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Àíîòàöiÿ. Â ðîáîòi àíàëiçó¹òüñÿ çáiæíiñòü àëãîðèòìó íà îñíîâi ñïðÿæåíîãî ãðàäi¹íòà äëÿ

ôóíêöiîíàëüíî¨ ëiíiéíî¨ ìîäåëi â ñèñòåìi âiäòâîðþþ÷îãî ÿäðà ãiëüáåðòîâîãî ïðîñòîðó, âèêîðèñòî-

âóþ÷è ðåçóëüòàòè ðàííüî¨ çóïèíêè â ðåãóëÿðèçàöi¨ ïðîòè íàäìiðíî¨ ïiäãîíêè. Ìè âñòàíîâëþ¹ìî

øâèäêîñòi çáiæíîñòi çàëåæíî âiä óìîâè ðåãóëÿðíîñòi ôóíêöi¨ íàõèëó òà øâèäêîñòi ñïàäàííÿ

âëàñíèõ çíà÷åíü îïåðàòîðíî¨ êîìïîçèöi¨ êîâàðiàöi¨ òà îïåðàòîðà ÿäðà. Íàøi øâèäêîñòi çáiæíîñòi

âiäïîâiäàþòü ìiíiìàêñíié øâèäêîñòi, äîñòóïíié ó ëiòåðàòóði.

Abstract. In this paper, we discuss the convergence analysis of the conjugate gradient-based algo-

rithm for the functional linear model in the reproducing kernel Hilbert space framework, utilizing early

stopping results in regularization against over-�tting. We establish the convergence rates depending

on the regularity condition of the slope function and the decay rate of the eigenvalues of the operator

composition of covariance and kernel operator. Our convergence rates match the minimax rate available

from the literature.

1 Introduction

The functional linear regression (FLR) model is one of the fundamental tools for analyzing
functional data, introduced by Ramsay and Dalzell [22]. The model gained popularity due to
its simplicity in dealing with high-dimensional functional data. For example, it is widely used in
medicine, chemometrics, and economics [11,12,21,23]. Mathematically, the FLR model is stated as

Y =

∫
S
X(t)β∗(t) dt+ ϵ,

where Y is a real-valued random variable, (X(t); t ∈ S) is a continuous time process, β∗ is an
unknown slope function and ϵ is a zero mean random noise, independent of X, with �nite variance
σ2. Throughout the paper, we assume that X and β∗ are in L2 (S), and S is a compact subset of
Rd. In the context of the slope function, it is evident that

β∗ := arg min
β∈L2(S)

E [Y − 〈X,β〉]2 .

The goal is to construct an estimator β̂ to approximate the slope function β∗ using observed empirical
data {(X1, Y1) , (X2, Y2) , · · · , (Xn, Yn)}, whereXi's are i.i.d. copies of random functionX. The main
approach in estimating the slope function β∗ is based on the representation of the estimator function
and functional data in terms of certain basis functions. In this paper, we utilize the framework of
reproducing kernel Hilbert space (RKHS) to construct an estimator function β̂ using the conjugate
gradient method.

In [7], the authors used penalized B-spline basis functions to represent the estimator function
and also introduced an alternate smooth version of functional principal component analysis (FPCA)
to construct β̂. A Fourier basis approach was explored in [17] and the FPCA-based approach is
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investigated in [5,14,19]. One of the profound choices for the basis functions in the FPCA method
is to use the eigenfunctions obtained from the covariance operator of the given data. However, Cai
and Yuan [6] demonstrated that this choice may not be suitable for all cases, as shown with the
example of Canadian weather data. This observation strongly motivated the researchers to explore
alternative choices of basis functions.

It is well-known in learning theory that kernel methods represent predictor functions using
data-driven kernel functions, resulting in good generalization error (see [3, 9, 10, 20]). Cai and
Yuan [26] proposed utilizing the kernel method approach, wherein the estimator is expressed as a
linear combination of kernel functions. The method achieves optimal rates under the assumption
that the slope function β∗ belongs to the RKHS. Later in [6], they used the regularization technique
to achieve optimal rates without the Sacks Ylvisaker condition, which was a necessary assumption
in [26]. Further analysis of the FLR model within the framework of RKHS has been studied and
discussed in [2, 24, 25, 27]. Since the computational complexity of these techniques is O(n3), they
incur high computational costs when dealing with large datasets.

To address this shortcoming, Blanchard and Kr�amer [4] employed the conjugate gradient method
in the kernel ridge regression method, by utilizing an early stopping rule that also serves as a
form of regularization. This reduces the computational complexity to O

(
n2m

)
for m number of

iterations [18]. Inspired by their work, in this paper, we propose an estimator β̂ for the FLR model
by employing the conjugate gradient (CG) approach with an early stopping rule. We speci�cally
focus on the CG method due to its outstanding computational characteristics, setting it apart from
other approaches. Since it aggressively targets the reduction of residual errors, it is commonly
observed in practical applications that the CG method achieves convergence in signi�cantly fewer
iterations compared to other gradient descent techniques, as discussed in the context of kernel
learning by [13] and [8]. We obtain a convergence rate for ‖β̂ − β∗‖L2(S) and show it to align with
the minimax rates of the FLR model [6, 27], thereby establishing the minimax optimality of our
estimator.

The paper is organized as follows. In Section 2, we present the necessary background for the
conjugate gradient method for the FLR model in the RKHS setting and explain some important
properties of certain orthogonal polynomials. In Section 3, we discuss our assumptions and provide
convergence rates of the CG method. We present the supplementary results, which will be used to
prove the main theorem, in the �nal section, Section 4.

2 Preliminaries and Notations

Let H be a Hilbert space of real-valued functions on a compact subset S of Rd. We say that
H is RKHS if for every x ∈ S, the pointwise evaluation map f 7→ f(x) is continuous on H. As a
consequence of the Riesz representation theorem, there is a unique kernel function k : S × S → R,
called the reproducing kernel such that k (s, ·) ∈ H for any s ∈ S satis�es the reproducing property:

f (s) = 〈k(s, ·), f〉H , ∀f ∈ H.

It is easy to see that the associated kernel function k is symmetric and positive de�nite. Conversely,
for a given symmetric and positive de�nite function k, we can construct a unique RKHS with k as
the reproducing kernel. For a detailed study of RKHS, we refer the reader to [1].

We assume that k is continuous; then the associated RKHS H is separable and the embedding
operator (inclusion operator) J : H → L2 (S), which is de�ned as (Jf)(x) = 〈k(x, ·), f〉H is compact.
The adjoint operator J∗ : L2 (S) → H is given by

(J∗g)(x) =

∫
S
k(x, t)g(t) dt.

We denote the integral operator, T := JJ∗ : L2 (S) → L2 (S) and the covariance operator C :=
E [X ⊗X] : L2 (S) → L2 (S), where ⊗ is the L2 (S) tensor product.
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Given (Xi, Yi)
n
i=1 i.i.d. copies of (X,Y ), our estimator is de�ned as

β̂ = argmin
β∈H

1

n

n∑
i=1

[Yi − 〈β,Xi〉L2 ]2

= argmin
β∈H

1

n

n∑
i=1

[Yi − 〈Jβ,Xi〉L2 ]2

= argmin
β∈H

1

n

n∑
i=1

[Yi − 〈β, J∗Xi〉H]2 .

A solution for this optimization problem can be obtained by solving

J∗ĈnJβ̂ = J∗R̂, (2.1)

where

Ĉn :=
1

n

n∑
i=1

Xi ⊗Xi and R̂ :=
1

n

n∑
i=1

YiXi.

We denote Λ := T
1
2CT

1
2 and Λn := T

1
2 ĈnT

1
2 .

The fundamental idea behind the conjugate gradient method is to restrict the optimization
problem to a set of subspaces (data dependent), known as Krylov subspaces, de�ned as

Km

(
J∗R̂, J∗ĈnJ

)
: = span

{
J∗R̂, J∗ĈnJJ

∗R̂,
(
J∗ĈnJ

)2
J∗R̂, . . . ,

(
J∗ĈnJ

)m−1
J∗R̂

}
=
{
p
(
J∗ĈnJ

)
J∗R̂ : p ∈ Pm−1

}
,

where Pm−1 is a set of real polynomials of degree at most m − 1. Then the CG solution after m
iterations is

β̂m = arg min
β∈Km(J∗R̂,J∗ĈnJ)

∥∥∥J∗R̂− J∗ĈnJβ
∥∥∥
H
. (2.2)

The iterated solution, because the problem is restricted to the Krylov subspaces, will take the form

β̂m = qm

(
J∗ĈnJ

)
J∗R̂ with qm being a polynomial of degree at most m− 1. Associated with each

iterated polynomial qm, we have a residual polynomial de�ned as pm (x) = 1−xqm (x) ∈ P0
m, where

P0
m is a set of real polynomials of degree at most m and having constant term equal to 1.

Since the construction of the estimator involves forward multiplication through the residual
polynomial pm, it is essential to understand certain fundamental characteristics of these polynomials.

Suppose (ξn,i, en,i)i∈I is an eigenvalue-eigenfunction pair for the operator Λ̂n with ξn,i in [0, κΛ],
i ∈ I, where {en,i : i ∈ I} is an orthonormal system in L2 (S) and κΛ is a constant that bounds the

kernel function of the integral operator Λ. For u > 0, denote Fu = 1[0,u)

(
Λ̂n

)
as the orthogonal

projector onto the space spanned by {en,i : i ∈ I, ξn,i < u}. For each integer l ≥ 0, we will introduce

measure µ
(l)
n which is de�ned as

µ(l)
n :=

∑
i∈I

ξln,i

〈
T

1
2 R̂, en,i

〉2
L2

δξn,i
,

where δx is Dirac measure centered at x. In particular, for l = 0 we use the convention 00 = 1.
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Associated to each measure µ
(l)
n , l ≥ 0, we de�ne the scalar product of two polynomials as

[p, q](l) :=

∫ κΛ

0
p (t) q (t) dµ(l)

n (t)

=

〈
p
(
Λ̂n

)
T

1
2 R̂,

(
Λ̂n

)l
q
(
Λ̂n

)
T

1
2 R̂

〉
L2

=
∑
i∈I

p (ξn,i) q (ξn,i) (ξn,i)
l
〈
T

1
2 R̂, en,i

〉2
L2

.

For l = 0, we see that

[p, q](0) =
〈
p
(
Λ̂n

)
T

1
2 R̂, q

(
Λ̂n

)
T

1
2 R̂
〉
L2

.

Since Λ̂n is a �nite rank operator, it has only a �nite number of non-zero eigenvalues. Consequently,

we observe that the measure µ
(l)
n has �nite support of cardinality, independent of l. Indeed, if ξn,j = 0

for some j ∈ I, then we have

T
1
2 ĈnT

1
2 en,j = 0 =⇒

〈
T

1
2 ĈnT

1
2 en,j , en,j

〉
L2

= 0

=⇒ 1

n

n∑
i=1

〈
T

1
2Xi, en,j

〉2
L2

= 0

=⇒
〈
T

1
2Xi, en,j

〉
L2

= 0, ∀ 1 ≤ i ≤ n.

Now we see that 〈
T

1
2 R̂, en,j

〉
L2

=
1

n

n∑
i=1

Yi

〈
T

1
2Xi, en,j

〉
L2

= 0.

This concludes that µ
(l)
n has �nite support of cardinality (independent of l), let's say nγ ≤ n. It is

clear from (2.2) that qm minimizes∥∥∥J∗R̂− J∗ĈnJq
(
J∗ĈnJ

)
J∗R̂

∥∥∥
H
=
∥∥∥T 1

2 R̂− T
1
2 ĈnT

1
2 q
(
T

1
2 ĈnT

1
2

)
T

1
2 R̂
∥∥∥
L2

over q ∈ Pm−1. Equivalently, consider p (x) = 1− xq (x), then pm minimizes∥∥∥p(T 1
2 ĈnT

1
2

)
T

1
2 R̂
∥∥∥
L2

= [p, p](0) (2.3)

over p ∈ P0
m. In other words, we can say that pm is the orthogonal projection of origin onto the

a�ne subspace P0
m ⊂ Pm for the scalar product [·, ·](0). We take q0 = 0, p0 = 1 for m = 0. Because

of the properties of projections, pm is orthogonal to P0
m. Since P0

m = 1 + πPm−1 is parallel to
πPm−1, where (π(q)) (x) = xq(x) is a shift operator. So we have 0 = [pm, πq](0) = [pm, q](1) for any
q ∈ Pm−1 which concludes that p0, . . . , pnγ−1 is an orthogonal sequence of polynomials with respect
to [·, ·](1). For m = nγ , we can see that [·, ·](l) is semide�nite product on Pnγ and pnγ is unique

element of P0
nγ

satisfying
[
pnγ , pnγ

]
(0)

= 0. Hence, for m = nγ , unicity of the solution holds and[
pnγ , pm

]
(1)

= 0 for all m ≤ nγ . By applying the representer theorem to (2.1),

β̂ ∈ span

{∫
S
k(·, t)Xi(t) dt : i = 1, . . . , n

}
,
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i,e., there exists a α := (α1, . . . , αn)
⊤ ∈ Rn such that β̂ =

∑n
i=1 αi

∫
S k (·, t)Xi (t) dt. Using this in

(2.1), we can solve Kα = y to get a solution of (2.1), where

K ∈ Rn×n with [K]ij: =

∫
S

∫
S
k(s, t)Xi(t)Xj(s) dt ds

and y = (Y1, . . . , Yn)
⊤ ∈ Rn. We refer the reader to [15] for the iterative methodology to create the

CG estimator of β̂ in (2.1).

The following lemma, which lists several properties of orthogonal polynomials, is proven in [4].
It will be used frequently throughout the remainder of the paper.

Lemma 2.1. (Lemma 5.2 in [4]) Let m be any integer satisfying 1 ≤ m ≤ nγ .

1. The polynomial pm has exactly m distinct roots belonging to (0, κΛ], denoted by (xk,m)1≤k≤m
in increasing order.

2. pm is positive, decreasing and convex on the interval [0, x1,m).

3. De�ne the function φm on the interval [0, x1,m) as

φm (x) = pm (x)

(
x1,m

x1,m − x

) 1
2

.

Then it holds

[pm, pm]
1
2

(0) =
∥∥∥pm (Λ̂n

)
T

1
2 R̂
∥∥∥
L2

≤
∥∥∥Fx1,mφm

(
Λ̂n

)
T

1
2 R̂
∥∥∥
L2

,

and furthermore, for any ν ≥ 0,

sup
x∈[0,x1,m]

xνφ2
m (x) ≤ νν

∣∣∣p′
m (0)

∣∣∣−ν
. (2.4)

4. Denote p
(2)
0 , p

(2)
1 , . . . , p

(2)
nγ−1 the unique sequence of orthogonal polynomial with respect to [·, ·]2

and with constant term equal to 1. This sequence enjoys properties (1) and (2) above with(
x
(2)
k,m

)
1≤k≤m

denoting the distinct roots of p
(2)
m in increasing order. Then it holds that

x1,m ≤ x
(2)
1,m. Finally, the following holds:

0 ≤ p
′
m−1 (0)− p

′
m (0) =

[pm−1, pm−1](0) − [pm, pm−1](0)[
p
(2)
m−1, p

(2)
m−1

]
(1)

≤
[pm−1, pm−1](0)[
p
(2)
m−1, p

(2)
m−1

]
(1)

.

3 The Main Result

In this section, we present the convergence rate of the conjugate gradient method in functional
linear regression. Our proofs are inspired by the ideas of [4]. The analysis depends on the eigenvalue

behaviour of the operator Λ = T
1
2CT

1
2 which indicates the behaviour of eigenvalues of the kernel

operator T and the covariance operator C. First, we begin with a list of assumptions that are
required for our convergence rate analysis.

Assumption 3.1. (Source Condition) There exists g ∈ L2 such that β∗ = T
1
2

(
T

1
2CT

1
2

)α
g,

where α is any positive real number.

Note that the assumption implies β∗ ∈ H with additional smoothness. In [27], the authors
use this source condition to derive the minimax and faster convergence rate for the Tikhonov
regularization with 0 < α ≤ 1

2 .
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Assumption 3.2. (Decay Condition) For some s ∈ (0, 1),

i−
1
s ≲ ξi ≲ i−

1
s ∀ i ∈ I,

where (ξi, ei)i∈I is the eigenvalue-eigenvector pair of operator Λ and the symbol ≲ means that there

exist constants b,B > 0 such that bi−
1
s ≤ ξi ≤ Bi−

1
s for all i ∈ I.

This decay of eigenvalues is related to the e�ective dimensionality because under this assumption
we have that N (λ) := trace(Λ (Λ + λI)−1) ≤ D2 (κΛλ)

−s for all λ ∈ (0, 1] and an appropriate
choice of D > 0.

Assumption 3.3. (Fourth Moment Condition) For any f ∈ L2 (S),

E 〈X, f〉4L2 ≤ c0

(
E 〈X, f〉2L2

)2
for some constant c0 > 0.

We de�ne the early stopping rule to stop the CG method at an early stage m∗ � n. This is
mainly used for its implicit regularization property. The early stopping, de�ned as m∗, is the �rst
iteration for which the residual term is less than some prede�ned threshold. Now we state and prove
our main theorem.

Theorem 3.1. Let α > 0, τ > 0 and E ‖X‖4 < ∞. Suppose Assumptions 3.1�3.3 hold, and
stopping rule holds with threshold

Ω = (2 + τ)n− α+1
1+s+2α .

Then for large enough n and λ = c (α, δ)n− 1
1+s+2α , it holds with probability at least 1− δ that∥∥∥β̂m∗ − β∗
∥∥∥
L2

≲ n− α
1+s+2α ,

where c (α, δ) is a constant that depends only on α and δ.

Proof. Let λ ≥
(
4c21
n

) 1
s+1

and de�ne F⊥
u := (I − Fu). We start by considering the error term:∥∥∥β̂m − β∗

∥∥∥
L2

=
∥∥∥Jβ̂m − β∗

∥∥∥
L2

=
∥∥∥Jqm (J∗ĈnJ

)
J∗R̂− β∗

∥∥∥
L2

=
∥∥∥T 1

2 qm

(
Λ̂n

)
T

1
2 R̂− T

1
2Λαg

∥∥∥
L2

≤
∥∥∥T 1

2

∥∥∥
op

∥∥∥qm (Λ̂n

)
T

1
2 R̂− Λαg

∥∥∥
L2

≲
∥∥∥qm (Λ̂n

)
T

1
2 R̂− Λαg

∥∥∥
L2

≤
∥∥∥Fu

(
qm

(
Λ̂n

)
T

1
2 R̂− Λαg

)∥∥∥
L2

+
∥∥∥F⊥

u

(
qm

(
Λ̂n

)
T

1
2 R̂− Λαg

)∥∥∥
L2

≤
∥∥∥Fu

(
qm

(
Λ̂n

)
T

1
2 R̂− qm

(
Λ̂n

)
T

1
2 Ĉnβ

∗
)∥∥∥

L2︸ ︷︷ ︸
Term−1

+
∥∥∥Fu

(
qm

(
Λ̂n

)
T

1
2 Ĉnβ

∗ − Λαg
)∥∥∥

L2︸ ︷︷ ︸
Term−2

+
∥∥∥F⊥

u

(
qm

(
Λ̂n

)
T

1
2 R̂− Λαg

)∥∥∥
L2︸ ︷︷ ︸

Term−3

.
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In the third step we have used that Jqm

(
J∗ĈnJ

)
J∗ = T

1
2 qm

(
T

1
2 ĈnJ

)
T

1
2 which can be derived

easily using spectral representation. Further, we will estimate each term separately using Lemma
4.1 and Lemma 4.2.

Estimation of Term-1:∥∥∥Fu

(
qm

(
Λ̂n

)
T

1
2

(
R̂− Ĉnβ

∗
))∥∥∥

L2

≤
∥∥∥∥Fuqm

(
Λ̂n

)(
Λ̂n + λI

) 1
2

∥∥∥∥
op

∥∥∥∥(Λ̂n + λI
)− 1

2
(Λ + λI)

1
2

∥∥∥∥
op

×
∥∥∥(Λ + λI)−

1
2 T

1
2

(
R̂− Ĉnβ

∗
)∥∥∥

L2

≲
√

σ2N (λ)

nδ

∥∥∥∥Fuqm

(
Λ̂n

)(
Λ̂n + λI

) 1
2

∥∥∥∥
op

(by Lemmas 4.1, 4.2)

≤
√

σ2N (λ)

nδ

(
sup

x∈[0,u]
x

1
2 qm (x) + λ

1
2 sup
x∈[0,u]

qm (x)

)

≤
√

σ2N (λ)

nδ

( sup
x∈[0,u]

qm (x)

) 1
2
(

sup
x∈[0,u]

xqm (x)

) 1
2

+ λ
1
2

∣∣∣p′
m (0)

∣∣∣


≤
√

σ2N (λ)

nδ

(∣∣∣p′
m (0)

∣∣∣ 12 + λ
1
2

∣∣∣p′
m (0)

∣∣∣) .

Following argument ensures the last inequality: If m = 0, we use pm ≡ 1 and qm ≡ 0, so the
inequality follows for any u > 0. If m ≥ 1, we use pm is decreasing and convex in [0, u], qm (x) ≤∣∣∣p′

m (0)
∣∣∣ for all x ∈ [0, u) and xqm (x) ≤ 1 for all x ∈ [0, u) as u ≤ x1,m.

Estimation of Term-2: Using Lemma 4.4, and the fact that |pm (x)| ≤ 1 for all x ∈ [0, u), we
get ∥∥∥Fu

(
qm

(
Λ̂n

)
T

1
2 Ĉnβ

∗ − Λαg
)∥∥∥

L2

=
∥∥∥Fu

(
qm

(
Λ̂n

)
T

1
2 ĈnT

1
2Λαg − Λαg

)∥∥∥
L2

=
∥∥∥Fu

(
qm

(
Λ̂n

)
Λ̂n − I

)
Λαg

∥∥∥
L2

=
∥∥∥Fupm

(
Λ̂n

)
Λαg

∥∥∥
L2

≤2

(
sup

t∈[0,u]
tαpm (t) + max {α, 1}Zα (λ) sup

t∈[0,u]
pm (t)

)
≤2 (uα +max {α, 1}Zα (λ)) .

Estimation of Term-3:∥∥∥F⊥
u

(
qm

(
Λ̂n

)
T

1
2 R̂− Λαg

)∥∥∥
L2

=

∥∥∥∥F⊥
u

(
Λ̂n

)−1
Λ̂n

(
qm

(
Λ̂n

)
T

1
2 R̂− Λαg

)∥∥∥∥
L2

≤
∥∥∥∥F⊥

u

(
Λ̂n

)−1 (
Λ̂nqm

(
Λ̂n

)
T

1
2 R̂− T

1
2 R̂+ T

1
2 R̂− Λ̂nΛ

αg
)∥∥∥∥

L2
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≤
∥∥∥∥F⊥

u

(
Λ̂n

)−1 (
Λ̂nqm

(
Λ̂n

)
T

1
2 R̂− T

1
2 R̂
)∥∥∥∥

L2

+

∥∥∥∥F⊥
u

(
Λ̂n

)−1 (
T

1
2 R̂− Λ̂nΛ

αg
)∥∥∥∥

L2

≤1

u

∥∥∥Λ̂nqm

(
Λ̂n

)
T

1
2 R̂− T

1
2 R̂
∥∥∥
L2

+

∥∥∥∥F⊥
u

(
Λ̂n

)−1 (
Λ̂n + λI

) 1
2
(
Λ̂n + λI

)− 1
2

× (Λ + λI)
1
2 (Λ + λI)−

1
2

(
T

1
2 R̂− Λ̂nΛ

αg
)∥∥∥

L2

≤1

u

∥∥∥Λ̂nqm

(
Λ̂n

)
T

1
2 R̂− T

1
2 R̂
∥∥∥
L2

+
(u+ λ)

1
2

u

√
2σ2N (λ)

nδ
.

The last inequality follows from Lemmas 4.1, 4.2.
So by combining all three terms, we get∥∥∥β̂m − β∗

∥∥∥
L2

≲
√

σ2N (λ)

nδ

(ũ+ λ)
1
2

ũ
+ (uα +max {α, 1}Zα (λ))

+
1

u

∥∥∥Λ̂nqm

(
Λ̂n

)
T

1
2 R̂− T

1
2 R̂
∥∥∥
L2

,

where ũ = min

{
u,
∣∣∣p′

m (0)
∣∣∣−1
}
. Now we de�ne our stopping rule as

m∗ = inf
{
m ≥ 0 :

∥∥∥Λ̂nqm

(
Λ̂n

)
T

1
2 R̂− T

1
2 R̂
∥∥∥
L2

≤ Ω
}
,

Then ∥∥∥β̂m∗ − β∗
∥∥∥
L2

≲
√

σ2N (λ)

nδ

(ũ+ λ)
1
2

ũ
+ (uα +max {α, 1}Zα (λ)) +

1

u
Ω. (3.1)

We still have to bound
∣∣∣p′

m∗ (0)
∣∣∣ and for that we will use Lemma 4.5. First we will bound

∣∣∣p′
m∗−1 (0)

∣∣∣.
We assume that 0 < u < x1,m−1 ≤ x

(2)
1,m−1 (see Lemma 2.1). Consider

[pm−1, pm−1]
1
2

(0)

=
∥∥∥pm−1

(
Λ̂n

)
T

1
2 R̂
∥∥∥
L2

≤
∥∥∥p(2)m−1

(
Λ̂n

)
T

1
2 R̂
∥∥∥
L2

(
As pm minimizes (2.3) over p ∈ P0

m

)
≤
∥∥∥Fup

(2)
m−1

(
Λ̂n

)
T

1
2 R̂
∥∥∥
L2

+
∥∥∥F⊥

u p
(2)
m−1

(
Λ̂n

)
T

1
2 R̂
∥∥∥
L2

≤
∥∥∥FuT

1
2 R̂
∥∥∥
L2

+ u−
1
2

∥∥∥∥p(2)m−1

(
Λ̂n

)
Λ̂

1
2
nT

1
2 R̂

∥∥∥∥
L2

≤
∥∥∥Fu

(
T

1
2 R̂− T

1
2 Ĉnβ

∗
)∥∥∥

L2
+
∥∥∥FuT

1
2 Ĉnβ

∗
∥∥∥
L2

+ u−
1
2

∥∥∥∥p(2)m−1

(
Λ̂n

)
Λ̂

1
2
nT

1
2 R̂

∥∥∥∥
L2

≤
∥∥∥∥Fu

(
Λ̂n + λI

) 1
2

∥∥∥∥ ∥∥∥∥(Λ̂n + λI
)− 1

2
(Λ + λI)

1
2

∥∥∥∥ ∥∥∥(Λ + λI)−
1
2

(
T

1
2 R̂− T

1
2 Ĉnβ

∗
)∥∥∥

L2

+
∥∥∥FuT

1
2 Ĉnβ

∗
∥∥∥
L2

+ u−
1
2

∥∥∥∥p(2)m−1

(
Λ̂n

)
Λ̂

1
2
nT

1
2 R̂

∥∥∥∥
L2

.

For the third last inequality, we have used the fact that
∣∣∣p(2)m−1 (x)

∣∣∣ ≤ 1 for all x ∈
[
0, x

(2)
1,m−1

]
as

p
(2)
m−1 (0) = 1 and p

(2)
m−1 is non-increasing on

[
0, x

(2)
1,m−1

]
.
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From Lemma 4.1, Lemma 4.2 and Lemma 4.4, we get

[pm−1, pm−1]
1
2

(0)

=

√
2σ2N (λ)

nδ

∥∥∥∥Fu

(
Λ̂n + λI

) 1
2

∥∥∥∥
op

+
∥∥∥FuΛ̂nΛ

αg
∥∥∥
L2

+ u−
1
2

∥∥∥∥p(2)m−1

(
Λ̂n

)
Λ̂

1
2
nT

1
2 R̂

∥∥∥∥
L2

≤
√

2σ2N (λ)

nδ
(u+ λ)

1
2 + 2c (α)u (uα + Zα (λ)) ‖g‖L2 + u−

1
2

∥∥∥∥p(2)m−1

(
Λ̂n

)
Λ̂

1
2
nT

1
2 R̂

∥∥∥∥
L2

=

√
2σ2N (λ)

nδ
(u+ λ)

1
2 + 2c (α)u (uα + Zα (λ)) ‖g‖L2 + u−

1
2

[
p
(2)
m−1, p

(2)
m−1

] 1
2

(1)
,

where c (α) is a constant depending on α. Here we have used that
∣∣∣p(2)m−1 (x)

∣∣∣ ≤ 1 for x ∈
[
0, x

(2)
1,m−1

]
.

Using Assumption 3 and with the choice of λ = c (α, δ)n− 1
1+s+2α , we get that

√
σ2N (λ)

nδ ≲ λα+ 1
2 and

Zα (λ) ≤ λα.

From Lemma 4.5 and the stopping rule
∥∥∥Λ̂nqm∗−1

(
Λ̂n

)
T

1
2 R̂− T

1
2 R̂
∥∥∥
L2

> Ω, we get

(2 + τ)λ
1
2λ

1
2
+α

<

√
2σ2N (λ)

nδ

(∣∣∣p′
m∗−1 (0)

∣∣∣− 1
2
+ λ

1
2

)
+ 2

(∣∣∣p′
m∗−1 (0)

∣∣∣−(α+1)
+ c (α)Zα (λ)

∣∣∣p′
m∗−1 (0)

∣∣∣−1
)
‖g‖L2

≤
√
2λ

1
2
+α

(∣∣∣p′
m∗−1 (0)

∣∣∣− 1
2
+ λ

1
2

)
+ 2

(∣∣∣p′
m∗−1 (0)

∣∣∣−(α+1)
+ c (α)Zα (λ)

∣∣∣p′
m∗−1 (0)

∣∣∣−1
)
‖g‖L2 .

Therefore, we have

τλ
1
2λ

1
2
+α ≤ c (α)max

{
λ

1
2
+α
∣∣∣p′

m∗−1 (0)
∣∣∣− 1

2
,
∣∣∣p′

m∗−1 (0)
∣∣∣−(α+1)

‖g‖L2 ,

Zα (λ)
∣∣∣p′

m∗−1 (0)
∣∣∣−1

‖g‖L2

}
.

Following the steps from [4], we see that if the �rst term attains the maximum

τλα+1 ≤ c (α)λα+ 1
2

∣∣∣p′
m∗−1 (0)

∣∣∣− 1
2

=⇒
∣∣∣p′

m∗−1 (0)
∣∣∣ ≤ c (α, τ)λ−1,

if the second term attains the maximum

τλα+1 ≤ c (α)
∣∣∣p′

m∗−1 (0)
∣∣∣−(α+1)

‖g‖L2 =⇒
∣∣∣p′

m∗−1 (0)
∣∣∣ ≤ c

′
(α, τ)λ−1,

if the third term attains the maximum

τλα+1 ≤ c (α)Zα (λ)
∣∣∣p′

m∗−1 (0)
∣∣∣−1

‖g‖L2 =⇒
∣∣∣p′

m∗−1 (0)
∣∣∣ ≤ c

′′
(α, τ)λ−1,

as Zα (λ) ≲ λα.
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From all three cases, we will get that∣∣∣p′
m∗−1 (0)

∣∣∣ ≤ c2 (α, τ)λ
−1,

for some constant c2 (α, τ) > 0.

In the next step we get an bound on
∣∣∣p′

m∗ (0)
∣∣∣. From Lemma 2.1, we know that

∣∣∣p′
m−1 (0)− p

′
m (0)

∣∣∣ ≤ [pm−1, pm−1](0)[
p
(2)
m−1, p

(2)
m−1

]
(1)

.

De�ne u := a (α, τ)λ, where a (α, τ) is a constant. Using this choice we get√
2σ2N (λ)

nδ
(u+ λ)

1
2 + 2c (α)u (uα + Zα (λ)) ‖g‖L2 ≤ c3 (α, τ)λ

1
2λα+ 1

2 .

From the stopping rule, we know that∥∥∥Λ̂nqm∗−1

(
Λ̂n

)
T

1
2 R̂− T

1
2 R̂
∥∥∥
L2

> Ω = (2 + τ)λ
1
2λα+ 1

2 .

So now we can see that using all these inequalities we have that∣∣∣p′
m∗ (0)

∣∣∣ ≤ c4 (α, τ)λ
−1. (3.2)

Using (3.2), the choice of a (α, τ) can be made accordingly such that

u ≤
∣∣∣p′

m∗ (0)
∣∣∣−1

≤ x1,m.

With this inequality, we can choose ũ = u. Now with this choice of ũ = a (α, τ)λ, where a (α, τ)
has been taken to satisfy all the conditions on ũ, we will further bound (3.1). Therefore, we get
that ∥∥∥β̂m∗ − β∗

∥∥∥
L2

≲
√

2σ2N (λ)

nδ
ũ−1 (λ+ ũ)

1
2 + 2 (uα +max {α, 1}Zα (λ))

+
1

u

∥∥∥Λ̂nqm∗

(
Λ̂n

)
T

1
2 R̂− T

1
2 R̂
∥∥∥
L2

≤ λα.

Now by using λ = c (α, δ)n− α+1
1+s+2α , the result follows. □

In the RKHS framework, the �rst minimax convergence rate was established by Cai and Yuan
[6, 26] for the Tikhonov regularization method with the source condition β∗ ∈ H. Later in [27],
the results were extended, and the minimax convergence rates derived with the source condition

β∗ ∈ R
(
T

1
2

(
T

1
2CT

1
2

)α)
for 0 < α ≤ 1

2 . Our convergence rates for the conjugate gradient method

match the minimax rates of [27] and also match with the convergence of rates of [13].

4 Supplementary Results

Technical details in the paper depend on the estimation of the residual term as the CG method
works to reduce the residual term as the number of iterations progresses. To simplify the technical

part we use the fact that
∥∥∥J∗ĈnJβ̂m − J∗R̂

∥∥∥
H

=
∥∥∥Λ̂nqm

(
Λ̂n

)
T

1
2 R̂− T

1
2 R̂
∥∥∥
L2
. We introduce

several lemmas that aid us to estimate the residual term and to prove the main theorem.
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Lemma 4.1. Under Assumptions 3.2 and 3.3 we get∥∥∥(Λ̂n − Λ
)
(Λ + λI)−1

∥∥∥
op

≤ c1
(
nλ1+s

)− 1
2

for some constant c1 > 0.
We skip the proof of this lemma as it follows from the similar steps of Lemma 2 in [6].

From Lemma 4.1 and for λ ≥
(
4c21
n

) 1
s+1

, we get∥∥∥(Λ̂n − Λ
)
(Λ + λI)−1

∥∥∥
op

≤ 1

2
.

As a consequence, we get∥∥∥∥(Λ + λI)
(
Λ̂n + λI

)−1
∥∥∥∥
op

=

∥∥∥∥[(Λ̂n − Λ
)
(Λ + λI)−1 + I

]−1
∥∥∥∥
op

≤ 1

1−
∥∥∥(Λ̂n − Λ

)
(Λ + λI)−1

∥∥∥
op

≤ 2, ∀λ ≥
(
4c21
n

) 1
s+1

.

Using Corde's inequality,
(
‖AνBν‖op ≤ ‖AB‖νop , 0 ≤ ν ≤ 1

)
, where A and B are self-adjoint posi-

tive operators, we get∥∥∥∥(Λ + λI)ν
(
Λ̂n + λI

)−ν
∥∥∥∥
op

≤ 2ν , ∀ν ∈ S, λ ≥
(
4c21
n

) 1
s+1

. (4.1)

We will follow the similar ideas from [2,25] to prove the following lemma.
Lemma 4.2. For δ > 0, with at least probability 1− δ, we have that∥∥∥(Λ + λI)−

1
2 T

1
2

(
R̂− Ĉnβ

∗
)∥∥∥

L2
≤
√

σ2N (λ)

nδ
.

Proof. De�ne Zi := (Λ + λI)−
1
2 T

1
2 [YiXi − (Xi ⊗Xi)β

∗]. Since the slope function β∗ satis�es
the operator equation Cβ∗ = E [Y X], we get that the mean of random variable Zi is zero, i.e.,

E [Zi] = (Λ + λI)−
1
2 T

1
2 [E [Y X]− Cβ∗] = 0.

By Markov's inequality, for any t > 0

P

(∥∥∥∥∥ 1n
n∑

i=1

Zi

∥∥∥∥∥
L2

≥ t

)
≤

E
∥∥ 1
n

∑n
i=1 Zi

∥∥2
L2

t2
.

Note that

E

∥∥∥∥∥ 1n
n∑

i=1

Zi

∥∥∥∥∥
2

L2

=
1

n2

n∑
i,j=1

E 〈Zi, Zj〉L2 =
1

n2

n∑
i ̸=j

E 〈Zi, Zj〉L2 +
1

n2

n∑
i=1

E ‖Zi‖2L2 =
E ‖Z1‖2L2

n

and by taking t =

√
E∥Z1∥2L2

nδ , with at least probability 1− δ, we have

∥∥∥(Λ + λI)−
1
2 T

1
2

(
R̂− Ĉnβ

∗
)∥∥∥

L2
≤

√√√√√E
[∥∥∥(Λ + λI)−

1
2 T

1
2 (Y X − (X ⊗X)β∗)

∥∥∥2
L2

]
nδ

. (4.2)
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Consider

E
[∥∥∥(Λ + λI)−

1
2 T

1
2 (Y X − (X ⊗X)β∗)

∥∥∥2
L2

]
=E

[∥∥∥(Λ + λI)−
1
2 T

1
2 (Y − 〈X,β∗〉L2)X

∥∥∥2
L2

]
=E

[
(Y − 〈X,β∗〉L2)

2
∥∥∥(Λ + λI)−

1
2 T

1
2X
∥∥∥2
L2

]
=E

[
ϵ2
〈
(Λ + λI)−

1
2 T

1
2X, (Λ + λI)−

1
2 T

1
2X
〉
L2

]
=E

[
ϵ2trace

(
(Λ + λI)−1 T

1
2 (X ⊗X)T

1
2

)]
=E

[
ϵ2
]
trace

(
(Λ + λI)−1 T

1
2CT

1
2

)
=σ2trace

(
(Λ + λI)−1 Λ

)
= σ2N (λ) .

With this bound and (4.2), the result follows. □
Lemma 4.3. Assuming E ‖X‖4 < ∞, with at least probability 1− δ, we get∥∥∥Ĉn − C

∥∥∥
HS

≤

√
E ‖X‖4

nδ
:= ∆.

Proof. From Chebyshev's inequality, we have that

P
(∥∥∥Ĉn − C

∥∥∥
HS

> ξ
)
≤

E
∥∥∥Ĉn − C

∥∥∥2
HS

ξ2
.

Using Theorem 2.5 [16], we get

P
(∥∥∥Ĉn − C

∥∥∥
HS

> ξ
)
≤ E ‖X‖4

nξ2
.

Taking ξ =

√
E∥X∥4

nδ will conclude the result. □
The bound in the Hilbert-Schmidt is stronger than the operator norm. So the above lemma

provides a stronger estimation compared to the estimation in terms of operator norm. The next
lemma explains a technical bound involving operator Λ and Λ̂n which will be used repeatedly in
our analysis.

Lemma 4.4. For any ν > 0, and measurable φ : [0, κΛ] → R, it holds with probability greater
than 1− eξ that ∥∥∥φ(Λ̂n

)
Λν
∥∥∥
op

≲ sup
t∈[0,κΛ]

tνφ (t) + max {ν, 1}Zν (λ) sup
t∈[0,κΛ]

φ (t) ,

where

Zν (λ) =

λν , if ν ≤ 1

κνΛ∆, if ν > 1
.

Proof. Proof of this result follows the similar steps of Lemma 5.3 [4]. For ν ≤ 1, we have∥∥∥φ(Λ̂n

)
Λν
∥∥∥
op

≤
∥∥∥φ(Λ̂n

)(
Λ̂n + λI

)ν∥∥∥
op

∥∥∥∥(Λ̂n + λI
)−ν

(Λ + λI)ν
∥∥∥∥
op

∥∥(Λ + λI)−ν Λν
∥∥
op

≲
(

sup
t∈[0,κΛ]

tνφ (t) + λν sup
t∈[0,κΛ]

φ (t)

)
.
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For last inequality, we used (4.1) and the fact that
∥∥(Λ + λI)−ν Λν

∥∥
op

≤ 1. For ν > 1,∥∥∥φ(Λ̂n

)
Λν
∥∥∥
op

≤
∥∥∥φ(Λ̂n

)∥∥∥
op

∥∥∥(Λν − Λ̂ν
n

)∥∥∥
op

+
∥∥∥φ(Λ̂n

)
Λ̂ν
n

∥∥∥
op

≤
∥∥∥(Λν − Λ̂ν

n

)∥∥∥
op

sup
t∈[0,κΛ]

φ (t) + sup
t∈[0,κΛ]

tνφ (t)

≲
∥∥∥Λ− Λ̂n

∥∥∥
HS

sup
t∈[0,κΛ]

φ (t) + sup
t∈[0,κΛ]

tνφ (t) .

Here we used that for ν > 1, xν is νκν−1
Λ − Lipschitz over [0, κΛ] and by Lemma 4.3 we get our

result. □
In the following lemma, we will discuss the bound of the residual term that will be used later

to bound
∣∣∣p′

m (0)
∣∣∣.

Lemma 4.5. Under Assumptions 3.1�3.3, E ‖X‖4 < ∞ and λ ≥
(
4c21
n

) 1
s+1

, we have that∥∥∥Λ̂nqm

(
Λ̂n

)
T

1
2 R̂− T

1
2 R̂
∥∥∥
L2

≤
√

2σ2N (λ)

nδ

(∣∣∣p′
m (0)

∣∣∣− 1
2
+ λ

1
2

)
+ 2

(∣∣∣p′
m (0)

∣∣∣−(α+1)
+ c (α)Zα (λ)

∣∣∣p′
m (0)

∣∣∣−1
)
‖g‖L2 .

Proof. For bounding the residual term, we use Lemma 2.1 at the initial stage to conclude that∥∥∥Λ̂nqm

(
Λ̂n

)
T

1
2 R̂− T

1
2 R̂
∥∥∥
L2

=
∥∥∥pm (Λ̂n

)
T

1
2 R̂
∥∥∥
L2

≤
∥∥∥Fx1,m

(
φm

(
Λ̂n

)
T

1
2 R̂
)∥∥∥

L2

=
∥∥∥Fx1,m

(
φm

(
Λ̂n

)(
T

1
2 R̂− T

1
2 Ĉnβ

∗ + T
1
2 Ĉnβ

∗
))∥∥∥

L2

≤
∥∥∥Fx1,m

(
φm

(
Λ̂n

)
T

1
2

(
R̂− Ĉnβ

∗
))∥∥∥

L2︸ ︷︷ ︸
Term−A

+
∥∥∥Fx1,m

(
φm

(
Λ̂n

)
T

1
2 Ĉnβ

∗
)∥∥∥

L2︸ ︷︷ ︸
Term−B

.

We will take help from Lemma 4.1 and Lemma 4.2 for the estimation of both terms.
Estimation of Term-A:∥∥∥Fx1,m

(
φm

(
Λ̂n

)
T

1
2

(
R̂− Ĉnβ

∗
))∥∥∥

L2

≤
∥∥∥∥Fx1,mφm

(
Λ̂n

)(
Λ̂n + λI

) 1
2

∥∥∥∥
op

×
∥∥∥∥(Λ̂n + λI

)− 1
2
(Λ + λI)

1
2

∥∥∥∥
op

∥∥∥(Λ + λI)−
1
2

(
T

1
2 R̂− T

1
2 Ĉnβ

∗
)∥∥∥

L2

(4.3)

≤
√

2σ2N (λ)

nδ

∥∥∥∥Fx1,mφm

(
Λ̂n

)(
Λ̂n + λI

) 1
2

∥∥∥∥
op

≤
√

2σ2N (λ)

nδ

(
sup

x∈[0,x1,m]
x

1
2φm (x) + λ

1
2 sup
x∈[0,x1,m]

φm (x)

)

≤
√

2σ2N (λ)

nδ

(∣∣∣p′
m (0)

∣∣∣− 1
2
+ λ

1
2

)
.
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For the last inequality, we use (2.4) for ν = 0, 1.
Estimation of Term-B:∥∥∥Fx1,m

(
φm

(
Λ̂n

)
T

1
2 Ĉnβ

∗
)∥∥∥

L2

=
∥∥∥Fx1,mφm

(
Λ̂n

)
Λ̂nΛ

α
∥∥∥
op
‖g‖L2

≤2

(
sup

t∈[0,x1,m]
tα+1φm (t) + c (α)Zα (λ) sup

t∈[0,x1,m]
tφm (t)

)
‖g‖L2

≤2

(∣∣∣p′
m (0)

∣∣∣−(α+1)
+ c (α)Zα (λ)

∣∣∣p′
m (0)

∣∣∣−1
)
‖g‖L2 .

(4.4)

where we used Lemma 4.4 and (2.4) in the last inequality. From (4.3) and (4.4), we obtain the
result. □
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