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1 Introduction.

Many of us are persuaded that fluctuations in demand are a key driver of business cycles.
Production of automobiles and construction of new homes appear to fall in a recession not
because the items become more difficult to build, but instead because fewer people seem
willing to buy them. Evidence supporting this conclusion comes from Mian and Sufi (2014),
Michaillat and Saez (2015), and Auerbach, Gorodnichenko, and Murphy (2020), among many
others.

A common understanding of the mechanism whereby a decrease in demand leads to lower
output is based on a failure of prices to adjust sufficiently quickly to the change in demand.
This paper contributes to an alternative literature that maintains that demand shocks can
cause real fluctuations even when prices are perfectly flexible. Examples include Hamilton
(1988), Murphy (2017), Angeletos (2018), Angeletos and Lian (2020), Auerbach, Gorod-
nichenko, and Murphy (2020), and Ilut and Saijo (2021). This paper is most closely related
to the models in Murphy (2017) and Auerbach, Gorodnichenko, and Murphy (2020) who em-
phasize the role of excess capacity and near-zero marginal production costs. In their models,
capacity is exogenous, whereas here, capacity and marginal cost are endogenously determined
in a general equilibrium growth model.

The basic technological friction in this model that replaces the nominal friction in Key-
nesian models is the requirement that resources must be committed in advance in order to
produce certain goods. In this paper, labor is the only factor of production, and production
of some goods is only possible if a dedicated team of workers is assembled and trained in
advance to make that particular good. Training a new team is costly, but if it is successful,
the unit has a monopoly in producing the good, and chooses quantity and price to maximize
profits subject to a maximum capacity that the team is capable of producing. If demand falls
below capacity, profit-maximization calls for lowering both quantity and price. Prices do not
fall more than this because it would mean lower profits. Since marginal production costs are
zero, there is no market force to bid costs down further. And although the triggering event
was a change in relative demand, there is no offsetting gain from higher relative demand for
other goods. The reason is that the underutilized specialized workers cannot costlessly shift
to producing something else.

A key state variable in this model is ny;, which is the fraction of the population without
a high-skill, high-paying job. The value of ny; is determined endogenously as individuals
evaluate the costs and benefits of trying to develop a new skill, but it is predetermined at date
t as a result of the training requirement. A sufficiently large drop in demand for good j may
induce team j to disband and try to develop a new skill, increasing n; ;1. But n; 44 is also a
factor in the demand for all goods, since unskilled workers have lower income on average than

skilled workers. There is thus an effect reminiscent of a Keynesian spending multiplier in this



model; lower demand for some goods can have a feedback effect that lowers demand for all
goods.

The model is consistent with a number of observed features of business cycles. The first is
an asymmetry: a decrease in demand can have a bigger effect on output than an increase of
the same magnitude. Empirical evidence of such asymmetry was provided by Weise (1999) and
Lo and Piger (2005), with Tobin (1972) and Ball and Mankiw (1994) attributing asymmetry
to the mechanics of partial price adjustment. Here the asymmetry arises even with perfectly
flexible prices. When demand falls below capacity, the profit-maximizing response is to lower
both output and price, whereas an increase in demand above capacity leads only to a price
increase. Second, the response of output to a demand shock is often found to be humped-
shaped, with the maximum effect observed many months after the initial shock. Empirical
support and alternative explanations for this finding were provided by Christiano, Eichen-
baum and Evans (2005), Hamilton (2008), and Auclert, Rognlie and Straub (2020). In the
model here, a humped shape can result when a reduction in demand slows the rate of hiring
of new skilled workers. As the number of unskilled increases over time, the demand pressures
get amplified, and output will remain below the steady-state level even after the initial shock
is completely gone. A third striking observation in the data is that the unemployment rate
has been remarkably stable despite a century of economic growth and technological innova-
tions. Martellini and Menzio (2020) noted the challenges in explaining this using standard
search and matching models and proposed an alternative explanation. In this model, a stable
unemployment rate in the face of long-term economic growth is an equilibrium implication of
the fact that the opportunity cost and potential benefits of being unemployed along with the
tax base that finances compensation paid to the unemployed all grow with the overall level of
productivity.

The paper makes a number of contributions to the literature. It develops a unified model of
growth and fluctuations in which demand and other variables contribute to short-run fluctua-
tions while long-run growth is determined solely by increases in population and productivity.
It shows how monopoly power can be sustained in a growing economy even as new goods are
introduced and some old goods are discontinued every period. It develops a new characteriza-
tion of inequality as arising from successful gambles to create new goods. The costs associated
with trying to create new goods determine steady-state income differentials and unemploy-
ment as well as the speed with which the economy recovers from shocks. The model allows
for considerable heterogeneity, yet both individual and aggregate outcomes can be calculated

using only a handful of equations.

2 Demand for goods.

At time t the population consists of a continuum of individuals of measure N; who each

consume a discrete set j € J; of different goods. Goods are nonstorable, and there are no



capital or financial markets, so that the budget constraint for individual ¢ is
Z Pjt%‘jt < Vit (1)
JET:

where Pj; is the nominal price of good j, g;;; is the quantity of good j consumed by individual
i, and y;; the individual’s nominal income.

Individual preferences. The objective of consumer 7 is to maximize

Ui = Z — (Gije — Qijt)2 (2)

, 2
JET:

subject to (1). Quadratic preferences have some advantages and some disadvantages relative
to the more common assumption of isoelastic preferences. As emphasized by Murphy (2017),
quadratic preferences imply that the elasticity of demand changes as we move along the
demand curve, which is important for understanding how decisions of monopolist producers
respond to changing conditions. A disadvantage of quadratic preferences is that g;; is a
bliss point, a level of consumption that consumer ¢ would never want to exceed. This would
not be sensible in an economy in which ¢;;; is growing but @ is constant. Our approach
is to model the preference parameters 7;;; and g;;; as changing along a steady-state growth
path. We motivate this in terms of a second-order approximation to log preferences at point

{q?jt, Jj € Ji} along a steady-state growth path,

1 1
> ajiloggie~ Y ag [105-’; Qi + =5~ (@it — @ije) — 5 (@it — dije)’ (3)
JET: jed: it 2 (a5)
Y
Z [ ijt jt ngt Qijt)Q]
JET:
with > 5, o =1 and
Tijt = 2435 (4)
Q¢
Vit = 75 (5)
(75;:)

See the top panel of Figure 1.

The advantage of taking (2) rather than the left side of (3) to be the specification of
preferences is that (2) allows the possibility that producers of j could be driven out of business
if productivity or demand is too low. If the price Pj; becomes too high, a consumer with
preferences (2) will choose ¢;;; = 0, whereas the left side of (3) would imply that consumers
always buy every good in equilibrium, willing to pay P;; — oo as ¢;j; — 0. Allowing g,
and fym to grow along the steady-state growth path as specified in (4)-(5) allows us to adapt

the quadratic preferences in (2) into a growth economy that shares some of the convenient



long-run properties that would be implied by log preferences.

Individual demand curves. The first-order conditions for an interior solution are
Yijt(Tije — QGjt) = MaPje J € T (6)

for A\; the marginal utility of income. The individual demand curve (6) is plotted in the
bottom panel of Figure 1. Demand is zero at a price above 7,;:Giji/Aie. If we ignore the

implications of a change in the individual price Pj; on A;, the elasticity of demand is

94t vige (@it — Qije) [ Nie | Gige — qije
Eijt = - . (7)
ant qijt qijt

The elasticity equals 1 if ¢;;; = @;j1/2. It is greater than 1 if ¢;;; < @;:/2 and less than 1 if

Qijt > Gije/2. This is unlike log utility, for which elasticity would always equal 1.
Market-wide demand curves. Summing across all consumers ¢ gives the market demand
curve shown in the top panel of Figure 2: Pj; = Aj; — B;;Q;:. Note we will be following the
notational convention of using lower-case letters like g;;; to refer to magnitudes for individual

consumers ¢ and upper case like );; to refer to magnitudes for individual goods j. Here
Ajt = th/Ajta Bjt = 1/A]‘t, Ajt = ONt()\it/’)/z‘jt)di and

_ N
Oy = / Gindi. ()
0

The marginal revenue for producers of good j is MR;; = A;; — 2B;Q;;. The good-level
elasticity has the same properties as the demand curves for individual consumers.

Ezpenditure shares. If the preference parameters are characterized by expressions (4)-(5)
and q?jt is the quantity of good j that individual ¢ would consume along the steady-state
growth path, then the magnitude «j; in (5) turns out to be the expenditure share along the
steady-state growth path, as shown in the following proposition.

Proposition 1. Suppose that there is a set consisting of Ry different individuals at date
t (denoted My;) who are all on the same steady-state income path: q?jt = qgjt for 1 € My,
Jj € Ji. Suppose that in period t the average quantity of good j purchased by members of the
group s equal to this common steady-state value:

[ong, Gijedi
ieM tqut 0 .
—}]%kt =i J € T (9)

Then in period t the group as a whole spends a fraction a;; of its income on good j:

/ Pjtgijtdi = Oéjt/ yltd’l (10)
ieMkt ieMkt



3 Production of specialized goods.

Good j = 1 can be produced by anyone without any training or coordination with others. By
contrast, goods j > 1 are specialized in the sense that their production requires a dedicated
team who work together to produce the good. Once the workers who form a team are as-
sembled, they enjoy a monopoly in producing good j and base their production and pricing
decisions on that monopoly power. Team j consists of a measure of IV;; workers and has total
production capacity X;;N;; where productivity per worker X, for the team evolves according
to an exogenous process. At the time that its production and pricing decisions for period
t are made, unit j takes X;; and Nj; as given and chooses Pj; and ();; to maximize total
profits P;;Q;: subject to Py = Aj — BjQjt, Pt € [0, A, and Qj+ < X;zNj;. The number
of specialized goods is sufficiently large that unit j ignores the effect of its decisions on the
price and output of other units, so that maximizing nominal profits is the same decision as
maximizing real profits. The team’s profit-maximizing strategy is to produce up to the point
where marginal revenue equals zero if there is sufficient production capacity and to produce

at production capacity if not:

(11)

0, = Qjt/2 if X;:Nj > Q;:/2 |demand constrained]
" X;iNj; if X;:N;: < Q;¢/2  [supply constrained]

We will describe production of good j as demand constrained in the first instance and supply
constrained in the second.

New hiring. In period ¢, unit j takes its total capacity N;;X;; as given. We assume that
the hiring decision for N, ;.; is based on the goal of maximizing expected revenue of the unit.
This is not the same as maximizing expected revenue per current worker. We think of an
observed firm as a collection of a large number of separate producing units, and the objective
of the firm is to maximize total profit subject to the constraint that individuals are available to
do the work at the offered terms. If instead we took the objective to be to maximize expected
income of existing team members, that would add an additional friction to hiring in the model.

Let N7,,; denote the level of employment that maximizes expected revenue:
N1 Bd(Xjer1) = Ei(Qjer1/2)- (12)

We assume that the technology does not allow the team to be productive if any current member
leaves, so workers are not laid off even if N7, ; < Nj;. The number of positions offered to new

employees who would begin working in ¢ + 1 is thus Oj; = max{N},,, — Nj;,0}.



4 Unskilled workers.

We will refer to an individual who is not part of a specialized team at time ¢ as “unskilled.”
Unskilled workers can choose between 3 options.

Option 1: seek to join an existing specialized unit. To pursue this option, an individual
trains and applies in period ¢ for a position to produce good j beginning in period ¢t + 1. With
probability 7;; the individual will be successful. Each individual takes 7 as given, though
in equilibrium 7;; will be determined by the number of people applying for the job and the
number of openings available. An individual who pursues this option will receive nominal
compensation C; while unemployed, financed through a proportional tax levied on the income
of specialized workers during period t.

Option 2: seek to create a new good. An individual who is trying to join a team that
creates a new good also receives unemployment compensation C; during period ¢ and has a
probability k. of being successful. There is also a utility cost ky of making an effort to create
a new good. The parameters k, and ky are exogenously fixed parameters that summarize the
importance of frictions in creating new goods. If k, — 1 and ky — 0, the monopoly power of
specialized teams would not be sustained along the steady-state growth path.

Option 3: produce good 1. Good 1 is assumed to be produced in a nonspecialized sector in
which anyone could work with no training or coordination with others. If individual ¢ works in
sector 1, s/he could produce x;; units of good 1. The productivity parameter x;; is distributed
independently across workers and across time. A favorable productivity z; for individual ¢
at time ¢ has no implications for that same individual’s productivity at ¢ + 1. The nominal

income of individual ¢ during period ¢ is given by

) Puma if produces good 1
vit Cy if looks for a job

Objective of unskilled workers. Unskilled workers choose between the above three options,

seeking to maximize
o

vy = I Z 3% log Yi t+s (13)

s=1
where F; denotes an expectation conditional on information available at date t and 0 < 5 < 1

is a discount rate'.

!This objective function can be movitated as follows. Maximization of a pure log utility function (the
left-hand side of (3)) subject to the budget constraint (1) has the solution Pj:q;j: = a+ys+ which results in a
level of utility given by

irlls
Z ajt log <%y“) = logyit + Z ajilogage — z a;t log Pjt.
jeT: gt jeT: JET:



Let Y}: be the after-tax nominal income of each individual who is part of specialized team
j at date t,
Vie=(1—7)PuQjt/Nj,

for 7 the tax rate. Let V}; denote the value of (13) for such an individual:
Vie =logYji + B(1 — kjt) EtVj 1 + B EdVi 4. (14)

Here kj; is the probability that unit j will discontinue production in ¢ 4 1. If the good is
discontinued, next period those individuals will be unskilled. Since productivity z;; is drawn
independently over time, the expected lifetime utility in the event that the team is disbanded
is E4Vi 441, the same for all individuals.

If an unskilled individual successfully creates a new good, the expected lifetime utility is

Et‘/;ﬂl, whose value will be described below. Thus the value of (13) for an unskilled individual

at time ¢ is
log(Pyywit) + BEV 141 if produces good 1
v = § log Cy + BBV + B(1 — m0) Bt Vi if applies to join existing unit j .

log Cy — ky + ﬁk‘ﬂEtVﬁH + (1 — kr)EiVi41 if tries to create a new good
(15)
Decisions of unskilled workers. Individual ¢ chooses the most favorable of the options
in (15). The optimal decision is characterized by a productivity threshold X7, such that
individual ¢ chooses to produce good 1 if z;; > X7, and looks for something better otherwise.
If some individuals choose to produce good 1 and others try to create new goods, then X7,
would be the level of productivity at which the marginal unskilled individual is indifferent

between working or trying to create a new good:
log(PuX3,) + BEV i1 = log Cy — ky + Bl BV + B(1 — ke) B Vi 1. (16)
Expression (16) can equivalently be written
log(P X7,) —log Cy = —ky + BkﬁEt‘N/tﬂl (17)

where f/tﬂ = V;ﬁ — V14 is the expected lifetime advantage of specializing in a newly created good
relative to being nonspecialized. Alternatively, when there is an incentive to try to specialize

in continuing good j, (15) would require
log(Py X7;) + BEV 441 = log Cy + Brjs BV pr + B(1 — mje) B Vi (18)

log(PyX7,) —log Cy = B1;iE Vi (19)



for ‘7jt = Vj; — Vi the lifetime advantage of specializing in j. In a typical equilibrium in
which some individuals try to create a new good while others seek to join existing unit j, both

conditions (17) and (19) hold, requiring that in equilibrium ; must satisfy
BV = —ku + Bka BV . (20)

It follows from equations (15), (16), and (16) that the lifetime income of nonspecialized

individual ¢ is characterized by

(21)

_ log(Pltxit) + ﬁEtV17t+1 if x> X7
it = ) .
IOg(PltXikt) + BEt‘/i,t+1 if Tit < Xft

The expression F;V) 41 is the expected value for v; ;.1 across individuals 7. Since x;; is dis-
tributed independently across time, we can find the date t value of V}; by taking the expected

value of (21) across all unskilled individuals ¢ at time ¢:
Vir = log(PltXlt) + 6Et‘/1,t+1 (22)

logXlt = P(xy > Xi,)Ellog(xy)|xy > X1, + Plry < X71,)log X7, (23)

Another object of interest is X7, the average output of unskilled individuals:
Xiy = E (@i > X7,) Py > X7,). (24)

Note that this definition of Xu means that if N;; denotes the total number of unskilled
individuals (including both those working and those unemployed), the total amount of good
1 that is produced is given by

Qu = NuXy. (25)

Distribution of productivity across unskilled workers. We will be using a parametric dis-
tribution for x;; for which simple closed-form expressions for the key magnitudes are easily
obtained. The assumption is that logx;; ~ U(Ry, S;) where the bounds (R;,S;) on the uni-
form distribution will grow over time at the same rate as productivity of specialized goods.
Implications of the uniform distribution are summarized in the following proposition.

Proposition 2. Suppose that the log of potential productivity for producing good 1 is
distributed independently across individuals as logxy ~ U(Ry, St) and let log X7, € [Ry, St] be
the threshold level of productivity above which unskilled individuals choose to produce good 1
(that is, X3, satisfies (16) or (18)). Then:

(a) the fraction of unskilled individuals who are employed is

Sy — log X7,

hiy = P(xy > X7,) = < _p (26)
t t



(b) the expected flow-equivalent productivity of unskilled individuals (value of (23)) is

SZ — 2Ry log X3, + (log X7,)?

log X1; = 27
0g A1t 205, — Ry) (27)
which is monotonically increasing in Xi;
(c) the average output of unskilled individuals (expression (24)) is
A S) — X5
Xy, = M. (28)

St—Rt

Moreover, if Riy1 = Ry + g, Sia1 = St + g, and log X141 = log X7, + g, then:
(d) higy1 = hay;
(e) log X141 = log Xy, + g;
(f) logXl,tJrl = log Xy + g.
Results (d)-(f) of Proposition 2 will be helpful in establishing that the equilibrium unemploy-

ment rate is constant along the steady-state growth path.

5 Entry and exit of specialized goods.

The set of goods produced J; is potentially different for each date t. In this section we first
specify how the preference parameters adapt to these changes, and then provide further details
on what happens upon entry or exit of a particular good.

Preferences in a changing world. Preferences over goods are determined by the parameters
vijt and G, in the utility function (2). We specify following equation (4) that g;;; = 2thq%t
where q%t is the consumption of good j along the steady-state growth path for individual
and x;; is a potential additional factor influencing demand for good j at time ¢, with y;; =1
along the steady-state growth path and x;; > 1 capturing stronger than normal demand for
good j. We likewise from (5) specify vy = &jeare/(qfy,)* where & is a slope-demand shock
with &; = 1 along the steady-state path. The first question we discuss is how to treat the
share parameter a;; when new goods are being created and others are discontinued.

We want to maintain the interpretation of aj; as a share parameter by imposing the
normalization that >, ,aj = 1 for all £. We focus on an economy for which the share
parameter for the nonspecialized good is constant over time: «aq1; = a4, so that in the absence
of demand shifts, the share of income spent on specialized goods 1 — «; will be constant along
the steady-state growth path. We accomplish this by specifying that when new specialized
goods are created, they carve out some of the demand share that had gone to earlier specialized
goods, leaving «; unchanged. We now describe the details of how this works.

Demand for newly created goods. Let jQﬁt denote the set of goods that were produced for
the first time in period ¢ and of = >ic 7 it
denote the set of specialized goods that were produced in both ¢ —1 and ¢ and OéE =5

denote their combined demand share. Let jzut

jegs, Yt



their cumulative demand share. We require
tal=1-—a (29)

to be constant for all . Let ng = Zje 78, Mit denote the fraction of the population at date ¢
t

who are producing newly created goods and nE = Zj e 78, Mt the fraction producing continuing

specialized goods. Our assumption is that the more people ng involved in the process of

creating new goods, the more success they have in creating products that consumers want:

of = i (1—oy) (30)
Co\nl '

Assumptions (29) and (30) imply that some of the success in creating new goods comes at the

expense of demand for continuing goods,

n;
a5:< : u) (1—ay). (31)

n; +n;

It ng is higher than normal, continuing goods will see a lower demand share.

Discontinued goods. A good will be discontinued if the expected benefit to workers from
retaining that specialization is less than they could anticipate by returning to the pool of
unskilled workers:

if Vi1 < E;Vigy, then j € Jy,. (32)

Let kx; denote the fraction of goods in ¢ that are discontinued in ¢+ 1. If Jo, = > e T 1is
the total number of specialized goods at time ¢, the fraction that continue into ¢ + 1 is given
by Jy,* Zje T, 1= (1—kx¢). Along the steady-state growth path, kx; = kx will be constant.

A parametric example. It is sometimes useful also to follow the market for individual
goods. For this purpose the following parametric example allows some simple closed-form
expressions. Suppose that goods are one of k; different types in terms of their expenditure
share, where the fraction of ng who succeed in creating type ¢ is determined by the parameter
ag with a; + -+~ +a, = 1:

nj = agjng for j € J% and le{l,....ks}.

There are k; different new goods created at each date, one of each type ¢;, which acquire

demand shares

T, .
Qe = agof = (1_—];1]5) (1—on) forjeJj (33)

where 1 —nqy = ng +nE is the fraction of the population who are skilled. The same adjustment

10



to the share parameter for continuing goods,

— Ny

n .
e = (1 £l ) (1—ap) forje jﬁt, (34)
turns out to ensure the aggregate adjustment required by (31). To see this, sum (34) over all

j € \72ut7
b 1— (0751 1— (0751 b
ay = Qi = Ni¢ = n
t Zjéj;t gt <1 — nlt) Z]Ejzht 7t <1 — N1t t

as required by (31).

The parameter k; determines the total number of specialized goods produced in any given
period along the steady-state growth path. Along the steady-state path, kx.Jo; goods are
discontinued and k; new goods are created each period. The number discontinued will equal

the number created if
]C)(Jgt = ]{TJ (35)

and the constant number of specialized goods along the steady-state growth path is given by
JS = kj/kx.

6 Equilibrium unemployment and the creation of new goods.

Here we describe unemployment dynamics in the case when some workers create new goods
while others apply for existing positions, so that (17) and (20) both hold. For a given value
of nyy (the fraction of the population who are unskilled), this involves finding 1 — hy; (the
fraction of unskilled workers who are unemployed), hq; (the fraction of unemployed who try
to create new goods), and h;; (the fraction of unemployed who apply for openings in j), with
hoo =1 =35, hit-

An individual worker takes 7;; as given. In equilibrium 7;; is determined by the number
of people who apply for the positions ((1 — hyt)hjin1:Ny) relative to the number of openings
Oj; available. For 0 < Oj; < hjy(1 — hyg)na Ny,

Ojs
(1 - hlt)hjtnltNt‘

7Tjt = (36)
Given unemployment compensation C; and the value of creating a new good Etf/tﬂl, equation
(17) determines the productivity threshold X7,, which from (26) tells us (1 — hy;). From (20)
we also know 7 as a function of Etf/tﬂl and Et‘~/j¢+1. Figure 3 illustrates the equilibrium
value of m;; in the special case when Etf/tL = Etf/j,Hl, a special case that in fact turns out

to characterize the steady-state growth path. When the advantage to specialization is a large

2This differs from typical search models of labor frictions such as Kaas and Kircher (2015) in that here
hiring units can post multiple vacancies at zero cost and the primary uncertainty facing applicants is whether
they can successfully complete the training.

11



value like Etf/t[i]l, equation (20) requires 7j; to be large which from (36) means hj; is small.
A higher advantage to specialization induces more workers to create new goods rather than
apply for existing positions.

A key determinant of the advantage to specialization is n; (see equation (41) below) —
higher n; means a bigger value of V. From Figure 3, higher V induces more workers to
become specialized by creating new goods, which would bring future n; and V down. The
steady-state growth path is characterized by values of n, hy;, and V; that are constant, and

thus a constant unemployment rate.

7 Steady-state growth path.

In this section we consider an economy in which productivity grows deterministically at rate
g and population grows at rate n. The key endogenous variables whose values we calculate
are X7,, the level of productivity at which unskilled individuals decide to look for a better
job, hg:, the fraction of the unemployed who try to create new goods, and n;;, the equilibrium
fraction of the population producing j.

Unemployment compensation. Along the steady-state growth path, a constant fraction of

spending goes to good 1:
Zjejzt Pthjt _ -
PyQuy ay

The numerator on the left side of (37) is the tax base, and from (25), the denominator is

(37)

PuNuXu. With a total of (1 — hy4) Ny, individuals collecting unemployment compensation,

the compensation per individual is

C, = szejzt Pthjt o |: T(l - al) :|
Q= h)Ny )

Py X1, (38)

Advantage from specialization. Let Y, denote the average after-tax income per person of
skilled workers and ny; = Ny¢/N, the fraction of the population that is unskilled. . Result
(37) establishes that

Yo =

=g [eoatea)

PNy Xy
(]_ — nlt)Nt '

It turns out that along the steady-state growth path, all skilled workers earn the same income:
Yii =Yy Vj € Jo. Let }7} be the ratio of Y; to PltX' 1t, the flow-equivalent income of unskilled
in (23):

.Y _{(1—r><1—a1>nu]& (39)

‘o PltXlt B ap (1 — ny) Xlt'

Along the steady-state growth path, n,; and X 1t/ X 1+ are constant, meaning there is a constant

12



proportional income advantage to specialization.
Setting k;; = kx and Yj; = Yy, in (14) and subtracting (22) from the result gives

Vi, = logf/} + B(1 — kX)EtVtH- (40)

Since Y; is constant along the steady-state growth path, the discounted life-time advantage is

given by

[%} {bg [(1 _aj()l(l—_nil))nlt +log X1, — logf(lt} (41)

which is also constant along the steady-state growth path.
Creation of new goods. Let hy; denote the log difference between the income that the
marginal unskilled individual could earn from producing good 1 and the income collected

from unemployment compensation:
hYt = log(PltXikt) — log Ot' (42)

From expression (38) this is

7'(1 — Oél)

hyt = — log |: a

} +10g(1 — hyy) + log X5, — log X (43)
We can write the equilibrium condition for creation of new goods (17) as
hy, = —ku + k- GV. (44)

Recall from Proposition 2 that hq4, X 1, and X 1 are known functions of X7,. Substituting (43)
and (41) into (44) gives an expression in two endogenous variables, which are the fraction of
the population that is unskilled n;; and the value of X7, at which an unskilled individual would
be indifferent between producing good 1 and seeking to create a new good. We show in the
proof of Proposition 3 below that given any ny; € (0, 1), there exists a unique log X7, € (R;, S;)
for which (44) holds.

New hiring. Along the steady-state growth path, condition (12) holds exactly and all

specialized goods will be on the knife edge between being supply- or demand-constrained:
Qjt = NjpXje = Qjt/2  j € Jou. (45)

In each period ¢, a fraction kx of producers learn of a change in demand parameters coming in
t +1 that leads the workers to return to the pool of unskilled in ¢ + 1. We will describe details

of such a change in Section 9. Surviving units add new workers at the population growth rate
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n: Njiy1 — Njyy = (e" —1)Ny, for j € jﬁt +1- New openings with continuing units are thus

Since each continuing unit offers the same lifetime advantage, the probability of successfully
applying for one of these positions is the same across all continuing goods. With (1 — hy)(1 —

hot)n1:V; individuals applying for these positions, this probability of success from (36) is

(1 —Ekx)(e™—=1)(1 —ny)
(1 - hlt)(l - hOt)nlt

Ty =

(47)

Individuals are indifferent between applying for existing jobs and trying to create new goods
when (20) holds:
— ky + ko BV = mBV. (48)

Since V and hy; are known functions of X7, and ny;, expression (48) gives another restriction
on the three endogenous variables X7,, ny;, and hg;.

Changes in the number of skilled workers. Note that (1 — hy)hotkrn1: Ny individuals will
join newly created units in ¢+ 1 which would be added to the (1 —kx)(1 —nq;)e™ Ny workers at
continuing units. The total number of unskilled at ¢ + 1, which could be written as 1 ;41€" Ny,
would then consist of the total population at ¢t + 1 (e”V;) minus the total number of skilled

individuals:
n17t+1€nNt = €nNt — (1 — hlt)h()tkﬂ-nltNt — (1 — ]{Jx)(l — nlt)e”Nt

N1 = Nae + kx (1 —ny) — e "hoe(1 — hag)kenag. (49)

Thus the fraction of unskilled workers will be constant if
kx(l — nlt) = €7nh0t]{3ﬂ-(1 — hlt)nlt. (50)

The steady-state growth path is characterized by a value of hg, n1¢, and X7, in which the
three equations (50), (48), and (44) all hold. The next proposition establishes that there is a
unique solution to these three equations.

Proposition 3. Let hy;, X1, Xlt, hy+, V be the functions of X7, and ny; given in (26)-(28),
(43), and (41). If kr, kx, a1, 8,7 are all € (0,1) and n and ky are both positive, there exists
a unique value of (X3P, n9,,hY,) for which (50), (48) and (44) simultaneously hold. At this
solution, log Xt0 € (Ry, Sy) and the values of hy, and V are positive.

The fact that V is positive means that individuals would prefer to be skilled if they could
acquire skills at no cost. The barriers to becoming specialized (a probability less than one of

being able to join an existing enterprise and a cost of trying to create a new one) require as
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compensation that V be positive in equilibrium.

We are now in a position to characterize steady-state growth in this model.

Assumptions behind the steady-state growth path. Population grows at a fixed rate n start-
ing from a value Vy, at an initial date 5. The initial productivity for producing good j can be
any positive value X;;, and the productivity parameters governing the uniform distribution
of productivity among unskilled workers are given by (Ry,, S,). Let (XjP n?, kg, ) denote
the values described in Proposition 3 and let n{ and ) denote the latter two values, a no-
tation in anticipation of the fact that they turn out to be constant along the steady-state
growth path. In each period t = tg,tg + 1, ... unskilled individuals maximize (15) resulting
in ny;hqy Ny individuals producing good 1, ny(1 — hyy)hoilV; trying to create new goods, and
n1(1 — hy) (1 — ho) V; seeking positions with continuing units. Productivity grows at rate g,
s0 Riy1 = g+ Ry, Sep1 = g+ S for all ¢ and log X411 = g + log Xj; for j € j;t, with log
productivities for any good newly created at date ¢ drawn from a N (log )N(to +g(t — ty),0?)
distribution where log X;, = Jyn > €Ty

Jotg = D e o, 1 is the initial number of specialized goods.

log X, is the average initial log productivity and

The following proposition characterizes the steady-state growth path for this economy.
Proposition 4. If at initial date ty there are 1/kx specialized goods of each type ay (so
that the initial total number of goods is Jou, = kj/kx ), the initial share of unskilled workers

is Ny, = 1Y, and the initial share of the population specialized in good j satisfies

aip (1 —n? ,
:M J €j2t07 (51)

Nt
Jto 1_0{1

then for all t > ty:
(a) the fraction of the population that is unskilled, the fraction of the unskilled who are

employed, and fraction of the unskilled who try to create new goods are constant over time,
niy = n(l) hie = h(l) hot = h(o)

(implying a constant population unemployment rate of nd(1—h0)) while the values X%, X1;, X1,

all grow at rate g:
log X7,,; =g +log X, log Xl,t—l—l =g+log Xy, log Xl,t+1 = g+ log Xiy;

(b) the number of specialized goods in production is constant: Jor = ky/kx;

(c) the consumption of good j by every skilled worker at time t is given by

(1—a)(1—7)
1 —nf

nuXp JE€T (52)

qgjt =
where Xy 1s defined to be Xu;
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(d) the average consumption of good j by unskilled workers at time t is given by

a1+ 7(1 — o .
gjt = o 750 1)]nthjt Je T (53)
1

(e) the share of the population that produces good j and the demand share parameter oy
remain constant as long as the good remains in production: nj = n?, o = oy for j € Jp and

the quantity of any good grows at rate n + g for as long as it is produced:

logQji1=n+g+logQj je€{{1}U jgu,t“};
(f) the relative price of good j at time t is given by

Py,  an®X
Lt : 1t (54)
Plt alanjt

which s constant over time as long as the good continues to be produced;

(g) the total demand parameter for good j is given by

Q7 .
Tﬁ = [”?qg]‘t +(1 - n(l))qgjt]Nt Je T

(h) at any date t, all skilled workers earn the same income as each other and the log

difference between their income and that of the average unskilled is a constant over time.

8 Dynamic adjustment.

In this section we consider dynamic adjustment in an economy in which the labor shares at
date ¢ may not be the steady-state values (n;; # n?) and in which the preference parameters
Gije and 7;;; need not be the values associated with the steady-state path (denoted q%t and
vi)- We specify Gije = Xjiqiy, and vije = iy, where along the steady-state growth path
the demand-shift parameters equal one (y;; = &; = 1), and without loss of generality® x1; =
¢ = 1. And while productivity grows at the constant rate g along the steady-state path
(log X?,,1 = g +1log X3,), here we allow Xj; = (;; X}, with (j; = 1 along the steady-state path.
Successfully introducing a new good means creating a demand (or recognizing a latent

demand) for good j that grows along the steady-state growth path according to
?jt _ [ + T% — Oél)]n(])X]()t for i € My, (55)

ny

for nonspecialists and in an analogous expression for specialists. We assume that the parameter

n? governing this steady-state demand is determined by the number of people involved in

3 A lower demand for good 1 could equivalently be expressed as &t > 1V5 € Jos.
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initially creating the new good: ng =n; if j € JQﬁt. Equation (34) then implies that the

demand share oy = 7350/ (q5;,)* eventually converges to
aj =nj(1—a1)/(1-ny), (56)

which need not equal the value in (33) for aj;; = nf(1 — aq)/(1 — ny) for the date ¢ at which
the good was first created. In the examples below, after a good is created, the value of n;
may subsequently deviate from the initial n , but if the good survives long enough, eventually
the labor share and demand share will return to nj and ozj.

Proposition 5. At any point off the steady-state growth path.:

(a)

th/2 = XJthTL X Nt fO’f’ ] € \71/ (57)
Hy =1+ Ag(ny —n)) (58)
ar+7(1—a) —n?
Ay = 59
TR ) )
with Ay < 0 for typical parameter values;
(b) the quantity of good j that is produced at date t is
O = nltNtXlt for j=1
it — . = . )
’ mln{th/27nththtXJQt} Jor j € T
(c) the relative price of good j at date t is
2
- () (3) ()33 o
L (=L — = or j € Ja; 60
Py \Pf) \af S Qumqu) I )
(d) the share parameter for good j is characterized by
nit(1—ng) 4 -
it = g% € Jau; 61
a]t (1 _ nlt)a] fOT J \72t7 ( )

(e) if good j continues into t + 1, the number of individuals specializing in j at t + 1 is
given by
N

Qi. .
jt+1 = Mmax { 2)5 t:l Njep o Jorje j2h,t+1 (62)
]7

u Z
n N;i11/Nisa
t+1 JETE jtr1/ Nt

cmd Zf Nj7t+1 = Qj,t+1/(2Xj,t+l) then

Njii1 _ Xjt+1Hir1 (63)

0 .
NJ t+1 Ca,t+1
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(f) after-taz income per individual specialized in good j (Y = (1 — 7)PjQji/Nji) is char-

acterized by ~
Yy Y61 - nd)@u(@Qs — Qi) QY
Py (1 —n)( 2t)2(Q1t — Q)

which along the steady-state growth path is the same for all skilled workers :

for j € Jo (64)

1—7)1—a)n?
yp = X0 65
t 011(1 _n(l)) 1t ( )

(9) compensation per unemployed individual is

. T Zjejm njtY}t .

Cy = ; 66
' n1t(1 — hyy) ( )
(h) the lifetime advantage of being skilled in good j relative to being unskilled is
Vit = log Yy — log(PuXy,) + B(1 = kx)Vju1  for j € T (67)
with good j endogenously discontinued after period t (j € J7) if ‘7j¢+1 < 05
(i) if some individuals spend period t trying to create a new good, then
log(P X7,) —logCy = —ky + k‘ﬂﬁvjﬁl for j € \72‘{”1; (68)

(j) if a positive fraction h; of unemployed workers seek to specialize in continuing good j,

the fraction m;; who are successful is characterized by

o Njp1 — N

L=

! (1 - hlt)hjtnltNt

log(P1:X7,) — log Cy = w18V 411 (69)

for j € \72% 41 and hyy =1 — Zj €Tiin hj the fraction seeking to create new goods;

(k) the fraction of the population in t + 1 producing newly created goods is
n§+1 = e "(1 — ha) hornaiks (70)
and the fraction of the population that is unskilled is given by
Mg =1 — ”BH - ”EH- (71)

(1) Define real GDP to be the ratio of current production evaluated at steady-state prices
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to steady-state production evaluated at steady-state prices:

0
Zjejt Pthjt

Q= :
Zjejt PJOtQ?'t

(72)

This can equivalently be written as

1— it Xt
Q= Zje\yt a}(Q;/ Q) = (1 — zé) Zjejm <N?;(%) + (z—é) (X}f) N1t (73)

In the special case when all goods are demand-constrained and x;: = (jw = 1 Vj, this becomes

Ht(l - 041) 0 651 Xu
_ ) L (2L) (2 . 74
Q1 1_ n(l) Zjejzt n; + n(l) X% N1t ( )

Discussion of Proposition 5. Result (a) establishes that an increase in ny; results in lower

total demand provided that a; +7(1—ca;) < n. In interpreting this inequality, note that «; is
the steady-state fraction of income that goes to unskilled individuals as a result of production
of good 1 and 7(1 — «) is the fraction collected as unemployment compensation. If the
sum of these is less than than n?, the fraction of the population that is unskilled, then the
average after-tax income of an unskilled individual along the steady-state path is less than
that of someone who is skilled. This is all that is needed to conclude that Ay < 0. This
condition is almost guaranteed by Proposition 3, which established that V° > 0, meaning
that the log income of skilled workers exceeds the expected log income of unskilled along the
steady-state growth path. However, because of Jensen’s Inequality, this is not quite enough
to conclude that skilled income exceeds the expected income of the unskilled, which is the
condition required by a; + 7(1 — a;) < nY. For most parameter values, Jensen’s Inequality
is not big enough to reverse the typical outcome. Appendix C provides sufficient conditions
under which A\ is necessarily negative. When this is the case, Q;; is lower when the fraction
of unskilled individuals is higher.

Note that we defined real GDP in (72) as the ratio of current to steady-state output. Thus
@; > 1 means a value of real GDP higher than steady state and ); < 1 means a value lower
than steady state. As an example of using this result, consider the special case when there
are no demand or productivity shocks (x;: = (j = 1), all goods are demand constrained
(Qj+ = Q:/2), and the population share of each good is the steady-state value (n;; = ng) In

this case (74) becomes

11—« o) X
o= (i) a-m+ (i) (5) "

Note that (1 — «;)/(1 — nf), is greater than 1 and (a;/n?) is less than 1. Thus when H; =
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(X/XD) =1,
8Qt . ﬂ _ 1-— (0%}
ony nY  1—nf

< 0.

Thus even if H, and (X' 1t/ X 1t,) were unity, a higher fraction of unskilled workers would mean
lower GDP because fewer of the goods that consumers value are being produced. When
ny > nY, both (X1,/X%) < 1 because when more individuals are unskilled, a higher fraction
of them look for jobs,* and also H; < 1 due to lower demand. Both these are additional factors
pushing real GDP below 1 when ny; > n‘l).

Deviations from steady state. We will linearize to approximate dynamics off the steady-
state growth path. Let w denote the deviation of the variable w; or its log from the value on
the steady-state growth path; specifically, wt logw; — logwy for wy = Qju, Xiv, Xt Ejts Cits
wl = wy — w® for wy; = njy, th = log(Yj:/P1) —log Y%, and PJ-Tt = log(Pj¢/Py) — log(P},/ Py).
Appendix B shows that for any specialized good 7,

X}t + )\HTLL if th/2 < nththt

Ql, = W~ (76)
Jt C]Tt + 25% if th/Q > nththt
A P T 1 nl,
Pjt = Sjt + 2th + _]0 + ”1t Q it + o ‘|‘ )\5X (77)
n; 1- nd
=&, +2x] ¥nT + As X5 (78)
it jt n1<1 _ n(l)) 1t 1t

A demand shock arising from X;t > 0 shifts both the demand and marginal revenue curves
out (see the bottom panel of Figure 2). If the good is demand constrained, the result is an
increase in both output and price. If the good is supply constrained, only the price increases.
By contrast, a slope demand shock E;t > 0 tilts the demand curve without changing Q;;, and
only results in an increase in price regardless of the regime. A productivity shock C]Tt has no
effect on income because it either has no effect on output and price or has offsetting effects
on output and price; see Section 10 for more discussion.

Result (78) means that if two different goods j and k both experience the same propor-
tionate demand shocks (XTt = X,Tct and fj-t = 5,;), producers of the two goods will receive the
identical income (Y; = YT) This greatly simplifies analysis of the economy off the steady-
state growth path in the examples below.

Adjustment dynamics in the absence of demand and productivity shocks. The following
sections investigate economies in which demand or productivity shocks may influence the
values of variables over periods tg,tg + 1,...,t0 + M — 1, but all exogenous variables revert to

their steady-state values after to+ M. In every example, the initial conditions and subsequent

4 nyy > nY, then X7, > X302 and Xy, < XU,.
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sequence of shocks are all known with certainty from period ¢ = ¢y, on and
Xit =&t =Ct=1 j€Jpandt >ty+ M.

In this subsection we characterize dynamics for these examples beginning in period t = to+ M.

Note from (78) that when £;; = x;; = 1, real income differs from the steady-state value Y,°
by the same multiple for every skilled worker. Let Y; denote this common level of income in
period t: Y, =Y, /Py, for j € Jo and t > ¢+ M. Looking forward from ¢ > ¢, + M, all skilled
workers face the same stream of future income prospects and thus there is a single lifetime
benefit of specialization V; that is common to all skilled workers at t. The two key dynamic

equations for t >ty + M are then (71) and the common value for (67),
N1 = 1 — n§+1 - n5+1 (79)

Vi = log(Y:/Py) —log X1y + B(1 — kx)Vipa (80)

where ng 41 1s the fraction of the population at ¢ + 1 producing newly created goods and nE i
the fraction producing continuing specialized goods.

Another state variable that helps simplify calculations is n;, which is defined as the sum
of the steady-state employment shares n? of all specialized goods that are produced at ¢:
M = Y e, My A fraction (1 — kx) of goods in ¢ survive to ¢ + 1, and the value of nf for
these goods at t 41 is by definition is the same as in ¢. In addition, for newly produced goods
the steady-state population share is the value when they were first introduced: n? = n;; for

JE jﬁt. Thus the equation of motion for 7, is
e = (1 —kx)f +nl, t >t + M. (81)

When x;; = 1, equation (57) implies that Q;;/2 = H, %. The examples below all have
the property that all goods have capacity to produce the profit-maximizing level @), = th /2
after t > to+ M. Recalling that Q); = nltNtX 1t, the level of real income common to all skilled

workers is found from (64) to be

YO(L — nf) HZQS,

Y/ Py = - t>ty+ M. (82)
(1 - nlt)(2HtQ(1)t - nltNtXlt)
Real unemployment compensation from (66) is
1— Y,/ P
/Py = TEZ Y/ Py oy (83)

nlt(l - hlt)

The productivity threshold X7, at which unskilled workers choose to produce good 1 is deter-
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mined by (68):
log X¥, — log(Cy/Pyy) = —ky + Bk:Vigr t>to+ M. (84)

Since each specialization offers the same income, in equilibrium there is a common probability

m; of succeeding in specializing in a continuing good, which from (69) is characterized by
log X7, —log(Cy/ P1y) = 57%‘7#1- (85)
The number of openings with continuing goods is given by
Op =nl "Ny — (1 — kx)(1 — ny) Ny, (86)
With (1 — hy¢)(1 — hot)n1: Ny applicants for these positions, the probability of success is

nEHe” — (1= kx)(1 —ny)
(1 - hlt)(l - hOt)nlt

t>to+ M. (87)

t =
We can solve this expression for hgy = 1 — {[nEHe" — (1 = kx)(1 —ny)]/[(1 = hyg)nyem]} and
substitute the result into (70) to find the fraction of the population at ¢t + 1 who are newly
skilled:

nt = e (1 = hy)naks — [0, — e (1 = kx)(1 = ny)lka/m  t > to + M. (88)

In the examples below, any good that survives from ¢ to t + 1 will have the profit-maximizing
level of employment at t41: 1,11 = Htﬂn? for j € j;t 41~ Summing over j gives the fraction

of the population at ¢ 4+ 1 producing continuing goods:
ni = Hep(1—kx)e >t + M. (89)

Linearized dynamics in the absence of demand and supply shocks. Recall from Proposition
2 and Table 1 that log(1 — hy;), log Xy, and log X;, are simple functions of log X7, with
derivatives Ay, A3, and \s, respectively, and from (58) that H; is a linear function of ng,.
Thus equations (79)-(85), (88), and (89) comprise a system of 9 dynamic equations in the 9
variables (nyy, 1A Yi/ P, Ct) Pry, X5y, 7, n§+1, nt+1) Let z;rt denote the deviation at ¢ of the
ith of these variables from its value along the steady-state growth path.” The behavior of the

system can be approximated by the following 9 linear equations (see Appendix B for details):

i
n{ A+l = ntirl—l - niil (90)

5Specifically, z n = zy — 2 for zy = nlt,W,nt,ﬁt,hOt,n§+1,nE+l, tT = log(Y;/P1¢) — log(Y?), C’j =
log(Cy/ Pit) — 1og<00> and X;f = log(X7,) — log(X79).
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Vi =Y = X+ 801 - k) Vi (91)

nIﬂ =(1- kX)nt + nt+1 (92)
1
T T *f

Yy = 00T — 0y + A5 X (93)

Tyt *f
Ci =Y, — 0T — 0yt A2 Xy, (94)
X1 —cf =Bk, (95)
= BV + pVOr] (96)

1—k %

nil = ek, {1 — Y — p X] nl, 4+ e (1 — A kAo X (97)

%0 — e (1 — kx)(1 — n9)]k, .

+ (7_(_0)2 t ﬁnﬂrl

il = (1= kx)(1 = n)Agnl, 1y + (1 — kx)n (98)

Solution algorithm. Define z| = (zL, z;t)’ for ZL = (nl,, V!, a}) and zg; = (i, of, x;f x,

ngil, n; +1) Equations (90)-(98) comprise a system of the form

Azl A1 T = Bz, (99)

This is a system in which the dependence between th and zg 1118 captured entirely by the three
state variables zl ++1- With linear operations we can eliminate z from the right side of (99)
to arrive at a system of the form

2l =22l (100)

again see Appendix B for details. One of the eigenvalues of the (3 x 3) matrix ¢ is greater
than 1 and the other two are less than 1 in absolute value. The values of nL and n; are
predetermined, and the forward-looking variable V; is the value that causes ZL to be a linear
combination of the two eigenvectors of ® associated with the stable eigenvalues.

In the examples below, the initial periods tg, to+1, ..., to++M —1 may be governed by different
dynamics from those in (90)-(98) as a result of demand or productivity shocks. However, in all
the examples it is assumed that exogenous variables return to their steady-state values after
a finite number of periods, and it can be shown that in each of these examples, all specialized
goods will have exactly the capacity needed to meet demand after M periods. In this case
(76) becomes

Qly=Amn}, j€ Py, t>to+M (101)

and (99) turns out to govern dynamics after to + M.
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The dynamics over the first M periods are characterized by
At’é;t+l - BtZ;r + ét (102)

Ao =], + e (103)

The initial state vector ZL includes nL, V;, and possibly other variables whose values at date

to are determined by initial conditions. These initial conditions along with the specified
initial value nJ{tO and a conjectured value for Vj, imply a particular value ZLO and thus from
(103) a particular value for ZLO 4+ from which zito 4+ can also be calculated. The rational-
expectations solution for ‘N/tz is the value that causes ZI,to 4+ to be a linear combination of the
stable eigenvectors of ®. Since z{to L 1s an affine function of Z"LO, this pins down f/tz, the

unknown element of z'LO. Now knowing ZLO, we can use (103) for calculate ZLO IR ZI tot M1

and use (100) to calculate zito M zho 441 -+~ From these we can find the remaining elements
of z’;roﬂ, - z'IOJrM_l from (102) and ZIO+M, ZZO+M+1 from (99). With these we can calculate any
other variable of interest. For example, for ¢ > ¢y + M, n}t = Agn!, and the relative price of

any specialized good can be found by substituting (101) into (77):

- i o
P = {M} ny + A Xy € Jap, £ 2 tg+ M. (104)
From (74), real GDP is given by
Ht(l — Ofl) _ aq Xlt
= — | = 105
@ 1—n e ny/) \ X9 t (105)

Q) = la—é + (1 - al)AH] nl, + a s X7y + (106)

— .
o'
ny L —mnj

9 Demand shocks.

In this section we consider an economy in which all exogenous and predetermined variables at
to are equal to their steady-state values, so n;; = ng Vj € Ja, with the single exception that
the demand parameter x;; = x # 1 for a fraction x of the specialized goods produced at %,.
From (78) we see that the income of anyone producing a nonimpacted specialized good at ¢ is

still given by Y; in (93) whereas anyone producing an impacted good has income Y;*:
=20y - 1)+ Y/ (107)
Let n denote the fraction of the population at ¢ specializing in goods for which x;; = x and

ng the fraction specializing in goods for which x;; = 1. Then unemployment compensation is
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given by
T(n{Yy + YY)

nlt(l - hlt)

Baseline parameter values. Our baseline examples use the parameter values in Table 2.

G- (108)

We assume that a period corresponds to one quarter, with n implying an annual population
growth rate of 1% and 8 an annual discount rate of 2%. Note that taxes in this model are used
solely to finance unemployment compensation, motivating a relatively low value (7 = 0.02)
for the marginal tax rate. Productivity for all workers grows at some fixed rate g (which
does not affect any of the numbers reported here), and the proportional gap between the
most productive and least productive unskilled individual (S; — R;) is constant at 1 for all ¢.
There are huge gross flows out of and into employment in a typical month in the U.S. Davis,
Faberman, and Haltiwanger (2006, Table 1) found that 10% of workers lose or quit their
jobs each quarter, and the estimates in Ahn and Hamilton (forthcoming) imply that 12% of
employed individuals will be unemployed or out of the labor force 3 months later. Our value
of kx = 0.02 assumes that involuntary separations account for less than 1/5 of these observed
gross flows. When the probability of successfully creating a new good is k, = 0.25, the baseline
parameters imply a steady-state unemployment rate of u’ = 5.1%. The discounted lifetime
log income advantage of being skilled is ¥ = 4.80, which translates into a per-period flow
advantage of [1 — 8(1 — kx)]V® = 0.12, or 12% higher after-tax incomes for skilled workers.

9.1 A transient drop in demand.

In our first example, the number of people producing each good starts out in period t, at the
.|.
Jto

(k = 0.25) experience a 10% drop in demand in ¢y (x = 0.9) that lasts for only a single period

steady-state values (n!, =0 for all j € J;,). In period ¢y, one-quarter of the specialized goods
with x;; for all goods j returning to unity for ¢ > ¢, + 1. From (76), the demand-impacted
goods lower their output by 10% (Qiff = x — 1). From (77), if there were no change in the
fraction of unskilled workers who are unemployed, impacted goods would also lower their price
by 10% in period tg (P,f;T =x—1+ )\5ij0), with nLO = n}to = 0 for this example. The 10%
drop in both price and quantity account for the 20% drop in income described in (107). Since
the shock lasts for only one period, the lifetime advantage at ¢ = ty of one of the impacted
specialists ‘N/té‘ differs from that of nonimpacted specialists V;, by ‘N/tf)d = ‘N/t:r) +2(x —1). The
decision of impacted units to continue is determined solely by \7,%‘ 1= Vto+1, so no impacted
unit has an incentive to discontinue. The decision of how many workers to add in g + 1 is
based on (62), which again from (57) is the same for all j. If (93) and (91) are understood
to characterize the values for producers of goods that are not impacted by the demand shock,

equations (90)-(98) thus all hold for ¢ > ¢y and almost all hold for ¢ = ¢y as well with the single

6 At this rate, steady-state unemployment compensation is equal to about one-quarter of the average wage
of unskilled workers: (PP, XY,)/(n{hY) = [A{7(1 — a1)]/[a1 (1 — AY)] = 0.23.
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exception that (94) for t = ¢, is replaced by a linearization of (109):

1 :

C;ro = 2<X — 1):‘€ + Y;Z — )\QX;TO — mnlto.

(109)
Expression (109) reflects the fact that the lower income of demand-impacted specialists (2(x —
1) = —0.2) reduces unemployment compensation by —0.2x in equilibrium. Appendix B shows
that real GDP in the initial period is

Q, = (1 —a)r(x — 1) + arhs Xi) . (110)

Output of the impacted goods falls by x, and nonimpacted goods have no ability and no
incentive to increase production. Equations (90)-(98), (104) and (106) all hold as written
for all ¢t > t¢, so for this example M = 1 and expression (109) is the only way in which the
dynamic equations for the first date differ from the usual adjustment dynamics. In terms of the
notation in expression (102), for this example Ato = A, Bto = B, and ¢, = (0,0,0,0, —2(x —
1)k,0,0,0,0)".

The solid green curves in Figure 5 plot the time paths of key variables. Real GDP (Panel E)
falls by 1.4% in to but almost completely recovers by to+1. The reason that real GDP does not
quite completely return to the steady-state growth path in ¢y 4 1 is that lower taxes collected
from specialized workers in ¢y mean lower unemployment compensation, which induces slightly
more unskilled workers to produce good 1 in ¢y, (Panel C). Because fewer unskilled workers
spent ty trying to develop a skill, the number of unskilled workers in ¢y 4+ 1 is very slightly
above steady state (Panel A). However, these persistent effects are quite small in size, and to
a first approximation the effects of the demand shock are limited to the single initial period

in which x;jt, # 1, in which GDP essentially falls by the size of the drop in demand.
9.2 A transient increase in demand.

Consider next the case in which a fraction x = 0.25 of specialized goods experience a 10%
increase in demand (x = 1.1) in period t, with demand returning to normal in to+ 1. Because
these goods would be producing at capacity in tq if x = 1, they do not increase production but
instead increase price by about 20%. Equations (76) and (77) in this case imply Qiff =0 and
Pt’f)T =2(x—1)+ XX ftTO If X7, did not change, there would be a 20% increase in the incomes
of workers specialized in the now-favored good. There is no direct boost to GDP from the
demand shock, and (110) for this case becomes QIO = a5 X f;ro Unemployment compensation
is still given by (109). In this example, unemployment compensation rises in ¢, because of
the higher tax revenues from some of the skilled workers. The dynamic effects of the shock
are described by the dashed blue lines in Figure 5. The higher unemployment compensation
induces an increased fraction of the unskilled to try to develop a specialty (Panel C). This

means less production of good 1, and with no added production of any specialized good, GDP
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actually falls in ¢5. Some of these individuals succeed in producing new goods, leading to
values of 19 4,41 and Vto+1 very slightly below the steady state. The latter means less incentive
to specialize, and the economy eventually returns to steady state. As in Example 9.1, the
changes resulting from unemployment compensation are quite small. To a first approximation,

a transitory increase in demand has no real effects.
9.3 A large persistent but isolated drop in demand.

Next consider the case of a 50% drop in demand that affects only 5% of specialized goods
(x = 0.5, k = 0.05). Note that the total size of the shock to demand is the same as in
Example 9.1 (k(x — 1) = 0.025 in both examples), but in Example 9.3 the drop in demand is
concentrated on a relatively small number of goods. If the low demand lasted only for a single
period, the results would be identical to those in Example 9.1. Here however we consider a
shock that lasts for D = 8 periods. We take the shock to be isolated in the sense that new
goods created beginning in ¢, + 1 all enjoy the steady-state demand level yx;; = 1. From (107)
the period ¢ log income for workers specializing in the impacted good would differ from that
of other specialized workers by 2(x — 1) for each ¢ = ¢y, ...,to + D — 1. From (91) this means
that the lifetime advantage as of date ¢ from being specialized in an impacted good differs

from the steady-state advantage V° by

VX =V 8 po2(x — 1) (111)

x TR = k) b=t to+ D =1

Bio+p—t = (112)
0 t>to+D

The value of ‘N/t’<+ for this numerical example is plotted in black in Panel D of Figure 5, with
the horizontal black dashed line drawn at V0 + f/th = 0, the level at which producers of
the impacted good would be indifferent between waiting out the period of low demand and
abandoning their specialty. For this numerical example, VO 4+ ‘N/tffll < 0, meaning that workers
who had specialized in the impacted good in period t, would be better off joining the pool of
unskilled beginning in period ¢y + 1 rather than wait for demand for their good to pick up.
These workers will produce their specialized good in t; and then join the pool of unskilled
beginning in ¢y + 1. This means that only a fraction (1 — kx)(1 — ) of the specialized goods
that were produced in ¢ survive to to+ 1. Expressions (81) and (89) for ¢ = ¢, in this example
become

Migi1 = (1= kx) (1 = K)gg +nf 4
1 = Higia(1 = kx)(1 = W)
The number of openings (86) in ¢y is
Oto = nEO—f—lenNto - (1 - kX)<1 - ’%)(1 - nlto)Nto

27



leading (88) to be replaced by
n§0+1 = e_n(l - hlto)nltokﬂ - [nEOJrl - e_n(l - kX)(l - "{)(1 - nlto)]k“ﬂ/ﬂ-tm

After linearization this results in adding the following terms to the right sides of equations
(92), (97), and (98), respectively:

—k(1 — kx)(1 —n?)

ke (1 —kx)(1 —nd)k, N ke (1 —kx)ks ke (1 —kx)(1 —nd)k, ;
2

0 0 Mt (m9)
—k(1 = kx)(1 —nd) — k(1 — kx)(L — nd)Agnd, 1 — 6(1 — kx)n),.

Also as in equation (109) we add 2(x — 1)k to the right side of (94).

Beginning in t = ty + 1, all the impacted goods are gone and newly created goods face
steady-state demand parameters, so that the dynamic equations for the economy for ¢ =
to + 1,t0 + 2, ... are exactly the same as in (90)-(98). Hence this is another example in which
dynamics revert to the time-invariant system (90)-(98) after M = 1 period.” However, the
effects of the shock at ty have not gone away, because the extra inflow of workers into the pool
of unskilled causes ni 4.1 to be higher than the steady-state value ny, shown in Panel A of
figure 4. This causes real GDP in (106) (Panel E) to be lower in ¢y 4+ 1 both because fewer
people are producing high-value goods and because lower-skilled workers have lower overall
demand for goods. Panel F shows the relative price that would maximize profits for impacted
units if they were to continue in operation beyond t,. However, because ‘7% 41 <0, they have
all dropped out and these goods are no longer produced after 3. Thus the same-sized shock
to demand (Examples 9.1 and 9.3) can have a bigger effect if it results in significant numbers
of skilled workers losing their jobs, as in this example.

This example offers one possible explanation for why goods are always being discontinued
along the steady-state growth path. Suppose that along the steady-state growth path, each
period t a fraction kx of specialized producers learn that demand for their particular product is
going to experience a decrease of the magnitude considered here beginning in ¢+ 1. Producers
of those goods would have an incentive to abandon their specialty after producing in ¢, and
choose to return to the pool of unskilled workers. Thus a shock of the kind considered in
Example 9.3 could be viewed as occurring all the time in this model. Everyone takes into

account the likelihood that it will eventually happen to them through the parameter kx that

"For this example, the time dependence is captured by the t = ¢ values of Ato, Bto, ¢to- Although expression
(111) exhibits time-dependence up until ¢t = to+ Dy — 1, this equation is only relevant for the decision impacted
workers make in period tg. For the parameter values in this example, workers abandon their specialty and
these goods are no longer produced after period tg, so the only economically relevant equations after ¢t > ¢, all
take the form of (90)-(98).
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enters every decision. Example 9.3 could be viewed as exploring what happens when these
regular demand shocks affect a larger fraction of goods than usual and catch the producers of

these goods by surprise in ;.
9.4 The role of technological frictions.

How long the adjustment process requires depends on how hard it is to create new goods.
Consider an economy in which the probability of successfully creating a new specialized good
is 0.60 rather than 0.25 in our baseline parameterization. With lower technological frictions
to developing new goods, there is a lower equilibrium unemployment rate (u® = 2.4% ver-
sus 5.1% for the baseline parameters) and a lower equilibrium advantage to being skilled
(VO = 0.7 versus 4.8 for the baseline case). In an economy with more modest technological
frictions, workers would be much quicker to abandon their skill under adverse conditions (see
the horizontal dashed red line in Figure 5D). Although the surge in unskilled workers in ¢+ 1
is the same as in Example 9.3, the economy recovers more quickly; the largest stable eigen-
value of @ is 0.89 for the baseline parameters but only 0.79 when &, = 0.6. Thus technological

frictions are the key determinant of the Keynesian multiplier effect.
9.5 A persistent drop in demand for new and existing goods.

The assumption in Examples 9.3 and 9.4 was that newly created goods were immune from
the lower demand that hit existing goods, with the result that a surge in new good creation
was a key factor mitigating the economic downturn. In reality, starting a new business may
be harder than usual when the economy is weak. To study this possibility, we now consider a
demand shock that affects both new and existing goods. As in Example 9.1, we suppose that
25% of existing goods at o experience a 10% drop in demand (k = 0.25, x = 0.9). Unlike
that example, here we assume that the drop lasts for D = 5 periods and also affects any goods
that are newly created in tg,...,t0 + D — 1. In this case, the returns to creating a new good
will be determined not by V,.; but by f/fil For the first D — 1 periods the condition for new

good creation (95) becomes
X;tT - OfT = Bkwf/tll + 6§§+D—t—12(X - 1) t=to,....,to+D —2

for Bj-x given by (112). The attractiveness of specializing in a nonimpacted good is still Viit,
so that the equilibrium probability 7; of obtaining one of those positions is still determined by
(85). As in the baseline model, we assume that successfully creating a new good provides the
new good with a steady-state demand based on the number of people who initially created
it, represented by n? = nj;. No demand-impacted good, whether continuing or newly created,
will have an incentive to hire new workers during the first D — 1 periods. Assuming that

all goods continue to face the steady-state probability kx of being forced to discontinue, the
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fraction of the population that produces demand-impacted goods thus evolves according to
nfq =e "(1—kx)nf + ngﬂ t=tg,..;to+D —2

starting from n}, = (1 — nf). Nonimpacted goods hire a fraction of the population nf,, =
Hi (1 — kx)n§ where nf = (1 — kx)' (1 — k)(1 — n?), leading to a total number of skilled
workers given by 1 — ny .1 = n)f, + nf,,. After period ¢y + D, the dynamics revert to the
system (79)-(89). For details see Appendix B.

The cyan curves in Figure 5 show adjustment dynamics for this example. The drop in
production of impacted specialized goods in ty by itself would lower GDP by 1.5%, just as in
Examples 9.1 and 9.3-9.4. However, in this case unskilled workers recognize at t, the lower
probability of successfully specializing in an existing good and limited returns from producing
a new impacted good. More of them respond by choosing to produce good 1 rather than
try to develop a skill, with only 1 — hyy, = 6.1% of them unemployed in ¢, compared to the
steady-state value of 11.5%. This results in an increased production of good 1 in period ¢, that
turns out to completely offset the lost production of specialized goods, so that real GDP at ¢,
is about the same as the steady-state value. The lower-than-normal rate of skill accumulation
results in a buildup in the fraction of unskilled over time, and this eventually brings GDP to
2.3% below steady-state by tg + 4. The buildup in ny; also increases the incentive to try to
specialize, and by ty + 4 a higher fraction than normal of the unskilled are searching for work.
The demand shock is gone for all goods beginning in ty + 5, resulting in a sharp rebound in
real GDP. However, GDP is still 0.9% below normal in ¢5 + 5 and only gradually returns to
the steady-state growth path as the surplus of unemployed eventually develop skills.

9.6 Shocks to §j.

Up to this point we have been discussing shocks to the preference parameter x;;, which results
in a vertical shift of the demand curve for good j and changes the profit-maximizing level
of output th /2 (see Figure 2). Consider now a shock to the parameter ;;, which changes
the vertical intercept of the demand curve but leaves the horizontal intercept and the profit-
maximizing level of output unchanged. From equation (76), this has no direct effect on output
regardless of whether the good is demand- or supply-constrained. Instead, from (77) and (78),
a 10% increase in £;; leads to a 10% increase in price and income for good j. A 10% decrease
in &;; leads to 10% decreases in Pj; and Y}, again regardless of the regime. The changes in
income will result in a change in tax receipts and unemployment compensation which would
have general-equilibrium effects on hq; and nys, but these would be secondary contributions of
the size noted in Example 9.1.

It is possible that if a drop in §;; is large enough and lasts long enough, the drop in
income for producers of the good would be sufficiently large to persuade them to discontinue

production. Note that the coefficient on y;; in the income equation (78) is twice as big as the
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coefficient on ¢j;, so it would take roughly twice as big a shock to &j; to cause the good to
be discontinued. For shocks of moderate size, a change in {;; would affect relative prices but

have negligible effects on any real quantities.

10 Productivity shocks.

In this section we consider an economy that begins period ¢y with all exogenous and prede-
termined variables equal to their steady-state values with the exception that the productivity

parameter (j; = ¢ # 1 for a fraction « of the specialized goods in production in date %,.
10.1 A transient drop in productivity.

Consider first a 10% drop in productivity that affects 25% of the goods in o (¢ = 0.9, k = 0.25)
with productivity returning to normal in ¢y + 1. Impacted goods are supply-constrained in
to and from (76) each lower their output by 10% (Qfg = ( —1). From (77) this means they
raise their price by 10% (P,foT =—(C—-1)+ )\5X;}TO) which from (78) means no change in
income (Y;g+ = Y;z) The last equation also means that there is no change in unemployment
compensation for ty, and the elements of z] are determined by equations (90)-(98) for all ¢.
With reduced production of the impacted goods and no increase in the production of any
other goods, real GDP in ¢, falls by Qi = (1 —a1)x(¢ —1) + al)\5X§O with ngo = 0, and
then returns exactly to the steady-state growth path in ¢y + 1.

The time paths of key variables are shown in the solid green curves in Figure 6. Apart from
lacking the modest effects on n4 4,41 arising from the lower unemployment compensation in ¢,
in Example 9.1, the effects of a productivity shock in Figure 6 are essentially the same as those
of a demand shock in Figure 5. Note in particular we could not use measured productivity
as a way to distinguish between demand and supply shocks. In Example 9.1, productivity
of impacted goods falls by Q}to — N}to = (x — 1), whereas in Example 10.1, productivity of
impacted goods falls by Q;to - N jTto = (¢ —1). One could not tell by looking at the behavior
of output, employment, or productivity whether output fell because it is harder to produce
the good or because fewer people want to buy it. The one variable that could be used to
distinguish these two shocks is the relative price in Panel F of Figures 5 and 6. A demand
shock results in lower output and lower price, whereas a supply shock results in lower output

and higher price.
10.2 A transient increase in productivity.

Consider next the case in which a fraction k = 0.25 of the goods in production at ¢, experience
a 10% increase in productivity (¢ = 1.1), with conditions again returning to normal beginning
in ¢ty + 1. Although more goods could be produced in ¢y, no one has an incentive to do so,
since Qy,/2 is still the profit-maximizing level of production. There is no incentive to change

prices, and no incentive to make any changes for the future since conditions at tq + 1 will be
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back to steady state. Thus in this example, the increase in productivity has no effect on any

real or nominal variable at any date.
10.3 A persistent decrease in productivity.

Even if a drop in productivity is persistent, according to equation (78) it would not lead to a
change in the relative income received by producers of the impacted goods. This is because
(78) is derived from a linearization around the steady-state growth path. Along the steady-
state growth path, the elasticity of demand is unity meaning that the decrease in output equals
the increase in price. As the productivity shock becomes larger, the elasticity of demand is
pushed above unity, and the linearization becomes less accurate. If we wanted to examine the
effects of a very large shock to productivity, we should use the exact expression for income
(64) instead of the linearization (78). Apart from general-equilibrium feedback arising from
changes in ny; or @y, the direct effects of either demand shocks x;; or supply shocks (;; on
income Y, in (64) come through their implications for Qj; or Qi Yji o< Qi1 (Qjr — Qjt). In
the case of a demand shock hitting a demand-constrained good, Q;: = th /2 = thth?X ?tNt.
When ny; = nf, this means Y}, X?t and AlogY), = 2Alog x;:. Hence the coefficient on X;t
in the linearization (78) is in fact the same as the coefficient in an exact representation, since
log Y}, is an exact linear function of logy;; in the demand-constrained case.

By contrast, in the case of a productivity shock hitting a supply-constrained good, @) =
nththtXJQt and Qj; = 2thQXJ(-]tNt. Thus when nj; = n? and ny; = n?, we have Yj; o< (j1(2—jt)

J
and

Alog Yy = log[je(2 — Gie)]- (113)

For the 10% productivity drop in Example 10.1, AlogYj, = log[(0.9)(1.1)] = —0.01, a little
below the value of zero assumed in the linearization.

To examine the effects of larger productivity drops, we can use (113) instead of the linear
approximation AlogYj; ~ 0. In this case we would describe unemployment compensation in
to by

. 1
T T T T
Oto - /{]'Og[c(2 - C)] _I_ }/t() - >\2X1t0 - n(l](l o n(l])nlt().

If the productivity shock persists for D periods, the relative income and lifetime advantage of

impacted relative to nonimpacted goods
YT =logl¢(2 - Q)] + ¥

Ve =V + Y log[¢(2 — Q)]

for 3% given by (112) and t = tg,...,tg + D — 1. For ¢ = 0.5, log[¢(2 — ¢)] = —0.29 and a
productivity shock of this size that persisted for D = 8 periods would not be sufficiently big to

persuade workers to surrender their specialty. However, an 80% drop in productivity (¢ = 0.2)
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that lasted for 8 periods would induce production of impacted goods to be discontinued. This
is indicated by the solid black curves in Figure 6. Note that in order to scale this example so
that the period ty shock to GDP is the same as in the other examples, we assume that the
fraction of goods experiencing the 80% drop in productivity is x = 0.03. Although the overall
patterns are similar to those in the persistent demand Example 9.3, the effects for ¢ > ¢y are

smaller because a smaller fraction of specialized workers are displaced.

11 Discussion.

In order to focus as clearly as possible on the role of specialization in determining the level of
economic activity, this paper abstracted from many details that play a key role in economic
fluctuations. Here labor was the only input, with specialization taking the form of training
and assembling a dedicated team of workers. Specialized capital is an even more important
commitment for most businesses (Ramey and Shapiro, 1998 and 2001). Production moreover
typically depends on inputs purchased from other firms that themselves specialize to be able to
provide those goods or services, amplifying the forces studied here through network connections
(Baqaee, 2018 and Baqaee and Farhi, 2019). This paper completely ignored financial frictions,
even though they appear to be a key factor in many economic downturns. And although
nominal frictions played no role in this model, they could well be an additional factor in
amplifying economic downturns.

By focusing on just a single source of specialization and a single technological friction, the
hope was to shed light on the interaction between specialization and demand as a fundamental
short-run determinant of the level of GDP.
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Table 1. Ranges and derivatives of key variables.

Variable Value at Value at Sign of Steady-state
Zy log X7, =Ry | log X}, =S; | 0Z;/01og X7, derivative
(1) IOg Xft Rt St >0
(2) lOg(l - hlt) —00 0 >0 Aoy = m
— og X7U_R,
(3) | log Xu - S >0 Ny = AL
O ex +)—ex +
(4) X1 e 0 <0 0
A —+
(5) IOgXlt > iﬂ;—Rt —o0 <0 As = mljR—t)
(6) hy+ —0o0 00 >0
(7) Vi finite —00 <0

Table 2. Parameter values used in baseline calculations.

Exogenous parameters

parameter meaning

a; =04 steady-state expenditure share of good 1

T =0.02 marginal tax rate

B =0.995 discount rate

kuy =0.2 utility cost of trying to create new good

kr=0.25 probability of successfully creating new good

kx = 0.02 fraction of goods discontinued each period in steady state
n =0.0025  population growth rate

Ry, =1 initial lowest log productivity of unskilled workers

Sty =2 initial highest log productivity of unskilled workers

Derived parameters

parameter meaning

Ay = 8.668 elasticity of unskilled unemployment (1 — hy;) with respect to threshold X7,

A3 =0.1154 elasticity of flow-value of unskilled X1, with respect to threshold X%

A5 = —0.7032  elasticity of productivity of unemployed X1; with respect to threshold X A

Ag = —0.1281 semi-elasticity of demand parameter th with respect to fraction of unskilled 714

Steady-state values of endogenous variables

variable

nY = 0.4436

log X3 = 1.1154
1—hY=0.1154
u® = 0.0512

70 = 0.2082

VO = 4.8032

meaning

fraction of population without skills

initial productivity threshold for unskilled workers to produce good 1
fraction of unskilled workers who are unemployed

fraction of population who are unemployed

probability of successfully becoming specialized in an existing good
discounted lifetime log income differential between skilled and unskilled
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Figure 1. Individual utility and demand curves.

aje log qije —
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Q= @ije/2 200, = Gije

it

Notesto Figure 1. Top panel: logarithmic preferences and quadratic approximation. Bottom panel:
demand curve associated with quadratic preferences.

Figure 2. Market demand curves.

Py

L= Qe
jt — Ay T~
marginak
revenue

e<1

th

Qijt

Qi =1) Qi > 1)

Notesto Figure 2. Top panel: market demand and marginal revenue. Bottom panel: effects of shiftsin
§je and x .
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Figure 3. Benefit of creating new good versus specializing in existing good.

Ty BEVigy - ==
WJ[;iI‘HEtVt +1

—kpr + knBE Vi

BV, A EVi

Notes to Figure 3. Horizontal axis: expected advantage of specialization (E,V,,,). Vertical axis: benefit
to trying to create new good (solid black) and of specializing in existing good for two different values of
mj; (dashed red and dotted blue).

Figure 4. Vaue of specialization solved interms of hy; and X7 (hot)-

—ky + kﬁﬂf/

Tt (h 0t ) .i/ﬂ:’

<

Notesto Figure 4. Each value of hy; implies a steady-state fraction of unskilled labor and thus particular
values of X;;(hoe) and V (hoe, X5 (hoe)). Each point on the horizontal axis corresponds to a particular
value of hy, and itsimplied X;, (ho.) and V (hor, X5 (hor)) With that value of V plotted on the horizontal
axis. Thus hy, is decreasing and X;; increasing as we move to the right along the horizontal axis. The
vertical axis plotsthe value of trying to create anew good (in black) or seeking to specialize in an existing
good (in dashed red) as afunction of that V (hoe, X5 (hor))- The two panels correspond to different
parameter configurations depending on whether V7 (1, X5, (1)) is positive (top panel) or nonpositive
(bottom panel).
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Figure 5. Effects of demand shocks.

A. Unskilled workers 5 B. Skill advantage
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Notesto Figure 5. Horizontal axis: number of periodssincet,. Vertica axis: difference of variable from
value on the steady-state growth path. Panel A: fraction of population without a high-skilled, high-paying

job (nL). Panel B: lifetime advantage of specializing in goods that do not experience demand shock

(V1. Panel C: fraction of unskilled workers who are unemployed (—h1,). Panel D: lifetime advantage of
specializing in goods that experience demand shock (ZXT). Horizonta linesin Panel D indicate levels at
which goods cease production after ¢, if ‘74(11 is below that value. Panel E: log of real GDP (QZ ). A value
of -0.015 on the vertical axis represents a 1.5% drop inreal GDP. Panel F: log of relative price that
would maximize profits for goods that experience demand shocks (P]?g *). Solid green (Example 9.1):

25% of specialized goods experience 10% drop in demand that only lasts for period t,. Dashed blue
(Example 9.2): 25% of specialized goods experience 10% increase in demand that only lasts for period t,.
Solid black (Example 9.3): 5% of specialized goods experience 50% drop in demand that would last for 8
periodsif goods remained in production. Dotted red (Example 9.4): same as Example 9.3 except with
lower level of technological frictions (k,, = 0.6). Solid cyan (Example 9.5): 25% of specialized goods
and all newly created goods experience a 10% drop in demand that lasts for 5 periods.
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Figure 6. Effects of productivity shocks.
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Notesto Figure 6. Horizontal axis: number of periodssincet,. Vertical axis: difference of variable from
value on the steady-state growth path. Panel A: fraction of population without a high-skilled, high-paying

job (nL). Panel B: lifetime advantage of specializing in goods that do not experience productivity shock
(71). Panel C: fraction of unskilled workers who are unemployed (—h1,). Panel D: lifetime advantage of
specializing in goods that experience productivity shock (Z”). Horizontal linesin Panel D indicate

levels at which goods cease production after ¢, if VtXL is below that value. Panel E: log of real GDP
]

(Q;r ). Panel F: log of relative price that would maximize profits for goods that experience productivity
shocks (P]?t( T). Solid green (Example 10.1): 25% of specidized goods experience 10% drop in
productivity that only lastsfor period t,. Dashed blue (Example 10.2): 25% of specialized goods
experience 10% increase in productivity that only lasts for period t,. Solid black (Example 10.3): 3% of

specialized goods experience 80% drop in productivity that would last for 8 periods if goods remained in
production.
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Appendix A. Proofs of propositions
Proof of Proposition 1.

Substituting expressions (4)-(5) into (6),

At
(qlgjt)Q

(2Q2jt — ijt) =\l i€ My, j €T

Averaging across all individuals in My, and using (9) gives ajt/qgjt = MtPjr for A\ =
—1
fz‘eMkt Ait/ Ryt Summing over j € J; and using Zjejt ajr =1 gives A\ = Zjejt Pjtq,?jt =
[Rkt/ fie My, yit:| establishing the claim.
Proof of Proposition 2.
Let z ~ U(R,S): f(2) = (S — R)™! for z € [R, S]. Then:

(a)

Z=FE(z]z>2")P(z > 2")+ 2"P(z < 2¥)
Sz S| 1 22
- dovz | ——dr=——
L;S—Rz+z}{S—RZ S_R 2
S% — *2 N Z*(2*—R) 5% —2Rz*+ 2%
2(S - R) S—-R  2(S—-R)

S
P

R

i 2 —9R -
%—m>0 Vz* > R,

% exp(2)

5 — () * exp(S) —exp(z")

“S-R|.  S-RrR

I Spp1 —log X7,y _ St + g — (log X7, + 9) _ Sy — log X7, e
o Str1 — R (St +9)— (R +9) Sy — Ry "

()

(St +9)* = 2(R; + g)(log X, 4+ g) + (log X7, + 9)°
2[(St +g) — (R + g)]
57 —2Rylog X7, + (log X7,)? N 2519 + 9> — 2glog X1, — 2Ry — 297 4 2glog X3, + ¢°

log Xl,t+1 =

205 — Ry) 205, — Ry)
~ g(2St — 2Rt) =~
=log X1 + —————= =log Xy; + ¢;
g A1t 2<St — Rt) gA1 T g
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: exp(St + g) — Xi; exp(g) {exp(St) - Xi}] o
Xio = - SXDAH — P | X
1,t4+1 (St + g) _ (Rt + g) Xp(g) St _ Rt eXp(g) 1t
Proof of Proposition 3.
Write expression (50) as
1- nit o kﬂ‘
F— kXe"<1 — hat)hot (A1)
and substitute this result into (41):
~ 1 (1—7)(1—-a)
Vi(hot, X1;) = | ——=——1 4!
(s, X [1—5(1—’@()] {Og[ ay
kr ; -
—log [m] —log(1 — hy;) — log ho; + log X7, — log Xu} ) (A2)
X
Condition (44) can be written
hy(X3y) = —ku + ke BV (hor, X7,) (A3)

where hy;(X7;) denotes the function of X7, given in (43).

From rows (2) and (5) of Table 1, as log X7, increases from R; to S;, the left side of (A3)
monotonically increases from —oo to oco. For fixed hg; > 0, the right side monotonically
decreases from oo to —oo. Thus given any hg, € (0,1), there exists a unique log X7, € (R;, S;)
at which condition (A3) holds, that is, for which conditions (50) and (44) simultaneously hold.
Denote this solution X7, (hot).

From (A2), a larger value of ho, lowers the right side of (A3) and thus is associated with
a lower value of X7,: 0X7,(hot)/Ohot < 0. As hoy — 0, —log ho: — oo and log(X73,(hot)) is
driven to S;. Since hy¢(X7,) in (43) is monotonically increasing in X7, and since X7,(ho) is
monotonically decreasing in hq, it follows that hy,(X7,(hot)) is a monotonically decreasing
function of hgy;. By the definition of X7,(ho), we know that

hy(Xiy(hot)) = —ko + kB (hop, X1y (hot) (A4)

holds for all hg;. Monotonicity of the left side of (A4) as a function of hg; implies that the
right side is also a monotonically decreasing function of hg;.

Next consider the incentives for applying for a position with continuing enterprises. Sub-
stituting (A1) into (47),

_ A —kx)I—e™kr  ho
7 (hot) = max{ . 0= o)’ 1} : (Ab)
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allowing us to write (48) as
— kv + BV (hot, X5,(hot)) = Bro(hon)V (hot, X5,(ho))- (A6)

Recalling that V'(hos, X;;(ho)) is a monotonically decreasing function of hg;, consider two
cases. Suppose first that V (hos, X3,(ho;)) is positive at its lowest point (kg = 1). Note from
(A5) that m, = 1 at this point. With V positive and 7, = 1 > k,, the right side of (A6)
must be larger than the left side at the lowest possible value for V, namely V (1, X,(1)).
As hg; decreases below 1, V monotonically increases and 7; monotonically decreases, the
latter eventually reaching 0 as ho; — 0. Thus there exists a unique value hJ, € (0,1) at
which (A6) holds; see the top panel of Figure 4. Call this value hg. This value implies a
unique X7, (ho;), a unique hy, (X5, (ho) and thus a unique ny (ko) from (A1). By construction
(X7, (hd,, n1(hd,), hd,) satisfy (49), (48) and (50).

Alternatively, suppose that V(1, X7 (1)) is negative (see the bottom panel of Figure 4).
Since V is monotonically decreasing in hg, and goes to co as hg, — 0, there exists a unique
hot € (0,1) at which V (s, X%,(hot)) = 0. At this point the right side of (A6) is zero and the
left side is negative. As hg, decreases below hg,, the value of V increases without bound while
the magnitude m,(ho;) eventually goes to 0. Thus there again exists a unique hQ, for which
condition (A6) holds and for which (X7,(hd,, n1:(hd,), hd,) simultaneously satisfies (50), (48)
and (44).

Proof of Proposition 4.

(a) Let (X%,,,n?,hy) be the unique solution to (44), (48) and (50) for date ty. Then
(e9X7%,,,nY, hY) solve these three equations for date to + 1, as can be verified as follows. From
proposition 2d-f, X1 o1 = €7X5,, would imply hy 411 = hY, log Xl,toﬂ = g+ log Xlto and
log Xl,toﬂ = g+log Xlto establishing from (43) that hyt,11 = hyy, and from (41) that ‘N/toﬂ =
Viy- Hence (44), (48) and (50) are all satisfied at date ¢, + 1, confirming that (e9X7, ,nJ, hY)
is the solution. By induction, (e9~*) X7, 'n9, hY) is the solution for all .

(b) Of the Jyy, = kj/kx goods at initial date to, kxJoy, = ks will no longer be produced
beginning in to + 1. And since hoy, > 0, k; new goods (one of each type) will begin being
produced in ¢y + 1. Thus Jo4 41 = Jor, and by induction Jy is constant for all ¢.

(c) Along the steady-state growth path, a fraction (1 — ay)(1 — 7) of total income Y; is
earned by skilled workers and the remaining [o; + 7(1 — a1)]Y; is received by unskilled. Each
of these groups on average spends a fraction «;; of their income on good j. Since n;;N;Xj;
units of good j get produced, (1 — a;)(1 — 7)n;:N;X;; units of good j are consumed by the
skilled and the remaining [a; + 7(1 — aq)|n;: N, X by unskilled. Dividing the first expression
by the total number of skilled workers (1 — ny;)N; gives result (c). Result (i) below verifies
that this is in fact the same number for all skilled workers.

d) Dividing unskilled total spending on j, |a; +7(1 — aq)|n;N; X, by the total number of
j J
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unskilled n{ N, gives result (d). Since productivities x;; are drawn independently over time, this
is the average unskilled spending and is the level of consumption qgjt along the steady-state
growth path.

(e) With nj = n), consumption of good j per individual in (52)-(53) grows at rate g so
that total consumption @;; grows at g + n and equals total production in (45). Constant ng
also implies constant o in (34).

(f) The ratio of nominal spending on good j to that for good 1is (P;;Q;i)/(P1:Q1t) = /.
Since Qji = nIN: Xji, Pjy/ Py = (ajn1X1y)/(canXj). Since Xy, and X, both grow at rate
g, the ratio Xlt /X is constant over time.

(g) This follows immediately from applying results (c¢) and (d) to expression (8).

(h) Total spending on good j is P;;Q;: = «;Y%, so the after-tax income per person producing
good j is

(1 —=7)PuQjr _ a;Yi(l—7)

= ) A7
ntht ntht ( )

Equation (51) establishes that at date to this magnitude is

(1—-7)Pj,Qjt, Yy (1 —7)(1 —ay)

njtoNto (1 - n(l])Nto

which is the same for all j € J5;,. Thus the stated initial conditions imply that all skilled
workers earn the same income at date t,. The income for a worker producing good j at date
t is Pj;Xjt, which from result (f) is e9¢~*) times the income that individual received at date
to, the same constant factor for each j.
For goods that are produced for the first time in period ¢, substituting condition (33) into
(AT) gives
QI-7)Pp@jr (1 —a)Yi(1—7)

_ ; f
- j 6 \7 9
ntht (]_ — ’I’L?)Nt %

which is the same for each j € Jzﬁt and the same as the income received by those producing
continuing specialized goods.
Proof of Proposition 5.
(a) Note that
Qije = { thqgjt for Z € M
XjtQnge fori € Moy
where M, and M,,; denote the sets of skilled and unskilled workers, respectively. From (4),
Jijt = 2thq?jt, (8), and Proposition 4c-e:

th = 2th[n1tq2jt + (1 - nlt)qgjt]Nt = 2thth2'Xj(‘)tNt (A8)
1-— 1-— 1-— 1-—
H - nyfay + 7;)( 1) X (1 —mnq)( 0401)( 7) =14 A(ny — nd).
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(b) This simply restates (25) and (11).

(¢) For e = &eeve/(q7y,)? and Gije = 2xjeqiy; consumer s first-order condition (6) is

€
(Cj]f;.t;; (2X0a5je — Gije) = Nie P (A9)
ij

From (52)-(54), . oo -
Gt anjt _ oszl

0o s 0’
G )XY, b

allowing (A9) to be written

a® PO\ 2
§jt04jt(2thQ?jt - Qijt) = it Py (ﬁplg) (qglt)Q' (A10)
J

From (AR), [ 2x;iq0di = Qj. Thus integrating (A10) over i gives

0p0N 2
Erat(Qje — Qji) = APy <ajP1 ) (A11)

Oélpjo

for Ay = [ Ni(¢¥,)?di. Dividing (A11) by its value for j = 1,

00t (Qje — Qi) _ (O‘?PP)Q (Pjt) .

al(Qlt — Q1) Oélpjo P_lt

Rearranging gives (60).

As a special case of this expression, at a point on the steady-state path, £;; = 1 and (Q,; —
Qjt) = nON, XY, for which (60) would become Pj;/ Py, = (P?/P{)?(c1nIN, X3,)/(a9nI N, XY) =
PP/ Py with the last equality following from (54).

(d) This is obtained by taking the ratio of (33) or (34) to the steady-state value.

(e) Expression (63) follows from (57):

~ 00 0
Qj,t+1/2 . Xj,t+1Ht+1anj,t+1Nt+1 o H Xj,t+1 NO
= = Xjt+141e41 FRASE

X1 Xjt+1 Xjt+1

(f) From (60) and (61),

PO\ ay nji(1 —nf) Qit —Qjt| Qi
Yie=(1=7)h (ﬁ) (@) (”?(1 - nli)) it [Qlt - Qlt] n;i Ny (412)

J

From (54) we know
0 0,0 ¥0 0,0
Pj B Oéjanlt a0y

0 0yo 0

(A13)
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allowing (A12) to be written

0 _
& _ (1 QO P n(l]é- |:Q]t Q]t:| th (A14)

T .
Py o OPOl Qu — Qu ngNt

Using (56) we can also conclude from (A13) that P?/PP = [(1 — ay)n9XY,]/[ar (1 — nd)XF].
Substituting this into (A14) and rearranging,

Y

Yt (1 ozl)nl 1-— nl (Q]t Q]t)/th Qgt XO
Py

=) T ) T e (@i — Qu)/ @, mIN XY

(A15)

Along the steady-state growth path, ny; = n, £; = 1, Qjs — Qje = Q%, Q1 — Q1 = QY and
% = nIN, X3, Thus from (A15) the steady-state real income of skilled workers is given by
(65). Substituting (65) into (A15) gives (64).
Results (g)-(k) restate expressions from elsewhere in the paper.
(1) Notice from of = PRQ%,/ >, PjQY that

ngjt (th/Q ) o
Zyejt JtQ zj

Recall also that for j € Jo, Q% = n)N, X}, and from (56) that a9/n? = (1 — a1)/(1 — nf).

Using these results along with (25) we conclude that
o0
0() .. /0 — j Qjt Q1
ZjEJﬁ aj(Q]t/th) N Z]EJ% < 9) <NtXO) * al ( (l)t)

_ 1—oy Qﬁ Xu
= <1 _ n(l)) Zjejzt <NtX]Qt) - (n?) (X?t> e

Note that if x;; = (jy = 1 and Qj = Qﬁ/2 then Q;; = Hm N, X ]t 50 Qjt/ (N X 9) = thg
and (73) becomes (74).

Qi = 7 CV?(th/Q?t)-
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Appendix B. Details on adjustment dynamics (online)

Define wt log w; — log w? for wy = Qjt, Qit, X3y, Yit, Cry Xijt, Qu, Xt Ejt, (it (recalling that
log QY = log th log &2, = 0); w = w, — w° for w, = ity N, hots Vie; P]t log(Pji/Pit) —
log(P}/Ph); Yj; = log Y;t log Y — [log(PreX75,) — log(PLXY)); A2, As, As the derivatives in
Table 1, Ay the derivative in Proposition 5a.

Linearized version of Proposition 5.

Evaluating derivatives of Proposition 5 along the steady-state growth path and taking

deviations from steady state results in
Q}t = X}t + )‘HnJ{t Jje (B1)
P Loy f
Qu = Fnlt + A5 Xy, (B2)
1

X]t + >\Hn1t if 7 € Jo and Q]t/2 < NN Xy
Jt +C lfj € jgt and Q]t/2 > ’I’L]tNtX]t

T T
Pl =2+l + 2y, —Qt+— F X e T (B4)
aj
T T
Qg n; 1 )

a—](;:n—](;-l—mnlt ]6\7215 (B5)

j j
nt _ ngX},t—i—l + n?)‘HnJ{,Hl - n? ]J‘r7t+1 if j € j2ut and Qj7t+1/2 > Xje1Nji (B6)

ait+l n}t i lf] € j;t and Qj,t+1/2 < Xj,t+1th
1
Vi=el + ———nl, +2xd Xy g B7
jt g]t—i_ n?(l—n?)nlt_'_ Xje + A5y J € Tt (B7)
V=Yl = XX+ 81— kx)V/, j € T (B8)
To derive result (B4) we used the fact that for all j € J;, Q% = 2QY, establishing
log(@y — Qi) = 108 Q% + (1@ — Q%) — (@ — Q)
g\t jt) = 108 5 Q jt jt jt jt
Q- Q)
= log Q?t 0 (th jt) j—o]t
jt

= log Q?t + 2th - th (B9)

T
Pl = Jt+£ +2Q1, - Ql, — 201, + Ql,.
]

Result (B4) then follows from (B1) and (B2). Similarly to derive (B7) we used (B9) along
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with
Vi =&+

g+ @ + 2% — QF — 201, + QL.

For ffjt =logYj; — log(PltXlt) and }7]1 = Y]L — )N(L = Y]i — AngtT it follows from (B7) that

=&+ 2x) + nly+ (s — X)) X5 J € T (B10)

1
”1(1 _n(l))

Details for Examples 9.1-9.4.

Summary of linearized system. The equations represented by (99) are :

ngil - nETﬂ ”Ltﬂ (B11)
Vi =V + A X5 = 81— kx)V, (B12)
(1 —kx)Al +nft, =al, (B13)
1
pTER— n?)nlt Vi 4+ A X =0 (B14)
1
YT T X+ B1
n(l)(]_ _n(l))nlt +C +>\2 1t 0 ( 5)
— O + Xif = BV, (B16)
— Cf + X;f — V] = BrViL, (B17)
1—k
e "ky {1 — Y — p X] nl, +e (1 — Bnlk Ao X (B18)
i — (1 — kx)(1 — n9)]ks kx
(71_0)2 L W;r - nﬂ—l ﬂ__nij—l =0
—(1- kX)nt + ”t+1 (1—Fkx)(1— nl))‘Hnl 441 (B19)
[0 0 0 o 0 0 0 -1 -1 |
0 1 0 1 0 X O 0 0
0 0 1—-kx O 0 0 0 1 0
i O 0 ~1 0 X O 0 0
1 1
B = n?(ll o 0 0 1 1 X 0 0 0 (B20)
0 0 0 0 -1 1 0 0 0
0 0 0 0 -1 1 —8V° 0 0
bgl 0 0 0 0 b86 b87 -1 —/{Jﬂ/ﬂ'o
0 0 —(1—Fkx) 0O 0 0 0 0 I
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1—kx
70

bgl = G_nk}r |:1 — h(l) —

b86 = €7n(1 — h?)n?l{?ﬂ)\g

%0 — e (1 — kx)(1 — nd)]k,

|

by = (702

o O O O O o = o o

(B21)
(B22)

(B23)

(B24)

For Examples 9.1-9.2, M =1, 2, = 2f,, 2}, = 25, B,, = B, Ay, = A, ¢, = (0,0,0,0, —2(x —

1)%,0,0,0,0)". Examples 9.3 and 9.4 are the same except
Ctg = —H(1 — kx)(1 — ny)

ésty = —2(x — Dk
—k(1 —kx)(1 —nk,

Csty =
0 7TO

Cor, = k(1 — kx)(1 —n?)

by, = Dy + (ke (1 — kix)kn/7°,0,0,0,0,0, ke (1 — kx) (1 — 0k, /(7°)2,0,0)

by, = bly, + (0,0, 5(1 — kx),0,0,0,0,0,0)

Gy, = ote + (—r(1 — kx)(1 —n?)Ag,0,0)

where for example bgto and bg,, denotes the 8th rows of By, and By, respectively.

Details of solution algorithm. Expression (102) can be written in partitioned form as

Aty By Bl2t o
(3x3) 5 (3x3)  (3x6) 21t

1t+1 — . . .
Aoy o Ba1y By 20
(6x3) (6x3)  (6x6)

B-3
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Premultiplying by [ I3 _31271‘/32_2:,[15 ] results in

All,tz{tﬂ = Bll,t ZL + Cit (B26)
(3%3) (3x1) (3x3)(3x1)  (3x1)

where Bll,t = Bll,t - Blz,thg%thl,t7 All,t = Au,t — B12,tB;2%tA21,t7 Cit = Cip — BlQ,tB;Q{tC.Qt-
Expression (B26) can in turn be written as (103) for ®, = Afﬁtﬁlu, é = Afﬁtélt. Analogous
operations allow us to rewrite (99) in the form (100).

Expression (103) implies that
ZI,to+M = AMZLO + gur. (B27)

Here A,, and gy are found by iterating on Ay = (i)t0+g_1Ag_1 for ¢ = 1,..., M starting from
AO = Iz and gy = é4540-1 + <i>t0+g,1 g1 starting from gy = 0. Let v; and v, be the eigenvectors
of ® in (100) associated with the eigenvalues below 1. The rational-expectations solution

requires z{to L = 0101 + vy for some scalars 9; and d;. Recall that for Examples 9.1-9.4,

th = z;r and partition Ay = [ Amr Az Aus ] The rational-expectations solution thus

requires

).\MlnLO + }\MQ‘N/IeZ + }\Msﬁzo + g = 0101 + 0209

01
|: V1 V2 _)'\MQ ] 52 = j‘Man{to + }\Mgﬁ;ro "—gM
Vi
0 »
52 = |: V1 V2 —)'\Mg :| ()\MlnLO + )\Mgﬁ;ro +gM) (B28)
Vil

Given the specified initial values for nLO and ﬁzo, the third element of this vector is the rational-

/

expectations solution for \7,52 With this we now know 2], = (nLO, f/tz, fzzo) , and can iterate

1to

on zi,tﬂ = &,20, + ¢, for t = to,....,tg + M — 1 and on zi,tﬂ — ®z|, for t > to + M, thereby

finding the value of 21, for every ¢.. From this solution we can then calculate
2y = B (= Borgzl, — o+ Anpel ) t=to,.to+ M —1

z;t = B;21(_B2121t + A21zi’t+1) t= t() + M,

One can verify numerically that the sequences that result from this algorithm generate the

forward-looking solution characterized by

S—1

V=V 4+ 80— kx)Vi = D (B0 = kx))"Viys + [B(1 = k)] Viss.

s=0
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Real GDP for Examples 9.1-9.5. Let J,¢ denote the set of demand-impacted goods and

Js, non-impacted specialized goods. From (57),

Qi Xthg for j € Ty
N X3, Hn)  for j € J5;

Thus using (73),

0 0 o
zjejzt NtXJOt = Hy XZ]‘EJQ% ; + Z]Echt il = Ht[Xnt + nt]

-« v e X
Q= 1_ né Hi[xnf +ng + n_éX—gtnlt- (B29)
1 LAt

Define Q;(n1s, 7y, X3,) to be the function in (B29), from which

1—0&1

Qt(n(l)>ni%aXf?) —1= [Xnico + fl,f - (1 - n(l])]

0
1—7’Ll

1-— o e 1— a1 . ay
QI = 1—n0[an)+nt - (1—712)]"‘ 1_n0(xn§)+nt))\H+F nJ{t (B30)
1 1 1
11—« .
+ IXﬁi(T + Oé1>\5X1;r.

For t = to, ny, = ni, n}, = k(1 —nf), n§, = (1 — k)(1 — n}), in which case (B30) becomes

(110) as a special case.

Details for Example 9.5.

Equations characterizing initial dynamics. In this example we need to keep track of the
fraction of the population specializing in impacted and nonimpacted goods (n} and n¢, re-
spectively) and what the fractions would be if each good employed its steady-state level ng
(M = Xjen nd and 2y = ). 75 ng). The value of 7{ evolves independently of all other
variables, since goods in J3, started out with n;,, = n? and a fraction kx of these disappear
each period,

N =1 —=kx)ny t=to,...to+D —2

starting from 7§ = (1 — k)(1 —n}). The other three magnitudes (ny,n{,n;) influence and
respond to other variables during the initial periods as described below.

Equation (79) is replaced for the initial periods by

Mg =1 —nf, —ng, t=to,....to+D—2. (B31)
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Equation (80) continues to describe the lifetime advantage of nonimpacted goods,
Vi =log(Y;/Pui) —log X1y + B(1 — kx)Vir t=to,to+1,..., (B32)

while equation (81) is replaced by two new state equations. All newly created goods in this
example enter with initial n;; = n? and impacted demand, and no impacted goods do any new

hiring while demand remains depressed:
Y = (1 —kx)a) +nb, t=to,...to+ D —2 (B33)

N :e_”(l—er)nfjtngﬂ t=tg,....to0 +D — 2. (B34)
Expression (82) continues to describe the income of nonimpacted workers,

YP(1 — nf) HEQY,

Y/ Py = 0 ) CHAQ — mue N t=to,to+1,... (B35)
with income of impacted workers given by
YX/Py = X*Y, /Py t=to,...to+D —1. (B36)
Unemployment compensation is given by (108):
Cy/ Py = Tlni(/ Pu) & nf (V7 Pro) t=to,....00+D — 1. (B37)

nlt(l - hlt)

The income earned from newly created goods for the first D periods is Y;* rather than Y;, so
(84) is replaced by

log Xikt — log(C’t/Plt) = —k‘U + 6kj7r‘~/t+1 + Bgo(Jertfl[lOg X2 — 1] t= to, ceey t(] +D -2 (B38)

for Bjx given by (112). By contrast, the advantage of specializing in an existing good is still
V; so (85) still holds:

log X7, — log(Cy/Pyy) = fmVier t=to,to+1,.... (B39)

Openings while demand is low come only from nonimpacted goods, so (86) becomes O; =
ng 1e" Ny — (1 — kx)ngN; leading (88) to be replaced by

(070 — e " (1 = kx)nilks

T

iy = e (1= ha)meks — t=tg,..,t0 + D — 2. (B40)
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Equation (89) is replaced by the equation for hiring by nonimpacted goods:
i = Hip(1—kx)ng t=to,....t00+D—2. (B41)

Linearization of equations for first D—1 periods. Equations (B31)-(B41) comprise a system
of 11 equations in the 11 variables (ny;, Vi, ¥, nyt, Yy Py, Y Py, Ct ) Py X3, T, n§+1, ng.,). To
approximate initial dynamics, we linearize these for t = t, ..., tg + D — 2 around (n, Vo =
k(1 —n9),n = k(1 —nd), YL, V0, C) X170, n°, 2% n§, = (1 — k)(1 —nf)) for i*° the value of
(B40) at the point of linearization:

[1— e (1 — ky)]ng, ks

70

70 = (1 — h9)nlk, —
Defining ﬁgil = ngﬂ At St = ng —ng, nXt = n} —ng, Xt =y —ny, and other w] variables
as deviations from their usual steady-state values, the linearized system for t = tq, ..., tg+D—2

1S

nJ{,t-i-l = _ni(—lT—l nﬂ—l (B42)
V=Y - Xyl + 81— kx)V, (B43)
Al = —kxa) 4+ 7+ (1 — kx)a) +alt, (B44)
nil = e (1— kx) — Un) + 70 +e™(1 — kx)n)T +all, (B45)
1
T T *f
Y, = mnlt + As Xy, (B46)
=yl +2(x - 1) (B47)
T_ T T o
Ci =2(x -1k — 00T — 0y +Y =Xy, (B48)
Xikz:r - Cz:f = ﬁkﬂ‘f/:[kl + ﬁg§+D7t712(X - 1) (B49)
—Cf = pr°Vily + BVr] (B50)
—-n * [1 - ein(]- - kX)]nc k7r
ngll =e "(1-— h?)kﬂnit +e (1 - h?)n?kﬂ)QXltT 4 it to wj
ky et e "(1—kx)kr o
- 7r_ 41 T 0 us
. 1—e™(1 —kx)|nt kx
= "(1— h)kend, + (1 — MOk Ao X [ <(7T0)2 )l 7l
k’ﬂ ¢ Gin(l — kix)/{?ﬂ e*”(l — kix)/{?ﬂ
- Fntil - 70 nJ{t - 70 nid (B51)
nfil = nfo + (1 = kx)ng + Au(1 - kX)ﬁnt,tH- (B52)
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To derive (B48) we used

log(Cy/Pyt) = log T + log[ng (Y:/ Pit) + nf (Y ) Piy)| — lognyy — log(1 — hyy)

810g(0t/P1t) _ }/;0 _ 1 _ 810g(C’t/P1t)
ang n§ _nto ny —nto Y1 /P =Y, /P =Y (ngo + nif))Y;/O 1- n(l) ani(
0log(Cy/ Pry) _ ny _ K
oYX/ Pr) | (g +mg)Y? Y

1
cf = T (T + )N + (1= w)Y + w¥T — Znd, — o X
— N nl
1
n(1)<1 — n(l))nlt + Y+ 2(x K 2 X 14

where the last line follows from (B42) and (B47). Note also that since the value of nf is
known exactly for t = tg, ..., to + D — 1 and since Hyy; exactly equals 1 + A\g(ny 41 — 1Y), no

approximation was involved in arriving at (B52):
ni =1+ Ag(nyga —nd)](1 — kx)ng

—nf + (1 - kX)ﬁg + )‘H(l - kX)ﬁ§<n1,t+1 - n(l))

c c
Ny — Ny = 0

0

Note that since we already substituted out ;X' in writing equations (B48) and (B49),
equation (B47) is unnecessary, and equations (B42)-(B46) and (B48)-(B52) comprise a system
of 10 equations for t = to,....to + D — 2 of the form of (102) for It = (nl,, V!, 2X" nX7) and

Z2t - (}/tt 027 1t ) 7T1th> nﬁrla nt+1) Wlth

0O 0 0 0 0 0 0 0 0 —1
0 1 0 0 ~1 0 XN O 0 0
0 0 1—ky 0 0 0 0 1 0
0 0 0 e™1-ky) 0 0 0 1 0
1
B _ | ®aD 0 0 0 1 0 X O 0 0
(10x10) m 0 0 0 -1 1 X 0 0 0
1 1
0O 0 0 0 0 -1 1 0 0 0
0 0 0 0 0 -1 1 —8VY 0 0
691 0 0 694 0 697 bgg -1 —k /7T
0 0 0 0 0 0 0 0 1]
. 1—k
by = € "kx 1—h2—( OX)
m
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€_n<1 — kX)kﬂ-
71-0
byr = e7™(1 — Bk s

[1—e (1 —kx)lkmn§
bos = :
(m0)?

694:_

0
0
—kxny + 7?0
le™(1 — kx) — 1ng + 1™

. 0
(10%1) N —2(x — 1)k
B poa2(x~ 1)
0
0
I ng, — (1 —kx)ng |
[ 1 0 0 1]
0 B(l—kx) 0 0O
0 0 10
0 0 01
A, = 0 0 00
(10x4) 0 0 00
0 Bk 00
0 B 00
0 0 00
| Al —kx)ng 0 0 0 |
Solution algorithm. Given the initial values nLO = ﬁiff = niff = 0 and a conjectured

value of V!

4, this system implies as in (B27) a value for z'LtOJerl = ADfl’éI,to + gp—1 as an

affine function of ZL ,- In period ty + D — 1, weak demand conditions persist so that CZO D1
continues to take the form of (B48). But the forward-looking variables anticipate that demand
shocks will be gone in ¢, + D and a 9-variable system similar to (99) characterizes the relation
between variables in dates to + D — 1 and ¢y + D. This system is described by the three state
variables zIftOJrD_l = (”I,to+D—1a \ZZjLD_l,ﬁIOJFD_l). We know the first two of these from the

first two elements of ZL‘/O +p—1 and the third can be found from the fact that
Nty+D—1 = ﬁii)+[)—1 + ﬁ§0+D—1

Mgy p—1 — 1" = (0 —1°) + (0 L p_y — 7)) + g, ps
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ﬁ;ro-l-D—l = (ﬁ’i(o - ﬁo) + ﬁigTJrD 1t ﬁ§o+D*1
:K(l—nl) (1_n1)+nt +D— 1+(1_kX)D_1(1_/{)(1_n?)

=MNp_1+t ﬁth—i-D—l (B53)

forn, = —[1— (1 kx)P 1 (1—k)(1— nl) Thus the third element of zu, +D | is equal to the

third element of zu +p_1 Plus ny,_;. For A=l Vi al), 2 = (v, el Xt t,ngll,ngll)
and 2/ = (217, 21}) we then have

A = Bz i B54

(9x3) %;%D 9x9) ! s (B54)

for A and B given by (B24) and (B20) and
C:‘/OJerl = (07 07 07 Oa _2(X - 1)"’% Oa 07 07 0)

We then know ZI,to 4D = @zi,to +p_1 T €t+p Where ey p is calculated as described in (1326),

meaning
ZI,to—l—D = Ap ZJ{,to + dp
(3x1) (3x4)(4x1)  (Bx1)

. _ @ i|
(é\xa) [(3><3) (3x1) /}424)1

gp = Ap (gp—1+np_1) + €wsp
(3x1) (3x4) (4x1) (4x1) (3x1)

np_1 = (0,0,75_4,0)".

This expresses Zlfﬂfo +p as an affine function of z{to. We then choose \zz to be the value that
causes Zi,to +p to be a linear combination of the two eigenvectors of ® associated with the
stable eigenvalues. Since for this example ‘7% is the only nonzero element in ZIJO, the solution

is found from the third element of the vector

01 .
02 = [ V1 U2 —}\Dz] 9o

for \ p2 the second column of A p and v; and v, the stable eigenvectors of ®.
Now knowing V;|| we can calculate 2I,to+1> . ZIOJrD , using (103), 21 torp_1 Using (B53),
and zito +p using (B54), and z;to +D41> zjo 4D+, - using (100). Knovvlng now the full sequence

of state variables, we can calculate z'tTO, ey z'tTOJerl using (102) and zt0+D71, ZtTo+Dv ... using (B54)

and (99).
Details for Examples 10.1-10.3.
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Real GDP for Examples 10.1-10.3. Notice

0y — { Cnjeo Ny X3y, for impacted goods
Jto —

1ty Niy XY, for nonimpacted goods

Thus in this case (73) becomes

_1—061

a1 Xlto
o = Tl —kK)+ KL —n1) + | —5 — | Ny,
Qu = Tl )+ kil - ) + () (X%O) ’

Linearized,
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Appendix C. Bounds on Jensen’s Inequality (online)
Proposition C1. Let

exp(S;) — exp(Ry) Si+ Ry
Ot og S, — R, 9 (C1)
where §; = ¢ is constant along the steady-state growth path. If
[1—B(1 — kx)lku
B > 0, (C2)
then
ap +7(1—ay) <nl. (C3)

Proof of Proposition C1.
We first show that d, = ¢ is constant along the steady-state growth path:

B lexp(S; + g) — exp(R; + g)] Si+g+Ri+g
d¢41 = log -

Si+g9— (R +g) 2
exp(Sy) —exp(Ry)| [Se+Re]  2g
Sy — Ry 2 2

=g+log{

- (St.

Let I} = >~ .5, PiQ%/Pr, denote steady-state real national income. The skilled receive a

total share (1 — ay)(1 — 7) and the unskilled a; + 7(1 — a1), and thus per capita receive

YO — (1 - Oél)(l - T) _[O
t 1 - n(f t
_ a; +7(1—aq)
Yl?t = 70 Iz?
1
- +7(1 — )]
VO _yo — ni — [an 0
t 1t n(l)(l _ n(l)) t

so (C3) holds whenever Y,? > V). Note that Y} could alternatively be calculated as

7o _ /St exp(z)dz N Q? /logXi‘t dz
Y log X7, Si— R P Jg, S, — R,

Expression (42) and Proposition 3 established that

hy = log X7} — log(C}/Py)) > 0
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SO

S, log X*
- K dz 841 dz ~
70 < exp()dz v / = V0. C4

1t /l;Jngt S, — R, + Ay . S, — R, 1t (C4)

Thus if Y > Y9, then also Y;? > Y. Thus the proof will be complete if we can show that
(C2) implies that Y;? > ;9.
From (44) and (40),

B

h”:—k;w%{—
v v 1—B(1— kx)

} log Y° (C5)

where from (39), log Y° = log Y;? — log X?,. Since k3 > 0, (C5) implies

[1- 50— kx)lky.

logY? > B

Condition (C2) then establishes that log Y* > ¢ meaning log Y > log X?, + 6. Thus we will
have succeeded in showing that log Y > log Y, if we show that log Y < log X% + 6. From
(C4) and (23), this means establishing

S log X
¢ exp(z)dz / stz
log / —— + X7
[ log X7, St - Rt 1 Ry St - Rt

For z* = log X7, define the functions

5 exp(z)dz = dz
k(z%) = ———— +exp(z” /

S, log X¥

t zdz &4 dz

< + log X7, / + 9.
/10gxl*t Si— Ry 1 Ry Sy — Iy

(C6)

S

d “d
Q) —toglh(=)) - [ [ G

whose derivatives are

* *

(=) | o) | / E o) / dz

dk(z*) —e

dQ(Z*)_GXp(Z*)/Z* dz N 7 _/z* dz
dz*  k(z*) Jp S-R S—-R S—-R Jp S—R

[ s=Al [

Since k(z*) > exp(z*), this derivative is negative, meaning this function reaches its maximum
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at the lowest possible value of z*, namely 2* = R,

SM] N — log {exp(S) (; (R)] B [S+R] s

* R) =1
Q(z") < Q(R) Og{R S—R n S—R S — 2

which is log F(z;;) — E[log z;;] when log z;; ~ U(R, S). From the definition of Q(log X;?), this

means
s log X7? s log X7?
exp(z)dz 0 / s dz / zdz *0/ sz
1 — log X — —log X o
og [/1 + exp(log X7}) oexo S~ R og X1} ; T <

ogX{‘,? S—R R S—R

establishing (C6).
Note that (C2) is a sufficient, but not a necessary, condition to guarantee (C3). Typically
(C3) also holds even when (C2) does not.
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