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Abstract 
We analyzed the time variation of the visibilities in the publicly released event horizon telescope (EHT) data provided 
by the EHT Collaboration, who carried out observations of Sgr A* on April 6 and 7, 2017. The EHT consists of the 1.3 
mm wavelength very long baseline interferometry (VLBI) system associated with globally distributed six stations with 
eight antennas. The analyses were not intended to make image of Sgr A*; instead, we searched for periodic time vari-
ations in the observed individual baseline data of the EHT by applying a method to compare with the model visibility, 
for 1.3 mm VLBI detection  that was constructed to reflect the effects of the supermassive black hole binary (SMBHB) 
concluded from the study on the observation of the decameter radio wave pulses from Sgr A*. The SMBHB, orbiting 
with a period of 2200 ± 50 sec and an orbit size of 4.1×107 km, is observable with an observation angle width of 32.6 
μas in a plane nearly parallel to the Galactic equatorial plane. After confirming the possible correspondence between 
the visibilities of EHT data and constructed model via direct comparison in real-time space, we applied the modified 
Fourier transformation to confirm the coincidence between observation data and model visibilities. The modified Fou-
rier transformation was uniquely restructured in this paper to eliminate the artificially modulated data sampling time 
interval by utilizing Fourier transformation of the random noises distributed over time synchronized with data sample 
timing of the EHT data. We identified significant periodic time variations in the radiation within a range below 70 μas 
with an orbiting period of 2193.3±27.5 sec that is associated with an eclipse cycle period of 1096.5 sec caused by the 
SMBHB orbiting motion. 

Keywords: Galaxy Center, Supermassive Black Hole, Black Hole Binary, VLBI, Millimeter Radio Wave, Decameter Radio Wave.

Advances in Theoretical & Computational Physics
ISSN: 2639-0108

1. Introduction
Studies on the time variation of radio wave fluxes from Sgr A* 
have expanded, starting from investigations of the intermittent-
ly occurring flares detected by millimeter-range radio wave 
telescopes [1-4]. In time variation studies in millimeter range 
wavelength radio wave fluxes, short time variations with periods 
ranging around half hour have gradually emerged in the Sgr A* 
emissions not only in times of flare as well as in the quiescent 
structure [5,6], suggesting some periodicity [7].

Alongside the studies of time variations of SgrA* by obser-
vations of radio telescope including the very long baseline in-
terferometry (VLBI), decameter wavelength radio wave pulse 
(DRWP) observations of Sgr A* have been continued since 
2000. These observations seek to identify the spin signatures of 
the event horizons of possible supermassive black holes [8]. The 
DRWP observations at 21.86 MHz are characterized by low-
ness of observation frequencies, of radio waves, which allow to 
identify source positions extremely close to the event horizon 

of rotating Kerr black holes where the time passage becomes 
slow through the effects of general relativity. The observation 
frequency is much lower than the plasma frequencies surround-
ing Sgr A*. Due to the structured magnetic field in the plasma 
environment around Sgr A*, DRWPs can propagate in the form 
of whistler mode waves; these can be converted into ordinary 
mode radio waves at suitable points satisfied by the plasma en-
vironment conditions. This is commonly understood in the field 
of planetary radio-wave science [9-15]. Inhomogeneous emis-
sion intensities at the source points of decameter radio-waves 
become the origin of pulses coinciding with the spin period. In 
2019 [8], the first principal results were published stating  the   
detection of two kinds of DRWPs with intrinsic pulse periods 
of 173±1 and 148±1 sec, exhibiting sinusoidal variations with 
a common period of 2,200 ± 50 sec. By attributing the pulses 
periods to spin periods of two Kerr black holes (BHs) together 
with other parameters related the orbital motions[8] , we posited 
the existence of two supermassive BHs. Using the physics of 
Kerr space time and orbital theory for a binary system with an 
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orbital period of 2,200 ± 50 sec,the BH masses were deduced; 
these BHs were temporarily called Gaa and Gab with masses 
of (2.27±0.02)×106  M⦿  and (1.94±0.01)×106  M⦿,respectively  
(resulting in a total mass of (4.21±0.03)×106 M⦿). The orbital 
velocities of Gaa and Gab were measured from the Doppler ef-
fects  as 18% and 22%, of the speed of light, respectively.

In terms of confirming the results of the DRWP observations, the 
key issue is whether gravitational waves are radiated from the 
SMBHB or not. To this end, we published a theoretical result in 
2023 [16]; the matter distribution of the extremely high-energy 
and dense plasma inside a supermassive rotating BH was theo-
retically investigated. For a model of equal-rotation velocity of 
matter, where the main component of plasma rotates around a 
common axis at a constant velocity close to the speed of light; 
that is, with a high Lorentz factor (gamma rate), the matter dis-
tribution is condensed to a region with a much smaller radius 
than that of the event horizon in Kerr spacetime. The gravita-
tional waves generated from the condensed matter region ,via 
orbital motion of the binary, return towards the source after halt-
ing at the critical sphere in the vacuum region of the spinning 
Kerr spacetime. When returning waves encounter the outgoing 
ones, the gravitational waves are deformed to standing waves 
that carry no energy beyond the event horizon. We concluded 
that no gravitational waves are radiated from the supermassive 
BH binary (SMBHB). 

However, it has not yet been experimentally confirmed wheth-
er gravitational waves are generated from SMBHBs or not. It 
is extremely important to confirm the presence of a SMBHB 
concluded from DRWP observations by comparison to the data 
observed by millimeter  wavelength VLBI, that can approach to 
the sources size equivalent to the  possible orbit of  investigating  
SMBHB. To this end, our first study has been made taking the 
approach to the 1.3mm wavelength VLBI results by Fish et al 
observed in 2009 [5]; we have interpreted the observed data via 
the orbiting effects of the existing SMBHB [17]. Because the ob-
jects observed by DRWP observations and 1.3 mm radio-wave 
VLBI systems provide different categories of observation data, 
we constructed the model visibility (DRWP-Model) according 
to SMBHB parameters obtained via DRWP observations [8], to 
facilitate comparison against the amplitudes of the visibility data 
observed via the 1.3 mm radio-wave VLBI system, as reported 
by Fish et al. The concept of a variation with short characteristic 
time (VSCAT) for millimeter-range radio waves from Sgr A* is 
clarified by this work [17]  ; and it is concluded that the VSCAT 
exhibits a period of 2150±2.5 sec; this is consistent with the or-
bital period of SMBHB proposed by the DRWP study.

As the second step towards confirmation of the proposed SM-
BHB, we are allowed to approach to the publicly released ob-
servation data of the event horizon telescope (EHT) project. As 
far as we understand, the establishment of EHT activities were  
based on the work of Fish et al. [5]; through 1.3 mm wavelength 
VLBI observations, which are characterized by a resolution of a 
few 10 μas ,  approaching to the imagined Schwarzschild radius, 
at SgrA*,corresponding to 4.28 × 106 M⦿   [18].

 Succeeding to an image of the event horizon of the super-mas-
sive BH M87*  at the center of the elliptical galaxy in the Vir-

go constellation[19-24], the EHT collaboration (EHTC) has 
reported the image of the BH shadow of Sgr A*, at the center 
of the Milky Way Galaxy [25-30]. The image of Sgr A* was 
published in 2022, three years after the release of the image of 
M87* shows a single BH shadow associated with a bright ring; 
it closely resembles the M87* image. The present study was re-
gretfully unable to accept this image without resolution to the 
serious two problems. The first problem is that the image of Sgr 
A* is essentially identical to that of M87* which  has been point-
ed out by Miyoshi et al. [31] as to be erroneous; they indicated 
that a portion of the BH shadow is an artifact result produced 
by a lack of visibility data corresponding to the visible angle of 
the BH shadow around 40 μas. The second problem is discussed 
in the present study: it is the problem of the time variation of 
the observed visibilities. During the gap period of about three 
years between the reports of the two BHs M87* and Sgr A*, it 
has been currently told that the difficulties  of taking images of 
the shadow of Sgr A*, which is subjected to complicated time 
variations in the VLBI visibilities [32], are attributable to the 
intense scattering of radio waves by electron turbulence in dense 
plasma. In this situation, it seems that the EHTC avoids the time 
variation by applying a method to mitigate the variability in the 
data [26,27] and arrive at a static image of a single BH. There 
are, however, research activity concerning about time variation 
of radiations around Sgr A*; by Wielgus et al. [33], a detailed in-
vestigation of the spectra of the time variation for 1.3 mm wave-
length radiation are performed from the perspective of variations 
exhibiting widely distributed characteristic times in the Sgr A* 
emissions. Wielgus et al. [34] also reported upon the orbital ro-
tation of hot plasma spots with periods of ~4200 sec in the inner 
accretion region around the imagined single BH, associated with 
flares of Sgr A*. We understand that these types of time variation 
commonly occur around Sgr A* but do not persist as the effects 
of orbiting SMBHBs. 

The aim of the present study is, therefore, to investigate the VS-
CATs from the perspective that VSCATs are not only random 
variations caused in generation processes and through the prop-
agating paths of mm wavelength radio-waves, owing to the tur-
bulent plasma media; that is, we seek VSCATs produced by the 
orbital motions of SMBHBs [17]. To confirm the orbital motion 
of the SMBHB, with a period of 2,200 ± 50 sec, as concluded by 
the DRWP observations [8], we try to identify the periodicity in 
the observation results from the 1.3 mm-radio-wave VLBI sys-
tem, which have been provided by the EHTC as public data [35]. 

In analyzing the EHT visibility data (hereafter, EHT-Data), we 
do not use for mapping the radio source onto (u,v) coordinates 
but instead analyze the time variation for individual EHT base-
lines. Because objects observed by DRWP observations and 1.3 
mm radio wave VLBI systems are not identical, we construct the 
model visibility (DRWP-Model) from the SMBHB parameters 
concluded via DRWP observation [8], to compare them with the 
visibility data observed by the 1.3 mm-radio-wave VLBI sys-
tem. The details of the DRWP-Model construction are presented 
in Sec. 3. 

The EHT-Data and DRWP-Model are compared in two funda-
mental ways. The first is the method of direct correlation be-
tween the EHT-Data and DRWP-Model, as described in Sec. 5. 
Because of the low signal-to noise ratio and intermittent sam-
pling of the EHT-Data, the confirmation of the coincidence 
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between the EHT-Data and DRWP-Model is limited to within 
a given range of coincidence index; however, we can confirm 
that a certain range of the correlation index that reveal the or-
bital motion of the SMBHB. We take this direct comparison as 
a guide for searching for SMBHB effects within the EHT-Data.
The second way of the comparison is the use of the Fourier 
transformation. To more effectively confirm the orbital motion 
of the SMBHB, we employ a Fourier transformation for both the 
EHT-Data and DRWP-Model, as described in Secs. 6 and 7. The 
original EHT-Data released to the public consisted of data which 
are intermittently sampled by switching between periods of ob-
servation and calibration with a period of around 1000 sec to 
1100sec, meanwhile, the present work is intending to search for 
phenomena with a period of around ~1100 sec and a period of 
double that. To compensate for this problem of the intermittent 
“data sampling time window” (hereafter, DSTW) in the results 
of the Fourier transformation, we have employed method of 
compensation of the (DSTW) applying Fourier transformations 
to groups of random noises whose time series are synchronized 
with that of the EHT-Data (quasi-random noise synchronized 
with the EHT-Data series; hereafter, QRN-EHT), along with 
Fourier transformations of the EHT-Data and DRWP-Model 
which is also sampled under DSTW constraints.

 As details are presented in Secs.6 and 7, we can eliminate the ef-
fects of intermittent data sampling upon the results of the Fourier 
transformation, by dividing these results by the Fourier-trans-
formed results for the QRN-EHT, hereafter referred to as the 
modified Fourier transformation (MDFT). After eliminating the 
effect of the DSTW, we compare the results with those for the 
MDFT of the EHT-Data for the corresponding baseline VLBI 
pairs, with the MDFTs of the DRWP-Model to identify the or-
biting period of the possible SMBHB.

The key principle maintained throughout this comparison is 
that we never change the physical parameters obtained from the 
DRWP observations, in terms of physics matters such as the or-
biting period range (2200±50 sec), orbiting speed, and size of or-
bits; the only thing we do change is the tilt of the orbital plane in 
the direction perpendicular to the observation direction, which 
cannot be determined from the DRWP observations. The ad-
justment of parameters in the DRWP-Model is only performed 
for numerical components, e.g., the amplitude (related to the 

flux density), starting time used to determine the initial timing, 
and level in the model that is to satisfy the level of EHT-Da-
ta. The only exception to this is the sweeping of the SMBHB 
orbiting period; this sweep is not applied to identify a suitable 
period from the EHT-Data, but simply to confirm how well the 
DRWP-Model fits the EHT-Data.

2.  Outlines of the DRWP [8] and EHT Observations [25–30]
2.1 Summary of DRWP observations [8]
Details of the DRWP observations and results were presented in 
the original paper [8], and a brief review was given in a relat-
ed article [17]. We summarize the DRWP observations and re-
sults here, to construct a DRWP-Model suitable for comparison 
against the EHT-Data. 

At Tohoku University by using a long baseline interferometer for 
decameter wavelength radio waves, consisting of three antenna 
sites with baseline lengths ranging from 44 to 83 km at 21.86 
MHz, we observed the DRWPs from Sgr A* at our Galaxy’s 
center, primarily in June 2016 and June 2017. Because of the 
extremely low signal to noise (S/N) ratio (i.e., the background 
noise levels were 300–500 times larger than the signal levels), 
the observed interferometer data were analyzed by applying 
a unique method to analyze the pulse components of signals 
from Sgr A*, the directions of which were detected using the 
Earth’s rotation. Separation of the signal from the background 
noise was accomplished by applying the interferometer fringe 
function correlation method (see [8]), in which the aperture 
synthesis method for the interferometer data obtained from the 
Earth’s rotation was modified to eliminate any local phase shift 
ambiguities in the system as well as phase shifts attributable to 
ionosphere propagation; this was performed by sacrificing phase 
information. Pulse forms in the signal were confirmed in the 
Fourier transformed domain by applying fast Fourier transform 
(FFT) operations to the time series data obtained via the interfer-
ometer fringe function method. By taking an average of the FFT 
results over 2016 independent sets, the pulse frequency spectra 
were discriminated from the background white noise. We denote 
the final FFT results, as separated from background noise, as the 
BH Code. The BH Code from the source within ±6 arc min of 
Sgr A* indicates two intrinsic pulse periods of 173±1 and 148±1 
sec;  which are
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 Figure 1. Configuration of the SMBHB confirmed from the FFT spectra for the decameter 

wavelength radio waves from Sgr A*, assuming that the pulse frequencies are 
synchronized with the spins of SMBHs Gaa and Gab subjected to the Doppler effect 
produced via orbital motion. The distance between two SMBHs is 2.84 𝑅𝑅𝑠𝑠𝑠𝑠 with respect 
to the Schwartzschild radius 𝑅𝑅𝑠𝑠𝑠𝑠 if we assume a single BH.( After Oya ,8,17-) 

 
   
subjected to a sinusoidally  periodic modulation with common periods of 2,200±50 s. By 
attributing the detected pulses to spins of two Kerr BHs which are subjected to the 
common period modulation due to orbital motions of the Kerr BHs, we concluded the 
existence of the binary BH at SgrA* which are orbiting with the period of  2,200±50 𝑠𝑠. 

Following Kerr BH physics, the two intrinsic pulse periods of (173 ± 1)  and 
(148 ± 1) sec detected from the BH Code resulted in BH masses of (2.27 ± 0.02) ×
106𝑀𝑀   for Gaa and (1.94 ± 0.01) × 106𝑀𝑀   for Gab in the case of a maximal rotation 
parameter, assuming the direction of the orbiting plane to be parallel to the 
observation direction. From the BH Code, we can identify the orbiting velocities of the 
two BHs by measuring the relative levels of sidebands associated with each principal 
spin period spectra of Gaa and Gab; these are generated as manifestations of frequency 
modulations attributable to Doppler effects of the orbital motion; that is, Gaa and Gab 
have orbital velocities 18% and 21% of the speed of light, respectively. Furthermore, by 
assuming circular orbits for both Gaa and Gab, we can determine the orbit radii from 
Newtonian dynamics with information of orbiting period of 2,200± 50 s𝑒𝑒𝑒𝑒, as 1.89 ×

Figure 1: Configuration of the SMBHB confirmed from the FFT spectra for the decameter wavelength radio waves from Sgr A*, 
assuming that the pulse frequencies are synchronized with the spins of SMBHs Gaa and Gab subjected to the Doppler effect pro-
duced via orbital motion. The distance between two SMBHs is 2.84 Rss with respect to the Schwartzschild radius Rss  if we assume 
a single BH.( After Oya [8,17])
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subjected to a sinusoidally periodic modulation with common 
periods of 2,200±50 s. By attributing the detected pulses to spins 
of two Kerr BHs which are subjected to the common period 
modulation due to orbital motions of the Kerr BHs, we conclud-
ed the existence of the binary BH at SgrA* which are orbiting 
with the period of  2,200±50 s.

Following Kerr BH physics, the two intrinsic pulse periods of 
(173±1) and (148±1)  sec detected from the BH Code resulted in 
BH masses of (2.27±0.02)×106 M⦿  for Gaa and (1.94±0.01)×106 
M⦿   for Gab in the case of a maximal rotation parameter, assum-
ing the direction of the orbiting plane to be parallel to the obser-
vation direction. From the BH Code, we can identify the orbiting 
velocities of the two BHs by measuring the relative levels of 
sidebands associated with each principal spin period spectra of 
Gaa and Gab; these are generated as manifestations of frequency 
modulations attributable to Doppler effects of the orbital motion; 
that is, Gaa and Gab have orbital velocities 18% and 21% of the 
speed of light, respectively. Furthermore, by assuming circular 
orbits for both Gaa and Gab, we can determine the orbit radii 
from Newtonian dynamics with information of orbiting period 
of 2,200± 50 sec, as 1.89×107  km and 2.21×107  km for Gaa and 
Gab, respectively. The obtained results for the SMBHB system 
are depicted in Figure 1.

Finally, by applying the simulation to produce BH Code for the 
resulted  SMBHB system given in Figure 1, we have confirmed 
the coincidence of the FFT spectra (observed BH Code) with the 
simulated BH Code. The matching of FFT spectra between the 
simulation and observation results gives confirmation that the 
two kinds of pulses represent the two BHs Gaa and Gab forming 
the SMBHB system, where two spinning Kerr BHs radiate deca-
meter radio waves whose time variations are synchronized with 
spins subjected to frequency modulations (from the Doppler ef-
fects produced by orbital motions). Regarding the assumption 
of the orbital plane direction when deducing the BH masses, we 
are required a slight correction for the observation angle of the 
orbital motions; this is described in Sec. 3.

2.2  Outline of EHT Visibility Data for Sgr A*
The EHT data to be compared with the DRWP-Model in the 
present work have been publicly released; they cover the EHT 
observations for April 6 and 7, 2017. The details of the EHT 
observation system and calibration for the observed data are 
described in the EHT reports [25–30] and references. Here, we 
present the outline necessary to compare the DRWP-Model, 
with reference to EHTC activities. 

The first campaign of EHT observations for 1.3 mm-wavelength 
VLBI was carried out with eight observation antennae located 
at globally  distributed six stations, as shown in Table 1 that is 
given by selecting information from the original table, shown in 
Table 2 [20].

At each station, observations were made at 227.1 and 229.1 
GHz; these are referred to as “Low/Lo” and “High/Hi” respec-
tively. The observed data (32 Gbits/sec) formed array data and 
were sent to a common location where the complex cross cor-
relations were computed for the data from each corresponding 
pair observation station. Following computation of the correla-
tion, the residual phase and band-pass errors were corrected 
via two independent data processing pipelines EHT-HOPS and 
rPICARD (called HOPS and CASA, respectively) for labelling 
and analysis.

The released data consisted of two days’ observations for 24 
pair baselines, with eight datasets for each baseline pair. For 
the sake of maintaining the observation conditions, the station 
in Pico Velta, Spain operated only on April 7 (Day 97). In the 
following work, we refer to the EHT-Data as, for example, “96 
Hi CASA SM-SP” or “SM-SP 96 Hi CASA,” which refers to 
the data observed on April 6, 2017 at 229.1 GHz, with a base-
line between the sub-millimeter array at Hawaii and the South 
Pole Telescope, and a correlation computed using the CASA 
(rPICARD) pipeline.
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Table 1   From EHT Station Information ,20- 

 
baseline between the sub-millimeter array at Hawaii and the South Pole Telescope, 
and a correlation computed using the CASA (rPICARD) pipeline.  
 
3  CCoonnssttrruuccttiioonn  ooff  DDRRWWPP--MMooddeell  ttoo  FFiitt  VVLLBBII  VViissiibbiilliittiieess  ooff  EEHHTT  
33..11  BBaassiicc  CCoonncceepptt  ffoorr  CCoonnssttrruuccttiioonn  ooff  VViissiibbiilliittyy  MMooddeell  ffoorr  VVLLBBII  OObbsseerrvvaattiioonnss  

The visibility 𝑉𝑉𝑚𝑚𝑚𝑚 determined for coherent observation signals of the electric field 
between VLBI stations m and n is expressed by 

𝑉𝑉𝑚𝑚𝑚𝑚 = ∫ 𝐸𝐸𝑚𝑚(𝑘̂𝑘)𝐸𝐸𝑛𝑛(𝑘̂𝑘)
𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆

𝑒𝑒𝑒𝑒𝑒𝑒*−𝑖𝑖,𝒌𝒌 ∙ (𝒓𝒓𝒎𝒎 − 𝒓𝒓𝑛𝑛)- + 𝜃𝜃𝑚𝑚𝑚𝑚+𝑑𝑑𝒌𝒌,              (1)  

where Em(k̂)  a d En(k̂)  are the electric field intensities arriving from sources in the 
direction given by the unit vector k̂ of the wave number vector  kk  , and  𝐫𝐫𝐦𝐦 a d 𝐫𝐫n  are 
vectors expressing the locations of the VLBI observatories m and n, respectively. In 
Eq,(1), θmn is the residual phase difference of the observation signals after calibration 
of the instrumental phase difference; these primarily arise through environmental 
factors (e.g., weather conditions affecting the propagation of the millimeter waves). The 
wave number vector  kk is given for wavelength λ of the observed radio waves as 
𝐤𝐤 = (2π λ⁄ )k̂   , and  d𝐤𝐤   is an infinitesimal coverage of the source directions centered 
around the direction given by k̂.  Our searches for the VSCAT (Variation with Short 
Characteristic Time)   emissions at Sgr A* are performed upon these visibilities for the 
baseline pair m and n. In the VLBI data from the EHT, the visibilities are expressed by 
taking the correlation around Sgr A* in the direction RA: 17 h 45 m 40 s and at Dec : 
−29° 00′ 20′′.  We define the direction of Sgr A* with the highest possible accuracy for 
VLBI as 𝐤𝐤Sg; thus, Eq. (1) can be rewritten as 

𝑉𝑉𝑚𝑚𝑚𝑚 = ∫ 𝐸𝐸𝑚𝑚(𝑘̂𝑘)𝐸𝐸𝑛𝑛(𝑘̂𝑘)
𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆

𝑒𝑒𝑒𝑒𝑒𝑒*−𝑖𝑖,∆𝒌𝒌 ∙ (𝒓𝒓𝒎𝒎 − 𝒓𝒓𝑛𝑛)- + 𝜃𝜃𝑚𝑚𝑚𝑚+𝑑𝑑𝒌𝒌 ,             (2)  

Table 1: From EHT Station Information [20]

3 Construction of DRWP-Model to Fit VLBI Visibilities of EHT
3.1 Basic Concept for Construction of Visibility Model for VLBI Observations
The visibility Vmn  determined for coherent observation signals of the electric field between VLBI stations m and n is expressed by
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taking the correlation around Sgr A* in the direction RA: 17 h 45 m 40 s and at Dec : 
−29° 00′ 20′′.  We define the direction of Sgr A* with the highest possible accuracy for 
VLBI as 𝐤𝐤Sg; thus, Eq. (1) can be rewritten as 

𝑉𝑉𝑚𝑚𝑚𝑚 = ∫ 𝐸𝐸𝑚𝑚(𝑘̂𝑘)𝐸𝐸𝑛𝑛(𝑘̂𝑘)
𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆

𝑒𝑒𝑒𝑒𝑒𝑒*−𝑖𝑖,∆𝒌𝒌 ∙ (𝒓𝒓𝒎𝒎 − 𝒓𝒓𝑛𝑛)- + 𝜃𝜃𝑚𝑚𝑚𝑚+𝑑𝑑𝒌𝒌 ,             (2)  

 

9 
 

Table 1   From EHT Station Information ,20- 

 
baseline between the sub-millimeter array at Hawaii and the South Pole Telescope, 
and a correlation computed using the CASA (rPICARD) pipeline.  
 
3  CCoonnssttrruuccttiioonn  ooff  DDRRWWPP--MMooddeell  ttoo  FFiitt  VVLLBBII  VViissiibbiilliittiieess  ooff  EEHHTT  
33..11  BBaassiicc  CCoonncceepptt  ffoorr  CCoonnssttrruuccttiioonn  ooff  VViissiibbiilliittyy  MMooddeell  ffoorr  VVLLBBII  OObbsseerrvvaattiioonnss  

The visibility 𝑉𝑉𝑚𝑚𝑚𝑚 determined for coherent observation signals of the electric field 
between VLBI stations m and n is expressed by 

𝑉𝑉𝑚𝑚𝑚𝑚 = ∫ 𝐸𝐸𝑚𝑚(𝑘̂𝑘)𝐸𝐸𝑛𝑛(𝑘̂𝑘)
𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆

𝑒𝑒𝑒𝑒𝑒𝑒*−𝑖𝑖,𝒌𝒌 ∙ (𝒓𝒓𝒎𝒎 − 𝒓𝒓𝑛𝑛)- + 𝜃𝜃𝑚𝑚𝑚𝑚+𝑑𝑑𝒌𝒌,              (1)  
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baseline pair m and n. In the VLBI data from the EHT, the visibilities are expressed by 
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−29° 00′ 20′′.  We define the direction of Sgr A* with the highest possible accuracy for 
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where Δ𝒌=𝒌−𝒌𝑆𝑔. Furthermore, the EHT Data are expressed by averaging over every 10 second interval; thus,
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where ∆𝒌𝒌 = 𝒌𝒌 − 𝒌𝒌𝑆𝑆𝑆𝑆 . Furthermore, the EHT-Data are expressed by averaging over 
every 10-second interval; thus,  

𝑉𝑉𝑚𝑚𝑚𝑚̅̅ ̅̅ ̅(𝑡𝑡𝜂𝜂) = ∫ ∫ 𝐸𝐸𝑚𝑚(𝑘̂𝑘)𝐸𝐸𝑛𝑛(𝑘̂𝑘)
𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆

ex *−𝑖𝑖,∆𝒌𝒌 ∙ (𝒓𝒓𝒎𝒎 − 𝒓𝒓𝑛𝑛)- + 𝜃𝜃𝑚𝑚𝑚𝑚+
𝑡𝑡𝜂𝜂+10

𝑡𝑡𝜂𝜂
𝑑𝑑𝒌𝒌 d  ,                 (3) 

where 𝑉𝑉𝑚𝑚𝑚𝑚̅̅ ̅̅ ̅(𝑡𝑡𝜂𝜂) is the discrete visibility at time 𝑡𝑡𝜂𝜂 averaged every ten seconds. 
From the mathematical expression given by Eq. (3), we can deduce the physically 
observable quantity as 

       [𝑉𝑉𝑚𝑚𝑚𝑚̅̅ ̅̅ ̅(𝑡𝑡𝜂𝜂)]𝑟𝑟 = ∑𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚 c s[∆𝒌𝒌𝒋𝒋 ∙ (𝒓𝒓𝒎𝒎 − 𝒓𝒓𝑛𝑛) + 𝜃𝜃𝑚𝑚𝑚𝑚]
𝑗𝑗

,                       (4)  

 
where [𝑉𝑉𝑚𝑚𝑚𝑚̅̅ ̅̅ ̅(𝑡𝑡𝜂𝜂)]𝑟𝑟  is the real component  of the complex visibility 𝑉𝑉𝑚𝑚𝑚𝑚̅̅ ̅̅ ̅(𝑡𝑡𝜂𝜂) ; j is the 
number of the selected source region. In the EHT-Data, the visibility data are unified 
to one (i.e., j = EHT). To construct the DRWP-Model, we set 𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  as the amplitude of 
the visibility and set ∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂  to  give  a  phase of  j = Orb  in Eq. (4), to express the rotation 
of the orbiting SMBHB.   
 
3.2 AAmmpplliittuuddee  FFuunnccttiioonn  𝑾𝑾𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎𝒎   
 The amplitude function 𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  was constructed in ,17- and confirmed as suitable for 
investigating the fitting with the 1.3 mm VLBI observation data observed in 2009 for 
Sgr A*, as provided by Fish et al. ,5-. In that work, the coincidence was studied with 
respect to the sampled clear visibilities without phase terms, using the DRWP-Model 
(which consists of only the amplitude function); the approach of neglecting the phase 
variation of visibility was permittable because the visibility data were not continuous, 
as in the case of the EHT observations. However, we can apply the same amplitude 
function in the present case for comparing with EHT-Data. Because details are 
described in a previous paper ,17-, we here only summarize the amplitude function for 
the DRWR-Model. 
 
33..22..11  EEcclliippssee  eeffffeeccttss  dduuee  ttoo  tthhee  oorrbbiittaall  mmoottiioonn  ooff  tthhee  SSMMBBHHBB  
      In the present study, we are at the standing point that the origin of the VSCAT in 
the VLBI-Data is primarily related to the motion of the SMBHB, except for the time of 
flare  [1–4]; in the case of a gradual variation in background conditions [5–7], the 
model remains applicable. One significant effects of generating VSCAT emissions is the 
eclipse effects which can be predicted morphologically from the orbiting conditions of 
the SMBHB. That is, the direction of the orbital plane indicate angle almost parallel to  
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 The amplitude function 𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  was constructed in ,17- and confirmed as suitable for 
investigating the fitting with the 1.3 mm VLBI observation data observed in 2009 for 
Sgr A*, as provided by Fish et al. ,5-. In that work, the coincidence was studied with 
respect to the sampled clear visibilities without phase terms, using the DRWP-Model 
(which consists of only the amplitude function); the approach of neglecting the phase 
variation of visibility was permittable because the visibility data were not continuous, 
as in the case of the EHT observations. However, we can apply the same amplitude 
function in the present case for comparing with EHT-Data. Because details are 
described in a previous paper ,17-, we here only summarize the amplitude function for 
the DRWR-Model. 
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Sgr A*, as provided by Fish et al. ,5-. In that work, the coincidence was studied with 
respect to the sampled clear visibilities without phase terms, using the DRWP-Model 
(which consists of only the amplitude function); the approach of neglecting the phase 
variation of visibility was permittable because the visibility data were not continuous, 
as in the case of the EHT observations. However, we can apply the same amplitude 
function in the present case for comparing with EHT-Data. Because details are 
described in a previous paper ,17-, we here only summarize the amplitude function for 
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 The amplitude function 𝑊𝑊𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚  was constructed in ,17- and confirmed as suitable for 
investigating the fitting with the 1.3 mm VLBI observation data observed in 2009 for 
Sgr A*, as provided by Fish et al. ,5-. In that work, the coincidence was studied with 
respect to the sampled clear visibilities without phase terms, using the DRWP-Model 
(which consists of only the amplitude function); the approach of neglecting the phase 
variation of visibility was permittable because the visibility data were not continuous, 
as in the case of the EHT observations. However, we can apply the same amplitude 
function in the present case for comparing with EHT-Data. Because details are 
described in a previous paper ,17-, we here only summarize the amplitude function for 
the DRWR-Model. 
 
33..22..11  EEcclliippssee  eeffffeeccttss  dduuee  ttoo  tthhee  oorrbbiittaall  mmoottiioonn  ooff  tthhee  SSMMBBHHBB  
      In the present study, we are at the standing point that the origin of the VSCAT in 
the VLBI-Data is primarily related to the motion of the SMBHB, except for the time of 
flare  [1–4]; in the case of a gradual variation in background conditions [5–7], the 
model remains applicable. One significant effects of generating VSCAT emissions is the 
eclipse effects which can be predicted morphologically from the orbiting conditions of 
the SMBHB. That is, the direction of the orbital plane indicate angle almost parallel to  
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model remains applicable. One significant effects of generating 
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morphologically from the orbiting conditions of the SMBHB. 
That is, the direction of the orbital plane indicate angle almost 
parallel to 

Figure 2: Geometrical configuration of the view from the obser-
vation points at maximal eclipse phase for the two SMBHs, Gaa 
and Gab. The orbital plane surface of the SMBHB is tilted by 6°  
from the direction parallel to the line of sight from the observa-
tion point. (After Oya [17] )

the direction of the vector towards observation points, with a 
slight tilt of 6°[17]. This tilt is concluded by tracing the pro-
cesses of obtaining the masses of the SMBHBs from the result 
of the DRWP observations. That is, the DRWP study concluded 
the total mass of the SMBHB as MD= (4.21±0.03)×106 M⦿, by 
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the direction of the vector towards observation points, with a slight tilt of 6°,17-. This 
tilt is concluded by tracing the processes of obtaining the masses of the SMBHBs from 
the result of the DRWP observations. That is, the DRWP study concluded  the total 
mass of the SMBHB as  D = (4.21 ± 0.03) × 106  , by assuming the direction of the 
orbital plane surface to be parallel to the observation direction (i.e., the inclination 
angle 𝜃𝜃𝐼𝐼 of the orbital plane with respect to Galactic equatorial plane is  0°). From 
long term observations of the stars around Sgr A*, the total mass is inferred as 
 CD = (4.28 ± 0.31) × 106    by Gillessen et al. [18]. When we attribute the difference 
between  D and  CD to inclination of the orbital plane in the mass reduction processes, 
we can deduce the correction angle ∆θ with respect to 𝜃𝜃𝐼𝐼 (= 0°) as ∆𝜃𝜃 = 0.105 radians 
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parallel to the line of sight. A downward shift of 2.32 × 106 km, also arising from the 
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km (see Figure 2). The upper and lower positions of both partner BHs in the SMBHB 
system, with respect to the virtual plane, are alternatively switched at each 
approaching maximal phase of the eclipse. Then, we observe twice the decrease of 
emission power for every orbiting period of 2200 ± 50 sec. Based on the 6.0° tilt of the 
SMBHB orbit plane surface from the pure parallel direction with respect to the line of 
sight, we construct E𝑐𝑐( ) as a function of the DRWP-Model, to facilitate comparison 
with the EHT-Data. That is, 
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where 𝑛𝑛𝑒𝑒 is an index used to control the effective interval of the eclipse, and k𝑒𝑒 is the 
rate of emission shaded by the partner SMBH at the eclipse’s maximal phase. In 
principle, the 𝑛𝑛𝑒𝑒 value is varied to identify the optimal fitting case in the processes, to 
identify the correlation between the EHT-Data and DRWP-Model; however, we fixed 𝑛𝑛𝑒𝑒 
as 4, following previous work ,17-.  
 
33..22..22    IInntteennssiittyy  vaarriiaattiioonn  dduuee  ttoo  ssppeeccttrraall    sshhiifftt  ccaauusseedd    bbyy  DDoopppplleerr  eeffffeeccttss  
       Though the effects of time variations in the observed EHT-Data are weak 
compared with the eclipse effect of the SMBHB, the possibility  of time variation in the 
EHT-Data can be considered as spectra variations arising through orbital motions. 
With the exception of flares, the power law spectra of the radio emissions from Sgr A* 
are known to have an index of 0.3 [36]. In the regular state of  the average condition of 
the accretion of the plasma, we assume that the radio wave emission spectra P𝑗𝑗(𝜔𝜔) for 
SMBH- j (j = Gaa or Gab) is   

𝑃𝑃𝑗𝑗(𝜔𝜔) = 𝐾𝐾𝑗𝑗𝑓𝑓0.3,                    (6) 
where 𝑓𝑓 is the emission frequency at the source, and 𝐾𝐾𝑗𝑗 is a constant coefficient that 
reflects all electromagnetic environments related to the radio wave emissions from 
each member j of the SMBHB. The observed frequency 𝑓𝑓𝑜𝑜𝑜𝑜  is related to the source 
frequency f, which is subjected to the Doppler effects of orbiting SMBH-j, as 

                             𝑓𝑓𝑜𝑜𝑜𝑜 = 𝑓𝑓 ∙ 01− 𝑣𝑣𝑗𝑗
𝑐𝑐 𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃𝐼𝐼𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑡𝑡 − 𝑡𝑡0)1 ,            (7)  

where  j a d  0  are the orbiting velocity and an arbitrary time, respectively, when 
SMBH Gaa is at the zero Doppler effect position for SMBH-j. The a g e θI is defined 
between the line of sight and the normal direction of the orbital plane (determined to 
be 84.0°; see Sec. 3.2.1). Details are presented in the ―interpretation‖ paper   ,17- of 
Fish et al.’s results ,5-; the emission power Pdj(fob) detected at observation frequency 
fob for each SMBH-j is expressed as 

𝑃𝑃𝑑𝑑𝑑𝑑(𝑓𝑓𝑜𝑜𝑜𝑜) = 𝐾𝐾𝑗𝑗𝑓𝑓𝑜𝑜𝑜𝑜0.3 [1 +
0.3𝑣𝑣𝑗𝑗
𝑐𝑐 𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃𝐼𝐼𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑡𝑡 − 𝑡𝑡0)] .               (8) 

 
3.2.3 Total model function  WmnOrb to express effects of SMBHB orbital motion 

The emissions from partner  SMBH-j that are shaded by the eclipse are switched 
alternatively between Gaa and Gab. In the equation, to express the time-varying power, 
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3.2.3 Total model function  WmnOrb to express effects of SMBHB orbital motion 

The emissions from partner  SMBH-j that are shaded by the eclipse are switched 
alternatively between Gaa and Gab. In the equation, to express the time-varying power, 

where ne is an index used to control the effective interval of 
the eclipse, and ke is the rate of emission shaded by the partner 
SMBH at the eclipse’s maximal phase. In principle, the ne value 
is varied to identify the optimal fitting case in the processes, to 
identify the correlation between the EHT-Data and DRWP-Mod-
el; however, we fixed ne as 4, following previous work [17]. 

3.2.2  Intensity variation due to spectral  shift caused  by Dop-
pler effects
Though the effects of time variations in the observed EHT-Data 

are weak compared with the eclipse effect of the SMBHB, the 
possibility  of time variation in the EHT-Data can be considered 
as spectra variations arising through orbital motions. With the 
exception of flares, the power law spectra of the radio emissions 
from Sgr A* are known to have an index of 0.3 [36]. In the reg-
ular state of  the average condition of the accretion of the plas-
ma, we assume that the radio wave emission spectra Pj (ω)  for 
SMBH- j (j = Gaa or Gab) is  

where f is the emission frequency at the source, and Kj is a con-
stant coefficient that reflects all electromagnetic environments 
related to the radio wave emissions from each member j of the 

SMBHB. The observed frequency fob is related to the source fre-
quency f, which is subjected to the Doppler effects of orbiting 
SMBH-j, as

assuming the direction of the orbital plane surface to be parallel 
to the observation direction (i.e., the inclination angle θI  of the 
orbital plane with respect to Galactic equatorial plane is  0°). 
From long term observations of the stars around Sgr A*, the total 
mass is inferred as MCD = (4.28±0.31)×106  M⦿ by Gillessen et 
al. [18]. When we attribute the difference between MD and MCD 
to inclination of the orbital plane in the mass reduction process-
es, we can deduce the correction angle ∆θ with respect to θI (= 
0°) as ∆θ = 0.105 radians (6.0 °). 

As shown in Figure 2, the orbiting radii of Gaa and Gab are 
1.89×107  km and 2.21×107 km,  respectively. As effects of the 
deduced shift of inclination of  (6.0°) an upward shift of 1.98×106 
km is verified ,for the center of Gaa whose radius of the event 

horizon is 3.35×106 km from the virtual orbital plane assumed 
as a purely parallel to the line of sight. A downward shift of 
2.32×106 km, also arising from the virtual plane, is deduced for 
the center of Gab whose event horizon radius is 2.87×106 km 
(see Figure 2). The upper and lower positions of both partner 
BHs in the SMBHB system, with respect to the virtual plane, 
are alternatively switched at each approaching maximal phase 
of the eclipse. Then, we observe twice the decrease of emission 
power for every orbiting period of 2200±50 sec. Based on the 
6.0° tilt of the SMBHB orbit plane surface from the pure parallel 
direction with respect to the line of sight, we construct Ec (t)  as a 
function of the DRWP-Model, to facilitate comparison with the 
EHT-Data. That is,
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compared with the eclipse effect of the SMBHB, the possibility  of time variation in the 
EHT-Data can be considered as spectra variations arising through orbital motions. 
With the exception of flares, the power law spectra of the radio emissions from Sgr A* 
are known to have an index of 0.3 [36]. In the regular state of  the average condition of 
the accretion of the plasma, we assume that the radio wave emission spectra P𝑗𝑗(𝜔𝜔) for 
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where vj  and t0 are the orbiting velocity and an arbitrary time, 
respectively, when SMBH Gaa is at the zero Doppler effect po-
sition for SMBH-j. The angle θI is defined between the line of 
sight and the normal direction of the orbital plane (determined to 

be 84.0°; see Sec. 3.2.1). Details are presented in the “interpreta-
tion” paper   [17]  of Fish et al.’s results [5]; the emission power 
Pdj (fob) detected at observation frequency fob for each SMBH-j 
is expressed as

3.2.3 Total model function  WmnOrb to express effects of SMBHB orbital motion
The emissions from partner  SMBH-j that are shaded by the eclipse are switched alternatively between Gaa and Gab. In the equation, 
to express the time-varying power, we define a switching function ; thus, the model of the time dependent emission power WT (t) 
from the SMBHB at Sgr A* is given by
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we define a switching function ; thus, the model of the time dependent emission power 
WT( ) from the SMBHB at Sgr A* is given by 
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𝑐𝑐 𝑠𝑠𝑠𝑠𝑠𝑠𝜃𝜃𝐼𝐼𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑡𝑡 − 𝑡𝑡0)] 𝑆𝑆𝐺𝐺𝐺𝐺𝐺𝐺(𝑡𝑡)} 𝐸𝐸𝑐𝑐(𝑡𝑡),               (9) 

where SGaa( )  a d SGab( ) are defined as 
    

𝑆𝑆𝐺𝐺𝐺𝐺𝐺𝐺(𝑡𝑡) = 8 1       𝑓𝑓𝑓𝑓𝑓𝑓  2𝑚𝑚𝑚𝑚 ≤ 𝛺𝛺(𝑡𝑡 − 𝑡𝑡0) < (2𝑚𝑚 + 1)𝜋𝜋 
1 𝐸𝐸𝑐𝑐(𝑡𝑡)⁄  𝑓𝑓𝑓𝑓𝑓𝑓 2(𝑚𝑚 + 1)𝜋𝜋 ≤ 𝛺𝛺(𝑡𝑡 − 𝑡𝑡0) < (2𝑚𝑚 + 2)𝜋𝜋 ,

 
   

 

and 

             𝑆𝑆𝐺𝐺𝐺𝐺𝐺𝐺(𝑡𝑡) = 81 𝐸𝐸𝑐𝑐(𝑡𝑡)⁄        𝑓𝑓𝑓𝑓𝑓𝑓  2𝑚𝑚𝑚𝑚 ≤ 𝛺𝛺(𝑡𝑡 − 𝑡𝑡0) < (2𝑚𝑚 + 1)𝜋𝜋 
  1      𝑓𝑓𝑓𝑓𝑓𝑓 2(𝑚𝑚 + 1)𝜋𝜋 ≤ 𝛺𝛺(𝑡𝑡 − 𝑡𝑡0) < (2𝑚𝑚 + 2)𝜋𝜋 

 
   

,          (10) 

                                      
respectively, with m as an arbitrary integer. 

The ratios between the radio wave emission powers of Gaa and Gab at the 1.3-mm 
wavelength is strictly related to the environment, where the source energy is provided 
by accreting plasma from the outside; the ratio is related to the efficiency with which 
the energy of accreting plasma is converted into radio-wave emissions. In this context, 
we can conclude that no apparent difference arises in the accreting plasma conditions 
between the two SMBHs, owing to their similarity of orbits in the SMBHB. Regarding 
the conversion efficiency, the slight differences in the masses and sizes of the two 
SMBHs may affect the processes by which the radio waves are generated. However, we 
assume no significant difference from a macroscopic estimation perspective. Based  
    his assumption and, the already presented  Gaa c a d ⁄  Gab c⁄  values, together with 
𝜃𝜃𝐼𝐼 = 90° − 6.0°, we can express eq. (9) in a simplified form, as 

 
𝑊𝑊𝑇𝑇(𝑡𝑡)̅̅ ̅̅ ̅̅ ̅̅ = *,1 + 0.0537𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑡𝑡 − 𝑡𝑡0)-𝑆𝑆𝐺𝐺𝐺𝐺𝐺𝐺(𝑡𝑡)

+ ,1− 0.0626𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑡𝑡 − 𝑡𝑡0)-𝑆𝑆𝐺𝐺𝐺𝐺𝐺𝐺(𝑡𝑡)+𝐸𝐸𝑐𝑐(𝑡𝑡) ,    (11)       
where  𝑊𝑊𝑇𝑇(𝑡𝑡)̅̅ ̅̅ ̅̅ ̅̅ ≡ 𝑊𝑊𝑇𝑇(𝑡𝑡) (𝐾𝐾𝐺𝐺𝑎𝑎𝑎𝑎𝑓𝑓𝑜𝑜𝑜𝑜0.3)⁄ .  
At this point, we recognize that the effects of time variation when observing emission 
spectra are minor, with a rate of ~20% compared with the effects of the eclipse upon 
the time variation, which indicates a rate of 𝑘𝑘𝑒𝑒  (= 0.3) for shading the observing 
emissions from one of the SMBHs. 
 
 

where SGaa(t) and SGab (t) are defined as
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ment, where the source energy is provided by accreting plasma 
from the outside; the ratio is related to the efficiency with which 
the energy of accreting plasma is converted into radio-wave 
emissions. In this context, we can conclude that no apparent dif-
ference arises in the accreting plasma conditions between the 

two SMBHs, owing to their similarity of orbits in the SMBHB. 
Regarding the conversion efficiency, the slight differences in the 
masses and sizes of the two SMBHs may affect the processes 
by which the radio waves are generated. However, we assume 
no significant difference from a macroscopic estimation perspec-
tive. Based  on this assumption and, the already presented vGaa ⁄ 
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we can conclude that no apparent difference arises in the accreting plasma conditions 
between the two SMBHs, owing to their similarity of orbits in the SMBHB. Regarding 
the conversion efficiency, the slight differences in the masses and sizes of the two 
SMBHs may affect the processes by which the radio waves are generated. However, we 
assume no significant difference from a macroscopic estimation perspective. Based  
    his assumption and, the already presented  Gaa c a d ⁄  Gab c⁄  values, together with 
𝜃𝜃𝐼𝐼 = 90° − 6.0°, we can express eq. (9) in a simplified form, as 

 
𝑊𝑊𝑇𝑇(𝑡𝑡)̅̅ ̅̅ ̅̅ ̅̅ = *,1 + 0.0537𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑡𝑡 − 𝑡𝑡0)-𝑆𝑆𝐺𝐺𝐺𝐺𝐺𝐺(𝑡𝑡)

+ ,1− 0.0626𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑡𝑡 − 𝑡𝑡0)-𝑆𝑆𝐺𝐺𝐺𝐺𝐺𝐺(𝑡𝑡)+𝐸𝐸𝑐𝑐(𝑡𝑡) ,    (11)       
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At this point, we recognize that the effects of time variation when observing emission 
spectra are minor, with a rate of ~20% compared with the effects of the eclipse upon 
the time variation, which indicates a rate of 𝑘𝑘𝑒𝑒  (= 0.3) for shading the observing 
emissions from one of the SMBHs. 
 
 

At this point, we recognize that the effects of time variation 
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compared with the effects of the eclipse upon the time variation, 

which indicates a rate of ke (= 0.3) for shading the observing 
emissions from one of the SMBHs.
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Figure 3  Geometrical relations between the rotating SMBHB at SgrA* and EHT-VLBI 
observatories at (m) and (n). (A) Over all description. The orbiting SMBH Gaa and Gab 
are described in the Cartesian coordinate with the origin at the center of SgrA* ; the 
direction of x-axis coincides with the unit vector 𝑘̂𝑘𝑆𝑆𝑆𝑆 that is defined to coincide with the 
direction to connect between the earth’s center and the center of SgrA*.The y axis of 
the reference coordinate prepared to describe the SMBHB orbital plane is set to be 
vertical to x axis and also to the Galactic north pole direction to be in parallel with the 
Galactic plane . The location of the VLBI observatories of EHT are described in the 
regular astronomical coordinate of the equatorial-spring equinox system whose 𝑧𝑧𝑒𝑒 axis 
coincides with the axis of the earth rotation with parameters 𝑟𝑟𝑚𝑚,φ𝑚𝑚, 𝜆𝜆𝑚𝑚 a d ℎ𝑚𝑚  for 
observatory m, respectively for the distance between the earth center, longitude, 
latitude  and the height from the sea surface. The distance from the earth center and 
the center of the SgrA* is given by Lsg  meanwhile the distance between SMBH Gaa 
and Gab is expressed by LOrb  .  (B) Fine description of SMBHB plane. With respect to 
the reference coordinate. The orbital plane of SMBHB is set with two inclination steps ; 
these are the 6 degree inclination of SMBHB orbital plane looking from the Earth and 
inclination which is described as tilt of the normal direction of the SMBHB orbital 
plane from the Galactic north pole direction by the angle α(see red vector) ; the new y 
direction in the inclined SMBHB plane is defined as 𝑦𝑦𝑇𝑇 .  The real case of inclined angle 
αis searched by finding maximum correlation between the EHT-Data and DRWP-
Model. 
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description. The orbiting SMBH Gaa and Gab are described in the Cartesian coordinate with the origin at the center of SgrA* ; the 
direction of x axis coincides with the unit vector 𝑘𝑆𝑔 that is defined to coincide with the direction to connect between the earth’s cen-
ter and the center of SgrA*.The y axis of the reference coordinate prepared to describe the SMBHB orbital plane is set to be vertical 
to x axis and also to the Galactic north pole direction to be in parallel with the Galactic plane. The location of the VLBI observatories 
of EHT are described in the regular astronomical coordinate of the equatorial spring equinox system whose 𝑧𝑒 axis coincides with the 
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to the reference coordinate. The orbital plane of SMBHB is set with two inclination steps ; these are the 6 degree inclination of SM-
BHB orbital plane looking from the Earth and inclination which is described as tilt of the normal direction of the SMBHB orbital 
plane from the Galactic north pole direction by the angle α (see red vector) ; the new y direction in the inclined SMBHB plane is de-
fined as 𝑦 α. The real case of inclined angle α is searched by finding maximum correlation between the EHT Data and DRWP Model.
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3.3 Construction of the Phase Function ∆kOrb∙(rm-rn )
3.3.1 Decision of the orbital plane of SMBHB to construct 
Δ𝒌𝐎𝐫𝐛
Corresponding to the phase ∆kj∙(rm-rn)  in eq. (4) (j = Orb), we 
consider the phase function ℱ defined by

That is, the source covering the orbit range of the SMBHB is 
expressed by taking j to be  “Orb.” For description of ∆kOrb, we 
consider the geometrical relationship given in Figure 3, where 
we set relationships between the orbiting SMBHBs at Sgr A* 
and the VLBI observatories of EHT. The orbiting plane of SM-
BHs Gaa and Gab are described  setting the coordinate center 
at the Galaxy center Sgr A*  with the reference vector whose 
direction coincide with the direction of SgrA* observed from 

the earth (see eq.(13)). To describe the geometry of the orbital 
plane of SMBHB, we have selected the Galactic equatorial plane 
as the reference to  decide the  normal direction of the orbital 
plane. Within the two dimensional freedom to decide the normal 
direction of the orbiting plane we are required a constraint that  
the orbital  plane surface is  inclined by 6 degree (INCL here-
after) from the direction of the SgrA*. There remains, however, 
one freedom to fix the orbital plane of SMBHB; that is, within 
the constrain of the direction towards SgrA* with inclination  of 
6 degree ,the possible orbital plane can be selected by rotating 
(ROTE hereafter) in the direction by taking the vector towards 
SgrA*  as an axis. Then we describe the possible orbital plane 
by the two steps after setting the reference by using the Carte-
sian coordinate, x,y,z   with unit vectors 𝑥̂ ,𝑦̂ and 𝑧̂ , respectively 
,which are given in the astronomical equatorial-spring equinox 
coordinate system , as,
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33..33  CCoonnssttrruuccttiioonn  ooff  tthhee  PPhhaassee  FFuunnccttiioonn  ∆𝒌𝒌𝐎𝐎𝐎𝐎𝐎𝐎 ∙ (𝒓𝒓𝒎𝒎 − 𝒓𝒓𝒏𝒏)  
33..33..11  DDeecciissiioonn  ooff  tthhee  oorrbbiittaall  ppllaannee  ooff  SSMMBBHHBB  ttoo  ccoonnssttrruucctt  ∆𝒌𝒌𝐎𝐎𝐎𝐎𝐎𝐎 

Corresponding  to the phase ∆𝒌𝒌j ∙ (𝒓𝒓𝒎𝒎 − 𝒓𝒓𝑛𝑛) in eq. (4) (j = O b), we consider the phase 
function ℱ defined by 

ℱ = c s,∆𝒌𝒌Orb ∙ (𝒓𝒓𝒎𝒎 − 𝒓𝒓𝑛𝑛)-.           (12) 
That is, the source covering the orbit range of the SMBHB is expressed by taking j to 
be  ―Orb.‖ For description of ∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂, we consider the geometrical relationship given in 
Figure 3, where we set relationships between the orbiting SMBHBs at Sgr A* and the 
VLBI observatories of EHT. The orbiting plane of SMBHs Gaa and Gab are described  
setting the coordinate  center at the Galaxy center Sgr A*  with the reference vector 
whose direction coincide with the direction of SgrA* observed from the earth (see 
eq.(13)). To describe the geometry of the orbital plane of SMBHB,  we have selected the 
Galactic equatorial plane as the reference to  decide the  normal direction of the orbital 
plane. Within the two dimensional freedom to decide the  normal direction of the 
orbiting plane we are required a constraint that  the orbital  plane surface is  inclined 
by 6 degree (INCL hereafter) from the direction of the SgrA*. There remains, however, 
one freedom to fix the orbital plane of SMBHB ; that is, within the constrain of the 
direction towards SgrA* with inclination  of 6 degree ,the possible orbital plane can be 
selected by rotating (ROTE hereafter) in the direction by taking the vector towards 
SgrA*  as an axis. Then we describe the possible orbital plane by the two steps after 
setting the reference by using the Cartesian coordinate, 𝑥𝑥,𝑦𝑦, 𝑧𝑧   with unit vectors  
𝑥𝑥 , 𝑦̂𝑦 a d 𝑧̂𝑧 , respectively ,which are given in the astronomical equatorial-spring equinox 
coordinate system , as, 

  𝑥̂𝑥 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑥̂𝑥𝑒𝑒 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑦̂𝑦𝑒𝑒
+ 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑧̂𝑧𝑒𝑒 .                                                                  (13) 

𝑦̂𝑦 = (𝑐𝑐𝑜𝑜𝑜𝑜𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆)𝑥̂𝑥𝑒𝑒
+ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺)𝑦̂𝑦𝑒𝑒
+ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺)𝑧̂𝑧𝑒𝑒    (14) 

and 
 

   𝑧̂𝑧 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺𝑥𝑥𝑒𝑒 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺𝑦̂𝑦𝑒𝑒 + 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑧̂𝑧𝑒𝑒.                                               (15) 
where 𝜙𝜙𝑆𝑆𝑆𝑆 and 𝛿𝛿𝑆𝑆𝑆𝑆 are the right ascension  and declination of SgrA* respectively; 
and 𝜙𝜙𝐺𝐺𝐺𝐺 and 𝛿𝛿𝐺𝐺𝐺𝐺 are the right ascension and declination of North Galactic pole. The  
 vectors 𝑥̂𝑥𝑒𝑒 , 𝑧̂𝑧𝑒𝑒  a d  𝑦̂𝑦𝑒𝑒,in eqs.(13) to (15) are  the  unit vector directed toward the sun 
at spring equinox at 0h UT¸ the unit vector parallel to the earth rotation axis and 
the unit vector perpendicular to both 𝑥̂𝑥𝑒𝑒  a d  𝑧̂𝑧𝑒𝑒 , reespectively. 
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That is, the source covering the orbit range of the SMBHB is expressed by taking j to 
be  ―Orb.‖ For description of ∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂, we consider the geometrical relationship given in 
Figure 3, where we set relationships between the orbiting SMBHBs at Sgr A* and the 
VLBI observatories of EHT. The orbiting plane of SMBHs Gaa and Gab are described  
setting the coordinate  center at the Galaxy center Sgr A*  with the reference vector 
whose direction coincide with the direction of SgrA* observed from the earth (see 
eq.(13)). To describe the geometry of the orbital plane of SMBHB,  we have selected the 
Galactic equatorial plane as the reference to  decide the  normal direction of the orbital 
plane. Within the two dimensional freedom to decide the  normal direction of the 
orbiting plane we are required a constraint that  the orbital  plane surface is  inclined 
by 6 degree (INCL hereafter) from the direction of the SgrA*. There remains, however, 
one freedom to fix the orbital plane of SMBHB ; that is, within the constrain of the 
direction towards SgrA* with inclination  of 6 degree ,the possible orbital plane can be 
selected by rotating (ROTE hereafter) in the direction by taking the vector towards 
SgrA*  as an axis. Then we describe the possible orbital plane by the two steps after 
setting the reference by using the Cartesian coordinate, 𝑥𝑥,𝑦𝑦, 𝑧𝑧   with unit vectors  
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33..33..11  DDeecciissiioonn  ooff  tthhee  oorrbbiittaall  ppllaannee  ooff  SSMMBBHHBB  ttoo  ccoonnssttrruucctt  ∆𝒌𝒌𝐎𝐎𝐎𝐎𝐎𝐎 
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   𝑧̂𝑧 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺𝑥̂𝑥𝑒𝑒 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺𝑦̂𝑦𝑒𝑒 + 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑧̂𝑧𝑒𝑒.                                               (15) 
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and 𝜙𝜙𝐺𝐺𝐺𝐺 and 𝛿𝛿𝐺𝐺𝐺𝐺 are the right ascension and declination of North Galactic pole. The  
 vectors 𝑥̂𝑥𝑒𝑒 , 𝑧̂𝑧𝑒𝑒  a d  𝑦̂𝑦𝑒𝑒,in eqs.(13) to (15) are  the  unit vector directed toward the sun 
at spring equinox at 0h UT¸ the unit vector parallel to the earth rotation axis and 
the unit vector perpendicular to both 𝑥̂𝑥𝑒𝑒  a d  𝑧̂𝑧𝑒𝑒 , reespectively. 

where 𝜙𝑆𝑔 and 𝛿𝑆𝑔 are the right ascension and declination of SgrA* 
respectively; and 𝜙𝐺𝑝 and 𝛿𝐺𝑝 are the right ascension and declina-
tion of North Galactic pole. The vectors 𝑥̂𝑒,𝑧̂𝑒 and 𝑦̂𝑒,in eqs.( 13 ) to 
(15 ) are the unit vector directed toward the sun at spring equinox 
at 0h UT¸ the unit vector parallel to the earth rotation axis and the 
unit vector perpendicular to both 𝑥̂𝑒 and 𝑧̂ 𝑒 , respectively.

The selection which process we take as the first step between 
the INCL and ROTE reveals different results in general: but as 
has been described in Appendix A , we are able to have approxi-
mately same results in the case of small angle deviation such as
the case smaller than 10˚ for an example, both for INCL and 
ROTE. Then we take the ROTE process as the first step.
a) T he first step.
We define a new Cartesian coordinate ( 𝑥𝛼 , 𝑦𝛼 ,𝑧𝛼 ) for the ROTE 
of the orbital plane by rotating angle ±𝛼 ( takes + for the rotation 
towards +y direction) . The unit vectors for corresponding coor-
dinate axis 𝑥̂𝛼 , 𝑦̂𝛼 ,and 𝑧̂𝛼 are then expressed by

It should be noted that this ROTE angle is unknown at the pres-
ent stage. The decision of α is  then made in the processes to find 
the best fit value between EHT-Data and DRWP-Model as will 
be described in Sec 5.
b) The second step
We define the Cartesian coordinate ( 𝑥𝑝 , 𝑦𝑝 ,𝑧𝑝 ) with corre-
sponding unit vector 𝑥𝑝̂ , 𝑦̂𝑝 ,and 𝑧̂𝑝 for the finally decided orbital 
plane by INCL angle 𝛽=6° . That is, unit vectors are

By inserting eqs(16),(17) and (18) into corresponding equations 
in eq.(19), we have the relations between( 𝑥̂, 𝑦̂, 𝑧̂) and ( 𝑥𝑝̂ , 𝑦𝑝̂ 
,𝑧̂𝑝 ), as
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 𝑦̂𝑦𝑝𝑝 , a d 𝑧̂𝑧𝑝𝑝 for the finally decided orbital plane by INCL  angle 𝛽𝛽 = 6° . That is, unit 
vectors are 

  
 𝑥𝑥𝑝𝑝 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑥̂𝑥𝛼𝛼 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧𝛼𝛼  ,                                                
 𝑦̂𝑦𝑝𝑝 =   𝑦̂𝑦𝛼𝛼    
𝑧̂𝑧𝑝𝑝 = − 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑥̂𝑥𝛼𝛼 +  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧𝛼𝛼  .                                         

                                                                                                      (19)           
By inserting eqs(16),(17) and (18) into corresponding  equations in eq.(19), we have 

the relations between( 𝑥𝑥,  𝑦̂𝑦,  𝑧̂𝑧) and   (  𝑥̂𝑥𝑝𝑝 ,  𝑦̂𝑦𝑝𝑝 , 𝑧̂𝑧𝑝𝑝 ), as 
 

 𝑥̂𝑥𝑝𝑝 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑥̂𝑥 + si 𝛼𝛼 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑦̂𝑦 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧 .                         (20) 
 𝑦̂𝑦𝑝𝑝 =                  c s𝛼𝛼 𝑦̂𝑦 − 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧 .                                                 (21) 

and 
 𝑧̂𝑧𝑝𝑝 = −𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑥̂𝑥 + si 𝛼𝛼 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑦̂𝑦 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧 .                     (22) 

 
   As given by eqs.(9) and (11), there are two causes to give variation of the brightness 
of the emitted millimeter radio waves; those are Doppler effects to vary the radiating 
spectra that vary with orbiting angular velocity 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 ,and the eclipse effects of two 
orbiting SMBHs which evolve with the twice of the orbiting angular velocity as 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 . 
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vectors are 
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                                                                                                      (19)           
By inserting eqs(16),(17) and (18) into corresponding  equations in eq.(19), we have 

the relations between( 𝑥̂𝑥,  𝑦̂𝑦,  𝑧̂𝑧) and   (  𝑥̂𝑥𝑝𝑝 ,  𝑦̂𝑦𝑝𝑝 , 𝑧̂𝑧𝑝𝑝 ), as 
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and 
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   As given by eqs.(9) and (11), there are two causes to give variation of the brightness 
of the emitted millimeter radio waves; those are Doppler effects to vary the radiating 
spectra that vary with orbiting angular velocity 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 ,and the eclipse effects of two 
orbiting SMBHs which evolve with the twice of the orbiting angular velocity as 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 . 
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   The selection which process we take as the first step between the INCL and ROTE 
reveals different results in general: but as has been described in Appendix A , we are 
able to have approximately same results in the case of small angle deviation such as 
the case smaller than 10°, for an example, both for INCL and ROTE. 
Then we take the ROTE process as the first step. 
a) The first step. 
     We define a new Cartesian coordinate ( 𝑥𝑥𝛼𝛼 , 𝑦𝑦𝛼𝛼 , 𝑧𝑧𝛼𝛼 ) for the ROTE of the orbital plane 
by rotating  angle ±𝛼𝛼  ( takes + for the rotation towards +y direction) . The unit vectors 
for corresponding coordinate axis  𝑥̂𝑥𝛼𝛼 , 𝑦̂𝑦𝛼𝛼 , a d 𝑧̂𝑧𝛼𝛼  are then expressed by 

 𝑥̂𝑥𝛼𝛼 =  𝑥̂𝑥 ,                                                               (16) 
 𝑦̂𝑦𝛼𝛼 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦̂𝑦  − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝑧̂𝑧 ,                                      (17) 
𝑧̂𝑧𝛼𝛼 =  𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝑦̂𝑦 +  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧 .                                     (18) 

It should be noted that this ROTE angle is unknown at the present stage. The decision 
of αis  then made in the processes to find the best fit value between EHT-Data and 
DRWP-Model as will be described in Sec 5. 
b) The second  step 

We define the Cartesian coordinate ( 𝑥𝑥𝑝𝑝 , 𝑦𝑦𝑝𝑝 , 𝑧𝑧𝑝𝑝 ) with corresponding unit vector  𝑥̂𝑥𝑝𝑝 , 
 𝑦̂𝑦𝑝𝑝 , a d 𝑧̂𝑧𝑝𝑝 for the finally decided orbital plane by INCL  angle 𝛽𝛽 = 6° . That is, unit 
vectors are 
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As given by eqs.(9) and (11), there are two causes to give vari-
ation of the brightness of the emitted millimeter radio waves; 
those are Doppler effects to vary the radiating spectra that vary 
with orbiting angular velocity ΩOrb ,and the eclipse effects of 
two orbiting SMBHs which evolve with the twice of the orbiting 
angular velocity as 2ΩOrb.

The DRWP-Model purposed to search for the identity with the 
EHT observation results, then, consists of two unit vectors cor-
responding to above described two effects; that is, we describe 
∆kOrb  as
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The DRWP-Model purposed to search for the identity with the EHT observation results, 
then, consists of two unit vectors corresponding to above described two effects; that is, 
we describe ∆𝐤𝐤Orb  as 

∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂 = (2𝜋𝜋 𝜆𝜆⁄ )(𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂  . 𝐿𝐿𝑠𝑠𝑠𝑠⁄ ) ∙ (𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2) .                    (23) 
where k̂1a d k̂2 are unit vectors which rotate with orbiting angular velocity ΩOrb and  
rotate with the angular velocity of 2ΩOrb forming a bar connecting geometry between 
SMBH Gaa and Gab that results ecliptic effects for observation points; κr is a rate for 
giving the weight to eclipse effect compared with effects of spectra modulation due to 
the Doppler effects.   Then two unit vectors are expressed by 
 

𝑘̂𝑘1 = 𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (24) 
 . and  

𝑘̂𝑘2 = 𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (25) 

  Thus, 𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 that is essential to obtain  ∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂  ((as given by  eq.(23)) is expressed 
(see Appendix A) by 
  Thus, 𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 terms that is essential to obtain  ∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂  as given by  eq.(23) is 
expressed (see Appendix A) by 

𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 = *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑥𝑥
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑥𝑥+𝑥̂𝑥𝑒𝑒
+ {,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑦𝑦
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑦𝑦}𝑦̂𝑦𝑒𝑒
+ *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑧𝑧
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑧𝑧+𝑧̂𝑧𝑒𝑒 

                                                                                (26) 
 
where  𝐴𝐴𝑖𝑖 (𝑖𝑖 = 𝑥𝑥,𝑦𝑦, 𝑧𝑧) and 𝐵𝐵𝑗𝑗 (𝑗𝑗 = 𝑥𝑥,𝑦𝑦 , 𝑧𝑧) are given as follows (see Appendix A  for 

details): 
. 𝐴𝐴𝑥𝑥 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆) 
                       +𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺,                                                               (26− 1)                                                                         
𝐴𝐴𝑦𝑦 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑔𝑔 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺)                    

+𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺    ,                                                        (26− 2)           
𝐴𝐴𝑍𝑍 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑔𝑔 +   𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺) 
                                                  +𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺,                                             (26− 3)                                                        
𝐵𝐵𝑥𝑥 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺,       

                                                                                                               (26− 4)             
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The DRWP-Model purposed to search for the identity with the EHT observation results, 
then, consists of two unit vectors corresponding to above described two effects; that is, 
we describe ∆𝐤𝐤Orb  as 

∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂 = (2𝜋𝜋 𝜆𝜆⁄ )(𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂  . 𝐿𝐿𝑠𝑠𝑠𝑠⁄ ) ∙ (𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2) .                    (23) 
where k̂1a d k̂2 are unit vectors which rotate with orbiting angular velocity ΩOrb and  
rotate with the angular velocity of 2ΩOrb forming a bar connecting geometry between 
SMBH Gaa and Gab that results ecliptic effects for observation points; κr is a rate for 
giving the weight to eclipse effect compared with effects of spectra modulation due to 
the Doppler effects.   Then two unit vectors are expressed by 
 

𝑘̂𝑘1 = 𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (24) 
 . and  

𝑘̂𝑘2 = 𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (25) 

  Thus, 𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 that is essential to obtain  ∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂  ((as given by  eq.(23)) is expressed 
(see Appendix A) by 
  Thus, 𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 terms that is essential to obtain  ∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂  as given by  eq.(23) is 
expressed (see Appendix A) by 

𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 = *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑥𝑥
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑥𝑥+𝑥̂𝑥𝑒𝑒
+ {,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑦𝑦
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑦𝑦}𝑦̂𝑦𝑒𝑒
+ *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑧𝑧
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑧𝑧+𝑧̂𝑧𝑒𝑒 

                                                                                (26) 
 
where  𝐴𝐴𝑖𝑖 (𝑖𝑖 = 𝑥𝑥,𝑦𝑦, 𝑧𝑧) and 𝐵𝐵𝑗𝑗 (𝑗𝑗 = 𝑥𝑥,𝑦𝑦 , 𝑧𝑧) are given as follows (see Appendix A  for 

details): 
. 𝐴𝐴𝑥𝑥 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆) 
                       +𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺,                                                               (26− 1)                                                                         
𝐴𝐴𝑦𝑦 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑔𝑔 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺)                    

+𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺    ,                                                        (26− 2)           
𝐴𝐴𝑍𝑍 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑔𝑔 +   𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺) 
                                                  +𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺,                                             (26− 3)                                                        
𝐵𝐵𝑥𝑥 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺,       
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where k̂1 and k̂2 are unit vectors which rotate with orbiting an-
gular velocity ΩOrb and rotate with the angular velocity of 2ΩOrb 
forming a bar connecting geometry between SMBH Gaa and 
Gab that results ecliptic effects for observation points; κr is a rate 

for giving the weight to eclipse effect compared with effects of 
spectra modulation due to the Doppler effects . Then two unit 
vectors are expressed by
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SMBH Gaa and Gab that results ecliptic effects for observation points; κr is a rate for 
giving the weight to eclipse effect compared with effects of spectra modulation due to 
the Doppler effects.   Then two unit vectors are expressed by 
 

𝑘̂𝑘1 = 𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (24) 
 . and  

𝑘̂𝑘2 = 𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (25) 

  Thus, 𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 that is essential to obtain  ∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂  ((as given by  eq.(23)) is expressed 
(see Appendix A) by 
  Thus, 𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 terms that is essential to obtain  ∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂  as given by  eq.(23) is 
expressed (see Appendix A) by 

𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 = *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑥𝑥
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑥𝑥+𝑥̂𝑥𝑒𝑒
+ {,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑦𝑦
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑦𝑦}𝑦̂𝑦𝑒𝑒
+ *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑧𝑧
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑧𝑧+𝑧̂𝑧𝑒𝑒 

                                                                                (26) 
 
where  𝐴𝐴𝑖𝑖 (𝑖𝑖 = 𝑥𝑥,𝑦𝑦, 𝑧𝑧) and 𝐵𝐵𝑗𝑗 (𝑗𝑗 = 𝑥𝑥,𝑦𝑦 , 𝑧𝑧) are given as follows (see Appendix A  for 

details): 
. 𝐴𝐴𝑥𝑥 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆) 
                       +𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺,                                                               (26− 1)                                                                         
𝐴𝐴𝑦𝑦 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑔𝑔 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺)                    

+𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺    ,                                                        (26− 2)           
𝐴𝐴𝑍𝑍 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑔𝑔 +   𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺) 
                                                  +𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺,                                             (26− 3)                                                        
𝐵𝐵𝑥𝑥 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺,       

                                                                                                               (26− 4)             
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The DRWP-Model purposed to search for the identity with the EHT observation results, 
then, consists of two unit vectors corresponding to above described two effects; that is, 
we describe ∆𝐤𝐤Orb  as 

∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂 = (2𝜋𝜋 𝜆𝜆⁄ )(𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂  . 𝐿𝐿𝑠𝑠𝑠𝑠⁄ ) ∙ (𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2) .                    (23) 
where k̂1a d k̂2 are unit vectors which rotate with orbiting angular velocity ΩOrb and  
rotate with the angular velocity of 2ΩOrb forming a bar connecting geometry between 
SMBH Gaa and Gab that results ecliptic effects for observation points; κr is a rate for 
giving the weight to eclipse effect compared with effects of spectra modulation due to 
the Doppler effects.   Then two unit vectors are expressed by 
 

𝑘̂𝑘1 = 𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (24) 
 . and  

𝑘̂𝑘2 = 𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (25) 

  Thus, 𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 that is essential to obtain  ∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂  ((as given by  eq.(23)) is expressed 
(see Appendix A) by 
  Thus, 𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 terms that is essential to obtain  ∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂  as given by  eq.(23) is 
expressed (see Appendix A) by 

𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 = *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑥𝑥
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑥𝑥+𝑥̂𝑥𝑒𝑒
+ {,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑦𝑦
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑦𝑦}𝑦̂𝑦𝑒𝑒
+ *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑧𝑧
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑧𝑧+𝑧̂𝑧𝑒𝑒 

                                                                                (26) 
 
where  𝐴𝐴𝑖𝑖 (𝑖𝑖 = 𝑥𝑥,𝑦𝑦, 𝑧𝑧) and 𝐵𝐵𝑗𝑗 (𝑗𝑗 = 𝑥𝑥,𝑦𝑦 , 𝑧𝑧) are given as follows (see Appendix A  for 

details): 
. 𝐴𝐴𝑥𝑥 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆) 
                       +𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺,                                                               (26− 1)                                                                         
𝐴𝐴𝑦𝑦 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑔𝑔 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺)                    

+𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺    ,                                                        (26− 2)           
𝐴𝐴𝑍𝑍 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑔𝑔 +   𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺) 
                                                  +𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺,                                             (26− 3)                                                        
𝐵𝐵𝑥𝑥 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺,       

                                                                                                               (26− 4)             

where 𝐴𝑖 (𝑖=𝑥,𝑦,𝑧) and 𝐵𝑗 (𝑗=𝑥,𝑦 ,𝑧) are given as follows (see Appendix A for details):

 

18 
 

𝐵𝐵𝑦𝑦 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺 ,          
                                                                                                                   (26− 5)        

and 
𝐵𝐵𝑧𝑧 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺. 

                                                                                                           (26 -   6) 
 The distance Lsg from the earth center and the center of the SgrA* given in eq.(23), is 
estimated to be  2.57 × 1022c   c   es   di g    8.3 k c,18-   while the distance of the 
orbiting SMBH Gaa and Gab (see Figure 1) expressed by LOrb  (also given in eq.(23))is 
given by 4.10 × 1012 c  .The spreading of the  wave number vector ∆𝐤𝐤Orb with respect 
to direction of the unit vector x̂ ≡ k̂sg provides order of magnitude as 

|∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂| = (2𝜋𝜋 𝜆𝜆⁄ )(𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂 𝐿𝐿𝑠𝑠𝑠𝑠⁄ ) = 1.6 × (2𝜋𝜋 𝜆𝜆⁄ ) × 10−10.                                  (27) 
 
. Then using this expression we have phase function ℱ  corresponding to eq.(12) as  

ℱ = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  .                          (28) 
where Θ is given by 

𝛩𝛩 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
(𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2) ∙

(𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛) 
𝜆𝜆  .                        (29)     

  
3.3.2           TTiimmee  ddeeppeennddeenntt    cchhaarraacctteerriissttiiccss  ooff  pphhaassee  ffuunnccttiioonn  𝓕𝓕 
The locations of the VLBI observatories of EHT are described in the regular 

astronomical coordinates of the equatorial–spring equinox system whose ze  axis 
coincides with the axis of the Earth’s rotation; that is, locations of observatories are 
given by parameters  m,φm, λm, a d hm for observatory m; these denote the distance 
from the Earth’s center, longitude, latitude, and height above sea level, respectively. 
Then, 𝐫𝐫m − 𝐫𝐫n vector is expressed in the equator–spring equinox coordinate system as 

 
𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 = *(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑚𝑚- − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑛𝑛-+𝑥̂𝑥𝑒𝑒  

              +*(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑚𝑚-− (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑛𝑛-+𝑦̂𝑦𝑒𝑒 
                                                         +,(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛-𝑧̂𝑧𝑒𝑒,                               (30) 
     where     e , and Ωe  are Earth’s radius and angular velocity of the Earth, 
respectively; t and  0 are the time passage and the initial time respectively. 
     Using eq. (30), therefore , we can calculate the phase Θ of the phase function [eq. 
(12)] as detail is explained in Appendix B where expressions are made by 
approximating the level of the observatory as  e ≫ hm to make the mathematical 
manipulation tractable from the perspective of investigating the time dependent 
characteristics of VLBI visibilities.  By defining 𝐶𝐶𝑚𝑚𝑚𝑚 and 𝐷𝐷𝑚𝑚𝑚𝑚 as 

The distance Lsg from the earth center and the center of the 
SgrA* given in eq.(23), is estimated to be 2.57×1022 cm corre-
sponding 8.3 kpc, while the distance of the orbiting SMBH Gaa 
and Gab (see Figure 1 ) expressed by LOrb (also given in eq.(18) 

is given by 4.10×1012 cm. The spreading of the wave number 
vector Δ𝐤Orb with respect to direction of the unit vector x̂≡k̂sg 
provides order of magnitude as

Thus, k1 + κr k2 term that is essential to obtain ΔkOrb as given by eq.(23) is expressed (see Appendix A) bŷ ̂
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18 
 

𝐵𝐵𝑦𝑦 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺 ,          
                                                                                                                   (26− 5)        

and 
𝐵𝐵𝑧𝑧 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺. 

                                                                                                           (26 -   6) 
 The distance Lsg from the earth center and the center of the SgrA* given in eq.(23), is 
estimated to be  2.57 × 1022c   c   es   di g    8.3 k c,18-   while the distance of the 
orbiting SMBH Gaa and Gab (see Figure 1) expressed by LOrb  (also given in eq.(23))is 
given by 4.10 × 1012 c  .The spreading of the  wave number vector ∆𝐤𝐤Orb with respect 
to direction of the unit vector x̂ ≡ k̂sg provides order of magnitude as 

|∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂| = (2𝜋𝜋 𝜆𝜆⁄ )(𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂 𝐿𝐿𝑠𝑠𝑠𝑠⁄ ) = 1.6 × (2𝜋𝜋 𝜆𝜆⁄ ) × 10−10.                                  (27) 
 
. Then using this expression we have phase function ℱ  corresponding to eq.(12) as  

ℱ = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  .                          (28) 
where Θ is given by 

𝛩𝛩 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
(𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2) ∙

(𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛) 
𝜆𝜆  .                        (29)     

  
3.3.2           TTiimmee  ddeeppeennddeenntt    cchhaarraacctteerriissttiiccss  ooff  pphhaassee  ffuunnccttiioonn  𝓕𝓕 
The locations of the VLBI observatories of EHT are described in the regular 

astronomical coordinates of the equatorial–spring equinox system whose ze  axis 
coincides with the axis of the Earth’s rotation; that is, locations of observatories are 
given by parameters  m,φm, λm, a d hm for observatory m; these denote the distance 
from the Earth’s center, longitude, latitude, and height above sea level, respectively. 
Then, 𝐫𝐫m − 𝐫𝐫n vector is expressed in the equator–spring equinox coordinate system as 

 
𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 = *(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑚𝑚- − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑛𝑛-+𝑥̂𝑥𝑒𝑒  

              +*(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑚𝑚-− (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑛𝑛-+𝑦̂𝑦𝑒𝑒 
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     Using eq. (30), therefore , we can calculate the phase Θ of the phase function [eq. 
(12)] as detail is explained in Appendix B where expressions are made by 
approximating the level of the observatory as  e ≫ hm to make the mathematical 
manipulation tractable from the perspective of investigating the time dependent 
characteristics of VLBI visibilities.  By defining 𝐶𝐶𝑚𝑚𝑚𝑚 and 𝐷𝐷𝑚𝑚𝑚𝑚 as 
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given by 4.10 × 1012 c  .The spreading of the  wave number vector ∆𝐤𝐤Orb with respect 
to direction of the unit vector x̂ ≡ k̂sg provides order of magnitude as 

|∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂| = (2𝜋𝜋 𝜆𝜆⁄ )(𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂 𝐿𝐿𝑠𝑠𝑠𝑠⁄ ) = 1.6 × (2𝜋𝜋 𝜆𝜆⁄ ) × 10−10.                                  (27) 
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ℱ = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  .                          (28) 
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given by parameters  m,φm, λm, a d hm for observatory m; these denote the distance 
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astronomical coordinates of the equatorial–spring equinox system whose ze  axis 
coincides with the axis of the Earth’s rotation; that is, locations of observatories are 
given by parameters  m,φm, λm, a d hm for observatory m; these denote the distance 
from the Earth’s center, longitude, latitude, and height above sea level, respectively. 
Then, 𝐫𝐫m − 𝐫𝐫n vector is expressed in the equator–spring equinox coordinate system as 

 
𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 = *(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑚𝑚- − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑛𝑛-+𝑥̂𝑥𝑒𝑒  

              +*(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑚𝑚-− (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑛𝑛-+𝑦̂𝑦𝑒𝑒 
                                                         +,(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛-𝑧̂𝑧𝑒𝑒,                               (30) 
     where     e , and Ωe  are Earth’s radius and angular velocity of the Earth, 
respectively; t and  0 are the time passage and the initial time respectively. 
     Using eq. (30), therefore , we can calculate the phase Θ of the phase function [eq. 
(12)] as detail is explained in Appendix B where expressions are made by 
approximating the level of the observatory as  e ≫ hm to make the mathematical 
manipulation tractable from the perspective of investigating the time dependent 
characteristics of VLBI visibilities.  By defining 𝐶𝐶𝑚𝑚𝑚𝑚 and 𝐷𝐷𝑚𝑚𝑚𝑚 as 

where re, and Ωe are E arth ’s radius and angular velocity of the 
Earth, respectively; t and 0 are the time passage and the initial 
time respectively. Using eq. (30), therefore , we can calculate 
the phase Θ of the phase function [eq. (12)] (12)] as detail is 
explained in Appendix B where expressions are made by ap-

proximating the level of the observatory as re≫hm to make the 
mathematical manipulation tractable from the perspective of in 
vestigating the time dependent characteristics of VLBI visibili-
ties. By defining 𝐶𝑚𝑛 and 𝐷𝑚𝑛 as
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𝐶𝐶𝑚𝑚𝑚𝑚 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑛𝑛 ,                              (31) 

and 
𝐷𝐷𝑚𝑚𝑚𝑚 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑛𝑛  ,                              (32) 

then 
𝛩𝛩 is expressed by 

𝛩𝛩 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 ⟦𝐾𝐾𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 

+𝐾𝐾𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 
                                 +𝐿𝐿𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+   
                                +𝐿𝐿𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+  

           +𝑀𝑀𝑐𝑐,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-    
                            +𝑀𝑀𝑠𝑠,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-⟧         (33)  

where  coefficients 𝐾𝐾𝑐𝑐 , 𝐾𝐾𝑠𝑠, 𝐿𝐿𝑐𝑐 ,     𝐿𝐿𝑠𝑠,𝑀𝑀𝑐𝑐 a d 𝑀𝑀𝑠𝑠  are given as follows: 
𝐾𝐾𝑐𝑐 = [(𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚]                            (33− 1) 
𝐾𝐾𝑠𝑠 = [(𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 − (𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚] ,                         (33− 2) 
𝐿𝐿𝑐𝑐 = [(𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 − 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚]                          (33− 3)  

    𝐿𝐿𝑠𝑠 = [(−𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚]                        (33− 4)      
𝑀𝑀𝑐𝑐 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐴𝐴𝑧𝑧                                                      (33− 5)  
𝑀𝑀𝑠𝑠 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐵𝐵𝑧𝑧                                                                 (33− 6) 

In eq.( (33), we see six pairs of cosine and sine functions, with angular frequencies 
𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒 , 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 ,   𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒 , 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒 , 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 , a d  2ΩOrb + Ωe. For these pairs of  
cosine and sine functions, we have a sinusoidal function, for each, expressed as  

𝐾𝐾𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂- + 𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-                     

= √𝐾𝐾𝑐𝑐2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾1  .                           (34)    

 where  Ф𝐾𝐾𝐾𝐾 is given by 

Ф𝐾𝐾𝐾𝐾 = 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐾𝐾𝑠𝑠𝐾𝐾𝐶𝐶
) . 

Then by rewriting eq.(33) with newly defined six coefficients, we have the results of Θ 
as 

𝛩𝛩 =∑𝛩𝛩𝑖𝑖
6

𝑖𝑖=1
 .                                                             (35) 

where Θi ( i = 1 to 6) are given by 
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𝐶𝐶𝑚𝑚𝑚𝑚 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑛𝑛 ,                              (31) 

and 
𝐷𝐷𝑚𝑚𝑚𝑚 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑛𝑛  ,                              (32) 

then 
𝛩𝛩 is expressed by 

𝛩𝛩 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 ⟦𝐾𝐾𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 

+𝐾𝐾𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 
                                 +𝐿𝐿𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+   
                                +𝐿𝐿𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+  

           +𝑀𝑀𝑐𝑐,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-    
                            +𝑀𝑀𝑠𝑠,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-⟧         (33)  

where  coefficients 𝐾𝐾𝑐𝑐 , 𝐾𝐾𝑠𝑠, 𝐿𝐿𝑐𝑐 ,     𝐿𝐿𝑠𝑠,𝑀𝑀𝑐𝑐 a d 𝑀𝑀𝑠𝑠  are given as follows: 
𝐾𝐾𝑐𝑐 = [(𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚]                            (33− 1) 
𝐾𝐾𝑠𝑠 = [(𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 − (𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚] ,                         (33− 2) 
𝐿𝐿𝑐𝑐 = [(𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 − 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚]                          (33− 3)  

    𝐿𝐿𝑠𝑠 = [(−𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚]                        (33− 4)      
𝑀𝑀𝑐𝑐 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐴𝐴𝑧𝑧                                                      (33− 5)  
𝑀𝑀𝑠𝑠 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐵𝐵𝑧𝑧                                                                 (33− 6) 

In eq.( (33), we see six pairs of cosine and sine functions, with angular frequencies 
𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒 , 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 ,   𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒 , 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒 , 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 , a d  2ΩOrb + Ωe. For these pairs of  
cosine and sine functions, we have a sinusoidal function, for each, expressed as  

𝐾𝐾𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂- + 𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-                     

= √𝐾𝐾𝑐𝑐2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾1  .                           (34)    

 where  Ф𝐾𝐾𝐾𝐾 is given by 

Ф𝐾𝐾𝐾𝐾 = 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐾𝐾𝑠𝑠𝐾𝐾𝐶𝐶
) . 

Then by rewriting eq.(33) with newly defined six coefficients, we have the results of Θ 
as 

𝛩𝛩 =∑𝛩𝛩𝑖𝑖
6

𝑖𝑖=1
 .                                                             (35) 

where Θi ( i = 1 to 6) are given by 

𝛩 is expressed by
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𝐶𝐶𝑚𝑚𝑚𝑚 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑛𝑛 ,                              (31) 

and 
𝐷𝐷𝑚𝑚𝑚𝑚 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑛𝑛  ,                              (32) 

then 
𝛩𝛩 is expressed by 

𝛩𝛩 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 ⟦𝐾𝐾𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 

+𝐾𝐾𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 
                                 +𝐿𝐿𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+   
                                +𝐿𝐿𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+  

           +𝑀𝑀𝑐𝑐,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-    
                            +𝑀𝑀𝑠𝑠,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-⟧         (33)  

where  coefficients 𝐾𝐾𝑐𝑐 , 𝐾𝐾𝑠𝑠, 𝐿𝐿𝑐𝑐 ,     𝐿𝐿𝑠𝑠,𝑀𝑀𝑐𝑐 a d 𝑀𝑀𝑠𝑠  are given as follows: 
𝐾𝐾𝑐𝑐 = [(𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚]                            (33− 1) 
𝐾𝐾𝑠𝑠 = [(𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 − (𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚] ,                         (33− 2) 
𝐿𝐿𝑐𝑐 = [(𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 − 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚]                          (33− 3)  

    𝐿𝐿𝑠𝑠 = [(−𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚]                        (33− 4)      
𝑀𝑀𝑐𝑐 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐴𝐴𝑧𝑧                                                      (33− 5)  
𝑀𝑀𝑠𝑠 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐵𝐵𝑧𝑧                                                                 (33− 6) 

In eq.( (33), we see six pairs of cosine and sine functions, with angular frequencies 
𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒 , 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 ,   𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒 , 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒 , 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 , a d  2ΩOrb + Ωe. For these pairs of  
cosine and sine functions, we have a sinusoidal function, for each, expressed as  

𝐾𝐾𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂- + 𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-                     

= √𝐾𝐾𝑐𝑐2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾1  .                           (34)    

 where  Ф𝐾𝐾𝐾𝐾 is given by 

Ф𝐾𝐾𝐾𝐾 = 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐾𝐾𝑠𝑠𝐾𝐾𝐶𝐶
) . 

Then by rewriting eq.(33) with newly defined six coefficients, we have the results of Θ 
as 

𝛩𝛩 =∑𝛩𝛩𝑖𝑖
6

𝑖𝑖=1
 .                                                             (35) 

where Θi ( i = 1 to 6) are given by 

where coefficients 𝐾𝑐, 𝐾𝑠,𝐿𝑐, 𝐿𝑠,𝑀𝑐 and 𝑀𝑠 are given as follows:
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19 
 

 
𝐶𝐶𝑚𝑚𝑚𝑚 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑛𝑛 ,                              (31) 

and 
𝐷𝐷𝑚𝑚𝑚𝑚 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑛𝑛  ,                              (32) 

then 
𝛩𝛩 is expressed by 

𝛩𝛩 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 ⟦𝐾𝐾𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 

+𝐾𝐾𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 
                                 +𝐿𝐿𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+   
                                +𝐿𝐿𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+  

           +𝑀𝑀𝑐𝑐,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-    
                            +𝑀𝑀𝑠𝑠,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-⟧         (33)  

where  coefficients 𝐾𝐾𝑐𝑐 , 𝐾𝐾𝑠𝑠, 𝐿𝐿𝑐𝑐 ,     𝐿𝐿𝑠𝑠,𝑀𝑀𝑐𝑐 a d 𝑀𝑀𝑠𝑠  are given as follows: 
𝐾𝐾𝑐𝑐 = [(𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚]                            (33− 1) 
𝐾𝐾𝑠𝑠 = [(𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 − (𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚] ,                         (33− 2) 
𝐿𝐿𝑐𝑐 = [(𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 − 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚]                          (33− 3)  

    𝐿𝐿𝑠𝑠 = [(−𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚]                        (33− 4)      
𝑀𝑀𝑐𝑐 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐴𝐴𝑧𝑧                                                      (33− 5)  
𝑀𝑀𝑠𝑠 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐵𝐵𝑧𝑧                                                                 (33− 6) 

In eq.( (33), we see six pairs of cosine and sine functions, with angular frequencies 
𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒 , 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 ,   𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒 , 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒 , 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 , a d  2ΩOrb + Ωe. For these pairs of  
cosine and sine functions, we have a sinusoidal function, for each, expressed as  

𝐾𝐾𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂- + 𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-                     

= √𝐾𝐾𝑐𝑐2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾1  .                           (34)    

 where  Ф𝐾𝐾𝐾𝐾 is given by 

Ф𝐾𝐾𝐾𝐾 = 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐾𝐾𝑠𝑠𝐾𝐾𝐶𝐶
) . 

Then by rewriting eq.(33) with newly defined six coefficients, we have the results of Θ 
as 

𝛩𝛩 =∑𝛩𝛩𝑖𝑖
6

𝑖𝑖=1
 .                                                             (35) 

where Θi ( i = 1 to 6) are given by 

 

19 
 

 
𝐶𝐶𝑚𝑚𝑚𝑚 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑛𝑛 ,                              (31) 

and 
𝐷𝐷𝑚𝑚𝑚𝑚 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑛𝑛  ,                              (32) 

then 
𝛩𝛩 is expressed by 

𝛩𝛩 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 ⟦𝐾𝐾𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 

+𝐾𝐾𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 
                                 +𝐿𝐿𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+   
                                +𝐿𝐿𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+  

           +𝑀𝑀𝑐𝑐,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-    
                            +𝑀𝑀𝑠𝑠,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-⟧         (33)  

where  coefficients 𝐾𝐾𝑐𝑐 , 𝐾𝐾𝑠𝑠, 𝐿𝐿𝑐𝑐 ,     𝐿𝐿𝑠𝑠,𝑀𝑀𝑐𝑐 a d 𝑀𝑀𝑠𝑠  are given as follows: 
𝐾𝐾𝑐𝑐 = [(𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚]                            (33− 1) 
𝐾𝐾𝑠𝑠 = [(𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 − (𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚] ,                         (33− 2) 
𝐿𝐿𝑐𝑐 = [(𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 − 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚]                          (33− 3)  

    𝐿𝐿𝑠𝑠 = [(−𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚]                        (33− 4)      
𝑀𝑀𝑐𝑐 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐴𝐴𝑧𝑧                                                      (33− 5)  
𝑀𝑀𝑠𝑠 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐵𝐵𝑧𝑧                                                                 (33− 6) 

In eq.( (33), we see six pairs of cosine and sine functions, with angular frequencies 
𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒 , 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 ,   𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒 , 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒 , 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 , a d  2ΩOrb + Ωe. For these pairs of  
cosine and sine functions, we have a sinusoidal function, for each, expressed as  

𝐾𝐾𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂- + 𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-                     

= √𝐾𝐾𝑐𝑐2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾1  .                           (34)    

 where  Ф𝐾𝐾𝐾𝐾 is given by 

Ф𝐾𝐾𝐾𝐾 = 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐾𝐾𝑠𝑠𝐾𝐾𝐶𝐶
) . 

Then by rewriting eq.(33) with newly defined six coefficients, we have the results of Θ 
as 

𝛩𝛩 =∑𝛩𝛩𝑖𝑖
6

𝑖𝑖=1
 .                                                             (35) 

where Θi ( i = 1 to 6) are given by 

 

19 
 

 
𝐶𝐶𝑚𝑚𝑚𝑚 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑛𝑛 ,                              (31) 

and 
𝐷𝐷𝑚𝑚𝑚𝑚 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑛𝑛  ,                              (32) 

then 
𝛩𝛩 is expressed by 

𝛩𝛩 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 ⟦𝐾𝐾𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 

+𝐾𝐾𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 
                                 +𝐿𝐿𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+   
                                +𝐿𝐿𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+  

           +𝑀𝑀𝑐𝑐,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-    
                            +𝑀𝑀𝑠𝑠,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-⟧         (33)  

where  coefficients 𝐾𝐾𝑐𝑐 , 𝐾𝐾𝑠𝑠, 𝐿𝐿𝑐𝑐 ,     𝐿𝐿𝑠𝑠,𝑀𝑀𝑐𝑐 a d 𝑀𝑀𝑠𝑠  are given as follows: 
𝐾𝐾𝑐𝑐 = [(𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚]                            (33− 1) 
𝐾𝐾𝑠𝑠 = [(𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 − (𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚] ,                         (33− 2) 
𝐿𝐿𝑐𝑐 = [(𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 − 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚]                          (33− 3)  

    𝐿𝐿𝑠𝑠 = [(−𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚]                        (33− 4)      
𝑀𝑀𝑐𝑐 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐴𝐴𝑧𝑧                                                      (33− 5)  
𝑀𝑀𝑠𝑠 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐵𝐵𝑧𝑧                                                                 (33− 6) 

In eq.( (33), we see six pairs of cosine and sine functions, with angular frequencies 
𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒 , 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 ,   𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒 , 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒 , 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 , a d  2ΩOrb + Ωe. For these pairs of  
cosine and sine functions, we have a sinusoidal function, for each, expressed as  

𝐾𝐾𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂- + 𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-                     

= √𝐾𝐾𝑐𝑐2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾1  .                           (34)    

 where  Ф𝐾𝐾𝐾𝐾 is given by 

Ф𝐾𝐾𝐾𝐾 = 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐾𝐾𝑠𝑠𝐾𝐾𝐶𝐶
) . 

Then by rewriting eq.(33) with newly defined six coefficients, we have the results of Θ 
as 

𝛩𝛩 =∑𝛩𝛩𝑖𝑖
6

𝑖𝑖=1
 .                                                             (35) 

where Θi ( i = 1 to 6) are given by 

In eq. (33), we see six pairs of cosine and sine functions, with angular frequencies 𝛺𝑂𝑟𝑏−𝛺𝑒, 𝛺𝑂𝑟𝑏, 𝛺𝑂𝑟𝑏 +𝛺𝑒,2𝛺𝑂𝑟𝑏−𝛺𝑒,2𝛺𝑂𝑟𝑏, and 
2ΩOrb+Ωe. For these pairs of cosine and sine functions, we have a sinusoidal function, for each, expressed as

where Ф𝐾𝜉 is given by

Then by rewriting eq.( 33 ) with newly defined six coefficients we have the results of Θ as

where Θi (i = 1 to 6) are given by
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𝛩𝛩1 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾1         (35− 1) 

𝛩𝛩2 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝑀𝑀𝑐𝑐2 +𝑀𝑀𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 +Ф𝑀𝑀𝑀𝑀1                   (35− 2) 

𝛩𝛩3 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐿𝐿𝑐𝑐

2 + 𝐿𝐿𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐿𝐿𝐿𝐿1          (35− 3) 

         𝛩𝛩4 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 𝜅𝜅𝑟𝑟√𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾1         (35− 4) 

          𝛩𝛩5 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 𝜅𝜅𝑟𝑟√𝑀𝑀𝑐𝑐2 +𝑀𝑀𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 02𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 +Ф𝑀𝑀𝑀𝑀1                    (35− 5) 

       𝛩𝛩6 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 𝜅𝜅𝑟𝑟√𝐿𝐿𝑐𝑐

2 + 𝐿𝐿𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐿𝐿𝐿𝐿1         (35− 6) 

with  Ф𝐾𝐾𝐾𝐾  ,Ф𝑀𝑀𝑀𝑀 ,Ф𝐿𝐿𝐿𝐿 ,Ф𝐾𝐾𝐾𝐾  ,Ф𝑀𝑀𝑀𝑀 , a d Ф𝐿𝐿𝐿𝐿 which are given below: 

Ф𝐾𝐾𝐾𝐾 = 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐾𝐾𝑠𝑠𝐾𝐾𝐶𝐶
)  .                                         (35− 7) 

Ф𝑀𝑀𝑀𝑀 = 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝑀𝑀𝑠𝑠
𝑀𝑀𝐶𝐶

)  .                                         (35− 8) 

Ф𝐿𝐿𝐿𝐿 = 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐿𝐿𝑠𝑠𝐿𝐿𝐶𝐶
)  .                                         (35− 9) 

Ф𝐾𝐾𝐾𝐾 = 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐾𝐾𝑠𝑠𝐾𝐾𝐶𝐶
)  .                                         (35− 10) 

Ф𝑀𝑀𝑀𝑀 = 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝑀𝑀𝑠𝑠
𝑀𝑀𝐶𝐶

)  .                                         (35− 11) 

and 

Ф𝐿𝐿𝐿𝐿 = 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐿𝐿𝑠𝑠𝐿𝐿𝐶𝐶
)  .                                         (35− 12) 

With these arguments defined from eq.(35-1) to eq.(35-6), then we can find time 
dependence of the phase part of the visibility from eq.(35), as   

 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑐𝑐𝑐𝑐𝑐𝑐(𝛩𝛩1 + 𝛩𝛩2 + 𝛩𝛩3 + 𝛩𝛩4 + 𝛩𝛩5 + 𝛩𝛩6) 

with Ф𝐾𝜉 ,Ф𝑀𝜉,Ф𝐿𝜉,Ф𝐾η ,Ф𝑀η, and Ф𝐿η which are given below:
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𝛩𝛩1 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾1         (35− 1) 

𝛩𝛩2 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝑀𝑀𝑐𝑐2 +𝑀𝑀𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 +Ф𝑀𝑀𝑀𝑀1                   (35− 2) 

𝛩𝛩3 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐿𝐿𝑐𝑐

2 + 𝐿𝐿𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐿𝐿𝐿𝐿1          (35− 3) 

         𝛩𝛩4 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 𝜅𝜅𝑟𝑟√𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾1         (35− 4) 

          𝛩𝛩5 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 𝜅𝜅𝑟𝑟√𝑀𝑀𝑐𝑐2 +𝑀𝑀𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 02𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 +Ф𝑀𝑀𝑀𝑀1                    (35− 5) 

       𝛩𝛩6 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 𝜅𝜅𝑟𝑟√𝐿𝐿𝑐𝑐

2 + 𝐿𝐿𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐿𝐿𝐿𝐿1         (35− 6) 

with  Ф𝐾𝐾𝐾𝐾  ,Ф𝑀𝑀𝑀𝑀 ,Ф𝐿𝐿𝐿𝐿 ,Ф𝐾𝐾𝐾𝐾  ,Ф𝑀𝑀𝑀𝑀 , a d Ф𝐿𝐿𝐿𝐿 which are given below: 

Ф𝐾𝐾𝐾𝐾 = 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐾𝐾𝑠𝑠𝐾𝐾𝐶𝐶
)  .                                         (35− 7) 

Ф𝑀𝑀𝑀𝑀 = 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝑀𝑀𝑠𝑠
𝑀𝑀𝐶𝐶

)  .                                         (35− 8) 

Ф𝐿𝐿𝐿𝐿 = 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐿𝐿𝑠𝑠𝐿𝐿𝐶𝐶
)  .                                         (35− 9) 

Ф𝐾𝐾𝐾𝐾 = 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐾𝐾𝑠𝑠𝐾𝐾𝐶𝐶
)  .                                         (35− 10) 

Ф𝑀𝑀𝑀𝑀 = 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝑀𝑀𝑠𝑠
𝑀𝑀𝐶𝐶

)  .                                         (35− 11) 

and 

Ф𝐿𝐿𝐿𝐿 = 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐿𝐿𝑠𝑠𝐿𝐿𝐶𝐶
)  .                                         (35− 12) 

With these arguments defined from eq.(35-1) to eq.(35-6), then we can find time 
dependence of the phase part of the visibility from eq.(35), as   

 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑐𝑐𝑐𝑐𝑐𝑐(𝛩𝛩1 + 𝛩𝛩2 + 𝛩𝛩3 + 𝛩𝛩4 + 𝛩𝛩5 + 𝛩𝛩6) 
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With these arguments defined from eq.( 35-1) to eq.( 35-6) then we can find time dependence of the phase part of the visi-
bility from eq.( 35 ), as 

𝑐𝑜𝑠𝛩=𝑐𝑜𝑠(𝛩1+𝛩2+𝛩3+𝛩4+𝛩5+𝛩6)

=cosΘ1 cosΘ2 cosΘ3 cosΘ4 cosΘ5 cosΘ6 
_ sinΘ1 sinΘ2 cosΘ3 cosΘ4 cosΘ5 cosΘ6_ sinΘ1 cosΘ2 sinΘ3 cosΘ4 cosΘ5 cosΘ6 

_ cosΘ1 sinΘ2  sinΘ3 cosΘ4 cosΘ5 cosΘ6_ sinΘ1 cosΘ2 cosΘ3 sinΘ4 cosΘ5 cosΘ6 
_ cosΘ1 sinΘ2 cosΘ3 sinΘ4 cosΘ5 cosΘ6_ cosΘ1 cosΘ2 sinΘ3 sinΘ4 cosΘ5 cosΘ6 + sinΘ1 sinΘ2 sinΘ3 sinΘ4 cosΘ5 cosΘ6
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= 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
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(36)               

Using eq. (36), (see Appendix B for details) we can investigate the time dependence of 
the phase component of visibility by calculating cosΘi and sinΘi (i = 1– 6). When we 
attempt to rewrite cosΘ1 (selecting i = 1 as an example), it follows from eq. (35-1) that 

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐1 = 𝑐𝑐𝑐𝑐𝑐𝑐 8𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾19  .        (37) 

 .         
By setting  

𝜁𝜁1 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2 ,                                 (37− 1) 

and   

𝜇𝜇1 = (𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾   ,                           (37− 2) 

, then, c sΘ1  given by  eq.(37) is expanded using the Bessel functions as 

 

21 
 

                               
= 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
+      𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6 

                                 −𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑐𝑐𝑜𝑜𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6 +      𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6 + 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
+ 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6 

                              −𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6
− 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑜𝑜𝑜𝑜𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6 + 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6        
− 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6 + 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6  
− 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6        
− 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6 + 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6        
+ 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6        
+ 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6        
+ 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑠𝑠𝑖𝑖𝑖𝑖𝛩𝛩6    

                                                                                                                                          

(36)               

Using eq. (36), (see Appendix B for details) we can investigate the time dependence of 
the phase component of visibility by calculating cosΘi and sinΘi (i = 1– 6). When we 
attempt to rewrite cosΘ1 (selecting i = 1 as an example), it follows from eq. (35-1) that 

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐1 = 𝑐𝑐𝑐𝑐𝑐𝑐 8𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾19  .        (37) 

 .         
By setting  

𝜁𝜁1 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2 ,                                 (37− 1) 

and   

𝜇𝜇1 = (𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾   ,                           (37− 2) 

, then, c sΘ1  given by  eq.(37) is expanded using the Bessel functions as 

Using eq. (36), (see Appendix B for details) we can investigate the time dependence of the phase component of visibility by cal-
culating cosΘi and sinΘi (i=1 6). When we attempt to rewrite cosΘ1 (selecting i = 1 as an example), it follows from eq. (35-1) that

 

21 
 

                               
= 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
+      𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6 
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+ 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6 
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− 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑜𝑜𝑜𝑜𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6 + 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6        
− 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6 + 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6  
− 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6        
− 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6 + 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6        
+ 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6        
+ 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6        
+ 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑠𝑠𝑖𝑖𝑖𝑖𝛩𝛩6    

                                                                                                                                          

(36)               

Using eq. (36), (see Appendix B for details) we can investigate the time dependence of 
the phase component of visibility by calculating cosΘi and sinΘi (i = 1– 6). When we 
attempt to rewrite cosΘ1 (selecting i = 1 as an example), it follows from eq. (35-1) that 

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐1 = 𝑐𝑐𝑐𝑐𝑐𝑐 8𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾19  .        (37) 

 .         
By setting  

𝜁𝜁1 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2 ,                                 (37− 1) 

and   

𝜇𝜇1 = (𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾   ,                           (37− 2) 

, then, c sΘ1  given by  eq.(37) is expanded using the Bessel functions as 

 

21 
 

                               
= 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
+      𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6 

                                 −𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑐𝑐𝑜𝑜𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6 +      𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6 + 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
+ 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6 
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− 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑜𝑜𝑜𝑜𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6 + 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6        
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(36)               

Using eq. (36), (see Appendix B for details) we can investigate the time dependence of 
the phase component of visibility by calculating cosΘi and sinΘi (i = 1– 6). When we 
attempt to rewrite cosΘ1 (selecting i = 1 as an example), it follows from eq. (35-1) that 

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐1 = 𝑐𝑐𝑐𝑐𝑐𝑐 8𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾19  .        (37) 

 .         
By setting  

𝜁𝜁1 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2 ,                                 (37− 1) 

and   

𝜇𝜇1 = (𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾   ,                           (37− 2) 

, then, c sΘ1  given by  eq.(37) is expanded using the Bessel functions as 

 

21 
 

                               
= 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
+      𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6 

                                 −𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑐𝑐𝑜𝑜𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6 +      𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
− 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6 + 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6
+ 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6 

                              −𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6
− 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑜𝑜𝑜𝑜𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6 + 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6        
− 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6 + 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6  
− 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6        
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+ 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩3𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩4𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩5𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6        
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(36)               

Using eq. (36), (see Appendix B for details) we can investigate the time dependence of 
the phase component of visibility by calculating cosΘi and sinΘi (i = 1– 6). When we 
attempt to rewrite cosΘ1 (selecting i = 1 as an example), it follows from eq. (35-1) that 

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐1 = 𝑐𝑐𝑐𝑐𝑐𝑐 8𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾19  .        (37) 

 .         
By setting  

𝜁𝜁1 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2 ,                                 (37− 1) 

and   

𝜇𝜇1 = (𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾   ,                           (37− 2) 

, then, c sΘ1  given by  eq.(37) is expanded using the Bessel functions as 

By setting

and

, then cosΘ1 given by eq.( 37 ) is expanded using the Bessel functions as
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𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐1 = 𝑐𝑐𝑐𝑐𝑐𝑐(𝜁𝜁1𝑐𝑐𝑐𝑐𝑐𝑐𝜇𝜇1) = 𝐽𝐽0(𝜁𝜁1) − 2𝐽𝐽2(𝜁𝜁1)𝑐𝑐𝑐𝑐𝑐𝑐2𝜇𝜇1 + 2𝐽𝐽4(𝜁𝜁1)𝑐𝑐𝑐𝑐𝑐𝑐4𝜇𝜇1 − ⋯⋯ (38) 
When we apply the procedure to have eq.(38) starting from eq.(37) (for 𝛩𝛩1) to the 
general expression of 𝛩𝛩𝑖𝑖 ,considering the similarity of eqs. (35-1) to  (36-6) ,it follows 
that 

𝛩𝛩𝑖𝑖 = 𝜁𝜁𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝜇𝜇𝑖𝑖  .                                       (39) 
Then, all member terms in eq.(36) that consist of six components as combination of  
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖  and 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑖𝑖 are expressed as sequence  of  c s(𝑚𝑚𝜇𝜇𝑖𝑖) (𝑚𝑚 = 0 , 1, 2, 3 ⋯⋯ ) formed by 
relations, 
  

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖 = c s(𝜁𝜁𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝜇𝜇𝑖𝑖) = 𝐽𝐽0(𝜁𝜁𝑖𝑖)− 2𝐽𝐽2(𝜁𝜁𝑖𝑖)𝑐𝑐𝑐𝑐𝑐𝑐2𝜇𝜇𝑖𝑖 + 2𝐽𝐽4(𝜁𝜁𝑖𝑖)𝑐𝑐𝑐𝑐𝑐𝑐4𝜇𝜇𝑖𝑖 − ⋯⋯ , (40− 1) 
and 

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑖𝑖 = si (𝜁𝜁𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝜇𝜇𝑖𝑖) = 2𝐽𝐽1(𝜁𝜁𝑖𝑖)𝑐𝑐𝑐𝑐𝑐𝑐𝜇𝜇𝑖𝑖 − 2𝐽𝐽3(𝜁𝜁𝑖𝑖)𝑐𝑐𝑐𝑐𝑐𝑐3𝜇𝜇𝑖𝑖 +⋯⋯   .                  (40− 2) 
Taking eq. (36) and inserting eqs. (40-1–40-2) together with eq. (39), we find that the 
time variation of the phase component for the visibilities of the DRWP-Model for  the 
comparison with EHT Data is extremely complicated, where the six basic time varying 
components (with angular frequencies of 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒 , 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 ,  𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒 , 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒 ,
2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 , a d 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒) together with the generated higher harmonics (shorter-period 
phenomena) and mutually coupled frequencies form a sophisticated ensemble. 
 
33..44  CCoonnssttrruucctteedd  DDRRWWPP--MMooddeell  ttoo  IIddeennttiiffyy  CCoorrrreessppoonnddeennccee  wwiitthh  VVLLBBII  VViissiibbiilliittiieess  ffrroomm  
EEHHTT  
 Based on a detailed investigation of the relationship how the orbital motions of 
SMBHB  concluded from the DRWP observations reflect to the observation of 
visibilities by  EHT VLBI system is described in this sub-section; and we obtain the 
form of the DRWP-Model as follows 
33..44..11  AAmmpplliittuuddee  aanndd  BBiiaass  
    Using this model function as the DRWP-Model based on data from the DRWP 
observations, we conduct a comparison with the EHT-Data. For this purpose, we are 
required an additional adjustment by introducing an amplitude A(mn) to match the 
observation level given by the EHT-Data, because the function of the DRWP-Model, 
given by eq. (11), is expressed only as relative quantity normalized by the 1.3 mm-
wavelength emission power of the SMBH Gaa. The amplitude A(mn) is given according 
to the observation day for each baseline pair of observatories m and n. Sometimes it is 
necessary to shift the data (adding or subtracting) using a bias function Bias(mn). 

In this way, we prepared the final form of the model function Mod(t,m) as the 
amplitude of the DRWP-Model visibility, starting from eq. (11); thus, we have 
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2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 , a d 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒) together with the generated higher harmonics (shorter-period 
phenomena) and mutually coupled frequencies form a sophisticated ensemble. 
 
33..44  CCoonnssttrruucctteedd  DDRRWWPP--MMooddeell  ttoo  IIddeennttiiffyy  CCoorrrreessppoonnddeennccee  wwiitthh  VVLLBBII  VViissiibbiilliittiieess  ffrroomm  
EEHHTT  
 Based on a detailed investigation of the relationship how the orbital motions of 
SMBHB  concluded from the DRWP observations reflect to the observation of 
visibilities by  EHT VLBI system is described in this sub-section; and we obtain the 
form of the DRWP-Model as follows 
33..44..11  AAmmpplliittuuddee  aanndd  BBiiaass  
    Using this model function as the DRWP-Model based on data from the DRWP 
observations, we conduct a comparison with the EHT-Data. For this purpose, we are 
required an additional adjustment by introducing an amplitude A(mn) to match the 
observation level given by the EHT-Data, because the function of the DRWP-Model, 
given by eq. (11), is expressed only as relative quantity normalized by the 1.3 mm-
wavelength emission power of the SMBH Gaa. The amplitude A(mn) is given according 
to the observation day for each baseline pair of observatories m and n. Sometimes it is 
necessary to shift the data (adding or subtracting) using a bias function Bias(mn). 

In this way, we prepared the final form of the model function Mod(t,m) as the 
amplitude of the DRWP-Model visibility, starting from eq. (11); thus, we have 

When we apply the procedure to have eq.(38 ) starting from eq.eq.(37) for 𝛩1 to the general expression of 𝛩𝑖 considering the simi-
larity of eqs. (35-1) to (36-6) it follows that

Then, all member terms in eq.( 36 ) that consist of six components as combination of 𝑐𝑜𝑠𝛩𝑖 and 𝑠𝑖𝑛𝛩𝑖 are expressed as sequence of 
cos(𝑚𝜇𝑖)(𝑚=0 ,1,2,3 ⋯⋯) formed by relations,
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𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐1 = 𝑐𝑐𝑐𝑐𝑐𝑐(𝜁𝜁1𝑐𝑐𝑐𝑐𝑐𝑐𝜇𝜇1) = 𝐽𝐽0(𝜁𝜁1) − 2𝐽𝐽2(𝜁𝜁1)𝑐𝑐𝑐𝑐𝑐𝑐2𝜇𝜇1 + 2𝐽𝐽4(𝜁𝜁1)𝑐𝑐𝑐𝑐𝑐𝑐4𝜇𝜇1 − ⋯⋯ (38) 
When we apply the procedure to have eq.(38) starting from eq.(37) (for 𝛩𝛩1) to the 
general expression of 𝛩𝛩𝑖𝑖 ,considering the similarity of eqs. (35-1) to  (36-6) ,it follows 
that 

𝛩𝛩𝑖𝑖 = 𝜁𝜁𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝜇𝜇𝑖𝑖  .                                       (39) 
Then, all member terms in eq.(36) that consist of six components as combination of  
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖  and 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑖𝑖 are expressed as sequence  of  c s(𝑚𝑚𝜇𝜇𝑖𝑖) (𝑚𝑚 = 0 , 1, 2, 3 ⋯⋯ ) formed by 
relations, 
  

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖 = c s(𝜁𝜁𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝜇𝜇𝑖𝑖) = 𝐽𝐽0(𝜁𝜁𝑖𝑖)− 2𝐽𝐽2(𝜁𝜁𝑖𝑖)𝑐𝑐𝑐𝑐𝑐𝑐2𝜇𝜇𝑖𝑖 + 2𝐽𝐽4(𝜁𝜁𝑖𝑖)𝑐𝑐𝑐𝑐𝑐𝑐4𝜇𝜇𝑖𝑖 − ⋯⋯ , (40− 1) 
and 

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑖𝑖 = si (𝜁𝜁𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝜇𝜇𝑖𝑖) = 2𝐽𝐽1(𝜁𝜁𝑖𝑖)𝑐𝑐𝑐𝑐𝑐𝑐𝜇𝜇𝑖𝑖 − 2𝐽𝐽3(𝜁𝜁𝑖𝑖)𝑐𝑐𝑐𝑐𝑐𝑐3𝜇𝜇𝑖𝑖 +⋯⋯   .                  (40− 2) 
Taking eq. (36) and inserting eqs. (40-1–40-2) together with eq. (39), we find that the 
time variation of the phase component for the visibilities of the DRWP-Model for  the 
comparison with EHT Data is extremely complicated, where the six basic time varying 
components (with angular frequencies of 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒 , 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 ,  𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒 , 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒 ,
2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 , a d 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒) together with the generated higher harmonics (shorter-period 
phenomena) and mutually coupled frequencies form a sophisticated ensemble. 
 
33..44  CCoonnssttrruucctteedd  DDRRWWPP--MMooddeell  ttoo  IIddeennttiiffyy  CCoorrrreessppoonnddeennccee  wwiitthh  VVLLBBII  VViissiibbiilliittiieess  ffrroomm  
EEHHTT  
 Based on a detailed investigation of the relationship how the orbital motions of 
SMBHB  concluded from the DRWP observations reflect to the observation of 
visibilities by  EHT VLBI system is described in this sub-section; and we obtain the 
form of the DRWP-Model as follows 
33..44..11  AAmmpplliittuuddee  aanndd  BBiiaass  
    Using this model function as the DRWP-Model based on data from the DRWP 
observations, we conduct a comparison with the EHT-Data. For this purpose, we are 
required an additional adjustment by introducing an amplitude A(mn) to match the 
observation level given by the EHT-Data, because the function of the DRWP-Model, 
given by eq. (11), is expressed only as relative quantity normalized by the 1.3 mm-
wavelength emission power of the SMBH Gaa. The amplitude A(mn) is given according 
to the observation day for each baseline pair of observatories m and n. Sometimes it is 
necessary to shift the data (adding or subtracting) using a bias function Bias(mn). 

In this way, we prepared the final form of the model function Mod(t,m) as the 
amplitude of the DRWP-Model visibility, starting from eq. (11); thus, we have 
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and

Taking eq. (36) and inserting eqs. (40-1–40-2) together with eq. 
(39), we find that the time variation of the phase component for 
the visibilities of the DRWP-Model for  the comparison with 
EHT Data is extremely complicated, where the six basic time 
varying components (with angular frequencies of ΩOrb 

_ Ωe, ΩOrb, 
ΩOrb+ Ωe, 2ΩOrb 

_ Ωe, 2ΩOrb, and 2ΩOrb+ Ωe) together with the 
generated higher harmonics (shorter-period phenomena) and 
mutually coupled frequencies form a sophisticated ensemble.

3.4 Constructed DRWP-Model to Identify Correspondence 
with VLBI Visibilities from EHT
 Based on a detailed investigation of the relationship how the 
orbital motions of SMBHB  concluded from the DRWP obser-
vations reflect to the observation of visibilities by  EHT VLBI 
system is described in this sub-section; and we obtain the form 
of the DRWP-Model as follows.

3.4.1 Amplitude and Bias
Using this model function as the DRWP-Model based on data 
from the DRWP observations, we conduct a comparison with 
the EHT-Data. For this purpose, we are required an addition-
al adjustment by introducing an amplitude A(mn) to match the 
observation level given by the EHT-Data, because the function 
of the DRWP-Model, given by eq. (11), is expressed only as rel-
ative quantity normalized by the 1.3 mm-wavelength emission 
power of the SMBH Gaa. The amplitude A(mn) is given accord-
ing to the observation day for each baseline pair of observatories 
m and n. Sometimes it is necessary to shift the data (adding or 
subtracting) using a bias function Bias (mn).
In this way, we prepared the final form of the model function 
Mod(t,m) as the amplitude of the DRWP-Model visibility, start-
ing from eq. (11); thus, we have
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                                            𝑀𝑀𝑀𝑀𝑀𝑀(𝑡𝑡,𝑚𝑚𝑚𝑚) = 𝐴𝐴(𝑚𝑚𝑚𝑚)*,1 + 0.0537 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑡𝑡 − 𝑡𝑡0)-𝑆𝑆𝐺𝐺𝐺𝐺𝐺𝐺(𝑡𝑡) +
                                                             ,1− 0.0626 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑡𝑡 −    𝑡𝑡0)-𝑆𝑆𝐺𝐺𝐺𝐺𝐺𝐺(𝑡𝑡)+𝐸𝐸𝑐𝑐(𝑡𝑡) + 𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵(𝑚𝑚𝑚𝑚)        (41) 
To determine the parameters A(mn) and Bias(mn), we sought the best-fitting values by 
sweeping the possible ranges for each parameter.  
 
33..44..22 PPeerriioodd  aanndd  iinniittiiaall  pphhaassee  aannggllee  ooff  SSMMBBHHss  aalloonngg  tthhee  oorrbbiitt  

The most important parameter for  ―finding coincidence between the EHT-Data  
and DRWP-Model‖ (FCED  here after) is the search period of the VSCAT in the EHT-
Data. Because of the principal philosophy of the present study, we set the period range 
according to the results of the DRWP observations, which indicated the period of 
T = 2200 ± 50 s. Considering the study result that compared with previous VLBI data  
that indicated around 2150 sec,17-, however, we set the center period at 2175 sec (as 
the middle value between 2150 and 2200 sec) with deviation range around ±75 sec. 
Then, we selected a searching range for T for the FCED from 2100    2250 sec (most of 
the cases ,2245sec). 

The second significant parameter for FCED is the initial phase of the SMBHB’s 
orbital motions, which are controlled by the time 𝑡𝑡0 in eq. (11). In the direct comparison 
for FCDE, we have swept the whole range (0–2π  ad) as  the initial phase angle, Ω𝑡𝑡0 
with a step of (π 9⁄ ) rad. In the case of the Fourier-transformed space comparison for 
FCED, we can avoid the initial phase parameter by sacrificing the phase information of 
the Fourier transformation, though we are required additional approximation (as given 
in Sub. Sec. 6.2.1). 

 
3.4.3  FFiinnaall  ffoorrmm  ooff  DDRRWWPP--MMooddeell  ffoorr  FFCCEEDD  wwoorrkk 
 Then the decided final form 𝑀𝑀𝑚𝑚 𝑛𝑛 (𝑡𝑡) of DRWP-Model for the comparison with m-n 
baseline observation of EHT-Data for  FCED work is 

𝑀𝑀𝑚𝑚 𝑛𝑛 (𝑡𝑡) = 𝑀𝑀𝑀𝑀𝑀𝑀(𝑡𝑡,𝑚𝑚𝑚𝑚) ∙ 𝑐𝑐𝑐𝑐𝑐𝑐 62𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
(𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2) ∙

(𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛) 
𝜆𝜆 7  .                     (42) 

We should refer eq.(41) and related equation for   d( ,  ),and  eqs.(26) and (29) for 
𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 ; we should also refer eq. (30) for  𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 .   The descriptions relating from 
eq.(31)  to eq.(40-2) are necessary for understanding the physical origin of time 
dependent varying characteristic of the visibilities. But we basically depend on the 
expression eq.(42) for DRWP-Model as practical numerical approaches in the present 
FCED. 
 
 

To determine the parameters A(mn) and Bias(mn), we sought 
the best-fitting values by sweeping the possible ranges for each 
parameter. 

3.4.2 Period and initial phase angle of SMBHs along the orbit
The most important parameter for “finding coincidence be-
tween the EHT-Data and DRWP-Model” (FCED  here after) 
is the search period of the VSCAT in the EHT-Data. Because 
of the principal philosophy of the present study, we set the pe-
riod range according to the results of the DRWP observations, 
which indicated the period of T=2200±50 s. Considering the 
study result that compared with previous VLBI data that indi-
cated around 2150 sec[17], however, we set the center period at 
2175 sec (as the middle value between 2150 and 2200 sec) with 
deviation range around ±75 sec. Then, we selected a searching 
range for T for the FCED from 2100 to 2250 sec (most of the 
cases, 2245sec).

The second significant parameter for FCED is the initial phase of 
the SMBHB’s orbital motions, which are controlled by the time 
t0 in eq. (11). In the direct comparison for FCDE, we have swept 
the whole range (0–2π rad) as  the initial phase angle,Ωt0 with 
a step of (π⁄9) rad. In the case of the Fourier-transformed space 
comparison for FCED, we can avoid the initial phase parameter 
by sacrificing the phase information of the Fourier transforma-
tion, though we are required additional approximation (as given 
in Sub. Sec. 6.2.1).

3.4.3 Final form of DRWP-Model for FCED work
 Then the decided final form Mm n  (t) of DRWP-Model for the 
comparison with m-n baseline observation of EHT-Data for 
FCED work is

We should refer eq.(41) and related equation for Mod(t,mn),and  
eqs.(26) and (29) for k1+ 𝜅𝑟𝑘2; we should also refer eq. (30) for 
𝒓𝑚−𝒓𝑛 .The descriptions relating from eq.(31) to eq.(40-2) are 
necessary for understanding the physical origin of time depen-
dent varying characteristic of the visibilities. But we basically 
depend on the expression eq. (42) for DRWP-Model as practical 
numerical approaches in the present FCED.

4. Morphological Studies on Visibility of EHT- Data 
4.1 Three Categories of Baseline Length 
In Figure 4, we have plotted examples of the visibilities of  
EHT-Data released to the public [35]; these correspond to eq. 

(4), taking j = EHT ; for plotting examples we have selected data 
from CASA data handling pipeline for 96 day (April 6, 2017) as 
examples. We divide the visibilities of EHT-Data into three cat-
egories depending on the observed baseline lengths: short base-
line length, where the baseline length is less than 2 Gλ (λ: wave-
length); medium baseline, where the baseline length varies as 
2–6 Gλ; and long baseline, where the baseline length varies from 
6 Gλ to ~8 Gλ. In Figure 4 in panel (A), two cases of short base-
line length are indicated. From estimations relating to the de-
duction of Eq. (29), this category of baseline length corresponds 
to a source region wider than 25 AU at the Galaxy center. The 
time-varying features represented by these two plots give the 
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expression eq.(42) for DRWP-Model as practical numerical approaches in the present 
FCED. 
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The most important parameter for  ―finding coincidence between the EHT-Data  
and DRWP-Model‖ (FCED  here after) is the search period of the VSCAT in the EHT-
Data. Because of the principal philosophy of the present study, we set the period range 
according to the results of the DRWP observations, which indicated the period of 
T = 2200 ± 50 s. Considering the study result that compared with previous VLBI data  
that indicated around 2150 sec,17-, however, we set the center period at 2175 sec (as 
the middle value between 2150 and 2200 sec) with deviation range around ±75 sec. 
Then, we selected a searching range for T for the FCED from 2100    2250 sec (most of 
the cases ,2245sec). 

The second significant parameter for FCED is the initial phase of the SMBHB’s 
orbital motions, which are controlled by the time 𝑡𝑡0 in eq. (11). In the direct comparison 
for FCDE, we have swept the whole range (0–2π  ad) as  the initial phase angle, Ω𝑡𝑡0 
with a step of (π 9⁄ ) rad. In the case of the Fourier-transformed space comparison for 
FCED, we can avoid the initial phase parameter by sacrificing the phase information of 
the Fourier transformation, though we are required additional approximation (as given 
in Sub. Sec. 6.2.1). 

 
3.4.3  FFiinnaall  ffoorrmm  ooff  DDRRWWPP--MMooddeell  ffoorr  FFCCEEDD  wwoorrkk 
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𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 ; we should also refer eq. (30) for  𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 .   The descriptions relating from 
eq.(31)  to eq.(40-2) are necessary for understanding the physical origin of time 
dependent varying characteristic of the visibilities. But we basically depend on the 
expression eq.(42) for DRWP-Model as practical numerical approaches in the present 
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4.MMoorrpphhoollooggiiccaall  SSttuuddiieess  oonn  VViissiibbiilliittyy  ooff  EEHHTT--  DDaattaa   
44..11  TThhrreeee  CCaatteeggoorriieess  ooff  BBaasseelliinnee  LLeennggtthh    

In Figure 4, we have plotted examples of the visibilities of  EHT-Data released to 
the public [35]; these correspond to eq. (4), taking j = EHT ; for plotting examples we 
have selected data from CASA data handling pipeline for 96 day (April 6, 2017) as 
examples. We divide the visibilities  of EHT-Data into three categories depending on 
the observed baseline lengths: short baseline length, where the baseline length is less 
than 2 Gλ (λ: wavelength); medium baseline, where the baseline length varies as 2–6 
Gλ; and long baseline, where the baseline length varies from 6 Gλ to ~8 Gλ. In Figure 4 
in panel (A), two cases of short baseline length are indicated. From estimations 
relating to the deduction of Eq. (29), this category of baseline length corresponds to a 
source region wider than 25 AU at the Galaxy center. The time-varying features 
represented by these two plots give the time variation of emissions at 1.3 mm-
wavelengths via discrete forms, indicating the long-time characteristics of the variation 
of the back ground luminosity that reflects accreting condition of plasma around the 
Sgr A* at the center of the Galaxy.  
 Figure 4(B) presents examples of the time variation of visibilities in the category of 
medium baseline length. A remarkable gap is identified in the time-dependent 
variation between cases in the short baseline length category, indicating the spreading 
feature time variability of visibilities. In the present study, to identify the 
morphological differences of the visibilities, we define the visibility for the short 
baseline category given in Panel (A) as ―discrete visibility‖ and the visibility given in 
the Panel (B) as the ―spreading visibility.‖ 
  Considering eq.(29) with  eq.(27), we conclude that the effective visibility is obtained 
for condition 

−𝜋𝜋
2 < ∆𝒌𝒌𝒋𝒋 ∙ (𝒓𝒓𝒎𝒎 − 𝒓𝒓𝑛𝑛) < 𝜋𝜋

2 .               (43) 

The SMBHB orbit range of present interest is given by Eq. (27) and yields 
the corresponding baseline length as 
 

|𝒓𝒓𝒎𝒎 − 𝒓𝒓𝑛𝑛| ≈ 3.13 × 109𝜆𝜆.              (44) 
 
Discontinuous changes of the morphological features from discrete to spreading 
visibilities can be understood as a result of focusing of the observation regions upon the 
SMBHB-associated range apart from a wide background which is one order of 
magnitude wider than the region occupied by the SMBHB’s orbiting range. 

The SMBHB orbit range of present interest is given by eq. (27) and yields the corresponding baseline length as

time variation of emissions at 1.3 mm-wavelengths via discrete 
forms, indicating the long-time characteristics of the variation of 
the back ground luminosity that reflects accreting condition of 
plasma around the Sgr A* at the center of the Galaxy. 

Figure 4(B) presents examples of the time variation of visibili-
ties in the category of medium baseline length. A remarkable gap 
is identified in the time-dependent variation between cases in the 
short baseline length category, indicating the spreading feature 

time variability of visibilities. In the present study, to identify 
the morphological differences of the visibilities, we define the 
visibility for the short baseline category given in Panel (A) as 
“discrete visibility” and the visibility given in the Panel (B) as 
the “spreading visibility.”

Considering eq.(29) with  eq.(27), we conclude that the effective 
visibility is obtained for condition
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Discontinuous changes of the morphological features from discrete to spreading 
visibilities can be understood as a result of focusing of the observation regions upon the 
SMBHB-associated range apart from a wide background which is one order of 
magnitude wider than the region occupied by the SMBHB’s orbiting range. 

Discontinuous changes of the morphological features from dis-
crete to spreading visibilities can be understood as a result of 
focusing of the observation regions upon the SMBHB-associ-
ated range apart from a wide background which is one order 
of magnitude wider than the region occupied by the SMBHB’s 
orbiting range.

4.2 The First Pilot Work for FCED
To investigate the dependence of the visibility amplitude upon 
the baseline length has a pilot role of the FCED (i.e., to find the 

coincidence between the EHT data and DRWP-Model). That is, 
the variation of the visibility amplitude suggests that the level 
range of ~0.74 Jy (P-P), with a representative baseline length of 
3.41×109 λ.

In Figure 4 in Panel(C), examples of the long baseline length 
category are presented. We see two cases of the spreading visi-
bility for the LM-SP and AZ-SP baseline observations. The level 
ranges of spreading visibility for the AZ-SP baseline 
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44..22    TThhee  FFiirrsstt  PPiilloott  WWoorrkk  ffoorr  FFCCEEDD  

To  investigate the dependence of the visibility amplitude upon the baseline length 
has a pilot role of the FCED (i.e., to find the coincidence between the EHT data and 
DRWP-Model). That is, the variation of the visibility amplitude suggests that the level 
range of ~0.74 Jy (P-P), with a representative baseline length of 3.41 × 109 λ. 

In Figure 4 in Panel(C), examples of the long baseline length category are 
presented. We see two cases of the spreading visibility for the LM-SP and AZ-SP 
baseline observations. The level ranges of spreading visibility  for the AZ-SP baseline  
.  Figure 4. Time varying plots of VLBI visibilities obtained from the CASA pipeline 
data handling channel of EHT for observations on Day 96 (April 6, 2017). The data are  
plotted for two examples per each for the three categories of the baseline length from 
the VLBI baselines of EHT given in each corresponding diagram. 
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Figure 4: Time varying plots of VLBI visibilities obtained from the CASA pipeline data handling channel of EHT for observations 
on Day 96 (April 6, 2017). The data are plotted for two examples per each for the three categories of the baseline length from the 
VLBI baselines of EHT given in each corresponding diagram. 

are reduced to about 0.35 Jy (on average) from the negative to positive peak (P-P) when compared with the case of the AZ-JC base-
line observation; this case provides the spreading visibility which consists of a component of steady white noises and a component of 
periodic variation synchronized with the orbiting motion of the SMBHB. By focusing on the observation area at ~1/7, with respect 
to the baseline length from ~3×109  λ (the case of AZ-JC) to ~8×109  λ (the case of AZ-SP), the background white noise component 
is notably reduced (details are presented in Appendix C).

 

25 
 

 
44..22    TThhee  FFiirrsstt  PPiilloott  WWoorrkk  ffoorr  FFCCEEDD  

To  investigate the dependence of the visibility amplitude upon the baseline length 
has a pilot role of the FCED (i.e., to find the coincidence between the EHT data and 
DRWP-Model). That is, the variation of the visibility amplitude suggests that the level 
range of ~0.74 Jy (P-P), with a representative baseline length of 3.41 × 109 λ. 

In Figure 4 in Panel(C), examples of the long baseline length category are 
presented. We see two cases of the spreading visibility for the LM-SP and AZ-SP 
baseline observations. The level ranges of spreading visibility  for the AZ-SP baseline  
.  Figure 4. Time varying plots of VLBI visibilities obtained from the CASA pipeline 
data handling channel of EHT for observations on Day 96 (April 6, 2017). The data are  
plotted for two examples per each for the three categories of the baseline length from 
the VLBI baselines of EHT given in each corresponding diagram. 

That is, for the case of the AZ-SP baseline, we obtain the source 
areas for the coherent visibility of the VLBI by dividing them 
into the noise source area SN and the signal source area SS  for 
emissions modulated by SMBHB motions (hereafter referred to 

as the “SMBHB signal”). Radio-wave emissions are observed 
from the areas of white noise and area of SMBHB signals, with 
emission coefficients αN and βS, respectively. Then, the observed 
visibility can be expressed for the AZ-SP baseline by
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~3 × 109 𝜆𝜆 (the case of AZ-JC) to ~8 × 109 𝜆𝜆 (the case of AZ-SP), the background white 
noise component is notably reduced (details are presented in Appendix C). 
    That is, for the case of the AZ-SP baseline, we obtain the source areas for the 
coherent visibility of the VLBI by dividing them into the noise source area 𝑆𝑆𝑁𝑁 and the 
signal source area 𝑆𝑆𝑆𝑆 for emissions modulated by SMBHB motions (hereafter referred 
to as the ―SMBHB signal‖). Radio-wave emissions are observed from the areas of white 
noise and area of SMBHB signals, with emission coefficients 𝛼𝛼𝑁𝑁 and 𝛽𝛽𝑆𝑆, respectively. 
Then, the observed visibility can be expressed for the AZ-SP baseline by 

𝛼𝛼𝑁𝑁𝑆𝑆𝑁𝑁 + 𝛽𝛽𝑆𝑆𝑆𝑆𝑆𝑆 = 0.35 (Jy).               (45) 
In the case of the EHT-Data for the AZ-JC baseline, the coherent signal and noises are 
originated from an area seven times wider than that of the AZ- SP baseline observation. 
Then, the source area relation is expressed as 

x𝑆𝑆𝑁𝑁 + 𝑆𝑆𝑆𝑆 = 7(𝑆𝑆𝑁𝑁 + 𝑆𝑆𝑆𝑆),               (46) 
where  x is the expansion factor of the background noise area under the expansion of 
the VLBI coherent observation area. Then, the observed amplitude of the visibility is 
given by 
                   𝛼𝛼𝑁𝑁x𝑆𝑆𝑁𝑁 + 𝛽𝛽𝑆𝑆 𝑆𝑆𝑆𝑆 = 0.74 (Jy).            (47) 
To estimate the S/N ratio, we introduce a factor 𝜅𝜅𝑒𝑒 as the ratio of the radio emission 
coefficient in the SMBHB area to the emission coefficient in the background area, as  

𝛽𝛽𝑆𝑆 = 𝜅𝜅𝑒𝑒𝛼𝛼𝑁𝑁 .              (48) 
As details are given in Appendix C. we obtain results for backg    d   ise 𝛼𝛼𝑁𝑁𝑆𝑆𝑁𝑁 and 
SMBHB signal 𝛽𝛽𝑆𝑆 𝑆𝑆𝑆𝑆 by solving eqs. (45–48) as a function of the ratio 𝜅𝜅𝑒𝑒 for the AZ-SP 
baseline observation, as  
  

𝛼𝛼𝑁𝑁𝑆𝑆𝑁𝑁 = 0.065 ∙ 𝜅𝜅𝑒𝑒 − 0.35
(𝜅𝜅𝑒𝑒 − 1) ,               (49) 

and 

𝛽𝛽𝑆𝑆𝑆𝑆𝑆𝑆 =
0.285 ∙ 𝜅𝜅𝑒𝑒
(𝜅𝜅𝑒𝑒 − 1)  .               (50) 
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In the case of the EHT-Data for the AZ-JC baseline, the coherent signal and noises are originated from an area seven times wider 
than that of the AZ- SP baseline observation. Then, the source area relation is expressed as

where  x is the expansion factor of the background noise area under the expansion of the VLBI coherent observation area. Then, the 
observed amplitude of the visibility is given by

To estimate the S/N ratio, we introduce a factor  as the ratio of the radio emission coefficient in the SMBHB area to the emission 
coefficient in the background area, as

As details are given in Appendix C. we obtain results for background noise αN SN and SMBHB signal βS  SS  by solving eqs. (45) – 
(48) as a function of the ratio κe  for the AZ-SP baseline observation, as

and

 The source area of the background noise in the case of the AZ-JC baseline observation is larger, by factor x(=(7αN SN+6 (βS SS )⁄κe ) 
⁄ (αN SN):see eq.(47)), than that of the AZ-SP baseline observations.

Subsequently, we clarify that the S/N ratio RJC revealed for observation of the AZ JC baseline, as expressed by 𝛽𝑆 𝑆𝑆  ⁄𝛼𝑁x𝑆𝑁, is 
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 The source area of the background noise in the case of the AZ-JC baseline observation 
is larger, by factor x(= (7𝛼𝛼𝑁𝑁𝑆𝑆𝑁𝑁 + 6𝛽𝛽𝑆𝑆𝑆𝑆𝑆𝑆 𝜅𝜅𝑒𝑒⁄ ) 𝛼𝛼𝑁𝑁𝑆𝑆𝑁𝑁⁄ : see eq. (47)), than that of the AZ-SP 
baseline observations. 
 
 
 
 
 
 
Table 2   Signal (SMBHB) to Noise for  AZ-JC and   AP-SM Baseline Observations 

 
Subsequently, we clarify that the S/N ratio RJC revealed for observation of the AZ-JC 
baseline, as expressed by 𝛽𝛽𝑆𝑆 𝑆𝑆𝑆𝑆 𝛼𝛼𝑁𝑁x𝑆𝑆𝑁𝑁⁄ , is  increased to  RSP = 𝛽𝛽𝑆𝑆𝑆𝑆𝑆𝑆 𝛼𝛼𝑁𝑁𝑆𝑆𝑁𝑁⁄ , for the case of 
AZ-SP baseline observations, owing to the increased baseline length from 3.4 G𝜆𝜆 with 
respect to AZ-JC to 8.5 G𝜆𝜆 with respect to AZ-SP.  In Table 2, RSP  , RJC  ,   𝛽𝛽𝑆𝑆𝑆𝑆𝑆𝑆 , x𝛼𝛼𝑁𝑁𝑆𝑆𝑁𝑁, , 
and x are indicated as functions of 𝜅𝜅𝑒𝑒. 

As details will be described in Sec.7 for the modified Fourier transformation 
(MDFT) method, for FCED, the signal to noise ratio  RSP of  AZ-SP baseline observation 
on April 6 day observation is disclosed to be in a range around 5.6 ; that is, white noise 
emissions of about 15 % are mixed with emissions of about 85 % of the signal intensity 
which is modulated by the orbital motions of SMBHB. For this context, we understand 
from the results given in Table 2, that the S/N ratio RJC for AZ-JC baseline observations 
is in a range centered around 0.67, where 𝜅𝜅𝑒𝑒 = 25; we see that the emission mechanism 
in the SMBHB area has activity to emit 25 times more power than the background 
emissions per unit area. Because the observed background noise area is expanded by 
~8.3 times compared to the AZ-SP baseline observations, the background noises in AZ-
JC baseline observations occupy 60% of the detected total power, whilst the power of 
the SMBHB signal is 40%; i.e., the S/N ratio becomes 0.67. 

with respect to AZ SP. In Table 2, RSP ,RJC , 𝛽𝑆 𝑆𝑆 , x𝛼𝑁𝑆𝑁, , and 
x are indicated as functions of 𝜅𝑒. As details will be described 
in Sec.7 for the modified Fourier transformation (MDFT) meth-
od, for FCED, the signal to noise ratio RSP  of AZ-SP baseline 
observation on April 6 day observation is disclosed to be in a 
range around 5.6 ; that is, white noise emissions of about 15 % 
are mixed with emissions of about 85 % of the signal intensity 
which is modulated by the orbital motions of SMBHB. For this 
context, we understand from the results given in Table 2, that the 

S/N ratio RJC  for AZ-JC baseline observations is in a range cen-
tered around 0.67, where κe=25; we see that the emission mech-
anism in the SMBHB area has activity to emit 25 times more 
power than the background emissions per unit area. Because the 
observed background noise area is expanded by ~8.3 times com-
pared to the AZ-SP baseline observations, the background noises 
in AZ-JC baseline observations occupy 60% of the detected total 
power, whilst the power of the SMBHB signal is 40%; i.e., the 
S/N ratio becomes 0.67.
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Even though the accuracy of present estimations is coarse, we can verify the 
presence of SMBHB effects as an initial step of FCED. In following Sections we confirm 
the existence of the SMBHB via two ways that reveal the existence of orbiting SMBHB 
through effective methods of FCED ,i.e., by the direct comparison and MDFT methods. 

 Figure 5. Examples of the EHT-Data and DRWP-Model plots for direct comparison. 
The EHT-Data for the Day 96 CASA AP-SM baseline are selected for two 6-min 
intervals from 12.04 to 12.14 UT hr and from 13.31 to 13.41 UT hr. The DRWP-Models 
calculated at the corresponding times in the EHT-Data are plotted together with the 
AP-SM baseline visibility data plots (EHT-Data). The plots of DRWP-Model are made 
by dividing the assumed initial phases of the orbiting SMBHB into three groups ( 20–
120°, 140–240°, and 260–360°). In the EHT-Data plots, the individual error bars of the 
data are not indicated; however, the averaging error limit for all over the data group is 
indicated by positive and negative σ. 
. 
 
 
5.  CCoonnffiirrmmaattiioonn  ooff  SSMMBBHHBB  iinn  EEHHTT  DDaattaa  vviiaa  DDiirreecctt  CCoommppaarriissoonn  wwiitthh  DDRRWWPP--MMooddeell 
    55..11  DDeeffiinniittiioonn  ooff  CCooiinncciiddeennccee  IInnddeexx  

 To verify the existence of SMBHB orbits in the EHT-Data by finding the VSCATs  in 
the observed visibilities, we continue the FCED via a direct comparison with the 

Figure 5. Examples of the EHT-Data and DRWP-Model plots for direct comparison. The EHT-Data for the Day 96 CASA AP-SM 
baseline are selected for two 6-min intervals from 12.04 to 12.14 UT hr and from 13.31 to 13.41 UT hr. The DRWP-Models cal-
culated at the corresponding times in the EHT-Data are plotted together with the AP-SM baseline visibility data plots (EHT-Data). 
The plots of DRWP-Model are made by dividing the assumed initial phases of the orbiting SMBHB into three groups (20–120°, 
140–240°, and 260–360°). In the EHT-Data plots, the individual error bars of the data are not indicated; however, the averaging error 
limit for all over the data group is indicated by positive and negative σ.

Even though the accuracy of present estimations is coarse, we can verify the presence of SMBHB effects as an initial step of FCED. 
In following Sections we confirm the existence of the SMBHB via two ways that reveal the existence of orbiting SMBHB through 
effective methods of FCED, i.e., by the direct comparison and MDFT methods. 

Table 2   Signal (SMBHB) to Noise for AZ-JC and   AP-SM Baseline Observations

increased to RSP=𝛽𝑆𝑆𝑆 ⁄𝛼𝑁𝑆𝑁, for the case of AZ SP baseline observations, owing to the increased baseline length from 3.4 G 𝜆 with
respect to AZ JC to 8.5 G 𝜆
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5. Confirmation of SMBHB in EHT Data via Direct Comparison with DRWP-Model
5.1 Definition of Coincidence Index
To verify the existence of SMBHB orbits in the EHT-Data by finding the VSCATs  in the observed visibilities, we continue the 
FCED via a direct comparison with the DRWP-Model described in Sec. 3. To this end, we have selected three example cases of 
spreading-type visibilities from the AP-SM, AZ-SP, and SM-SP baseline data for Day 96.

In Figure 5 plots of the observed visibilities are displayed together with plots of the DRWP-Model based on eq.(42), as an example 
case of the AP-SM baseline with assumed orbiting periods of 2135 sec and initial phase angles of 20–360°, in 20°
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DRWP-Model described in Sec. 3. To this end, we have selected three example cases of 
spreading-type visibilities from the AP-SM, AZ-SP, and SM-SP baseline data for Day 96. 

In Figure 5 plots of the observed visibilities are displayed together with plots of the  
DRWP-Model based on eq.(42), as an example case of the AP-SM baseline with 
assumed orbiting periods of 2135 sec and initial phase angles of 20–360°, in 20° 
Figure 6. Two-dimensional displays of I dD and I dN for the comparison of the Day 96 
AP-SM observation averaged4-DATA from the EHT against the DRWP-Model, by 
setting a zero tilt angle (α = 0) for the SMBHB orbital plane . In the left-hand panel, 
I dD is plotted as a function of the orbiting period (given in the ordinate) and the initial 
phase (given in the abscissa) of the two aligned SMBHs in the DRWP-Model, to 
facilitate comparison with the EHT-Data. The index I dN is that is calculated between 
the ―quasi-random signal modulated by the EHT-Data sample timing" (QRN-EHT) and 
DRWP-Model is displayed in the right-hand panel, taking the same ordinate and 
abcissa as the left. 
 
 
increments; the plots for the AP-SM baseline visibility data (EHT-Data) and DRWP- 
Model are made for two 6-min intervals from 12.04 to 12.14 UT hr and from 13.31 to 
13.41 UT hr, on April 6, 2017. The plots of the DRWP-Model are constructed by 
dividing the initial phases of the orbiting SMBHB into three groups ( 20–120°, 140–
240°, and 260–360°).  

Figure 6. Two-dimensional displays of IndD and IndN for the comparison of the Day 96 AP-SM observation averaged 4-DATA from 
the EHT against the DRWP-Model, by setting a zero tilt angle (α = 0) for the SMBHB orbital plane. In the left-hand panel, IndD is 
plotted as a function of the orbiting period (given in the ordinate) and the initial phase (given in the abscissa) of the two aligned SM-
BHs in the DRWP-Model, to facilitate comparison with the EHT-Data. The index IndN that is calculated between the “quasi-random 
signal modulated by the EHT-Data sample timing” (QRN-EHT) and DRWP-Model is displayed in the right-hand panel, taking the 
same ordinate and abcissa as the left. 

increments; the plots for the AP-SM baseline visibility data (EHT-Data) and DRWP- Model are made for two 6-min intervals from 
12.04 to 12.14 UT hr and from 13.31 to 13.41 UT hr, on April 6, 2017. The plots of the DRWP-Model are constructed by dividing 
the initial phases of the orbiting SMBHB into three groups (20–120°, 140–240°, and 260–360°).To quantitatively evaluate the coin-
cidence between the EHT Data and DRWP-Model, we define the coincidence index IndD as
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To quantitatively evaluate the coincidence between the EHT Data and DRWP-
Model, we define the coincidence index I dD as 
 

𝐼𝐼𝐼𝐼𝐼𝐼𝐷𝐷 = 1
𝑀𝑀 ∑ 𝑒𝑒𝑒𝑒𝑒𝑒 6− 1

2 (
𝑥𝑥𝐷𝐷𝐷𝐷 − 𝑥𝑥𝑀𝑀𝑀𝑀

𝜎𝜎𝑚𝑚
)
2
7 ,            (51)

𝑀𝑀

𝑚𝑚=1
 

where M is the total number of data for each subject under consideration, and xDm and 
xMm are the EHT-Data (under observation error rate 𝜎𝜎𝑚𝑚 ) and DRWP-Model values 
which are given by eq. (42), respectively, at t=𝑡𝑡𝑚𝑚. As a reference, we define another 
coincidence index I dN for the cases of coincidence between random noise and the 
DRWP-Model as 

𝐼𝐼𝐼𝐼𝐼𝐼𝑁𝑁 = 1
𝑀𝑀 ∑ 𝑒𝑒𝑒𝑒𝑒𝑒 6− 1

2 (
𝑥𝑥𝑁𝑁𝑁𝑁 − 𝑥𝑥𝑀𝑀𝑀𝑀

𝜎𝜎𝑚𝑚
)
2
7 ,            (52)

𝑀𝑀

𝑚𝑚=1
 

 
where xNm is the random noise level at  m, formed by adjusting to overlap with the level 
ranges of the EHT-Data by using multiplication coefficients. The use of random noise 
as a reference is important to discriminate the difference between any meaningful 
sequences (e.g., sinusoidal wave variation) in the time series data; the significance is 
rather complicated in the EHT-Data case because the observation timing  m is not a  
homogeneous period; however, the timing is synchronized with the observation DSTW 
(data sample time window). The DSTW of the EHT-Data is characterized by a quasi-
periodic pause of ~1000 -1100 sec, which is accidentally close to the eclipse cycle of the 
two MSBHs in the SMBHB. Because the time distribution of the random noise is set to 
be completely synchronized with the EHT-Data observation timings, it is neither 
completely random nor pure periodic ;  instead, it is  modulated by the DSTW of the 
EHT-Data, which exhibits randomness only in the intensity level; we refer to this 
random signal as a ―quasi-random signal modulated by the EHT-Data sample timing‖ 
(QRN-EHT). 
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We have deferred to determine the tilt angle α of the orbital plane of SMBHB as 
unknown value. As a strategy, we first assume that the orbital plane is parallel  to the 
equatorial plane of the milky way Galaxy; after  we have achieved to find well fitting 
case in the processes of the FCED then we attempt to seek for the tilt angle α to 
determine the best fit cases of FCED.  
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where M is the total number of data for each subject under consideration, and xDm and xMm  are the EHT-Data (under observation 
error rate σm) and DRWP-Model values which are given by eq. (42), respectively, at t=tm. As a reference, we define another coinci-
dence index IndN  for the cases of coincidence between random noise and the DRWP-Model as

where xNm is the random noise level at tm, formed by adjusting 
to overlap with the level ranges of the EHT-Data by using multi-
plication coefficients. The use of random noise as a reference is 
important to discriminate the difference between any meaning-
ful sequences (e.g., sinusoidal wave variation) in the time series 
data; the significance is rather complicated in the EHT-Data case 
because the observation timing tm is not a  homogeneous peri-
od; however, the timing is synchronized with the observation 
DSTW (data sample time window). The DSTW of the EHT-Data 

is characterized by a quasi-periodic pause of ~1000 -1100 sec, 
which is accidentally close to the eclipse cycle of the two MS-
BHs in the SMBHB. Because the time distribution of the random 
noise is set to be completely synchronized with the EHT-Data 
observation timings, it is neither completely random nor pure 
periodic; instead, it is  modulated by the DSTW of the EHT-Da-
ta, which exhibits randomness only in the intensity level; we 
refer to this random signal as a “quasi-random signal modulated 
by the EHT-Data sample timing” (QRN-EHT).
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As has been described in Sec 4, relating the Table 2, the  signal to noise ratio is 
possibly in a range from 0.5 to 6. We may take, here,  middle values from 1 to 2 which 
means almost same level of random noise emissions are existing together with 
coherent systematic variation level due to modulation by the orbital motion of SMBHB. 
Then we are required to have averages of the data which include independent noise to 
see resulting signals of SMBHB clearer. Using the DRWP-Model of 𝛼𝛼 = 0 orbital plane,  

Figure 7. Coincidence index I dD as a function of tilt angle α for the DRWP-Model, to 
facilitate comparison between the EHT-Data and DRWP-Model. The left-hand side 
panel shows the results of I dD with respect to α for 4-DATA of Day 96 the AP-SM 
baseline observations; most results, except for the case of the Lo CASA data, show the 
tilt angle α to be zero. The middle panel shows I d𝐷𝐷 for the case of AZ-SP for the 96 Hi-
CASA EHT-Data, compared against the DRWP-Model for a period of 2120 sec and a 
phase angle of 20° for the initial alignment of the two BHs. Though the dependence of 
coincidence index I dD on the tilt angle of the orbital plane is weak, the result does not 
negate the conclusion of 𝛼𝛼 = 0 ± 3°.  In the right-hand panel, two cases of I dD are 
displayed with respect to tilt angle α for the 96 SM-SP baseline data of the Hi CASA 
and Lo HOPS, compared with the DRWP-Model for the periods of 2225 sec ,with the 
initial phase angle 260,°and 2135 sec, with the initial phase angle of 180°; these 
results are also within a limit of 𝛼𝛼 = 0 ± 3°. 
 
 
then we have calculated fitting indices  for four data of AP-SM observations of 96 day 
such as Hi-CASA, Hi-HOPS, Lo-CASA and Lo-HOPS (4 -DATA , hereafter).Then we 
average results of I dD  for the 4- DATA  
. In Figure 6, two dimensional displays of I dD and I dN for the comparison of 4-DATA 

of AP-SM on 96 day observations of the EHT versus the  DRWP-Model with 0 tilt angle 
(α=0) are given. In the left hand side panel, I dD is plotted as function of the orbiting 
period ( given in the ordinate) and initial phase (given in the abscissa) of the BHs 

5.2 Determining the Tilt Angle α of the Orbital Plane of the 
SMBHB
We have deferred to determine the tilt angle α of the orbital plane 
of SMBHB as unknown value. As a strategy, we first assume that 
the orbital plane is parallel  to the equatorial plane of the milky 
way Galaxy; after we have achieved to find well fitting case in 
the processes of the FCED then we attempt to seek for the tilt 
angle α to determine the best fit cases of FCED. 

As has been described in Sec 4, relating the Table 2, the signal 
to noise ratio is possibly in a range from 0.5 to 6. We may take, 
here, middle values from 1 to 2 which means almost same level 
of random noise emissions are existing together with coherent 
systematic variation level due to modulation by the orbital mo-
tion of SMBHB. Then we are required to have averages of the 
data which include independent noise to see resulting signals of 
SMBHB clearer. Using the DRWP-Model of α=0 orbital plane, 
then we have calculated fitting indices  for four data of AP-SM 
observations of 96 day such as Hi-CASA, Hi-HOPS, Lo-CASA 
and Lo-HOPS (4 -DATA , hereafter).Then we average results of 
IndD  for the 4- DATA.

In Figure 6, two dimensional displays of IndD and IndN for the 
comparison of 4-DATA of AP-SM on 96 day observations of the 
EHT versus the DRWP-Model with 0 tilt angle (α=0) are given. 
In the left hand side panel, IndD is plotted as function of the or-
biting period (given in the ordinate) and initial phase (given in 
the abscissa) of the BHs alignment of SMBHB for DRWP-Mod-
el for comparison with EHT -Data, while IndN that is calculated 
between QRN-EHT and DRWP-Model  is displayed in the right-
hand panel with the same ordinate and abscissa as the left-hand 
cases (show in two dimensions to facilitate comparison with 
DRWP-Model). Remarkably, a unique point is observed show-
ing the maximum coincidence index IndD when comparing the 
EHT-Data against the DRWP-Model for an orbiting period of 
2135 sec and initial phase angle of 340°(in left panel); mean-
while, no such selected case can be found for the comparison 
between QRN-EHT and the DRWP-Model (right panel). This 
suggests that we can seek meaningful signatures in the observed 
visibilities of EHT-Data, to verify the existence of the SMBHB’s 
motion.
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Figure 8. Same with Figure 5 for the averaged 4-Data of the AZ-SP base line 
observation. We can see a single maximum spot of the coincidence at 2110sec with  
phase 20.° 

 
 

against the DRWP-Model for an orbiting period of 2135 sec and initial phase angle of 
340°(in left panel); meanwhile, no such selected case can be found for the comparison 
between QRN-EHT and the DRWP-Model (right panel). This suggests that we can seek 

Figure 8. Same with Figure 6 for the averaged 4-Data of the AZ-SP base line observation. We can see a single maximum spot of the 
coincidence at 2110sec with  phase 20.°

Figure 7. Coincidence index IndD as a function of tilt angle α for the DRWP-Model, to facilitate comparison between the EHT-Data 
and DRWP-Model. The left-hand side panel shows the results of IndD with respect to α for 4-DATA of Day 96 AP-SM baseline ob-
servations; most results, except for the case of the Lo CASA data, show the tilt angle α to be zero. The middle panel shows IndD for 
the case of AZ-SP for the 96 Hi-CASA EHT-Data, compared against the DRWP-Model for a period of 2120 sec and a phase angle of 
20° for the initial alignment of the two BHs. Though the dependence of coincidence index IndD  on the tilt angle of the orbital plane 
is weak, the result does not negate the conclusion of α=0±3°. In the right-hand panel, two cases of IndD  are displayed with respect 
to tilt angle α for the 96 SM-SP baseline data of the Hi CASA and Lo HOPS, compared with the DRWP-Model for the periods of 
2225 sec ,with the initial phase angle 260,°and 2135 sec, with the initial phase angle of 180°; these results are also within a limit of 
α=0±3°. 



     Volume 6 | Issue 3 | 141Adv Theo Comp Phy, 2023

After this confirmation of the signature of the SMBHB mo-
tion, we have decided the tilt angle α of the SMBHB’s orbital 
plane by finding the maximum IndD value, by sweeping α in the 
DRWP-Model, given by eq. (42), where the 𝑘1+𝜅𝑟 𝑘2 vector is 
controlled by the angle α via eq. (26). In Figure 7, the coinci-
dence indices IndD are displayed as a function of the tilt angle α 
of the DRWP-Model, to facilitate comparison with the EHT-Da-
ta. The left-hand side shows the results of  IndD with respect to 
α for the 4-DATA for Day 96 AP-SM baseline observations; for 
most results except for the case of the Lo CASA data, which in-

dicate a maximum IndD  at α=-2°, the maximum IndD  occurs at 
α = 0. Furthermore, two data, Hi CASA and Lo HOPS of SM-SP 
baseline observations, indicate a clear dependence of the coinci-
dence index on the tilt angle α, showing that the correct tilt angle 
of the orbital plane can be expressed as α =0°±3°. As shown in 
the middle panel of Figure 7, the dependence of AZ-SP on the tilt 
angle α is slight and unclear; it is considered to be attributable 
to the low S/N ratio and does not negate the result of α =0°±3°. 
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to verify the existence of the SMBHB’s motion.  
After this confirmation of the signature of the SMBHB motion, we have decided 

the tilt angle α of the SMBHB’s orbital plane by finding the maximum I dD value, by 
sweeping α  in the DRWP-Model, given by eq. (42), where the 𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2  vector is 
controlled by the angle α via eq. (26). In Figure 7, the coincidence indices I dD are 
displayed as a function of the tilt angle α of the DRWP-Model, to facilitate comparison 
with the EHT-Data. The left-hand side shows the results of  I dD with respect to α for 
the 4-DATA for Day 96 AP-SM baseline observations; for most results except for the 
case of the Lo CASA data, which indicate a maximum I dD  at α=−2°, the maximum 
I dD  occurs at α = 0. Furthermore, two data, Hi CASA and Lo HOPS of SM-SP baseline 
observations, indicate a clear dependence of the coincidence index on the tilt angle α, 
showing that the correct tilt angle of the orbital plane can be expressed as α = 0° ± 3°. 
As shown in the middle panel of Figure 7, the dependence of AZ-SP on the tilt angle α 
is slight and unclear; it is considered to be attributable to the low S/N ratio and does 
not negate the result of α = 0° ± 3°. 
 
 
 
 
 
 
 
 
 
 

Figure 9. Same with Figure 6 for the average of 4-Data of the SM-SP base line observation. The maximum spot of IndD is at 2125sec 
of the orbital period with initial phase angle of 180°; there  is the second peak at 2210 sec (phase angle 200°) with the coincidence 
index 0.492 close to the coincidence index 0.494 of the first  peak.

5.3 Direct Comparison of the EHT-Data and DRWP-Model
We further have applied the method of the direct comparison of 
the EHT-Data and DRWP-Model to  the case of Day 96  AZ-SP 
and SM-SP baselines taking the tilt angle α = 0 as the real case. 
As shown in Figure 8, we can see a single maximum spot of co-
incidence at 2110 sec with phase 20°. In the case of Figure 9, the 
maximum spot for IndD is at 2125 sec of the orbital period and an 
initial phase angle of 180°; the second peak appears at 2210 sec 
with a coincidence index 0.492, close to the coincidence index 
0.494 of the first peak.

During the processes of these calculations of the coincidence 
index IndD for the direct comparison of the DRWP-Model and 
EHT-Data for Day 96 AP-SM, AZ-SP, and SM-SP baselines, 
we can verify the tilt angle α of the SMBHB’s orbital plane as 
the results are given in Figure 7. Thus, we see that the direct 
comparison method between the EHT-Data and DRWP-Model 
can express the geometric features of the orbital plane of the 
SMBHB, along with the orbiting period; however, calculation 
of the coincidences is subjected   to the low S/N ratio (~0.5–6); 
reflecting low signal to noise ratio, as a result, the coincidence 
indices IndD and IndN show close values. 

We have obtained the orbital period of the SMBHB by the direct 
comparison for the EHT-Data of Day 96 for AZ-SP, SM-SP, and 
AP-SM baselines. These are worthwhile as providing the pilot 
role to search for the existing SMBHB effects. Because no quan-
titative approach  to avoid the disturbance of large co-existing 
quantities of noise in the direct comparison method , however, 
we concentrate upon the analyses using the MDFT (modified 
Fourier transformation) for determining the orbital period of the 
SMBHB, as described in Secs. 6 and 7.

6. Confirmation Method of The Orbital Period of SMBHB 
by Fourier Transformation
6.1 Fourier Transformation under the Effects of the DSTW
The VLBI observations for the EHT-Data are characterized by 
quasi-periodic sampling time windows. We would therefore ob-
tain misleading results regarding the periodicity of the phenom-
ena if we apply a simple Fourier transformation to the published 
data (without attending to the effects of DSTW modulation). 
That is, observed visibility data d(t)  are expressed via a physical 
component p(t) and data sampling window s(t) as
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published data (without attending to the effects of DSTW modulation). That is, 
observed visibility data 𝑑𝑑(𝑡𝑡) are expressed via a physical component 𝑝𝑝(𝑡𝑡)  and data 
sampling window 𝑠𝑠(𝑡𝑡) as 

𝑑𝑑(𝑡𝑡) = 𝑝𝑝(𝑡𝑡) ∙ 𝑠𝑠(𝑡𝑡).               (53) 
Then, the Fourier transformation is expressed via the convolution form of two 

intrinsic Fourier-transformed functions 𝑃𝑃(𝜔𝜔) a d 𝑆𝑆(𝜔𝜔) that correspond to 𝑝𝑝(𝑡𝑡) a d 𝑠𝑠(𝑡𝑡), 
respectively; thus, 

𝐷𝐷(𝜔𝜔) ≡ 𝑃𝑃(𝜔𝜔) ∗ 𝑆𝑆(𝜔𝜔) = 1
2𝜋𝜋∫ 𝑃𝑃(𝜉𝜉) ∙ 𝑆𝑆(𝜔𝜔 − 𝜉𝜉)𝑑𝑑𝑑𝑑

∞

−∞
.                         (54) 

In addition to the artificially modulated sampling window there are remarkably large 
white noise component associated with the coherent  orbital modulation of SMBHB. 
To eliminate the effects of white noise spectra of emissions from SgrA* then, we 

utilize the spectra of white noise modulated by data sampling window (QRN-EHT, see 
Sec.5). 

When we apply the group of random noise 𝑛𝑛𝐺𝐺(𝑡𝑡)  , averaged for M set, that is 
expressed by , 

𝑛𝑛𝐺𝐺(𝑡𝑡) =
1
𝑀𝑀∑∑𝑛𝑛𝑖𝑖𝑖𝑖𝛿𝛿(𝑡𝑡 − 𝑡𝑡𝑖𝑖𝑖𝑖)

𝐾𝐾

𝑖𝑖=1

𝑀𝑀

𝑗𝑗=1
 ,                                                    (55) 

 with random levels 𝑛𝑛𝑖𝑖𝑖𝑖   and  random times 𝑡𝑡𝑖𝑖𝑖𝑖 , as 𝑝𝑝(𝑡𝑡) in eq.(53), the Fourier 
transformed spectra function 𝐷𝐷𝑛𝑛(𝜔𝜔) corresponding to the random noise group  𝑛𝑛𝐺𝐺(𝑡𝑡) is 
expressed by 

𝐷𝐷𝑛𝑛(𝜔𝜔) =
1
𝑀𝑀∫ ∑∑𝑛𝑛𝑗𝑗𝑗𝑗𝛿𝛿(𝑡𝑡 − 𝑡𝑡𝑗𝑗𝑗𝑗)

𝐾𝐾

𝑘𝑘=1

𝑀𝑀

𝑗𝑗=1

∞

−∞
𝑠𝑠(𝑡𝑡)𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑 .                 (56) 

This relation eq.(56) can be rewritten in the form of average of discrete Fourier 
transformed formulae in M random noise groups (see Appendix D), as 

𝐷𝐷𝑛𝑛(𝜔𝜔) =
1
𝑀𝑀∑∑𝑛̅𝑛𝑗𝑗

𝐾𝐾

𝑘𝑘=1

𝑀𝑀

𝑗𝑗=1
𝑠𝑠(𝑡𝑡𝑘𝑘)𝑒𝑒−𝑖𝑖𝑖𝑖𝑡𝑡𝑘𝑘∆𝑡𝑡 .                 (57) 

where 𝑛̅𝑛𝑗𝑗 is average level of the noise group j; 𝑡𝑡𝑘𝑘 = 𝑘𝑘 ∆𝑡𝑡 for  ∆𝑡𝑡 = 𝑇𝑇 𝐾𝐾⁄   for sufficiently 
large time interval T and sufficiently large sampling number K.  When we select 
the random noise group where the average of the noise levels are equal to 𝑁𝑁𝐿𝐿, 𝐷𝐷𝑛𝑛(𝜔𝜔) is 
expressed by 

𝐷𝐷𝑛𝑛(𝜔𝜔) =  𝑁𝑁𝐿𝐿𝑆𝑆(𝜔𝜔) .                                                 (58) 

Then, the Fourier transformation is expressed via the convolution form of two intrinsic Fourier-transformed functions P(ω)  and 
S(ω) that correspond to p(t)  and s(t), respectively; thus,
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In addition to the artificially modulated sampling window there are remarkably large white noise component associated with the 
coherent  orbital modulation of SMBHB.
To eliminate the effects of white noise spectra of emissions from SgrA* then, we utilize the spectra of white noise modulated by data 
sampling window (QRN-EHT, see Sec.5).
When we apply the group of random noise 𝑛𝐺 (𝑡) , averaged for M set, that is expressed by ,

with random levels nij  and  random times tij, as p(t)  in eq.(53), the Fourier transformed spectra function Dn (ω)  corresponding to 
the random noise group  nG (t)  is expressed by

This relation eq.(56) can be rewritten in the form of average of discrete Fourier transformed formulae in M random noise groups 
(see Appendix D), as

where n̅j is average level of the noise group j; tk= k ∆t for  ∆t = T ⁄ K  for sufficiently large time interval T and sufficiently large sam-
pling number K.When we select the random noise group where the average of the noise levels are equal to NL, Dn (ω) is expressed by

In the case of the observed EHT visibilities, we can consider that  p(t)  in eq.(53) consists of random noise n(t) and  non thermal 
component  ps (t)  where a systematic VSCAT is included; that is, data d(t) are expressed by
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In the case of the observed EHT visibilities, we can consider that  𝑝𝑝(𝑡𝑡) in eq.(53) 
consists of random noise 𝑛𝑛(𝑡𝑡) and  non thermal component  𝑝𝑝𝑠𝑠(𝑡𝑡)  where a systematic 
VSCAT is included; that is, data 𝑑𝑑(𝑡𝑡) are expressed by 

𝑑𝑑(𝑡𝑡) = ,𝑝𝑝𝑠𝑠(𝑡𝑡) + 𝑛𝑛(𝑡𝑡)- ∙ 𝑠𝑠(𝑡𝑡) .                                (59) 
By the Fourier transformation of the visibilities then we have the results as 

𝐷𝐷(𝜔𝜔) = 𝑃𝑃𝑠𝑠(𝜔𝜔) ∗ 𝑆𝑆(𝜔𝜔) + 𝑁𝑁𝐿𝐿𝑆𝑆(𝜔𝜔) .                          (60)  
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where Modp (ω) is the proper spectrum of DRWP-Model.
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  Figure 10. Geometry 
of eclipse 
approximation for 
DRWP-Model .  The 
positions of individual 
SMBHs are assumed  
to be shifted from the 

real eclipse alignment by an angle 𝜑𝜑 2.⁄  
 
 
When we divide the results 𝑀𝑀𝑀𝑀𝑀𝑀(𝜔𝜔) by spectra of DSTW, then, it follows that 

|𝑀𝑀𝑀𝑀𝑀𝑀(𝜔𝜔)|
|𝑆𝑆(𝜔𝜔)| =

|𝑀𝑀𝑀𝑀𝑀𝑀𝑝𝑝(𝜔𝜔) ∗ 𝑆𝑆(𝜔𝜔)|
|𝐷𝐷𝑛𝑛(𝜔𝜔)| 𝑁𝑁𝐿𝐿⁄ .                                  (64) 

Finally by by comparing the two deduced functions, in eqs.(62) and (64),  which consist 
of three Fourier transformed functions 𝑃𝑃𝑠𝑠(𝜔𝜔),𝐷𝐷𝑛𝑛(𝜔𝜔) a d 𝑀𝑀𝑀𝑀𝑀𝑀𝑝𝑝(𝜔𝜔) we can confirm the 
coincidence of the phenomena given by 𝑃𝑃𝑠𝑠(𝜔𝜔) for the EHT-Data with the  prepared 
DRWP-Model ; that is , we can find coincidence of 𝑃𝑃𝑠𝑠(𝜔𝜔) and 𝑀𝑀𝑀𝑀𝑀𝑀𝑝𝑝(𝜔𝜔) in the form, 
 
 

|𝐷𝐷(𝜔𝜔)|
|𝑆𝑆(𝜔𝜔)| − (A(ω)+𝑁𝑁𝐿𝐿) =

|𝑀𝑀𝑀𝑀𝑀𝑀(𝜔𝜔)|
|𝑆𝑆(𝜔𝜔)|   .                                  (65) 

In real procedure, we are required to separate VSCAT spectrum  from other non 
thermal spectra DB(ω). Further, because  the level of EHT-Data , amplitude of DRWP-
Model and amplitude of QRN-EHT are independently generated quantities, we should 
adjust multiplying coefficients as close to each other as possible. Then, we set two 
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Figure 10. Geometry of eclipse approximation for DRWP-Model.  The positions of individual SMBHs are assumed to be shifted 
from the real eclipse alignment by an angle φ ⁄ 2.

When we divide the results Mod(ω) by spectra of DSTW, then, it follows that

Finally by comparing the two deduced functions, in eqs.(62) and (64),  which consist of three Fourier transformed functions Ps (ω), 
Dn (ω)  and Modp (ω) we can confirm the coincidence of the phenomena given by Ps (ω) for the EHT-Data with the  prepared DRWP-
Model ; that is , we can find coincidence of Ps (ω) and Modp (ω) in the form,

In real procedure , we are required to separate VSCAT spectrum from other non thermal spectra DB(ω). Further, because the level 
of EHT Data , amplitude of DRWP Model and amplitude of QRN-EHT  are independently generated quantities, we should adjust 
multiplying coefficients as close to each other as possible. Then, we set two parameters 𝛼𝐷 and 𝛼𝑀 to accomplishment of eq.(65) as

where

That is, we define a constant αD  that consists of a noise level fac-
tor NL  and noise affected unknown excess values A(ω) which are 
approximated by taking average in the concerned analyzing pe-
riod range. Further in eq.(66), αM  is the coefficient resulted from 
adjustment of the amplitude  of  Mod(ω) spectrum. We denote 
the terms, |D(ω) | ⁄ |Dn (ω)|  and |Mod(ω)| ⁄ |Dn (ω)|  in eq. (66) 
as the MDFTs ( modified Fourier transformation) for EHT-Data 
and MDFT for DRWP-Model, respectively.

6.2 Fourier Transformation of DRWP-Model
6.2.1 Eclipse approximation model
As we have recognized in Sec. 5 for the study of the direct com-
parison of the EHT-Data with DRWP-Model which shows or-
bital motion and eclipse effects of two SMBHs, the parameter 
of the initial phase of the orbit to identify positions of the SM-
BHs is crucial to discuss the coincidence of the Data and Model; 

and results of comparison is fairly obscured by existing random 
varying noise components associated with the observed visibili-
ties. In this Fourier transformation approach, we concentrate on 
the identification of the orbiting periods of SMBHB using abso-
lute function of Fourier transformation by sacrificing the phase 
components; by this selection, confirmation of  the coincidence 
of the EHT-Data and DRWP-Model becomes clear by avoid-
ing the disturbances of the noise components. In this selection 
we are not required to set initial phase of the orbital motion in 
DRWP-Model.  

For this approach, however, we are required to employ an ap-
proximation that we call here “eclipse approximation”. We here 
consider a case of time t dependent sinusoidal functions f(t)  
which appear in DRWP-Model as combination of terms, as
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|𝐷𝐷(𝜔𝜔)| |𝐷𝐷𝑛𝑛(𝜔𝜔)|⁄  and |  d(ω)| |𝐷𝐷𝑛𝑛(𝜔𝜔)|⁄  in eq.(66) as the MDFTs ( modified Fourier 
transformation) for EHT-Data and MDFT for DRWP-Model, respectively. 
 
66..22  FFoouurriieerr  TTrraannssffoorrmmaattiioonn  ooff  DDRRWWPP--MMooddeell  
66..22..11  EEcclliippssee  aapppprrooxxiimmaattiioonn  mmooddeell  
     As we have recognized in Sec. 5 for the study of the direct comparison of the EHT-
Data with DRWP-Model which shows orbital motion and eclipse effects of two SMBHs, 
the parameter of the initial phase of the orbit to identify positions of the SMBHs is 
crucial to discuss the coincidence of the Data and Model; and results of comparison is 
fairly obscured by existing random varying noise components associated with the 
observed visibilities. In this Fourier transformation approach, we concentrate on the 
identification of the orbiting periods of SMBHB using absolute function of Fourier 
transformation by sacrificing the phase components ; by this selection confirmation of  
the coincidence of the EHT-Data and DRWP-Model becomes clear by avoiding the 
disturbances of the noise components. In this selection we are not required to set initial 
phase of the orbital motion in DRWP-Model .   

For this approach, however , we are required to employ an approximation that we 
call here ―eclipse approximation‖. We here consider a case of time t dependent 
sinusoidal  functions 𝑓𝑓(𝑡𝑡) which appear in  DRWP-Model as combination of terms, as  

𝑓𝑓(𝑡𝑡) = 𝐴𝐴,c s(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅 c s(2𝛺𝛺𝑂𝑂𝑟𝑟𝑏𝑏𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-
− 𝐵𝐵,c s(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅 c s(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-.                            (68) 

where the term with 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂in the argument of the function is for orbital motion 
of the SMBHs and the term with c s(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) in the argument of the function is 
for ecliptic effects, of SMBHB, that occur twice during one orbital rotation. A and B in  
eq.(68) are time independent coefficients that appear in equations from eq.(9) to eq.(11) 
and eqs.(41) and (42). In this  model of the eclipse approximation, we change  eq.(68) to 
following form,𝑓𝑓𝑎𝑎(𝑡𝑡), as 

𝑓𝑓𝑎𝑎(𝑡𝑡 + 𝜏𝜏) = 𝐴𝐴,c s(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂 2⁄ ) + 𝜅𝜅 c s(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-
− 𝐵𝐵,si (𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂 2⁄ ) + 𝜅𝜅 si (2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-.                            (69) 

where 𝜏𝜏 = 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 .⁄  
By this approximation, then , we are not required to select 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂 value in the resulted 
absolute value of the Fourier transformation as reasoning is given below. 
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𝑓𝑓(𝑡𝑡) = 𝐴𝐴,c s(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅 c s(2𝛺𝛺𝑂𝑂𝑟𝑟𝑏𝑏𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-
− 𝐵𝐵,c s(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅 c s(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-.                            (68) 

where the term with 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂in the argument of the function is for orbital motion 
of the SMBHs and the term with c s(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) in the argument of the function is 
for ecliptic effects, of SMBHB, that occur twice during one orbital rotation. A and B in  
eq.(68) are time independent coefficients that appear in equations from eq.(9) to eq.(11) 
and eqs.(41) and (42). In this  model of the eclipse approximation, we change  eq.(68) to 
following form,𝑓𝑓𝑎𝑎(𝑡𝑡), as 

𝑓𝑓𝑎𝑎(𝑡𝑡 + 𝜏𝜏) = 𝐴𝐴,c s(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂 2⁄ ) + 𝜅𝜅 c s(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-
− 𝐵𝐵,si (𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂 2⁄ ) + 𝜅𝜅 si (2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-.                            (69) 

where 𝜏𝜏 = 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 .⁄  
By this approximation, then , we are not required to select 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂 value in the resulted 
absolute value of the Fourier transformation as reasoning is given below. 
      

where the term with ΩOrb t+φOrb in the argument of the function 
is for orbital motion of the SMBHs and the term with cos(2ΩOrb 
t+φOrb ) in the argument of the function is for ecliptic effects, of 
SMBHB, that occur twice during one orbital rotation. A and B 

in eq. (68) are time independent coefficients that appear in equa-
tions from eq.(9) to eq.(11) and eqs.(41) and (42). In this model 
of the eclipse approximation, we change eq. (68) to following 
form,fa (t), as

By this approximation, then, we are not required to select φOrb value in the resulted absolute value of the Fourier transformation as 
reasoning is given below.
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Figure 11.  Absolute values of results of Fourier transformation with respect to the 

DRWP-Model expressed by eq.(42), employing the eclipse approximation to reduce 
the phase parameter , (see Sub Sec. 6.2.1),corresponding to two examples of the 
EHT-Data obtained by baselines LM-SM  (panel (A-1) and (A-2)), and SM-SP 
(panel(B-1) and (B-2). Results of DRWP-Model corresponding to the medium length 
baseline LM-SM are given for the model function sampled with  homogeneous   
sampling timing of 10 sec interval (Proper Spectra) in panel (A-1), and for the model 
function sampled with  the specific timing synchronized with DSTW of EHT-Data 
(DSTW Spectra) in panel (A-2).  In panels (B-1) and (B-2) results for the long length 
baseline SM-SP are given for the Proper Spectra and DSTW Spectra of DRWP-
Model respectively. The Fourier transformed results given with relative level 
resulted from the amplitude between  -1 to 1 of the model function are given versus 
the analyzing periods, with unit sec, given in the abscissa of all panels from 400 sec 
to 4000 sec ; in each panel, all 30 cases of the orbiting period of SMBHB of the 
DRWP-Model are plotted with corresponding colors given in the top part of the 
diagram.  

 
 

That is, the Fourier transformation 𝐹𝐹(𝜔𝜔) is expressed by 

𝐹𝐹(𝜔𝜔) = ∫ 𝑓𝑓𝑎𝑎(𝑡𝑡 + 𝜏𝜏)𝑒𝑒−𝑖𝑖𝑖𝑖𝑖𝑖
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𝑑𝑑𝑑𝑑 = ∫ 𝑓𝑓𝑎𝑎(𝜉𝜉)𝑒𝑒−𝑖𝑖𝑖𝑖(𝜉𝜉−𝜏𝜏)
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−∞
𝑑𝑑𝑑𝑑 = 𝐹𝐹𝑎𝑎(𝜔𝜔)𝑒𝑒𝑖𝑖𝑖𝑖𝑖𝑖.       (70) 
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Figure 11.  Absolute values of results of Fourier transformation with respect to the DRWP-Model expressed by eq.(42), employing 
the eclipse approximation to reduce the phase parameter , (see Sub Sec. 6.2.1)), corresponding to two examples of the EHT-Data 
obtained by baselines LM-SM  (panel (A-1) and (A-2)), and SM-SP (panel(B-1) and (B-2)). Results of DRWP-Model corresponding 
to the medium length baseline LM-SM are given for the model function sampled with  homogeneous   sampling timing of 10 sec 
interval (Proper Spectra) in panel (A-1), and for the model function sampled with  the specific timing synchronized with DSTW of 
EHT-Data (DSTW Spectra) in panel (A-2).  In panels (B-1) and (B-2) results for the long length baseline SM-SP are given for the 
Proper Spectra and DSTW Spectra of DRWP-Model respectively. The Fourier transformed results given with relative level resulted 
from the amplitude between -1 to 1 of the model function are given versus the analyzing periods, with unit sec, given in the abscissa 
of all panels from 400 sec to 4000 sec; in each panel, all 30 cases of the orbiting period of SMBHB of the DRWP-Model are plotted 
with corresponding colors given in the top part of the diagram.

That is, the Fourier transformation F(ω) is expressed by

_ 
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Figure 12.  Real time plots of EHT-Data from Day96 Hi CASA pipeline for two 
example observations  by  LM-SM baseline  and SM-SP baseline where all EHT-Data 
and DRWP-Model are plotted corresponding to the EHT observation times given by UT 
with hour unit. The observations are made intermittently with characteristic time 
window (DSTW) . The calculated points of DRWP-Model (green curves) for example 
cases with SMBHB orbiting period,  𝑇𝑇𝑜𝑜𝑜𝑜𝑜𝑜 =2195 sec, and with the initial phase angle 
𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂 =20 deg, are plotted as example case; the generation timing of the DRWP-Model 
is synchronized with DSTW of the EHT observation though the plots are made with 
continuous curves.. 
 
 
When we rewrite 𝐹𝐹𝑎𝑎(𝜔𝜔) with absolute value |𝐹𝐹𝑎𝑎(𝜔𝜔)| and phase function 𝜃𝜃(𝜔𝜔), it follows 
that  
 

𝐹𝐹(𝜔𝜔) = |𝐹𝐹𝑎𝑎(𝜔𝜔)| ∙ 𝑒𝑒𝑒𝑒𝑒𝑒,𝑖𝑖(𝜃𝜃(𝜔𝜔) + 𝜔𝜔𝜔𝜔)-.                              (71) 
From this expression , we can easily conclude that  |𝐹𝐹(𝜔𝜔)| is completely free from 𝜏𝜏. 
In this case of eclipse approximation the geometrical relation of the SMBHs  relative to  
the real alignment of SMBHB is depicted in Figure 10. Because no harmful change is 
made to the orbital motions and also for orbiting period at all, we are allowed to apply  
 
this model for simplicity by avoiding to introduction of additional parameters such as 
the  initial phase for orbits of the SMBHB. 
 
 
6.2.2  Features of Fourier transformation of DRWP-Model  

Figure 12. Real time plots of EHT Data from Day 96 Hi CASA pipeline for two example observations by LM SM baseline and SM 
SP baseline where all EHT Data and DRWP Model are plotted corresponding to the EHT observation times given by UT with hour 
unit. The observations are made intermittently with characteristic time window (DSTW) . The calculated points of DRWP Model 
(green curves) for example cases with SMBHB orbiting period, 𝑇𝑜𝑟𝑏=2195 sec, and with the initial phase angle 𝜑𝑂𝑟𝑏=20 deg are 
plotted as example case ; the generation timing of the DRWP Model is synchronized with DSTW of the EHT observation though the 
plots are made with continuous curves.

When we rewrite 𝐹𝑎(𝜔) with absolute value |𝐹𝑎(𝜔)| and phase function 𝜃(𝜔), it follows that

From this expression, we can easily conclude that  |F(ω)| is com-
pletely free from τ. 
In this case of eclipse approximation the geometrical relation of 
the SMBHs relative to the real alignment of SMBHB is depicted 
in Figure 10. Because no harmful change is made to the orbital 
motions and also for orbiting period at all, we are allowed to 
apply  this model for simplicity by avoiding to introduction of 
additional parameters such as the  initial phase for orbits of the 
SMBHB.

6.2.2  Features of Fourier transformation of DRWP-Model 
Before progressing to the FCED (comparison of the EHT-Data 
with the DRWP-Model), we here display the result of analyses 
of Fourier transformation and MDFT for DRWP-Model corre-
sponding to two selected EHT-Data observed by the baselines 
LM-SM and SM-SP.  In Figure 11, the absolute values of results 
of Fourier transformation with respect to the DRWP-Model ex-
pressed by eq.(42), employing the eclipse approximation to re-
duce the number of parameter, as describing in Sub Sec. 6.2.1, 
are displayed corresponding to two examples of the EHT-Da-
ta obtained by baselines LM-SM  (panel (A-1) and (A-2)), and 
SM-SP (panel(B-1) and (B-2). The Fourier transformed results 
given with relative level resulted from the amplitude between -1 
to 1 of the model function are given with respect to the analyzing 
periods, with unit sec, given in the abscissa of all panels from 
400 sec to 4000 sec; in each panel, all 30 cases of the orbiting 
period of SMBHB of the DRWP-Model are plotted with the cor-
responding colors given in the top part of the diagram. In panels 
(A-1) and (A-2) results for the medium length baseline LM-SM 
are given respectively for the model function sampled  continu-
ously at 10 sec interval (Proper Spectra), and that for the model 
function sampled with  the specific timings synchronized with 
the DSTW of EHT-Data (DSTW Spectra). 

The Proper Spectra given in panel (A-1) is a manifestation of 
the complicated time dependent variation of the DRWP-Model 
expressed by from eqs. (33) to (40); the principal  feature of this 
Proper Spectra is represented by a large peak centered around 
2000 sec suggesting the correspondence to the orbiting period 
of the DRWP-Model but the peak periods are not exactly show-
ing orbiting periods. The frequencies corresponding peaks of the 
Proper Spectra are modified through interaction of complicated 
coupling processes given in eqs. (33) ~ (40).  In shorter peri-
od range than the orbiting period, we can see three peaks with 
periods given as higher harmonics of modified orbiting periods 
caused by nonlinear characteristic, of the visibility function, 
which is also expressed by eqs. (33) ~ (40).  In panels (B-1) in 
Figure 11, results for the long length baseline SM-SP are giv-
en for the Proper Spectra . Different from the case of medium 
range of baseline length, the spectra become complicated with 8 
peaks as results of expanded baseline length. Even the principal 
peak which would reflect the orbiting periods of SMBHB model 
shifts largely towards the side of the longer analyzing period 
which suggest modification of angular velocity Ωorb of the orbit-
ing  SMBHB to  𝛺𝑜𝑟𝑏−𝑚𝛺𝑒 under the effect of the earth rotation 
with angular velocity 𝛺𝑒 (m is arbitrary integer below 6) in the 
model function corresponding to equations from eqs.(33) ~ (40). 
To show real time features of the DSTW (see SubSec 6-1) be-
fore the Fourier transformation, we have plotted EHT-Data in 
Figure 12, together with DRWP-Model as the function of real 
time. Though DRWP-Model is connected by continuous curves 
the sampled values for the Fourier calculation are completely 
synchronized with the DSTW of EHT-Data. It is remarkable that 
the EHT-Data and the DRWP-Model are sampled with the tim-
ings same with the DSTW of the EHT observation with pauses 
of some characteristic periods around 1000 sec to 1100sec . By 
this quasi periodic sampling interval the Fourier transformation 
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of EHT-Data and also synchronized sampling DRWP-Model 
are largely altered from the Proper Spectra in panel (A-1) to the 
DSTW affected Spectra in panel (A-2) for LM-SM baseline data, 
and from the Proper Spectra in panel (B-1) to DSTW affected 
Spectra in panel (B-2) for SM-SP baseline data. In the process of 

the comparison of the Fourier transformation of EHT-Data and 
DRWP-Model then we use spectra largely affected by  DSTW 
rather than the usage of direct Fourier transformation, as has 
been explained in Sub Sec. 6.1.
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Figure 13. Absolute values of Fourier transformation results under the 

constraint of the common DSTW of the EHT-Data, Day96 Hi-CASA,  SM-SP baseline  

with respect to the analyzing period, 2𝜋𝜋 𝜔𝜔 ⁄  ranging from 400sec to 4000sec. 

Results are indicated for EHT-Data( black curves; as 𝐷𝐷(𝜔𝜔)  corresponding to 

eq.(60)), for DRWP-Model ( green  curve; as 𝑀𝑀𝑀𝑀𝑀𝑀(𝜔𝜔) corresponding to eqs. (42) 
and (63)) and QRN-EHT (DSTW controlled random noises) 𝑆𝑆(𝜔𝜔)  (red curve; 

corresponding to eqs.(56) to (58)). DRWP-Model, 𝑀𝑀𝑀𝑀𝑀𝑀(𝜔𝜔)  is selected as a 

representative orbiting period of 2190 sec from 30 periods in a range from 2100 

to 2245 sec prepared in DRWP-Model as parameters. 

 

 

𝛺𝛺𝑜𝑜𝑜𝑜𝑜𝑜 − 𝑚𝑚𝛺𝛺𝑒𝑒  under the effect of the earth rotation with angular velocity𝛺𝛺𝑒𝑒  (m is 
arbitrary integer below 6) in the model function corresponding to equations from 
eqs.(33) ~ (40). 

To show real time features of the DSTW (see SubSec 6-1) before the Fourier 
transformation, we have plotted EHT-Data in Figure 12, together with DRWP-Model as 
the function of real time. Though DRWP-Model is connected by continuous curves the 
sampled values for the Fourier calculation are completely synchronized with the DSTW 
of EHT-Data. It is remarkable that the EHT-Data and the DRWP-Model are sampled 
with the timings same with the DSTW of the EHT observation with pauses of some 
characteristic periods  around 1000 sec to 1100sec . By this quasi periodic sampling 
interval the Fourier transformation of EHT-Data and also synchronized sampling 
DRWP-Model are largely altered from the Proper Spectra in panel (A-1) to the DSTW 

Figure 13. Absolute values of Fourier transformation results under the constraint of the common DSTW of the EHT-Data, Day96 
Hi-CASA,  SM-SP baseline  with respect to the analyzing period, 2π ⁄ ω ranging from 400sec to 4000sec. Results are indicated for 
EHT-Data( black curves; as D(ω) corresponding to eq.(60)), for DRWP-Model ( green  curve; as Mod(ω) corresponding to eqs. (42) 
and (63)) and QRN-EHT (DSTW controlled random noises) S(ω) (red curve; corresponding to eqs.(56) to (58)). DRWP-Model, 
Mod(ω) is selected as a representative orbiting period of 2190 sec from 30 periods in a range from 2100 to 2245 sec prepared in 
DRWP-Model as parameters.

6.2.3 Significance of the sensitive dependence on the orbiting 
period of SMBHB 
Seeing Figure 11 where the results of the Fourier transformation 
of DRWP-Model, under the constraint of DSTW are displayed, 
we emphasize that though proper Fourier transformed results 
are altered due to convolution effects with DSTW spectra, the 
Fourier transformed DRWP-Model shows extremely clear de-
pendence on the parameters of the orbitals period of SMBHB 
through entire period range of the spectra. It is promised that we 
can select correct orbiting period of SMBHB from the EHT-Data 
by identifying coincidences with DRWP-Model.  As given in eq. 
(66) we use the MDFT  for FCED  processes where the DSTW 
modulated proper spectra for EHT-Data and DRWP-Model are 
compared in the form of MDFT with adjustment by relatively set 
coefficients αD  and αM. Under such modification and adjustment, 
however, it is significant that there remain sensitive dependence 
on the SMBHB orbiting period in the MDFTs for DRWP-Model. 
Thus we can complete FCED by selecting the best fitting pa-

rameter in DRWP-Model with the EHT-Data that is also mod-
ified as MDFT with the same algorism to have MDFT for the 
DRWP-Model.

7  Comparison of EHT-Data and DRWP-Model via Fourier 
Transformed Function
7.1  General
To apply the Fourier transformation method to the FCED (find 
coincidence of the EHT-Data with DRWP-Model), we selected 
five cases of the baselines of EHT observations; two of  these 
are AZ-SP and SM-SP which have long baseline length around 8 
Gλ range and another two cases are AZ-SM and LM-SM which 
have  medium  baseline length around  3 to 4 Gλrange. As a 
short baseline case we have selected the data of AZ-LM with the 
baseline length around 1 Gλwhich is scarcely out of the limiting 
zone to detect the orbit of SMBHB. Hereafter we will follow the 
processes given in Sub Sec.6.1 for comparison of EHT-Data and 
DRWP-Model with selected observation data (EHT-Data).
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 Figure 14. Comparison of the modified Fourier transformed functions (MDFT) 
|𝐷𝐷(𝜔𝜔)| |𝑆𝑆(𝜔𝜔)|⁄  for EHT-Data (black curve) and MDFT,  |𝑀𝑀𝑜𝑜𝑜𝑜(𝜔𝜔)| |𝑆𝑆(𝜔𝜔)|⁄  for DRWP-
Model with 30 orbiting periods of SMBHB (given by corresponding colors). Results are 
displayed for the FCED as function of the analyzing period, 2𝜋𝜋 𝜔𝜔 ⁄  ranging from 400sec 

to 4000sec.  
 

7.2   TThhee  CCaassee  ooff  DDaayy  9966  HHii--CCAASSAA    SSMM--SSPP  bbaasseelliinnee  ddaattaa 
In Figure 13, comparisons of the direct Fourier transformation results under the 
constraint of the common DSTW are displayed with respect to analyzing periods from 
400sec to 4000sec, for EHT-Data( black curves) as 𝐷𝐷(𝜔𝜔) corresponding to eq.(60), for 
DRWP-Model ( green  curve) as 𝑀𝑀𝑀𝑀𝑀𝑀(𝜔𝜔) corresponding to eqs. (42) and (63) and QRN-
EHT (DSTW controlled random noises) 𝑆𝑆(𝜔𝜔) (red curve: averaged for 10 cases after 
Fourier transformation) corresponding to eqs.(56) ~ (58). The direct Fourier 
transformation of DRWP-Model, 𝑀𝑀𝑀𝑀𝑀𝑀(𝜔𝜔)  is selected for period 2190 sec as a 
representative orbiting period from prepared 30 orbiting periods in a range from 2100 
to 2245 sec. The features of three Fourier transformation results show similar trend 
with respect to the analyzing periods arising from common DSTW effects and from  
random noises associated with EHT-Data because of low signal to noise ratio in a range 
from 0.5 ~ 6 (See Secs,3 and 5); similarity between black and red curves becomes  clear 
in the analyzing period 900 to 1500 sec. Though we may state rough similarity between 
the three results, however, no clear conclusion is able to be drawn because the 
displayed spectra of EHT-Data and DRWP-Model are resulted from the convolution 
between each proper spectrum and the Fourier transformation of DSTW, 𝑆𝑆(𝜔𝜔)  that is  

Figure 14. Comparison of the modified Fourier transformed functions (MDFT) |D(ω)| ⁄ |S(ω)|  for EHT-Data (black curve) and 
MDFT,  |Mod(ω)| ⁄ |S(ω)|  for DRWP-Model with 30 orbiting periods of SMBHB (given by corresponding colors). Results are dis-
played for the FCED as function of the analyzing period, 2π ⁄ ω ranging from 400sec to 4000sec.

7.2  The Case of Day 96 Hi-CASA  SM-SP baseline data
In Figure 13, comparisons of the direct Fourier transformation 
results under the constraint of the common DSTW are displayed 
with respect to analyzing periods from 400sec to 4000sec, for 
EHT-Data( black curves) as D(ω) corresponding to eq.(60), for 
DRWP-Model ( green  curve) as Mod(ω) corresponding to eqs. 
(42) and (63) and QRN-EHT (DSTW controlled random noises) 
S(ω) (red curve: averaged for 10 cases after Fourier transforma-
tion) corresponding to eqs.(56) ~ (58). The direct Fourier trans-
formation of DRWP-Model, Mod(ω) is selected for period 2190 
sec as a representative orbiting period from prepared 30 orbiting 
periods in a range from 2100 to 2245 sec. The features of three 
Fourier transformation results show similar trend with respect to 
the analyzing periods arising from common DSTW effects and 
from random noises associated with EHT-Data because of low 

signal to noise ratio in a range from 0.5 ~ 6 (See Secs,3 and 5); 
similarity between black and red curves becomes  clear in the an-
alyzing period 900 to 1500 sec. Though we may state rough sim-
ilarity between the three results, however, no clear conclusion 
is able to be drawn because the displayed spectra of EHT-Data 
and DRWP-Model are resulted from the convolution between 
each proper spectrum and the Fourier transformation of DSTW, 
S(ω)  that is proportional to the spectra of QRN-EHT whose 
occurrence are synchronized with DSTW (see eq.(61)). For the 
complete confirmation of the results towards the FCED, we are 
required to have a sophisticated handling of Fourier transformed 
function as given by eq.(66). To pursue this processes we cal-
culated MDFT (see Sub Sec.6-1) both for direct Fourier trans-
formation D(ω)  for  EHT-Data (see eq.(62) ) and direct Fourier 
transformation Mod(ω)  for DRWP-Model (see eq.(64)).
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Figure 15. Selection index SeInd  to evaluate the coincidence of MDFT for EHT-Data 

and MDFT for DRWP-Model. Calculated SeInds are displayed versus the orbiting 
period of SMBHB taking noise reduction coefficient 𝛼𝛼𝐷𝐷 as parameter by adjusting 
coefficient 𝛼𝛼𝑀𝑀   be 0.49 to make the level of EHT-Data equal to the amplitude of 
DRWP-Model. The results show that the best fit condition between EHT-Data and 
DRWP-Model occurs at  the orbiting period oft 2190 sec for 𝛼𝛼𝐷𝐷 = 0 ~0.1. 
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In Figure 14, we plot the MDFT for EHT-Data together with the MDFT for DRWP-
Model with 30 cases of the orbiting periods of SMBHB of the DRWP-Model. We can see 
clear similarity here, between the MDFTs for EHT-Data and DRWP-Model. And these 
results show possibility that we are able to select a parameter of the orbiting periods 
from given 30 cases to find the best fitting orbiting period.  Thus, to evaluate the 
coincidence of the MDFT for EHT-Data versus the MDFT for DRWP-Model associated 
with 30 cases of the orbiting periods from 2100 sec to 2245 sec, we define  the selection 

Figure 15. Selection index SeInd  to evaluate the coincidence of MDFT for EHT-Data and MDFT for DRWP-Model. Calculated 
SeInds are displayed versus the orbiting period of SMBHB taking noise reduction coefficient αD as parameter by adjusting coeffi-
cient αM to be 0.49 to make the level of EHT-Data equal to the amplitude of DRWP-Model. The results show that the best fit condi-
tion between EHT-Data and DRWP-Model occurs at the orbiting period of 2190 sec for αD=0 ~0.1.
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In Figure 14, we plot the MDFT for EHT-Data together with the 
MDFT for DRWP-Model with 30 cases of the orbiting periods 
of SMBHB of the DRWP-Model. We can see clear similarity 
here, between the MDFTs for EHT-Data and DRWP-Model. 
And these results show possibility that we are able to select a 

parameter of the orbiting periods from given 30 cases to find the 
best fitting orbiting period.  Thus, to evaluate the coincidence of 
the MDFT for EHT-Data versus the MDFT for DRWP-Model 
associated with 30 cases of the orbiting periods from 2100 sec to 
2245 sec, we define the selection
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Figure 16. Final results showing coincidence of the MDFT for EHT-Data (black curve) 

and the MDFT for DRWP-Model (green curve). Via the identity of the results, it can 
be concluded that the EHT-Data have definitely the component of the steady time 
variation coinciding with the SMBHB orbiting period of 2190 sec prepared in 
DRWP-Model. 
 
 

index SeInd ,as 

,SeI d(𝑇𝑇𝑜𝑜𝑜𝑜𝑜𝑜,𝐵𝐵𝑟𝑟)-2 =
1
𝑀𝑀 ∑

20𝐺𝐺𝐸𝐸𝐸𝐸𝐸𝐸 .𝑇𝑇0 + 𝑇𝑇ｍ/ − 𝛼𝛼𝐷𝐷1 − 𝛼𝛼𝑀𝑀𝐺𝐺𝑀𝑀𝑀𝑀𝑀𝑀 .𝑇𝑇0 + 𝑇𝑇ｍ,𝑇𝑇𝑜𝑜𝑜𝑜𝑜𝑜/3
2

0𝐺𝐺𝐸𝐸𝐸𝐸𝐸𝐸 .𝑇𝑇0 + 𝑇𝑇ｍ/ − 𝛼𝛼𝐷𝐷1
2
+ 0𝛼𝛼𝑀𝑀𝐺𝐺𝑀𝑀𝑀𝑀𝑀𝑀 .𝑇𝑇0 + 𝑇𝑇ｍ,𝑇𝑇𝑜𝑜𝑜𝑜𝑜𝑜/1

2

𝑀𝑀

𝑚𝑚=1
.             (72) 

where  𝐺𝐺𝐸𝐸𝐸𝐸𝐸𝐸 .𝑇𝑇0 + 𝑇𝑇ｍ/  and 𝐺𝐺𝑀𝑀𝑀𝑀𝑀𝑀 .𝑇𝑇0 + 𝑇𝑇ｍ,𝑇𝑇𝑜𝑜𝑜𝑜𝑜𝑜/   are MDFTs for EHT-Data and for 

DRWP-Model as the function of analyzing period of 𝑇𝑇0 + 𝑇𝑇ｍ  sec, respectively; for 

DRWP-Model, 30 functions are expresses with corresponding orbiting period 𝑇𝑇𝑜𝑜𝑜𝑜𝑜𝑜 .  The 

both functions 𝐺𝐺𝐸𝐸𝐸𝐸𝐸𝐸 .𝑇𝑇0 + 𝑇𝑇ｍ/  and 𝐺𝐺𝑀𝑀𝑀𝑀𝑀𝑀 .𝑇𝑇0 + 𝑇𝑇ｍ,𝑇𝑇𝑜𝑜𝑜𝑜𝑜𝑜/ are  defined  by rewriting the 

left hand side of eq.(66)   and also right hand side of eq.(66) by expressing 𝑇𝑇𝑜𝑜𝑜𝑜𝑜𝑜  
explicitly, as 

𝐺𝐺𝐸𝐸𝐸𝐸𝐸𝐸(𝑇𝑇𝑚𝑚) =
|𝐷𝐷(2𝜋𝜋 𝑇𝑇𝑚𝑚⁄ )|
|𝐷𝐷𝑛𝑛(2𝜋𝜋 𝑇𝑇𝑚𝑚⁄ )| .                                               (73) 
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Figure 16. Final results showing coincidence of the MDFT for EHT-Data (black curve) and the MDFT for DRWP-Model (green 
curve). Via the identity of the results, it can be concluded that the EHT-Data have definitely the component of the steady time vari-
ation coinciding with the SMBHB orbiting period of 2190 sec prepared in DRWP-Model.

index SeInd ,as

where 𝐺𝐸𝐻𝑇.(𝑇0+𝑇ｍ) and 𝐺𝑀𝑜𝑑.(𝑇0+𝑇ｍ,𝑇𝑜𝑟𝑏) are MDFT s for EHT 
Data and for DRWP Model as the function of analyzing peri-
od of 𝑇0+𝑇ｍ sec respectively; for DRWP Model 30 functions 
are expresses with corresponding orbiting period 𝑇𝑜𝑟𝑏. The both 

functions 𝐺𝐸𝐻𝑇.(𝑇0+𝑇ｍ) and 𝐺𝑀𝑜𝑑.(𝑇0+𝑇ｍ,𝑇𝑜𝑟𝑏) are defined by re-
writing the left hand side of eq.( 66 ) and also right hand side of 
eq.( 66 ) by expressing 𝑇𝑜𝑟𝑏 explicitly, as
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Figure 17. Same with Figure 13, for Day 97 day Hi-HOPS  AZ-SP baseline data. 
Reflecting the evidence of the longest baseline length of 8.48 Gλ (in average), the 
spectra structure of observed EHT-Data show several identical components, 
corresponding to spectra structure of the DRWP-Model, selected for the case of the 
orbiting period of 2180sec, even spectra are results of convolution with spectrum of 
the DSTW.  
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|𝑀𝑀𝑀𝑀𝑀𝑀(2𝜋𝜋 𝑇𝑇𝑚𝑚⁄ ,𝑇𝑇𝑜𝑜𝑜𝑜𝑜𝑜 )|

|𝐷𝐷𝑛𝑛(2𝜋𝜋 𝑇𝑇𝑚𝑚⁄ )|                         (74) 

For calculation of the SeI d index to estimate the coincidence of MDFT for EHT-Data 
and MDFT for DRWP-Model we are allowed to select the range of  𝑇𝑇𝑚𝑚 in a range where 
the modulation effect of the orbital motion of the SMBHB is clear , dominant and 
sensitive under the condition of existing background noises which are generated with 
caused by spectra  of  various time variations in the turbulent plasma co-existing with 
the spectra of the modulation with period of SMBHB orbital motion in SgrA*. In 
eq.(72),then, T0 indicates the  starting point of the calculation  of the coincidence index, 
SeI d in term of the  analyzing period . 

In Figure 15, the selection index SeInd  to evaluate the coincidence of MDFTs for 
EHT-Data and for DRWP-Model is indicated with respect to the orbiting period of 

For calculation of the SeInd index to estimate the coincidence of 
MDFT for EHT-Data and MDFT for DRWP-Model, we are al-
lowed to select the range of  Tm in a range where the modulation 
effect of the orbital motion of the SMBHB is clearly, dominant 
and sensitive under the condition of existing background noises 
which are generated with spectra  of  various time variations in 
the turbulent plasma co-existing with the spectra of the modula-
tion with period of SMBHB orbital motion in SgrA*. In eq.(72), 
then, T0 indicates the  starting point of the calculation  of the 

coincidence index, SeInd in term of the  analyzing period .

In Figure 15, the selection index SeInd  to evaluate the coinci-
dence of MDFTs for EHT-Data and for DRWP-Model is indicat-
ed with respect to the orbiting period of SMBHB taking noise 
reduction coefficient αD (see eq.(66) ) as parameter by adjusting  
coefficient αM=0.49 (see eq.(66)) to equalize the amplitude of 
DRWP-Model to the
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Figure 17. Same with Figure 13, for Day 97 Hi-HOPS AZ-SP baseline data. Reflecting the evidence of the longest baseline length 
of 8.48 Gλ (in average), the spectra structure of observed EHT-Data show several identical components, corresponding to spectra 
structure of the DRWP-Model, selected for the case of the orbiting period of 2180sec, even spectra are results of convolution with 
spectrum of the DSTW.
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SMBHB taking noise reduction coefficient 𝛼𝛼𝐷𝐷 (see eq.(66) ) as parameter by adjusting  
coefficient 𝛼𝛼𝑀𝑀 = 0.49 (see eq. (66)) to equalize the amplitude of DRWP-Model to the  

 
Figure 18.   Same with Figure 14, for comparison of MDFTs for EHT-Data, Day 97 Hi-

HOPS  AZ-SP baseline (black thick curb) and for the DRWP-Model with 30 orbiting 
periods of SMBHB (given by corresponding colors). 

 
 
level of EHT-Data after reduction of included noises. The results show that the best fit 
point between MDFTs for EHT-Data and for DRWP-Model occurs at the orbiting period 
of 2190 sec, in this case. Based on this evaluation we confirm FCED by confirming the 
coincidence of two MDFTs in Figure 16, where final results show the coincidence of the 
MDFT for EHT- Data (black curve) and the MDFT for DRWP-Model (green curve). 
Thus, it can be concluded that the EHT-Data have definitely the component of the 
VSCAT (Variation with short characteristic time ) of steady time variation coinciding 
with an SMBHB orbiting period of 2190 sec. prepared in  DRWP-Model ; It should be 
remarked that the eclipse effect is associated SMBHB orbital motions adding VSCAT 
with the half of the orbital period of 1095sec. 
 

7.3  TThhee  ccaassee  ooff  DDaayy  9977  HHii--HHOOPPSS    AAZZ--SSPP  bbaasseelliinnee  ddaattaa 
In Figure 17, results of three direct Fourier transformations for EHT data in the 

case of  Day 97 Hi-HOPS  AZ-SP baseline observation ,for corresponding QRN-EHT, 
and corresponding DRWP-Model selected for the orbiting period 2180 sec are indicated. 
Reflecting the evidence of one of the longest baseline length of 8.48 Gλ(average), the  

Figure 18. Same with Figure 14, for comparison of MDFTs for EHT-Data, Day 97 Hi-HOPS  AZ-SP baseline (black thick curb) and 
for the DRWP-Model with 30 orbiting periods of SMBHB (given by corresponding colors).

level of EHT-Data after reduction of included noises. The results 
show that the best fit point between MDFTs for EHT-Data and 
for DRWP-Model occurs at the orbiting period of 2190 sec, in 
this case. Based on this evaluations we confirm FCED by con-
firming the coincidence of two MDFTs in Figure 16, where final 
results show the coincidence of the MDFT for EHT- Data (black 
curve) and the MDFT for DRWP-Model (green curve). Thus, it 
can be concluded that the EHT-Data have definitely the compo-
nent of the VSCAT (Variation with short characteristic time) of 
steady time variation coinciding with an SMBHB orbiting peri-
od of 2190 sec prepared in DRWP-Model; it should be remarked 

that the eclipse effect is associated SMBHB orbital motions add-
ing VSCAT with the half of the orbital period of 1095sec.

7.3  The case of Day 97 Hi-HOPS  AZ-SP baseline data
In Figure 17, results of three direct Fourier transformations for 
EHT data in the case of  Day 97 Hi-HOPS  AZ-SP baseline 
observation ,for corresponding QRN-EHT, and corresponding 
DRWP-Model selected for the orbiting period 2180 sec are in-
dicated. Reflecting the evidence of one of the longest baseline 
length of 8.48 Gλ(average), the 
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Figure 19. Same with Figure 15 for the selection index SeInd to evaluate the 
coincidence of MDFT for EHT-Data and MDFT for DRWP-Model with respect to  the 
case of EHT-Data   Day 97 Hi-HOPS  AZ-SP baseline. The results indicate that the best 
fit condition (the minimum of SeInd)  between EHT-Data and DRWP-Model occurs at 
SMBHB orbiting period of 2180 sec. 
 
structure of spectra of observed EHT-Data becomes complicated showing several peaks 
even under the control of the DSTW. Though the spectrum is convolution with the 
spectrum of DSTW that is close to QRN-EHT spectra given by the red curve, there are 
more than 8 peaks in the spectrum of EHT-Data which are almost identical with the 
DSTW –affected spectrum of the DRWP-Model that is selected for the case of the 
orbiting period of 2180sec. 

As the case of Day 96 Hi-CASA  SM-SP baseline data, we apply the method to 
calculate MDFT using DSTW spectrum 𝑆𝑆(𝜔𝜔)  to confirm FCED. In Figure 18, the 
calculated MDFTs for EHT-Data,  |𝐷𝐷(𝜔𝜔)| |𝑆𝑆(𝜔𝜔)|⁄  and for the DRWP-Model 
|𝑀𝑀𝑜𝑜𝑜𝑜(𝜔𝜔)| |𝑆𝑆(𝜔𝜔)|⁄  with corresponding 30 cases of the orbiting periods of SMBHB , are 
indicated with respect to the analyzing period from 400sec  to 4000, sec (for the case of 
Day97 Hi-HOPS AZ-SP ); we can see that plots of MDFT for theDRWP-Model with  
parameters of corresponding SMBHB orbiting periods are distributed around the 
MDFT of EHT-Data with systematic features from which we are able to find the best 
fitting case.For  the selection of the best fit case, then, we have calculated the selection 
index, SeInd given by eq.(72) ; the results are given in Figure 19 where the selection 
index SeInd  is indicated as the function of the orbiting period of SMBHB taking noise  

Figure 19. Same with Figure 15 for the selection index SeInd to evaluate the coincidence of MDFT for EHT-Data and MDFT for 
DRWP-Model with respect to the case of EHT-Data, Day 97 Hi-HOPS  AZ-SP baseline. The results indicate that the best fit condi-
tion (the minimum of SeInd) between EHT-Data and DRWP-Model occurs at SMBHB orbiting period of 2180 sec.
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structure of spectra of observed EHT-Data becomes complicat-
ed showing several peaks even under the control of the DSTW. 
Though the spectrum is convolution with the spectrum of DSTW 
that is close to QRN-EHT spectra given by the red curve, there 
are more than 8 peaks in the spectrum of EHT-Data which 
are almost identical with the DSTW affected spectrum of the 
DRWP-Model that is selected for the case of the orbiting period 
of 2180sec.

As the case of Day 96 Hi-CASA SM-SP baseline data, we apply 
the method to calculate MDFT using DSTW spectrum S(ω) to 
confirm FCED. In Figure 18, the calculated MDFTs for EHT 

Data |𝐷(𝜔)|/|𝑆(𝜔)| and for the DRWP Model |𝑀𝑜𝑑(𝜔)| ⁄ 
|𝑆(𝜔)|  with corresponding 30 cases of the orbiting periods of 
SMBHB, are indicated with respect to the analyzing period from 
400 sec to 4000  sec for the case of Day 97 Hi HOPS AZ SP; we 
can see that plots of MDFT for the DRWP Model with param-
eters of corresponding SMBHB orbiting periods are distributed 
around the MDFT of EHT Data with systematic features from 
which we are able to find the best fitting case. For the selection 
of the best fit case, then, we have calculated the selection index 
SeInd given by eq.(72); the results are given in Figure 19 where 
the selection index SeInd is indicated as the function of the or-
biting period of SMBHB taking noise
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Figure 20. Same with Figure 17 to show concluding results for the  coincidence of the 
MDFT for EHT-Data (black curve) Day  97 Hi-HOPS  AZ-SP baseline with MDFT for 
DRWP-Model (green curve) at the SMBHB orbiting period of 2180 sec  
 
 

reduction coefficient 𝛼𝛼𝐷𝐷 (see eq.(66) ) as parameter by adjusting  coefficient as  𝛼𝛼𝑀𝑀 =
0.1 (see eq. (66)) that is decided to make the level of EHT-Data equal to the amplitude 
of DRWP-Model. The results show that the best fitting point of MDFTs for EHT-Data 
and for DRWP-Model occurs at the orbiting period of 2180 sec, in this case, with the 
noise reduction coefficient 𝛼𝛼𝐷𝐷 = 0.3.  Based on this evaluation we can confirm the 
coincidence of two MDFTs in Figure 20 where we can see finally selected results that  
show the coincidence of the MDFTs for EHT-Data (black curve) and MDFT for DRWP-
Model (green curve). We can conclude that the EHT-Data have also the component of 
steady time variation coinciding with the SMBHB orbiting motions with period of 2180 
sec.  
 
7.4  TThhee  CCaasseess  ooff  MMeeddiiuumm  BBaasseelliinnee  LLeennggtthh 
  As the cases of medium baseline length of the EHT-Data, we have selected the cases 
Day 97 Hi-CASA  LM-SM baseline data and Day96 Hi-HOPS  AZ-SM baseline data; in 
Figure 21, the results of three direct Fourier transformation in the case of LM-SM 
baseline (in panel (A)) and those in the case of the AZ-SM baseline (in panel (B)) are  
 

Figure 20. Same with Figure 16 to show concluding results for the coincidence of the MDFT for EHT Data (black curve) Day 97 Hi 
HOPS AZ SP baseline with MDFT for DRWP Model (green curve) at the SMBHB orbiting period of 2180 sec.

reduction coefficient αD (see eq.(66)) as parameter by adjusting  
coefficient as αM=0.1 (see eq.(66)) that is decided to make the 
level of EHT-Data equal to the amplitude of DRWP-Model. The 
results show that the best fitting point of MDFTs for EHT-Data 
and for DRWP-Model occurs at the orbiting period of 2180 sec, 
in this case, with the noise reduction coefficient αD=0.3.  Based 
on this evaluation we can confirm the coincidence of two MD-
FTs in Figure 20 where we can see finally selected results that  
show the coincidence of the MDFTs for EHT-Data (black curve) 
and MDFT for DRWP-Model (green curve). We can conclude 
that the EHT-Data have also the component of steady time vari-

ation coinciding with the SMBHB orbiting motions with period 
of 2180 sec.

7.4  The Cases of Medium Baseline Length
As the cases of medium baseline length of the EHT-Data, we 
have selected the cases Day 97 Hi-CASA  LM-SM baseline data 
and Day96 Hi-HOPS  AZ-SM baseline data; in Figure 21, the 
results of three direct Fourier transformation in the case of LM-
SM baseline (in panel (A)) and those in the case of the AZ-SM 
baseline (in panel (B)) are 
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Figure 21. Same with Figure 13, for two  cases of EHT-Data Day 97 Hi-CASA  LM-SM 
baseline (Panel A) and Day 96 Hi-HOPS AZ-SM baseline (Panel B). The features of 
three direct Fourier transformation in the case of LM-SM are reflecting the 
characteristics of medium baseline length visibilities around 3 to 4  Gλ where the 
spectrum of EHT-Data shows co-existence with white noise component coinciding 
with tendency of QRN-EHT spectrum  in several analyzing period ranges. The 
spectrum of EHT-Data of  AZ-SM shows same characteristics with the case of LM-
SM ; however, there is unusual feature where the spectrum shows decreasing level 
in the period range from 2000 sec to 3000sec departing from DSTW (red curve).  

 
 
 

Figure 21. Same with Figure 13, for two  cases of EHT-Data Day 97 Hi-CASA  LM-SM baseline (Panel A) and Day 96 Hi-HOPS 
AZ-SM baseline (Panel B). The features of three direct Fourier transformation in the case of LM-SM are reflecting the characteris-
tics of medium baseline length visibilities around 3 to 4  Gλ where the spectrum of EHT-Data shows co-existence with white noise 
component coinciding with tendency of QRN-EHT spectrum  in several analyzing period ranges. The spectrum of EHT-Data of AZ-
SM shows same characteristics with the case of LM-SM; however, there is unusual feature where the spectrum shows decreasing 
level in the period range from 2000 sec to 3000sec departing from DSTW (red curve). 



     Volume 6 | Issue 3 | 153Adv Theo Comp Phy, 2023

 

52 
 

 
Figure 22   Same with Figure 14, for comparison of MDFT for EHT-Data Day 97 Hi-
CASA  LM-SM baseline (Panel A) and Day 96 Hi-HOPS AZ-SM baseline (Panel B).  In 
each panel MDFT for EHT-Data (black thick curb) and MDFT for DRWP-Model with 30 
orbiting periods of SMBHB (given by corresponding colors)  are plotted  versus the 
analyzing period from 400sec to 4000sec. 

 
 
indicated. The features of combinations of displayed three Fourier transformation 
results are reflecting the characteristics of medium baseline length visibilities around 3 
to 4 Gλ where the spectrum of EHT-Data shows features of co-existence with  

 

Figure 22 Same with Figure 14, for comparison of MDFT for EHT-Data Day 97 Hi-CASA  LM-SM baseline (Panel A) and Day 
96 Hi-HOPS AZ-SM baseline (Panel B).  In each panel MDFT for EHT-Data (black thick curb) and MDFT for DRWP-Model with 
30 orbiting periods of SMBHB (given by corresponding colors) are plotted versus the analyzing period from 400sec to 4000sec.

indicated. The features of combinations of displayed three Fourier transformation results are reflecting the characteristics of medium 
baseline length visibilities around 3 to 4 Gλ where the spectrum of EHT-Data shows features of co-existence with
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Figure 23. Selection index SeInd  to evaluate the coincidence of MDFT for EHT-Data 
and MDFT for DRWP-Model same as Figure 14. SeInds are calculated versus the 
orbiting period of SMBHB for the EHT-Data Day 97 Hi-CASA  LM-SM baseline 
(Panel A) and Day 96 Hi-HOPS AZ-SM baseline (Panel B) taking noise reduction 
coefficient 𝛼𝛼𝐷𝐷 as parameter with adjusting  coefficient 𝛼𝛼𝑀𝑀(= 0.29) that is set to make 
the level of EHT-Data equal to the amplitude of DRWP-Model. The results show that 
the best fit point of MDFTs for EHT-Data and DRWP-Model is revealed for the case 
of orbiting period of 2210  sec with noise reduction rate 𝛼𝛼𝐷𝐷 = 0.6 for LM-SM baseline 
and the orbiting period  of 2125 sec with noise reduction rate 𝛼𝛼𝐷𝐷 = 0.4  for AZ-SM 
baseline. 
 

Figure 23. Selection index SeInd  to evaluate the coincidence of MDFT for EHT-Data and MDFT for DRWP-Model same as Figure 
15. SeInds are calculated versus the orbiting period of SMBHB for the EHT-Data Day 97 Hi-CASA  LM-SM baseline (Panel A) and 
Day 96 Hi-HOPS AZ-SM baseline (Panel B) taking noise reduction coefficient αD as parameter with adjusting  coefficient αM (=0.29) 
that is set to make the level of EHT-Data equal to the amplitude of DRWP-Model. The results show that the best fit point of MDFTs 
for EHT-Data and DRWP-Model is revealed for the case of orbiting period of 2210  sec with noise reduction rate αD=0.6 for LM-SM 
baseline and the orbiting period  of 2125 sec with noise reduction rate αD=0.4  for AZ-SM baseline.
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Figure 24. Final results showing coincidence of the MDFT for EHT-Data (black 
curve) and the MDFT for DRWP-Model (green curve) for two cases of the medium 
range baseline length observations of EHT-Data Day 97 Hi-CASA LM-SM (Panel A) 
and Day 96 Hi-HOPS (Panel B) . In the case of LM-SM baseline observation, it can be 
concluded that the EHT-Data have definitely the component of steady time variation 
coinciding with the SMBHB orbiting period of 2215 sec. In the case of AZ-SM baseline 
observation, however, the evaluation of coincidence becomes critical though there are 
sufficient identical ranges of analyzing periods for MDFTs for EHT-Data and DRWP-
Model. 

 
 

increased rate of  white noise components. That is, there appear the tendency of the 
similarity between trends of MDFTs of EHT-Data and spectrum of QRN-EHT  in 
several analyzing period ranges. Though the spectrum of EHT-Data of  AZ-SM given in 
panel (B) shows same characteristics with the case of LM-SM , there is one unusual 
feature in the period range from about 2000 sec to 2500 sec of the analyzing period 
which could be attributable to some unknown unnatural cause which resulted forced 
depressing of the EHT-Data. 

In Figure 22, the MDFT, |𝐷𝐷(𝜔𝜔) 𝑆𝑆(𝜔𝜔) ⁄ |for the EHT-Data of Day 97 Hi-CASA LM-SM 
baseline and the MDFT for the DRWP-Model |𝑀𝑀𝑜𝑜𝑜𝑜(𝜔𝜔)| |𝑆𝑆(𝜔𝜔)|⁄  with corresponding 30 
cases of the orbiting periods of SMBHB , are indicated in panel (A); and the case of Day 
96 Hi-HOPS AZ-SM baseline is given in Panel (B).  In each panel, the MDFT for EHT- 

 
Data is indicated as function of  the analyzing period from 400sec to 4000sec with black 
thick curb, meanwhile MDFTs, for DRWP-Model with parameters of  30 orbiting 

Figure 24. Final results showing coincidence of the MDFT for EHT-Data (black curve) and the MDFT for DRWP-Model (green 
curve) for two cases of the medium range baseline length observations of EHT-Data Day 97 Hi-CASA LM-SM (Panel A) and Day 
96 Hi-HOPS AZ-SM (Panel B) . In the case of LM-SM baseline observation, it can be concluded that the EHT-Data have definitely 
the component of steady time variation coinciding with the SMBHB orbiting period of 2215 sec. In the case of AZ-SM baseline ob-
servation, however, the evaluation of coincidence becomes critical though there are sufficient identical ranges of analyzing periods 
for MDFTs for EHT-Data and DRWP-Model.

increased rate of white noise components. That is, there ap-
pear the tendency of the similarity between trends of MDFTs 
of EHT-Data and spectrum of QRN-EHT in several analyzing 
period ranges. Though the spectrum of EHT-Data of AZ-SM 
given in panel (B) shows same characteristics with the case of 
LM-SM, there is one unusual feature in the period range from 
about 2000 sec to 2500 sec of the analyzing period which could 
be attributable to some unknown unnatural cause which resulted 
forced depressing of the EHT-Data.

In Figure 22, the MDFT, |(D(ω)| ⁄ |(S(ω)|for the EHT-Data of 
Day 97 Hi-CASA LM-SM baseline and the MDFT for the 
DRWP-Model |Mod(ω)| ⁄ |S(ω)|   with corresponding 30 cases of 
the orbiting periods of SMBHB , are indicated in panel (A); and 
the case of Day 96 Hi-HOPS AZ-SM baseline is given in Panel 

(B).  In each panel, the MDFT for EHT-Data is indicated as func-
tion of  the analyzing period from 400sec to 4000sec with black 
thick curb, meanwhile MDFTs, for DRWP-Model with param-
eters of  30 orbiting periods of SMBHB given by correspond-
ing colors are plotted as function of the analyzing period from 
400sec to 4000sec. In the displayed diagram in the panel (A), 
we can see that plots of the MDFT for DRWP-Model indicating 
clear dependence on  orbiting periods are distributed around the 
EHT-Data suggesting the possibility to select best fitting case of 
the SMBHB orbiting period in the analyzing period range below 
3000 sec. In the case of panel (B) with respect to the AZ-SM 
baseline, apparent depression of the MDFT for EHT-Data is dis-
closed in the analyzing period between 2000 sec and 3000sec as 
predicted before calculating MDFT at the stage of DSTW 
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periods of SMBHB given by corresponding colors are plotted as function of the 
analyzing period from 400sec to 4000sec.  In the displayed diagram in the panel (A), we 
can see that plots of the MDFT for DRWP-Model indicating clear dependence on  
orbiting periods are distributed around the EHT-Data suggesting the possibility to 
select best fitting case of the SMBHB orbiting period in the analyzing period range 
below 3000 sec.  In the case of panel (B)  with respect to  the AZ-SM baseline , apparent 
depression of the MDFT for EHT-Data is disclosed in the analyzing period between 
2000 sec and 3000sec as predicted  before calculating MDFT at the stage of DSTW  

 

Figure 25. Results of Fourier transformations under the effects of DSTW of EHT-Data  
for baseline AZ-ML  observation compared with  averaging Fourier transformations 
for 10 sets of  QRN-EHT.  The  EHT-Data are selected from 4 cases  as Day 96 Hi-
CASA (Panel A), Day 96 Lo-CASA, (Panel B) , Day 97 Hi-HOPS (Panel C) and Day 
97 Lo-CASA (Panel D). Results are displayed versus the analyzing period 2𝜋𝜋 𝜔𝜔⁄  from 
400sec to 4000 sec ; in all cases, there are good coincidences between Fourier 
transformed EHT-Data, 𝐷𝐷(𝜔𝜔) and Fourier transformed QRN-EHT, 𝑆𝑆(𝜔𝜔) suggesting 
that MDFT for EHT-Data constantly becomes  the unity in the whole analyzing 
range except for  fractionally small deviations.  

 
controlled Fourier transformation given in Figure 21. Then, we have avoided this 
analyzing period range between 2000 sec and 3000sec for calculation of SeInd 

Figure 25. Results of Fourier transformations under the effects of DSTW of EHT-Data  for baseline AZ-ML  observation compared 
with  averaging Fourier transformations for 10 sets of  QRN-EHT.  The  EHT-Data are selected from 4 cases  as Day 96 Hi-CASA 
(Panel A), Day 96 Lo-CASA, (Panel B) , Day 97 Hi-HOPS (Panel C) and Day 97 Lo-CASA (Panel D). Results are displayed versus 
the analyzing period 2π⁄ω  from 400sec to 4000 sec ; in all cases, there are good coincidences between Fourier transformed EHT-Da-
ta, D(ω) and Fourier transformed QRN-EHT, S(ω) suggesting that MDFT for EHT-Data constantly becomes  the unity in the whole 
analyzing range except for  fractionally small deviations.
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controlled Fourier transformation given in Figure 21. Then, we 
have avoided this analyzing period range between 2000 sec and 
3000sec for calculation of SeInd. In Figure 23, the selection in-
dex, SeInd to evaluate the coincidence of MDFT for EHT-Data 
and MDFT for DRWP-Model are indicated with respect to the 
orbiting period of SMBHB for the cases of EHT-Data ,Day 97 
Hi-CASA  LM-SM baseline in Panel (A) , and the case of  Day 
96 Hi-HOPS AZ-SM baseline, in Panel (B),  taking noise reduc-
tion coefficient αD as parameter after taking level adjust coeffi-
cient as αM=0.29  both for the LM-SM and AZ-SM baseline data. 
The results show that the best fit point of MDFTs for EHT-Data 
and for DRWP-Model occurs at the orbiting period of 2210 sec 
for the case of noise reduction rate αD=0.6 for LM-SM baseline 
and the orbiting period of 2125 sec taking noise reduction rate 
as αD=0.4  for AZ-SM baseline. For the results of FCED of the 
medium range baseline length observations of EHT-Data, it is 
noted that  the noise reduction coefficients are in the range 0.4 ~ 
0.6  which are apparently larger  than the case of long baseline 
length observations where the noise reduction coefficients (see 
Appendix D for details) are in the range 0.1 ~ 0.3. 
  
After determination of the  orbiting  periods, the final confirma-
tion of comparison of  MDFTs for EHT-Data and  DRWP-Model 
are made as given in Figure 24 where final results are displayed 
for two cases of the medium range baseline length observations 
of EHT-Data corresponding to Day 97 Hi-CASA LM-SM in 
Panel (A) and corresponding to Day 96 Hi-HOPS in Panel (B) 
showing coincidence of the MDFT for EHT-Data (black curve) 
and the MDFT for DRWP-Model (green curve). In the case 
of LM-SM baseline observation, it can be concluded that the 
EHT-Data have definitely the component of steady time vari-

ation coinciding with the SMBHB orbiting period of 2215 sec 
expressed by the coincidence of two MDFTs for EHT-Data and 
DRWP-Model.

In the case of AZ-SM baseline observation, the evaluation of co-
incidence becomes critical though there are sufficient identical 
analyzing period range of MDFTs for EHT-Data. It is clarified 
that estimated inclusion of the random noise component is in-
creased by about 1.6 times for the case of AZ-SM data compared 
with the case of LM-SM.

7.5 The case of Short Baseline Length
In Figure 25, results of Fourier transformations under the ef-
fects of the DSTW of the EHT-Data for baseline AZ-ML, are 
displayed as cases of the short baseline length observation, com-
pared with averaged spectra of QRN-EHT by selecting  4 cas-
es  as Day 96 Hi-CASA ,in Panel (A), and Day 96 Lo-CASA, 
in Panel (B); and Day 97 Hi-HOPS in Panel (C), and Day 97 
Lo-CASA ,in Panel (D) . Results are displayed with respect to 
the analyzing period 2π⁄ω,from 400sec to 4000 sec; in all cas-
es, clear coincidences arise between the Fourier transformed 
EHT-Data D(ω)  and Fourier transformed QRN-EHT, S(ω) sug-
gesting that the MDFT for the EHT-Data show  constantly the 
unity (|D(ω)| ⁄ |S(ω)| ≈1) in the whole analyzing range except for  
fractionally small deviations. 

By complete identification of the EHT-Data and QRN-EHT 
which result the constant, MDFT  value of unity for the EHT-Da-
ta,  it is indicated that no apparent room is left for coincidence 
between the MDFTs for DRWP-Model which reveal 

Table 3 Total List of Analyzed SMBHB Orbiting Period
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𝑆𝑆(𝜔𝜔)  suggesting that the MDFT for the EHT-Data show  constantly the unity 
(|𝐷𝐷(𝜔𝜔)| |𝑆𝑆(𝜔𝜔)|⁄ ≈ 1) in the whole analyzing range except for  fractionally small 
deviations.  

By complete identification of the EHT-Data and QRN-EHT which  result the  
constant, MDFT  value of unity for the EHT-Data,  it is indicated that no apparent 
room is left for coincidence between the MDFTs for DRWP-Model which reveal  

 
 

Table 3  Total List of Analyzed SMBHB Orbiting Period 

 
variations of level corresponding to given orbital period of SMBHB. We can understand 
this evidence as that the EHT-Data AZ-ML with baseline length of 1.18 Gλ (average) 
are out of limits for detecting the orbit of the existing SMBHB .  
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variations of level corresponding to given orbital period of SMBHB. We can understand this evidence as that the EHT-Data AZ-ML 
with baseline length of 1.18 Gλ (average) are out of limits for detecting the orbit of the existing SMBHB.

7.6. Final Decision of Orbiting Period of the SMBHB
In Table 3, the total list of SMBHB orbiting periods as analyzed 
by the MDFT methods which are described in Sec.6 for the prin-
ciple, and Sub. Secs 7.1~ 7.5 for actual application as example 
cases  are further listed by expanding the number of examples to 
24 cases, to determine the proper SMBHB orbiting  period. We 
list also the SeInd, αD  and  αM ,in Table 3, for the cases of the 
best fit between MDFTs for EHT-Data and for DRWP-Model 
which are evaluated  as minimum of the  SeInd;  that is, the 
indices show minimum difference of the MDFTs for EHT-Data 
and for DRWP-Model. The examples of the analyzed data are 
selected  from  the data with baselines AZ-SP, SM-SP and LM-
SM where the baseline lengths are longer than 4Gλ considering 
the sufficient signal ( modulation by the existing SMBHB) to 
noise (emissions independent to SMBHB motion) ratio based on 
the estimation given by eq.(27) and evidences of example cases 
given Sub Secs. 7.1 ~ 7.5. To show reasoning that the varia-
tion of the deduced orbiting periods is not attributable to the real 
variability of the proper orbiting period of SMBHB, but to the 
numerical fluctuation due to the noise disturbance in analyzing 
data, we have selected all eight possible data for each of the 
three selected  baselines ; that is, we are given data from obser-
vations on two days, Day 96 and 97 at the two center frequen-
cies , Hi  and Lo ; and all these 4 data are calibrated and made 
correlation by two data handling pipelines CASA and HOPS, ,as 
expressed in the Table 3.

All 24 data are analyzed by MDFT (Modified Fourier transfor-
mation) methods following the procedures that are described in 

Sub Secs. 7.2 ~ 7.4, in detail.  The selection of the orbiting period 
given in DRWP-Model as 30 parameters from 2100 sec to 2245 
sec, has been made utilizing the defined SeInd as has been giv-
en in eq.(72). To form eq. (72), we search for two constants αD  
and  αM as has been explained relating to eq.(66). With respect to 
αM, significance is only limited for the numerical adjustment be-
tween two independently generated quantities; however, αD has 
physical significance because the coefficient is tightly connected 
to the signal to noise ratio as details are explained in Appendix 
D. It is clarified that as given in Table 3, average  αD values of  
the results of  AZ-SP , SM-SP and LM-SM baselines  are 0.14, 
0.2 and 0.26 respectively. By looking up the Table 4 (see Ap-
pendix D),  then, we understand that the ratio of 𝑃𝑠(𝜔)∗𝑆(𝜔) to 
𝑁𝐿𝑆(𝜔), i.e., representing the signal to noise ratio , are 3.5, 2.3 
and 1.8 respectively for AZ-SP , SM-SP and LM-SM baseline 
data.

About results of the decided orbiting period of SMBHB by anal-
yses in Sub. Secs. 7.2 ~ 7.5 for which the results are also listed in 
the Table 3, it is apparent that the differences in the obtained or-
biting periods are caused by independently coexisting noises in 
each corresponding datum because the analyzed orbiting periods  
are resulted by the observations made at the same time and using 
same devices when we  analyze the data of the same baseline of 
VLBI. To decide a stable proper orbiting period of the SMBHB, 
therefore, we are allowed to average the analyzed orbiting peri-
ods listed in Table 3. Thus, the result gives a period of 2193.3 
sec with the standard deviation of 27.5 sec as the proper orbiting 
period of the existing SMBHB. 
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differences in the obtained orbiting periods are caused by independently coexisting 
noises in each corresponding datum because the analyzed orbiting periods  are resulted 
by the observations made at the same time and using same devices when we  analyze 
the data of the same baseline of VLBI. To decide a stable proper orbiting period of 

 
the SMBHB, therefore, we are allowed to average  the analyzed orbiting periods listed 
in Table 3. Thus, the result gives a period of 2193.3 sec with the standard deviation of 
27.5 sec as the proper orbiting period of the existing SMBHB. 
 
8. Discussion 

8.1 Correctness of MDFT Method 
      As has been told about DSTW（Data Sampling Time Window）in Sec.6, the EHT-
Data are characterized by unique data sampling timing with pauses that repeat in 
interval around 1000 sec to 1100sec (see Figure 4, for examples). Apparently this 
interval or DSTW itself contains its own information which appears as the convolution 
of spectra of DSTW together with the proper spectra for the physical phenomena. 
Hence, we are unable to find the proper spectra for the physical phenomena from 
simple Fourier transformation of the observed data. To assess this problem, in the 
present work, we employ random noises whose appearance  is synchronized with 
DSTW that is called QRN-EHT ( Quasi Random noise synchronized with EHT data 
sampling time window) to produce the spectra 𝑆𝑆(𝜔𝜔) of DSTW as it has been described 
in Sec.6 also.  
           To use 𝑆𝑆(𝜔𝜔) (equivalent to average of the noise spectra 𝐷𝐷𝑛𝑛(𝜔𝜔) ) to separate the 
proper spectra 𝑃𝑃𝑠𝑠(𝜔𝜔) of the physical phenomena from the direct Fourier transformation 
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8. Discussion
8.1 Correctness of MDFT Method
As has been told about DSTW（Data Sampling Time Win-
dow）in Sec.6, the EHT-Data are characterized by unique data 
sampling timing with pauses that repeat in interval around 1000 
sec to 1100sec (see Figure 4, for examples). Apparently this in-
terval or DSTW itself contains its own information which ap-
pears as the convolution of spectra of DSTW together with the 
proper spectra for the physical phenomena. Hence, we are un-
able to find the proper spectra for the physical phenomena from 
simple Fourier transformation of the observed data. To assess 
this problem, in the present work, we employ random noises 
whose appearance  is synchronized with DSTW that is called 
QRN-EHT ( Quasi Random noise synchronized with EHT data 

sampling time window) to produce the spectra S(ω)  of DSTW 
as it has been described in Sec.6 also. 

To use S(ω) (equivalent to average of the noise spectra Dn (ω)  
) to separate the proper spectra Ps (ω)  of the physical phenom-
ena from the direct Fourier transformation D(ω)  of the DSTW 
affected EHT -Data, we do not apply the deconvolution process-
es but instead use the method of the MDFTs (Modified Fourier 
transformation) which are  expressed by eqs. (62) and (64), re-
spectively as |D(ω)| ⁄ |S(ω)|  for the DSTW affected EHT-Da-
ta and|Mod(ω)| ⁄ |S(ω)| for the DSTW affected DRWP-Model. 
Therefore, if there is no noise, to obtain the relation given by 
eq.(66) , in Sec.6, means that  
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where 𝑀𝑜𝑑𝑝 (𝜔) is the proper spectra of DRWP-Model (see 
eq.(64) and Figure 11) .
In real cases, the EHT-Data contain almost equivalent lev-
el of noises modulated by the same DSTW then we are trying 
to approach the concept of this expression eq.(75) by adjust-
ing 𝛼𝐷, in eq.(66) which are shown in Figures 15, 19, and 23. 
The point of discussion is whether we are able to conclude that 
𝑃𝑠(𝜔)=𝛼𝑀𝑀𝑜𝑑𝑝(𝜔) or not by this procedure. When two results 

of MDFT coincide for all discussing 𝜔, no room is left to negate 
the coincidence 𝑃𝑠(𝜔)=𝛼𝑀 𝑀𝑜𝑑𝑝(𝜔). The problem occurs when 
two MDFTs coincide partially, e.g.by 80% for an example. One 
of point to evaluate the coincidence of two MDFTs is to investi-
gate the coincidence of remarkable peaks for occurring frequen-
cies or periods. In this context, the MDFT has serious charac-
teristic that the peaks are formed commonly both in MDFT for 
EHT- Data and that for DRWP-
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 Figure 26. Comparison of Fourier transformed results (black data plots ) of EHT-Data 
of M87* for observation of EHT campaign observation on April 6 in 2017  with the High 
frequency with data reduction pipeline, HOPS and Fourier transformed results ( red 
data plots) for QRN-EHT (Quasi Random Noise sampled synchronized with DSTW of 
EHT-Data).    In panels from (A), to (D), the cases for the baseline AZ-LM  with the 
average baseline length (ABL) 1.43 G λ, for the baseline AA-AZ  with ABL 5.30 G λ, for 
the baseline AP-PV  with ABL 6.43 G λ and for the baseline AA-JC  with ABL 7.02 G λ 
are displayed , respectively. In general, it is remarkable (with a few exception of minor 
spectra level) that the Fourier transformations for EHT data and for QRN-EHT 
coincide each other; that is, there  are no  VSCAT in M 87*.  
 
 
by 𝐷𝐷𝑛𝑛(𝜔𝜔) as predicted; in the cases of long baseline around 8 Gλ such the cases of SZ-
SP and AZ-SP, however, coincidence of spectra which can attribute to the coincidence of 
the proper spectra are apparently indicated.    
        Based on above arguments then we realize that the role of MDFT to identify the 
EHT-Data and DRWP-Model is to provide the selection function by detecting  the 
fitting parameter in the DRWP-Model to results the closest  𝜔𝜔  dependence of two 
MDFT functions rather than claim complete fitting of two proper spectra. In Figures 14,  
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remarkable (with a few exception of minor spectra level) that the Fourier transformations for EHT data and for QRN-EHT coincide 
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by Dn (ω) as predicted; in the cases of long baseline around 8 
Gλ such the cases of SZ-SP and AZ-SP, however, coincidence 
of spectra which can attribute to the coincidence of the proper 
spectra are apparently indicated.   

Based on above arguments then we realize that the role of 
MDFT to identify the EHT-Data and DRWP-Model is to pro-
vide the selection function by detecting  the fitting parameter in 
the DRWP-Model to results the closest  ω dependence of two 
MDFT functions rather than claim complete fitting of two proper 
spectra. In Figures 14, and 18, for the EHT-Data of SM-SP and 
AZ-SP respectively and in Figure 22 for two cases of EHT-Data 
of LM-SM and AZ-SM, we can see the effectiveness of MDFT 
for the DRWP-Model by providing role of the selection of or-
biting periods of SMBHB that are given as parameters to form 
DRWP-Model which distributed around the MDFT of EHT-Da-
ta. In addition to the selection role of the searching orbiting pe-
riod of SMBHB, - it has also important role that we can separate 
random noise component in the observed EHT-Data as indicated 
by eq. (66) in Sec.6.

8.2 Comparison with Time Variation of the EHT Observa-
tion Data for M87*
We are allowed to check, whether the method employed in the 
present study to analyze the  VSCAT (Variation of Short Char-
acteristic Time) in the data of SgrA* contains any self contradic-
tory subjects or not because of the effect of  the unique DSTW 
of EHT-Data by using the public released EHT-Data, for M87*, 
where the same DSTW (data sampling  time  window) was ap-
plied with the case of EHT-Data for SgrA*.

In Figure 26, we display the comparison of Fourier transformed 
results (black data plots ) for the EHT-Data of M87* observed 
on April 6 in 2017 and Fourier transformed results ( red data 
plots) for QRN-EHT (Quasi Random Noise sampled synchro-
nized with DSTW of EHT-Data ). As examples, we have select-
ed  EHT-Data from Hi-HOPS; in panels (A), (B), (C) and (D) in 
Figure 26, the cases for the baseline AZ-LM  with the average 

baseline length (ABL) 1.43 Gλ, the cases for the baseline AA-AZ  
with ABL 5.30 Gλ, the cases for the baseline AP-PV with ABL 
6.43 Gλ and the cases for the baseline AA-JC  with ABL 7.02 
Gλ are displayed , respectively. In general it is remarkable (with 
a few exceptions associated with minor fractional deviations)  
that the Fourier transformations for EHT data and QRN-EHT 
coincide each other ; that is, remarkably there is  no   VSCAT 
in the data of EHT for M87*. For this  context we find extreme 
difference with case of the SgrA* where the relation between 
the Fourier transformed results for EHT-Data and the Fourier 
transformation for the QRN-EHT change the feature dramatical-
ly with a baseline length threshold around 1~3 G λ. That is, in 
the case of the SgrA*, the component of the remarkable VSCATs 
appear independently to the DSTW as we can see in Figures 13, 
17, 21, contrary to the case of short baseline length as given by 
Figure 25.

By analyzing the EHT observation data for M87*, we conclude 
that there is no remarkable spectra to consider any periodicity 
as effect of SMBHB. Howevere, it is clarified that time varia-
tion spectra associated with M87* are generated with the DSTW 
due to the EHT observation procedure. The most apparent point 
of DSTW control is revealed as the pervading peaks around 
1000~1100sec of the analyzing period of spectra which are con-
firmed as DSTW effects by the occurrence both for the EHT-Da-
ta and QRN-EHT simultaneously. Through entire portions of the 
present work, we have pointed out that EHT-Data are artificially 
modified by observation pauses which are repeated with period 
about 1000sec ~ 1100 sec.   It is clearly disclosed that EHT-Da-
ta are largely altered from the prospect to search for the time 
variation of the radio emissions including the modulation of the 
orbiting SMBHB. Especially, the eclipse effects of the SMBHB 
that occur with the period 1098±14 sec are largely affected.

8.3 Relation to the Confirmation by Foregoing Work[17]
In this work, we have focused on the orbital motion of SMBHB 
concluded by DRWP study as a binary system, with an orbital 
period of 2200±50 sec  (see review in Sub Sec.2.1 for other pa-
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rameters). Regarding the possibility of a fast period around 2200 
sec, we had reported confirmation in foregoing work where we 
interpreted the publish data by Fish et al [5]for the observations 
by the VLBI at wavelength 1.3mm. The main differences be-
tween foregoing work[17] and the present work for EHT-Data, 
are in two points. The first of the difference is in the utilized 
data of the foregoing work where only the absolute value of 
the visibility of the interferometer was concerned; therefore the 
DRWP-Model for comparison had no phase component.  The 
second of the difference is baseline length of the observed data 
that were observed between California and Arizona, USA with 
average length becomes 0.60 Gλ. Because we utilized only se-
lected data points of extremely large and high S/N ratio, we were 
able to identify the existence of SMBH at the SgrA,* only by 
coincidence of time varying power of  VSCAT even with the 
baseline of the short length category. The result of the forego-
ing work then indicated the confirmation of the DRWP-Model 
with orbiting period of the possible SMBHB to be 2150±2.5 sec. 
The result of present work which give confirmation to the orbit-
ing period of possible SMBHB to be 2193.3±27.5 sec, based on 
EHT-Data, is fairly closer to originally proposed period 2200sec 
; furthermore the present result gives confirmation to orbit size 
and geometry of the orbital plane.

8.4 Constraining to Gravitational Wave Generation 
It had already been discussed in the foregoing work[17], (given 
in Sub. Sec. 8.3) that the existence of the extreme SMBHB could 
be contradictory if we apply the current concept of the generation 
of gravitational waves from binaries of compact celestial objects 
such as neutron stars and star mass BHs. That is, due to radiation 
of the intense gravitational wave energy, it is impossible to exist 
such an extreme SMBHB described in the present work. If we 
apply the Landau Lifshitz equation [37] to the distance variation 
of the binary with parameters that we present (see Sub Sec 2.1 
and Figure 1), the two bodies merge within 8 hours. 

About this subject, we had published a paper in early 2023 [9] 
where we showed the theoretical model confirmed no gravita-
tional waves from the orbiting SMBHB; the content are sum-
marize below. The matter distribution of SMBHs becomes ex-
tremely tenuous compared with the cases of the star mass BHs, 
because the averaged matter density follows the inverse square 
law with respect to the BH mass. Though the energy of matter 
increases to extremely high level cocentrated inside regions of 
BH. About the inside matter of a supermassive rotating BH, we 
have described the dynamics via classical plasma physics (be-
cause matter density is not extremely high). That is, by selecting 
a coordinate close to the free-falling frame along the geodesics 
with respect to the interior matter of BH, we can identify the 
force balance state described with the formalism of modified 
Newtonian dynamics resulted  via the Einstein’s equation with 
the source term. Then, for a model of uniformly rotating matter 
where the main component of plasma rotates about a common 
axis with the same velocity close to the light velocity with a 
high Lorentz factor (gamma rate), it is concluded that the matter 
distribution is condensed to a region with a radius much smaller 
than that of the event horizon of the Kerr space time. The grav-
itational waves that are generated via the orbital motion of the 
SMBHB, from the condensed matter cease the propagation at 
the critical sphere in the vacuum region inside of the event hori-

zon of spinning Kerr space time. The ceased gravitational waves 
return back towards the source and encounter with forwarding 
waves. At the stage where returning waves encounter with fore-
word waves, the gravitational waves are deformed to standing 
waves that carry no energy outside of the event horizon. We con-
clude that no gravitational wave is radiated from the SMBHB.

9. Conclusion
By the observation of the  DRWPs (decameter radio wave pulses 
) it is concluded that SgrA* consists of SMBHB ( super massive 
black hole binary) with member BHs Gaa (temporally called 
with mass of (2.27±0.02)×106 M⦿) and Gab (temporally called 
with mass of (1.94±0.01)×106 M⦿)  whose  orbital velocities 
are 18% and 22% of the light velocity, respectively. The two 
black holes orbit at a distance around 4.1 ×107km and a period 
of 2200±50 sec. These parameters seem extraordinary from a 
typical celestial dynamics perspective; hence, we call this bina-
ry system an extreme SMBHB. After publication [8], this result 
was investigated by comparing it with the VLBI results observed 
via 1.3 mm-radio-waves for Sgr A*. By comparing these against 
the DRWP-Model constructed as a source of the 1.3 mm ra-
dio-wave emissions to reflect the radiation environment of the 
existing SMBHB, we find that the VSCAT (variation with short 
characteristic time) observed by 1.3 mm VLBI  by Fish et al 
in 2009 [5] coincides with the DRWP-Model giving an orbital 
period of  2150±2.5sec.

Based on this background, the presence of an extreme SMBHB, 
as concluded by the DRWP observations, is further supported in 
the present study by using public data from the EHT where the 
full visibility data with timing, baseline length given by u, and v 
coordinate, amplitude and phase of visibility, together with sig-
ma of observed values are listed both for observations on April 
6 and April 7, in 2017.  The data consist of high(229.1 GHz) 
and low (227.1GHz) observation frequencies  observed by 8 an-
tennas located at worldwide distributed stations are correlated 
to obtain the visibility data through two data handling pipelines 
rPICARD (CASA) and HOPS. Then we were able to use eight 
kind of visibility data from each pair of observation stations 
which make 24 pairs in total.

In the present study we did not use the visibility data as regular 
usages which have been originally planned for observation by 
the EHT; that is, instead to form the static map of radio wave 
emission sources  we tried to find the time variations of the radio 
wave sources.  From this perspective, we investigated the data 
observed by each baseline individually, rather than using as en-
semble to form so called the dirty map. 

To investigate the time variation, we morphologically catego-
rized the EHT visibility data according to the observation base-
line length; these are , the case of short  baseline whose length 
is shorter than 3 Gλ, the case of medium baseline whose length 
is in a range from 3 Gλ to 6 Gλ , and long baseline whose length 
is longer than 6 Gλ. In the case of the short baseline, most vis-
ibilities exhibit long characteristic time variations with large 
amplitudes (of the order of Jy) and show discrete forms via the 
time passage; the associated short time period (of less than an 
hour) is only fractional. The morphological features of the EHT 
data change dramatically in the medium length baseline catego-
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ry, where the data oscillate with P-P amplitudes below 2 Jy; we 
call this feature of the visibility the “spreading type visibility.” 
The EHT report [33] indicates the existence of some systematic 
oscillation; however, principal understanding [33,34] concludes 
that the time variations are the random noises associated with 
intrinsic and stochastically stationary levels of emission from 
sources around Sgr A*, except for the orbital motion of the hot 
spot in the magnetized plasma.

Independently of the EHTC approach, we consider the oscilla-
tory visibility of the VLBI EHT data to be a mixture of random 
noise and radio-wave emissions closely related to the orbital 
motions associated with existing SMBHBs. Owing to an orbit 
size of 4.1×107 km that is determined by DRWP observations, 
the observation for a baseline length of ~3 Gλ starts to show a 
correlated signal to be emitted from the area of orbiting SMBHB 
motions (SMBHB signal) when we estimate the distance of Sgr 
A* to be 8.3 kpc from the Earth. Through a morphological study 
for the cases of medium and long baselines, we roughly esti-
mated the ratio of the SMBHB signal to random noise is to be a 
range about from 0.5 to 6.

For the confirmation of the existing SMBHB signal we made 
the model of the SMBHB signal, based on the parameters con-
cluded from DRWP observations, that is detectable by 1.3mm 
wavelength VLBI of EHT; the model is called DRWP-Model 
through out present study. The direct comparisons between EHT 
observation data (EHT-Data) and DRWP-Model were made for 
three example cases of AP-SM, AZ-SP and SM-SP  baselines 
of Hi CASA for 96-days observation. Within mixture state of 
SMBHB signal and random noise there appeared apparent com-
ponents in EHT-Data which coincide with the DRWP-Model. 
Furthermore, we determined the unknown geometric parameter 
for SMBHB orbits in the constructed model, from the processes 
to find coincidences between the EHT-Data and DRWP-Model; 
that is, the orbital plane of the SMBHB was clarified as paral-
lel to the Galactic plane with a margin of ±3° in the direction 
perpendicular to the Earth–Sgr A* line. In the direction of the 
Earth-SgrA* line there is tilt of the orbital plane by ±6° as has 
already been decided [17]. Though the direct comparisons of 
EHT-Data and DRWP-Model indicated apparent coincidence 
suggesting the existence of SMBHB, we took the process as a 
pilot role to confirm exact existence of the SMBHB, because we 
could not eliminate the disturbances of coexisting large fraction 
of random noise ,in the case of the direct comparison. Further-
more, EHT-Data have been sampled with unique DSTW (data 
sampling time window) with pauses of quasi periodic intervals 
around 1000 to 1100 sec. The DSTWs interfere with the direct 
comparison, especially when clarifying the existing periodic 
variation of the VSCAT.

Principal tasks to find the coincidences between EHT-Data and 
DRWP-Model (FCED) were carried out by utilizing the MDFT 
(Modified Fourier Transformation). In the present study it was 
clarified that in the case of usage of simple transformation of 
the EHT-Data, results were affected by DSTW as convolution of 
spectra of DSTW , S(ω) (as function of  ω=2π/T for analyzing 
period T). By applying the Fourier transformation to time series 
of random noises sampled with DSTW of EHT which are called 

QRN-EHT (Quasi Random signal sampled with timing of EHT 
observation), we obtained S(ω). The MDFT was defined as Fou-
rier transformed function divided by S(ω). Thus we compared 
the MDFT for EHT-Data and MDFT for DRWP-Model. 

The MDFT method has two advantages. (1) It separates the ran-
dom noise component from the observed EHT-Data. (2) The 
MDFTs for DRWP-Model reveals features that are extremely 
sensitive to the orbiting period of the SMBHB; thus, we were 
able to  accurately select possible orbiting periods by finding the 
coincidence with the EHT-Data. In the present study, we showed 
real processes for managing FCED, utilizing the MDFTs for 
the EHT-Data and for DRWP-Model. The EHT-Data for FCED 
were selected as first step from Day 96 SM-SP Hi-CASA and 
Day 97 AZ-SP Hi-HOPS which belong to the category of the 
long baseline; and for Day 96 AZ-SM Hi HOPS and Day 97 
LM-SM Hi CASA as medium baseline. By searching the orbit-
al periods of possible SMBHBs in the period range 2100–2245 
sec, we obtained the periods for the above data from the SM-SP, 
AZ-SP, AZ-SM, and LM-SM baselines, as 2190, 2180, 2125, 
and 2210 sec, respectively. To confirm that the variation of the 
resulting period is not real variation but a stochastic ambiguity 
attributable to existing noise, we analyzed all eight possible data 
for each baseline corresponding to SM-SP, AZ-SP, and LM-SM; 
and we averaged over the all 24 results obtained by applying the 
MDFT method. Thus obtained results give the orbital period of 
SMBHB to be 2193.3 sec with the standard deviation of 27.5 
sec. We are able to state that time variations revealed by VLBI 
observation data of Sgr A* in the 2017 EHT campaign exhibit a 
periodicity whose period coincides with the presence of an ex-
treme SMBHB within the error limit at Sgr A*, where a SMBHB 
orbits with a period of 2200 ± 50 sec and distance 4.1×107 km 
in the plane nearly parallel to the Galactic equatorial plane; we 
do not repeat the other already determined parameters for the 
SMBHB, instead referring to the foregoing publications [8,17].       
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Appendix A
When we select INCL as first step in main text, we define a new Cartesian coordinate (𝑥6 ,𝑦6,𝑧6 ) with corresponding unit vectors ( 
𝑥̂6 , 𝑦̂6 ,𝑧̂6 ) to form system which can be obtained by the INCL process with inclination angle 𝛽 (=6°). That is, corresponding to eqs. 
from (16) to (18) we have the relations, as
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AAppppeennddiixx  AA  
When we select INCL as first step in main text, we define a new Cartesian coordinate 
(𝑥𝑥6 ,𝑦𝑦6, 𝑧𝑧6 )   with corresponding unit vectors  (  𝑥̂𝑥6 ,  𝑦̂𝑦6 , 𝑧̂𝑧6 )  to form system which can be 
obtained by the INCL process with inclination  angle  𝛽𝛽 (= 6°)  . 
That is, corresponding to eqs. from (16) to (18) we have the relations , as 

 𝑥̂𝑥6 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑥̂𝑥  + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧 ,                                      (𝐴𝐴1− 1) 
  𝑦̂𝑦6 = 𝑦̂𝑦 ,                                                                  (𝐴𝐴1− 2) 
    𝑧̂𝑧6 = − 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑥̂𝑥 +  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧 .                                    (𝐴𝐴1− 3) 

Thus , we have relations between  the Cartesian coordinate ( 𝑥𝑥𝑝𝑝2 , 𝑦𝑦𝑝𝑝2 , 𝑧𝑧𝑝𝑝2 ) with 
corresponding unit vector  𝑥̂𝑥𝑝𝑝2 ,  𝑦̂𝑦𝑝𝑝2 , a d 𝑧̂𝑧𝑝𝑝2 taking the ROTE step with rotation angle  
±𝛼𝛼. That is, unit vectors are given by 

Thus , we have relations between the Cartesian coordinate ( 𝑥𝑝2 , 𝑦𝑝2 ,𝑧𝑝2 ) with corresponding unit vector 𝑥̂𝑝2 , 𝑦̂𝑝2 ,and 𝑧̂𝑝2 taking the 
ROTE step with rotation angle ±𝛼. That is, unit vectors are given by
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 𝑥̂𝑥𝑝𝑝2 =  𝑥̂𝑥6  ,                                             (𝐴𝐴2− 1)   
 𝑦̂𝑦𝑝𝑝2 =   𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑦̂𝑦6 −  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧6                (𝐴𝐴2− 2) 

                           𝑧̂𝑧𝑝𝑝2 =  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑦̂𝑦6 +  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧6  .                 (𝐴𝐴2− 3)                        
Then results are given by 
                                                                                                      

            𝑥̂𝑥𝑝𝑝2 =   𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑥̂𝑥  + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧                                                                     (𝐴𝐴3− 1) 
            𝑦̂𝑦𝑝𝑝2 = 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑥̂𝑥 +  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦̂𝑦  − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧 .                            (𝐴𝐴3− 2)      
        𝑧̂𝑧𝑝𝑝2 = −𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑥̂𝑥 + 𝑠𝑠𝑖𝑖𝑖𝑖𝛼𝛼𝑦̂𝑦 +  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧  .                        (𝐴𝐴3− 3) 

For comparison we repeat eqs from (20) to (22)  as  
 𝑥̂𝑥𝑝𝑝 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑥̂𝑥 + si 𝛼𝛼 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑦̂𝑦 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧 .                         (𝐴𝐴4− 1) 
 𝑦̂𝑦𝑝𝑝 =                  c s𝛼𝛼 𝑦̂𝑦 − 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧 .                                                 (𝐴𝐴4− 2) 
 𝑧̂𝑧𝑝𝑝 = −𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑥̂𝑥 + si 𝛼𝛼 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑦̂𝑦 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧 .                     (𝐴𝐴4− 3) 

When we consider the 𝛼𝛼 and 𝛽𝛽 ranges less than 10°, we have approximated relations 
with errors less than 3%, as  

                            𝑥̂𝑥𝑝𝑝2 − 𝑥̂𝑥𝑝𝑝 ≈ 0                                                        (𝐴𝐴5− 1)                              
𝑦̂𝑦𝑝𝑝2 − 𝑦̂𝑦𝑝𝑝 ≈ 0                                                        (𝐴𝐴5− 2) 
   𝑧̂𝑧𝑝𝑝2 − 𝑧̂𝑧𝑝𝑝 ≈ 0                                                         (𝐴𝐴5− 3)  

Then  we can use eqs from (20) to (22)  in main text as one of general expression in so 
far as small angle  approximation  for  𝛼𝛼 and 𝛽𝛽 .  

By using eqs. ( 13), (14) and (15) , also in main text, the real orbital plane of the 
SMBHB can be expressed with the coordinate system given by eqs. from (20) to (22) 
that can be expressed  in the earth equatorial and the spring equinox,  coordinate  with 
the unit vectors (  𝑥̂𝑥𝑒𝑒 ,  𝑦̂𝑦𝑒𝑒 , 𝑧̂𝑧𝑒𝑒 ) as belows: 
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 𝑥̂𝑥𝑝𝑝2 =  𝑥̂𝑥6  ,                                             (𝐴𝐴2− 1)   
 𝑦̂𝑦𝑝𝑝2 =   𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑦̂𝑦6 −  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧6                (𝐴𝐴2− 2) 

                           𝑧̂𝑧𝑝𝑝2 =  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑦̂𝑦6 +  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧6  .                 (𝐴𝐴2− 3)                        
Then results are given by 
                                                                                                      

            𝑥̂𝑥𝑝𝑝2 =   𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑥̂𝑥  + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧                                                                     (𝐴𝐴3− 1) 
            𝑦̂𝑦𝑝𝑝2 = 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑥̂𝑥 +  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦̂𝑦  − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧 .                            (𝐴𝐴3− 2)      
        𝑧̂𝑧𝑝𝑝2 = −𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑥̂𝑥 + 𝑠𝑠𝑖𝑖𝑖𝑖𝛼𝛼𝑦̂𝑦 +  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧  .                        (𝐴𝐴3− 3) 

For comparison we repeat eqs from (20) to (22)  as  
 𝑥̂𝑥𝑝𝑝 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑥̂𝑥 + si 𝛼𝛼 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑦̂𝑦 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧 .                         (𝐴𝐴4− 1) 
 𝑦̂𝑦𝑝𝑝 =                  c s𝛼𝛼 𝑦̂𝑦 − 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧 .                                                 (𝐴𝐴4− 2) 
 𝑧̂𝑧𝑝𝑝 = −𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑥̂𝑥 + si 𝛼𝛼 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑦̂𝑦 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧 .                     (𝐴𝐴4− 3) 

When we consider the 𝛼𝛼 and 𝛽𝛽 ranges less than 10°, we have approximated relations 
with errors less than 3%, as  

                            𝑥̂𝑥𝑝𝑝2 − 𝑥̂𝑥𝑝𝑝 ≈ 0                                                        (𝐴𝐴5− 1)                              
𝑦̂𝑦𝑝𝑝2 − 𝑦̂𝑦𝑝𝑝 ≈ 0                                                        (𝐴𝐴5− 2) 
   𝑧̂𝑧𝑝𝑝2 − 𝑧̂𝑧𝑝𝑝 ≈ 0                                                         (𝐴𝐴5− 3)  

Then  we can use eqs from (20) to (22)  in main text as one of general expression in so 
far as small angle  approximation  for  𝛼𝛼 and 𝛽𝛽 .  

By using eqs. ( 13), (14) and (15) , also in main text, the real orbital plane of the 
SMBHB can be expressed with the coordinate system given by eqs. from (20) to (22) 
that can be expressed  in the earth equatorial and the spring equinox,  coordinate  with 
the unit vectors (  𝑥̂𝑥𝑒𝑒 ,  𝑦̂𝑦𝑒𝑒 , 𝑧̂𝑧𝑒𝑒 ) as belows: 

                                                                        
 𝑥̂𝑥𝑝𝑝 =𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑥̂𝑥𝑒𝑒 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑦̂𝑦𝑒𝑒 + 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑧̂𝑧𝑒𝑒)         
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∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺]𝑦̂𝑦𝑒𝑒          

Then results are given by

For comparison we repeat eqs from (20) to (22) as
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 𝑥̂𝑥𝑝𝑝2 =  𝑥̂𝑥6  ,                                             (𝐴𝐴2− 1)   
 𝑦̂𝑦𝑝𝑝2 =   𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑦̂𝑦6 −  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧6                (𝐴𝐴2− 2) 

                           𝑧̂𝑧𝑝𝑝2 =  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑦̂𝑦6 +  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧6  .                 (𝐴𝐴2− 3)                        
Then results are given by 
                                                                                                      

            𝑥̂𝑥𝑝𝑝2 =   𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑥̂𝑥  + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧                                                                     (𝐴𝐴3− 1) 
            𝑦̂𝑦𝑝𝑝2 = 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑥̂𝑥 +  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦̂𝑦  − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧 .                            (𝐴𝐴3− 2)      
        𝑧̂𝑧𝑝𝑝2 = −𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑥̂𝑥 + 𝑠𝑠𝑖𝑖𝑖𝑖𝛼𝛼𝑦̂𝑦 +  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧  .                        (𝐴𝐴3− 3) 

For comparison we repeat eqs from (20) to (22)  as  
 𝑥̂𝑥𝑝𝑝 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑥̂𝑥 + si 𝛼𝛼 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑦̂𝑦 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧 .                         (𝐴𝐴4− 1) 
 𝑦̂𝑦𝑝𝑝 =                  c s𝛼𝛼 𝑦̂𝑦 − 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧 .                                                 (𝐴𝐴4− 2) 
 𝑧̂𝑧𝑝𝑝 = −𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑥̂𝑥 + si 𝛼𝛼 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑦̂𝑦 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧 .                     (𝐴𝐴4− 3) 

When we consider the 𝛼𝛼 and 𝛽𝛽 ranges less than 10°, we have approximated relations 
with errors less than 3%, as  

                            𝑥̂𝑥𝑝𝑝2 − 𝑥̂𝑥𝑝𝑝 ≈ 0                                                        (𝐴𝐴5− 1)                              
𝑦̂𝑦𝑝𝑝2 − 𝑦̂𝑦𝑝𝑝 ≈ 0                                                        (𝐴𝐴5− 2) 
   𝑧̂𝑧𝑝𝑝2 − 𝑧̂𝑧𝑝𝑝 ≈ 0                                                         (𝐴𝐴5− 3)  

Then  we can use eqs from (20) to (22)  in main text as one of general expression in so 
far as small angle  approximation  for  𝛼𝛼 and 𝛽𝛽 .  

By using eqs. ( 13), (14) and (15) , also in main text, the real orbital plane of the 
SMBHB can be expressed with the coordinate system given by eqs. from (20) to (22) 
that can be expressed  in the earth equatorial and the spring equinox,  coordinate  with 
the unit vectors (  𝑥̂𝑥𝑒𝑒 ,  𝑦̂𝑦𝑒𝑒 , 𝑧̂𝑧𝑒𝑒 ) as belows: 

                                                                        
 𝑥̂𝑥𝑝𝑝 =𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑥̂𝑥𝑒𝑒 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑦̂𝑦𝑒𝑒 + 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑧̂𝑧𝑒𝑒)         

                 + si 𝛼𝛼 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠[(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆)𝑥̂𝑥𝑒𝑒
+ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺)𝑦̂𝑦𝑒𝑒
+ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺)𝑧̂𝑧𝑒𝑒]  

+𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠[𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺𝑥̂𝑥𝑒𝑒 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺𝑦̂𝑦𝑒𝑒 + 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑧̂𝑧𝑒𝑒] 
 
=[𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆)+ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙×
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺]𝑥̂𝑥𝑒𝑒 

+[ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺)+ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺]𝑦̂𝑦𝑒𝑒          
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 𝑥̂𝑥𝑝𝑝2 =  𝑥̂𝑥6  ,                                             (𝐴𝐴2− 1)   
 𝑦̂𝑦𝑝𝑝2 =   𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑦̂𝑦6 −  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧6                (𝐴𝐴2− 2) 

                           𝑧̂𝑧𝑝𝑝2 =  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑦̂𝑦6 +  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧6  .                 (𝐴𝐴2− 3)                        
Then results are given by 
                                                                                                      

            𝑥̂𝑥𝑝𝑝2 =   𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑥̂𝑥  + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧                                                                     (𝐴𝐴3− 1) 
            𝑦̂𝑦𝑝𝑝2 = 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑥̂𝑥 +  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦̂𝑦  − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧 .                            (𝐴𝐴3− 2)      
        𝑧̂𝑧𝑝𝑝2 = −𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑥̂𝑥 + 𝑠𝑠𝑖𝑖𝑖𝑖𝛼𝛼𝑦̂𝑦 +  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧  .                        (𝐴𝐴3− 3) 

For comparison we repeat eqs from (20) to (22)  as  
 𝑥̂𝑥𝑝𝑝 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑥̂𝑥 + si 𝛼𝛼 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑦̂𝑦 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧 .                         (𝐴𝐴4− 1) 
 𝑦̂𝑦𝑝𝑝 =                  c s𝛼𝛼 𝑦̂𝑦 − 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧 .                                                 (𝐴𝐴4− 2) 
 𝑧̂𝑧𝑝𝑝 = −𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑥̂𝑥 + si 𝛼𝛼 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑦̂𝑦 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧 .                     (𝐴𝐴4− 3) 

When we consider the 𝛼𝛼 and 𝛽𝛽 ranges less than 10°, we have approximated relations 
with errors less than 3%, as  

                            𝑥̂𝑥𝑝𝑝2 − 𝑥̂𝑥𝑝𝑝 ≈ 0                                                        (𝐴𝐴5− 1)                              
𝑦̂𝑦𝑝𝑝2 − 𝑦̂𝑦𝑝𝑝 ≈ 0                                                        (𝐴𝐴5− 2) 
   𝑧̂𝑧𝑝𝑝2 − 𝑧̂𝑧𝑝𝑝 ≈ 0                                                         (𝐴𝐴5− 3)  

Then  we can use eqs from (20) to (22)  in main text as one of general expression in so 
far as small angle  approximation  for  𝛼𝛼 and 𝛽𝛽 .  

By using eqs. ( 13), (14) and (15) , also in main text, the real orbital plane of the 
SMBHB can be expressed with the coordinate system given by eqs. from (20) to (22) 
that can be expressed  in the earth equatorial and the spring equinox,  coordinate  with 
the unit vectors (  𝑥̂𝑥𝑒𝑒 ,  𝑦̂𝑦𝑒𝑒 , 𝑧̂𝑧𝑒𝑒 ) as belows: 

                                                                        
 𝑥̂𝑥𝑝𝑝 =𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑥̂𝑥𝑒𝑒 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑦̂𝑦𝑒𝑒 + 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑧̂𝑧𝑒𝑒)         

                 + si 𝛼𝛼 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠[(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆)𝑥̂𝑥𝑒𝑒
+ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺)𝑦̂𝑦𝑒𝑒
+ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺)𝑧̂𝑧𝑒𝑒]  

+𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠[𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺𝑥̂𝑥𝑒𝑒 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺𝑦̂𝑦𝑒𝑒 + 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑧̂𝑧𝑒𝑒] 
 
=[𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆)+ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙×
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺]𝑥̂𝑥𝑒𝑒 

+[ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺)+ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺]𝑦̂𝑦𝑒𝑒          

When we consider the 𝛼 and 𝛽 ranges less than 10˚ we have approximated relations with errors less than 3 %, as

Then we can use eqs from (20) to (22) in main text as one of general expression in so far as small angle approximation for 𝛼 and 𝛽 .

By using eqs. (13), (14) and (15) , also in main text, the real orbital plane of the SMBHB can be expressed with the coordinate system 
given by eqs. from (20) to (22) that can be expressed in the earth equatorial and the spring equinox coordinate with the unit vectors 
( 𝑥̂𝑒 , 𝑦𝑒̂ ,𝑧̂𝑒 ) as belows:
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 𝑥̂𝑥𝑝𝑝2 =  𝑥̂𝑥6  ,                                             (𝐴𝐴2− 1)   
 𝑦̂𝑦𝑝𝑝2 =   𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑦̂𝑦6 −  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧6                (𝐴𝐴2− 2) 

                           𝑧̂𝑧𝑝𝑝2 =  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑦̂𝑦6 +  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧6  .                 (𝐴𝐴2− 3)                        
Then results are given by 
                                                                                                      

            𝑥̂𝑥𝑝𝑝2 =   𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑥̂𝑥  + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧                                                                     (𝐴𝐴3− 1) 
            𝑦̂𝑦𝑝𝑝2 = 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑥̂𝑥 +  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦̂𝑦  − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧 .                            (𝐴𝐴3− 2)      
        𝑧̂𝑧𝑝𝑝2 = −𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑥̂𝑥 + 𝑠𝑠𝑖𝑖𝑖𝑖𝛼𝛼𝑦̂𝑦 +  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧  .                        (𝐴𝐴3− 3) 

For comparison we repeat eqs from (20) to (22)  as  
 𝑥̂𝑥𝑝𝑝 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑥̂𝑥 + si 𝛼𝛼 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑦̂𝑦 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧 .                         (𝐴𝐴4− 1) 
 𝑦̂𝑦𝑝𝑝 =                  c s𝛼𝛼 𝑦̂𝑦 − 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧 .                                                 (𝐴𝐴4− 2) 
 𝑧̂𝑧𝑝𝑝 = −𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑥̂𝑥 + si 𝛼𝛼 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑦̂𝑦 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧 .                     (𝐴𝐴4− 3) 

When we consider the 𝛼𝛼 and 𝛽𝛽 ranges less than 10°, we have approximated relations 
with errors less than 3%, as  

                            𝑥̂𝑥𝑝𝑝2 − 𝑥̂𝑥𝑝𝑝 ≈ 0                                                        (𝐴𝐴5− 1)                              
𝑦̂𝑦𝑝𝑝2 − 𝑦̂𝑦𝑝𝑝 ≈ 0                                                        (𝐴𝐴5− 2) 
   𝑧̂𝑧𝑝𝑝2 − 𝑧̂𝑧𝑝𝑝 ≈ 0                                                         (𝐴𝐴5− 3)  

Then  we can use eqs from (20) to (22)  in main text as one of general expression in so 
far as small angle  approximation  for  𝛼𝛼 and 𝛽𝛽 .  

By using eqs. ( 13), (14) and (15) , also in main text, the real orbital plane of the 
SMBHB can be expressed with the coordinate system given by eqs. from (20) to (22) 
that can be expressed  in the earth equatorial and the spring equinox,  coordinate  with 
the unit vectors (  𝑥̂𝑥𝑒𝑒 ,  𝑦̂𝑦𝑒𝑒 , 𝑧̂𝑧𝑒𝑒 ) as belows: 

                                                                        
 𝑥̂𝑥𝑝𝑝 =𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑥̂𝑥𝑒𝑒 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑦̂𝑦𝑒𝑒 + 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑧̂𝑧𝑒𝑒)         

                 + si 𝛼𝛼 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠[(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆)𝑥̂𝑥𝑒𝑒
+ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺)𝑦̂𝑦𝑒𝑒
+ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺)𝑧̂𝑧𝑒𝑒]  

+𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠[𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺𝑥̂𝑥𝑒𝑒 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺𝑦̂𝑦𝑒𝑒 + 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑧̂𝑧𝑒𝑒] 
 
=[𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆)+ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙×
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺]𝑥̂𝑥𝑒𝑒 

+[ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺)+ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺]𝑦̂𝑦𝑒𝑒          
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73 
 

+[𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆 +     𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ∙
 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑜𝑜𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺)+ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺]𝑧̂𝑧𝑒𝑒                                       (A6)  
a d 

𝑦̂𝑦𝑝𝑝 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐[(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆)𝑥̂𝑥𝑒𝑒
+ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑔𝑔𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺)𝑦̂𝑦𝑒𝑒
+ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺)𝑧̂𝑧𝑒𝑒]  
− 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼[𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺𝑥̂𝑥𝑒𝑒 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺𝑦̂𝑦𝑒𝑒
+ 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑧̂𝑧𝑒𝑒] ,                                                                                                       

= [𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺] 𝑥̂𝑥𝑒𝑒                  
+[𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺]𝑦̂𝑦𝑒𝑒             
+[𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺]𝑧̂𝑧𝑒𝑒 

                                                                                                                          (A7) 
We define here new coefficients for  𝑥̂𝑥𝑝𝑝 , as 

 𝑥̂𝑥𝑝𝑝 = 𝐴𝐴𝑥𝑥𝑥̂𝑥𝑒𝑒 + 𝐴𝐴𝑦𝑦𝑦̂𝑦𝑒𝑒+𝐴𝐴𝑧𝑧𝑧̂𝑧𝑒𝑒 .                                         (𝐴𝐴8) 
where 
𝐴𝐴𝑥𝑥 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆)+ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙
                      × 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺,                                                                        (A8-1) 
𝐴𝐴𝑦𝑦 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺)+ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐         

∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺    ,                                                     (𝐴𝐴8− 2) 
𝐴𝐴𝑍𝑍 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑛𝑛𝛿𝛿𝑆𝑆𝑆𝑆 +   𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺) 
                                  +𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺,                                                           (A8-3) 
; and for  𝑦̂𝑦𝑝𝑝  ,as 

 𝑦̂𝑦𝑝𝑝 = 𝐵𝐵𝑥𝑥𝑥̂𝑥𝑒𝑒 + 𝐵𝐵𝑦𝑦𝑦̂𝑦𝑒𝑒+𝐵𝐵𝑧𝑧𝑧̂𝑧𝑒𝑒 .                                         (𝐴𝐴9) 
where 
𝐵𝐵𝑥𝑥 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺   ,         (𝐴𝐴9− 1) 
𝐵𝐵𝑦𝑦 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺  ,     (𝐴𝐴9− 2)  
and 
𝐵𝐵𝑧𝑧 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺) − 𝑠𝑠𝑖𝑖𝑖𝑖𝛼𝛼𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺.             
                                                                                                                                  (A9-3) 
 Corresponding to the phase function ∆𝒌𝒌rot ∙ (𝒓𝒓𝒎𝒎 − 𝒓𝒓𝑛𝑛)  that is expressed by  taking  j 

in eq.(4) ,in main text, as ―Orb‖ meaning by orbits range  of the SMBHB  is given by   
∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂 = (2𝜋𝜋 𝜆𝜆⁄ )(𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂  . 𝐿𝐿𝑠𝑠𝑠𝑠⁄ ) ∙ (𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2) .                    (𝐴𝐴10) 

where 𝑘̂𝑘1a d 𝑘̂𝑘2 are unit vectors which rotate with orbiting angular velocities  𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂, and 
2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂respectively,    forming a bar connecting geometry between SMBH Gaa and Gab 
that results ecliptic effects at observation points; 𝜅𝜅𝑟𝑟 is a rate for giving the weight to 

 

73 
 

+[𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆 +     𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ∙
 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑜𝑜𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺)+ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺]𝑧̂𝑧𝑒𝑒                                       (A6)  
a d 

𝑦̂𝑦𝑝𝑝 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐[(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆)𝑥̂𝑥𝑒𝑒
+ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑔𝑔𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺)𝑦̂𝑦𝑒𝑒
+ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺)𝑧̂𝑧𝑒𝑒]  
− 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼[𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺𝑥̂𝑥𝑒𝑒 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺𝑦̂𝑦𝑒𝑒
+ 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑧̂𝑧𝑒𝑒] ,                                                                                                       

= [𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺] 𝑥̂𝑥𝑒𝑒                  
+[𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺]𝑦̂𝑦𝑒𝑒             
+[𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺]𝑧̂𝑧𝑒𝑒 

                                                                                                                          (A7) 
We define here new coefficients for  𝑥̂𝑥𝑝𝑝 , as 

 𝑥̂𝑥𝑝𝑝 = 𝐴𝐴𝑥𝑥𝑥̂𝑥𝑒𝑒 + 𝐴𝐴𝑦𝑦𝑦̂𝑦𝑒𝑒+𝐴𝐴𝑧𝑧𝑧̂𝑧𝑒𝑒 .                                         (𝐴𝐴8) 
where 
𝐴𝐴𝑥𝑥 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆)+ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙
                      × 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺,                                                                        (A8-1) 
𝐴𝐴𝑦𝑦 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺)+ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐         

∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺    ,                                                     (𝐴𝐴8− 2) 
𝐴𝐴𝑍𝑍 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑛𝑛𝛿𝛿𝑆𝑆𝑆𝑆 +   𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺) 
                                  +𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺,                                                           (A8-3) 
; and for  𝑦̂𝑦𝑝𝑝  ,as 

 𝑦̂𝑦𝑝𝑝 = 𝐵𝐵𝑥𝑥𝑥̂𝑥𝑒𝑒 + 𝐵𝐵𝑦𝑦𝑦̂𝑦𝑒𝑒+𝐵𝐵𝑧𝑧𝑧̂𝑧𝑒𝑒 .                                         (𝐴𝐴9) 
where 
𝐵𝐵𝑥𝑥 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺   ,         (𝐴𝐴9− 1) 
𝐵𝐵𝑦𝑦 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺  ,     (𝐴𝐴9− 2)  
and 
𝐵𝐵𝑧𝑧 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺) − 𝑠𝑠𝑖𝑖𝑖𝑖𝛼𝛼𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺.             
                                                                                                                                  (A9-3) 
 Corresponding to the phase function ∆𝒌𝒌rot ∙ (𝒓𝒓𝒎𝒎 − 𝒓𝒓𝑛𝑛)  that is expressed by  taking  j 

in eq.(4) ,in main text, as ―Orb‖ meaning by orbits range  of the SMBHB  is given by   
∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂 = (2𝜋𝜋 𝜆𝜆⁄ )(𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂  . 𝐿𝐿𝑠𝑠𝑠𝑠⁄ ) ∙ (𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2) .                    (𝐴𝐴10) 

where 𝑘̂𝑘1a d 𝑘̂𝑘2 are unit vectors which rotate with orbiting angular velocities  𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂, and 
2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂respectively,    forming a bar connecting geometry between SMBH Gaa and Gab 
that results ecliptic effects at observation points; 𝜅𝜅𝑟𝑟 is a rate for giving the weight to 

We define here new coefficients for 𝑥𝑝̂ , as
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 𝑥̂𝑥𝑝𝑝2 =  𝑥̂𝑥6  ,                                             (𝐴𝐴2− 1)   
 𝑦̂𝑦𝑝𝑝2 =   𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑦̂𝑦6 −  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧6                (𝐴𝐴2− 2) 

                           𝑧̂𝑧𝑝𝑝2 =  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑦̂𝑦6 +  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧6  .                 (𝐴𝐴2− 3)                        
Then results are given by 
                                                                                                      

            𝑥̂𝑥𝑝𝑝2 =   𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑥̂𝑥  + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧                                                                     (𝐴𝐴3− 1) 
            𝑦̂𝑦𝑝𝑝2 = 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑥̂𝑥 +  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑦̂𝑦  − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧 .                            (𝐴𝐴3− 2)      
        𝑧̂𝑧𝑝𝑝2 = −𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙  𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑥̂𝑥 + 𝑠𝑠𝑖𝑖𝑖𝑖𝛼𝛼𝑦̂𝑦 +  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧  .                        (𝐴𝐴3− 3) 

For comparison we repeat eqs from (20) to (22)  as  
 𝑥̂𝑥𝑝𝑝 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑥̂𝑥 + si 𝛼𝛼 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑦̂𝑦 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧 .                         (𝐴𝐴4− 1) 
 𝑦̂𝑦𝑝𝑝 =                  c s𝛼𝛼 𝑦̂𝑦 − 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑧̂𝑧 .                                                 (𝐴𝐴4− 2) 
 𝑧̂𝑧𝑝𝑝 = −𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑥̂𝑥 + si 𝛼𝛼 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑦̂𝑦 + 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑧̂𝑧 .                     (𝐴𝐴4− 3) 

When we consider the 𝛼𝛼 and 𝛽𝛽 ranges less than 10°, we have approximated relations 
with errors less than 3%, as  

                            𝑥̂𝑥𝑝𝑝2 − 𝑥̂𝑥𝑝𝑝 ≈ 0                                                        (𝐴𝐴5− 1)                              
𝑦̂𝑦𝑝𝑝2 − 𝑦̂𝑦𝑝𝑝 ≈ 0                                                        (𝐴𝐴5− 2) 
   𝑧̂𝑧𝑝𝑝2 − 𝑧̂𝑧𝑝𝑝 ≈ 0                                                         (𝐴𝐴5− 3)  

Then  we can use eqs from (20) to (22)  in main text as one of general expression in so 
far as small angle  approximation  for  𝛼𝛼 and 𝛽𝛽 .  

By using eqs. ( 13), (14) and (15) , also in main text, the real orbital plane of the 
SMBHB can be expressed with the coordinate system given by eqs. from (20) to (22) 
that can be expressed  in the earth equatorial and the spring equinox,  coordinate  with 
the unit vectors (  𝑥̂𝑥𝑒𝑒 ,  𝑦̂𝑦𝑒𝑒 , 𝑧̂𝑧𝑒𝑒 ) as belows: 

                                                                        
 𝑥̂𝑥𝑝𝑝 =𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑥̂𝑥𝑒𝑒 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑦̂𝑦𝑒𝑒 + 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑧̂𝑧𝑒𝑒)         

                 + si 𝛼𝛼 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠[(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆)𝑥̂𝑥𝑒𝑒
+ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺)𝑦̂𝑦𝑒𝑒
+ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺)𝑧̂𝑧𝑒𝑒]  

+𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠[𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺𝑥̂𝑥𝑒𝑒 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺𝑦̂𝑦𝑒𝑒 + 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑧̂𝑧𝑒𝑒] 
 
=[𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆)+ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙×
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺]𝑥̂𝑥𝑒𝑒 

+[ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺)+ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐
∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺]𝑦̂𝑦𝑒𝑒          

where

 

73 
 

+[𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆 +     𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ∙
 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑜𝑜𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺)+ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺]𝑧̂𝑧𝑒𝑒                                       (A6)  
a d 

𝑦̂𝑦𝑝𝑝 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐[(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆)𝑥̂𝑥𝑒𝑒
+ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑔𝑔𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺)𝑦̂𝑦𝑒𝑒
+ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺)𝑧̂𝑧𝑒𝑒]  
− 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼[𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺𝑥̂𝑥𝑒𝑒 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺𝑦̂𝑦𝑒𝑒
+ 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑧̂𝑧𝑒𝑒] ,                                                                                                       

= [𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺] 𝑥̂𝑥𝑒𝑒                  
+[𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺]𝑦̂𝑦𝑒𝑒             
+[𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺]𝑧̂𝑧𝑒𝑒 

                                                                                                                          (A7) 
We define here new coefficients for  𝑥̂𝑥𝑝𝑝 , as 

 𝑥̂𝑥𝑝𝑝 = 𝐴𝐴𝑥𝑥𝑥̂𝑥𝑒𝑒 + 𝐴𝐴𝑦𝑦𝑦̂𝑦𝑒𝑒+𝐴𝐴𝑧𝑧𝑧̂𝑧𝑒𝑒 .                                         (𝐴𝐴8) 
where 
𝐴𝐴𝑥𝑥 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆)+ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙
                      × 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺,                                                                        (A8-1) 
𝐴𝐴𝑦𝑦 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺)+ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐         

∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺    ,                                                     (𝐴𝐴8− 2) 
𝐴𝐴𝑍𝑍 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑛𝑛𝛿𝛿𝑆𝑆𝑆𝑆 +   𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺) 
                                  +𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺,                                                           (A8-3) 
; and for  𝑦̂𝑦𝑝𝑝  ,as 

 𝑦̂𝑦𝑝𝑝 = 𝐵𝐵𝑥𝑥𝑥̂𝑥𝑒𝑒 + 𝐵𝐵𝑦𝑦𝑦̂𝑦𝑒𝑒+𝐵𝐵𝑧𝑧𝑧̂𝑧𝑒𝑒 .                                         (𝐴𝐴9) 
where 
𝐵𝐵𝑥𝑥 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺   ,         (𝐴𝐴9− 1) 
𝐵𝐵𝑦𝑦 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺  ,     (𝐴𝐴9− 2)  
and 
𝐵𝐵𝑧𝑧 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺) − 𝑠𝑠𝑖𝑖𝑖𝑖𝛼𝛼𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺.             
                                                                                                                                  (A9-3) 
 Corresponding to the phase function ∆𝒌𝒌rot ∙ (𝒓𝒓𝒎𝒎 − 𝒓𝒓𝑛𝑛)  that is expressed by  taking  j 

in eq.(4) ,in main text, as ―Orb‖ meaning by orbits range  of the SMBHB  is given by   
∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂 = (2𝜋𝜋 𝜆𝜆⁄ )(𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂  . 𝐿𝐿𝑠𝑠𝑠𝑠⁄ ) ∙ (𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2) .                    (𝐴𝐴10) 

where 𝑘̂𝑘1a d 𝑘̂𝑘2 are unit vectors which rotate with orbiting angular velocities  𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂, and 
2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂respectively,    forming a bar connecting geometry between SMBH Gaa and Gab 
that results ecliptic effects at observation points; 𝜅𝜅𝑟𝑟 is a rate for giving the weight to 

 

73 
 

+[𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆 +     𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ∙
 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑜𝑜𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺)+ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙
𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺]𝑧̂𝑧𝑒𝑒                                       (A6)  
a d 

𝑦̂𝑦𝑝𝑝 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐[(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆)𝑥̂𝑥𝑒𝑒
+ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑔𝑔𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺)𝑦̂𝑦𝑒𝑒
+ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺)𝑧̂𝑧𝑒𝑒]  
− 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼[𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺𝑥̂𝑥𝑒𝑒 + 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺𝑦̂𝑦𝑒𝑒
+ 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑧̂𝑧𝑒𝑒] ,                                                                                                       

= [𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺] 𝑥̂𝑥𝑒𝑒                  
+[𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺]𝑦̂𝑦𝑒𝑒             
+[𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺]𝑧̂𝑧𝑒𝑒 

                                                                                                                          (A7) 
We define here new coefficients for  𝑥̂𝑥𝑝𝑝 , as 

 𝑥̂𝑥𝑝𝑝 = 𝐴𝐴𝑥𝑥𝑥̂𝑥𝑒𝑒 + 𝐴𝐴𝑦𝑦𝑦̂𝑦𝑒𝑒+𝐴𝐴𝑧𝑧𝑧̂𝑧𝑒𝑒 .                                         (𝐴𝐴8) 
where 
𝐴𝐴𝑥𝑥 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆)+ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙
                      × 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺,                                                                        (A8-1) 
𝐴𝐴𝑦𝑦 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆 + 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺)+ 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐         

∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺    ,                                                     (𝐴𝐴8− 2) 
𝐴𝐴𝑍𝑍 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑛𝑛𝛿𝛿𝑆𝑆𝑆𝑆 +   𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺) 
                                  +𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺,                                                           (A8-3) 
; and for  𝑦̂𝑦𝑝𝑝  ,as 

 𝑦̂𝑦𝑝𝑝 = 𝐵𝐵𝑥𝑥𝑥̂𝑥𝑒𝑒 + 𝐵𝐵𝑦𝑦𝑦̂𝑦𝑒𝑒+𝐵𝐵𝑧𝑧𝑧̂𝑧𝑒𝑒 .                                         (𝐴𝐴9) 
where 
𝐵𝐵𝑥𝑥 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝛼𝛼𝐺𝐺𝐺𝐺   ,         (𝐴𝐴9− 1) 
𝐵𝐵𝑦𝑦 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺) − 𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼 ∙ 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝛼𝛼𝐺𝐺𝐺𝐺  ,     (𝐴𝐴9− 2)  
and 
𝐵𝐵𝑧𝑧 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ∙ (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝐺𝐺𝐺𝐺   − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑆𝑆𝑆𝑆𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝐺𝐺𝐺𝐺𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝐺𝐺𝐺𝐺) − 𝑠𝑠𝑖𝑖𝑖𝑖𝛼𝛼𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝐺𝐺𝐺𝐺.             
                                                                                                                                  (A9-3) 
 Corresponding to the phase function ∆𝒌𝒌rot ∙ (𝒓𝒓𝒎𝒎 − 𝒓𝒓𝑛𝑛)  that is expressed by  taking  j 

in eq.(4) ,in main text, as ―Orb‖ meaning by orbits range  of the SMBHB  is given by   
∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂 = (2𝜋𝜋 𝜆𝜆⁄ )(𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂  . 𝐿𝐿𝑠𝑠𝑠𝑠⁄ ) ∙ (𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2) .                    (𝐴𝐴10) 

where 𝑘̂𝑘1a d 𝑘̂𝑘2 are unit vectors which rotate with orbiting angular velocities  𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂, and 
2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂respectively,    forming a bar connecting geometry between SMBH Gaa and Gab 
that results ecliptic effects at observation points; 𝜅𝜅𝑟𝑟 is a rate for giving the weight to 

Corresponding to the phase function Δ𝒌rot∙(𝒓𝒎−𝒓𝑛) that is expressed by taking j in eq.(4) in main text as “Orb” meaning by orbits 
range of the SMBHB is given by

.

.

∙

∙
∙
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where 𝑘1and 𝑘2 are unit vectors which rotate with orbiting angular velocities 𝛺𝑂𝑟𝑏 and 2𝛺𝑂𝑟𝑏 respectively, forming a bar connecting 
geometry between SMBH Gaa and Gab that results ecliptic effects at observation points; 𝜅𝑟 is a rate for giving the weight to eclipse 
effect compared with effects of spectra modulation due to the Doppler effects. 
Then two unit vectors are expressed by

 

74 
 

eclipse effect compared with effects of spectra modulation due to the Doppler effects.  
Then two unit vectors are expressed by 

𝑘̂𝑘1 = 𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (𝐴𝐴11) 
 . and  

𝑘̂𝑘2 = 𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (𝐴𝐴12) 

   Then 𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 terms that is essential to describe  ∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂  as given by  eq.(A10) is 
expressed by 

𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 = *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑥𝑥
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑥𝑥+𝑥̂𝑥𝑒𝑒
+ {,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑦𝑦
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑦𝑦}𝑦̂𝑦𝑒𝑒
+ *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑧𝑧
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑏𝑏) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑧𝑧+𝑧̂𝑧𝑒𝑒 

                                                                                                                  (A13) 
 
 
AAppppeennddiixx  BB  
We start the mathematical manipulation with the phase function given in the main 

text by repeating  here  as 
ℱ = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  .                        (𝐵𝐵1) 

  
 
with 

𝛩𝛩 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
(𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2) ∙

(𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛) 
𝜆𝜆  .                   (𝐵𝐵2)          

We also repeat  𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛  vector  given as eq.(29) in main text by referring the 
explanation of all  symbols in equation to the main text, as 
𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 = *(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑚𝑚- − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑛𝑛-+𝑥̂𝑥𝑒𝑒  

              +*(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑚𝑚- − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑛𝑛-+𝑦̂𝑦𝑒𝑒 
                                                         +,(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛-𝑧̂𝑧𝑒𝑒,                               (B3) 
   From the standing point to investigate the time depending characteristic of the 
visibility of VLBI,  we approximate the level of the observatory as  

𝑟𝑟𝑒𝑒 ≫ ℎ𝑚𝑚 .                                                          (𝐵𝐵4) 
Then eq.(B3) is rewritten by 
𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 = 𝑟𝑟𝑒𝑒,(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 − (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑛𝑛)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝑥̂𝑥𝑒𝑒  

 

74 
 

eclipse effect compared with effects of spectra modulation due to the Doppler effects.  
Then two unit vectors are expressed by 

𝑘̂𝑘1 = 𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (𝐴𝐴11) 
 . and  

𝑘̂𝑘2 = 𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (𝐴𝐴12) 

   Then 𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 terms that is essential to describe  ∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂  as given by  eq.(A10) is 
expressed by 

𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 = *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑥𝑥
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑥𝑥+𝑥̂𝑥𝑒𝑒
+ {,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑦𝑦
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑦𝑦}𝑦̂𝑦𝑒𝑒
+ *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑧𝑧
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑏𝑏) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑧𝑧+𝑧̂𝑧𝑒𝑒 

                                                                                                                  (A13) 
 
 
AAppppeennddiixx  BB  
We start the mathematical manipulation with the phase function given in the main 

text by repeating  here  as 
ℱ = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  .                        (𝐵𝐵1) 

  
 
with 

𝛩𝛩 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
(𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2) ∙

(𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛) 
𝜆𝜆  .                   (𝐵𝐵2)          

We also repeat  𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛  vector  given as eq.(29) in main text by referring the 
explanation of all  symbols in equation to the main text, as 
𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 = *(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑚𝑚- − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑛𝑛-+𝑥̂𝑥𝑒𝑒  

              +*(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑚𝑚- − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑛𝑛-+𝑦̂𝑦𝑒𝑒 
                                                         +,(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛-𝑧̂𝑧𝑒𝑒,                               (B3) 
   From the standing point to investigate the time depending characteristic of the 
visibility of VLBI,  we approximate the level of the observatory as  

𝑟𝑟𝑒𝑒 ≫ ℎ𝑚𝑚 .                                                          (𝐵𝐵4) 
Then eq.(B3) is rewritten by 
𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 = 𝑟𝑟𝑒𝑒,(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 − (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑛𝑛)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝑥̂𝑥𝑒𝑒  

 

74 
 

eclipse effect compared with effects of spectra modulation due to the Doppler effects.  
Then two unit vectors are expressed by 

𝑘̂𝑘1 = 𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (𝐴𝐴11) 
 . and  

𝑘̂𝑘2 = 𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (𝐴𝐴12) 

   Then 𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 terms that is essential to describe  ∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂  as given by  eq.(A10) is 
expressed by 

𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 = *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑥𝑥
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑥𝑥+𝑥̂𝑥𝑒𝑒
+ {,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑦𝑦
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑦𝑦}𝑦̂𝑦𝑒𝑒
+ *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑧𝑧
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑏𝑏) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑧𝑧+𝑧̂𝑧𝑒𝑒 

                                                                                                                  (A13) 
 
 
AAppppeennddiixx  BB  
We start the mathematical manipulation with the phase function given in the main 

text by repeating  here  as 
ℱ = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  .                        (𝐵𝐵1) 

  
 
with 

𝛩𝛩 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
(𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2) ∙

(𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛) 
𝜆𝜆  .                   (𝐵𝐵2)          

We also repeat  𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛  vector  given as eq.(29) in main text by referring the 
explanation of all  symbols in equation to the main text, as 
𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 = *(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑚𝑚- − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑛𝑛-+𝑥̂𝑥𝑒𝑒  

              +*(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑚𝑚- − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑛𝑛-+𝑦̂𝑦𝑒𝑒 
                                                         +,(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛-𝑧̂𝑧𝑒𝑒,                               (B3) 
   From the standing point to investigate the time depending characteristic of the 
visibility of VLBI,  we approximate the level of the observatory as  

𝑟𝑟𝑒𝑒 ≫ ℎ𝑚𝑚 .                                                          (𝐵𝐵4) 
Then eq.(B3) is rewritten by 
𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 = 𝑟𝑟𝑒𝑒,(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 − (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑛𝑛)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝑥̂𝑥𝑒𝑒  

 

74 
 

eclipse effect compared with effects of spectra modulation due to the Doppler effects.  
Then two unit vectors are expressed by 

𝑘̂𝑘1 = 𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (𝐴𝐴11) 
 . and  

𝑘̂𝑘2 = 𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (𝐴𝐴12) 

   Then 𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 terms that is essential to describe  ∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂  as given by  eq.(A10) is 
expressed by 

𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 = *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑥𝑥
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑥𝑥+𝑥̂𝑥𝑒𝑒
+ {,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑦𝑦
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑦𝑦}𝑦̂𝑦𝑒𝑒
+ *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑧𝑧
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑏𝑏) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑧𝑧+𝑧̂𝑧𝑒𝑒 

                                                                                                                  (A13) 
 
 
AAppppeennddiixx  BB  
We start the mathematical manipulation with the phase function given in the main 

text by repeating  here  as 
ℱ = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  .                        (𝐵𝐵1) 

  
 
with 

𝛩𝛩 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
(𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2) ∙

(𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛) 
𝜆𝜆  .                   (𝐵𝐵2)          

We also repeat  𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛  vector  given as eq.(29) in main text by referring the 
explanation of all  symbols in equation to the main text, as 
𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 = *(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑚𝑚- − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑛𝑛-+𝑥̂𝑥𝑒𝑒  

              +*(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑚𝑚- − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑛𝑛-+𝑦̂𝑦𝑒𝑒 
                                                         +,(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛-𝑧̂𝑧𝑒𝑒,                               (B3) 
   From the standing point to investigate the time depending characteristic of the 
visibility of VLBI,  we approximate the level of the observatory as  

𝑟𝑟𝑒𝑒 ≫ ℎ𝑚𝑚 .                                                          (𝐵𝐵4) 
Then eq.(B3) is rewritten by 
𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 = 𝑟𝑟𝑒𝑒,(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 − (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑛𝑛)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝑥̂𝑥𝑒𝑒  

 

74 
 

eclipse effect compared with effects of spectra modulation due to the Doppler effects.  
Then two unit vectors are expressed by 

𝑘̂𝑘1 = 𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (𝐴𝐴11) 
 . and  

𝑘̂𝑘2 = 𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (𝐴𝐴12) 

   Then 𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 terms that is essential to describe  ∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂  as given by  eq.(A10) is 
expressed by 

𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 = *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑥𝑥
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑥𝑥+𝑥̂𝑥𝑒𝑒
+ {,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑦𝑦
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑦𝑦}𝑦̂𝑦𝑒𝑒
+ *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑧𝑧
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑏𝑏) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑧𝑧+𝑧̂𝑧𝑒𝑒 

                                                                                                                  (A13) 
 
 
AAppppeennddiixx  BB  
We start the mathematical manipulation with the phase function given in the main 

text by repeating  here  as 
ℱ = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  .                        (𝐵𝐵1) 

  
 
with 

𝛩𝛩 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
(𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2) ∙

(𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛) 
𝜆𝜆  .                   (𝐵𝐵2)          

We also repeat  𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛  vector  given as eq.(29) in main text by referring the 
explanation of all  symbols in equation to the main text, as 
𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 = *(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑚𝑚- − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑛𝑛-+𝑥̂𝑥𝑒𝑒  

              +*(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑚𝑚- − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑛𝑛-+𝑦̂𝑦𝑒𝑒 
                                                         +,(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛-𝑧̂𝑧𝑒𝑒,                               (B3) 
   From the standing point to investigate the time depending characteristic of the 
visibility of VLBI,  we approximate the level of the observatory as  

𝑟𝑟𝑒𝑒 ≫ ℎ𝑚𝑚 .                                                          (𝐵𝐵4) 
Then eq.(B3) is rewritten by 
𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 = 𝑟𝑟𝑒𝑒,(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 − (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑛𝑛)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝑥̂𝑥𝑒𝑒  

Then 𝑘1+𝜅𝑟𝑘2 terms that is essential to describe Δ𝒌𝑂𝑟𝑏 as given by eq.( A 10 ) is expressed by

Appendix B
We start the mathematical manipulation with the phase function given in the main text by repeating here as

with
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eclipse effect compared with effects of spectra modulation due to the Doppler effects.  
Then two unit vectors are expressed by 

𝑘̂𝑘1 = 𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (𝐴𝐴11) 
 . and  

𝑘̂𝑘2 = 𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (𝐴𝐴12) 

   Then 𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 terms that is essential to describe  ∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂  as given by  eq.(A10) is 
expressed by 

𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 = *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑥𝑥
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑥𝑥+𝑥̂𝑥𝑒𝑒
+ {,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑦𝑦
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑦𝑦}𝑦̂𝑦𝑒𝑒
+ *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑧𝑧
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑏𝑏) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑧𝑧+𝑧̂𝑧𝑒𝑒 

                                                                                                                  (A13) 
 
 
AAppppeennddiixx  BB  
We start the mathematical manipulation with the phase function given in the main 

text by repeating  here  as 
ℱ = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  .                        (𝐵𝐵1) 

  
 
with 

𝛩𝛩 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
(𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2) ∙

(𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛) 
𝜆𝜆  .                   (𝐵𝐵2)          

We also repeat  𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛  vector  given as eq.(29) in main text by referring the 
explanation of all  symbols in equation to the main text, as 
𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 = *(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑚𝑚- − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑛𝑛-+𝑥̂𝑥𝑒𝑒  

              +*(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑚𝑚- − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑛𝑛-+𝑦̂𝑦𝑒𝑒 
                                                         +,(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛-𝑧̂𝑧𝑒𝑒,                               (B3) 
   From the standing point to investigate the time depending characteristic of the 
visibility of VLBI,  we approximate the level of the observatory as  

𝑟𝑟𝑒𝑒 ≫ ℎ𝑚𝑚 .                                                          (𝐵𝐵4) 
Then eq.(B3) is rewritten by 
𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 = 𝑟𝑟𝑒𝑒,(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 − (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑛𝑛)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝑥̂𝑥𝑒𝑒  

We also repeat 𝒓𝑚−𝒓𝑛 vector given as eq.(29) in main text by referring the explanation of all symbols in equation to the main text, as
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eclipse effect compared with effects of spectra modulation due to the Doppler effects.  
Then two unit vectors are expressed by 

𝑘̂𝑘1 = 𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (𝐴𝐴11) 
 . and  

𝑘̂𝑘2 = 𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (𝐴𝐴12) 

   Then 𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 terms that is essential to describe  ∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂  as given by  eq.(A10) is 
expressed by 

𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 = *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑥𝑥
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑥𝑥+𝑥̂𝑥𝑒𝑒
+ {,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑦𝑦
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑦𝑦}𝑦̂𝑦𝑒𝑒
+ *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑧𝑧
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑏𝑏) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑧𝑧+𝑧̂𝑧𝑒𝑒 

                                                                                                                  (A13) 
 
 
AAppppeennddiixx  BB  
We start the mathematical manipulation with the phase function given in the main 

text by repeating  here  as 
ℱ = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  .                        (𝐵𝐵1) 

  
 
with 

𝛩𝛩 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
(𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2) ∙

(𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛) 
𝜆𝜆  .                   (𝐵𝐵2)          

We also repeat  𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛  vector  given as eq.(29) in main text by referring the 
explanation of all  symbols in equation to the main text, as 
𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 = *(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑚𝑚- − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑛𝑛-+𝑥̂𝑥𝑒𝑒  

              +*(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑚𝑚- − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑛𝑛-+𝑦̂𝑦𝑒𝑒 
                                                         +,(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛-𝑧̂𝑧𝑒𝑒,                               (B3) 
   From the standing point to investigate the time depending characteristic of the 
visibility of VLBI,  we approximate the level of the observatory as  

𝑟𝑟𝑒𝑒 ≫ ℎ𝑚𝑚 .                                                          (𝐵𝐵4) 
Then eq.(B3) is rewritten by 
𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 = 𝑟𝑟𝑒𝑒,(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 − (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑛𝑛)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝑥̂𝑥𝑒𝑒  

 

74 
 

eclipse effect compared with effects of spectra modulation due to the Doppler effects.  
Then two unit vectors are expressed by 

𝑘̂𝑘1 = 𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (𝐴𝐴11) 
 . and  

𝑘̂𝑘2 = 𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (𝐴𝐴12) 

   Then 𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 terms that is essential to describe  ∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂  as given by  eq.(A10) is 
expressed by 

𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 = *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑥𝑥
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑥𝑥+𝑥̂𝑥𝑒𝑒
+ {,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑦𝑦
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑦𝑦}𝑦̂𝑦𝑒𝑒
+ *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑧𝑧
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑏𝑏) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑧𝑧+𝑧̂𝑧𝑒𝑒 

                                                                                                                  (A13) 
 
 
AAppppeennddiixx  BB  
We start the mathematical manipulation with the phase function given in the main 

text by repeating  here  as 
ℱ = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  .                        (𝐵𝐵1) 

  
 
with 

𝛩𝛩 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
(𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2) ∙

(𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛) 
𝜆𝜆  .                   (𝐵𝐵2)          

We also repeat  𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛  vector  given as eq.(29) in main text by referring the 
explanation of all  symbols in equation to the main text, as 
𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 = *(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑚𝑚- − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑛𝑛-+𝑥̂𝑥𝑒𝑒  

              +*(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑚𝑚- − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑛𝑛-+𝑦̂𝑦𝑒𝑒 
                                                         +,(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛-𝑧̂𝑧𝑒𝑒,                               (B3) 
   From the standing point to investigate the time depending characteristic of the 
visibility of VLBI,  we approximate the level of the observatory as  

𝑟𝑟𝑒𝑒 ≫ ℎ𝑚𝑚 .                                                          (𝐵𝐵4) 
Then eq.(B3) is rewritten by 
𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 = 𝑟𝑟𝑒𝑒,(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 − (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑛𝑛)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝑥̂𝑥𝑒𝑒  

 

74 
 

eclipse effect compared with effects of spectra modulation due to the Doppler effects.  
Then two unit vectors are expressed by 

𝑘̂𝑘1 = 𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (𝐴𝐴11) 
 . and  

𝑘̂𝑘2 = 𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑥̂𝑥𝑝𝑝 + 𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)𝑦̂𝑦𝑝𝑝 .                 (𝐴𝐴12) 

   Then 𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 terms that is essential to describe  ∆𝒌𝒌𝑂𝑂𝑂𝑂𝑂𝑂  as given by  eq.(A10) is 
expressed by 

𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2 = *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑥𝑥
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑥𝑥+𝑥̂𝑥𝑒𝑒
+ {,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑦𝑦
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑦𝑦}𝑦̂𝑦𝑒𝑒
+ *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐴𝐴𝑧𝑧
+ ,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑏𝑏) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-𝐵𝐵𝑧𝑧+𝑧̂𝑧𝑒𝑒 

                                                                                                                  (A13) 
 
 
AAppppeennddiixx  BB  
We start the mathematical manipulation with the phase function given in the main 

text by repeating  here  as 
ℱ = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐  .                        (𝐵𝐵1) 

  
 
with 

𝛩𝛩 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
(𝑘̂𝑘1 + 𝜅𝜅𝑟𝑟𝑘̂𝑘2) ∙

(𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛) 
𝜆𝜆  .                   (𝐵𝐵2)          

We also repeat  𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛  vector  given as eq.(29) in main text by referring the 
explanation of all  symbols in equation to the main text, as 
𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 = *(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑚𝑚- − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑛𝑛-+𝑥̂𝑥𝑒𝑒  

              +*(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑚𝑚- − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠,𝛺𝛺𝑒𝑒(𝑡𝑡 − 𝑡𝑡0) + 𝜙𝜙𝑛𝑛-+𝑦̂𝑦𝑒𝑒 
                                                         +,(𝑟𝑟𝑒𝑒 + ℎ𝑚𝑚)𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − (𝑟𝑟𝑒𝑒 + ℎ𝑛𝑛)𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛-𝑧̂𝑧𝑒𝑒,                               (B3) 
   From the standing point to investigate the time depending characteristic of the 
visibility of VLBI,  we approximate the level of the observatory as  

𝑟𝑟𝑒𝑒 ≫ ℎ𝑚𝑚 .                                                          (𝐵𝐵4) 
Then eq.(B3) is rewritten by 
𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 = 𝑟𝑟𝑒𝑒,(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 − (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑛𝑛)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝑥̂𝑥𝑒𝑒  

From the standing point to investigate the time depending characteristic of the visibility of VLBI, we approximate the level of the 
observatory as

Then eq.(B 3) is rewritten by
 

75 
 

                 +𝑟𝑟𝑒𝑒,(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑛𝑛)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏-𝑦̂𝑦𝑒𝑒 
                                                         +𝑟𝑟𝑒𝑒,𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛-𝑧̂𝑧𝑒𝑒                                (B5) 
By defining 𝐶𝐶𝑚𝑚𝑚𝑚 and 𝐷𝐷𝑚𝑚𝑚𝑚 as 

𝐶𝐶𝑚𝑚𝑚𝑚 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑛𝑛 ,                              ( 6) 
and 

𝐷𝐷𝑚𝑚𝑚𝑚 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑛𝑛  ,                              ( 7) 
𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 = 𝑟𝑟𝑒𝑒,𝐶𝐶𝑚𝑚𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 − 𝐷𝐷𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝑥̂𝑥𝑒𝑒  

                 +𝑟𝑟𝑒𝑒,𝐶𝐶𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝐷𝐷𝑚𝑚𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏-𝑦̂𝑦𝑒𝑒 
                                                         +𝑟𝑟𝑒𝑒,𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛-𝑧̂𝑧𝑒𝑒                                (B8) 
 
The phase 𝛩𝛩 in eq.(B1) is expressed with eq.(B5) and eq.(A12) in Appendix A, as 

𝛩𝛩 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-(𝐶𝐶𝑚𝑚𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 − 𝐷𝐷𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏)𝐴𝐴𝑥𝑥 

+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-(𝐶𝐶𝑚𝑚𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 − 𝐷𝐷𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏)𝐵𝐵𝑥𝑥 
+,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-(𝐶𝐶𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝐷𝐷𝑚𝑚𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏)𝐴𝐴𝑦𝑦 
+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-(𝐶𝐶𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝐷𝐷𝑚𝑚𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏)𝐵𝐵𝑦𝑦 
+,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-(𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐴𝐴𝑧𝑧      
+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-(𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐵𝐵𝑧𝑧 ( 9)   

Taking the mathematical manipulation eq.(B6) is further rewritten as 
 

𝛩𝛩 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏-𝐴𝐴𝑥𝑥𝐶𝐶𝑚𝑚𝑚𝑚 

−,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝐴𝐴𝑥𝑥𝐷𝐷𝑚𝑚𝑚𝑚 
+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏-𝐵𝐵𝑥𝑥𝐶𝐶𝑚𝑚𝑚𝑚 
−,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝐵𝐵𝑥𝑥𝐷𝐷𝑚𝑚𝑚𝑚 
+,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝐴𝐴𝑦𝑦𝐶𝐶𝑚𝑚𝑚𝑚 
+,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏-𝐴𝐴𝑦𝑦𝐷𝐷𝑚𝑚𝑚𝑚 
+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝐵𝐵𝑦𝑦𝐶𝐶𝑚𝑚𝑚𝑚 
+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏-𝐵𝐵𝑦𝑦𝐷𝐷𝑚𝑚𝑚𝑚 

+,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-(𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐴𝐴𝑧𝑧      
+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-(𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐵𝐵𝑧𝑧+ ( 10)  

where 𝜏𝜏 is defined as 𝜏𝜏 = 𝑡𝑡 − 𝑡𝑡0 ;and 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 and 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 are defined , respectively as 
𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 = 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡0 and  𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 = 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂 + 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡0. Each term in Eq,(B10) consists of 
product of two sinusoidal functions of  a g  e  s     𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 and 𝛺𝛺𝑒𝑒𝜏𝜏  or arguments 
2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 and 𝛺𝛺𝑒𝑒𝜏𝜏. We can these products to addition or subtraction of two 
sinusoidal  functions ; for an example the term 𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 at the top of  
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75 
 

                 +𝑟𝑟𝑒𝑒,(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑛𝑛)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏-𝑦̂𝑦𝑒𝑒 
                                                         +𝑟𝑟𝑒𝑒,𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛-𝑧̂𝑧𝑒𝑒                                (B5) 
By defining 𝐶𝐶𝑚𝑚𝑚𝑚 and 𝐷𝐷𝑚𝑚𝑚𝑚 as 

𝐶𝐶𝑚𝑚𝑚𝑚 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑛𝑛 ,                              ( 6) 
and 

𝐷𝐷𝑚𝑚𝑚𝑚 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑛𝑛  ,                              ( 7) 
𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 = 𝑟𝑟𝑒𝑒,𝐶𝐶𝑚𝑚𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 − 𝐷𝐷𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝑥̂𝑥𝑒𝑒  

                 +𝑟𝑟𝑒𝑒,𝐶𝐶𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝐷𝐷𝑚𝑚𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏-𝑦̂𝑦𝑒𝑒 
                                                         +𝑟𝑟𝑒𝑒,𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛-𝑧̂𝑧𝑒𝑒                                (B8) 
 
The phase 𝛩𝛩 in eq.(B1) is expressed with eq.(B5) and eq.(A12) in Appendix A, as 

𝛩𝛩 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-(𝐶𝐶𝑚𝑚𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 − 𝐷𝐷𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏)𝐴𝐴𝑥𝑥 

+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-(𝐶𝐶𝑚𝑚𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 − 𝐷𝐷𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏)𝐵𝐵𝑥𝑥 
+,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-(𝐶𝐶𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝐷𝐷𝑚𝑚𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏)𝐴𝐴𝑦𝑦 
+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-(𝐶𝐶𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝐷𝐷𝑚𝑚𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏)𝐵𝐵𝑦𝑦 
+,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-(𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐴𝐴𝑧𝑧      
+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-(𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐵𝐵𝑧𝑧 ( 9)   

Taking the mathematical manipulation eq.(B6) is further rewritten as 
 

𝛩𝛩 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏-𝐴𝐴𝑥𝑥𝐶𝐶𝑚𝑚𝑚𝑚 

−,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝐴𝐴𝑥𝑥𝐷𝐷𝑚𝑚𝑚𝑚 
+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏-𝐵𝐵𝑥𝑥𝐶𝐶𝑚𝑚𝑚𝑚 
−,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝐵𝐵𝑥𝑥𝐷𝐷𝑚𝑚𝑚𝑚 
+,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝐴𝐴𝑦𝑦𝐶𝐶𝑚𝑚𝑚𝑚 
+,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏-𝐴𝐴𝑦𝑦𝐷𝐷𝑚𝑚𝑚𝑚 
+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝐵𝐵𝑦𝑦𝐶𝐶𝑚𝑚𝑚𝑚 
+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏-𝐵𝐵𝑦𝑦𝐷𝐷𝑚𝑚𝑚𝑚 

+,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-(𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐴𝐴𝑧𝑧      
+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-(𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐵𝐵𝑧𝑧+ ( 10)  

where 𝜏𝜏 is defined as 𝜏𝜏 = 𝑡𝑡 − 𝑡𝑡0 ;and 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 and 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 are defined , respectively as 
𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 = 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡0 and  𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 = 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂 + 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡0. Each term in Eq,(B10) consists of 
product of two sinusoidal functions of  a g  e  s     𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 and 𝛺𝛺𝑒𝑒𝜏𝜏  or arguments 
2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 and 𝛺𝛺𝑒𝑒𝜏𝜏. We can these products to addition or subtraction of two 
sinusoidal  functions ; for an example the term 𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 at the top of  

 

75 
 

                 +𝑟𝑟𝑒𝑒,(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑛𝑛)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏-𝑦̂𝑦𝑒𝑒 
                                                         +𝑟𝑟𝑒𝑒,𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛-𝑧̂𝑧𝑒𝑒                                (B5) 
By defining 𝐶𝐶𝑚𝑚𝑚𝑚 and 𝐷𝐷𝑚𝑚𝑚𝑚 as 

𝐶𝐶𝑚𝑚𝑚𝑚 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑛𝑛 ,                              ( 6) 
and 

𝐷𝐷𝑚𝑚𝑚𝑚 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑛𝑛  ,                              ( 7) 
𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 = 𝑟𝑟𝑒𝑒,𝐶𝐶𝑚𝑚𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 − 𝐷𝐷𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝑥̂𝑥𝑒𝑒  

                 +𝑟𝑟𝑒𝑒,𝐶𝐶𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝐷𝐷𝑚𝑚𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏-𝑦̂𝑦𝑒𝑒 
                                                         +𝑟𝑟𝑒𝑒,𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛-𝑧̂𝑧𝑒𝑒                                (B8) 
 
The phase 𝛩𝛩 in eq.(B1) is expressed with eq.(B5) and eq.(A12) in Appendix A, as 

𝛩𝛩 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-(𝐶𝐶𝑚𝑚𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 − 𝐷𝐷𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏)𝐴𝐴𝑥𝑥 

+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-(𝐶𝐶𝑚𝑚𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 − 𝐷𝐷𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏)𝐵𝐵𝑥𝑥 
+,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-(𝐶𝐶𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝐷𝐷𝑚𝑚𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏)𝐴𝐴𝑦𝑦 
+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-(𝐶𝐶𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝐷𝐷𝑚𝑚𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏)𝐵𝐵𝑦𝑦 
+,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-(𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐴𝐴𝑧𝑧      
+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-(𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐵𝐵𝑧𝑧 ( 9)   

Taking the mathematical manipulation eq.(B6) is further rewritten as 
 

𝛩𝛩 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏-𝐴𝐴𝑥𝑥𝐶𝐶𝑚𝑚𝑚𝑚 

−,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝐴𝐴𝑥𝑥𝐷𝐷𝑚𝑚𝑚𝑚 
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where 𝜏𝜏 is defined as 𝜏𝜏 = 𝑡𝑡 − 𝑡𝑡0 ;and 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 and 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 are defined , respectively as 
𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 = 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡0 and  𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 = 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂 + 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡0. Each term in Eq,(B10) consists of 
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2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 and 𝛺𝛺𝑒𝑒𝜏𝜏. We can these products to addition or subtraction of two 
sinusoidal  functions ; for an example the term 𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 at the top of  
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−,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝐴𝐴𝑥𝑥𝐷𝐷𝑚𝑚𝑚𝑚 
+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏-𝐵𝐵𝑥𝑥𝐶𝐶𝑚𝑚𝑚𝑚 
−,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝐵𝐵𝑥𝑥𝐷𝐷𝑚𝑚𝑚𝑚 
+,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝐴𝐴𝑦𝑦𝐶𝐶𝑚𝑚𝑚𝑚 
+,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏-𝐴𝐴𝑦𝑦𝐷𝐷𝑚𝑚𝑚𝑚 
+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝐵𝐵𝑦𝑦𝐶𝐶𝑚𝑚𝑚𝑚 
+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏-𝐵𝐵𝑦𝑦𝐷𝐷𝑚𝑚𝑚𝑚 

+,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-(𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐴𝐴𝑧𝑧      
+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-(𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐵𝐵𝑧𝑧+ ( 10)  

where 𝜏𝜏 is defined as 𝜏𝜏 = 𝑡𝑡 − 𝑡𝑡0 ;and 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 and 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 are defined , respectively as 
𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 = 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡0 and  𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 = 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂 + 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡0. Each term in Eq,(B10) consists of 
product of two sinusoidal functions of  a g  e  s     𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 and 𝛺𝛺𝑒𝑒𝜏𝜏  or arguments 
2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 and 𝛺𝛺𝑒𝑒𝜏𝜏. We can these products to addition or subtraction of two 
sinusoidal  functions ; for an example the term 𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 at the top of  

 

75 
 

                 +𝑟𝑟𝑒𝑒,(𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑛𝑛)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + (𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑛𝑛)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏-𝑦̂𝑦𝑒𝑒 
                                                         +𝑟𝑟𝑒𝑒,𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛-𝑧̂𝑧𝑒𝑒                                (B5) 
By defining 𝐶𝐶𝑚𝑚𝑚𝑚 and 𝐷𝐷𝑚𝑚𝑚𝑚 as 

𝐶𝐶𝑚𝑚𝑚𝑚 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑐𝑐𝑐𝑐𝑐𝑐𝜙𝜙𝑛𝑛 ,                              ( 6) 
and 

𝐷𝐷𝑚𝑚𝑚𝑚 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑚𝑚 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛿𝛿𝑛𝑛𝑠𝑠𝑠𝑠𝑠𝑠𝜙𝜙𝑛𝑛  ,                              ( 7) 
𝒓𝒓𝑚𝑚 − 𝒓𝒓𝑛𝑛 = 𝑟𝑟𝑒𝑒,𝐶𝐶𝑚𝑚𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 − 𝐷𝐷𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝑥̂𝑥𝑒𝑒  

                 +𝑟𝑟𝑒𝑒,𝐶𝐶𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝐷𝐷𝑚𝑚𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏-𝑦̂𝑦𝑒𝑒 
                                                         +𝑟𝑟𝑒𝑒,𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛-𝑧̂𝑧𝑒𝑒                                (B8) 
 
The phase 𝛩𝛩 in eq.(B1) is expressed with eq.(B5) and eq.(A12) in Appendix A, as 

𝛩𝛩 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-(𝐶𝐶𝑚𝑚𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 − 𝐷𝐷𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏)𝐴𝐴𝑥𝑥 

+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-(𝐶𝐶𝑚𝑚𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 − 𝐷𝐷𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏)𝐵𝐵𝑥𝑥 
+,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-(𝐶𝐶𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝐷𝐷𝑚𝑚𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏)𝐴𝐴𝑦𝑦 
+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-(𝐶𝐶𝑚𝑚𝑚𝑚𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝐷𝐷𝑚𝑚𝑚𝑚𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏)𝐵𝐵𝑦𝑦 
+,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-(𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐴𝐴𝑧𝑧      
+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡 + 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂)-(𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐵𝐵𝑧𝑧 ( 9)   

Taking the mathematical manipulation eq.(B6) is further rewritten as 
 

𝛩𝛩 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 *,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏-𝐴𝐴𝑥𝑥𝐶𝐶𝑚𝑚𝑚𝑚 

−,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝐴𝐴𝑥𝑥𝐷𝐷𝑚𝑚𝑚𝑚 
+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏-𝐵𝐵𝑥𝑥𝐶𝐶𝑚𝑚𝑚𝑚 
−,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝐵𝐵𝑥𝑥𝐷𝐷𝑚𝑚𝑚𝑚 
+,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝐴𝐴𝑦𝑦𝐶𝐶𝑚𝑚𝑚𝑚 
+,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏-𝐴𝐴𝑦𝑦𝐷𝐷𝑚𝑚𝑚𝑚 
+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑠𝑠𝑠𝑠𝑠𝑠𝛺𝛺𝑒𝑒𝜏𝜏-𝐵𝐵𝑦𝑦𝐶𝐶𝑚𝑚𝑚𝑚 
+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏-𝐵𝐵𝑦𝑦𝐷𝐷𝑚𝑚𝑚𝑚 

+,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-(𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐴𝐴𝑧𝑧      
+,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-(𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐵𝐵𝑧𝑧+ ( 10)  

where 𝜏𝜏 is defined as 𝜏𝜏 = 𝑡𝑡 − 𝑡𝑡0 ;and 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 and 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 are defined , respectively as 
𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 = 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡0 and  𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 = 𝜑𝜑𝑂𝑂𝑂𝑂𝑂𝑂 + 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝑡𝑡0. Each term in Eq,(B10) consists of 
product of two sinusoidal functions of  a g  e  s     𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 and 𝛺𝛺𝑒𝑒𝜏𝜏  or arguments 
2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 and 𝛺𝛺𝑒𝑒𝜏𝜏. We can these products to addition or subtraction of two 
sinusoidal  functions ; for an example the term 𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 at the top of  

where 𝜏 is defined as 𝜏=𝑡−𝑡0 ;and 𝜉𝑂𝑟𝑏 and 𝜂𝑂𝑟𝑏 are defined , respectively as 𝜉𝑂𝑟𝑏= 𝜑𝑂𝑟𝑏+𝛺𝑂𝑟𝑏𝑡0 and 𝜂𝑂𝑟𝑏=𝜑𝑂𝑟𝑏+2𝛺𝑂𝑟𝑏𝑡0. Each term in 
eq,( B 10 ) consists of product of two sinusoidal functions of arguments 𝛺𝑂𝑟𝑏𝜏+𝜉𝑂𝑟𝑏 and 𝛺𝑒𝜏 or arguments 2𝛺𝑂𝑟𝑏𝜏+𝜂𝑂𝑟𝑏 and 𝛺𝑒𝜏. We 
can make these products to addition or subtraction of two sinusoidal functions ; for an example the term 𝑐𝑜𝑠(𝛺𝑂𝑟𝑏𝜏+𝜉𝑂𝑟𝑏)𝑐𝑜𝑠𝛺𝑒𝜏 at 
the top of eq. ( 10) can be written as
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eq. ( 10) ca  be w i  e  as 
𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 =

1
2 *𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂- + 𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+.  ( 11)   

Then applying the same category of the mathematical manipulation we can rewrite 
eq.(B7) to the following form:  

𝛩𝛩 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 ⟦𝐾𝐾𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 

+𝐾𝐾𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 
                                 +𝐿𝐿𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+   
                                +𝐿𝐿𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑟𝑟𝑟𝑟 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+  

           +𝑀𝑀𝑐𝑐,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-    
                            +𝑀𝑀𝑠𝑠,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-⟧         ( 12)  

where  6 coefficients 𝐾𝐾𝑐𝑐 , 𝐾𝐾𝑠𝑠, 𝐿𝐿𝑐𝑐 ,     𝐿𝐿𝑠𝑠,𝑀𝑀𝑐𝑐 a d 𝑀𝑀𝑠𝑠  are given as follows: 
𝐾𝐾𝑐𝑐 = [(𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚] 
𝐾𝐾𝑠𝑠 = [(𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 − (𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚] 
𝐿𝐿𝑐𝑐 = [(𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 − 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚] 

    𝐿𝐿𝑠𝑠 = [(−𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚] 
𝑀𝑀𝑐𝑐 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐴𝐴𝑧𝑧                            
𝑀𝑀𝑠𝑠 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐵𝐵𝑧𝑧                                     

In eq.(B12) we see 6 pair of the cosine and sine function with angular frequency, 
𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒 , 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 ,  𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒 ,  2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒  , 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 , a d  2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒. For these pair of  
cosine and sine functions we have a sinusoidal function for each as indicated by an 
example : 

𝐾𝐾𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂- + 𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-                     
= √𝐾𝐾𝑐𝑐2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐[(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾] .                           (𝐵𝐵13)    

  
where  Ф𝐾𝐾 is given by 

Ф𝐾𝐾𝐾𝐾 = 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐾𝐾𝑠𝑠𝐾𝐾𝐶𝐶
) 

Then by rewriting eq.(B12) with newly defined 6 coefficients we have the results of 𝛩𝛩 
as 

𝛩𝛩 =∑𝛩𝛩𝑖𝑖
6

𝑖𝑖=1
 .                                                             (𝐵𝐵14) 

where 𝛩𝛩𝑖𝑖 for i from 1 to 6 are given by 

𝛩𝛩1 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾1       (𝐵𝐵14− 1) 

Then applying the same category of the mathematical manipulation we can rewrite eq.( B 7) to the following form:
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eq. ( 10) ca  be w i  e  as 
𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 =

1
2 *𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂- + 𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+.  ( 11)   

Then applying the same category of the mathematical manipulation we can rewrite 
eq.(B7) to the following form:  

𝛩𝛩 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 ⟦𝐾𝐾𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 

+𝐾𝐾𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 
                                 +𝐿𝐿𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+   
                                +𝐿𝐿𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑟𝑟𝑟𝑟 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+  

           +𝑀𝑀𝑐𝑐,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-    
                            +𝑀𝑀𝑠𝑠,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-⟧         ( 12)  

where  6 coefficients 𝐾𝐾𝑐𝑐 , 𝐾𝐾𝑠𝑠, 𝐿𝐿𝑐𝑐 ,     𝐿𝐿𝑠𝑠,𝑀𝑀𝑐𝑐 a d 𝑀𝑀𝑠𝑠  are given as follows: 
𝐾𝐾𝑐𝑐 = [(𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚] 
𝐾𝐾𝑠𝑠 = [(𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 − (𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚] 
𝐿𝐿𝑐𝑐 = [(𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 − 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚] 

    𝐿𝐿𝑠𝑠 = [(−𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚] 
𝑀𝑀𝑐𝑐 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐴𝐴𝑧𝑧                            
𝑀𝑀𝑠𝑠 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐵𝐵𝑧𝑧                                     

In eq.(B12) we see 6 pair of the cosine and sine function with angular frequency, 
𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒 , 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 ,  𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒 ,  2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒  , 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 , a d  2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒. For these pair of  
cosine and sine functions we have a sinusoidal function for each as indicated by an 
example : 

𝐾𝐾𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂- + 𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-                     
= √𝐾𝐾𝑐𝑐2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐[(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾] .                           (𝐵𝐵13)    

  
where  Ф𝐾𝐾 is given by 

Ф𝐾𝐾𝐾𝐾 = 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐾𝐾𝑠𝑠𝐾𝐾𝐶𝐶
) 

Then by rewriting eq.(B12) with newly defined 6 coefficients we have the results of 𝛩𝛩 
as 

𝛩𝛩 =∑𝛩𝛩𝑖𝑖
6

𝑖𝑖=1
 .                                                             (𝐵𝐵14) 

where 𝛩𝛩𝑖𝑖 for i from 1 to 6 are given by 

𝛩𝛩1 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾1       (𝐵𝐵14− 1) 
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eq. ( 10) ca  be w i  e  as 
𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 =

1
2 *𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂- + 𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+.  ( 11)   

Then applying the same category of the mathematical manipulation we can rewrite 
eq.(B7) to the following form:  

𝛩𝛩 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 ⟦𝐾𝐾𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 

+𝐾𝐾𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 
                                 +𝐿𝐿𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+   
                                +𝐿𝐿𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑟𝑟𝑟𝑟 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+  

           +𝑀𝑀𝑐𝑐,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-    
                            +𝑀𝑀𝑠𝑠,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-⟧         ( 12)  

where  6 coefficients 𝐾𝐾𝑐𝑐 , 𝐾𝐾𝑠𝑠, 𝐿𝐿𝑐𝑐 ,     𝐿𝐿𝑠𝑠,𝑀𝑀𝑐𝑐 a d 𝑀𝑀𝑠𝑠  are given as follows: 
𝐾𝐾𝑐𝑐 = [(𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚] 
𝐾𝐾𝑠𝑠 = [(𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 − (𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚] 
𝐿𝐿𝑐𝑐 = [(𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 − 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚] 

    𝐿𝐿𝑠𝑠 = [(−𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚] 
𝑀𝑀𝑐𝑐 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐴𝐴𝑧𝑧                            
𝑀𝑀𝑠𝑠 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐵𝐵𝑧𝑧                                     

In eq.(B12) we see 6 pair of the cosine and sine function with angular frequency, 
𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒 , 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 ,  𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒 ,  2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒  , 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 , a d  2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒. For these pair of  
cosine and sine functions we have a sinusoidal function for each as indicated by an 
example : 

𝐾𝐾𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂- + 𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-                     
= √𝐾𝐾𝑐𝑐2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐[(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾] .                           (𝐵𝐵13)    

  
where  Ф𝐾𝐾 is given by 

Ф𝐾𝐾𝐾𝐾 = 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐾𝐾𝑠𝑠𝐾𝐾𝐶𝐶
) 

Then by rewriting eq.(B12) with newly defined 6 coefficients we have the results of 𝛩𝛩 
as 

𝛩𝛩 =∑𝛩𝛩𝑖𝑖
6

𝑖𝑖=1
 .                                                             (𝐵𝐵14) 

where 𝛩𝛩𝑖𝑖 for i from 1 to 6 are given by 

𝛩𝛩1 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾1       (𝐵𝐵14− 1) 

 

76 
 

eq. ( 10) ca  be w i  e  as 
𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 =

1
2 *𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂- + 𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+.  ( 11)   

Then applying the same category of the mathematical manipulation we can rewrite 
eq.(B7) to the following form:  

𝛩𝛩 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 ⟦𝐾𝐾𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 

+𝐾𝐾𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 
                                 +𝐿𝐿𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+   
                                +𝐿𝐿𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑟𝑟𝑟𝑟 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+  

           +𝑀𝑀𝑐𝑐,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-    
                            +𝑀𝑀𝑠𝑠,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-⟧         ( 12)  

where  6 coefficients 𝐾𝐾𝑐𝑐 , 𝐾𝐾𝑠𝑠, 𝐿𝐿𝑐𝑐 ,     𝐿𝐿𝑠𝑠,𝑀𝑀𝑐𝑐 a d 𝑀𝑀𝑠𝑠  are given as follows: 
𝐾𝐾𝑐𝑐 = [(𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚] 
𝐾𝐾𝑠𝑠 = [(𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 − (𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚] 
𝐿𝐿𝑐𝑐 = [(𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 − 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚] 

    𝐿𝐿𝑠𝑠 = [(−𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚] 
𝑀𝑀𝑐𝑐 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐴𝐴𝑧𝑧                            
𝑀𝑀𝑠𝑠 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐵𝐵𝑧𝑧                                     

In eq.(B12) we see 6 pair of the cosine and sine function with angular frequency, 
𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒 , 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 ,  𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒 ,  2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒  , 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 , a d  2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒. For these pair of  
cosine and sine functions we have a sinusoidal function for each as indicated by an 
example : 

𝐾𝐾𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂- + 𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-                     
= √𝐾𝐾𝑐𝑐2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐[(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾] .                           (𝐵𝐵13)    

  
where  Ф𝐾𝐾 is given by 

Ф𝐾𝐾𝐾𝐾 = 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐾𝐾𝑠𝑠𝐾𝐾𝐶𝐶
) 

Then by rewriting eq.(B12) with newly defined 6 coefficients we have the results of 𝛩𝛩 
as 

𝛩𝛩 =∑𝛩𝛩𝑖𝑖
6

𝑖𝑖=1
 .                                                             (𝐵𝐵14) 

where 𝛩𝛩𝑖𝑖 for i from 1 to 6 are given by 

𝛩𝛩1 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾1       (𝐵𝐵14− 1) 

 

76 
 

eq. ( 10) ca  be w i  e  as 
𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 =

1
2 *𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂- + 𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+.  ( 11)   

Then applying the same category of the mathematical manipulation we can rewrite 
eq.(B7) to the following form:  

𝛩𝛩 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 ⟦𝐾𝐾𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 

+𝐾𝐾𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 
                                 +𝐿𝐿𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+   
                                +𝐿𝐿𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑟𝑟𝑟𝑟 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+  

           +𝑀𝑀𝑐𝑐,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-    
                            +𝑀𝑀𝑠𝑠,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-⟧         ( 12)  

where  6 coefficients 𝐾𝐾𝑐𝑐 , 𝐾𝐾𝑠𝑠, 𝐿𝐿𝑐𝑐 ,     𝐿𝐿𝑠𝑠,𝑀𝑀𝑐𝑐 a d 𝑀𝑀𝑠𝑠  are given as follows: 
𝐾𝐾𝑐𝑐 = [(𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚] 
𝐾𝐾𝑠𝑠 = [(𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 − (𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚] 
𝐿𝐿𝑐𝑐 = [(𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 − 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚] 

    𝐿𝐿𝑠𝑠 = [(−𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚] 
𝑀𝑀𝑐𝑐 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐴𝐴𝑧𝑧                            
𝑀𝑀𝑠𝑠 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐵𝐵𝑧𝑧                                     

In eq.(B12) we see 6 pair of the cosine and sine function with angular frequency, 
𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒 , 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 ,  𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒 ,  2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒  , 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 , a d  2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒. For these pair of  
cosine and sine functions we have a sinusoidal function for each as indicated by an 
example : 

𝐾𝐾𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂- + 𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-                     
= √𝐾𝐾𝑐𝑐2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐[(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾] .                           (𝐵𝐵13)    

  
where  Ф𝐾𝐾 is given by 

Ф𝐾𝐾𝐾𝐾 = 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐾𝐾𝑠𝑠𝐾𝐾𝐶𝐶
) 

Then by rewriting eq.(B12) with newly defined 6 coefficients we have the results of 𝛩𝛩 
as 

𝛩𝛩 =∑𝛩𝛩𝑖𝑖
6

𝑖𝑖=1
 .                                                             (𝐵𝐵14) 

where 𝛩𝛩𝑖𝑖 for i from 1 to 6 are given by 

𝛩𝛩1 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾1       (𝐵𝐵14− 1) 
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eq. ( 10) ca  be w i  e  as 
𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 =

1
2 *𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂- + 𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+.  ( 11)   

Then applying the same category of the mathematical manipulation we can rewrite 
eq.(B7) to the following form:  

𝛩𝛩 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 ⟦𝐾𝐾𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 

+𝐾𝐾𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 
                                 +𝐿𝐿𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+   
                                +𝐿𝐿𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑟𝑟𝑟𝑟 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+  

           +𝑀𝑀𝑐𝑐,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-    
                            +𝑀𝑀𝑠𝑠,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-⟧         ( 12)  

where  6 coefficients 𝐾𝐾𝑐𝑐 , 𝐾𝐾𝑠𝑠, 𝐿𝐿𝑐𝑐 ,     𝐿𝐿𝑠𝑠,𝑀𝑀𝑐𝑐 a d 𝑀𝑀𝑠𝑠  are given as follows: 
𝐾𝐾𝑐𝑐 = [(𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚] 
𝐾𝐾𝑠𝑠 = [(𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 − (𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚] 
𝐿𝐿𝑐𝑐 = [(𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 − 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚] 

    𝐿𝐿𝑠𝑠 = [(−𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚] 
𝑀𝑀𝑐𝑐 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐴𝐴𝑧𝑧                            
𝑀𝑀𝑠𝑠 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐵𝐵𝑧𝑧                                     

In eq.(B12) we see 6 pair of the cosine and sine function with angular frequency, 
𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒 , 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 ,  𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒 ,  2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒  , 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 , a d  2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒. For these pair of  
cosine and sine functions we have a sinusoidal function for each as indicated by an 
example : 

𝐾𝐾𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂- + 𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-                     
= √𝐾𝐾𝑐𝑐2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐[(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾] .                           (𝐵𝐵13)    

  
where  Ф𝐾𝐾 is given by 

Ф𝐾𝐾𝐾𝐾 = 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐾𝐾𝑠𝑠𝐾𝐾𝐶𝐶
) 

Then by rewriting eq.(B12) with newly defined 6 coefficients we have the results of 𝛩𝛩 
as 

𝛩𝛩 =∑𝛩𝛩𝑖𝑖
6

𝑖𝑖=1
 .                                                             (𝐵𝐵14) 

where 𝛩𝛩𝑖𝑖 for i from 1 to 6 are given by 

𝛩𝛩1 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾1       (𝐵𝐵14− 1) 

In eq.( B 12 ) we see 6 pair of the cosine and sine function with angular frequency, 𝛺𝑂𝑟𝑏−𝛺𝑒 ,𝛺𝑂𝑟𝑏 , 𝛺𝑂𝑟𝑏+𝛺𝑒, 2𝛺𝑂𝑟𝑏−𝛺𝑒 ,2𝛺𝑂𝑟𝑏 ,and 
2𝛺𝑂𝑟𝑏+𝛺𝑒. For these pair of cosine and sine functions we have a sinusoidal function for each as indicated by an example :

where Ф𝐾 is given by

Then by rewriting eq.( B 12 ) with newly defined 6 coefficients we have the results of 𝛩 as

where 𝛩𝑖 for i from 1 to 6 are given by

 

76 
 

eq. ( 10) ca  be w i  e  as 
𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂)𝑐𝑐𝑐𝑐𝑐𝑐𝛺𝛺𝑒𝑒𝜏𝜏 =

1
2 *𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂- + 𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+.  ( 11)   

Then applying the same category of the mathematical manipulation we can rewrite 
eq.(B7) to the following form:  

𝛩𝛩 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 ⟦𝐾𝐾𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 

+𝐾𝐾𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+ 
                                 +𝐿𝐿𝑐𝑐*𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐,(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+   
                                +𝐿𝐿𝑠𝑠*𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-+𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠,(2𝛺𝛺𝑂𝑂𝑟𝑟𝑟𝑟 − 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂-+  

           +𝑀𝑀𝑐𝑐,𝑐𝑐𝑐𝑐𝑐𝑐(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑐𝑐𝑐𝑐𝑐𝑐(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-    
                            +𝑀𝑀𝑠𝑠,𝑠𝑠𝑠𝑠𝑠𝑠(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂) + 𝜅𝜅𝑟𝑟𝑠𝑠𝑠𝑠𝑠𝑠(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 + 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂)-⟧         ( 12)  

where  6 coefficients 𝐾𝐾𝑐𝑐 , 𝐾𝐾𝑠𝑠, 𝐿𝐿𝑐𝑐 ,     𝐿𝐿𝑠𝑠,𝑀𝑀𝑐𝑐 a d 𝑀𝑀𝑠𝑠  are given as follows: 
𝐾𝐾𝑐𝑐 = [(𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚] 
𝐾𝐾𝑠𝑠 = [(𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 − (𝐴𝐴𝑥𝑥 − 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚] 
𝐿𝐿𝑐𝑐 = [(𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑦𝑦 − 𝐵𝐵𝑥𝑥)𝐷𝐷𝑚𝑚𝑚𝑚] 

    𝐿𝐿𝑠𝑠 = [(−𝐴𝐴𝑦𝑦 + 𝐵𝐵𝑥𝑥)𝐶𝐶𝑚𝑚𝑚𝑚 + (𝐴𝐴𝑥𝑥 + 𝐵𝐵𝑦𝑦)𝐷𝐷𝑚𝑚𝑚𝑚] 
𝑀𝑀𝑐𝑐 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐴𝐴𝑧𝑧                            
𝑀𝑀𝑠𝑠 = (𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑚𝑚 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛿𝛿𝑛𝑛)𝐵𝐵𝑧𝑧                                     

In eq.(B12) we see 6 pair of the cosine and sine function with angular frequency, 
𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒 , 𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 ,  𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒 ,  2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒  , 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 , a d  2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒. For these pair of  
cosine and sine functions we have a sinusoidal function for each as indicated by an 
example : 

𝐾𝐾𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂- + 𝐾𝐾𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠,(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 + 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂-                     
= √𝐾𝐾𝑐𝑐2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐[(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾] .                           (𝐵𝐵13)    

  
where  Ф𝐾𝐾 is given by 

Ф𝐾𝐾𝐾𝐾 = 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐾𝐾𝑠𝑠𝐾𝐾𝐶𝐶
) 

Then by rewriting eq.(B12) with newly defined 6 coefficients we have the results of 𝛩𝛩 
as 

𝛩𝛩 =∑𝛩𝛩𝑖𝑖
6

𝑖𝑖=1
 .                                                             (𝐵𝐵14) 

where 𝛩𝛩𝑖𝑖 for i from 1 to 6 are given by 

𝛩𝛩1 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾1       (𝐵𝐵14− 1) 
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𝛩𝛩2 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝑀𝑀𝑐𝑐2 +𝑀𝑀𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 +Ф𝑀𝑀𝑀𝑀1                   (𝐸𝐸14− 2) 

𝛩𝛩3 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐿𝐿𝑐𝑐

2 + 𝐿𝐿𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐿𝐿𝐿𝐿1       (𝐵𝐵14− 3) 

         𝛩𝛩4 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 𝜅𝜅𝑟𝑟√𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾1       (𝐵𝐵14− 4) 

          𝛩𝛩5 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 𝜅𝜅𝑟𝑟√𝑀𝑀𝑐𝑐2 +𝑀𝑀𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 02𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 +Ф𝑀𝑀𝑀𝑀1                   (𝐵𝐵14− 5) 

       𝛩𝛩6 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 𝜅𝜅𝑟𝑟√𝐿𝐿𝑐𝑐

2 + 𝐿𝐿𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐿𝐿𝐿𝐿1       (𝐵𝐵14− 6) 

with  Ф𝐾𝐾𝐾𝐾  ,Ф𝑀𝑀𝑀𝑀 ,Ф𝐿𝐿𝐿𝐿 ,Ф𝐾𝐾𝐾𝐾  ,Ф𝑀𝑀𝑀𝑀 , a d Ф𝐿𝐿𝐿𝐿 which are given below: 

Ф𝐾𝐾𝐾𝐾 = 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐾𝐾𝑠𝑠𝐾𝐾𝐶𝐶
)  .                                         (𝐵𝐵14− 7) 

Ф𝑀𝑀𝑀𝑀 = 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝑀𝑀𝑠𝑠
𝑀𝑀𝐶𝐶

)  .                                         (𝐵𝐵14− 8) 

Ф𝐿𝐿𝐿𝐿 = 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐿𝐿𝑠𝑠𝐿𝐿𝐶𝐶
)  .                                         (𝐵𝐵14− 9) 

Ф𝐾𝐾𝐾𝐾 = 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐾𝐾𝑠𝑠𝐾𝐾𝐶𝐶
)  .                                         (𝐵𝐵14− 10) 

Ф𝑀𝑀𝑀𝑀 = 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝑀𝑀𝑠𝑠
𝑀𝑀𝐶𝐶

)  .                                         (𝐵𝐵14− 11) 

and 

Ф𝐿𝐿𝐿𝐿 = 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐿𝐿𝑠𝑠𝐿𝐿𝐶𝐶
)  .                                         (𝐵𝐵14− 12) 

With these angles defined from eq.( B-1) to eq.(B14-6) then we can find time 
dependence of the phase part of the visibility, considering  eq.(B14), as   

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑐𝑐𝑐𝑐𝑐𝑐(𝛩𝛩1 + 𝛩𝛩2 + 𝛩𝛩3 + 𝛩𝛩4 + 𝛩𝛩5 + 𝛩𝛩6)           (𝐵𝐵15)         
By defining angle 𝛩𝛩1𝑘𝑘 = ∑ 𝛩𝛩𝑖𝑖𝑘𝑘

𝑖𝑖=1  we have the following iteration relation, as 
 

c s𝛩𝛩12 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1                 (𝐵𝐵16− 1𝐶𝐶) 
si 𝛩𝛩12 = 𝑠𝑠𝑖𝑖𝑖𝑖𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2                 (𝐵𝐵16− 1𝑆𝑆) 

                           …………………………………… 
c s𝛩𝛩1𝑘𝑘+1 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩𝑘𝑘+1 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑘𝑘𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩𝑘𝑘+1                 (𝐵𝐵16− 𝑘𝑘𝑘𝑘) 
si 𝛩𝛩1𝑘𝑘+1 = 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩𝑘𝑘+1 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑘𝑘𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩𝑘𝑘+1                 (𝐵𝐵16− 𝑘𝑘𝑘𝑘) 

                        …………………………………… 

η ηMη
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𝛩𝛩2 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝑀𝑀𝑐𝑐2 +𝑀𝑀𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 +Ф𝑀𝑀𝑀𝑀1                   (𝐸𝐸14− 2) 

𝛩𝛩3 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐿𝐿𝑐𝑐

2 + 𝐿𝐿𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐿𝐿𝐿𝐿1       (𝐵𝐵14− 3) 

         𝛩𝛩4 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 𝜅𝜅𝑟𝑟√𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾1       (𝐵𝐵14− 4) 

          𝛩𝛩5 = 2𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 𝜅𝜅𝑟𝑟√𝑀𝑀𝑐𝑐2 +𝑀𝑀𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 02𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂𝜏𝜏 +Ф𝑀𝑀𝑀𝑀1                   (𝐵𝐵14− 5) 

       𝛩𝛩6 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 𝜅𝜅𝑟𝑟√𝐿𝐿𝑐𝑐

2 + 𝐿𝐿𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐿𝐿𝐿𝐿1       (𝐵𝐵14− 6) 

with  Ф𝐾𝐾𝐾𝐾  ,Ф𝑀𝑀𝑀𝑀 ,Ф𝐿𝐿𝐿𝐿 ,Ф𝐾𝐾𝐾𝐾  ,Ф𝑀𝑀𝑀𝑀 , a d Ф𝐿𝐿𝐿𝐿 which are given below: 

Ф𝐾𝐾𝐾𝐾 = 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐾𝐾𝑠𝑠𝐾𝐾𝐶𝐶
)  .                                         (𝐵𝐵14− 7) 

Ф𝑀𝑀𝑀𝑀 = 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝑀𝑀𝑠𝑠
𝑀𝑀𝐶𝐶

)  .                                         (𝐵𝐵14− 8) 

Ф𝐿𝐿𝐿𝐿 = 𝜉𝜉𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐿𝐿𝑠𝑠𝐿𝐿𝐶𝐶
)  .                                         (𝐵𝐵14− 9) 

Ф𝐾𝐾𝐾𝐾 = 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐾𝐾𝑠𝑠𝐾𝐾𝐶𝐶
)  .                                         (𝐵𝐵14− 10) 

Ф𝑀𝑀𝑀𝑀 = 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝑀𝑀𝑠𝑠
𝑀𝑀𝐶𝐶

)  .                                         (𝐵𝐵14− 11) 

and 

Ф𝐿𝐿𝐿𝐿 = 𝜂𝜂𝑂𝑂𝑂𝑂𝑂𝑂 − 𝑡𝑡𝑡𝑡𝑡𝑡−1 (𝐿𝐿𝑠𝑠𝐿𝐿𝐶𝐶
)  .                                         (𝐵𝐵14− 12) 

With these angles defined from eq.( B-1) to eq.(B14-6) then we can find time 
dependence of the phase part of the visibility, considering  eq.(B14), as   

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 = 𝑐𝑐𝑐𝑐𝑐𝑐(𝛩𝛩1 + 𝛩𝛩2 + 𝛩𝛩3 + 𝛩𝛩4 + 𝛩𝛩5 + 𝛩𝛩6)           (𝐵𝐵15)         
By defining angle 𝛩𝛩1𝑘𝑘 = ∑ 𝛩𝛩𝑖𝑖𝑘𝑘

𝑖𝑖=1  we have the following iteration relation, as 
 

c s𝛩𝛩12 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1                 (𝐵𝐵16− 1𝐶𝐶) 
si 𝛩𝛩12 = 𝑠𝑠𝑖𝑖𝑖𝑖𝛩𝛩2𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩2𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩2                 (𝐵𝐵16− 1𝑆𝑆) 

                           …………………………………… 
c s𝛩𝛩1𝑘𝑘+1 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩𝑘𝑘+1 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑘𝑘𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩𝑘𝑘+1                 (𝐵𝐵16− 𝑘𝑘𝑘𝑘) 
si 𝛩𝛩1𝑘𝑘+1 = 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑘𝑘𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩𝑘𝑘+1 − 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩1𝑘𝑘𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩𝑘𝑘+1                 (𝐵𝐵16− 𝑘𝑘𝑘𝑘) 

                        …………………………………… 
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c s𝛩𝛩16 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩15𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑘𝑘𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6                 (𝐵𝐵16− 6𝐶𝐶) 
Usi g this relati   the  we have relati   that c  sists  f i dividual  𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩𝑘𝑘  a d 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩𝑘𝑘 
(k=1~6)  as give  i  eq.(36) i  mai  text. 
              

As an example, first, we rewrite  cos𝛩𝛩1 , that is given by  eq.(B14-1);  that is 

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐1 = 𝑐𝑐𝑐𝑐𝑐𝑐 8𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾19  .        ( 17) 

 .         
By setting  

𝜁𝜁1 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2 ,                                 ( 17− 1) 

and   

𝜇𝜇1 = (𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾   ,                           ( 17− 2) 

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐1  given by  eq.(E13) is rewritten using the Bessel functions as 
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐1 = c s(𝜁𝜁1𝑐𝑐𝑐𝑐𝑐𝑐𝜇𝜇1) = 𝐽𝐽0(𝜁𝜁1)− 2𝐽𝐽2(𝜁𝜁1)𝑐𝑐𝑐𝑐𝑐𝑐2𝜇𝜇1 + 2𝐽𝐽4(𝜁𝜁1)𝑐𝑐𝑐𝑐𝑐𝑐4𝜇𝜇1 −⋯⋯ ( 18) 

When we apply the similar expression for 𝛩𝛩𝑖𝑖 given by eqs.(B14-1)  to (B14-6) as 
𝛩𝛩𝑖𝑖 = 𝜁𝜁𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝜇𝜇𝑖𝑖 ,                                       ( 19) 

all member terms in eq.(B15) are expressed by combinations of 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖  and 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑖𝑖 as 
given in main text are expressed as 

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖 = c s(𝜁𝜁𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝜇𝜇𝑖𝑖) = 𝐽𝐽0(𝜁𝜁𝑖𝑖)− 2𝐽𝐽2(𝜁𝜁𝑖𝑖)𝑐𝑐𝑐𝑐𝑐𝑐2𝜇𝜇𝑖𝑖 + 2𝐽𝐽4(𝜁𝜁𝑖𝑖)𝑐𝑐𝑐𝑐𝑐𝑐4𝜇𝜇𝑖𝑖 − ⋯⋯ ( 20) 
and 

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑖𝑖 = si (𝜁𝜁𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝜇𝜇𝑖𝑖) = 2𝐽𝐽1(𝜁𝜁𝑖𝑖)𝑐𝑐𝑐𝑐𝑐𝑐𝜇𝜇𝑖𝑖 − 2𝐽𝐽3(𝜁𝜁𝑖𝑖)𝑐𝑐𝑐𝑐𝑐𝑐3𝜇𝜇𝑖𝑖 +⋯⋯                     ( 21) 
Looking eq.(B12) together with eqs,(B20) and (B21) we recognize that the time 
variation of the phase part of the visibility Model of EHT VLBI extremely complicated 
subjects where the six basic time varying components  with angular frequencies of  
𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒 , 𝛺𝛺𝑂𝑂𝑟𝑟𝑏𝑏 ,  𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒 ,  2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒  , 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 , a d  2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒 produce higher 
harmonics ( shorter periods phenomena) and mutually coupled each other. 
 
AAppppeennddiixx  CC  
 Corresponding four equation from eqs.(45) to (48)  in main text , we rewrite the 
arguments as 

𝑢𝑢 = 𝛼𝛼𝑁𝑁𝑆𝑆𝑁𝑁  .                                                         (C1) 
and 

𝑣𝑣 = 𝛼𝛼𝑁𝑁𝑆𝑆𝑆𝑆                                                            (C2) 
Considering eq.(48) in main text, eq.(45)  is expressed by 

+
+

,

  (B13) is

Looking eq.( B 12) together with eqs,( B 20 ) and B 2 1 ) we recognize that the time variation of the phase part of 
the visibility Model of EHT VLBI is extremely complicated subjects where the six basic time varying components 
with angular frequencies of

,

+

B
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c s𝛩𝛩16 = 𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩15𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩6 − 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩1𝑘𝑘𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩6                 (𝐵𝐵16− 6𝐶𝐶) 
Usi g this relati   the  we have relati   that c  sists  f i dividual  𝑐𝑐𝑐𝑐𝑐𝑐𝛩𝛩𝑘𝑘  a d 𝑠𝑠𝑠𝑠𝑠𝑠𝛩𝛩𝑘𝑘 
(k=1~6)  as give  i  eq.(36) i  mai  text. 
              

As an example, first, we rewrite  cos𝛩𝛩1 , that is given by  eq.(B14-1);  that is 

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐1 = 𝑐𝑐𝑐𝑐𝑐𝑐 8𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2𝑐𝑐𝑐𝑐𝑐𝑐 0(𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾19  .        ( 17) 

 .         
By setting  

𝜁𝜁1 = 𝜋𝜋 𝐿𝐿𝑂𝑂𝑂𝑂𝑂𝑂𝐿𝐿𝑆𝑆𝑆𝑆
∙ 𝑟𝑟𝑒𝑒𝜆𝜆 √𝐾𝐾𝑐𝑐

2 + 𝐾𝐾𝑠𝑠2 ,                                 ( 17− 1) 

and   

𝜇𝜇1 = (𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒)𝜏𝜏 +Ф𝐾𝐾𝐾𝐾   ,                           ( 17− 2) 

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐1  given by  eq.(E13) is rewritten using the Bessel functions as 
𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐1 = c s(𝜁𝜁1𝑐𝑐𝑐𝑐𝑐𝑐𝜇𝜇1) = 𝐽𝐽0(𝜁𝜁1)− 2𝐽𝐽2(𝜁𝜁1)𝑐𝑐𝑐𝑐𝑐𝑐2𝜇𝜇1 + 2𝐽𝐽4(𝜁𝜁1)𝑐𝑐𝑐𝑐𝑐𝑐4𝜇𝜇1 −⋯⋯ ( 18) 

When we apply the similar expression for 𝛩𝛩𝑖𝑖 given by eqs.(B14-1)  to (B14-6) as 
𝛩𝛩𝑖𝑖 = 𝜁𝜁𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝜇𝜇𝑖𝑖 ,                                       ( 19) 

all member terms in eq.(B15) are expressed by combinations of 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖  and 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑖𝑖 as 
given in main text are expressed as 

𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑖𝑖 = c s(𝜁𝜁𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝜇𝜇𝑖𝑖) = 𝐽𝐽0(𝜁𝜁𝑖𝑖)− 2𝐽𝐽2(𝜁𝜁𝑖𝑖)𝑐𝑐𝑐𝑐𝑐𝑐2𝜇𝜇𝑖𝑖 + 2𝐽𝐽4(𝜁𝜁𝑖𝑖)𝑐𝑐𝑐𝑐𝑐𝑐4𝜇𝜇𝑖𝑖 − ⋯⋯ ( 20) 
and 

𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑖𝑖 = si (𝜁𝜁𝑖𝑖𝑐𝑐𝑐𝑐𝑐𝑐𝜇𝜇𝑖𝑖) = 2𝐽𝐽1(𝜁𝜁𝑖𝑖)𝑐𝑐𝑐𝑐𝑐𝑐𝜇𝜇𝑖𝑖 − 2𝐽𝐽3(𝜁𝜁𝑖𝑖)𝑐𝑐𝑐𝑐𝑐𝑐3𝜇𝜇𝑖𝑖 +⋯⋯                     ( 21) 
Looking eq.(B12) together with eqs,(B20) and (B21) we recognize that the time 
variation of the phase part of the visibility Model of EHT VLBI extremely complicated 
subjects where the six basic time varying components  with angular frequencies of  
𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒 , 𝛺𝛺𝑂𝑂𝑟𝑟𝑏𝑏 ,  𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒 ,  2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 − 𝛺𝛺𝑒𝑒  , 2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 , a d  2𝛺𝛺𝑂𝑂𝑂𝑂𝑂𝑂 + 𝛺𝛺𝑒𝑒 produce higher 
harmonics ( shorter periods phenomena) and mutually coupled each other. 
 
AAppppeennddiixx  CC  
 Corresponding four equation from eqs.(45) to (48)  in main text , we rewrite the 
arguments as 

𝑢𝑢 = 𝛼𝛼𝑁𝑁𝑆𝑆𝑁𝑁  .                                                         (C1) 
and 

𝑣𝑣 = 𝛼𝛼𝑁𝑁𝑆𝑆𝑆𝑆                                                            (C2) 
Considering eq.(48) in main text, eq.(45)  is expressed by 

 

79 
 

𝑢𝑢 + 𝜅𝜅𝑒𝑒𝑣𝑣 = 0.35 ,                                   (C3) 
 Further, eqs. (46) and (47)   are rewritten by 

𝑥𝑥𝑥𝑥 + 𝑣𝑣 = 7(𝑢𝑢 + 𝑣𝑣),                              (C4)        
and 

𝑥𝑥𝑥𝑥 + 𝜅𝜅𝑒𝑒𝑣𝑣 = 0.74  .                                        (C5)  
The signal to noise ratio 𝑅𝑅𝑠𝑠𝑠𝑠 in the case of AZ-SP baseline observation is then given 

by 

𝑅𝑅𝑠𝑠𝑠𝑠 =
𝜅𝜅𝑒𝑒𝑣𝑣
𝑢𝑢   .                                     (C6) 

Then by subtracting eq.(C4) from eq.(C5) in each side of the equation we arrive at a set 
of linear equations for two unknown quantities  𝑢𝑢 a d 𝑣𝑣. That is, 

𝑢𝑢 + 𝜅𝜅𝑒𝑒𝑣𝑣 = 0.35                                                           
7𝑢𝑢 + (𝜅𝜅𝑒𝑒 + 6)𝑣𝑣 = 0.74 .                                        (C7)        

  
Then we have solutions 

𝑢𝑢 = 0.065 ∙ 𝜅𝜅𝑒𝑒 − 0.35
(𝜅𝜅𝑒𝑒 − 1)   ,             (C8)           

and 

𝑣𝑣 = 0.285 ∙ 𝜅𝜅𝑒𝑒
(𝜅𝜅𝑒𝑒 − 1)   .             (C9)       

From eq.(C5) then x is obtained as 

𝑥𝑥 = 0.74− 𝜅𝜅𝑒𝑒𝑣𝑣
𝑢𝑢   .                                        (C10)  

The signal to noise ratio RJc for the case of the AZ-JC baseline observation is estimated 
as 

𝑅𝑅𝐽𝐽𝐽𝐽 =
𝜅𝜅𝑒𝑒𝑣𝑣
𝑥𝑥𝑥𝑥  = 𝜅𝜅𝑒𝑒𝑣𝑣

0.74− 𝜅𝜅𝑒𝑒𝑣𝑣
 .                                     (C11) 

 
 
  AAppppeennddiixx  DD  
We repeat the core part of MDFT for EHT-Data given by eq.(62) in main text, as 

|𝐷𝐷(𝜔𝜔)|
|𝑆𝑆(𝜔𝜔)| =

|𝑃𝑃𝑠𝑠(𝜔𝜔) ∗ 𝑆𝑆(𝜔𝜔)|
|𝐷𝐷𝑛𝑛(𝜔𝜔)| 𝑁𝑁𝐿𝐿⁄ + A(ω)+𝑁𝑁𝐿𝐿 .                     (𝐷𝐷1) 

where  
A(ω) = *|𝑃𝑃𝑠𝑠(𝜔𝜔) ∗ 𝑆𝑆(𝜔𝜔) + 𝑁𝑁𝐿𝐿𝑆𝑆(𝜔𝜔)|− (|𝑃𝑃𝑠𝑠(𝜔𝜔) ∗ 𝑆𝑆(𝜔𝜔)| + 𝑁𝑁𝐿𝐿|𝑆𝑆(𝜔𝜔)|)+ |𝑆𝑆(𝜔𝜔)|⁄  

                                                                                                        (D2) 

Corresponding four equations from eqs.(45) to (48) in main text, we rewrite the arguments as

,
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𝑢𝑢 + 𝜅𝜅𝑒𝑒𝑣𝑣 = 0.35 ,                                   (C3) 
 Further, eqs. (46) and (47)   are rewritten by 

𝑥𝑥𝑥𝑥 + 𝑣𝑣 = 7(𝑢𝑢 + 𝑣𝑣),                              (C4)        
and 

𝑥𝑥𝑥𝑥 + 𝜅𝜅𝑒𝑒𝑣𝑣 = 0.74  .                                        (C5)  
The signal to noise ratio 𝑅𝑅𝑠𝑠𝑠𝑠 in the case of AZ-SP baseline observation is then given 

by 

𝑅𝑅𝑠𝑠𝑠𝑠 =
𝜅𝜅𝑒𝑒𝑣𝑣
𝑢𝑢   .                                     (C6) 

Then by subtracting eq.(C4) from eq.(C5) in each side of the equation we arrive at a set 
of linear equations for two unknown quantities  𝑢𝑢 a d 𝑣𝑣. That is, 

𝑢𝑢 + 𝜅𝜅𝑒𝑒𝑣𝑣 = 0.35                                                           
7𝑢𝑢 + (𝜅𝜅𝑒𝑒 + 6)𝑣𝑣 = 0.74 .                                        (C7)        

  
Then we have solutions 

𝑢𝑢 = 0.065 ∙ 𝜅𝜅𝑒𝑒 − 0.35
(𝜅𝜅𝑒𝑒 − 1)   ,             (C8)           

and 

𝑣𝑣 = 0.285 ∙ 𝜅𝜅𝑒𝑒
(𝜅𝜅𝑒𝑒 − 1)   .             (C9)       

From eq.(C5) then x is obtained as 

𝑥𝑥 = 0.74− 𝜅𝜅𝑒𝑒𝑣𝑣
𝑢𝑢   .                                        (C10)  

The signal to noise ratio RJc for the case of the AZ-JC baseline observation is estimated 
as 

𝑅𝑅𝐽𝐽𝐽𝐽 =
𝜅𝜅𝑒𝑒𝑣𝑣
𝑥𝑥𝑥𝑥  = 𝜅𝜅𝑒𝑒𝑣𝑣

0.74− 𝜅𝜅𝑒𝑒𝑣𝑣
 .                                     (C11) 

 
 
  AAppppeennddiixx  DD  
We repeat the core part of MDFT for EHT-Data given by eq.(62) in main text, as 

|𝐷𝐷(𝜔𝜔)|
|𝑆𝑆(𝜔𝜔)| =

|𝑃𝑃𝑠𝑠(𝜔𝜔) ∗ 𝑆𝑆(𝜔𝜔)|
|𝐷𝐷𝑛𝑛(𝜔𝜔)| 𝑁𝑁𝐿𝐿⁄ + A(ω)+𝑁𝑁𝐿𝐿 .                     (𝐷𝐷1) 

where  
A(ω) = *|𝑃𝑃𝑠𝑠(𝜔𝜔) ∗ 𝑆𝑆(𝜔𝜔) + 𝑁𝑁𝐿𝐿𝑆𝑆(𝜔𝜔)|− (|𝑃𝑃𝑠𝑠(𝜔𝜔) ∗ 𝑆𝑆(𝜔𝜔)| + 𝑁𝑁𝐿𝐿|𝑆𝑆(𝜔𝜔)|)+ |𝑆𝑆(𝜔𝜔)|⁄  

                                                                                                        (D2) 
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In this Appendix, we follow the explanation  in main text for all utilized symbols. 
We also repeat here the current to find the coincidence of the MDFT for EHT-Data and 
the MDFT for DRWP-Model as given in eq.(65)  in main text, as  

|𝐷𝐷(𝜔𝜔)|
|𝑆𝑆(𝜔𝜔)| − (A(ω)+𝑁𝑁𝐿𝐿) =

|𝑀𝑀𝑀𝑀𝑀𝑀(𝜔𝜔)|
|𝑆𝑆(𝜔𝜔)|   .                                  (D3) 

Because the level of EHT-Data, amplitude of DRWP-Model and amplitude of QRN-EHT 
are independently generated quantities, we should adjust the level and amplitudes  by 
multiplying coefficients as possible to be close as each  other. Then, we set the two 
parameters  𝛼𝛼𝐷𝐷 a d 𝛼𝛼𝑀𝑀 to achieve  eq.(D3) as  

|𝐷𝐷(𝜔𝜔)|
|𝐷𝐷𝑛𝑛(𝜔𝜔)|− 𝛼𝛼𝐷𝐷 = 𝛼𝛼𝑀𝑀

|𝑀𝑀𝑀𝑀𝑀𝑀(𝜔𝜔)|
|𝐷𝐷𝑛𝑛(𝜔𝜔)|    .                      (𝐷𝐷4) 

 
  whe e     

𝛼𝛼𝐷𝐷 = 1 + A(ω)̅̅ ̅̅ ̅̅ ̅ NL⁄  .                                (𝐷𝐷5) 
 
At this point, we estimate 𝛼𝛼𝐷𝐷 taking averaged value in the concerned  ω range and 
express all quantities normalized by 𝐷𝐷(𝜔𝜔)̅̅ ̅̅ ̅̅ ̅. Further, for phase functions of 𝑆𝑆(𝜔𝜔) given in 
eq.(58) in main text, we should consider the characteristics of the spectra of the 
random noise which has all possible phase shift randomly.  Then we can understand 
that  𝑆𝑆(𝜔𝜔) that is expressed by the complex quantity can take all phase from 0 to 2𝜋𝜋. 
Therefore it follows ,from eq.(D2), that, 

A(ω)̅̅ ̅̅ ̅̅ ̅
𝑁𝑁𝐿𝐿

= {|𝑃𝑃𝑠𝑠(𝜔𝜔) ∗ 𝑆𝑆(𝜔𝜔)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅+𝑁𝑁𝐿𝐿𝑆𝑆(𝜔𝜔)̅̅ ̅̅ ̅̅ ̅| − (|𝑃𝑃𝑠𝑠(𝜔𝜔) ∗ 𝑆𝑆(𝜔𝜔)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅|+ 𝑁𝑁𝐿𝐿|𝑆𝑆(𝜔𝜔)|̅̅ ̅̅ ̅̅ ̅̅ )} (𝑁𝑁𝐿𝐿|𝑆𝑆(𝜔𝜔)|̅̅ ̅̅ ̅̅ ̅̅⁄ ) 

= √4𝑃𝑃𝑠𝑠
(𝜔𝜔) ∗ 𝑆𝑆(𝜔𝜔)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝑁𝑁𝐿𝐿|𝑆𝑆(𝜔𝜔)|̅̅ ̅̅ ̅̅ ̅̅ 5

2

+ 1 − 𝑃𝑃𝑠𝑠(𝜔𝜔) ∗ 𝑆𝑆(𝜔𝜔)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝑁𝑁𝐿𝐿|𝑆𝑆(𝜔𝜔)|̅̅ ̅̅ ̅̅ ̅̅ − 1                                       (D6) 

Then from eq.(D5), we have the result of 𝛼𝛼𝐷𝐷, as 

𝛼𝛼𝐷𝐷 = √4𝑃𝑃𝑠𝑠
(𝜔𝜔) ∗ 𝑆𝑆(𝜔𝜔)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝑁𝑁𝐿𝐿|𝑆𝑆(𝜔𝜔)|̅̅ ̅̅ ̅̅ ̅̅ 5

2

+ 1 − 𝑃𝑃𝑠𝑠(𝜔𝜔) ∗ 𝑆𝑆(𝜔𝜔)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
𝑁𝑁𝐿𝐿|𝑆𝑆(𝜔𝜔)|̅̅ ̅̅ ̅̅ ̅̅   .                       (D7) 

The results are given in Table 4 in main text where 𝛼𝛼𝐷𝐷 .is given versus 𝑃𝑃𝑠𝑠(𝜔𝜔) ∗ 𝑆𝑆(𝜔𝜔)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ 
and  𝑁𝑁𝐿𝐿|𝑆𝑆(𝜔𝜔)|̅̅ ̅̅ ̅̅ ̅̅  normalized by  𝐷𝐷(𝜔𝜔)̅̅ ̅̅ ̅̅ ̅ 
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