (z1,z2) € M x M;
(b) graphical a-contraction if o €0, 1] and

H(F(z1), F(x2)) < ad(z1,x2), forall (z1,x2) € Graph(F);

(c) a-contraction of Feng-Liu type if, for b €0, 1], there exists o €]0,b[ such that, for each
x € Xthereisy € If :={y € F(x) : bd(x,y) < Dy(x, F(x))} for which the following
condition is satisfied

D(y, F(y)) < ad(z,y).

Remark 2.1. ([12]) It can be checked that any multivalued a-contraction is a multivalued
graphical a-contraction and any multivalued graphical a-contraction is a multivalued a-
contraction of Feng-Liu type, but not reversely, see [6], [12], [13].

The following results are the main fixed point theorems for multivalued graphical con-
tractions, respectively for multivalued Feng-Liu type operators.

Theorem 2.1. Let (M,d) be a complete metric space and F : M — P(M) be a multivalued
graphical a-contraction with closed graph. Then, the following conclusions hold:

(a) Fiz(F) #0;

(b) for each (x,y) € Graph(F) there exists an iterative sequence (&, )nen of Picard type for
F starting from (z,y) (ie., xo = z,21 = Y, Tps1 € F(xy,),n € N) which converges to a fixed
point x*(x,y) of F;

(c) there exists a selection f*° : Graph(F) — Fixz(F) of F'*° such that

(e, [(r,)) < T2—d(r,y), forall (z,y) € Graph(F).

In other words, any multivalued graphical c-contraction on a complete metric space is
a multivalued weakly 2 -Picard operator, provided the set Graph(F) is closed.

-«
Theorem 2.2. ([6], [13]) Let (M, d) be a complete metric space and F : M — P, (M) be a
multivalued o-contraction of Feng-Liu type with constant oc < b. Suppose that either the mapping
g : M — Ry defined by g(x) = D(x,F(z)) is lower semi-continuous or F has closed graph.
Then, the following conclusions hold:

(i) Fiz(F) # 0;

(ii) for every xy € X there exists an iterative sequence {x,, },en of Picard type for F' starting
from xq (ie., Tnp1 € F(x,),n € N) which converges to a fixed point x*(xo) of F and the
following relation holds

d(l’o,l’l).

d(z0,2" (20)) <
b

In other words, any multivalued a-contraction of Feng-Liu type on a complete metric
space satisfies the strong retraction-displacement condition, provided the set Graph(F')
is closed or F' is H-upper semicontinuous (which assures that the functional g(z) =

D(z, F(x)) is lower semicontinuous).

3. MAIN RESULTS

Let (M, d) be a metric space and F,G : M — P(M) be two multivalued operators.
We are interested in some sufficient conditions on M, F and G assuring the existence of a
common fixed point for F' and G, i.e., an element z* € M with the property that
(3.2) x* € Fx*)NG(x").

Then, some stability properties for the common fixed point problem (3.2) will be studied.
For related results in common fixed point theory see [1], [20]-[22].
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Theorem 3.3. Let (M, d) be a metric space and F,G : M — Py (M) be two multivalued opera-
tors. We suppose that there exists  €]0, 1[ such that

(3.3) H(F(z),G(y)) < a(D(z, F(z)) + D(y,G(y))) , forevery x,y € M.
Then:
(a) ComFix(F,G) = Fiz(F) = Fiz(G).
If, additionally, the space (M, d) is complete and F and G have closed graph, then:
(b) ComFiz(F,G) # 0;
(c) for each xo € M, there exists a sequence {zy, }nen With

Ton+1 € F(Qfgn), Ton42 € G($2n+1), fOT’ alln € N,

converging to a common fixed point for F and G;
(d) for each yo € X, there exists a sequence (Y )nen With

Yont1 € G(Y2n), Yont2 € F(yant1), foralln €N,

converging to a common fixed point for F' and G;
(e) if a < 3, then F and G are multivalued graphical contractions;

(f) F and G are multivalued quasi-contractions;
(1—a)?,
1-3a /

() if a < %, then F and G are multivalued weakly c-Picard operator with c :=

Proof. (a) Letu € Fiz(F). we will show that u € Fiiz(G). Indeed, we have
D(u,G(w)) < H(F(u),G(u)) < a(D(u, F(u)) + D(u,G(w))) = aD(u, G(u)).
Thus, D(u,G(u)) = 0 and hence u € G(u). In a similar way, we can get that Fiz(G) C
sz‘tgf-‘()c) Let 2o € M and x1 € F(x) be arbitrarily chosen. Then, for 1 < ¢ < 5, there
exists x5 € G(x1) such that
d(x1,22) < qgH(F(z0), G(21)) < aq (D(zo, F(z0)) + D(x1, G(21))) <

aq (d(zo,z1) + d(21,72)) -

Hence
d(zy,22) < 1 fq qd(xo,xl).
Denote 5 := 13‘1(1 < 1. Then, inductively, we can generate a sequence {x,, },en defined
by
Ton+1 € F(x2n), Ton42 € G($2n+1), foralln € N,
with the property that

d(xru -Tn+1) < 6nd(x07 xl)u n € N.
By an usual approach, it follows that {z, } ,en is a Cauchy sequence in the complete metric
space (M, d). Let z* € M be its limit. We have

D(z", F(27)) < d(z%, xont2) + D(@2nt2, F(27)) < d(z7, 2ont2) + H(F(27), G(z2n41)) <
d(@", want2) + o (D(a", F(27)) + D(22n41, G(22n41)) <
d(@", ant2) + o (D(@", F (7)) + d(@2n41, T2nt2)) -
Letting n — oo, we get that 2* € F(z*). In a similar way, we have
D(z",G(¢7)) < d(z", m2nt1) + D(wont1, G(27)) < d(z", m2n41) + H(F(220), G(2")) <
A", wont1) + @ (D(@2n, F(220) + D(27, G(27))) <
d(x", xopy1) + o (d(x2n, Tant1) + D(a*, G(z"))) .

Letting n — oo, we get that z* € G(«*). Thus z* € ComFiz(F,G).
(d) can be proved in a similar way to (c).
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(e) For (x,y) € Graph(F), we will estimate
H(F(x), F(y)) < H(F(2),G(y)) + H(F(y), G(y))-
On one hand, we have
H(F(z),G(y)) < a(D(x, F(z)) + D(y, G(y))) < ad(z,y) + aH(F(z), G(y)).

Thus

H(F(z),G(y)) <

On the other hand, we have
H(F(y),G(y)) < oa(D(y,F(y)+ D(y,G(y))) < a(H(F(z),F(y) + H(F(z),G(y)))

< aH(F(x), F(y) + {—d(x,y).

By the above relations, we get

2

H(F(2), F(y)) < 7=—d(x,y) + aH(F(2), F(y)) + 1—

d(z,y).

Thus, we conclude that

042 (0%
(349 HE @), F0) < (=5

Since v := ((fiiz‘;‘z < 1 we get that F' is a multivalued graphical vy-contraction. A similar

d(z,y).

approach gives us that G is a multivalued graphical y-contraction.
(f) Let € M and denote by «* a common fixed point for F' and G. Then, we have

D(F(z),z") < H(F(z), F(z")) < H(F(z),G(z")) + H(F(z"), G(z7))
<a(D(z,F(x))+ D(z",G(z")) + D(z*, F(z*)) + D(z*, G(z")))
=aD(z,F(x)) < a(d(z,z*) + D(z*, F(x))) .
Thus
D(F(a),z") < ——d(w,a"),

showing that F' is a quasi-contraction with constant 2~ < 1.

(g) Let us prove that F' and G are a multivalued weakly c-Picard operator with ¢ :=
(}:gf. By (b) and (c) we get that F' and G are multivalued weakly Picard operators. By
(e) we obtain that ' and G are multivalued graphical vy-contractions. Using Theorem 2.1

(c), we get that I’ and G are multivalued weakly ——-Picard operators. O
g y 1 vy p

Example 3.1. Let F,G : [0,1] — P([0,1]) be given by

[%vl]v z=0
F(x) ={ {3},  z€0,1]
S
(3.1,  y=0
G(y) = {1 _y}a Yy 6]071[
{0,3}, wy=1.

Then, F and G satisfy all the assumption of the above theorem and we have Fiz(F) = Fiz(G) =
Com(F,G) ={3}.

We recall now some stability concepts. We consider first the concept of Ulam-Hyers
stability for the multivalued common fixed point inclusion (see also [8]).
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Definition 3.4. Let (M, d) be a metric space and F,G : M — P(M) be two multivalued
operators. The multivalued common fixed point inclusion z € F(x)NG(z) is called Ulam-
Hyers stable if there exists C' > 0, such that for every ¢ > 0 and for each e-common fixed
point u € M of F and G (i.e.,, D(u, F(u) N G(u)) < ¢), there exists z* € ComFiz(F,G)
such that

d(u,z*) < Ce.

The well-posedness of the common fixed point inclusion z € F(x) N G(z) is defined as
follows (see also [10]).

Definition 3.5. Let (M, d) be a metric space and let F,G : M — P(M) be two multi-
valued operators such that ComFiz(F,G) # () and there exists a set retraction r : M —
ComFiz(F,G). Then, the common fixed point inclusion = € F(z) N G(z) is called well-
posed in the sense of Reich and Zaslavski ([16]) if for each z* € ComFiz(F) and for any
sequence {u, }nen C 71 (2*) such that

D(uy, (FNG)(uy)) = 0asn — oo,

we have that
U, — x*asn — oo.

Finally, we recall the notion of Ostrowski stability property for a common fixed point
inclusion (see also [11]).

Definition 3.6. Let (M, d) be a metric space and let F,G : M — P(M) be two multi-
valued operators such that ComFiiz(F,G) # () and there exists a set retraction r : M —
ComFiz(F,G). Then, the common fixed point inclusion z € F(z) N G(z) is said to have
the Ostrowski stability property if for each z* € ComFiz(F,G) and for any sequence
{wp }nen C r~1(x*) such that

D(wp41, (FNG)(w,)) = 0asn — oo,

we have that
w, — ¥ asn — oo.

The following result from [13] gives an important property of multivalued contractions
of Feng-Liu type.

Theorem 3.4. [13] Let (M, d) be a complete metric space and F' : M — P, (M) be a multi-
valued a-contraction of Feng-Liu type with constant o < b. Suppose that either the mapping
g : M — Ry defined by g(x) = D(x, F(x)) is lower semi-continuous or F has closed graph.
Then, Fixz(F) # () and there exists a set retraction r : M — Fix(F) such that F satisfies the
following strong retraction-displacement condition

D(a,r(z)) < ﬁD(m,F(x)L for every z € M.

From Theorem 3.3 (e) we know that F' and G are multivalued graphical y-contractions

(with v = (‘112_72‘)"2), provided a < % Thus, F' and G are multivalued ~y-contraction of
Feng-Liu type with constant v < b. By Theorem 3.4, we obtain that F' and G satisfies the

strong retraction-displacement condition (2.1). Thus, the following result can be obtained.

Theorem 3.5. Let (M, d) be a complete metric space and F, G : M — P (M) be two multivalued
operators. We suppose that there exists a €]0, 1[ such that

(3.5) H(F(x),G(y)) < a(D(z,F(z)) + D(y,G(y))) , for every z,y € M.

Then, the following conclusions hold:
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(i) the common fixed point inclusion x € F(x) N G(z) is Ulam-Hyers stable;

(ii) the common fixed point inclusion x € F(x) N G(x) is well-posed in the sense of Reich
and Zaslavski.

Proof. (i) Let vy := (?2:&?2 < land b > +. Lete > 0 and u € M such that
D(u, F(u) N G(u)) <e.

Let z* := r(u). Then, by the strong retraction-displacement condition (2.1) for F' we have

d(u, z*) < mD(u,F(u)) < mD(u,F(u) NG(u)) < €.

b—~y
A similar approach holds for G.
(ii) Let * € ComFiz(F,G) and {u, }neny C 7~ 1(2*) such that

D(un, (FNG)(uy)) = 0asn — co.
Then

d(up,x*) <

1
- ,YD(U"’ F(uy,)) < ED(un,F(un) NG(uy)) = 0, asn — oo.

O

Remark 3.2. It is an open question to obtain the Ostrowski stability property for the com-
mon fixed point inclusion (3.2). See also [11].
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