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ABSTRACT

The object of the present paper is to introduce the notion of generalised almost statistical (GAS) convergence of
bounded real sequences, which generalises the notion of almost convergence as well as statistical convergence
of bounded real sequences. We also introduce the concept of Banach statistical limit functional and the notion
of GAS convergence mainly depends on the existence of Banach statistical limit functional. We prove the
existence of Banach statistical limit functional. Also, the existence GAS convergent sequence, which is neither

statistical convergent nor almost convergent. Lastly, some topological properties of the space of all GAS

convergent sequences are investigated.
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I. INTRODUCTION & PRELIMINARIES

A sequence (&) of real number is said to be
convergent to a real number [ if fore >03ny €N
such that |, — 1| < eV k >ny. There are several
generalizations of usual convergence, viz. almost
convergence (see [13], [4]), statistical convergence
(see [5], [7]) etc. Nevertheless, it is always better to
have larger set of convergent sequence in more

generalized sense under investigation.

The existence of Banach limit functionals was proven
by Banach (see [13]) in 1932. Using Banach limits, in
1948, Lorentz (see [4]) introduced the notion of
almost convergence, which is a generalization of
usual convergence of real sequences. Again in 1951
Fast (see [5]) and Steinhaus (see [7]) introduced
independently the notion of statistical convergence
by rigorous use of natural density of subsets of N,

which is another generalization of usual convergence.
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Salat (see [15]), Fridy (see [1], [9]), Miller (see [6]) and
[2], [8], [10]) studied the

convergence of statistical convergence.

many others (see

Mursaleen (see [12]) introduced the idea of A -
statistical convergence in 2000. If the sequence A is
chosen, particularly, by 4 =(1,2,34,...), then A-
statistical convergence coincides with the statistical
convergence. In 2001 Kostyrko et al. (see [11])
introduced the notion of ideal convergence of real
sequences. If we consider the ideal of all subsets of N

the ideal

convergence coincides with statistical convergence.

having natural density zero, then
Later Lahiri and Das (see [3]) extended the concept of
ideal convergence for nets in topological spaces.
Further some generalization of usual convergence
were introduced and studied in (see [2], [14], [16]).

In this paper, the extension of a certain type of
shown which are

Banach limit functional is

designated as Banach statistical limit functionals.
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With the help of Banach statistical limit functional
we have introduced generalized almost statistical
(GAS) convergence of bounded real sequences. GAS
convergence is a generalization of almost convergence

as well as statistical convergence.

At the end, we also investigated some topological
properties of the space of all GAS convergent
sequences. The scope of this paper is :

Section 2 : Deals with Banach limit functionals,
almost convergence and statistical convergence.

Section 3 : Deals with the main results of the paper.

II. BANACH LIMIT FUNCTIONALS, ALMOST
CONVERGENCE & STATISTICAL CONVERGENCE

The limit functional f on the space ¢ of all
convergent real sequences defined by

f(x) = lim x,,,x € ¢, can be extended to the space
n—oo

l,, of all bounded real sequences by Hahn-Banach
Extension Theorem, where [, is the normed linear
space with sup-norm defined by

lx|leo = suplx,|, ¥ x € .
neN

Banach (see [13]) showed the existence of certain
extensions which are called Banach limits defined as
follows :
Definition 2.1
A functional B : [, » R is called Banach limit if it
satisfies the following :
@ 1Bl = 1,
(i) B|. = f, where f is the limit functional on c,
(iii) If x € I, with x,, = 0, Vn € N,
then B(x) = 0,
(iv) If x € I, then B(x) = B(Sx),
where S is the shift operator defined by
S((xndn=1) = S((en)n=2)-
The concept of almost convergence was introduced
by Lorentz (see [4]) in 1948 by using Banach limit

functionals.
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Definition 2.2

For some x € [, if B(x) is unique (i.e. invariant) for
all Banach limit functionals B, then the sequence x is
called almost convergent to B(x).

Let A c [, be the set of all almost convergent real

sequences. Clearly ¢ & A.

Definition 2.3
Let P c N.
If the limit
PN{1,2, ...,
5(P) = lim L2 -1
n—-oo n

exists, then §(P) is called the natural density or
asymptotic density of P in N.
Note:
Any subset P of N may not have natural density as it
depends totally on the existence of the limit.

By using the concept of natural density, in
1951, fast (see [5]), Steinhaus (see [7]) introduced
independently the notion of statistical convergence,
which is another generalisation of usual convergence.
Definition 2.4
A sequence (pp)r of real numbers is called
convergent statistically to £ € R

ifforany e >0, S{k € N: |p, — €| > €}) = 0.

stat

We use the notation p;, — o or stat lim p, = 4.
n—-oo

Example 2.1
The sequence (1,,),, defined by
»={jiw=k%keN
710 otherwise
is statistically convergent to 0.

Lemma 2.1
LetC,D c N.
If5(C),6(D),5(C U D) exists,
Then
max{6(C),5(D)} <6(CuUD)
< min{d(C) + 6(D), 1}
Furthermore, if §(C) = 6(D) = 0, then §(C U D)
exists and equals to 0.
Lemma 2.2

Let (pp), be a real sequence.

tat
Then, p, 2%, ¢ ifand only if there exists some
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JcNwith] ={; <o, < <a,<...}
such that §(J) = 1 and lim pg; = 4.
]—?(X)

This lemma is well known.
Lemma 2.3
Let (1), be a statistically convergent real sequence

and stat lim r,, = 4.

n—-oo
If (sp), is defined by s, =1, — ¢, Vn €N,
then (s,), converges statistically to 0.
Lemma 2.4

(Pn)n be a
sequence.

Let statistically convergent real
Then, the telescoping sequence of (p,), is statistically

convergent to 0
i.e. stat 71im (pn, — Pn+1) = 0.
Proof:

Let stat lim p, =l and € > 0 be any real number.

n—oo

Now, for anyn € N,
|pn+1 _pnl < |pn+1 - ll + |pn - ll

<6+6
2 2
=€

Using Contrapositive

[Pns1 = Pul > €
= |Ppsr = U >3 or Iy — 1>
= {n€N: [Prys —pnl > €}

C{nEN: |p. 1—l|>E}U{nEN: Ip. —l|>£}
= 6({77' EN: |pn+1 _pnl > 6}) =0.
= stat lim (p, — Pp4+1) = 0.
n—-oo
Lemma 2.5

Let (x,,),, and ()5, be two real sequences such that

stat
X, — 1l and y, = x, a.a. k.
stat
Then, y, — [
Proof :
Let E = {k € N : y; # x;} and € > 0 be any real
number.
Then §(E) = 0.

Now,{n € N : |y, — €| > €}
c{neN:|x,—f|>€}VUE
= 6({neN:|y,— ¢ >¢€})=0.

stat
Hence y,, — l.
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Definition 2.5
A family I of subsets of N is said to be an ideal of N
if
(i) AUB € lforeachA,B €l
(ii) A € Bwith B € [ implies 4 € I.
Definition 2.6
A real sequence (2 )y is said to be [-convergent to [
if forany € > 0, theset{k € N: |z, — | > e} € I.
Lemma 2.6
Let X be a normed linear space and Y be a subspace
of X.
Ifa € X —Y and
p=d(aY) =infld(a,y) : y €Y},
then 3 a bounded linear functional f : X - R
such that f(a) =1, f(y) = 0,Vy € Y with
Ifll=nt
Also, Lorentz (see [4]) characterised the almost
convergence given as follows.
Lemma 2.7
Let x = (X)p € loo.
Then (x,), is almost convergent to some ¥ if and
only if

111_1;{)10 Xp + Xp41 +k"' + Xpik-1 _
holds for each p € N.

this lemma is well known.

£

Example 2.2
The divergent sequence (1,0,1,0,...) € [ is
almost convergent to % .

But it is not statistically convergent.

Example 2.3
Consider a sequence x = (x,), in {0, 1} constructed
as follows :
10 copies 102 copies
—t——— —t—
x=(00,..,0,11,...,1, .., ..,0 ,1,1,....1,

100 copies 1002 copies

103 copies
—t—
0,0,..,0 ,1,1,...1,..)
N ——’
1003 copies
Then, (x,,), is statistically convergent to 0.

But it is not almost convergent.
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We now discuss the main results of the paper.
III. MAIN RESULTS

Salat (see [15]) showed that st is a closed subspace

of l.

. stat stat
Since, ¢, — a,§, — b

tat
Then we have (i) ¢, + &, — a + b
stat
(i) A&, — b,
forany A € Rand ¢, ¢ € st,
Definition: A function g : st - R defined by

g(x) = stat lim x, is a linear functional on st.
n—-oco

We call this functional g by statistical limit
functional on st

Theorem 3.1

The linear functional g : st — R defined by
g(x) = stat T}Lrglo Xy is a bounded with ||g|| = 1.

Proof:
Let x € st

l9(@)| = [stat lim x,|

< |supx,
nenN
< sup|x,|
neN
= [[%]loo
lg(x)| <1

Ixlleo —

= llgll = 1.

Again, consider y = (4,4,4, ...) € st.

Then g(y) = 4 = [yl
Thus 3 y € st such that% =1=|g|| > 1.

Hence ||g|| = 1.

Thus, by Hahn-Banach Theorem g can be extended

to [, preserving norm

thatis 3 L € (I,)" such that L|;; = g and

LIl = llgll,

where (l,,)* is the continuous dual (dual space)
of l.

We now state and prove the main result of the paper.

In fact we prove
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Existence of Banach Statistical Limit Functional

Theorem 3.2

There exists a functional F : [, » R is named as

Banach statistical limit functional satisfying the

following :

@ |Fll = 1 and sty < ker F

(ii) Fls = g, where g is the statistical limit
functional on st,

(iii) If s € I, withs, = 0, then F(s) = 0,

(iv) If x € Iy, then F(x) = F(Tx),

where T : [, — [l is a map with

(Tx) = (Sx)p a.a.k

for each x € Iy, and S is the shift operator defined by

S((xn)n=1) = (Xn)n=2.
Proof
(i) Let G = {x —Sx : x € l, and
N={y€ly:yy=x,a.akx€ G}.
SoG c N clg.
Clearly G is a subspace of [.
Letp,q € N and any u, 1 € R.
Then 3 x,y € Iy such that p, = (x — Sx), a.a.n
and q, = (y — Sy),, a.a.n.
Since, G is a subspace, u(x —Sx) + A(y — Sy) € G.
So by Lemma 2.1, we have

(up + Aq)y,
= (u(x —Sx) + Ay — Sy))na. a.n
= up + Aq € N.
Therefore N is a subspace of [.
Now, we claim that d(1,N) =1,
where 1 = (1,1,1, ...).
For, 0 e G = d(1,G) < 1.
Since, G € N,d(1,G) < 1.
Letp €N.
Then p,, = (b — Sb),, a.a.n for some b € L.
If p,<0 forsomené€eN
then ||1 — pplle = sup|l —p,| = 1.

neN

Again, ifp, >20,Yyn €N
then (b — Sh),, = 0a.a.n
= b, = by a.a.n.

Thus (b;,),, has a subspace (bnk)k such that
by, = by, ¥V k € Nwith 6({n; : k EN}) = 1.

Ng+1
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Since (bnk)k is monotonically decreasing bounded

sequence,

= lim b, = [(say) exists.

n— oo
= stat lim b, =l.by Lemma 2.2
n — o
= stat lim (b, — by4+1) = 0 by Lemma 2.4
n — oo

= stat lim b, =1

n — oo

= stat lim p, = 0 by Lemma 2.5
n - oo

Hence using Lemma 2.2, there is a subsequence
(pn,-)j of (Pp)n
Such that §({n; : j € N}) = 1 with lim py; = 0

80 11 = plleo = supl1 —py| = sup |1 —p, | =1
neN JEN

Thus, for any p € N, we have

=11 =plleo > 1

=d(1,N)>1

Hence d(1,N) =1

Clearly. 1 ¢ N.

By the Proposition 2.1 there exists a functional
F:l, >R

such that F(1) = 1,F(0) =0,V y € N with
IFll =d(1,NM™ =1 (a)
Let st be the collection of all bounded sequences
which converge statistically to 0.

Claim : we have to show that st; c ker F

For, let £ € sty and € > 0 be any real number.
stat

Thené €ly,and &, — 0

ie. ifU. ={k €N :|&|>¢€ thend(U.) =0
Again F(y) =0,Vy€EN
=FWy)=0,y,=z—-S2),a.ak VZEG
So by the linearity of F we can write F(x) = F(Tx)
where T : [, — [l is any map

such that o7(z) = {j €N : (Tz); + (Sz)j} and
Slor(2)] =0, VzEIl,

Choosing o7(x) = U V X € l,

we consider the map T : [y, — [, defined by
Tx =7,Vx€lg,

0, ifk+1€U,

Xk4+1, Otherwise

Then F(§) = F(T§)

= |FOI = 1FTOI < IFINTE ]

where 1, = {
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=sup{|(T)kl: k EN<e€
Since € > 0 is arbitrary, F(§) = 0
Thus st, c ker F (b)
Hence the Theorem 3.2 (i)
(ii) Next we claim that, F|s; = g

For, let x € sti.e. x, St—>at Q (say)
Then the sequence e defined by
e = Xj — Q, VjeN
Now x — Q1 = e € sty by Lemma 2.3
= e € ker F
Now F(x) = F(x — Q1) + F(Q1)
=F(e)+Q+F()
=QOF(1)
=0
= stat lim x,

n—-oo
=g(x)
Thus Flse = g
Hence proved.
Claim (iii) If s € [, withs,, = 0, then F(s) = 0.
Proof':
Ifu,v €l, withu, = v, a.a.k,
then F(u) = F(v)
For,let w, =u, —v,, VREN
Let K = {k : wy # 0}
Then 6(K) =0
Now consider themap T : [, = [, with
or(w) = K definedby Ta=b, Va € ly,
0, ifk+1€K
Qy41, Otherwise
Therefore Tw = 0
Now, F(u) —F(v) = F(u—v)
= F(w)
= F(Tw)
=F(0)=0

where b, = {

Thus F(u) = F(v)

If possible, suppose that there exists z € [, with

Zp=0a.a.n
Such that F(z) <0

Consider y € [, defined by y,, =

Zn
l1zll o
Clearly y,, 20 a.a.nand F(y) <0

Again consider x € [, defined by
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X = {O, lfyk<0
Tl ify=0
Then, x, =y, a.anand0<x, <1, VneN

Therefore F(x) = F(y) < 0 and
11— xlleo = sup|l —x,| <1
neN

Again F(1 —x) =F(1) — F(x)

=1-F(x)>1
Thus we get
1<|FA =0 <IFNNT = xle
=11 -xllo <1

which is a contradiction.

Hence, if s € I, with s, >0 a.a. k

then F(s) = 0

This completes the proof.

The proof of the next part is simple.

Corollary 3.1

Every Banach statistical limit functional is a Banach
limit functional on [.

Corollary 3.2

Let F be any Banach statistical limit functional
onl.

Ifu,v €l, withu, =v,a.a.k,

then F(u) = F(v).

Now by using Banach statistical limit functional we
introduce a new type of convergence called
generalized almost statistical convergence (GAS
convergence) defined as follows :

Definition 3.1

Letx € l,.

Then x is said to be generalized almost statistically
convergent to A if F(x) = A for all Banach
statistical limit functionals F

i.e. if F(x) is invariant (unique) for each Banach
statistical limit functionals F on [.

Let S be the set of all GAS convergent real
sequences.

Then the following result is easily obtained from the
Theorem 3.2 and Definition 3.1.

Corollary 3.3

Every statistically convergent sequence is GAS

convergent with the same limiti.e. st € S.
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The converse is not true (see Example 3.1).

Clearly st & S.

From the Definition 3.1 it follows that every
bounded statistically convergent sequence is

GAS convergent with the same limit.

Lemma 3.1

Every almost convergent real sequence in GAS
convergent with the same limitie. A C S.

Proof:

Suppose r = (1;); € lo, is an almost convergent real
sequence with limit k.

Then for any Banach limit functional B : [, = R we
have B(r) = k.

We can easily say that F(r) = k

for any Banach statistical limit functional F by
Corollary 3.1

Thus (1,),, is generalized almost statistically
convergent to k.

The converse is not true.

Because the sequence x = (x,),, is not almost
convergent.

But it is statistically convergent.

=>x€S
>ACS

Example 3.1
Consider the real bounded sequence x = (x,),

defined by

5 if k is a perfect square number
x, =140 ifkisevenand nota perfect square
1 ifk is odd and not a perfect square

ie.

(xn)n

= (5,0,1,5,1,0,1,0,5,0,1,0,1,0,1,5,1,0,1,0,1,0,1,0,5,0, ...)
Clearly x is not convergent in usual sense.

Even x is not convergent statistically.

But x is GAS convergent to %

Forlet S = {n®:n € N}

Now consider the map T : Iy, = l,, with

or(x) = S defined by Tz = y,V z € I, , where
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Zg+1 if k +1 e S
Yk =30 ifk+1 € Sandkisodd
1 ifk+1 € Sand k is even
Then Tx = (0,1,0,1,0,1, ...).

Let F be any Banach statistical limit functional.
Since u,v € l, withu, = v a.a. k

implies F(u) = F(v)

we have F(x) = ¥(1,0,1,0,1,0, ...).

Now

F(x) =F(Tx)
= F(1,0,1,0,1,0,...)
=7F((1,1,1,111,..) - (1,0,1,0,10,..))
=F(1,1,1,1,11,..) — (1,0,1,0,1,0,...)
=1-F(x)

1
= F(x) = 5

The interesting example shows that there exists a
GAS convergent sequence which is neither
almost convergent nor statistically convergent.
ie.stUASS.

Example 3.2

Consider the sequence ¢ = (¢,),, defined as follows

3

102 terms

convergence for proper ideals of N

Proof.

If possible suppose that GAS convergence

coincides with ideal convergence for some proper

ideal I of N.

Since ¢ = (1,0,1,0,....) is almost convergent to %

~ & is GAS convergent to %

Hence For any € > 0,

Ac={keN: U>eler
=frensfit=ge

But A1 =N€]

2

which contradicts that [ is a proper ideal of N.
Hence the theorem.

Topological properties of the space of all GAS
convergent sequences

Lemma 3.2

Some topological properties of space

S = {S(")| n € N} of all GAS convergent sequences.
(i) S is closed

(ii) S is non-separable in [,

(iii) S is first countable but not second countable.
(iv) S is not Lindelof and not compact.

Proofierms

10 terms
= (110111(); ey 111111 J1 ) 1J0J1JOI wery 1J1J1I '1 )] 1IOI1IOJ f];)]S]ISClLised. F r ].et S € S

100 terms 1002 terms

It is easy that ¢ is neither a statistically convergent
nor an almost convergent sequence.
But ¢ is GAS convergent.
For let E = U2, (b; — 10%, b;] N 2N with
b; = ¥5-,(100/ + 107) for each i € N.
LetT : l,, =l defined by Tx = z with
Z = {ka, if k + 1. ¢ E
0, otherwise
Then z = (0,1,0,1,0, ...).
Since 6(E) =0,z = (Sx)y a.a. k.
Therefore F(x) = F(Tx)
= ¥(0,1,0,1,0, ...)
= ¥(1,0,1,0,...)

Theorem 3.3

GAS convergence cannot be characterized by ideal

International Journal of Scientific Research in Science and Technology (www.ijsrst.com) | Volume 7 | Issue 1

1 3
00% termg oy by the sequence lemma,

there exists a sequence (S(n))nEN inS

such that lim s = s,

n—oo

Let p, T be any two Banach statistical limit
functional.

Since p, T are continuous
p(s)=p (lim s("))
n—00

= lim (p(s(n)))

n—oo

= lim (T(s(”)))

n—-oo

=T (lim s(”))

n—oo
= 1(s).
Hence S is closed.
(ii) S is non-separable.

For consider A c [, defined as follows
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A={x—>loo:xk

_ {0 orl if kisaperfect Square}
0 otherwise
Clearly A is an uncountable subset of A C S

which implies that S is uncountable.

Now for any distinct

u,v€EANdu,v)=|u—v|, =1

Thus A is an uncountable discrete subset of S.

Let D be any dense setin Si.e. D = S.

Let us consider any s,t € A with s # ¢.

Then s, t € S = D.

Then the disjoint open balls B, (S, %) and By (t, %)
must have non-empty intersections with D which
implies that there are two distinct elements of D.
Since A is uncountable

So D is also uncountable.

Thus S does not contain any countable dense subset
i.e. § is non-separable in /.

Proof of (iii) and (iv) are very easy since

(iii) S is not second countable due to its non-
separability.

(iv) Since S is metrizable and not second countable.
So § is non-Lindelof and non-compact.

This completes the proof.
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