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VJIK 514.07

YMOBU CEH-BEHAHA JIUIAA IICEBAOPIMAHOBHUX
IHPOCTOPIB

1 2 2
Bammnanosa H. B.”, Ilogoycosa T. 10.°, IlleBuenko T. 1.
Y00ecvra nayionanvna akademis xapuosux mexnono2ii
200ecbvra Oeporcasna akademis GyOi6HUYMEA MA APXiMeKmypu

AnoTtanisi:. PobOoTa mpucBsIYeHa BHBYCHHIO JAchopMaIiii IICEBAOPIMAHOBHX IPOCTOPIB.
[onepenni dopmynu mis nedopmaniii merpuk 3amucaHi CeH-BeHaHOM B YaCTMHHHX MOXITHUX
3BEJICHI 10 PIBHSHb B KOBapiaHTHUX NOXimHuX. YMoBu CeH-BeHana — 1ie¢ yMOBH HakiajJeHi Ha
TeH30p nedopmariii, mo 3abe3meuytoTh 30epekeHHsT €BKIIIIOBOCTI mpocTopy. OTpuMaHi y3araibHeH]
ymoBu CeH-Benana — mne ymoBu 30epekeHHS TeH3zopa PimanHa mpu gedopmarisx METPHUK
MICEBIOPIMAaHOBUX TPOCTOPIB.

Po3pobnennii MeTon q03BOJSE 3aMMCyBaTH YMOBH 30€peKeHHS i IHIMMX BHYTPIIMIHIX 00’ €KTiB
TICeBJOPIMAaHOBUX mpocTopiB. Hampuknax, teHzop Beins, TeHzop KoH(MOPMHOI KpWBHHH, TEH30D
Piyui.

Uepez 3Ha4yHI TEXHIYHI TPYIHOIII JOKATbHUX PO3B’SA3KIB 3aJa4 TaKOTO THITy BHHUKAE
HeoOXiTHICTh creniaii3arii mpocTopiB a0o Aedopmarii.

PosristiayTi crienianeHi nedopmarii, ki Ha3UBaIOTh KaHOHIYHUMH. TeH30p Aedopmarii B HbOMY
BUMAJIKY € JIHIAHOIO KOMOIHAIlIEI0 METPUYHOTO TEH30py Ta TeHzopy Piuui. B Bumaaky
TPHOXBUMIPHOTO TICEBJOPIMAHOBOTO TIPOCTOPY MO0 KAHOHIYHHMX nedopMariiii, 3a HeoOXiTHICTIO,
BITHOCSTBCS Teofe3nyHi Aedopmalii, mpu sgKkux 30epiratoThcsi reoae3nyHi JiHil. Hakmagaroum
JIOJTATKOBI YMOBH Ha TeH30p Piudi BUBUECHHS KaHOHIYHMX Ae(opmaliiid 3BOAUTHCS A0 COTITOHOB Piudi.

Comitonn Piudi, Mo MpUpPOJHO BUHHUKAIOTH i3 Teopii MOTOKiB Piudi, Har0Th 1€ OWH THII
CHeIiaTbHUX TICEBIOPIMaHOBHX MPOCTOPIB. 30KpeMa JOBEACHO, IO B IICEBIOPIMAaHOBOMY IPOCTODI 3
IPaTiEHTHUM 3aJ[al0YMM BEKTOPOM CTaJioi JOBXXHHH, CKaJIApHA KPUBHMHA CTajla TOZI 1 TUIBKUA TOII,
KOJIU COMiTOH Piuyi crifikuil.

SIkmo B €KBiAMCTAaHTHOMY IICEBIOPIMAHOBOMY IPOCTOPi iCHYE Tpali€eHTHHN 33Jal04YHii CONIITOH
BEKTOp, TO abo BiH KOJiHEApPHUIH KOHIMPKYISAPHOMY, a00 KOHIHMPKYJSpHE BEKTOpHE TMOJE €
KOBapiaHTHO CTaJIMM.

OOrpyHTOBaHO, 110, SKIIO B IICEBJOPIMAHOBOMY NPOCTOPi iCHye Oinble HiX OIHE CYTTEBE
rpajJlieHTHE BEKTOPHE II0JIe, 110 331a€ CONITOH Piudi, TO el mpocTip eKBiTUCTAHTHUM.

3acTocyBaHHS OTpPHMaHUX pe3yJbTaTiB IMPOJAEMOHCTPOBAHO 32 JIOMOMOTOK MPUKIAJIB.
JlocTiDkeHHS BelyThCs JIOKAJIbHO, TEH30PHUMHU METO/IaMH, 0€3 0OMEKeHHS Ha 3HAK METPHUKH.

Kuarouosi ciioBa: kanoHiuHI Aedopmariii, iceBaopiMaHoBi mpoctopu, ymoBu CeH-BeHaHa.

SAINT-VENANT’S CONDITIONS FOR PSEUDO-REIMANNIAN
SPACES

N. Vashpanova', T. Podousova?®, T. Shevchenko?
'Odessa National Academy of Food Technologies
®Odessa State Academy of Civil Engineering and Architecture

Abstract: The article is devoted to the study of the deformations of pseudo-Reimannian spaces.
The preceding formulas for metrics’ deformations recorded by Saint-Venan in partial derivatives are
reduced to the equations in covariant derivatives. Saint-Venan's conditions are the conditions imposed
on the strain tensor, which preserve the Euclidean space. The generalized conditions of Saint-Venan
are the conditions of Riemann tensor’s preservation under the deformations of the metrics of pseudo-
Reimannian spaces.
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The developed method allows to record the preservation conditions of other internal objects of
pseudo-Reimannian spaces, for example, Weyl tensor, the tensor of conformal curvature, Ricci tensor.

Due to the considerable technical difficulties of local solutions to such problems, it is necessary
to specialize the spaces or the deformations.

Special deformations called canonical are considered. The deformation tensor in this case is a
linear combination of the metric tensor and Ricci tensor. In the case of a three-dimensional pseudo-
Reimannian space, if it is necessary, the canonical deformations include the geodetic deformations at
which the geodetic lines are preserved. Imposing additional conditions on Ricci tensor the studying of
canonical deformations is reduced to Ricci solitons.

The Ricci solitons, naturally arising from the Ricci flow theory, provide another type of special
pseudo-Reimannian spaces. In particular, it is proved that in the pseudo-Reimannian space with a
gradient set vector of constant length, the scalar curvature is constant if the Ricci soliton is stable.

If there is a gradient set soliton vector in the equidistant pseudo-Reimannian space, so either it is
collinear to the circular or the circular vector field is constant covariantly.

It is substantiated if there is more than one significant gradient vector field in the pseudo-
Reimannian space defining the Ricci soliton, this space is equidistant.

The application of the obtained results is demonstrated by the examples. The studies are
conducted locally by tensor methods without any limitation.

Keywords: canonical deformations, pseudo-Reimannian spaces, Saint-Venan conditions.
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1 BCTYI

Hedopmartii y3araabHEeHUX T€OMETPUYHHUX MPOCTOPIB YTBOPIOIOTH OAMH 13 aKTyalbHHUX
HaIpsIMKiB cy4acHoi audepeHmianpHoi reomeTpii. B Teopii aedopmariiii mpairoBaia Belruka
KUTBKICTh BYCHHUX SIK MATEMAaTHKIB Ta MEXaHIKiB, TaK 1 (i3UKiB, 3aI[iKaBJICHUX B 3aCTOCYBaHHI
pe3yabTATIB JJIsi MOJICITIOBAHHS IMHAMIYHUX TIPOIIECIB.

3 uaciB CeH-Benana BuBueHHS Aedopmariiii 3BOJUTHCSA 10 CUCTEMH JAudepeHLiaTbHuX
piBHsSHB. Cuctema nudepeHIiabHUX PIBHIHb NMPUBOAUTH JO ainreOpaiyHoi CHUCTEMH, IO
MpescTaBisie coOOK yMOBU iHTerpyBaHHS. YacTimie 3a BCe, IIi CUCTEMHU IEpeBH3HAYCHI,
BBOJISIYM JI0JIATKOBI OOMEKEHHS, iX CIIPOLTYIOTh 00 IHTETPYIOTh.

3ayBa)kMMO, 110 TPUHIUIIOBA MOXIIUBICTH JIOKAJBHOTO PO3B'A3KYy LUX 3a/1ad
MOETHYIOTBCSI 3 CEPHO3HMMH TPYAHOIIAMH TEXHIYHOTO XapakTtepy. Tomy 30epirae
aKTyaJbHICTh 3a/laya BHBUYCHHS BHYTPIIIHIX TEH30PHUX XapaKTEPUCTHK Yy3araJlbHEHUX
MPOCTOPIB, IO JO3BOJIAIOTH YW HE JO3BOJISIOTH BKaszaHi nedopmarii. Ile, B cBowo uepry,
MIPUBOJIUTH JIO CTICIialIi3alii MpocTopiB ado 10 crieriami3anii gedopmariii.

2 AHAJII3 JITEPATYPHUX JAHUX TA IOCTAHOBKA ITPOBJIEMHU

B cBoiit mepmiit po6oTi, Bunaniii 180 pokis Tomy, B 1839 pomi, Cen-Benan posmouan
PO3pOOKY METO[IB, SIKi 3HAWIIUIM IIMPOKE 3acTOCyBaHHS B Teopii gedopmariiii. CroroaHi
npuniun Cen-Benana BUBUEHMI 10CTaTHRO IPYHTOBHO. OTJIsI OCHOBHHX POOIT 32 Mepioj 10
1955 poky mosxHa 3HaiiTu B poboTi I'. Ixxaneniaze [1]. Ilicnsa Toro cnifg BiAMITUTH poOOTH
H.I1. AzanoBa [2, 3], B akux ymoBu CeH-BeHaHna 3acTOCOBYIOTBHCSI JJISI TICEBIOPIMAHOBUX
MIPOCTOPIB.

[Tix ymoBamu CeH-BeHana po3ymilOTh yMOBH, SIKHM 33J0BOJIbHSIE TEH30p nedopmarii
JUTs TOTO, 100 TMpH AedopMalrii 30epiraiack eBKI0BICTh IPOCTOPIB.

V3aranpHeni ymoBu CeH-Benama — me ymoBH chiBnamiHHs TeH3opa Pimana
MICEB/IOPIMAHOBOTO MPOCTOPY, IO JePOPMYEThCS Ta TIICEBAO PIMAaHOBOTO TPOCTOPY
pe3yabTary aedopmartii.

[1s poboTta mpucBsiueHa 3actocyBaHHIO yMoB CeH-Benana no BBenenux I. Iloranenkom
[4] kaHOHIYHHX AedopMarliil.

ToOto Takux paedopmamii, A SKUX TeH30p JAeopmalii € JiHIHHA KOMOIHAIisA
METPUYHOT0 T€H30pa Ta TeH3opa Piyui.

3 HIWIb TA 3AJAYI JOCJIIKEHHSA

Metoro poOOTH € BUSBIEHHS HOBHUX XapaKTEPUCTUK IICEBJOPIMAHOBUX IPOCTOPIB,
OB’ sI3aHUX 3 1X HECKIHYEHHO MAJIUMH JiepopMaIiisiM.

O0’€eKTOM JOCHTIJKEHHS € CHeliajbHI MCEeBIOPIMAHOBI MIPOCTOPU, TOOTO MPOCTOPH, SKi
BUJIUIAIOTHCS. BUKOHAHHSM B HHMX TI€BHHX YMOB, HAaKJIaJICHUX Ha BHYTPIIIHI 00’€KTH Ta
crieniaibHi Jedopmartii.

[IpenmMeToM  AOCHIIKEHHS  SBISAIOTbCS  AUQEpeHIianbHl  PIBHSAHHS, I1X YMOBHU
iHTerpeBaHoCTI Ta AMdepeHLianbHi MPOJOBXKEHHS, IKI XapaKTepU3YyIOTh T€ JONYCKA€E YU HE
JIOTIyCKa€e 3aJaHui y3araJlbHeHUM HpocTip BKazaHui Tun nedopmaniid. [lnsxom BBeneHHsS
JOJIATKOBUX OOMEXKEeHb, cCIelianizamii MpocTOpiB  pO3B’S3YIOTHCA  3a/adl  ONHCAHHS
TE€OMETPUYHUX XaPAKTEPUCTHUK TICEBJOPIMAHOBHX TIPOCTOPIB, MO JIOMYCKAlOTh YU HE
JIOTYCKAIOTh MIEBHI TUIH JehopMallii.

Mertonu AOCTiKEHHST — 1€ KJIACHYHI METOIW JOCTIDKEHHS PIMaHOBOI TE€OMETii.
JlocmipKeHHsT BeyThCs JIOKAJIbHO, B KJIacl IOCTaTHBO TIAJKUX (YHKIIH 3 BUKOPHCTAHHIM
TEH30pPHHUX METO/iB, 6€3 0OMeKeHb Ha 3HAKOBU3HAYEHICTh Ta CUTHATYPY METPHUKHU.
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4 PE3YJIBTATHU JOCJITKXEHb

Y3aranbHeHi yMoBHU ceH-BeHaHa. Hexail V, — nceBnopimaHiB mpocTip 3 METPUYHUM
Tensopom §;, a V, — 1ceBnopiManiB mpocTip 3 MeTpuuHuM Tensopom J; . Bynemo BBaxarn,

L0 METPUYHI TCH30PH BIAPI3HAOTHCS HA HECKIHYECHHO Mally BEIMYUHY 7; , TOOTO

Gij =0; 7 (1)

HeckinueHHO Maii BETWYMHHM BUIIEC MEPIIOTO MOPSJIKY 10 yBarm He Oepemo. Jlns
TEH30pIB OOEPHEHUX /10 METPUUHHUX OYJAEMO MAaTH

g'=9"-9"9"7, )

KomIoHeHTH TeH30pa p; Ha3MBAIOTh KOMIIOHEHTAMH TEH30PHOTO MOJI LIBHAKOCTEH

HECKIHUYE€HHO MaJoi Aedopmariii.
B cnoinpHilt 3a nmedopmartiero cucTemMi KOOpPIMHAT IJIsi CHUMBOJIB  Xpucroddens
BHKOHYETHCS

F000 =I5 +PI(¥). (3)

CroieHOIO 32 jgedopmaiiero  CHCTEMOI0 KOOPJAMHAT HA3WBAaOTh TaKy CHCTEMY
KPUBOJIIHIMHMX KOOPJIMHAT, B SIKili KOOPJIMHATH BiJIIMTOBITHUX TOYOK CITIBIAIAFOTh.

.h see 9 . (X3 con
Tenszop P j'(X) HaszuBaroTh TeH30poM Aedopmaliii 3B’I3HOCTI P AaHiil aedopmariii. 3
(1), (2) orpumaemo

h ha
2R’ =9 (Vi7aj+vj7ai_va7ij)a
V — 3HaK KOBapiaHTHOI MOXi/HOI 3a 3B’ s3HICTIO V.

Skro Pijh (x) #0, To medopmariiro Ha3UBAIOTh HETPHUBIAIBHOIO.

3ayBakuMo, M0 TeH30p JAedopmailii 3B’SI3HOCTI CUMETPUYHUN 3a KOBapiaHTHUMHU
1HJIEKCaMH, TOOTO F’ijh = Pj? .

Taxk sk, TeH30p nedopmarrii 3a10BOJIBHSIE YMOBI

Yij :%(Vjui +Viuj)’

TO 715 TeH30pa Aedopmailii 3B’ I3HOCTI BUKOHYEThCS PIBHSIHHS

2I=>ijh :VjViu“—u”‘R'.‘

o *
Tyt U, — BexTop Aedopmarii, u' =u_g*.
TeH30p HeCKiHUEHHO Manoro obepranHs Mae BUrIAN @y =1/2(Viu, -V u,).

B pasi BigcyrHocTi o0epranHs BekTop U; Oyze rpamientHum [2, 3,5, 6, 7].
B Bumagky TEH30pHOTO OIS S THITY (pj KOBapiaHTHa TMOXifHA MO 3B’S3HOCTI V,, B

‘o . 1,2
KOXXHIHM CHCTEM1 KoopauHaAT X X', ..., Xn BHU3HAYA€THCA HACTYITHUM YHMHOM!

V,SE () =8,S1E" () + T, (0S5 () +...+ T, (S5 (%) - "
—I5 (08,2 () —...— T (0S5 (%),

Bl hia2---
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(ipyeeiy; By Jgi K=1,2,..,0)

Jus mpocropy V, Ta KOBapiaHTHIM MOXigHOi B HboMy V OyneMo MaTu B CHLUIbHIN
CHCTEMi KOOpIUHAT:

Vi Sii, (0 =8,835 () + T, () +..+ T, (08557 ()~

T4 008555 (0=~ (0855 (%),

Binnimarouu Bijx octaHHBOTO (9), 3 ypaxyBaHHsM (3), OTpUMAEMO

S o .. i i aiy.. | i iip. g g0
ViSin 5. =V, Si5 5, () =R (S5 5 () +...+ B (X)S 5, 57 () -
=Y - ip Y g i

ijl(X)S[)’jz...jq (x)—... ijq (X)Sjljz...jq,lﬁ(x)’
(byeensdys Jpoe Jgr K=12,..,0).
OcranHe crpaBeuBe U Oy/Ib-SIKOTO TEH30pa, a Ui TeH3o0pa nedopmarii 3B’ I3HOCTI

(5) mpuiime BUTIISI

VP () =V, B(X) = R, ()R (x) = R ()P (x) = R ()P4 (x) -

(5)

CuMeTpyroun OCTaHHE, OTPUMAEMO

VR'+V,P{-V,P'-V P =-2RP,

jrik k' ij j ki "ia”

A, alIlbTepHYIOUH —

ViPR'-VP! -V, P +V Pl =-2(R.P —PP.). (6)

i Tk ker il
3aKOH 3MiHHM T€H30pa KPUBUHH, [II0 BU3HAYAETHCS, SIK
Ry, =0, + T4, -0, iy,
npu gedopmarlii mpoctopy V, B V, 3anumiersbes B BUIIIsI [8]

ﬁ:}k = R.:}k +VkPj? _Vjpk? + P;kpj(il - P;j Pkla

A6o, 3 ypaxyBaHHsM (6),

ﬁzk :R.:}k+%(Vkpj?_vjpkri]+§kpj?_§jpk?)' (7)

PiBusinast cymicHocTi CeH-Benana, sKmio mepedTH 10 KOBapiaHTHOI MOXiAHOI Ta
BUMaraT, o0 mnpocrip, mo aehopMyeTbes Ta pe3ynbrar aedopMalii Oyiu MIaCKUMU Mae
BUTIISI;

ViVizi ViV =ViVin = ViViy =0. (8)

[lepexonsium 10 poO3MIALy TCeBAOPIMaHOBHX mpocTopiB V, Ta V| He oOMexyroun
3HAYEHHS TEH30pa KPUBUHU, OTPUMAEMO

5h _ph ., 1 ha Y Y

Rijk = Rijk +§ g (Vkvﬂ/ja +Vjva7ki _Vkvayij _vjviyak _7aﬂRijk ~ Vi Rajk) . %)

I3 ocranHbOro oTpuMaeMo Yy3araibHeHy ymoBy CeH-Benana aiis mceBIOpiMaHOBHX
MPOCTOPIB, a caMe: ISl TOTO, 00 HECKIHYEHHO Maja jJedopMallis 3ajauiiaia iHBapiaHTHUM
TEH30p KPUBHUHU, HEOOX1THO 1 JOCTaTHBO, 11100
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ViVt ViV =ViVir =iV = RiZa + Ri?je -

TakuM 4MHOM, Ma€ MICIe TeOpeMa:
Teopema 1. Bukonanus y3zarampHeHnx ymoB CeH-Benana HeoOXimHa 1 OCTaTHS yMOBa
IUIA TOTO, 1100

R

k" i
YmoBu Cen-Benana nias kanoniunux nedopmaniii. YMoBu ceH-BeHaHA [Uist
KaHOHIYHMX JaedopMaliiid mepeiaemMo 10 po3risay YMOB Ha TEH30pH piddi. 3 (7) oTpuMaeMo,
o Ten3op pivui R; = R{, 3MiHI0€ThCA 32 3aK0HOM

PY_V P +V P*-V PY). (10)

a’ ji jlai a'ji jai

5 1

Rij = Rij +§(V
3ropratouu (9) oTpumaemo, aHaior piBHsHb (10):

ﬁij =R; +%(gaﬁ(vpvi7ja +VVors =V Vo7 —=ViVives _7/a7Rijy/;’)+7ai RT) -

Heckinuenno wmana nepopmanis suay (1) mncesnopimanosoro mpocropy (V)
HA3MBAETHCSA KAHOHIYHOIO, AKIIO TEH30p Jehopmanii Jg; MOXKHA TIONATH y BUTIIALI

1 2

Vi =70 +TRij’ (11)
12 PN o
ne 7,7 — JesKi iHBapiaHTH.

Bimomo, 110 k1ac KaHOHIYHMX HECKIHYCHHO MaluX nedopMalliid He myctuil. B Bumagky
TPUMIPHUX TICEBAOPIMAHOBUX TPOCTOPIB A0 IHOTO KJIacy Halexarh 1H(IHITE3UMaNbHI
reojaesnuHi nedopmartii [3].

Heckinuenno mama nedopmamis InceBropiMaHoBOro mpoctopy V., mpu skii ioro

reo/Ie3nyHi JIiHii TepexomsTh B Teojae3nuHi JiHii V, HasuBaeThes iHQIHITE3NMATBHOIO
reojie3nuHo0 Aedopmarriero [6].
1 2
3ropratoun (11), orpumaemo A,u=nz+Rz, Tyr AUu=V_U" — npyruii cuMmBOmI
benbrpami. BpaxoByroun 11e, (11) MokHa 3amucaty B BUTIISIL

AU 2
Yij :_Zgij+TEij’

R

ne E; — rensop Eiinmrelina, E; =R, - .

g -
3rigHo 3akoHy ['yka U1 OJJHOPIHOTO i30TPOITHOTO CEpeIOBHIIA

i :%((14‘ X)Hij _XHgij)’

ne H; — tensop manpyxenns, H = g” H,; E —monyns tOura, X — koediuient Ilyacona.

[TizcraBisiroun BiANOBIAHI yMOBM B piBHsAHHS (8) abo (9), mu OynemMo OTpUMYyBaTH
bopmyu Ui KOHKpeTHUX nedopmariiii [9, 10, 11, 12, 13].
Hanpuknan, 1t kaHOHIUHUX, Oy/ieMo MaTH KoBapiaHTHO audepenuitoroun (11):

1 2 2 2 2
Vlvk}/ij =V,V, 70 +V\V, 7 Rij +V, erRij +V, rVkRij +rV,VkRij )

HiI[CTaBJ'I}IIOLII/I OCTaHHE B y3aranLHeHi YMOBU CCH-BeHaHa, OTpUMaEMO
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1 1 1 1 2 2

ViVJ— g, +V.V, 70; -VV, 70 —Vij 70, +ViVJ— tR,+V, V7 Rij —
2 2 2

-V.V, 7t Rjk —Vkvj TR, +T(ViVij| +VkV|Rij —Vilejk —VijR“)— (12)

2 2 2

-V, (ViR -ViRy) +V, T(ijm _vIRjk)+vk T(V|Rij _ijn)_

2 2
-V, T(ViRjk _kaij) =7(R, j0f<i + Raleﬁi)'

Takum YMHOM, Ma€ MicIIe:
Teopema 2. Ilpu kaHOHIYHMX JedopMalisxX IICEBIOPIMAHOBUX IPOCTOPIB i3
30epexeHHsIM TeH30pa PiMana 3a HE0OX1HICTIO BUKOHY€ETbCsS yMoBa (12).

1 2
CneuianbHi kaHoHiuHi fedopmamii. ko B piusHHi (11), 7=A=const,a z=-1, T0
PIBHSIHHS IPUIIMAE BUTIISA

VU +Viuu; =1g; -R

ij -
Osnauenns 1. Jlepopmanii nceBAopiMaHOBHX MPOCTOPIB, BEKTOp nedopMarii sIKuUX
3aJI0BOJIbHSIE yMOBaM (24), OyzeMo Ha3WBaTH CHEIiaIbHUMU KaHOHIYHUMU JieopMariisiMu.
Buninenns takux nedopmaiiiii 3yMOBIIEHE TICHHM 3B’SI3KOM iX BHUBUYEHHS € TEOPIEIO
IIOTOKIB Piyui.
[Torokom Pivui HasuBaroTh ciMeiicTBO MeTpHK Ha MHoroBuai M Take, 1o

&0, ==2Ric(g,), (13)

ne Ric(g) — rensop Pivyui metpuku g .

B poGotax, nmoB’s3aHux 3 moBeAeHHsM rinote3u [lyankape, motoku Piudi pimaHoBHX
MIPOCTOPIB BUKOPUCTOBYBAJKCH SIK BaXIUBUI TEXHIYHUN 3aci®d mochipkeHHs, 1 Oymo
OTpUMaHO Oarato pe3ysbTaTiB PO iICHYBAHHS Ta BIIACTHBOCTI TAKHUX MOTOKIB [ 14].

3 iHmoro OOKy, iHTEpeC /J0 T€OMETPUYHMX BIACTUBOCTEH TAaKMX METPHK IPHBIB 10
comitoHiB Piuui [14], a Takox 10 ¢@(Ric) — Bextopuux nomis [15, 16, 17, 18].

3 camononiOHUM pO3B’si3KoM piBHAHHA (13), ke Mae Ha3By piBHAHHS | aMiIbTOHA,
MIOB’s13aHE TIOHATTS COJIITOHA Piudi Ik METPUKH, 1110 3a]I0BOJIbHSIE PIBHAHHAM

—2Ric, =Ly g, +219,, (14)

IJIs1 IessKoro BekTopHoro nonst X, Ha M, moxinHoi JIi LXO IO BIJHOIICHHIO 10 X, 1 cTajnoi

A.

Skmo A =0 coniton Piuui Ha3uBaroTh crilikum, npu A <0 — cTUCKarOUUM, a pu
A>0 - posraryrouuM. Mu OyzneMo KOpUCTYBaTHCh IIMMH BU3HAYEHHSIMH, XOua
3aCTOCOBYIOTHCS M 1HIIIL.

Takum yMHOM, M COMITOHOM PO3YMiIOTH TpiiiKy: METpHKY ( , BEKTOpHe moie X, Ta
crary A . BekropHe moie X, Ha3UBaIOTh 3aJal0YMM COJITOH-BEKTOPOM. SIKINO 3amarounit
BEKTOp TPaJliEHTHUH, TO IPaJIEHTHUM HAa3UBAIOTh 1 COJIITOH.

Hexaii V, ncesnopimMaHis IIpoCTip 3 METPUYHUM T€H30poM §;; , Tomi piBHsHHA (14) s

IpaJlieHTHUX COJIITOHIB B 1HJEKCHIN (hopMi 3anumeTbes [14]
Vi =49; -R;, (15)
A, =0, (16)

1€ ¢, — NeSKUI HEHYJIbOBUM I'paJleHTHUH BEKTOP.
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YMOBHU IHTETPOBAHOCTI, 3 ypaXyBaHHSIM TOTOXKHOCTI Piuui mpuitMmyTb BUJ
Q?a Ijk (Vk ij j |k) (17)

h .
TyT Ry — Tensop Pimana V, .

BpaxoBytoun Totoxnicts bianki (17), 3anumemo Tak

@R =V,Ri- (18)

a’ ikt

3ropraroun octanne 3 §°, ne 9" — enementu oGeprenoi 10 ||gij || MaTpulli, OyJaemMo Matu
o, RS =-V,R/2,1yr R= Ra/),g“ﬂ — CKaJsipHa KpuBHHA V. .

SAKmo BeKTOp @, Mae cTaly JOBXKHHY, ToOTO @ ¢ =const, ne ¢"=¢, g™, To
KoBapiaHTHO AudepeHuiooyn Ta BpaxoByrouu (15) ta (18), orpumaemo

/1@ +T:0.

OcTtanHe Ja€ MOXKIIUBICTh C(HOPMYITIOBATH TEOPEMY:
Teopema 3. B nceBgopiMaHoBoMy mpocTopi V, 3 3aJal04uM COJITOH-BEKTOPOM CTajol

JOBKMHU CKaJIIipHA KPUBHHA CTaja TOJI 1 TIJIbKH TOJ1, KOJIM COJITOH CTIAKHIA.
BekTopHe 1mosie Ha3uBarOTh KOHIIUPKYIISIPHUM, SIKIIIO BOHO 33JI0OBOJILHSIE YMOBI

V& =p9;, (19)

TyT &, #0, p — neskuii iHBapiaHT.
Sxmo p=CoNnst, To BEKTOpHE MOJE€ HAa3WUBaIOTh — 30DKHUM, a B BuUmaaky p=0 -

KoBapiaHTHO ctanuM. [IpocTopu, B SIKUX iCHYye€ KOHIMPKYISIPHE BEKTOPHE I0OJIC, HA3MBAIOTh
CKBIJJICTAHTHUMH.
Posrnsnemo nceBnopimaniB mpoctip V,, B SKoMy BUKOHYIOTbCs piBHsHHA (15), (16) Ta

(19). Mae micrie Teopema:
Teopema 4. SIKmo B eKBiAUCTAaHTHOMY MCEBIOPIMaHOBOMY mpocTopi V, icHye

TPaJliEHTHUNA 3a/1al0YMil COJIITOH BEKTOP, TO a00 BIH KOJIHEAPHHUN KOHIUPKYJISIPHOMY, 200
KOHIIMPKYJISIPHE BEKTOPHE I10JI€ € KOBapIaHTHO CTAIHM.

JloBeieHHs.

YMmoBu iHTerpyBanss (19) MatoTh BUIIISAL

a uk _C(é/)(é/kgu C: glk)

ne ¢(¢) — neskuii iHBapiaHT, IO 3aNeKUTh Bix ¢ , Takuii mo V,p =c({)J, .
I3 ocrannworo, BpaxoBytouu (40) orpuMaeMo

pRhuk +g,V Ruk = C!(g)(gijgkgh - gikgjé’h)—i—c(g)p(gijgkh - gikggh) ,

TYyT Rhijk 9..R |Jk

3ropratoun 3 ™ Ta npuitmaroun 1o yearu (18), (19) GymemMo MaTH
PR+ C(g)(gjq)i _§0a§agij) = C,(é/aé/agij _é,iélj) +c(g)p(n _1)gij -
I3 0CTaHHBOTO, BPAaXOBYIOUH CUMETPHYHICT TeH30piB §; Ta R;, BuTikae

)0~ i) =0.
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Agxmo ¢(¢)=0, 10 V,p=0, 1 KOHIMPKYIApPHE TIOJi¢ KOBAapiaHTHO cCTayie, B

npoTwiekHoMy Bumaaky & =K@, me K - meskuit inBapiant. TakuM YHHOM, TEOPEMY

noseneHo. Bei neceBnopiManoBi npocTopu V, 3a10BOJIBHSIOTH YMOBI

Cj. =0. (20)

PosrisiHemo mpocropu N >3, B SKUX BUKOHYIOThCS 1i yMOBH. 3 (18) mepexoHaeMocs,
10

q)ava ij :0’ (21)

JUIS BCIX HPOCTOPIB, SIKi J03BONISIOTH BeKTOPU @ 10 3aaI0Th CONITOHH Piuui.
3 (21) ans mpocTopiB n > 3, B IKUX BUKOHYIOThCS (20), oTpuMaeMo

V.Rp; —V,Rgp, =0. (22)

TakuM 4MHOM, JOBEIECHO TEOPEMY:
Teopema 5. Jlns KoHGOPMHO-IUIACKHX IceBAopiManoBux mpocropis V, (n>3)
TpaJieHTHE BEKTOPHE I0JIe, 110 3aa€ COJIITOH Piudi 3a10BOIBHSIE YMOBI

V.o=f(R)VR, (23)

ne f(R) — mesxa dyHKUis, M0 3a1€XKNUTH BiJl CKAISIPHOT KPUBUHHU NIPOCTOPY V|, .
Piasans  (16), (17) mnpencraBnsitoTe cucTeMy AuQEpeHIiadbHUX PpIBHAHb B
KOBapiaHTHUX NOXigHMX Tunmy Komr BiZHOCHO HEBIIOMHMX BEKTOpPIB ¢, Ta CTaluoi A.

Hocmimpkennst ii ta ymoB iHterpyBanHs (19) meromamu, aHAJOTIYHUMHU PO3POOJICHUM B
pobotax [19, 20, 21], naroTh MOXJIHUBICTh JOBECTH, II0 MAKCHUMAaJIbHY KUIBKICTh PO3B’SI3KiB
cucremu (N+1) MO3BONSIOTH IUIACKi mpocTopH. He icHye mceBIopiMaHOBUX MPOCTOPIB, SKI

JO3BOJIAIOTH N Ta N—1 po3B’sI30K BKa3zaHOI CHCTeMH. SIKINO KUIBKICTh PO3B’s3KIB OLjIbIIe
0JIHOT0, TOOTO KpiM piBHAHHS (16), BUKOHYETHCS

qu)i :Agij - Rij )
IpUHAWMHI e 471 0AHOTO Jesikoro BekTopa @, Ta cranoi A, To
Vj(Q’i_(Di):(;t_/\)gij- (24)

TakuM YMHOM, CIIPABKYETHCS:

Teopema 6. fIkimo B nceBopiMaHOBOMY MpocTopi V, icHye Oiible HiIX OJHE CYTTEBE
TpaJliEHTHE BEKTOPHE TOJIE, 10 3a/1a€ COMTOH Piuul, TO 1€ MpOCTip eKBITUCTAHTHUH.

PiBHsiHHS (24) 3amai0Th 301KHE KOHIMPKYJSPHE BEKTOpHE ToJje, ke abo KoJliHeapHe
BEKTOPHOMY II0JIIO, 1110 3a/1a€ TPajieHTHUHN cOoiTOH Piyui, ab0 KoBapiaHTHO cTaie.

[lepmmii BUMAgoOK NMPOBOAWUTH O TApMOHIMHUX ICEBAOPIMAHOBHX IPOCTOPIB, TOOTO

npocTopis, ais sxkux V, Ri =0, a npyruii — 103805151€ cHOpMyTHOBATH HACIIJIOK.
Hacainok 1. Crana A OfZHO3HAYHO BU3HAYAETHCS AJIS IICEBAOPIMAHOBHX HpocTOpiB V, ,
BIIMIHHMX BiJl TapMOHIHHUX, 110 JT03BOJISAIOTH coJliToHU pivyi.discussion of the results of the

study.
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5 OBI'OBOPEHHS PE3YJBTATIB JOCJIKEHHSA

B sxocTi mpukiaay po3risHeMo Top. TOpoM Ha3WBA€ETHCS MOBEPXHS, SIKA YTBOPIOETHCS
o0epTaHHsSM KOJia HABKOJIO OCi, IO JISKHUTH B 11 TUIOMIMHI Ta ii He meperuHae. Skmo 3a X
B3STH IIUPOTY TOPA, a 32 ¥ HOro JOBroTy, TO METPUKA TOPA 3alUIICThCS B BUIJISII:

_(a? 0
%= o b?(1+ scos(x))? )’

TyT a — pagiyc koma, D — Bimmamp Bix ueHTpa Koma 1o oci obepramms, ¢=a/b —
excueHTpucuret Topy. CumBosiom Xpuctoddenst o0uucianmo 3a GopMyIioro

. k k
2Fijk :aigjk+ajgik_akgij’ Fij :ga Fija'
OTpumaemMo TpY BIIMIHHUX BijJ HYJISI KOS(IIEHTH 3B’ I3HOCTI

r :sinx(1+gcosx)_ 2 12 —£Sin X
22 £ T2 (14+gcosx)

Jns ren3opa Pimana orpuMaeMo

R _ COSX(1+&cosx) . RL ___£C0SX
221 = £ 'L (1+e&cosX)

s Ten3opa Pivui:

R, = - £COSX__. _ Cosx(1+&cos x)
1 (A+egcosx)’ Z c :

3 BU3HAYEHHS KOBAapPiaHTHOI MOXITHOI Ta 3HaYeHb CUMBOIIB Xpuctoddens 1t Topa
gsinx-u, 1
———=+=(0,u, +0,U,),
(1+ £ cos x) 2( U+ Ol)
sin x(1+ & cos x)u,
2 .

V=0, ¥, =

V22 = 05U,
BpaxoByroun BU3HAYCHHS CIICIialbHIX KaHOHIYHUX AedopMarliii, Oynemo matu [ 3]

alul — /1a2 _ & COS X

(A+e&cosx)’
o,u, = sin X(1+&cos x)u, AL+ £CosX): — Cos X(l":‘g COS X) ’
—2&sin X
52U1 +81U2 == (1—|—§TX) .

Hagenemo mpukian ncesmopiManoBoro mnpocropy V, (N> 2), skuil 103BOIIsE Tpagi€HTHI

BEKTOPHI TOJISI, IO 3aJal0Th COJITOHU Pivdi, TOOTO JOMYyCKarOTh CHEIialbHI KaHOHIYHI
nedopmarii [16].
PosrisiHEMO mceBopiMaHiB pocTip V, 3 METpHKOIO

dSZ — _(dX!)Z + (X!)ZCOS(G) (dXZ)Z + (X!)Zsin(Q) (dx3)2 )

IToGyyeMo BeKTOpPHE IoNe @', 1o 3ajae napadoiunmii comiton Piuui @' = (¢'(x"),0,0).

OG6uucnmo Ten3op Piyui nceBgopimManoBoro npocropy V, :
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_1-cos(®)—sin(®) R cos(®)(1-cos(®) —sin(®)) .
- (X1)2 ! 22 (Xf)z(l—cos((a)) !

_ (1—cos(®) —sin(®) —1—cos(®))
33 T ( X’) 2(1-cos(®)) '

Ry,

CkansipHa KpHUBHHA
_ —2(1-cos(®))(1—sin(®))
(x)? '
B npoMy nipocTopi icHye nmapaboigyHui cosliToH Piydi, 110 3aa€ThCSl BEKTOPHUM IOJIEM:

o = (1—cos(Gl)l—sin(®)) St

R

Sxmo O=7, TO KOMIOHEHTH METPUYHOTO TeH30pa (., =1, 1 B mpocTopi icHye
KoBapianTHa crane BekTopHe nojie v = (0,0,1), oproroHanbHe TineprnoBepxHi

ds? = —(dx')? + (X})z (dx?)?.

6 BUCHOBKHU

PoGora HOCHTH Xapakrep (yHIAMEHTAIBHO-TEOPETHYHOTO MOCHiKeHHA. OTpuMaHi
pe3yNnbTaTu —IIe  MNPUPOJAHUNA  PO3BUTOK BIIOMHX pPE3yibTaTiB Teopii aedopmariii
MICEBJIOPIMAHOBHUX MPOCTOpiB. | TOMy MaioTh TEOpEeTHYHY I[IHHICTh 3 TOYKY 30Dy
nudepeHiianbHoi reomeTpii. B Toif ke yac, BOHU MOXYTh OyTH BUKOPHCTaHI B TECOPETUUHUN
MeXaHiIli Ta B 3arajbHii Teopil BIIHOCHOCTI IPU MOEIIOBaHHI THHAMIYHUX HPOIIECIB.
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