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Abstract

We analyzed the time variation of the visibilities in the publicly released event horizon telescope (EHT) data provided
by the EHT Collaboration, who carried out observations of Sgr A* on April 6 and 7, 2017. The EHT consists of the 1.3
mm wavelength very long baseline interferometry (VLBI) system associated with globally distributed six stations with
eight antennas. The analyses were not intended to make image of Sgr A*; instead, we searched for periodic time vari-
ations in the observed individual baseline data of the EHT by applying a method to compare with the model visibility,
for 1.3 mm VLBI detection that was constructed to reflect the effects of the supermassive black hole binary (SMBHB)
concluded from the study on the observation of the decameter radio wave pulses from Sgr A*. The SMBHB, orbiting
with a period of 2200 £ 50 sec and an orbit size of 4.1 <107 km, is observable with an observation angle width of 32.6
uas in a plane nearly parallel to the Galactic equatorial plane. After confirming the possible correspondence between
the visibilities of EHT data and constructed model via direct comparison in real-time space, we applied the modified
Fourier transformation to confirm the coincidence between observation data and model visibilities. The modified Fou-
rier transformation was uniquely restructured in this paper to eliminate the artificially modulated data sampling time
interval by utilizing Fourier transformation of the random noises distributed over time synchronized with data sample
timing of the EHT data. We identified significant periodic time variations in the radiation within a range below 70 uas
with an orbiting period of 2193.3+£27.5 sec that is associated with an eclipse cycle period of 1096.5 sec caused by the

SMBHB orbiting motion.

Keywords: Galaxy Center, Supermassive Black Hole, Black Hole Binary, VLBI, Millimeter Radio Wave, Decameter Radio Wave.

1. Introduction

Studies on the time variation of radio wave fluxes from Sgr A*
have expanded, starting from investigations of the intermittent-
ly occurring flares detected by millimeter-range radio wave
telescopes [1-4]. In time variation studies in millimeter range
wavelength radio wave fluxes, short time variations with periods
ranging around half hour have gradually emerged in the Sgr A*
emissions not only in times of flare as well as in the quiescent
structure [5,6], suggesting some periodicity [7].

Alongside the studies of time variations of SgrA* by obser-
vations of radio telescope including the very long baseline in-
terferometry (VLBI), decameter wavelength radio wave pulse
(DRWP) observations of Sgr A* have been continued since
2000. These observations seek to identify the spin signatures of
the event horizons of possible supermassive black holes [8]. The
DRWP observations at 21.86 MHz are characterized by low-
ness of observation frequencies, of radio waves, which allow to
identify source positions extremely close to the event horizon

of rotating Kerr black holes where the time passage becomes
slow through the effects of general relativity. The observation
frequency is much lower than the plasma frequencies surround-
ing Sgr A*. Due to the structured magnetic field in the plasma
environment around Sgr A*, DRWPs can propagate in the form
of whistler mode waves; these can be converted into ordinary
mode radio waves at suitable points satisfied by the plasma en-
vironment conditions. This is commonly understood in the field
of planetary radio-wave science [9-15]. Inhomogeneous emis-
sion intensities at the source points of decameter radio-waves
become the origin of pulses coinciding with the spin period. In
2019 [8], the first principal results were published stating the
detection of two kinds of DRWPs with intrinsic pulse periods
of 173£1 and 148+1 sec, exhibiting sinusoidal variations with
a common period of 2,200 = 50 sec. By attributing the pulses
periods to spin periods of two Kerr black holes (BHs) together
with other parameters related the orbital motions[8] , we posited
the existence of two supermassive BHs. Using the physics of
Kerr space time and orbital theory for a binary system with an
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orbital period of 2,200 + 50 sec,the BH masses were deduced;
these BHs were temporarily called Gaa and Gab with masses
of (2.27+0.02)x10° Mg and (1.94+0.01)x10° Mg respectively
(resulting in a total mass of (4.21+0.03)x10° M). The orbital
velocities of Gaa and Gab were measured from the Doppler ef-
fects as 18% and 22%, of the speed of light, respectively.

In terms of confirming the results of the DRWP observations, the
key issue is whether gravitational waves are radiated from the
SMBHB or not. To this end, we published a theoretical result in
2023 [16]; the matter distribution of the extremely high-energy
and dense plasma inside a supermassive rotating BH was theo-
retically investigated. For a model of equal-rotation velocity of
matter, where the main component of plasma rotates around a
common axis at a constant velocity close to the speed of light;
that is, with a high Lorentz factor (gamma rate), the matter dis-
tribution is condensed to a region with a much smaller radius
than that of the event horizon in Kerr spacetime. The gravita-
tional waves generated from the condensed matter region ,via
orbital motion of the binary, return towards the source after halt-
ing at the critical sphere in the vacuum region of the spinning
Kerr spacetime. When returning waves encounter the outgoing
ones, the gravitational waves are deformed to standing waves
that carry no energy beyond the event horizon. We concluded
that no gravitational waves are radiated from the supermassive
BH binary (SMBHB).

However, it has not yet been experimentally confirmed wheth-
er gravitational waves are generated from SMBHBs or not. It
is extremely important to confirm the presence of a SMBHB
concluded from DRWP observations by comparison to the data
observed by millimeter wavelength VLBI, that can approach to
the sources size equivalent to the possible orbit of investigating
SMBHB. To this end, our first study has been made taking the
approach to the 1.3mm wavelength VLBI results by Fish et al
observed in 2009 [5]; we have interpreted the observed data via
the orbiting effects of the existing SMBHB [17]. Because the ob-
jects observed by DRWP observations and 1.3 mm radio-wave
VLBI systems provide different categories of observation data,
we constructed the model visibility (DRWP-Model) according
to SMBHB parameters obtained via DRWP observations [8], to
facilitate comparison against the amplitudes of the visibility data
observed via the 1.3 mm radio-wave VLBI system, as reported
by Fish et al. The concept of a variation with short characteristic
time (VSCAT) for millimeter-range radio waves from Sgr A* is
clarified by this work [17] ; and it is concluded that the VSCAT
exhibits a period of 2150+2.5 sec; this is consistent with the or-
bital period of SMBHB proposed by the DRWP study.

As the second step towards confirmation of the proposed SM-
BHB, we are allowed to approach to the publicly released ob-
servation data of the event horizon telescope (EHT) project. As
far as we understand, the establishment of EHT activities were
based on the work of Fish et al. [5]; through 1.3 mm wavelength
VLBI observations, which are characterized by a resolution of a
few 10 pas, approaching to the imagined Schwarzschild radius,
at SgrA*,corresponding to 4.28 x 10° M [18].

Succeeding to an image of the event horizon of the super-mas-
sive BH M87* at the center of the elliptical galaxy in the Vir-

go constellation[19-24], the EHT collaboration (EHTC) has
reported the image of the BH shadow of Sgr A*, at the center
of the Milky Way Galaxy [25-30]. The image of Sgr A* was
published in 2022, three years after the release of the image of
M87* shows a single BH shadow associated with a bright ring;
it closely resembles the M87* image. The present study was re-
gretfully unable to accept this image without resolution to the
serious two problems. The first problem is that the image of Sgr
A¥* is essentially identical to that of M87* which has been point-
ed out by Miyoshi et al. [31] as to be erroneous; they indicated
that a portion of the BH shadow is an artifact result produced
by a lack of visibility data corresponding to the visible angle of
the BH shadow around 40 pas. The second problem is discussed
in the present study: it is the problem of the time variation of
the observed visibilities. During the gap period of about three
years between the reports of the two BHs M87* and Sgr A*, it
has been currently told that the difficulties of taking images of
the shadow of Sgr A*, which is subjected to complicated time
variations in the VLBI visibilities [32], are attributable to the
intense scattering of radio waves by electron turbulence in dense
plasma. In this situation, it seems that the EHTC avoids the time
variation by applying a method to mitigate the variability in the
data [26,27] and arrive at a static image of a single BH. There
are, however, research activity concerning about time variation
of radiations around Sgr A*; by Wielgus et al. [33], a detailed in-
vestigation of the spectra of the time variation for 1.3 mm wave-
length radiation are performed from the perspective of variations
exhibiting widely distributed characteristic times in the Sgr A*
emissions. Wielgus et al. [34] also reported upon the orbital ro-
tation of hot plasma spots with periods of ~4200 sec in the inner
accretion region around the imagined single BH, associated with
flares of Sgr A*. We understand that these types of time variation
commonly occur around Sgr A* but do not persist as the effects
of orbiting SMBHBs.

The aim of the present study is, therefore, to investigate the VS-
CATs from the perspective that VSCATSs are not only random
variations caused in generation processes and through the prop-
agating paths of mm wavelength radio-waves, owing to the tur-
bulent plasma media; that is, we seek VSCATSs produced by the
orbital motions of SMBHBs [17]. To confirm the orbital motion
of the SMBHB, with a period of 2,200 + 50 sec, as concluded by
the DRWP observations [8], we try to identify the periodicity in
the observation results from the 1.3 mm-radio-wave VLBI sys-
tem, which have been provided by the EHTC as public data [35].

In analyzing the EHT visibility data (hereafter, EHT-Data), we
do not use for mapping the radio source onto (u,v) coordinates
but instead analyze the time variation for individual EHT base-
lines. Because objects observed by DRWP observations and 1.3
mm radio wave VLBI systems are not identical, we construct the
model visibility (DRWP-Model) from the SMBHB parameters
concluded via DRWP observation [8], to compare them with the
visibility data observed by the 1.3 mm-radio-wave VLBI sys-
tem. The details of the DRWP-Model construction are presented
in Sec. 3.

The EHT-Data and DRWP-Model are compared in two funda-
mental ways. The first is the method of direct correlation be-
tween the EHT-Data and DRWP-Model, as described in Sec. 5.
Because of the low signal-to noise ratio and intermittent sam-
pling of the EHT-Data, the confirmation of the coincidence
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between the EHT-Data and DRWP-Model is limited to within
a given range of coincidence index; however, we can confirm
that a certain range of the correlation index that reveal the or-
bital motion of the SMBHB. We take this direct comparison as
a guide for searching for SMBHB effects within the EHT-Data.

The second way of the comparison is the use of the Fourier
transformation. To more effectively confirm the orbital motion
of the SMBHB, we employ a Fourier transformation for both the
EHT-Data and DRWP-Model, as described in Secs. 6 and 7. The
original EHT-Data released to the public consisted of data which
are intermittently sampled by switching between periods of ob-
servation and calibration with a period of around 1000 sec to
1100sec, meanwhile, the present work is intending to search for
phenomena with a period of around ~1100 sec and a period of
double that. To compensate for this problem of the intermittent
“data sampling time window” (hereafter, DSTW) in the results
of the Fourier transformation, we have employed method of
compensation of the (DSTW) applying Fourier transformations
to groups of random noises whose time series are synchronized
with that of the EHT-Data (quasi-random noise synchronized
with the EHT-Data series; hereafter, QRN-EHT), along with
Fourier transformations of the EHT-Data and DRWP-Model
which is also sampled under DSTW constraints.

As details are presented in Secs.6 and 7, we can eliminate the ef-
fects of intermittent data sampling upon the results of the Fourier
transformation, by dividing these results by the Fourier-trans-
formed results for the QRN-EHT, hereafter referred to as the
modified Fourier transformation (MDFT). After eliminating the
effect of the DSTW, we compare the results with those for the
MDFT of the EHT-Data for the corresponding baseline VLBI
pairs, with the MDFTs of the DRWP-Model to identify the or-
biting period of the possible SMBHB.

The key principle maintained throughout this comparison is
that we never change the physical parameters obtained from the
DRWP observations, in terms of physics matters such as the or-
biting period range (2200+50 sec), orbiting speed, and size of or-
bits; the only thing we do change is the tilt of the orbital plane in
the direction perpendicular to the observation direction, which
cannot be determined from the DRWP observations. The ad-
justment of parameters in the DRWP-Model is only performed
for numerical components, e.g., the amplitude (related to the

T(orbiting)=2200 + 50 sec

1.89 x 107 km

-
K
-

2.21 x 107 km

-

Gab

M = 1.97 + 0.09 Million Mg
Fgyent = 3-21 Million km
a=0.490

Speed = 0.21c

Spin Peri.= 148 sec

flux density), starting time used to determine the initial timing,
and level in the model that is to satisfy the level of EHT-Da-
ta. The only exception to this is the sweeping of the SMBHB
orbiting period; this sweep is not applied to identify a suitable
period from the EHT-Data, but simply to confirm how well the
DRWP-Model fits the EHT-Data.

2. Outlines of the DRWP [8] and EHT Observations [25-30]
2.1 Summary of DRWP observations [8]

Details of the DRWP observations and results were presented in
the original paper [8], and a brief review was given in a relat-
ed article [17]. We summarize the DRWP observations and re-
sults here, to construct a DRWP-Model suitable for comparison
against the EHT-Data.

At Tohoku University by using a long baseline interferometer for
decameter wavelength radio waves, consisting of three antenna
sites with baseline lengths ranging from 44 to 83 km at 21.86
MHz, we observed the DRWPs from Sgr A* at our Galaxy’s
center, primarily in June 2016 and June 2017. Because of the
extremely low signal to noise (S/N) ratio (i.e., the background
noise levels were 300500 times larger than the signal levels),
the observed interferometer data were analyzed by applying
a unique method to analyze the pulse components of signals
from Sgr A*, the directions of which were detected using the
Earth’s rotation. Separation of the signal from the background
noise was accomplished by applying the interferometer fringe
function correlation method (see [8]), in which the aperture
synthesis method for the interferometer data obtained from the
Earth’s rotation was modified to eliminate any local phase shift
ambiguities in the system as well as phase shifts attributable to
ionosphere propagation; this was performed by sacrificing phase
information. Pulse forms in the signal were confirmed in the
Fourier transformed domain by applying fast Fourier transform
(FFT) operations to the time series data obtained via the interfer-
ometer fringe function method. By taking an average of the FFT
results over 2016 independent sets, the pulse frequency spectra
were discriminated from the background white noise. We denote
the final FFT results, as separated from background noise, as the
BH Code. The BH Code from the source within +6 arc min of
Sgr A* indicates two intrinsic pulse periods of 173+1 and 148+1
sec; which are

M = 2.27 £ 0.08 Million Mg,
Tgvent = 3. 83 Million km
a=0.490

Speed = 0.18 ¢

Spin Peri.= 173 sec

Gaa

Figure 1: Configuration of the SMBHB confirmed from the FFT spectra for the decameter wavelength radio waves from Sgr A*,
assuming that the pulse frequencies are synchronized with the spins of SMBHs Gaa and Gab subjected to the Doppler effect pro-
duced via orbital motion. The distance between two SMBHs is 2.84 R with respect to the Schwartzschild radius Rss if we assume

a single BH.( After Oya [8,17])
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subjected to a sinusoidally periodic modulation with common
periods of 2,200+50 s. By attributing the detected pulses to spins
of two Kerr BHs which are subjected to the common period
modulation due to orbital motions of the Kerr BHs, we conclud-
ed the existence of the binary BH at SgrA* which are orbiting
with the period of 2,200+50 s.

Following Kerr BH physics, the two intrinsic pulse periods of
(173+1) and (148+1) sec detected from the BH Code resulted in
BH masses of (2.27+0.02)x10° M for Gaa and (1.94+0.01)x10°
Mg for Gab in the case of a maximal rotation parameter, assum-
ing the direction of the orbiting plane to be parallel to the obser-
vation direction. From the BH Code, we can identify the orbiting
velocities of the two BHs by measuring the relative levels of
sidebands associated with each principal spin period spectra of
Gaa and Gab; these are generated as manifestations of frequency
modulations attributable to Doppler effects of the orbital motion;
that is, Gaa and Gab have orbital velocities 18% and 21% of the
speed of light, respectively. Furthermore, by assuming circular
orbits for both Gaa and Gab, we can determine the orbit radii
from Newtonian dynamics with information of orbiting period
0f 2,200+ 50 sec, as 1.89x107 km and 2.21x107 km for Gaa and
Gab, respectively. The obtained results for the SMBHB system
are depicted in Figure 1.

Finally, by applying the simulation to produce BH Code for the
resulted SMBHB system given in Figure 1, we have confirmed
the coincidence of the FFT spectra (observed BH Code) with the
simulated BH Code. The matching of FFT spectra between the
simulation and observation results gives confirmation that the
two kinds of pulses represent the two BHs Gaa and Gab forming
the SMBHB system, where two spinning Kerr BHs radiate deca-
meter radio waves whose time variations are synchronized with
spins subjected to frequency modulations (from the Doppler ef-
fects produced by orbital motions). Regarding the assumption
of the orbital plane direction when deducing the BH masses, we
are required a slight correction for the observation angle of the
orbital motions; this is described in Sec. 3.

2.2 Outline of EHT Visibility Data for Sgr A*

The EHT data to be compared with the DRWP-Model in the
present work have been publicly released; they cover the EHT
observations for April 6 and 7, 2017. The details of the EHT
observation system and calibration for the observed data are
described in the EHT reports [25-30] and references. Here, we
present the outline necessary to compare the DRWP-Model,
with reference to EHTC activities.

The first campaign of EHT observations for 1.3 mm-wavelength
VLBI was carried out with eight observation antennae located
at globally distributed six stations, as shown in Table 1 that is
given by selecting information from the original table, shown in
Table 2 [20].

At each station, observations were made at 227.1 and 229.1
GHz; these are referred to as “Low/Lo” and “High/Hi” respec-
tively. The observed data (32 Gbits/sec) formed array data and
were sent to a common location where the complex cross cor-
relations were computed for the data from each corresponding
pair observation station. Following computation of the correla-
tion, the residual phase and band-pass errors were corrected
via two independent data processing pipelines EHT-HOPS and
rPICARD (called HOPS and CASA, respectively) for labelling
and analysis.

The released data consisted of two days’ observations for 24
pair baselines, with eight datasets for each baseline pair. For
the sake of maintaining the observation conditions, the station
in Pico Velta, Spain operated only on April 7 (Day 97). In the
following work, we refer to the EHT-Data as, for example, “96
Hi CASA SM-SP” or “SM-SP 96 Hi CASA,” which refers to
the data observed on April 6, 2017 at 229.1 GHz, with a base-
line between the sub-millimeter array at Hawaii and the South
Pole Telescope, and a correlation computed using the CASA
(rPICARD) pipeline.

Table 1: From EHT Station Information [20]

Facility Abbreviation Location Latitude Longitude Elevation (m)
ALMA AA Chile —23°01'45".1 —67°45'17".1 5074.1
APEX AP Chile —23°00'20".8  —67°45'32".9 5104.5
JCMT JC HawaiiUSA  +19°49'22".2  —155°28'37".3 4120.1
LMT LM Mexico +18°59'08".8 —97°18'53".2 4593.3
PV 30m PV Spain +37°03'58".1 —3°23'33".4 2919.5
SMA SM Hawaii USA  419°49'27".2  —155°28'39".1 4115.1
SMT AZ ArizonaUSA 4 32°42'05”.8  —109°53'28".5 3158.7
SPT Sp Antarctica —89°59'22".9 —45°15'00".3 2816.5

3 Construction of DRWP-Model to Fit VLBI Visibilities of EHT
3.1 Basic Concept for Construction of Visibility Model for VLBI Observations
The visibility V= determined for coherent observation signals of the electric field between VLBI stations m and n is expressed by
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Vi = f Ey(R)En(R) expl—ilk - (rm
SgrA

where E (k) and E (k) are the electric field intensities arriving
from sources in the direction given by the unit vector k of the
wave number vector k , and r_ and r_ are vectors expressing
the locations of the VLBI observatories m and n, respectively.
In eq,(1), Omn is the residual phase difference of the observa-
tion signals after calibration of the instrumental phase differ-
ence; these primarily arise through environmental factors (e.g.,
weather condition s affecting the propagation of the millimeter
waves). The wave number vector k is given for wavelength A of
the observed radio waves as k=2n\)k , and dK is an infinites-

Vimn = _[ Em(’?)En(IE) exp{—i[Ak ’ (rm - rn)] + an} dk,
SgrA

)] + Omn} dk, (1

imal coverage of the source directions centered around the di-
rection given by k. Our searches for the VSCAT (Variation with
Short Characteristic Time) emissions at Sgr A* are performed
upon these visibilities for the baseline pair m and n. In the VLBI
data from the EHT, the visibilities are expressed by taking the
correlation around Sgr A* in the direction RA: 17 h 45 m 40 s
and at Dec: —29° 00’ 20"". We define the direction of Sgr A* with
the highest possible accuracy for VLBI as kSg; thus, eq. (1) can
be rewritten as

(2)

where Ak=k—ksg. Furthermore, the EHT Data are expressed by averaging over every 10 second interval; thus,

t,+10
Ton(t) =L [ f By (R)En(R) exp{—i[Ak - (' — 7] + Oy} ke i,
10 ty SgrA

(3)

where an(tn) is the discrete visibility at time t, averaged every ten seconds. From the mathematical expression given by eq. (3), we

can deduce the physically observable quantity as

[Voun (81,

where [V, (t )], is the real component of the complex visibili-
ty V, (t”) jis the number of the selected source region. In the
EHT- Data, the visibility data are unified to one (i.e., j = EHT).
To construct the DRWP-Model, we set W _ . as the amplitude
of the visibility and set Ak, to give a phase of j = Orb in eq. (4),
to express the rotation of the orbiting SMBHB.

3.2 Amplitude Function W, _
The amplitude function W~ was constructed in [17] and con-
firmed as suitable for investigating the fitting with the 1.3 mm
VLBI observation data observed in 2009 for Sgr A*, as provid-
ed by Fish et al. [5]. In that work, the coincidence was stud-
ied with respect to the sampled clear visibilities without phase
terms, using the DRWP-Model (which consists of only the am-
plitude function); the approach of neglecting the phase variation
of visibility was permittable because the visibility data were not
continuous, as in the case of the EHT observations. However,
we can apply the same amplitude function in the present case
for comparing with EHT-Data. Because details are described in
a previous paper [17], we here only summarize the amplitude
function for the DRWR-Model.

3.2.1 Eclipse effects due to the orbital motion of the SMBHB
In the present study, we are at the standing point that the origin
of the VSCAT in the VLBI-Data is primarily related to the mo-
tion of the SMBHB, except for the time of flare [1-4]; in the
case of a gradual variation in background conditions [5—7], the
model remains applicable. One significant effects of generating
VSCAT emissions is the eclipse effects which can be predicted

Z Winnj cos[AK; - (T — T2) + O],

(4)

morphologically from the orbiting conditions of the SMBHB.
That is, the direction of the orbital plane indicate angle almost
parallel to

Gaa

3.35 x10° km

b

Vertual Plane for o / 1.98 x10 km
Inclination 0° |
With Resoect to 232 x10% km

Galaxy Equator

}

t
2.87x10° km
Gab

Figure 2: Geometrical configuration of the view from the obser-
vation points at maximal eclipse phase for the two SMBHs, Gaa
and Gab. The orbital plane surface of the SMBHB is tilted by 6°
from the direction parallel to the line of sight from the observa-
tion point. (After Oya [17] )

the direction of the vector towards observation points, with a
slight tilt of 6°[17]. This tilt is concluded by tracing the pro-
cesses of obtaining the masses of the SMBHBs from the result
of the DRWP observations. That is, the DRWP study concluded
the total mass of the SMBHB as M= (4.2120.03)x10° Mg, by
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assuming the direction of the orbital plane surface to be parallel
to the observation direction (i.e., the inclination angle 6, of the
orbital plane with respect to Galactic equatorial plane is 0°).
From long term observations of the stars around Sgr A*, the total
mass is inferred as M, = (4.28+0.31)x10° M, by Gillessen et
al. [18]. When we attribute the difference between M, and M,
to inclination of the orbital plane in the mass reduction process-
es, we can deduce the correction angle A with respect to 0, (=
0°) as AG = 0.105 radians (6.0 °).

As shown in Figure 2, the orbiting radii of Gaa and Gab are
1.89x107 km and 2.21x107 km, respectively. As effects of the
deduced shift of inclination of (6.0°) an upward shift of 1.98x10°¢
km is verified ,for the center of Gaa whose radius of the event

horizon is 3.35%10° km from the virtual orbital plane assumed
as a purely parallel to the line of sight. A downward shift of
2.32x10° km, also arising from the virtual plane, is deduced for
the center of Gab whose event horizon radius is 2.87x10° km
(see Figure 2). The upper and lower positions of both partner
BHs in the SMBHB system, with respect to the virtual plane,
are alternatively switched at each approaching maximal phase
of the eclipse. Then, we observe twice the decrease of emission
power for every orbiting period of 2200+50 sec. Based on the
6.0° tilt of the SMBHB orbit plane surface from the pure parallel
direction with respect to the line of sight, we construct E_(t) asa
function of the DRWP-Model, to facilitate comparison with the
EHT-Data. That is,

1—cos20(t — ty)]™

E.(t)=1—k,

where 7, is an index used to control the effective interval of
the eclipse, and k, is the rate of emission shaded by the partner
SMBH at the eclipse’s maximal phase. In principle, the 7, value
is varied to identify the optimal fitting case in the processes, to
identify the correlation between the EHT-Data and DRWP-Mod-
el; however, we fixed n, as 4, following previous work [17].

3.2.2 Intensity variation due to spectral shift caused by Dop-
pler effects
Though the effects of time variations in the observed EHT-Data

Pi(w) = K;f*?,

where f'is the emission frequency at the source, and K. is a con-
stant coefficient that reflects all electromagnetic environments
related to the radio wave emissions from each member j of the

forb =f" [1 — ?sin@,cos[)(t - to)].

where v, and t; are the orbiting velocity and an arbitrary time,
respectively, when SMBH Gaa is at the zero Doppler effect po-
sition for SMBH-j. The angle 0, is defined between the line of
sight and the normal direction of the orbital plane (determined to

0
de(fob) = Kjfoob3 [1 +

3.2.3 Total model function W

mnOrb

. . ®
are weak compared with the eclipse effect of the SMBHB, the
possibility of time variation in the EHT-Data can be considered
as spectra variations arising through orbital motions. With the
exception of flares, the power law spectra of the radio emissions
from Sgr A* are known to have an index of 0.3 [36]. In the reg-
ular state of the average condition of the accretion of the plas-
ma, we assume that the radio wave emission spectra Pj (o) for
SMBH- j (j = Gaa or Gab) is

(6)

SMBHB. The observed frequency f,, is related to the source fre-
quency f, which is subjected to the Doppler effects of orbiting
SMBH-j, as

(7

be 84.0°; see Sec. 3.2.1). Details are presented in the “interpreta-
tion” paper [17] of Fish et al.’s results [5]; the emission power
P, (f,) detected at observation frequency f for each SMBH-j
L dj Mol ol

is expressed as

317]'

sinB,cos(t — to)]. (8)

to express effects of SMBHB orbital motion

The emissions from partner SMBH-j that are shaded by the eclipse are switched alternatively between Gaa and Gab. In the equation,
to express the time-varying power, we define a switching function ; thus, the model of the time dependent emission power W_ (t)

from the SMBHB at Sgr A* is given by

0.3v
WT(t) = {KGaafoob3 [1 + ——dae

+ KGabfoOb3 [1 - C

where S (t) and S (t) are defined as

0-3U6ab

sinB;cosN(t — to)] S¢aa(t)

sind,cos(t — to)] Seas (t)} E.(D), ©)
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1
SGaa(t) = {
and
1/E,
Sean(®) ={ /B0

respectively, with m as an arbitrary integer.

The ratios between the radio wave emission powers of Gaa and
Gab at the 1.3-mm wavelength is strictly related to the environ-
ment, where the source energy is provided by accreting plasma
from the outside; the ratio is related to the efficiency with which
the energy of accreting plasma is converted into radio-wave
emissions. In this context, we can conclude that no apparent dif-

for 2mm < Q(t—ty) < 2m+ Dm
for2m+ 1D <2t —-ty) <(@m+2)m ’

for 2mm < Q(t —ty,) < 2m+ Dm

1/E.(t) for2(m+ D)m < 0(t —ty) < Cm + 2)m,

(10)

two SMBHs, owing to their similarity of orbits in the SMBHB.
Regarding the conversion efficiency, the slight differences in the
masses and sizes of the two SMBHs may affect the processes
by which the radio waves are generated. However, we assume
no significant difference from a macroscopic estimation perspec-
tive. Based on this assumption and, the already presented v,/
cand v, /c values, together with 6,=90°-6.0°, we can express

ference arises in the accreting plasma conditions between the eq. (9) in a simplified form, as

Wr(t) = {[1 + 0.0537cos2(t — ty)1Scaa(t)
+[1—0.0626¢c0s2(t — to)]Sgap (OIEL(L),
where Wr(t) = Wr(t)/(Kaafos)-

(11D

At this point, we recognize that the effects of time variation
when observing emission spectra are minor, with a rate of ~20%
compared with the effects of the eclipse upon the time variation,

(A) VLBI Observatories

which indicates a rate of k, (= 0.3) for shading the observing
emissions from one of the SMBHs.

Ze

Observatory m
s P s Ay i)

Figure 3: Geometrical relations between the rotating SMBHB at SgrA* and EHT VLBI observatories at (m) and (n). (A) Over all
description. The orbiting SMBH Gaa and Gab are described in the Cartesian coordinate with the origin at the center of SgrA* ; the
direction of x axis coincides with the unit vector k,_ that is defined to coincide with the direction to connect between the earth’s cen-
ter and the center of SgrA*. The y axis of the reference coordinate prepared to describe the SMBHB orbital plane is set to be vertical
to x axis and also to the Galactic north pole direction to be in parallel with the Galactic plane. The location of the VLBI observatories
of EHT are described in the regular astronomical coordinate of the equatorial spring equinox system whose z, axis coincides with the
axis of the earth rotation with parameters ¢, _,A4 and i for observatory m, respectively for the distance between the earth center,
longitude, latitude and the height from the sea surface. The distance from the earth center and the center of the SgrA* is given by
L, meanwhlle the distance between SMBH Gaa and Gab is expressed by L. (B) Fine description of SMBHB plane. With respect
to the reference coordinate. The orbital plane of SMBHB is set with two 1nchnat10n steps ; these are the 6 degree inclination of SM-
BHB orbital plane looking from the Earth and inclination which is described as tilt of the normal direction of the SMBHB orbital
plane from the Galactic north pole direction by the angle a (see red vector) ; the new y direction in the inclined SMBHB plane is de-
fined as y . The real case of inclined angle a is searched by finding maximum correlation between the EHT Data and DRWP Model.
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3.3 Construction of the Phase Function Ak, «(r -r, )

3.3.1 Decision of the orbital plane of SMBHB to construct
AkOrb

Corresponding to the phase Akj-(rm-rn) in eq. (4) (j = Orb), we
consider the phase function & defined by

F = cos[Akorp - (rm — 1)) (12)

That is, the source covering the orbit range of the SMBHB is
expressed by taking j to be “Orb.” For description of Ak, we
consider the geometrical relationship given in Figure 3, where
we set relationships between the orbiting SMBHBs at Sgr A*
and the VLBI observatories of EHT. The orbiting plane of SM-
BHs Gaa and Gab are described setting the coordinate center
at the Galaxy center Sgr A* with the reference vector whose
direction coincide with the direction of SgrA* observed from

the earth (see eq.(13)). To describe the geometry of the orbital
plane of SMBHB, we have selected the Galactic equatorial plane
as the reference to decide the normal direction of the orbital
plane. Within the two dimensional freedom to decide the normal
direction of the orbiting plane we are required a constraint that
the orbital plane surface is inclined by 6 degree (INCL here-
after) from the direction of the SgrA*. There remains, however,
one freedom to fix the orbital plane of SMBHB; that is, within
the constrain of the direction towards SgrA* with inclination of
6 degree ,the possible orbital plane can be selected by rotating
(ROTE hereafter) in the direction by taking the vector towards
SgrA* as an axis. Then we describe the possible orbital plane
by the two steps after setting the reference by using the Carte-
sian coordinate, x,y,z with unit vectors x,y and Z, respectively
,which are given in the astronomical equatorial-spring equinox
coordinate system , as,

X = cosbs4c08psgXe + c0SOsySings,Pe

+ sindsgZ,.

(13)

y= (cosdesin(?Sgsin(pGp - cos65gsin5gpsin¢5g)3?e

+ (cos65gsin66pcos¢sg - sin65gcos6(;pcos¢)(;p)37€

+ (cos65gsin¢>5gcos5apcosd)Gp —cos6sgcosqbsgcosSGpsin(pGp)z“e (14)

and

Z = 0886, C05PgpXe + c0S8gpSingpYe + SinbgpZe.

where ¢ 5o and § 5, ArC the right ascension and declination of SgrA*
respectively; and ¢ . and & o 1€ the right ascension and declina-
tion of North Galactic pole. The vectors £ ,Z and y ,in egs.( 13 ) to
(15 ) are the unit vector directed toward the sun at spring equinox
at Oh UT, the unit vector parallel to the earth rotation axis and the
unit vector perpendicular to both £ and Z , respectively.

The selection which process we take as the first step between
the INCL and ROTE reveals different results in general: but as
has been described in Appendix A , we are able to have approxi-
mately same results in the case of small angle deviation such as
the case smaller than 10° for an example, both for INCL and
ROTE. Then we take the ROTE process as the first step.

a) T he first step.

We define a new Cartesian coordinate (x_,y_,z, ) for the ROTE
of the orbital plane by rotating angle +a ( takes + for the rotation
towards +y direction) . The unit vectors for corresponding coor-
dinate axis X , ¥ _,and Z_are then expressed by

g = X, (16)

17)

Yo, = cosay —sinaZ,

(15)

2, = sinay + cosaz. (18)

It should be noted that this ROTE angle is unknown at the pres-
ent stage. The decision of o is then made in the processes to find
the best fit value between EHT-Data and DRWP-Model as will
be described in Sec 5.

b) The second step

We define the Cartesian coordinate ( x , y ,z ) with corre-
sponding unit vector J?p , )?p ,and 2p for the finally decided orbital
plane by INCL angle f=6° . That is, unit vectors are

X, =cosp Xy +sinfz, ,

yp =
Z, = —sinf X, + cosPfZ, . (19)

By inserting eqs(16),(17) and (18) into corresponding equations

in eq.(19), we have the relations between( X, ¥, Z) and ( fp Y,
Z, ), as
p

Xp, = cospX +sina-sinf y + cosa - sinfz. (20)

Ip = cosay — sinaz. (21)
and

Z, = —sinfX + sina - cosp J + cosa - cospz. (22)
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As given by eqgs.(9) and (11), there are two causes to give vari-
ation of the brightness of the emitted millimeter radio waves;
those are Doppler effects to vary the radiating spectra that vary
with orbiting angular velocity 2, ,and the eclipse effects of
two orbiting SMBHs which evolve with the twice of the orbiting
angular velocity as 2Q .

Akory = 21/ (Lorp /Lsg) - (ks + Krky) .

where 121 and 122 are unit vectors which rotate with orbiting an-
gular velocity Q. and rotate with the angular velocity of 2Q_
forming a bar connecting geometry between SMBH Gaa and
Gab that results ecliptic effects for observation points; «_ is a rate

ki = cos(Qorpt + ©orp)Zp + sin(Qorpt + Porp)Ip -

and

ky = cos2Qorpt + Porp) %y + SiN22orpt + Gorp)Tp -

The DRWP-Model purposed to search for the identity with the
EHT observation results, then, consists of two unit vectors cor-

responding to above described two effects; that is, we describe
Ak as

Orb

(23)

for giving the weight to eclipse effect compared with effects of
spectra modulation due to the Doppler effects . Then two unit
vectors are expressed by

(24)

(25)

Thus, /Acl i /}2 term that is essential to obtain Ak, as given by eq.(23) is expressed (see Appendix A) by

key + icky = {[cos(Qorpt + Porp) + K05 (200pmt + Porp)1Ax
+ [sin(Qorpt + @orp) + KrSiN(2Qorpt + Yorp)]By}Xe
+ {[COS(-QOTbt + ©orp) + Krc0s(200rpt + Porp) 1A,
+ [sin(Qorpt + Qorp) + Krsin(202p,pt + §00rb)]By}j>e
+ {[cos(Qorpt + Yorp) + Krc0s(200rpt + Qorp) 1A,
+ [sin(Qorpt + @orp) + KrSin(2R0rpt + Porp)1B2}Ze

(26)

where A, (i=x,y,z) and B, (j=x,y ,z) are given as follows (see Appendix A for details):

. Ay = cosp cosbsgco5¢s, + sina - sinﬁ(cosdcpsindsgsinqbgp - cosSSgsinSGpsin¢5g)

+cosa - sinficosdgpcosagp,

(26 — 1)

Ay, = cosPcosbsgsingsg + sinasinﬁ(cos&sgsinSGpcosd)Sg - sinSSgCOSSGpcosqup)

+cosa - sinficoségpsinagp

(26 —2)

Az = cosPsindgy + sina sinB(cosdsgsinqbsgcos6Gpcos¢Gp - cosSSgcos¢sgcos<5(;psin¢cp)

+cosa - sinfSsindgp,

(26 — 3)

B, = cosa - (cosSGpsinSSgsinqup - cosdsgsin(sapsin(psg) — sinacoség,cosagp,

and

(26 — 4)

, = cosa - (cosdsgsinéapcosqbsg - sin&sgcosdgpcos¢cp) — sina - cosdgpSinagp ,

(26 —5)

B, = cosa - (c0565gsin¢)5g60556pcosqup - cosdsgcosd)sgcos&(;psin(bcp) — sinasindgp.

The distance L from the earth center and the center of the
SgrA* given in eq.(23), is estimated to be 2.57x10% cm corre-
sponding 8.3 kpc, while the distance of the orbiting SMBH Gaa
and Gab (see Figure 1 ) expressed by L, (also given in eq.(18)

Orb

(26 - 6)

is given by 4.10x10'2 cm. The spreading of the wave number
vector Ak with respect to direction of the unit vector f(EkSg
provides order of magnitude as
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|Akorp| = /D) (Lory /Lsg) = 1.6 X (2m/2) x 10710

(27)

. Then using this expression we have phase function  corresponding to eq.(12) as

F= cosO .

where O is given by

LOrb

0=2
nLS

[

3.3.2 Time dependent characteristics of phase function F

The locations of the VLBI observatories of EHT are described
in the regular astronomical coordinates of the equatorial-spring
equinox system whose z_ axis coincides with the axis of the
Earth’s rotation; that is, locations of observatories are given by

ry, —

(s + k) - T2 Tn)

(28)

- 29

parameters r_,¢_,A_,and h_ for observatory m; these denote the
distance from the Earth’s center, longitude, latitude, and height
above sea level, respectively. Then, r_-r_vector is expressed in
the equator—spring equinox coordinate system as

r, = {(r, + h,)cosb,,cos[R,(t — ty) + ] — (1, + hy,)cos8,cos[2,(t — ty) + P, 1},

H (e + hy)cosbysin[2.(t — to) + Pm] — (T + hn)cosbnsin[2.(t — to) + Ppl}Te

+[(r, + hy,)sinéd,, — (r, + h,)sind, 2.,

where r, and Q_are E arth ’s radius and angular velocity of the
Earth, respectively; t and 0 are the time passage and the initial
time respectively. Using eq. (30), therefore , we can calculate
the phase ® of the phase function [eq. (12)] (12)] as detail is
explained in Appendix B where expressions are made by ap-

(30)

proximating the level of the observatory as r >>h_to make the
mathematical manipulation tractable from the perspective of in
vestigating the time dependent characteristics of VLBI visibili-
ties. By defining C,_and D, as

Cinn = €056,,C0SQ,, — c056,C05P,, , (31)
and
Dy = 0S8, sing,, — cosé,sing,, , (32)
then
0 is expressed by
6 = w22 2 UK, {cos((Wors + 8,77+ Eor,05{2Bors + 2T + o)

K {sin[(Qorp + 2T + SorplHicrsin[(200rp + 2e)T + Norpl}
+Lc{cos[(Qorp — )T + Eorpltiercos[(2020rp — 2e)T + Norpl}
+Ls{sin[(Qorp — 2e)T + Eorpltrrsin[(2020rp — 2e)T + Norpl}
+M [cos(QorpT + $orp) + Krc0S(20207pT + Norp)]

+M[sin(QorpT + Eorp) + KrSiN(2020,,T + Norp) ]

where coefficients K , K ,L , L ,M_and M_are given as follows:

K. = [(Ax — By)Cmn + (Ay + By) Dy
Ks = [(Ay + By)Cpn — (Ax — By) D],
L. = [(Ax + By)Comn + (Ay — By) D]
Ls = [(=Ay + By)Con + (Ax + By) D]

M, = (siné,, — sind,)A,
M, = (sing,, — siné,)B,

(33)

33-1)
(33-2)
(33-3)

(33-4)

(33-5)
(33-6)
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In eq. (33), we see six pairs of cosine and sine functions, with angular frequencies 2, -2, 2, .02,

2Q, +Q . For these pairs of cosine and sine functions, we have a sinusoidal function, for each, expressed as

chos[(QOTb + Qe)T + EOrb] + KSSin[(QOrb + Qe)T + fOrb]

= JKZ + KZcos [(Qory + )T + ¢1<;] . (34)

where @, . is given by
K.
— _ -1(_S
¢Kf =&orp — tan (Kc) .

Then by rewriting eq.( 33 ) with newly defined six coefficients we have the results of ® as

@:i@i. (35)

where ©, (i =1 to 6) are given by

L T,
0, = m=2 - = [KZ + KZcos [(Qory + 2e)T + ‘Dxf] (35— 1)

Ls, A
L T,
0, = 21 LO”’ = \[MZ + MZcos [20rT + cDME] (35— 2)
Sg

L T
0,=n Lf’”’ =l + Licos [0 — 0T+ chg] (35— 3)
Sg

L T,
0, = m=2 - =16, \[KZ + KZcos [(20ory — )7 + cDKn] (35 — 4)

Lsg, A
L 7,
05 = 2nL°—”’ = 1e\[MZ + MZcos 20017 + cpMn] (35 — 5)
Sg
L 7,
Oy = Lorb =1L + Lacos |20 + 0)7 + ‘Dm] (35— 6)
Sg
with (ng ,<IDM§,CI>L§,(I>Kn ,CDMn, and CDL" which are given below:
K.
P e = Eorp — tan™? (K_c) . (35 - 7)
M
P,y = Eorp — tan”? (M_c> . (35 — 8)
-1 LS
P, = Eorp — tan (E> . (35— 9)
-1 KS
CDKn = Norp — tan (K_c> . (35-10)
M
— _ -1(_S —
(DMn = Norp — tan (Mc) . (35—-11)
and
-1 LS
(an = Norp — tan <E) . (35—-12)

+0,20, ,-0,20, , and
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With these arguments defined from eq.( 35-1) to eq.( 35-6) then we can find time dependence of the phase part of the visi-
bility from eq.( 35 ), as

cosO=cos(0,+0,+6,+0 +0 .+0 )

=c0s0, cosO, cosO, cosO, cosO; cosO ,— sinO, sin®, cosO, cosO, cosO cosO,
—sin0®, cos®, sin®, cos@, cosO, cos® ,— cosO, sin®, sin®, cosO, cosO, cosO,
—sin@, cos®, cosO, sin®,, cosO, cosO — cosO, sin®, cosO, sin®, cosO; cosO,
—¢0s0O, cosO, sin®, sin®  cosO, cosO,+ sin®, sin®, sin®, sin®, cosO; cosO,

NN Ny
“w oW w

—5sinB,c0s0,c0505c050,5inBsco0sO; — cosO,sinB,cosO3c050,5inOzcos0,
— c050,c050,5in0O3c050,5inO5c0s05 + sinBO,5inB,sinB0;c0s0,sinBO5cos0O
— €c0501c050,c05035in0,5inBO5c0504 + sinB5inB@,c0s035in0,sinOzcosOq
+ sinB;c0s0,sinB35in0,sinO5cosOg + cosOsinB, sinB3sinB,sinOzcosBq
—sin®,cos0,c0505c050,c0505sinBg — cosBO,sinB,cosO;co0s0,c0s05sinBy
— c050,c050,5in03c050,c05055inBg + sinB;sinB,sin0zco0s0,co0sO5sinOg
— c0501c050,c05035in0,c05055inBg + sinB;sinBO,cosBO3sin0,cosO5sinbg
— sin@co0s0,sinBzsinB,cosO5sinBg + cosO,sinB, sin@3sinB@,cosO5sinBg
— €c0501c050,c0503c050,5inO55inBg + sinB;sinB,cosO3c0s0,sinBO5sinbOg
+ sin@;cos0,sinBzc0s0,5inO5sinBg + cosO,sinB, sin@;co0s0,sinB5sinbq
+ sin@,c0s0,c05035in0,sinO5sinBg + cosO,sinB,cosO35inB,sinBssinbg

36
+ c05s0,c050,5in03sin0,sinBO5sinBg — sin@,sind,sin@;sinB,sinBssinbq (36)

Using eq. (36), (see Appendix B for details) we can investigate the time dependence of the phase component of visibility by cal-
culating cos®, and sin®, (i=1 6). When we attempt to rewrite cos®, (selecting i = 1 as an example), it follows from eq. (35-1) that

L T,
cos®; = cos {nﬂ -2 /K% + KZ2cos [(.QOrb +0)T + @K{,]} . (37)

Lgg 2
By setting
L T,
 =n2b.e [KZ¥KZ, (37-1)
Lgg A
and

U = ('QOrb + -Qe)T + ¢K§ , (37 - 2)

, then cos®, given by eq.( 37 ) is expanded using the Bessel functions as

cos0; = cos({ycospy) = Jo($1) — 2J,({1)cos2py + 2]4({)cos4uy — -+ -+ (38)

When we apply the procedure to have eq.(38 ) starting from eq.eq.(37) for @, to the general expression of @, considering the simi-
larity of egs. (35-1) to (36-6) it follows that
0; = ¢icosy; . (39)

Then, all member terms in eq.( 36 ) that consist of six components as combination of cos®, and sin@, are expressed as sequence of
cos(mp)(m=0,1,2,3 -+ ) formed by relations,
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cos0; = cos({;cosp;) = Jo({;) — 2],({)cos2pu; + 2]4({)cos4p; — -, (40 — 1)

and

sin®; = sin(ycosp;) = 2J1({cosp; — 2J5({)cos3u; + «+- - :

Taking eq. (36) and inserting eqs. (40-1—40-2) together with eq.
(39), we find that the time variation of the phase component for
the visibilities of the DRWP-Model for the comparison with
EHT Data is extremely complicated, where the six basic time
varying components (with angular frequencies of @, - Q , Q
Q. ,20, —Q,20 . and 2Q + Q) together with the
generated higher harmonics (shorter-period phenomena) and
mutually coupled frequencies form a sophisticated ensemble.

3.4 Constructed DRWP-Model to Identify Correspondence
with VLBI Visibilities from EHT

Based on a detailed investigation of the relationship how the
orbital motions of SMBHB concluded from the DRWP obser-
vations reflect to the observation of visibilities by EHT VLBI
system is described in this sub-section; and we obtain the form
of the DRWP-Model as follows.

(40 — 2)

3.4.1 Amplitude and Bias

Using this model function as the DRWP-Model based on data
from the DRWP observations, we conduct a comparison with
the EHT-Data. For this purpose, we are required an addition-
al adjustment by introducing an amplitude A(mn) to match the
observation level given by the EHT-Data, because the function
of the DRWP-Model, given by eq. (11), is expressed only as rel-
ative quantity normalized by the 1.3 mm-wavelength emission
power of the SMBH Gaa. The amplitude A(mn) is given accord-
ing to the observation day for each baseline pair of observatories
m and n. Sometimes it is necessary to shift the data (adding or
subtracting) using a bias function Bias (mn).

In this way, we prepared the final form of the model function
Mod(t,m) as the amplitude of the DRWP-Model visibility, start-
ing from eq. (11); thus, we have

Mod(t,mn) = A(mn){[1 + 0.0537 - cosQ(t — t)]1S¢aa(t) +

[1—0.0626 " cosn(t —

To determine the parameters A(mn) and Bias(mn), we sought
the best-fitting values by sweeping the possible ranges for each
parameter.

3.4.2 Period and initial phase angle of SMBHs along the orbit
The most important parameter for “finding coincidence be-
tween the EHT-Data and DRWP-Model” (FCED here after)
is the search period of the VSCAT in the EHT-Data. Because
of the principal philosophy of the present study, we set the pe-
riod range according to the results of the DRWP observations,
which indicated the period of T=2200+50 s. Considering the
study result that compared with previous VLBI data that indi-
cated around 2150 sec[17], however, we set the center period at
2175 sec (as the middle value between 2150 and 2200 sec) with
deviation range around =75 sec. Then, we selected a searching
range for T for the FCED from 2100 to 2250 sec (most of the
cases, 2245sec).

L ~ ~ r, —
M, , (=Mod, (1= Mod(tm n) - cos |2m -2 (ky + k, ) =)
Sg

We should refer eq.(41) and related equation for Mod(t,mn),and
eqs.(26) and (29) for §1+ KT}Z; we should also refer eq. (30) for
r -r .The descriptions relating from eq.(31) to eq.(40-2) are
necessary for understanding the physical origin of time depen-
dent varying characteristic of the visibilities. But we basically
depend on the expression eq. (42) for DRWP-Model as practical
numerical approaches in the present FCED.

4. Morphological Studies on Visibility of EHT- Data

4.1 Three Categories of Baseline Length

In Figure 4, we have plotted examples of the visibilities of
EHT-Data released to the public [35]; these correspond to eq.

to)1Sgan (1) }E.(t) + Bias(mn)

(41)

The second significant parameter for FCED is the initial phase of
the SMBHB'’s orbital motions, which are controlled by the time
t,in eq. (11). In the direct comparison for FCDE, we have swept
the whole range (0-2x rad) as the initial phase angle,Q¢, with
a step of (w9) rad. In the case of the Fourier-transformed space
comparison for FCED, we can avoid the initial phase parameter
by sacrificing the phase information of the Fourier transforma-
tion, though we are required additional approximation (as given
in Sub. Sec. 6.2.1).

3.4.3 Final form of DRWP-Model for FCED work

Then the decided final form M~ (¢) of DRWP-Model for the
comparison with m-n baseline observation of EHT-Data for
FCED work is

)
- . (42)

(4), taking j = EHT ; for plotting examples we have selected data
from CASA data handling pipeline for 96 day (April 6,2017) as
examples. We divide the visibilities of EHT-Data into three cat-
egories depending on the observed baseline lengths: short base-
line length, where the baseline length is less than 2 GA (A: wave-
length); medium baseline, where the baseline length varies as
2—6 GA; and long baseline, where the baseline length varies from
6 G\ to ~8 GA. In Figure 4 in panel (A), two cases of short base-
line length are indicated. From estimations relating to the de-
duction of Eq. (29), this category of baseline length corresponds
to a source region wider than 25 AU at the Galaxy center. The
time-varying features represented by these two plots give the
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time variation of emissions at 1.3 mm-wavelengths via discrete
forms, indicating the long-time characteristics of the variation of
the back ground luminosity that reflects accreting condition of
plasma around the Sgr A* at the center of the Galaxy.

Figure 4(B) presents examples of the time variation of visibili-
ties in the category of medium baseline length. A remarkable gap
is identified in the time-dependent variation between cases in the
short baseline length category, indicating the spreading feature

-1
7 < Ak]- “(Tm

s
) <=

time variability of visibilities. In the present study, to identify
the morphological differences of the visibilities, we define the
visibility for the short baseline category given in Panel (A) as
“discrete visibility” and the visibility given in the Panel (B) as
the “spreading visibility.”

Considering eq.(29) with eq.(27), we conclude that the effective
visibility is obtained for condition

> (43)

The SMBHB orbit range of present interest is given by eq. (27) and yields the corresponding baseline length as

|7 — T | = 3.13 X 10°A.

Discontinuous changes of the morphological features from dis-
crete to spreading visibilities can be understood as a result of
focusing of the observation regions upon the SMBHB-associ-
ated range apart from a wide background which is one order
of magnitude wider than the region occupied by the SMBHB'’s
orbiting range.

4.2 The First Pilot Work for FCED
To investigate the dependence of the visibility amplitude upon
the baseline length has a pilot role of the FCED (i.e., to find the
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coincidence between the EHT data and DRWP-Model). That is,
the variation of the visibility amplitude suggests that the level
range of ~0.74 Jy (P-P), with a representative baseline length of
3.41x10° A

In Figure 4 in Panel(C), examples of the long baseline length
category are presented. We see two cases of the spreading visi-
bility for the LM-SP and AZ-SP baseline observations. The level
ranges of spreading visibility for the AZ-SP baseline
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Figure 4: Time varying plots of VLBI visibilities obtained from the CASA pipeline data handling channel of EHT for observations
on Day 96 (April 6, 2017). The data are plotted for two examples per each for the three categories of the baseline length from the
VLBI baselines of EHT given in each corresponding diagram.

are reduced to about 0.35 Jy (on average) from the negative to positive peak (P-P) when compared with the case of the AZ-JC base-
line observation; this case provides the spreading visibility which consists of a component of steady white noises and a component of
periodic variation synchronized with the orbiting motion of the SMBHB. By focusing on the observation area at ~1/7, with respect
to the baseline length from ~3x10° A (the case of AZ-JC) to ~8x10° A (the case of AZ-SP), the background white noise component
is notably reduced (details are presented in Appendix C).

That is, for the case of the AZ-SP baseline, we obtain the source  as the “SMBHB signal”). Radio-wave emissions are observed
areas for the coherent visibility of the VLBI by dividing them from the areas of white noise and area of SMBHB signals, with
into the noise source area S, and the signal source area S, for emission coefficients o, and B, respectively. Then, the observed
emissions modulated by SMBHB motions (hereafter referred to  visibility can be expressed for the AZ-SP baseline by

In the case of the EHT-Data for the AZ-JC baseline, the coherent signal and noises are originated from an area seven times wider
than that of the AZ- SP baseline observation. Then, the source area relation is expressed as

XSN + SS = 7(SN + Ss), (4‘6)

where x is the expansion factor of the background noise area under the expansion of the VLBI coherent observation area. Then, the
observed amplitude of the visibility is given by

To estimate the S/N ratio, we introduce a factor x, as the ratio of the radio emission coefficient in the SMBHB area to the emission
coefficient in the background area, as

Bs = Keaty - (48)

As details are given in Appendix C. we obtain results for background noise a,, S, and SMBHB signal §; S; by solving eqgs. (45) —
(48) as a function of the ratio x, for the AZ-SP baseline observation, as

0.065 - k, — 0.35
a = ) 49
NYN (Ke _ 1) ( )
and
0.285 - k,
Se =——. 50)
BS S (Kg _ 1) (

The source area of the background noise in the case of the AZ-JC baseline observation is larger, by factor x(=(7a,, S,+6 (8, S Yk, )
/(a,, S,):see €q.(47)), than that of the AZ-SP baseline observations.

Subsequently, we clarify that the S/N ratio R, revealed for observation of the AZ JC baseline, as expressed by B, S, /a,xS,, is
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increased to R,=B.S /a,S,, for the case of AZ SP baseline observations, owing to the increased baseline length from 3.4 G A with

respect to AZ JCto 8.5G 4

Table 2 Signal (SMBHB) to Noise for AZ-JC and AP-SM Baseline Observations

Ke Rsp Ric BsSs - xanSy, X

10 9.499 0.748 0.316 0.423  12.699
15 6.839 0.702 0.305 0.434 9.736
20 5.999 0.681 0.299 0.439 8.799
25 5.588 0.669 0.296 0.443 8.341
30 5.343 0.662 0.294 0.445 8.068
35 5.181 0.656 0.293 0.446 7.888
40 5.066 0.652 0.292 0.447 7.759
45 4.98 0.649 0.291 0.448 7.664
50 4.913 0.647 0.29 0.449 7.589
55 4.86 0.645 0.29 0.449 7.53

with respect to AZ SP. In Table 2, R, ,R ., B.S,,xa,S,, ,and S/Nratio R, for AZ-JC baseline observations is in a range cen-

x are indicated as functions of k. As details will be described
in Sec.7 for the modified Fourier transformation (MDFT) meth-
od, for FCED, the signal to noise ratio R, of AZ-SP baseline
observation on April 6 day observation is disclosed to be in a
range around 5.6 ; that is, white noise emissions of about 15 %
are mixed with emissions of about 85 % of the signal intensity
which is modulated by the orbital motions of SMBHB. For this
context, we understand from the results given in Table 2, that the

tered around 0.67, where x,=25; we see that the emission mech-
anism in the SMBHB area has activity to emit 25 times more
power than the background emissions per unit area. Because the
observed background noise area is expanded by ~8.3 times com-
pared to the AZ-SP baseline observations, the background noises
in AZ-JC baseline observations occupy 60% of the detected total
power, whilst the power of the SMBHB signal is 40%j; i.e., the
S/N ratio becomes 0.67.
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Figure 5. Examples of the EHT-Data and DRWP-Model plots for direct comparison. The EHT-Data for the Day 96 CASA AP-SM
baseline are selected for two 6-min intervals from 12.04 to 12.14 UT hr and from 13.31 to 13.41 UT hr. The DRWP-Models cal-
culated at the corresponding times in the EHT-Data are plotted together with the AP-SM baseline visibility data plots (EHT-Data).
The plots of DRWP-Model are made by dividing the assumed initial phases of the orbiting SMBHB into three groups (20—120°,
140-240°, and 260-360°). In the EHT-Data plots, the individual error bars of the data are not indicated; however, the averaging error
limit for all over the data group is indicated by positive and negative c.

Even though the accuracy of present estimations is coarse, we can verify the presence of SMBHB effects as an initial step of FCED.
In following Sections we confirm the existence of the SMBHB via two ways that reveal the existence of orbiting SMBHB through
effective methods of FCED, i.e., by the direct comparison and MDFT methods.

Adv Theo Comp Phy, 2023

Volume 6 | Issue 3 | 138



5. Confirmation of SMBHB in EHT Data via Direct Comparison with DRWP-Model

5.1 Definition of Coincidence Index

To verify the existence of SMBHB orbits in the EHT-Data by finding the VSCATs in the observed visibilities, we continue the
FCED via a direct comparison with the DRWP-Model described in Sec. 3. To this end, we have selected three example cases of
spreading-type visibilities from the AP-SM, AZ-SP, and SM-SP baseline data for Day 96.

In Figure 5 plots of the observed visibilities are displayed together with plots of the DRWP-Model based on eq.(42), as an example
case of the AP-SM baseline with assumed orbiting periods of 2135 sec and initial phase angles of 20-360°, in 20°
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Figure 6. Two-dimensional displays of Ind) and Ind,, for the comparison of the Day 96 AP-SM observation averaged 4-DATA from
the EHT against the DRWP-Model, by setting a zero tilt angle (o = 0) for the SMBHB orbital plane. In the left-hand panel, Ind | is
plotted as a function of the orbiting period (given in the ordinate) and the initial phase (given in the abscissa) of the two aligned SM-
BHs in the DRWP-Model, to facilitate comparison with the EHT-Data. The index Ind, that is calculated between the “quasi-random
signal modulated by the EHT-Data sample timing” (QRN-EHT) and DRWP-Model is displayed in the right-hand panel, taking the
same ordinate and abcissa as the left.

increments; the plots for the AP-SM baseline visibility data (EHT-Data) and DRWP- Model are made for two 6-min intervals from
12.04 to 12.14 UT hr and from 13.31 to 13.41 UT hr, on April 6, 2017. The plots of the DRWP-Model are constructed by dividing
the initial phases of the orbiting SMBHB into three groups (20-120°, 140-240°, and 260-360°).To quantitatively evaluate the coin-
cidence between the EHT Data and DRWP-Model, we define the coincidence index Ind | as

M 2
X - X
Indp = z exp [——( bm Mm) ], (51)
O-m
m=1
where M is the total number of data for each subject under consideration, and x, and x,, —are the EHT-Data (under observation

error rate o, ) and DRWP-Model values which are given by eq. (42), respectively, at t=t . As a reference, we define another coinci-
dence index Ind,; for the cases of coincidence between random noise and the DRWP-Model as

M
= e
N T L P T o ’
m

(52)

where x  is the random noise level at t , formed by adjusting
to overlap with the level ranges of the EHT-Data by using multi-
plication coefficients. The use of random noise as a reference is
important to discriminate the difference between any meaning-
ful sequences (e.g., sinusoidal wave variation) in the time series

is characterized by a quasi-periodic pause of ~1000 -1100 sec,
which is accidentally close to the eclipse cycle of the two MS-
BHs in the SMBHB. Because the time distribution of the random
noise is set to be completely synchronized with the EHT-Data
observation timings, it is neither completely random nor pure

data; the significance is rather complicated in the EHT-Data case
because the observation timing t_ is not a homogeneous peri-
od; however, the timing is synchronized with the observation
DSTW (data sample time window). The DSTW of the EHT-Data

periodic; instead, it is modulated by the DSTW of the EHT-Da-
ta, which exhibits randomness only in the intensity level; we
refer to this random signal as a “quasi-random signal modulated
by the EHT-Data sample timing” (QRN-EHT).
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Figure 7. Coincidence index Ind | as a function of tilt angle a for the DRWP-Model, to facilitate comparison between the EHT-Data
and DRWP-Model. The left-hand side panel shows the results of Ind | with respect to a for 4-DATA of Day 96 AP-SM baseline ob-
servations; most results, except for the case of the Lo CASA data, show the tilt angle o to be zero. The middle panel shows Ind,, for
the case of AZ-SP for the 96 Hi-CASA EHT-Data, compared against the DRWP-Model for a period of 2120 sec and a phase angle of
20° for the initial alignment of the two BHs. Though the dependence of coincidence index Ind,, on the tilt angle of the orbital plane
is weak, the result does not negate the conclusion of 0=0+3°. In the right-hand panel, two cases of Ind | are displayed with respect
to tilt angle o for the 96 SM-SP baseline data of the Hi CASA and Lo HOPS, compared with the DRWP-Model for the periods of
2225 sec ,with the initial phase angle 260,°and 2135 sec, with the initial phase angle of 180°; these results are also within a limit of

a=0+3°.

5.2 Determining the Tilt Angle a of the Orbital Plane of the
SMBHB

We have deferred to determine the tilt angle o of the orbital plane
of SMBHB as unknown value. As a strategy, we first assume that
the orbital plane is parallel to the equatorial plane of the milky
way Galaxy; after we have achieved to find well fitting case in
the processes of the FCED then we attempt to seek for the tilt
angle o to determine the best fit cases of FCED.

As has been described in Sec 4, relating the Table 2, the signal
to noise ratio is possibly in a range from 0.5 to 6. We may take,
here, middle values from 1 to 2 which means almost same level
of random noise emissions are existing together with coherent
systematic variation level due to modulation by the orbital mo-
tion of SMBHB. Then we are required to have averages of the
data which include independent noise to see resulting signals of
SMBHB clearer. Using the DRWP-Model of a=0 orbital plane,
then we have calculated fitting indices for four data of AP-SM
observations of 96 day such as Hi-CASA, Hi-HOPS, Lo-CASA
and Lo-HOPS (4 -DATA , hereafter). Then we average results of
Ind, for the 4- DATA.
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In Figure 6, two dimensional displays of Ind, and Ind for the
comparison of 4-DATA of AP-SM on 96 day observations of the
EHT versus the DRWP-Model with 0 tilt angle (a=0) are given.
In the left hand side panel, Ind| is plotted as function of the or-
biting period (given in the ordinate) and initial phase (given in
the abscissa) of the BHs alignment of SMBHB for DRWP-Mod-
el for comparison with EHT -Data, while Ind  that is calculated
between QRN-EHT and DRWP-Model is displayed in the right-
hand panel with the same ordinate and abscissa as the left-hand
cases (show in two dimensions to facilitate comparison with
DRWP-Model). Remarkably, a unique point is observed show-
ing the maximum coincidence index Ind; when comparing the
EHT-Data against the DRWP-Model for an orbiting period of
2135 sec and initial phase angle of 340°(in left panel); mean-
while, no such selected case can be found for the comparison
between QRN-EHT and the DRWP-Model (right panel). This
suggests that we can seek meaningful signatures in the observed
visibilities of EHT-Data, to verify the existence of the SMBHB’s
motion.
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Figure 8. Same with Figure 6 for the averaged 4-Data of the AZ-SP base line observation. We can see a single maximum spot of the

coincidence at 2110sec with phase 20.°

Adv Theo Comp Phy, 2023

Volume 6 | Issue 3 | 140



After this confirmation of the signature of the SMBHB mo-
tion, we have decided the tilt angle a of the SMBHB’s orbital
plane by finding the maximum Ind value, by §weepjng o in the
DRWP-Model, given by eq. (42), where the k +k_k, vector is
controlled by the angle a via eq. (26). In Figure 7, the coinci-
dence indices Ind, are displayed as a function of the tilt angle o
of the DRWP-Model, to facilitate comparison with the EHT-Da-
ta. The left-hand side shows the results of Ind with respect to
a for the 4-DATA for Day 96 AP-SM baseline observations; for
most results except for the case of the Lo CASA data, which in-

SM-SP Baseline 96 Day
Coincidence Index
EHT-Data vs DRWP-Model

2125

2225

Orbiting Period of SMBHB (sec)

0 60 120

180 240 300
Phase Angle of the Orbiting SMBHB (degree)

dicate a maximum Ind at 0=-2°, the maximum Ind occurs at
o = 0. Furthermore, two data, Hi CASA and Lo HOPS of SM-SP
baseline observations, indicate a clear dependence of the coinci-
dence index on the tilt angle o, showing that the correct tilt angle
of the orbital plane can be expressed as a =0°+3°. As shown in
the middle panel of Figure 7, the dependence of AZ-SP on the tilt
angle a is slight and unclear; it is considered to be attributable
to the low S/N ratio and does not negate the result of o =0°+3°.
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Figure 9. Same with Figure 6 for the average of 4-Data of the SM-SP base line observation. The maximum spot of Ind; is at 2125sec
of the orbital period with initial phase angle of 180°; there is the second peak at 2210 sec (phase angle 200°) with the coincidence

index 0.492 close to the coincidence index 0.494 of the first peak.

5.3 Direct Comparison of the EHT-Data and DRWP-Model
We further have applied the method of the direct comparison of
the EHT-Data and DRWP-Model to the case of Day 96 AZ-SP
and SM-SP baselines taking the tilt angle o = 0 as the real case.
As shown in Figure 8, we can see a single maximum spot of co-
incidence at 2110 sec with phase 20°. In the case of Figure 9, the
maximum spot for Ind | is at 2125 sec of the orbital period and an
initial phase angle of 180°; the second peak appears at 2210 sec
with a coincidence index 0.492, close to the coincidence index
0.494 of the first peak.

During the processes of these calculations of the coincidence
index Ind for the direct comparison of the DRWP-Model and
EHT-Data for Day 96 AP-SM, AZ-SP, and SM-SP baseclines,
we can verify the tilt angle a of the SMBHB’s orbital plane as
the results are given in Figure 7. Thus, we see that the direct
comparison method between the EHT-Data and DRWP-Model
can express the geometric features of the orbital plane of the
SMBHB, along with the orbiting period; however, calculation
of the coincidences is subjected to the low S/N ratio (~0.5-6);
reflecting low signal to noise ratio, as a result, the coincidence
indices Ind | and Ind show close values.

d(t) = p(t) - s(t).

We have obtained the orbital period of the SMBHB by the direct
comparison for the EHT-Data of Day 96 for AZ-SP, SM-SP, and
AP-SM baselines. These are worthwhile as providing the pilot
role to search for the existing SMBHB effects. Because no quan-
titative approach to avoid the disturbance of large co-existing
quantities of noise in the direct comparison method , however,
we concentrate upon the analyses using the MDFT (modified
Fourier transformation) for determining the orbital period of the
SMBHB, as described in Secs. 6 and 7.

6. Confirmation Method of The Orbital Period of SMBHB
by Fourier Transformation

6.1 Fourier Transformation under the Effects of the DSTW
The VLBI observations for the EHT-Data are characterized by
quasi-periodic sampling time windows. We would therefore ob-
tain misleading results regarding the periodicity of the phenom-
ena if we apply a simple Fourier transformation to the published
data (without attending to the effects of DSTW modulation).
That is, observed visibility data d(#) are expressed via a physical
component p(?) and data sampling window s(?) as

(53)

Then, the Fourier transformation is expressed via the convolution form of two intrinsic Fourier-transformed functions P(w) and

S(w) that correspond to p(f) and s(?), respectively; thus,

1 o0
D(w) = P(w) * S(w) = —f P(E) - S(w — &)dE.

2m

(54)
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In addition to the artificially modulated sampling window there are remarkably large white noise component associated with the
coherent orbital modulation of SMBHB.

To eliminate the effects of white noise spectra of emissions from SgrA* then, we utilize the spectra of white noise modulated by data
sampling window (QRN-EHT, see Sec.5).

When we apply the group of random noise n, (t) , averaged for M set, that is expressed by ,

1 M K
g (6) =M22n”5(t— ty) (55)

j=1i=1

with random levels n, and random times 1, as p(t) in €q.(53), the Fourier transformed spectra function D, (w) corresponding to
the random noise group n,, (¢) is expressed by

M K
1r® )
Dy(w) =+ j Z Z nd(t — t) s(t)e@tdt (56)
~®j=1k=1
This relation eq.(56) can be rewritten in the form of average of discrete Fourier transformed formulae in M random noise groups
(see Appendix D), as

M K
D, () = — Z Z 7, s(t)e AL (57)

where 71, is average level of the noise group j; #,=k At for At=T/K for sufficiently large time interval T and sufficiently large sam-
pling number K.When we select the random noise group where the average of the noise levels are equal to N,, D, () is expressed by

Dy(w) = N,S(w). (58)

In the case of the observed EHT visibilities, we can consider that p(f) in eq.(53) consists of random noise 7(f) and non thermal
component p () where a systematic VSCAT is included; that is, data d(¢) are expressed by

d(®) = [ps(0) + n(®)] - s(0) . (59)
By the Fourier transformation of the visibilities then we have the results as

D(w) = P(w) * S(w) + NS (w) . (60)

By using relation given in eq.(58) we can obtain the Fourier transformed DSTW corresponding to the visibility of each pair baseline
of EHT; that is, by applying the Fourier transformation to the group of random noise under the constraint of the DSTW which is
exactly same with the case of EHT observations, we have the Fourier transformation of QRN-EHT. Then for S(w), we take results
of the Fourier transformation Dn (@) obtained from 10 sets (selecting M=10 in eq.(57)) of QRN-EHT ; that is

S(w) = Dp(w)/Ny . (61)

In the present work, we calculate only the absolute values of the Fourier transformed function; when we divide both sides of eq.(60)
taking the absolute value , then, it follows that

ID(@)] _ |Fs(@) * S(w)]
IS [Dp(w)I/N,
where A(w) = {|P;(w) * S(w) + N S(@)| = (IPs(w) * S(w)| + NiIS(@)D}/IS(w)] .

+ A(w)+N, . (62)

In parallel to this data handling processes to the visibilities observed by EHT (EHT-Data), we prepare Fourier transformation of the
constructed DRWP-Model, Mod(w) corresponding to eq.(42) with the DSTW that is completely same with the case of the visibilities
observation by EHT; that is,

1 [ee]
Mod(w) = Mod,,(w) * S(w) = Ef Mod, (&) - S(w — §)d¢. (63)
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where Modp (w) is the proper spectrum of DRWP-Model.
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Figure 10. Geometry of eclipse approximation for DRWP-Model. The positions of individual SMBHs are assumed to be shifted
from the real eclipse alignment by an angle ¢/ 2.

When we divide the results Mod(w) by spectra of DSTW, then, it follows that

|[Mod(w)| |Modp(a)) * S(w)|
N@)] |Dp(w)1/N,
Finally by comparing the two deduced functions, in eqs.(62) and (64), which consist of three Fourier transformed functions P_(w),

D (w) and Modp (w) we can confirm the coincidence of the phenomena given by P (w) for the EHT-Data with the prepared DRWP-
Model ; that is , we can find coincidence of P (w) and Modp () in the form,

|D(w)] |Mod(w)|
1S ()] IS()|
In real procedure , we are required to separate VSCAT spectrum from other non thermal spectra D (o). Further, because the level

of EHT Data , amplitude of DRWP Model and amplitude of QRN-EHT are independently generated quantities, we should adjust
multiplying coefficients as close to each other as possible. Then, we set two parameters a, and a,, to accomplishment of eq.(65) as

(64)

— (Alw)+N,) = (65)

|D(w)] B IMod(w)|
Da@)] = ™ D) (66)
where
ap =1+ A(w)/Ny, . (67)

That is, we define a constant ) that consists of a noise level fac-
tor N, and noise affected unknown excess values A(w) which are
approximated by taking average in the concerned analyzing pe-
riod range. Further in eq.(66), a,, is the coefficient resulted from
adjustment of the amplitude of Mod(®) spectrum. We denote
the terms, |D(w) |/|D, (w)| and |Mod(w)|/|D, (w)| in eq. (66)
as the MDFTs ( modified Fourier transformation) for EHT-Data
and MDFT for DRWP-Model, respectively.

6.2 Fourier Transformation of DRWP-Model

6.2.1 Eclipse approximation model

As we have recognized in Sec. 5 for the study of the direct com-
parison of the EHT-Data with DRWP-Model which shows or-
bital motion and eclipse effects of two SMBHs, the parameter
of the initial phase of the orbit to identify positions of the SM-
BHs is crucial to discuss the coincidence of the Data and Model;

and results of comparison is fairly obscured by existing random
varying noise components associated with the observed visibili-
ties. In this Fourier transformation approach, we concentrate on
the identification of the orbiting periods of SMBHB using abso-
lute function of Fourier transformation by sacrificing the phase
components; by this selection, confirmation of the coincidence
of the EHT-Data and DRWP-Model becomes clear by avoid-
ing the disturbances of the noise components. In this selection
we are not required to set initial phase of the orbital motion in
DRWP-Model.

For this approach, however, we are required to employ an ap-
proximation that we call here “eclipse approximation”. We here
consider a case of time ¢ dependent sinusoidal functions f{¢)
which appear in DRWP-Model as combination of terms, as

f(t) = Alcos(Qo,pt + @orp) + kK c0s(20orpt + Porp)]

— Blcos(Qorpt + @orp) + K c0s(200rpt + Porp)]-

(68)
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where the term with Q , #+¢, , in the argument of the function
is for orbital motion of the SMBHs and the term with cos(2Q
t+¢,,, ) in the argument of the function is for ecliptic effects, of
SMBHB, that occur twice during one orbital rotation. A and B

in eq. (68) are time independent coefficients that appear in equa-
tions from eq.(9) to eq.(11) and eqs.(41) and (42). In this model
of the eclipse approximation, we change eq. (68) to following
form,f, (7), as

fa(t + 1) = A[cos(Qorpt + Porp/2) + K c0S(2020rpt + Porp)]
— B[sin(Qo,pt + @orp/2) + K Sin(20prpt + Porp)].

where T = Qo /2001

(69)

By this approximation, then, we are not required to select ¢, , value in the resulted absolute value of the Fourier transformation as
reasoning is given below.
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Figure 11. Absolute values of results of Fourier transformation with respect to the DRWP-Model expressed by eq.(42), employing
the eclipse approximation to reduce the phase parameter , (see Sub Sec. 6.2.1)), corresponding to two examples of the EHT-Data
obtained by baselines LM-SM (panel (A-1) and (A-2)), and SM-SP (panel(B-1) and (B-2)). Results of DRWP-Model corresponding
to the medium length baseline LM-SM are given for the model function sampled with homogeneous sampling timing of 10 sec
interval (Proper Spectra) in panel (A-1), and for the model function sampled with the specific timing synchronized with DSTW of
EHT-Data (DSTW Spectra) in panel (A-2). In panels (B-1) and (B-2) results for the long length baseline SM-SP are given for the
Proper Spectra and DSTW Spectra of DRWP-Model respectively. The Fourier transformed results given with relative level resulted
from the amplitude between -1 to 1 of the model function are given versus the analyzing periods, with unit sec, given in the abscissa
of all panels from 400 sec to 4000 sec; in each panel, all 30 cases of the orbiting period of SMBHB of the DRWP-Model are plotted
with corresponding colors given in the top part of the diagram.

That is, the Fourier transformation F(w) is expressed by

F(w) = f " a4+ Dem 9t de = f " F @60 4 = Fy(w)elwr,  (70)
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Figure 12. Real time plots of EHT Data from Day 96 Hi CASA pipeline for two example observations by LM SM baseline and SM
SP baseline where all EHT Data and DRWP Model are plotted corresponding to the EHT observation times given by UT with hour
unit. The observations are made intermittently with characteristic time window (DSTW) . The calculated points of DRWP Model
(green curves) for example cases with SMBHB orbiting period, T ,=2195 sec, and with the initial phase angle ¢, =20 deg are
plotted as example case ; the generation timing of the DRWP Model is synchronized with DSTW of the EHT observation though the

plots are made with continuous curves.

When we rewrite F (w) with absolute value |F (w)| and phase function 8(w), it follows that

F(w) = |F;(w)] - exp[i((w) + wT)].

From this expression, we can easily conclude that |F(w)| is com-
pletely free from .

In this case of eclipse approximation the geometrical relation of
the SMBHs s relative to the real alignment of SMBHB is depicted
in Figure 10. Because no harmful change is made to the orbital
motions and also for orbiting period at all, we are allowed to
apply this model for simplicity by avoiding to introduction of
additional parameters such as the initial phase for orbits of the
SMBHB.

6.2.2 Features of Fourier transformation of DRWP-Model
Before progressing to the FCED (comparison of the EHT-Data
with the DRWP-Model), we here display the result of analyses
of Fourier transformation and MDFT for DRWP-Model corre-
sponding to two selected EHT-Data observed by the baselines
LM-SM and SM-SP. In Figure 11, the absolute values of results
of Fourier transformation with respect to the DRWP-Model ex-
pressed by eq.(42), employing the eclipse approximation to re-
duce the number of parameter, as describing in Sub Sec. 6.2.1,
are displayed corresponding to two examples of the EHT-Da-
ta obtained by baselines LM-SM (panel (A-1) and (A-2)), and
SM-SP (panel(B-1) and (B-2). The Fourier transformed results
given with relative level resulted from the amplitude between -1
to 1 of the model function are given with respect to the analyzing
periods, with unit sec, given in the abscissa of all panels from
400 sec to 4000 sec; in each panel, all 30 cases of the orbiting
period of SMBHB of the DRWP-Model are plotted with the cor-
responding colors given in the top part of the diagram. In panels
(A-1) and (A-2) results for the medium length baseline LM-SM
are given respectively for the model function sampled continu-
ously at 10 sec interval (Proper Spectra), and that for the model
function sampled with the specific timings synchronized with
the DSTW of EHT-Data (DSTW Spectra).

(71

The Proper Spectra given in panel (A-1) is a manifestation of
the complicated time dependent variation of the DRWP-Model
expressed by from egs. (33) to (40); the principal feature of this
Proper Spectra is represented by a large peak centered around
2000 sec suggesting the correspondence to the orbiting period
of the DRWP-Model but the peak periods are not exactly show-
ing orbiting periods. The frequencies corresponding peaks of the
Proper Spectra are modified through interaction of complicated
coupling processes given in egs. (33) ~ (40). In shorter peri-
od range than the orbiting period, we can see three peaks with
periods given as higher harmonics of modified orbiting periods
caused by nonlinear characteristic, of the visibility function,
which is also expressed by eqgs. (33) ~ (40). In panels (B-1) in
Figure 11, results for the long length baseline SM-SP are giv-
en for the Proper Spectra . Different from the case of medium
range of baseline length, the spectra become complicated with 8
peaks as results of expanded baseline length. Even the principal
peak which would reflect the orbiting periods of SMBHB model
shifts largely towards the side of the longer analyzing period
which suggest modification of angular velocity £ . of the orbit-
ing SMBHB to 2 -m{2 under the effect of the earth rotation
with angular velocity {2, (m is arbitrary integer below 6) in the
model function corresponding to equations from eqs.(33) ~ (40).
To show real time features of the DSTW (see SubSec 6-1) be-
fore the Fourier transformation, we have plotted EHT-Data in
Figure 12, together with DRWP-Model as the function of real
time. Though DRWP-Model is connected by continuous curves
the sampled values for the Fourier calculation are completely
synchronized with the DSTW of EHT-Data. It is remarkable that
the EHT-Data and the DRWP-Model are sampled with the tim-
ings same with the DSTW of the EHT observation with pauses
of some characteristic periods around 1000 sec to 1100sec . By
this quasi periodic sampling interval the Fourier transformation
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of EHT-Data and also synchronized sampling DRWP-Model
are largely altered from the Proper Spectra in panel (A-1) to the
DSTW affected Spectra in panel (A-2) for LM-SM baseline data,
and from the Proper Spectra in panel (B-1) to DSTW affected

the comparison of the Fourier transformation of EHT-Data and
DRWP-Model then we use spectra largely affected by DSTW
rather than the usage of direct Fourier transformation, as has
been explained in Sub Sec. 6.1.

Spectra in panel (B-2) for SM-SP baseline data. In the process of
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Figure 13. Absolute values of Fourier transformation results under the constraint of the common DSTW of the EHT-Data, Day96
Hi-CASA, SM-SP baseline with respect to the analyzing period, 27/ ® ranging from 400sec to 4000sec. Results are indicated for
EHT-Data( black curves; as D(®) corresponding to eq.(60)), for DRWP-Model ( green curve; as Mod(w) corresponding to egs. (42)
and (63)) and QRN-EHT (DSTW controlled random noises) S(®) (red curve; corresponding to egs.(56) to (58)). DRWP-Model,
Mod(m) is selected as a representative orbiting period of 2190 sec from 30 periods in a range from 2100 to 2245 sec prepared in

DRWP-Model as parameters.

6.2.3 Significance of the sensitive dependence on the orbiting
period of SMBHB

Seeing Figure 11 where the results of the Fourier transformation
of DRWP-Model, under the constraint of DSTW are displayed,
we emphasize that though proper Fourier transformed results
are altered due to convolution effects with DSTW spectra, the
Fourier transformed DRWP-Model shows extremely clear de-
pendence on the parameters of the orbitals period of SMBHB
through entire period range of the spectra. It is promised that we
can select correct orbiting period of SMBHB from the EHT-Data
by identifying coincidences with DRWP-Model. As given in eq.
(66) we use the MDFT for FCED processes where the DSTW
modulated proper spectra for EHT-Data and DRWP-Model are
compared in the form of MDFT with adjustment by relatively set
coefficients &, and a,,. Under such modification and adjustment,
however, it is significant that there remain sensitive dependence
on the SMBHB orbiting period in the MDFTs for DRWP-Model.
Thus we can complete FCED by selecting the best fitting pa-

rameter in DRWP-Model with the EHT-Data that is also mod-
ified as MDFT with the same algorism to have MDFT for the
DRWP-Model.

7 Comparison of EHT-Data and DRWP-Model via Fourier
Transformed Function

7.1 General

To apply the Fourier transformation method to the FCED (find
coincidence of the EHT-Data with DRWP-Model), we selected
five cases of the baselines of EHT observations; two of these
are AZ-SP and SM-SP which have long baseline length around 8
G range and another two cases are AZ-SM and LM-SM which
have medium baseline length around 3 to 4 GArange. As a
short baseline case we have selected the data of AZ-LM with the
baseline length around 1 GAwhich is scarcely out of the limiting
zone to detect the orbit of SMBHB. Hereafter we will follow the
processes given in Sub Sec.6.1 for comparison of EHT-Data and
DRWP-Model with selected observation data (EHT-Data).
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Figure 14. Comparison of the modified Fourier transformed functions (MDFT) |D(w)|/ |S(w)| for EHT-Data (black curve) and
MDFT, |Mod(w)|/|S(w)| for DRWP-Model with 30 orbiting periods of SMBHB (given by corresponding colors). Results are dis-
played for the FCED as function of the analyzing period, 2n/® ranging from 400sec to 4000sec.

7.2 The Case of Day 96 Hi-CASA SM-SP baseline data

In Figure 13, comparisons of the direct Fourier transformation
results under the constraint of the common DSTW are displayed
with respect to analyzing periods from 400sec to 4000sec, for
EHT-Data( black curves) as D(w) corresponding to eq.(60), for
DRWP-Model ( green curve) as Mod(w) corresponding to egs.
(42) and (63) and QRN-EHT (DSTW controlled random noises)
S(w) (red curve: averaged for 10 cases after Fourier transforma-
tion) corresponding to eqs.(56) ~ (58). The direct Fourier trans-
formation of DRWP-Model, Mod(m) is selected for period 2190
sec as a representative orbiting period from prepared 30 orbiting
periods in a range from 2100 to 2245 sec. The features of three
Fourier transformation results show similar trend with respect to
the analyzing periods arising from common DSTW effects and
from random noises associated with EHT-Data because of low

signal to noise ratio in a range from 0.5 ~ 6 (See Secs,3 and 5);
similarity between black and red curves becomes clear in the an-
alyzing period 900 to 1500 sec. Though we may state rough sim-
ilarity between the three results, however, no clear conclusion
is able to be drawn because the displayed spectra of EHT-Data
and DRWP-Model are resulted from the convolution between
each proper spectrum and the Fourier transformation of DSTW,
S(w) that is proportional to the spectra of QRN-EHT whose
occurrence are synchronized with DSTW (see eq.(61)). For the
complete confirmation of the results towards the FCED, we are
required to have a sophisticated handling of Fourier transformed
function as given by eq.(66). To pursue this processes we cal-
culated MDFT (see Sub Sec.6-1) both for direct Fourier trans-
formation D(w) for EHT-Data (see eq.(62) ) and direct Fourier
transformation Mod(w) for DRWP-Model (see eq.(64)).
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Figure 15. Selection index Selnd to evaluate the coincidence of MDFT for EHT-Data and MDFT for DRWP-Model. Calculated
Selnds are displayed versus the orbiting period of SMBHB taking noise reduction coefficient o, as parameter by adjusting coeffi-
cient o, to be 0.49 to make the level of EHT-Data equal to the amplitude of DRWP-Model. The results show that the best fit condi-
tion between EHT-Data and DRWP-Model occurs at the orbiting period of 2190 sec for o =0 ~0.1.
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In Figure 14, we plot the MDFT for EHT-Data together with the
MDFT for DRWP-Model with 30 cases of the orbiting periods
of SMBHB of the DRWP-Model. We can see clear similarity
here, between the MDFTs for EHT-Data and DRWP-Model.
And these results show possibility that we are able to select a

10

parameter of the orbiting periods from given 30 cases to find the
best fitting orbiting period. Thus, to evaluate the coincidence of
the MDFT for EHT-Data versus the MDFT for DRWP-Model
associated with 30 cases of the orbiting periods from 2100 sec to
2245 sec, we define the selection
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Figure 16. Final results showing coincidence of the MDFT for EHT-Data (black curve) and the MDFT for DRWP-Model (green
curve). Via the identity of the results, it can be concluded that the EHT-Data have definitely the component of the steady time vari-
ation coinciding with the SMBHB orbiting period of 2190 sec prepared in DRWP-Model.

index Selnd ,as

[SeInd(T,,p, B,)]?

m=1

where G,,.(T+T )and G, .(T +T_,T, )are MDFT s for EHT
Data and for DRWP Model as the function of analyzing peri-
od of T +T  sec respectively; for DRWP Model 30 functions
are expresses with corresponding orbiting period T, ,. The both

|D(21/Tm)

Gerr(Tm) =15 /T,

and

33 et onleitpo o)

GEHT TO +T ) Q’D]Z + [Q’MGMod (TO +T,, Torb)]z

(72)

functions G,,,..(T+T )and G, (T +T T, ) are defined by re-
writing the left hand side of eq.( 66 ) and also right hand side of
eq.( 66 ) by expressing T, explicitly, as

(73)
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Figure 17. Same with Figure 13, for Day 97 Hi-HOPS AZ-SP baseline data. Reflecting the evidence of the longest baseline length
of 8.48 GA (in average), the spectra structure of observed EHT-Data show several identical components, corresponding to spectra
structure of the DRWP-Model, selected for the case of the orbiting period of 2180sec, even spectra are results of convolution with

spectrum of the DSTW.

|M0d(2n'/Tm y Torp )]

GMod (Tm' Torb) =

For calculation of the Selnd index to estimate the coincidence of
MDFT for EHT-Data and MDFT for DRWP-Model, we are al-
lowed to select the range of T in a range where the modulation
effect of the orbital motion of the SMBHB is clearly, dominant
and sensitive under the condition of existing background noises
which are generated with spectra of various time variations in
the turbulent plasma co-existing with the spectra of the modula-
tion with period of SMBHB orbital motion in SgrA*. In eq.(72),
then, 7, indicates the starting point of the calculation of the

|Dy, 21/ Ti)

(74)
coincidence index, Selnd in term of the analyzing period .

In Figure 15, the selection index Selnd to evaluate the coinci-
dence of MDFTs for EHT-Data and for DRWP-Model is indicat-
ed with respect to the orbiting period of SMBHB taking noise
reduction coefficient a,, (see eq.(66) ) as parameter by adjusting
coefficient a, =0.49 (see eq.(66)) to equalize the amplitude of
DRWP-Model to the
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Figure 18. Same with Figure 14, for comparison of MDFTs for EHT-Data, Day 97 Hi-HOPS AZ-SP baseline (black thick curb) and
for the DRWP-Model with 30 orbiting periods of SMBHB (given by corresponding colors).

level of EHT-Data after reduction of included noises. The results
show that the best fit point between MDFTs for EHT-Data and
for DRWP-Model occurs at the orbiting period of 2190 sec, in
this case. Based on this evaluations we confirm FCED by con-
firming the coincidence of two MDFTs in Figure 16, where final
results show the coincidence of the MDFT for EHT- Data (black
curve) and the MDFT for DRWP-Model (green curve). Thus, it
can be concluded that the EHT-Data have definitely the compo-
nent of the VSCAT (Variation with short characteristic time) of
steady time variation coinciding with an SMBHB orbiting peri-
od 0f 2190 sec prepared in DRWP-Model; it should be remarked

-
N

that the eclipse effect is associated SMBHB orbital motions add-
ing VSCAT with the half of the orbital period of 1095sec.

7.3 The case of Day 97 Hi-HOPS AZ-SP baseline data

In Figure 17, results of three direct Fourier transformations for
EHT data in the case of Day 97 Hi-HOPS AZ-SP baseline
observation ,for corresponding QRN-EHT, and corresponding
DRWP-Model selected for the orbiting period 2180 sec are in-
dicated. Reflecting the evidence of one of the longest baseline
length of 8.48 G\(average), the
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Figure 19. Same with Figure 15 for the selection index Selnd to evaluate the coincidence of MDFT for EHT-Data and MDFT for
DRWP-Model with respect to the case of EHT-Data, Day 97 Hi-HOPS AZ-SP baseline. The results indicate that the best fit condi-
tion (the minimum of Selnd) between EHT-Data and DRWP-Model occurs at SMBHB orbiting period of 2180 sec.
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structure of spectra of observed EHT-Data becomes complicat-
ed showing several peaks even under the control of the DSTW.
Though the spectrum is convolution with the spectrum of DSTW
that is close to QRN-EHT spectra given by the red curve, there
are more than 8 peaks in the spectrum of EHT-Data which
are almost identical with the DSTW affected spectrum of the
DRWP-Model that is selected for the case of the orbiting period
of 2180sec.

As the case of Day 96 Hi-CASA SM-SP baseline data, we apply
the method to calculate MDFT using DSTW spectrum S(®) to
confirm FCED. In Figure 18, the calculated MDFTs for EHT

Data |D(w)|/|S(w)| and for the DRWP Model |Mod(w)| /
|S(w)| with corresponding 30 cases of the orbiting periods of
SMBHB, are indicated with respect to the analyzing period from
400 sec to 4000 sec for the case of Day 97 Hi HOPS AZ SP; we
can see that plots of MDFT for the DRWP Model with param-
eters of corresponding SMBHB orbiting periods are distributed
around the MDFT of EHT Data with systematic features from
which we are able to find the best fitting case. For the selection
of the best fit case, then, we have calculated the selection index
Selnd given by eq.(72); the results are given in Figure 19 where
the selection index Selnd is indicated as the function of the or-
biting period of SMBHB taking noise
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Figure 20. Same with Figure 16 to show concluding results for the coincidence of the MDFT for EHT Data (black curve) Day 97 Hi
HOPS AZ SP baseline with MDFT for DRWP Model (green curve) at the SMBHB orbiting period of 2180 sec.

reduction coefficient o, (see €q.(66)) as parameter by adjusting
coefficient as @, =0.1 (see eq.(66)) that is decided to make the
level of EHT-Data equal to the amplitude of DRWP-Model. The
results show that the best fitting point of MDFTs for EHT-Data
and for DRWP-Model occurs at the orbiting period of 2180 sec,
in this case, with the noise reduction coefficient o, =0.3. Based
on this evaluation we can confirm the coincidence of two MD-
FTs in Figure 20 where we can see finally selected results that
show the coincidence of the MDFTs for EHT-Data (black curve)
and MDFT for DRWP-Model (green curve). We can conclude
that the EHT-Data have also the component of steady time vari-

ation coinciding with the SMBHB orbiting motions with period
0f 2180 sec.

7.4 The Cases of Medium Baseline Length

As the cases of medium baseline length of the EHT-Data, we
have selected the cases Day 97 Hi-CASA LM-SM baseline data
and Day96 Hi-HOPS AZ-SM baseline data; in Figure 21, the
results of three direct Fourier transformation in the case of LM-
SM baseline (in panel (A)) and those in the case of the AZ-SM
baseline (in panel (B)) are
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Figure 21. Same with Figure 13, for two cases of EHT-Data Day 97 Hi-CASA LM-SM baseline (Panel A) and Day 96 Hi-HOPS
AZ-SM baseline (Panel B). The features of three direct Fourier transformation in the case of LM-SM are reflecting the characteris-
tics of medium baseline length visibilities around 3 to 4 G\ where the spectrum of EHT-Data shows co-existence with white noise
component coinciding with tendency of QRN-EHT spectrum in several analyzing period ranges. The spectrum of EHT-Data of AZ-
SM shows same characteristics with the case of LM-SM; however, there is unusual feature where the spectrum shows decreasing
level in the period range from 2000 sec to 3000sec departing from DSTW (red curve).
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Figure 22 Same with Figure 14, for comparison of MDFT for EHT-Data Day 97 Hi-CASA LM-SM baseline (Panel A) and Day
96 Hi-HOPS AZ-SM baseline (Panel B). In each panel MDFT for EHT-Data (black thick curb) and MDFT for DRWP-Model with
30 orbiting periods of SMBHB (given by corresponding colors) are plotted versus the analyzing period from 400sec to 4000sec.

indicated. The features of combinations of displayed three Fourier transformation results are reflecting the characteristics of medium
baseline length visibilities around 3 to 4 GA where the spectrum of EHT-Data shows features of co-existence with
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Figure 23. Selection index Selnd to evaluate the coincidence of MDFT for EHT-Data and MDFT for DRWP-Model same as Figure
15. Selnds are calculated versus the orbiting period of SMBHB for the EHT-Data Day 97 Hi-CASA LM-SM baseline (Panel A) and
Day 96 Hi-HOPS AZ-SM baseline (Panel B) taking noise reduction coefficient o) as parameter with adjusting coefficient o, (=0.29)
that is set to make the level of EHT-Data equal to the amplitude of DRWP-Model. The results show that the best fit point of MDFTs
for EHT-Data and DRWP-Model is revealed for the case of orbiting period of 2210 sec with noise reduction rate «,=0.6 for LM-SM
baseline and the orbiting period of 2125 sec with noise reduction rate o, =0.4 for AZ-SM baseline.
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Figure 24. Final results showing coincidence of the MDFT for EHT-Data (black curve) and the MDFT for DRWP-Model (green
curve) for two cases of the medium range baseline length observations of EHT-Data Day 97 Hi-CASA LM-SM (Panel A) and Day
96 Hi-HOPS AZ-SM (Panel B) . In the case of LM-SM baseline observation, it can be concluded that the EHT-Data have definitely
the component of steady time variation coinciding with the SMBHB orbiting period of 2215 sec. In the case of AZ-SM baseline ob-
servation, however, the evaluation of coincidence becomes critical though there are sufficient identical ranges of analyzing periods

for MDFTs for EHT-Data and DRWP-Model.

increased rate of white noise components. That is, there ap-
pear the tendency of the similarity between trends of MDFTs
of EHT-Data and spectrum of QRN-EHT in several analyzing
period ranges. Though the spectrum of EHT-Data of AZ-SM
given in panel (B) shows same characteristics with the case of
LM-SM, there is one unusual feature in the period range from
about 2000 sec to 2500 sec of the analyzing period which could
be attributable to some unknown unnatural cause which resulted
forced depressing of the EHT-Data.

In Figure 22, the MDFT, |(D(w)|/ |(S(w)|for the EHT-Data of
Day 97 Hi-CASA LM-SM baseline and the MDFT for the
DRWP-Model |Mod(w)|/|S(w)| with corresponding 30 cases of
the orbiting periods of SMBHB , are indicated in panel (A); and
the case of Day 96 Hi-HOPS AZ-SM baseline is given in Panel
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(B). In each panel, the MDFT for EHT-Data is indicated as func-
tion of the analyzing period from 400sec to 4000sec with black
thick curb, meanwhile MDFTs, for DRWP-Model with param-
eters of 30 orbiting periods of SMBHB given by correspond-
ing colors are plotted as function of the analyzing period from
400sec to 4000sec. In the displayed diagram in the panel (A),
we can see that plots of the MDFT for DRWP-Model indicating
clear dependence on orbiting periods are distributed around the
EHT-Data suggesting the possibility to select best fitting case of
the SMBHB orbiting period in the analyzing period range below
3000 sec. In the case of panel (B) with respect to the AZ-SM
baseline, apparent depression of the MDFT for EHT-Data is dis-
closed in the analyzing period between 2000 sec and 3000sec as
predicted before calculating MDFT at the stage of DSTW
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Figure 25. Results of Fourier transformations under the effects of DSTW of EHT-Data for baseline AZ-ML observation compared
with averaging Fourier transformations for 10 sets of QRN-EHT. The EHT-Data are selected from 4 cases as Day 96 Hi-CASA
(Panel A), Day 96 Lo-CASA, (Panel B) , Day 97 Hi-HOPS (Panel C) and Day 97 Lo-CASA (Panel D). Results are displayed versus
the analyzing period 2w® from 400sec to 4000 sec ; in all cases, there are good coincidences between Fourier transformed EHT-Da-
ta, D(w) and Fourier transformed QRN-EHT, S(w) suggesting that MDFT for EHT-Data constantly becomes the unity in the whole
analyzing range except for fractionally small deviations.
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controlled Fourier transformation given in Figure 21. Then, we
have avoided this analyzing period range between 2000 sec and
3000sec for calculation of Selnd. In Figure 23, the selection in-
dex, Selnd to evaluate the coincidence of MDFT for EHT-Data
and MDFT for DRWP-Model are indicated with respect to the
orbiting period of SMBHB for the cases of EHT-Data ,Day 97
Hi-CASA LM-SM baseline in Panel (A) , and the case of Day
96 Hi-HOPS AZ-SM baseline, in Panel (B), taking noise reduc-
tion coefficient a,, as parameter after taking level adjust coeffi-
cient as o, =0.29 both for the LM-SM and AZ-SM baseline data.
The results show that the best fit point of MDFTs for EHT-Data
and for DRWP-Model occurs at the orbiting period of 2210 sec
for the case of noise reduction rate o, =0.6 for LM-SM baseline
and the orbiting period of 2125 sec taking noise reduction rate
as 0,=0.4 for AZ-SM baseline. For the results of FCED of the
medium range baseline length observations of EHT-Data, it is
noted that the noise reduction coefficients are in the range 0.4 ~
0.6 which are apparently larger than the case of long baseline
length observations where the noise reduction coefficients (see
Appendix D for details) are in the range 0.1 ~ 0.3.

After determination of the orbiting periods, the final confirma-
tion of comparison of MDFTs for EHT-Data and DRWP-Model
are made as given in Figure 24 where final results are displayed
for two cases of the medium range baseline length observations
of EHT-Data corresponding to Day 97 Hi-CASA LM-SM in
Panel (A) and corresponding to Day 96 Hi-HOPS in Panel (B)
showing coincidence of the MDFT for EHT-Data (black curve)
and the MDFT for DRWP-Model (green curve). In the case
of LM-SM baseline observation, it can be concluded that the
EHT-Data have definitely the component of steady time vari-

Table 3 Total List of Analyzed SMBHB Orbiting Period

ation coinciding with the SMBHB orbiting period of 2215 sec
expressed by the coincidence of two MDFTs for EHT-Data and
DRWP-Model.

In the case of AZ-SM baseline observation, the evaluation of co-
incidence becomes critical though there are sufficient identical
analyzing period range of MDFTs for EHT-Data. It is clarified
that estimated inclusion of the random noise component is in-
creased by about 1.6 times for the case of AZ-SM data compared
with the case of LM-SM.

7.5 The case of Short Baseline Length

In Figure 25, results of Fourier transformations under the ef-
fects of the DSTW of the EHT-Data for baseline AZ-ML, are
displayed as cases of the short baseline length observation, com-
pared with averaged spectra of QRN-EHT by selecting 4 cas-
es as Day 96 Hi-CASA ,in Panel (A), and Day 96 Lo-CASA,
in Panel (B); and Day 97 Hi-HOPS in Panel (C), and Day 97
Lo-CASA ,in Panel (D) . Results are displayed with respect to
the analyzing period 2w®,from 400sec to 4000 sec; in all cas-
es, clear coincidences arise between the Fourier transformed
EHT-Data D(®w) and Fourier transformed QRN-EHT, S(®) sug-
gesting that the MDFT for the EHT-Data show constantly the
unity (|D(w)|/|S(w)| =1) in the whole analyzing range except for
fractionally small deviations.

By complete identification of the EHT-Data and QRN-EHT
which result the constant, MDFT value of unity for the EHT-Da-
ta, it is indicated that no apparent room is left for coincidence
between the MDFTs for DRWP-Model which reveal

Baseline Day Frequency Pipeline Period (sec) a, ay Min Selnd
AZ-SP "96" Hi CASA 2185 0 1.26 0.48
Hi HOPS 2220 0 0.72 0.459
Lo CASA 2235 0 0.6 0.411
Lo HOPS 2240 0.3 0.6 0.506
"g7" Hi CASA 2200 0.2 0.48 0.51
Hi HOPS 2180 0.4 0.33 0.605
Lo CASA 2220 0.3 0.4 0.417
Lo HOPS 2225 0 0.48 0.611
Average 0.14 0.6
SM-SP  "96" Hi CASA 2190 0 0.7 0.274
Hi HOPS 2140 0.2 0.56 0.613
Lo CASA 2215 0.4 0.48 0.664
Lo HOPS 2140 0.4 0.24 0.624
"g7" Hi CASA 2190 0 0.5 0.462
Hi HOPS 2170 0 0.6 0.382
Lo CASA 2195 0.1 0.2 0.67
Lo HOPS 2190 0.5 0.36 0.374
Average 0.2 0.45
LM-SM  "96" Hi CASA 2175 0 0.39 0.465
Hi HOPS 2150 0.1 0.2 0.696
Lo CASA 2195 0.3 0.24 0.514
Lo HOPS 2175 0 0.26 0.63
"g7" Hi CASA 2235 0.7 0.48 0.575
Hi HOPS 2195 0.5 0.36 0.423
Lo CASA 2205 0.2 0.24 0.506
Lo HOPS 2175 0.3 0.32 0.429
Average 0.26 0.31
Average 2193.3
STD 27.5
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variations of level corresponding to given orbital period of SMBHB. We can understand this evidence as that the EHT-Data AZ-ML
with baseline length of 1.18 GA (average) are out of limits for detecting the orbit of the existing SMBHB.

7.6. Final Decision of Orbiting Period of the SMBHB

In Table 3, the total list of SMBHB orbiting periods as analyzed
by the MDFT methods which are described in Sec.6 for the prin-
ciple, and Sub. Secs 7.1~ 7.5 for actual application as example
cases are further listed by expanding the number of examples to
24 cases, to determine the proper SMBHB orbiting period. We
list also the Selnd, o, and «,, ,in Table 3, for the cases of the
best fit between MDFTs for EHT-Data and for DRWP-Model
which are evaluated as minimum of the Selnd; that is, the
indices show minimum difference of the MDFTs for EHT-Data
and for DRWP-Model. The examples of the analyzed data are
selected from the data with baselines AZ-SP, SM-SP and LM-
SM where the baseline lengths are longer than 4G\ considering
the sufficient signal ( modulation by the existing SMBHB) to
noise (emissions independent to SMBHB motion) ratio based on
the estimation given by eq.(27) and evidences of example cases
given Sub Secs. 7.1 ~ 7.5. To show reasoning that the varia-
tion of the deduced orbiting periods is not attributable to the real
variability of the proper orbiting period of SMBHB, but to the
numerical fluctuation due to the noise disturbance in analyzing
data, we have selected all eight possible data for each of the
three selected baselines ; that is, we are given data from obser-
vations on two days, Day 96 and 97 at the two center frequen-
cies , Hi and Lo ; and all these 4 data are calibrated and made
correlation by two data handling pipelines CASA and HOPS, ,as
expressed in the Table 3.

All 24 data are analyzed by MDFT (Modified Fourier transfor-
mation) methods following the procedures that are described in

Sub Secs. 7.2 ~ 7.4, in detail. The selection of the orbiting period
given in DRWP-Model as 30 parameters from 2100 sec to 2245
sec, has been made utilizing the defined Selnd as has been giv-
en in eq.(72). To form eq. (72), we search for two constants a,,
and a,, as has been explained relating to €q.(66). With respect to
a,,, significance is only limited for the numerical adjustment be-
tween two independently generated quantities; however, o, has
physical significance because the coefficient is tightly connected
to the signal to noise ratio as details are explained in Appendix
D. It is clarified that as given in Table 3, average a,, values of
the results of AZ-SP, SM-SP and LM-SM baselines are 0.14,
0.2 and 0.26 respectively. By looking up the Table 4 (see Ap-
pendix D), then, we understand that the ratio of P_(w)*S(w) to
N,S(w), i.e., representing the signal to noise ratio , are 3.5, 2.3
and 1.8 respectively for AZ-SP , SM-SP and LM-SM baseline
data.

About results of the decided orbiting period of SMBHB by anal-
yses in Sub. Secs. 7.2 ~ 7.5 for which the results are also listed in
the Table 3, it is apparent that the differences in the obtained or-
biting periods are caused by independently coexisting noises in
each corresponding datum because the analyzed orbiting periods
are resulted by the observations made at the same time and using
same devices when we analyze the data of the same baseline of
VLBI. To decide a stable proper orbiting period of the SMBHB,
therefore, we are allowed to average the analyzed orbiting peri-
ods listed in Table 3. Thus, the result gives a period of 2193.3
sec with the standard deviation of 27.5 sec as the proper orbiting
period of the existing SMBHB.

Table 4

ap versus P.(w)*S(w) and N, S(w)

P (w) * S(w)

N;.S(w) 0.1 0.2 0.3 0.4 05 06 0.7 0.8 0.9 1
0.1 | 0414 0.236 0.162 0.123 0.099 0.082 0.071 0.062 0.055 0.049
0.2 | 0618 0.414 0.302 0.236 0.192 0.162 0.14 0.123 0.109 0.099
0.3 0.72 0535 0.414 0.333 0.276 0.236 0.205 0.181 0.162 0.146
0.4 0.78 0.618 0.499 0.414 0.35 0.302 0.265 0.236 0.212 0.192
05 | 0.819 0.677 0.566 048 0.414 0362 032 0.286 0.259 0.236
06 | 0847 0.72 0.618 0535 0.468 0.414 0.369 0.333 0.302 0.276
0.7 | 0.867 0.754 0.659 058 0.514 0.459 0.414 0.375 0.343 0.315
08 | 0882 0.78 0.693 0.618 0.554 0.499 0.453 0414 038 0.35
09 | 0895 0.802 0.72 0.649 0.588 0535 0.489 0.449 0.414 0.383
1 0.904 0.819 0.744 0.677 0.618 0566 0.52 0.48 0.445 0.414

Adv Theo Comp Phy, 2023

Volume 6 | Issue 3 | 157



8. Discussion

8.1 Correctness of MDFT Method

As has been told about DSTW ( Data Sampling Time Win-
dow ) in Sec.6, the EHT-Data are characterized by unique data
sampling timing with pauses that repeat in interval around 1000
sec to 1100sec (see Figure 4, for examples). Apparently this in-
terval or DSTW itself contains its own information which ap-
pears as the convolution of spectra of DSTW together with the
proper spectra for the physical phenomena. Hence, we are un-
able to find the proper spectra for the physical phenomena from
simple Fourier transformation of the observed data. To assess
this problem, in the present work, we employ random noises
whose appearance is synchronized with DSTW that is called
QRN-EHT ( Quasi Random noise synchronized with EHT data

P(0) * S(@)|

|Modp(w) * S(w)|

sampling time window) to produce the spectra S(w) of DSTW
as it has been described in Sec.6 also.

To use S(w) (equivalent to average of the noise spectra D (w)
) to separate the proper spectra P () of the physical phenom-
ena from the direct Fourier transformation D(®) of the DSTW
affected EHT -Data, we do not apply the deconvolution process-
es but instead use the method of the MDFTs (Modified Fourier
transformation) which are expressed by egs. (62) and (64), re-
spectively as |D(w)| / |S(w)| for the DSTW affected EHT-Da-
ta and|Mod(w)| / |S(w)| for the DSTW affected DRWP-Model.
Therefore, if there is no noise, to obtain the relation given by
€q.(66) , in Sec.6, means that

Da(w)] ™

where Modp (w) is the proper spectra of DRWP-Model (see
eq.(64) and Figure 11) .

In real cases, the EHT-Data contain almost equivalent lev-
el of noises modulated by the same DSTW then we are trying
to approach the concept of this expression eq.(75) by adjust-
ing @, in eq.(66) which are shown in Figures 15, 19, and 23.
The point of discussion is whether we are able to conclude that
P (w)=a,M odp(a)) or not by this procedure. When two results

1Dy (w)]

(75)

of MDFT coincide for all discussing w, no room is left to negate
the coincidence P (w)=a, M odp(w). The problem occurs when
two MDFTs coincide partially, e.g.by 80% for an example. One
of point to evaluate the coincidence of two MDFTs is to investi-
gate the coincidence of remarkable peaks for occurring frequen-
cies or periods. In this context, the MDFT has serious charac-
teristic that the peaks are formed commonly both in MDFT for
EHT- Data and that for DRWP-

Table 5 Effect of 1/D,(w) for Evaluation of Coincidence

Baseline Dn Dip MDFT Peak No Coincidence
SM-SP 11 ( Figure 11) 17 (Figure 13) 2
AZ-SP 19 (Figure 17) 28 (Figure 20) 3
LM-SM 12 (Figure 21) 16 '(Figure 24) 3
AZ-SM 11 (Figure 21) 12 (Figure 24) 3

Model at @ where D, (w) takes minimum. Therefore we are required to investigate the coincidence between two peaks of spectra
of the MDFTs by confirming the existence of o coresponding to coincidences of peeks which are independent to the dip of D, (w).
For this context, we prepare Table 5 where relation of the existing numbers of dips in D, (w) and those in the resulted MDFTs for
EHT-Data for the selected four cases of baselines. The results show that generally peaks in the spectra of MDFT are controlled
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Figure 26. Comparison of Fourier transformed results (black data plots ) of EHT-Data of M87* for observation of EHT campaign
observation on April 6 in 2017 with the High frequency with data reduction pipeline, HOPS and Fourier transformed results ( red

data plots) for QRN-EHT (Quasi Random Noise sampled synchronized with DSTW of EHT-Data).

In panels from (A), to (D), the

cases for the baseline AZ-LM with the average baseline length (ABL) 1.43 G A, for the baseline AA-AZ with ABL 5.30 G A, for
the baseline AP-PV with ABL 6.43 G A and for the baseline AA-JC with ABL 7.02 G A are displayed , respectively. In general, it is
remarkable (with a few exception of minor spectra level) that the Fourier transformations for EHT data and for QRN-EHT coincide

each other; that is, there are no VSCAT in M 87%*.

by D, (w) as predicted; in the cases of long baseline around 8
GA such the cases of SZ-SP and AZ-SP, however, coincidence
of spectra which can attribute to the coincidence of the proper
spectra are apparently indicated.

Based on above arguments then we realize that the role of
MDFT to identify the EHT-Data and DRWP-Model is to pro-
vide the selection function by detecting the fitting parameter in
the DRWP-Model to results the closest ® dependence of two
MDFEFT functions rather than claim complete fitting of two proper
spectra. In Figures 14, and 18, for the EHT-Data of SM-SP and
AZ-SP respectively and in Figure 22 for two cases of EHT-Data
of LM-SM and AZ-SM, we can see the effectiveness of MDFT
for the DRWP-Model by providing role of the selection of or-
biting periods of SMBHB that are given as parameters to form
DRWP-Model which distributed around the MDFT of EHT-Da-
ta. In addition to the selection role of the searching orbiting pe-
riod of SMBHB, - it has also important role that we can separate
random noise component in the observed EHT-Data as indicated
by eq. (66) in Sec.6.

8.2 Comparison with Time Variation of the EHT Observa-
tion Data for M87*

We are allowed to check, whether the method employed in the
present study to analyze the VSCAT (Variation of Short Char-
acteristic Time) in the data of SgrA* contains any self contradic-
tory subjects or not because of the effect of the unique DSTW
of EHT-Data by using the public released EHT-Data, for M87%,
where the same DSTW (data sampling time window) was ap-
plied with the case of EHT-Data for SgrA*.

In Figure 26, we display the comparison of Fourier transformed
results (black data plots ) for the EHT-Data of M87* observed
on April 6 in 2017 and Fourier transformed results ( red data
plots) for QRN-EHT (Quasi Random Noise sampled synchro-
nized with DSTW of EHT-Data ). As examples, we have select-
ed EHT-Data from Hi-HOPS; in panels (A), (B), (C) and (D) in
Figure 26, the cases for the baseline AZ-LM with the average

baseline length (ABL) 1.43 GA, the cases for the baseline AA-AZ
with ABL 5.30 GA, the cases for the baseline AP-PV with ABL
6.43 GA and the cases for the baseline AA-JC with ABL 7.02
G are displayed , respectively. In general it is remarkable (with
a few exceptions associated with minor fractional deviations)
that the Fourier transformations for EHT data and QRN-EHT
coincide each other ; that is, remarkably there is no VSCAT
in the data of EHT for M87*. For this context we find extreme
difference with case of the SgrA* where the relation between
the Fourier transformed results for EHT-Data and the Fourier
transformation for the QRN-EHT change the feature dramatical-
ly with a baseline length threshold around 1~3 G A. That is, in
the case of the SgrA*, the component of the remarkable VSCATSs
appear independently to the DSTW as we can see in Figures 13,
17, 21, contrary to the case of short baseline length as given by
Figure 25.

By analyzing the EHT observation data for M87*, we conclude
that there is no remarkable spectra to consider any periodicity
as effect of SMBHB. Howevere, it is clarified that time varia-
tion spectra associated with M87* are generated with the DSTW
due to the EHT observation procedure. The most apparent point
of DSTW control is revealed as the pervading peaks around
1000~1100sec of the analyzing period of spectra which are con-
firmed as DSTW effects by the occurrence both for the EHT-Da-
ta and QRN-EHT simultaneously. Through entire portions of the
present work, we have pointed out that EHT-Data are artificially
modified by observation pauses which are repeated with period
about 1000sec ~ 1100 sec. It is clearly disclosed that EHT-Da-
ta are largely altered from the prospect to search for the time
variation of the radio emissions including the modulation of the
orbiting SMBHB. Especially, the eclipse effects of the SMBHB
that occur with the period 1098+14 sec are largely affected.

8.3 Relation to the Confirmation by Foregoing Work[17]

In this work, we have focused on the orbital motion of SMBHB
concluded by DRWP study as a binary system, with an orbital
period of 2200£50 sec (see review in Sub Sec.2.1 for other pa-

Adv Theo Comp Phy, 2023

Volume 6 | Issue 3 | 159



rameters). Regarding the possibility of a fast period around 2200
sec, we had reported confirmation in foregoing work where we
interpreted the publish data by Fish et al [5]for the observations
by the VLBI at wavelength 1.3mm. The main differences be-
tween foregoing work[17] and the present work for EHT-Data,
are in two points. The first of the difference is in the utilized
data of the foregoing work where only the absolute value of
the visibility of the interferometer was concerned; therefore the
DRWP-Model for comparison had no phase component. The
second of the difference is baseline length of the observed data
that were observed between California and Arizona, USA with
average length becomes 0.60 GA. Because we utilized only se-
lected data points of extremely large and high S/N ratio, we were
able to identify the existence of SMBH at the SgrA,* only by
coincidence of time varying power of VSCAT even with the
baseline of the short length category. The result of the forego-
ing work then indicated the confirmation of the DRWP-Model
with orbiting period of the possible SMBHB to be 2150+2.5 sec.
The result of present work which give confirmation to the orbit-
ing period of possible SMBHB to be 2193.3£27.5 sec, based on
EHT-Data, is fairly closer to originally proposed period 2200sec
; furthermore the present result gives confirmation to orbit size
and geometry of the orbital plane.

8.4 Constraining to Gravitational Wave Generation

It had already been discussed in the foregoing work[17], (given
in Sub. Sec. 8.3) that the existence of the extreme SMBHB could
be contradictory if we apply the current concept of the generation
of gravitational waves from binaries of compact celestial objects
such as neutron stars and star mass BHs. That is, due to radiation
of the intense gravitational wave energy, it is impossible to exist
such an extreme SMBHB described in the present work. If we
apply the Landau Lifshitz equation [37] to the distance variation
of the binary with parameters that we present (see Sub Sec 2.1
and Figure 1), the two bodies merge within 8 hours.

About this subject, we had published a paper in early 2023 [9]
where we showed the theoretical model confirmed no gravita-
tional waves from the orbiting SMBHB; the content are sum-
marize below. The matter distribution of SMBHs becomes ex-
tremely tenuous compared with the cases of the star mass BHs,
because the averaged matter density follows the inverse square
law with respect to the BH mass. Though the energy of matter
increases to extremely high level cocentrated inside regions of
BH. About the inside matter of a supermassive rotating BH, we
have described the dynamics via classical plasma physics (be-
cause matter density is not extremely high). That is, by selecting
a coordinate close to the free-falling frame along the geodesics
with respect to the interior matter of BH, we can identify the
force balance state described with the formalism of modified
Newtonian dynamics resulted via the Einstein’s equation with
the source term. Then, for a model of uniformly rotating matter
where the main component of plasma rotates about a common
axis with the same velocity close to the light velocity with a
high Lorentz factor (gamma rate), it is concluded that the matter
distribution is condensed to a region with a radius much smaller
than that of the event horizon of the Kerr space time. The grav-
itational waves that are generated via the orbital motion of the
SMBHB, from the condensed matter cease the propagation at
the critical sphere in the vacuum region inside of the event hori-

zon of spinning Kerr space time. The ceased gravitational waves
return back towards the source and encounter with forwarding
waves. At the stage where returning waves encounter with fore-
word waves, the gravitational waves are deformed to standing
waves that carry no energy outside of the event horizon. We con-
clude that no gravitational wave is radiated from the SMBHB.

9. Conclusion

By the observation of the DRWPs (decameter radio wave pulses
) it is concluded that SgrA* consists of SMBHB ( super massive
black hole binary) with member BHs Gaa (temporally called
with mass of (2.27+0.02)x10° Mg) and Gab (temporally called
with mass of (1.94+0.01)x10°¢ Mg) whose orbital velocities
are 18% and 22% of the light velocity, respectively. The two
black holes orbit at a distance around 4.1 x10’km and a period
of 2200+50 sec. These parameters seem extraordinary from a
typical celestial dynamics perspective; hence, we call this bina-
ry system an extreme SMBHB. After publication [8], this result
was investigated by comparing it with the VLBI results observed
via 1.3 mm-radio-waves for Sgr A*. By comparing these against
the DRWP-Model constructed as a source of the 1.3 mm ra-
dio-wave emissions to reflect the radiation environment of the
existing SMBHB, we find that the VSCAT (variation with short
characteristic time) observed by 1.3 mm VLBI by Fish et al
in 2009 [5] coincides with the DRWP-Model giving an orbital
period of 2150+2.5sec.

Based on this background, the presence of an extreme SMBHB,
as concluded by the DRWP observations, is further supported in
the present study by using public data from the EHT where the
full visibility data with timing, baseline length given by u, and v
coordinate, amplitude and phase of visibility, together with sig-
ma of observed values are listed both for observations on April
6 and April 7, in 2017. The data consist of high(229.1 GHz)
and low (227.1GHz) observation frequencies observed by 8 an-
tennas located at worldwide distributed stations are correlated
to obtain the visibility data through two data handling pipelines
rPICARD (CASA) and HOPS. Then we were able to use eight
kind of visibility data from each pair of observation stations
which make 24 pairs in total.

In the present study we did not use the visibility data as regular
usages which have been originally planned for observation by
the EHT; that is, instead to form the static map of radio wave
emission sources we tried to find the time variations of the radio
wave sources. From this perspective, we investigated the data
observed by each baseline individually, rather than using as en-
semble to form so called the dirty map.

To investigate the time variation, we morphologically catego-
rized the EHT visibility data according to the observation base-
line length; these are , the case of short baseline whose length
is shorter than 3 GA, the case of medium baseline whose length
is in a range from 3 GA to 6 GA , and long baseline whose length
is longer than 6 GA. In the case of the short baseline, most vis-
ibilities exhibit long characteristic time variations with large
amplitudes (of the order of Jy) and show discrete forms via the
time passage; the associated short time period (of less than an
hour) is only fractional. The morphological features of the EHT
data change dramatically in the medium length baseline catego-
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ry, where the data oscillate with P-P amplitudes below 2 Jy; we
call this feature of the visibility the “spreading type visibility.”
The EHT report [33] indicates the existence of some systematic
oscillation; however, principal understanding [33,34] concludes
that the time variations are the random noises associated with
intrinsic and stochastically stationary levels of emission from
sources around Sgr A*, except for the orbital motion of the hot
spot in the magnetized plasma.

Independently of the EHTC approach, we consider the oscilla-
tory visibility of the VLBI EHT data to be a mixture of random
noise and radio-wave emissions closely related to the orbital
motions associated with existing SMBHBs. Owing to an orbit
size of 4.1x107 km that is determined by DRWP observations,
the observation for a baseline length of ~3 GA starts to show a
correlated signal to be emitted from the area of orbiting SMBHB
motions (SMBHB signal) when we estimate the distance of Sgr
A* to be 8.3 kpc from the Earth. Through a morphological study
for the cases of medium and long baselines, we roughly esti-
mated the ratio of the SMBHB signal to random noise is to be a
range about from 0.5 to 6.

For the confirmation of the existing SMBHB signal we made
the model of the SMBHB signal, based on the parameters con-
cluded from DRWP observations, that is detectable by 1.3mm
wavelength VLBI of EHT; the model is called DRWP-Model
through out present study. The direct comparisons between EHT
observation data (EHT-Data) and DRWP-Model were made for
three example cases of AP-SM, AZ-SP and SM-SP baselines
of Hi CASA for 96-days observation. Within mixture state of
SMBHB signal and random noise there appeared apparent com-
ponents in EHT-Data which coincide with the DRWP-Model.
Furthermore, we determined the unknown geometric parameter
for SMBHB orbits in the constructed model, from the processes
to find coincidences between the EHT-Data and DRWP-Model;
that is, the orbital plane of the SMBHB was clarified as paral-
lel to the Galactic plane with a margin of +£3° in the direction
perpendicular to the Earth—Sgr A* line. In the direction of the
Earth-SgrA* line there is tilt of the orbital plane by £6° as has
already been decided [17]. Though the direct comparisons of
EHT-Data and DRWP-Model indicated apparent coincidence
suggesting the existence of SMBHB, we took the process as a
pilot role to confirm exact existence of the SMBHB, because we
could not eliminate the disturbances of coexisting large fraction
of random noise ,in the case of the direct comparison. Further-
more, EHT-Data have been sampled with unique DSTW (data
sampling time window) with pauses of quasi periodic intervals
around 1000 to 1100 sec. The DSTWs interfere with the direct
comparison, especially when clarifying the existing periodic
variation of the VSCAT.

Principal tasks to find the coincidences between EHT-Data and
DRWP-Model (FCED) were carried out by utilizing the MDFT
(Modified Fourier Transformation). In the present study it was
clarified that in the case of usage of simple transformation of
the EHT-Data, results were affected by DSTW as convolution of
spectra of DSTW , S(w) (as function of ®=2n/T for analyzing
period T). By applying the Fourier transformation to time series
of random noises sampled with DSTW of EHT which are called

QRN-EHT (Quasi Random signal sampled with timing of EHT
observation), we obtained S(w). The MDFT was defined as Fou-
rier transformed function divided by S(w). Thus we compared
the MDFT for EHT-Data and MDFT for DRWP-Model.

The MDFT method has two advantages. (1) It separates the ran-
dom noise component from the observed EHT-Data. (2) The
MDFTs for DRWP-Model reveals features that are extremely
sensitive to the orbiting period of the SMBHB; thus, we were
able to accurately select possible orbiting periods by finding the
coincidence with the EHT-Data. In the present study, we showed
real processes for managing FCED, utilizing the MDFTs for
the EHT-Data and for DRWP-Model. The EHT-Data for FCED
were selected as first step from Day 96 SM-SP Hi-CASA and
Day 97 AZ-SP Hi-HOPS which belong to the category of the
long baseline; and for Day 96 AZ-SM Hi HOPS and Day 97
LM-SM Hi CASA as medium baseline. By searching the orbit-
al periods of possible SMBHBs in the period range 2100-2245
sec, we obtained the periods for the above data from the SM-SP,
AZ-SP, AZ-SM, and LM-SM baselines, as 2190, 2180, 2125,
and 2210 sec, respectively. To confirm that the variation of the
resulting period is not real variation but a stochastic ambiguity
attributable to existing noise, we analyzed all eight possible data
for each baseline corresponding to SM-SP, AZ-SP, and LM-SM;
and we averaged over the all 24 results obtained by applying the
MDFT method. Thus obtained results give the orbital period of
SMBHB to be 2193.3 sec with the standard deviation of 27.5
sec. We are able to state that time variations revealed by VLBI
observation data of Sgr A* in the 2017 EHT campaign exhibit a
periodicity whose period coincides with the presence of an ex-
treme SMBHB within the error limit at Sgr A*, where a SMBHB
orbits with a period of 2200 £ 50 sec and distance 4.1x107 km
in the plane nearly parallel to the Galactic equatorial plane; we
do not repeat the other already determined parameters for the
SMBHB, instead referring to the foregoing publications [8,17].

Acknowledgement

The present research has been accomplished in the science de-
partment of the graduate school of Tohoku University. The au-
thor is grateful to Prof. Y. Katoh, and Dr. A. Kumamoto, for their
interest and valuable discussions regarding the present work. Fi-
nancial support to continue the present work was provided with
deep understanding of the standpoint of the present work. The
author thanks President Y. Miyazawa of the Seisa Group and
Prof. H. Inoue of Seisa University.

References

1. Zhao, J. H., Young, K. H., Herrnstein, R. M., Ho, P. T. P,
Tsutsumi, T., Lo, K. Y., ... & Bower, G. C. (2003). Variability
of Sagittarius A*: Flares at 1 millimeter. The Astrophysical
Journal, 586(1), L.29.

2.  Miyazaki, A., Tsutsumi, T., & Tsuboi, M. (2004). Intraday
variation of Sagittarius A* at short millimeter wavelengths.
The Astrophysical Journal, 611(2), L97.

3. Eckart, A., Schodel, Q. R., Garcia-Marin, M., Witzel, G.,
Weiss, A., Baganoff, F. K., ... & Zensus, J. A. (2008). Si-
multaneous NIR/sub-mm observation of flare emission from
Sagittarius A. Astronomy & Astrophysics, 492(2), 337-344.

4. Marrone, D. P, Baganoff, F. K., Morris, M. R., Moran, J. M.,

Adv Theo Comp Phy, 2023

Volume 6 | Issue 3 | 161



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Ghez, A. M., Homnstein, S. D., ... & Bower, G. C. (2008). An
x-ray, infrared, and submillimeter flare of Sagittarius A. The
Astrophysical Journal, 682(1), 373.

Fish, V. L., Doeleman, S. S., Beaudoin, C., Blundell, R.,
Bolin, D. E., Bower, G. C,, ... & Ziurys, L. M. (2011). The
1.3 mm wavelength VLBI of Sagittarius A*: Detection of
time-variable emission on event horizon scales. The Astro-
physical Journal Letters, 727(2), L36.

Fish, V. L., Johnson, M. D., Doeleman, S. S., Broderick, A.
E., Psaltis, D., Lu,R. S, ... & Ziurys, L. M. (2016). Persistent
asymmetric structure of Sagittarius A" on event horizon
scales. The Astrophysical Journal, 820(2), 90.

Miyoshi, M., Shen, Z. Q., Oyama, T., Takahashi, R., & Kato,
Y. (2011). Oscillation phenomena in the disk around the mas-
sive black hole Sagittarius A*. Publications of the Astronom-
ical Society of Japan, 63(5), 1093-1116.

Oya, H. (2019). detection of decameter radio wave pulses
from the center part of our galaxy suggesting sources at rotat-
ing super massive black hole binary. TERRAPUB e-Library,
1-50. http://hdl.handle.net/10097/00126480

Storey, L. R. O. (1953). An investigation of whistling atmo-
spherics. Philosophical Transactions of the Royal Society
of London. Series A, Mathematical and Physical Sciences,
246(908), 113-141.

Bell, T. F., & Buneman, O. (1964). Plasma instability in the
whistler mode caused by a gyrating electron stream. Physical
Review, 133(5A), A1300.

Brice, N. (1964). Fundamentals of very low frequency emis-
sion generation mechanisms. Journal of Geophysical Re-
search, 69(21), 4515-4522.

Kennel, C. F., & Petschek, H. E. (1966). Limit on stably
trapped particle fluxes. Journal of Geophysical Research,
71(1), 1-28.

Gumnett, D. A., & Frank, L. A. (1972). VLF hiss and related
plasma observations in the polar magnetosphere. Journal of
Geophysical Research, 77(1), 172-190.

Helliwell, R.A. (1997). Whistler, Discovery of the magne-
tosphere, Series: History of Geophysics ,Edited by Gillmor,
C.S. & Spreiter ,J.R., Vol 7, pp 83.

Demekhov, A. G. (2011). Generation of VLF emissions with
the increasing and decreasing frequency in the magnetosperic
cyclotron maser in the backward wave oscillator regime. Ra-
diophysics and Quantum Electronics, 53(11), 609-622.

Oya, H. (2023). No gravitational wave from orbiting Super-
massive Kerr black hole—a model of matter distribution and
propagation of gravitational waves inside the event horizon.
Eart & Envi Scie Res & Rev, 6(1), 278-332.

Oya, H. (2022). Interpretation of time-varying radio emis-
sions of SgrA* observed by 1.3 Millimeter-Wavelength VL-
BI---with parameters of The super-massive black Hole binary
at SgrA* based on decameter radio wave pulse observations,
Eart & Envi Scie Res & Rev.5(4) ,185-216.

Gillessen, S., Plewa, P. M., Eisenhauer, F., Sari, R. E., Wais-
berg, 1., Habibi, M., ... & Genzel, R. (2017). An update on
monitoring stellar orbits in the galactic center. The Astro-
physical Journal, 837(1), 30.

Akiyama,K., Alberdi, A. Alef,W., Asada, K., Azulay,R,
Baczko,A.-K.,Ball,D.,Balokovi¢,M.,Barrett,J.,Bint-
ley,D....& Ziurys, L. (2019). First M87 Event Horizon Tele-
scope Results. I:The Shadow of the Supermassive Black

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

Hole, The Astrophysical Journal Letters. 875,L1
Akiyama,K., Alberdi, A. Alef,W., Asada, K., Azulay,R
,Baczko,A.-K.,Ball,D.,Balokovi¢,M.,Barrett,J.,Bint-
ley,D.,...& Ziurys,L.(2019). First M87 Event Horizon Tele-
scope Results. II: Array and Instrumentation, The Astrophys-
ical Journal Letters, 875,L.2

Akiyama,K., Alberdi, A. Alef,W., Asada, K., Azulay,R
,Baczko,A.-K.,Ball,D.,Balokovi¢,M.,Barrett,J.,Bint-
ley,D.,...& Yamaguchi,P. (2019). First M87 Event Horizon
Telescope Results. III. Data Processing and Calibration,The
Astrophysical Journal Letters, 875,13

Akiyama, K., Alberdi, A., Alef, W., Asada, K., Azulay, R,
Baczko, A. K., ... & Yamaguti, P. (2019). First M87 event
horizon telescope results. IV. Imaging the central supermas-
sive black hole. The Astrophysical Journal Letters, 875(1),
L4.

Akiyama, K., Alberdi, A., Alef, W., Asada, K., Azulay, R,
Baczko, A. K., ... & Zhang, S. (2019). First M87 event hori-
zon telescope results. V. Physical origin of the asymmetric
ring. The Astrophysical Journal Letters, 875(1), L5.
Akiyama, K., Alberdi, A., Alef, W., Asada, K., Azulay, R,
Baczko, A. K., ... & Yamaguti, P. (2019). First M87 event
horizon telescope results. VI. The shadow and mass of the
central black hole. The Astrophysical Journal Letters, 875(1),
Le.

Akiyama,K.,Alberdi,A.,Algaba,].C.,Anantua,R., Asada,
K.,Azulay,R.,Bach,U., Baczko ,A-K.,Mislav Balokovi¢,M.,
John Barrett, J.....& Zeballos,M.(2022) First Sagittarius A*
Event Horizon Telescope Results. I. The Shadow of the Su-
permassive Black Hole in the Center of the Milky Way, The
Astrophysical Journal Letters, 930, L12

Akiyama, K., Alberdi, A., Alef, W., Algaba, J. C., Anantua,
R., Asada, K., ... & Wouterloot, J.G.A. (2022). First Sagit-
tarius A* event horizon telescope results. I[I. EHT and mul-
tiwavelength observations, data processing, and calibration.
The Astrophysical Journal Letters, 930(2), L13.

Akiyama, K., Alberdi, A., Alef, W., Algaba, J. C., Anantua,
R., Asada, K., ... & Zhao, S-S. (2022). First Sagittarius A*
event horizon telescope results. III. Imaging of the galactic
center supermassive black hole. The Astrophysical Journal
Letters, 930(2), L14.

Akiyama, K., Alberdi, A., Alef, W., Algaba, J. C., Anantua,
R., Asada, K., ... & Chang,D.O. (2022). First Sagittarius A*
Event Horizon Telescope results. IV. Variability, morpholo-
gy, and black hole mass. The Astrophysical Journal Letters,
930(2), L15.

Akiyama, K., Alberdi, A., Alef, W., Algaba, J. C., Anan-
tua, R., Asada, K., ... & White, C. (2022). First Sagittarius
A* event horizon telescope results. V. Testing astrophysical
models of the galactic center black hole. The Astrophysical
Journal Letters, 930(2), L16.

Akiyama, K., Alberdi, A., Alef, W., Algaba, J. C., Anantua,
R., Asada, K., ... & Zhao, S-S. (2022). First Sagittarius A*
event horizon telescope results. VI. Testing the black hole
metric. The Astrophysical Journal Letters, 930(2), L17.
Miyoshi, M., Kato, Y., & Makino, J. (2022). The Jet and Re-
solved Features of the Central Supermassive Black Hole of
M87 Observed with the Event Horizon Telescope (EHT).
The Astrophysical Journal, 933(1), 36.

Fish, V. L., Johnson, M. D., Lu, R. S., Doeleman, S. S., Bou-

Adv Theo Comp Phy, 2023

Volume 6 | Issue 3 | 162



man, K. L., Zoran, D., ... & Vertatschitsch, L. E. (2014). Im- servations. Astronomy & Astrophysics, 665, L6.
aging an event horizon: mitigation of scattering toward Sagit- 35. Event Horizon Telescope Collaboration. (2022). First Sagit-

tarius A*. The Astrophysical Journal, 795(2), 134. tarius A* Event Horizon Telescope results. Calibrated Data,

33. Wielgus, M., Marchili, N., Marti-Vidal, 1., Keating, G. K., Do0i:10.25739/m140-ct59;

Ramakrishnan, V., Tiede, P., ... & Zhao, S-S. (2022). Millime-  36. Eckart, A., Zajacek, M., Parsa, M., Fazeli, E. H. N., Busch,
ter Light Curves of Sagittarius A* Observed during the 2017 G., Shahzamanian, B., ... & Kamali, F. (2018). The Multi-
Event Horizon Telescope Campaign. The Astrophysical Jour- frequency Behavior of Sagittarius A*. arXiv preprint arX-
nal Letters, 930(2), L19. iv:1806.00284.

34. Wielgus, M., Moscibrodzka, M., Vos, J., Gelles, Z., Mar- 37. Landau, L. D., & Lifshitz, E. M. (1967). The Classical The-
ti-Vidal, I, Farah, J., ... & Messias, H. (2022). Orbital motion ory of Fields Third Revised English Edition Course of The-
near Sagittarius A*-Constraints from polarimetric ALMA ob- oretical Physics, Pergamon Press, Oxford, New York, p325.

Appendix A

When we select INCL as first step in main text, we define a new Cartesian coordinate (x, ,y,,Z, ) with corresponding unit vectors (
X, Y, .2, ) to form system which can be obtained by the INCL process with inclination angle 8 (=6°). That is, corresponding to egs.
from (16) to (18) we have the relations, as

X = cosf X +sinfZ, (A1-1)
Ve =V, (A1-2)
Z2¢ = —sinfSX + cosPz. (A1-3)

Thus , we have relations between the Cartesian coordinate ( X0 s Yoo 2y
ROTE step with rotation angle +a. That is, unit vectors are given by

) with corresponding unit vector fpz , ypz ,and 2p2 taking the

Zp2 = Xg (A2 -1)
Jp2 = cosaJs — sinazg (A2 -2)
Zp, = sina Jg + cosazZg . (A2 -3)
Then results are given by
Xp2 = cosB X +sinpz (A3-1)
Vp2 = sina - sinffX + cosay — sina - cosfz. (A3 -2)
Zp, = —cosa - sinfX + sinay + cosa - cospz . (A3 —-13)

For comparison we repeat eqs from (20) to (22) as

X, = cospX +sina-sinf y + cosa - sinfz. (44 -1)
Ip = cosay — sinaz. (A4 -2)
Z, = —sinfX +sina - cosp J + cosa - cospz. (A4 -3)

When we consider the a and [ ranges less than 10° we have approximated relations with errors less than 3 %, as

Rpy — %y =0 (45 — 1)
ypz _yp ~ 0 (AS_Z)
Zpp — 2y =0 (A5 - 3)

Then we can use eqs from (20) to (22) in main text as one of general expression in so far as small angle approximation for a and 3 .

By using egs. (13), (14) and (15) , also in main text, the real orbital plane of the SMBHB can be expressed with the coordinate system
given by egs. from (20) to (22) that can be expressed in the earth equatorial and the spring equinox coordinate with the unit vectors
(X,,¥,,Z,) as belows:

Zp =cosﬁ(cos§sgcos¢5g3?e + cosésgsingggd. + sindsgie)
+sina - sinf[(cosdgpsindsgsinde, — cosdsysindg,sings, )R,
+ (cosSSQSin6Gpcos¢Sg - sin6sgcos5cpcos¢6p)fle
+ (cos8sysingsyc0585,c08Pe, — c0585,c05¢Ps,c0585,SiNP )2 ]

+cosa - sinﬁ[cosé(;pcosa@pfe + cosdgpsinagpy. + sindeie]
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=[cos,8 c0sGsgCcoSPpsy + sina - sinﬁ(cos&cpsin6sgsin¢cp - cosSSQSindgpsin¢Sg) + cosa
.sin,[?cosc‘iapcosa(;p]a?e
+[ cosfcosbsgsings, + sinasin,[?(cos&sgsindgpcos¢sg - sin65g60550pcos¢gp) + cosa
. sin,BcosSGpsinaGP]f/e
+[cos[)’sin6sg + sina -
sinﬁ(cos&sgsin¢sgcos6cpcos<;b(;p - cosdsgcos¢sgcos6apsin¢(;p) + cosa -
sinfsinégp |2, (A6)
and
W = cosa[(cos&apsin6sgsin¢(;p - cos6sgsin66psin¢sg)9?e
+ (cos5sgsin6apcos¢sg - sinSSgcochGpcos¢Gp)ye
+ (cosSsgsinqbsgcoséapcosd)ap - cos6sgcos¢>sgcosdapsin¢ap)z“e]
- sina[cos&apcosaapfe + coségpsinagpP,
+ sinGGpie] ,
= [cosa : (cosdgpsin(ssgsinqbap - cosSSgsin(?Gpsimpsg) - SinaCOS5GpCOSde] X,
+[cosa : (COS65gSin5GpCOS¢5g - sin6sg00566pcos¢(;p) — sina - cos5GPsinaGp])7e
+[cosa . (cos&sgsin¢sgcos6Gpcos<;pr - cos85gcos¢sgcos6apsin¢(;p) —sina - sin(SGP]ie
(A7)

We define here new coefficients for fp , as

Ry = AyRe + Ay9etAsZe. (48)

where
Ay = cosp cosbggcospsy + sina - Sin[?(COSSGpsinS_ggsind)Gp - cosésgsin&;psin(psg) + cosa.
sinfcosbgpcosagp, (A8-1)
Ay, = cosfcosbggsingsg + sinasinf (cos6sgsin66pcos¢sg - sin659c0566p605¢>6p) + cosa.

sinficosdgpsinagp (A8 —2)

Az = cosPsindsy + sina sin,[)’(cos6sgsin¢5gcos6apcos¢gp - cos65gcos¢5gcosSGpsin¢Gp)

+cosa - sinBsind;p, (A8-3)
; and for 3, ,as
Jp = ByXe + ByYe+B,Z,. (49)
where
B, = cosa - (cos&Gpsin(SSgsin(;pr - cos6sgsin6apsin¢5g) — sinacoség,cosgp (49-1)

B, = cosa - (cos6sgsin6apcos¢sg - Sin55gCOS5GpCOS¢Gp) — sina - coségpsinagp , (A9 —2)
and
B, = cosa - (cosc?sgsinqbsgcos5Gpcos¢Gp - cosSsgcos¢sgcos5apsin¢cp) — sinasindgp.

(A9-3)

Corresponding to the phase function Ak _-(r, -1 ) that is expressed by taking j in eq.(4) in main text as “Orb” meaning by orbits
range of the SMBHB is given by

Dkory = /D) (Lory /Lsg) - (k1 + Krk3) . (410)
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where kland kz are unit vectors which rotate with orbiting angular velocities 2, , and 22, , respectively, forming a bar connecting
geometry between SMBH Gaa and Gab that results ecliptic effects at observation points; k, is a rate for giving the weight to eclipse
effect compared with effects of spectra modulation due to the Doppler effects.

Then two unit vectors are expressed by

El = COS(QOrbt + (pOTb)J?p + Sin(QOTbt + (pOTb)j}p ' (All)

and

k; = cos(2Qorpt + Porp)®p + SINQ200rpt + Porp)Ip - (A12)

Then k1+KTk2 terms that is essential to describe Ak , as given by eq.( A 10 ) is expressed by

ky + Ky = {[cos(Qorpt + Porp) + k05 (20orpt + o)A
+ [sin(Qorpt + @orp) + KrSiN(200rpt + Porp)1Br}Xe
+{[cos(Qorpt + Porp) + Krcos(2Qp,pt + ©orp)1Ay
+ [sin(Qorpt + @orp) + Krsin(200,pt + <P0rb)]By})7e
+ {[cos(Qorpt + Yorp) + Krcos(2orpt + 9orp) 1A,
+ [sin(Qorpt + @orp) + Krsin(2Qorpt + Porp)1B;}2,
(A13)

Appendix B
We start the mathematical manipulation with the phase function given in the main text by repeating here as

F = cosO . (B1)
with
LOrb ~ ~ (rm - rn)
0 =2m (ky + Krky) - —————. (B2)
Lgg y!

We also repeat r_—r _vector given as €q.(29) in main text by referring the explanation of all symbols in equation to the main text, as
T —Tp = {0 + hyp)cossy,cos[.(t — to) + ] — (1 + hy)cosd,cos[Q.(t — ty) + Ppl}xe
+{(Te + hm)cosémsin[ﬂe(t - to) + ¢m] - (re + hn)COS6n5in[Qe(t - to) + (pn]}ye
+[(r, + h)siné,, — (r, + hy)sind, 2., (B3)

From the standing point to investigate the time depending characteristic of the visibility of VLBI, we approximate the level of the
observatory as

Te > hy (B4)
Then eq.(B 3) is rewritten by
T — Ty = 1.[(cos6,,co8¢,, — cosé,cosp,)cosN,T — (cosb,,sing,, — cosd,sing,)sin,t]x,

+7,[(cosb,,c08¢p,, — cos,cosp,)sinQ,t + (cosb,,sing,, — cosé,sing,)cos,tly,

+1,[sind,, — sind,]2, (B5)
By defining C,,, and D,,, as
Cinn = €0586,,c0S¢,, — c0s6,c05¢,, , (B6)
and
Dy = cosdy,sing,, — cosé,sing,, , (B7)

T — Ty = Te[Cn€0502,T — Dy Sinf, 7] %,
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+7,[CopnSinQ,T + Dyypcos Ty,
+7,[sind,, — sind,|Z, (B8)

The phase 0 in eq.( B 1) is expressed with eq.( B 5) and eq.( A 12) in Appendix A, as

LOTb . T

0 =2r f{[COS(QOrbt + (pOT‘b) + KrCOS(ZQOTbt + (pOTb)] (CmnCOSQeT - DmnSinQeT)Ax

Lgg
+[sin(Qorpt + Porp) + KrSIN(2Qorpt + Porp) 1 (Crn€0502,T — Dy Sinf, 1) B,
+[cos(Qorpt + @orp) + Krc0s(220rpt + Porp) | (CrpnSind2, T + Dppcos,T)A,
+[sin(Qorpt + @orp) + KrSiN(220rpt + Qorp) 1 (Cnsin, T + Dpypcos,T)B,,
+[cos(Qorpt + Porp) + Krco0s(2Qorpt + Qorp)](sind, — sind,)A,
+[sin(Qorpt + Porp) + Kr-SIN(2Q0rpt + Qorp)](sind,, — sind,)B, (B9)

Taking the mathematical manipulation eq.( B 6) is further rewritten as

]
]

L T
0= ZnLO—rb : f{[cos(ﬂoﬂ,r + &0rp)c0sQ,T + 1,05 (20201 T + Norp)C0SQ,T] Ay Crnn
Sg

—[cos(QorpT + E0rp)SiNQ,T + 1,¢05(200,5T + Norp) SN, T A Dy
+[sin(QorpT + €0rp) 052, T + K,-5IN(20075T + Norp) €052 T] By Copr,
—[sin(QorpT + €0rp)SinQ,T + 1,-5in(2020,5T + Norp) SN, T| By Doy,
+[cos(QorpT + Eorp)SinQet + 1,:c08(200,pT + Noyp) SN2 TIA, Cry
+lcos(QorpT + Eorp) €050, T + K. c0S(20207pT + Norp) 05N TIAy Dy
+[sin(QorpT + E0rp)SinQe T + k- SiN(2020,,T + Norp)SINLLT| By Crppy

+[sin(Qorp + Eo0rp) 0502 T + Ky SIN(2020,,T + Moy ) 050 T|By Dy
+[COS(~QOrbT + EOrb) + KrCOS(ZQOrbT + 770rb)](5in6m - SiTl(S,JAZ
+[Sin(~{20rbr + €0rb) + KrSin(ZQOTbT + 7’01’1))] (Sin(sm - SinSn)Bz} (BlO)

where 7 is defined as 7=t—t, ;and §, , and 1, , are defined , respectively as §, = ¢, +0, .t andn, =@, +20  ¢t. Each term in

eq,( B 10 ) consists of product of two sinusoidal functions of arguments 2, 7+¢_, and 2 T or arguments 22, 7+7, , and 2 7. We
can make these products to addition or subtraction of two sinusoidal functions ; for an example the term cos({2, , T+, )cos2 T at
the top of eq. ( 10) can be written as

1
COS(QOTbT + fOrb)COSQeT = E{COS[(QOrb + QE)T + €0rb] + COS[(QOTb - Qe)T + EOrb]}- (Bll)

Then applying the same category of the mathematical manipulation we can rewrite eq.( B 7) to the following form:

LOrb

T
O=m ' Ie [[KC{COS[(-QOrb + -Qe)T + EOTb]'l'KrCOS[(Z-QOrb + -Qe)T + 7]0rb]}

Lgg
K {sin[(Qorp + 2)T + SorplHicrsin[ (2007, + 2e)T + Norpl}
+Lc{cos[(Qorp — )T + Eorpl+irrcos[(2020,p — 2e)T + Norpl}
+Ls{sin[(Qorp — 2e)T + Eorpl+rrsin[(2020,p — 2e)T + Norp1}
+Mc[cos(QorpT + Eorp) + KrcOS(200rpT + Norp)]
+M[sin(QorpT + $orp) + 1rSiN(20207,T + Noyp)]] (B12)
where 6 coefficients K, K, L., Lg,M,and M, are given as follows:
K. = [(Ax — By)Comn + (Ay + By) Dy
Ks = [(Ay + Bx)Cmn — (A - By)Dmn]
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Lc= [(Ax + By)Cmn + (Ay - x)Dmn]
Ly = [(_Ay + Bx)Cmn + (Ax + By)Dmn]
M, = (siné,, — sind,)A,

M, = (sind,, — sind,,)B,

In eq.( B 12) we see 6 pair of the cosine and sine function with angular frequency, £,

0.0, 0

+0,20,,-0, 20, and

Orb > "“0rb

20 0. . For these pair of cosine and sine functions we have a sinusoidal function for each as indicated by an example :

KCCOS[(-QOrb + -Qe)T + fOrb] + KsSin[(-QOrb + -Qe)T + fOrb]

= VK2 + KZcos[(Qgpp + 2,)T + GJK] .

where @, is given by

o = —tan~? &
Kf—fom an K.

(B13)

Then by rewriting eq.( B 12 ) with newly defined 6 coefficients we have the results of O as

6
02201

i=1

where 0, for i from 1 to 6 are given by

(B14)

L T
0, =n-2L.22 [KZ + KZcos [(Qm +0)T+ CDKJ (B14-1)

(E14 —2)

(B14 — 5)

Lsg A
0, =2m LLOST: -%mcos [ﬂoﬂ,‘r + CDME]
s = nLLOTb Z_e 12+ Licos [(Qory — Q)T+ ® | (B14-3)
Sg
0, = ”LLOS;D .;_exr\/mcos [(znoﬂ, —0)T+ cDKn] (B14 — 4)
05 =27 LL(Z: -%Krmcos [Z.Qorbr + GDMn]

L T
0 = m-20 =t/ + LEcos [(moﬂ, +0)T+ @Ln] (B14 - 6)

Lgg

with CDIQ,, (DMf, CDL{. (DKn

-1

/N

SEs
SN——

(DKE = fOT‘b —tan

-1

S5
g-/

‘DMf = $orp — tan
-1

q)L{ = €0rb —tan

-1

Es

//~ —~ —
b-lb-
a |w

S~——— ——

P, = oy — tan

1

~/

SIS
\-_/

GJMU = Norp — tan~

, P Mn and ® m which are given below:

(B14—7)
(B14 —8)
(B14—-9)
(B14 — 10)
(B14 —11)
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and

L
_ -1(5s
(DU7 = Norp — tan <Lc> . (B14 —12)

With these angles defined from eq.( B-1) to eq.(B14-6) then.,we can find time
dependence of the phase part of the visibility, considering eq.(B14), as
c0s0 =cos(0; + 0, + 03 + 0, + O5 + 0;) (B15)

By defining angle 0;, = ¥, 6; we have the following iteration relation, as

cos0@;, = c0s0,c050; 4 sinB,sind, (B16 — 10)
sin@;, = sin®,co0s0; 4+ cosO,sinb, (B16 — 15)
€0S0 ;41 = €05044,c0S0) 11 — SiNO;;, SINO 41 (B16 — k()
SinOqy41 = Sin0;,c050; 1 + €050 SINO) 41 (B16 — kS)
€0s0;4 = €c05015c0504 — sinBq;sinbOg (B16 — 6C)

Using this relation then,we have relation that consists of individual cos®; and sin®,

(k=1~6) asgiven in eq.(36) in main text.

As an example, first, we rewrite cos@, , that is given by eq.(B14-1); that is

L T
c0s0; = cos {HLO—”)-TE\/KCZ + KZcos [(Qoﬂ, +0,)T+ (DKf]} : (B17)
Sg

By setting

o= BRTRRE, (B17-1)
and

t1 = Qorp + 2T+ (DK()( ) (B17 - 2)

cos®, given by eq. (B13)is rewritten using the Bessel functions as

B

cos0; = cos({ycospy) = Jo({1) — 2J2({)cos2py + 2/4(¢y)cos4uy — -+ -+ (B18)

When we apply the similar expression for @; given by eqs.(B14-1) to (B14-6) as
0; = icosp;, (B19)

all member terms in eq.(B15) are expressed by combinations of cos®; and sin@; as
given in main text are expressed as
cos®; = cos({icosp;) = Jo({i) — 2J3 () cos2u; + 2]4(§)cosdp; — - -+ (B20)
and
sin@; = sin({;cosp;) = 2J1({)cosp; — 2J3()cos3p; + -+ -+ (B21)
Looking eq.( B 12) together with eqs,( B 20 ) and B 2 1 ) we recognize that the time variation of the phase part of

the visibility Model of EHT VLBI is extremely complicated subjects where the six basic time varying components
with angular frequencies of
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Dorp —2¢, Qorp > Qorp +2e, 200rp — 2o, 200, ,and 20y, + 2, produce higher

harmonics ( shorter periods phenomena) and mutually coupled each other.

Appendix C

Corresponding four equations from eqs.(45) to (48) in main text, we rewrite the arguments as

u=aySy . (CD
and

v = aySs (C2)
Considering eq.(48) in main text, eq.(45) is expressed by

u+x,v=035, (C3)

Further, egs. (46) and (47) are rewritten by

xu+v="7u+v), (€4
and

xu+k,v =074 . (C5)

The signal to noise ratio Ry, in the case of AZ-SP baseline observation is then given
by
Ry, = =~ (C6)
u

Then,by subtracting eq.(C4) from eq.(C5) in each side of the equation we arrive at a set
of linear equations for two unknown quantities u and v. That is,
u+ kv =0.35
7u+ (k. +6)v=0.74. (%))

Then we have solutions

= 0065 K, —035 )
(ke — 1)
and
L _ 0285k, )
(ke — 1)
From eq.(C5) then x is obtained as
0.74 — kv
x=——. (C10)

The signal to noise ratio Rj. for the case of the AZ-JC baseline observation is estimated

as
KoV KU

R,=-—" =— ¢ |
J¢7 xu T 0.74 — kv

(C11)
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Appendix D
We repeat the core part of MDFT for EHT-Data given by eq.(62) in main text, as
ID(@)]| _ |Fs(w) * S(w)]

IS(@)| [Dp(w)|/N,

+A(w)+N, . (D1)

where
A(w) = {|Ps(w) * S(w) + N S(w)| = (|Ps(w) * S(w)] + N |S(w)}/S(w)]
(D2)

In this Appendix, we follow the explanation in main text for all utilized symbols.
We also repeat here the current to find the coincidence of the MDFT for EHT-Data and
the MDFT for DRWP-Model as given in eq.(65) in main text, as
|D(w)] |[Mod(w)|
——— — (A(@)+N,) = —— .
St~ PO = T
Because the level of EHT-Data, amplitude of DRWP-Model and amplitude of QRN-EHT

are independently generated quantities, we should adjust the level and amplitudes by

(D3)

multiplying coefficients as possible to be close as each other. Then, we set the two
parameters ap and a,, to achieve eq.(D3) as

|D(w)] [Mod(w)|
Da@)] = M Do) (09

where

ap =1+ A(w)/Ny . (D5)

At this point, we estimate aj taking averaged value in the concerned w range and
express all quantities normalized by D(w). Further, for phase functions of S(w) given in
eq.(58) in main text, we should consider the characteristics of the spectra of the
random noise which has all possible phase shift randomly. Then we can understand
that S(w) that is expressed by the complex quantity can take all phase from 0 to 27.
Therefore it follows ,from eq.(D2), that,

%(:)) = {|P(w) * S(w) + N.S(@)]| — (|P(w) * S(w)| + N_IS(@)])}/(N.IS(@)])

_ J(a(w)*sm))z . _B@s@

— — (D6)
NS (w)] NS (w)]
Then from eq.(D5), we have the result of ), as
Py(w) * S(w>>2 Py(w) * 5(w)
= =) +1 - =———. D7
“ j ( Ns@l ) T T NS ®7)

The results are given in Table 4 in main text where ap is given versus P, (w) * S(w)

and N;|S(w)| normalized by D(w)
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