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Abstract. The Degree Corrected Stochastic Block Model (DCSBM) is a probabilistic model for
random networks with community structure in which vertices of the same community are allowed
to have distinct degree distributions. On the modeling side, this property makes the DCSBM more
suitable for real-life complex networks. On the statistical side, it is more challenging due to a large
number of parameters. In this paper, we prove that the penalized marginal likelihood estimator,
when assuming prior distributions for the parameters, is strongly consistent for estimating the
number of communities. We consider dense or semi-sparse random networks, and our estimator
is unbounded, in the sense that the number of communities k£ considered can be as big as n, the
number of nodes in the network.

1. Introduction

Many real-world phenomena can be described by the interaction of objects through a network.
For example, interactions between individuals in a social network, connections between airports in
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a country, connections between regions of the brain, etc. Most of these networks have a community
structure; that is, the objects (nodes of the network) belonging to the same group tend to behave
similarly. In this way, probabilistic models that aim to describe real networks need to incorporate
these community structures.

The Stochastic Block Model (SBM) proposed by Holland et al. (1983) is a random network model
allowing community structures. The connection between each pair of vertices is, independently of
everything, distributed as a Bernoulli random variable with a parameter depending solely on the
vertices’ communities. The SBM, therefore, models networks where nodes in the same community
have the same mean degree. This property can restrict applications to real-life networks that, not
rarely, display heterogeneity (hubs) in the degree distributions of vertices belonging to the same
community. Taking this into account, Karrer and Newman (2011) proposed the Degree-Corrected
Stochastic Block Model (DCSBM), which considers the heterogeneity in the nodes’ degrees within
communities. In the degree-corrected model, each node has associated a non-negative real param-
eter, a weight, specifying its “ability” to connect to other nodes in the network. The sum of the
weights in each community corresponds to the number of nodes belonging to the community, gen-
eralizing the homogeneous SBM where we can consider each node as having a weight equal to one.
In the DCSBM, the Bernoulli distribution of the existence of an edge between two nodes is replaced
with a Poisson distribution, which simplifies the form of the likelihood and allows multiple edges
between nodes. In both models, the SBM and the DCSBM, it is a standard approach to study two
different regimes, the dense and the semi-sparse regimes. In the dense regime, the parameters of
the distributions governing the number of edges between each pair of nodes are fixed (do not depend
on the number n of nodes in the networks), leading to linearly growing expected degrees for each
node. In the semi-sparse regime, the parameters are allowed to decrease to zero at a rate p,, and
in this case the expected degree is of order p,n < n.

Several works in the literature have addressed the community detection problem for SBM and
DCSBM, where the goal is to estimate the kg latent groups of nodes in the network. For the SBM,
community detection is proposed based on spectral methods (Rohe et al.; 2011; Lei and Rinaldo,
2015; Sarkar and Bickel, 2015), modularity (Newman and Girvan, 2004), likelihood methods (Bickel
and Chen, 2009; Celisse et al.; 2012; Amini et al., 2013) and under a Bayesian perspective (Decelle
et al., 2011; Latouche et al., 2012; van der Pas and van der Vaart, 2018). For the DCSBM, Zhao et al.
(2012) study consistency of modularity-based and likelihood-based methods, Qin and Rohe (2013)
proposed a regularized spectral clustering algorithm, and Jin (2015) proposed an approach based on
the entry-wise ratios between eigenvectors of the adjacency matrix. In order to select the best model
between the SBM and DCSBM to fit the data, Yan et al. (2014) proposed an approach based on the
likelihood ratio test computed approximately using belief propagation. All these methods assume
the number of communities kg is known, something that rarely occurs in practice. Estimating the
number of communities can be considered a model selection problem.

The literature on estimating the number of communities is more recent and not that extensive,
at least from the theoretical point of view. In the case of standard SBM, some approaches include
sequential hypothesis tests (Lei, 2016), cross-validation (Chen and Lei, 2018), spectral methods
(Le and Levina, 2022), penalized likelihood criteria (Wang and Bickel, 2017; Hu et al., 2020) and
Bayesian approaches, as penalized marginal likelihood estimators (Daudin et al.; 2008; Biernacki
et al., 2010; Latouche et al., 2012; Cerqueira and Leonardi, 2020). Specifically for the DCSBM with
n nodes and unknown weights and under the semi-sparse regime with n'/2p,, /logn — oo, Wang and
Bickel (2017) proved the consistency of the penalized likelihood estimator with a penalty function
of order k?nlogn where k is the number of communities of the candidate model. More recently,
Ma et al. (2021) proposed a likelihood ratio test to estimate the number of communities and proved
its consistency for the semi-sparse regime where np,,/logn is sufficiently large. Their approach is
based on spectral algorithms and so they assume many further hypotheses to correctly detect the
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groups. Both approaches assume the number of communities is bounded from above by a known
constant.

The present paper considers a penalized marginal likelihood estimator for the number of com-
munities under a DCSBM with unknown weights. The marginal likelihood, also known as model
evidence, is obtained by marginalizing over the parameters under suitable a prior: distributions.
Then the marginal likelihood is penalized, or regularized, with a penalty that depends on both the
number of communities & and the sample size n, as it is done by the general principle known as
Bayesian Information Criterion. The obtained estimator can also be seen as a minimum-description
length principle and is known as Krichevsky-Trofimov estimator in the information theory commu-
nity.

We prove that our estimator equals the correct number of communities kg asymptotically almost
surely (i.e. for a sufficiently large number of vertices n with probability one) in the following context:

The model: we consider the general degree-corrected model as considered by Karrer and Newman
(2011) (Poisson number of edges and degree-corrected vertices).

Sparsity: our result holds under the same semi-sparse regime of Ma et al. (2021), where np,/logn
is sufficiently large. This rate is the phase transition for the exact recovery of the commu-
nities, see Abbe (2017).

No upper bound is assumed for kg: the optimization is made over all possible numbers of com-
munities between 1 and n.

The paper is organized as follows. We define the DCSBM and its associated likelihood function
(for known parameters) in Section 2. In Section 3, we introduce the a priori distributions for the
parameters, define the penalized marginal likelihood estimator, and state our main theorem, the
consistency result. Finally, in Section 4 we present the proof of the main result. Technical proofs
and other auxiliary results are deferred to the appendix.

2. The Degree Corrected Stochastic Block Model: Definition and Likelihood

For any n € Z4, let X = (Xij); jefn ([7] := {1,...,n}) denote the symmetric adjacency matrix of
a random network on n vertices, with X;; € Z,.. For each pair ¢, j € [n], with i # j the variable Xj;
represents the number of non-oriented edges (or alternatively, the strength of connection) between
vertices ¢ and j. For convenience, we define X;; as two times the number of self-loops at vertex i.

The vertices are randomly divided into kg > 1 communities and this community attribution is
represented by the vector Z = (Z1,...,Z,) of [ko]-valued random variables (i.i.d. with marginal
distribution 7). We will often use the notation i € [a] (i € [n],a € [ko]) to mean that Z; = a.

In the homogeneous SBM, the expected number of edges between vertices ¢ and j does not depend
on the specific vertices but only on the communities. Assuming the number of edges between
communities a, b has a Poisson distribution with parameter \,; we have that

EA(XU‘Zz = Zi, Zj = Zj) = )\ZiZj

for any ¢ # j.

The fact that, within each community, the vertices behave identically, is a disadvantage of the
SBM when modeling real-world complex networks. In order to allow different vertices to behave
differently inside each community, the degree-corrected SBM (DCSBM) incorporates a weight w;
for each vertex ¢ € [n] which influences the capacity of the vertex to connect to other vertices. In
this case, the expected number of edges between vertices ¢ # j is given by

E)\,w(Xij|Zi = Zi, Zj = Zj) = wiw]’)\zﬂj



270 Cerqueira et al.

and may be different for different nodes in the same community. For this reason such networks are
sometimes called inhomogeneous.

Let the symmetric matrix A = ()‘ab)a,be[ko] have all entries greater than zero. In the dense regime,
the matrix A is fixed (does not depend on n) and has all its entries bounded from below by a positive
constant. In this case each node has an expected degree that grows linearly on n, which makes the
network over-connected. For this reason, it is interesting to consider a semi-sparse regime, where A
is allowed to decrease to zero as a function of n. We take this approach here and we assume that for
each n, the distribution of the network on n nodes has parameter A = p, A, with p, = 0 asn — oo
and \ a constant symmetric matrix with entries bounded from below by a positive constant. We
will give conditions on p, on our main results. For identifiability of the order kg, i.e the number
of communities of the model, we assume that no column in A is proportional to any other column.
This is usually assumed in the literature, see for example Ma et al. (2021).

Consider now the DCSBM with k € [n] communities. In order to compute the joint distribution
of (Z,X) we need to define the following counters. For any z € [k]™ and a € [k], let ny(2) be the
number of vertices in the network that belong to community a, that is

na(z) = Z]l{z, =a}.

Following Karrer and Newman (2011) we assume that the vector of weights inside each community
satisfies

for all @ € [k]. This implies in particular that the total weight in the network is n, the number of
vertices, and putting w; = 1 we retrieve the classical SBM.

For any symmetric matrix « € Z*" (that is, any realization of the network) define also the
counter ogp(, z) as the number of edges between nodes of communities a and b, that is

oap(2, 2) = lzlgz,ggn rijl{z; = a, 2; } ora£b; 2.1)
2 E1§i,jgn wij]l{zi =a,z; = a} fora=0b

and the degree of node ¢ by

di(x) = ) . (2.2)

1<j<n
The total degree on community a is denoted by d',(z, 2), and is given by
di(x,2)= > di(x)= > di(@)l{zi=a}= > zil{z=a}.
i zZi=a 1<i<n 1<i,5<n

Observe that we have
d (v, 2) = Z 0ab(T, 2) + 2044 (2, 2)

b#a
and that the number of pairs of nodes in communities a and b, denoted by ngp(z), is given by
ne(z)np(z)  for a # b;
Ngb(2) = 2.3
() {5?1@(2)2 for a = b. (2:3)

We can now write down the joint distribution of (X, Z) for the model with & communities when
we are given all the other parameters by

Praw(X =2,7 = 2) = Pryw(z,2) = Py yw(z|2)Pr(2) (2.4)
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for x € ZI*™ and z € [k]", where

PA,w(xyz):c(lx)[ widi(x)] 11 X’ab“exp{—nab(z)xab}] (2.5)

L1<a<b<k
with

= [Hﬂcz‘j! [HQIW%%/Q)!] (2.6)
and o

I =®. (2.7)

1<a<k
The factorization in (2.4) follows by the fact that Z is an i.i.d vector of community attributions

with distribution 7, and given Z, the matrix X has independent entries with Poisson distribution
with means given by A and w, and depending on Z.

3. Model Selection for the DCSBM

To define the estimator, we introduce convenient a priori distributions for the parameters (m A\, w).
Then the hierarchical model distribution of the DCSBM is given by
k

——

m ~ Dirichlet(1/2,...,1/2)
Aap ~ Gamma(1/2,1), fora,be[k],a<b

zilm ~ 7w, i€[n]
na(2)
———
(wi)icla] | 2 ~ na(2) Dirichlet(1/2,...,1/2), a € [k]
wij | 20, 25, wi, wi, A~ (2 = 1{i # j}) Poisson(wswjA,, »;), fori,j€[n],i<j.

Denote by O the space where the hyperparameters 6 = (7, A, w) take values and by v (6) the a
priori distribution over Oy.
For any z € Z*", the marginal likelihood pj(x) is given by the integral

Z / Py (z, z)vi(0)d6 . (3.1)

z€[k]™
We can now define the estimator for the number of communities as
k() := arg max { log pi(z) — (k* + 3kn)log(n +1) } . (3.2)
1<k<n

Our estimator shares some features with the estimator proposed by Cerqueira and Leonardi (2020)
for the “Bernoulli and homogeneous” SBM. This is mainly because both arise as penalized marginal
likelihood estimators. However, there are some substantial differences when considering the more
general “Poisson and degree corrected” SBM. First, the marginal likelihood defined by (3.1) is based
on a Poisson distribution that incorporates the weights and the degrees corresponding to each node
in the network. This allows us to generate networks with an unbounded number of edges between
each pair of nodes. Secondly, our estimator (3.2) has an extra penalty term of order nlogn, which
is needed to compensate for the addition of n parameters w;, i = 1,...,n (the degree corrections).

As in the case of the SBM, the choice of prior distributions does not influence the estimator
defined in (3.2) since the parameters are integrated out in calculating the marginal likelihood pg ().
In fact, the particular choice for the prior was made to simplify the calculations. Also as in the case
of the SBM, the computation of the marginal likelihood pg(x) is infeasible because the sum of the
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community’s assignments grows exponentially with the number of vertices. For the SBM, Latouche
et al. (2012) proposed an approximation of the marginal likelihood based on a variational Bayes
EM algorithm. The same approximation could be used to approximate the marginal likelihood of
the DCSBM, but this goes beyond the scope of this work, which primarily focuses on theoretical
aspects of the proposed estimator under sparse regimes.

We can now state our consistency theorem. In words, our estimator (3.2) is strongly consistent
for the number of communities of the DCSBM, as the number of vertices grows, considering the
sparse regime where np, /logn is sufficiently large.

Theorem 3.1. For the DCSBM with ko communities and p, > C5% n > 1, where C is a suffi-

n
ciently large constant not depending on n, the estimator defined in (3.2) satisfies

Py(kn = ko) =1 (3.3)
for all sufficiently large n.

The proof of the theorem is given in the next section and several auxiliary results (lemmas or
technical calculations) are deferred to the appendix. Since our estimator is inspired by Cerqueira
and Leonardi (2020), it is expected that our proofs follow more or less the same path. As they did,
we prove successively that our estimator does not overestimate nor underestimate the true parameter
asymptotically almost-surely. We also do this by invoking a key proposition (Proposition 4.1 below)
which roughly says that the marginal likelihood (3.1) is close to the maximum likelihood. However,
the more general framework that we consider forces us to make some substantial modifications
along this path. First, since we have an unbounded number of edges in the network, we define a
set ,,n > 1 of “good” networks on which we can work, leaving aside the bad networks, which
are proved to be negligible in Lemma 5.6. Using this idea, the proof of the non-overestimation
works quite similarly to their proofs. The proof of the non-underestimation, however, is much more
involved due to the non-homogeneity over the vertices of the network. To control the asymptotic
behavior of our estimator, we will need explicit concentration bounds for some empirical quantities
(observed number of edges and degrees), holding uniformly over the community allocations. This
is done in Lemma 5.7. Then, the identifiability hypothesis, namely that A has no two proportional
columns, allows us to obtain Lemma 5.9 that implies the non-underestimation of the number of
communities.

4. Proof of Theorem 3.1

The proof of Theorem 3.1 is a direct consequence of Propositions 4.2 (non-overestimation) and 4.3
(non-underestimation) which will be stated and proved in Subsection 4.1 and 4.2 respectively. The
proofs of these propositions are based on the key Proposition 4.1 (see below) relating the marginal
likelihood p(z) with the maximum likelihood supycg, Po(7).

Before stating the key proposition, we define a set of “good” networks (which will be proved to
hold with high probability), given by

Q= {z: zy; <logn, foralli,j e [n]}. (4.1)
Proposition 4.1. For all k > 1, all n > max(k,3) and all x € Q,, we have that

P
0 < log (Sume@’“ ol=)

< k(k+2)log(n+ 1)+ 3nlogn.
<0 000) < (ke 2)log(n +1) + 3nlog

The proof of this proposition will be given in the appendix. The remaining of the section is
dedicated to prove non-overestimation and non-underestimation.
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4.1. Non-overestimation. The objective of the present subsection is to prove the following proposi-
tion.

Proposition 4.2. For the DCSBM with ko communities, the estimator ky defined in (3.2) satisfies
Py (kn < ko) = 1
for all sufficiently large n.

Observe that there is no assumption on p, for this proposition.

Proof: By the Borel-Cantelli Lemma, it is enough to prove that the following series converges

i i Py (ky, = Z Z 3" Po(a)1{kn(2) = k}

n=1 k=ko+1 n=1k=ko+1 z€Qg

+Z Z > Po(a)1{kn(x) = k}.

n=1k=ko+1 €

(4.2)

Let us start by the first term in the right-hand side, and observe that for each n

Z > Pola)i{kn(x) =k} = Y Po(x) D Ukn(z) = k}

k=ko+1 z€Q¢ L1955 k=kg

< > Py(z) = P(9).

FISI93

An upper bound for Py(€2S) which is summable in n is given in the proof of Lemma 5.6, see (5.30).
So we conclude that the first term of (4.2) is indeed summable in n. We will now prove that the

second term of (4.2) is also summable in n. First observe that for some fixed k = kg + 1,...,n we
have that

> Po(w)1{kn(z) = k}

reshn (4.3)

2 Py(x)1{arg max(logpg( ) — (63 4 3fn)log(n + 1)) = k}.
ey

By the definition of En(w), we have, when k > kg, that
{arg max[log log pe(z) — (£3 + 3¢n)log(n +1)] = k‘}
4
c {1og () — (K% + 3kn) log(n + 1) > log pr, () — (k3 + 3kon) log(n + 1)} .
So (4.3) can be bounded above by

Z Pg(x)]l{logpk(w) — (K3 + 3kn)log(n + 1) > log p, (z) — (kzg’ + 3kon) log(n + 1)}
€y

and we get

4.4
< Z IP’g(x)]l{pkO () < pr(x) exp[(—k3 — 3kn + kS’ + 3kon) log(n + 1)]} (44)
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Using Proposition 4.1, we have for x € €2, that

logPy(z) < log sup Py(x)

6eOko
< log pk, (x) + ko(ko + 2) log(n + 1) + 3nlogn, (4.5)
giving that
P, ({L‘) < P (];)eko(k(ﬂr?) log(n+1)+3n logn (46)

Then, for € {pg, () < pr(x) exp[(k3 + 3kon — k* — 3kn) log(n + 1)]}, we have that
PQ(I‘) < Pry ($)ek0(k0+2) log(n+1)+3nlogn

< pk(x)eko(ko+2) log(n-+1)+3n log n+(k§+3kon—k>—3kn) log(n+1)

Observe that as k > ko + 1, the exponent in (41.7) can be upper bounded by
(—2k2 — ko — 1)log(n +1) < —4logn.
Substituting now (4.7) in (4.4) and summing in k = ko + 1,...,n gives that

n

SN Po(a)1{kn(z) =k} < nn~t > pr(a)

k=1 xzeQ, ey (48)
< n

that is summable in n. This concludes the proof of Proposition 4.2. O

4.2. Non underestimation. We conclude the proof of Theorem 3.1 by proving that En(x) does not
underestimate kg, the true number of communities. In the proof, we exploit the relationship of
the integrated likelihod function pg(z) and the maximum likelihood function, as stated in Propo-
sition 4.1. First observe that the maximum likelihood function for the joint distribution of (X, Z)
satisfies

sup By(x) = sup 3 Py(a,2) < 3 sup Polz)sup Py u(al).

0€Oy, SIST . Aw
While it is not possible to derive an explicit expression for the supremum in the left hand side of
the above inequality, we do have closed forms for each of the supremum inside the sum in the right
hand side. We first observe that for any x € Z}*",z € [k]",i € [n] and a,b € [k], the maximum
likelihood estimators of w, A and w are given by

Ta(2) = L(Z)’ Aap(, 2) = M? Wi(z,2)= Y Uz= a}M

n Nab(2) L dt(x,z)
and thus
nag(2)
ng(z
sup Pr(z) = H ( T(L)> (4.9)
i 1<a<k
and
0ab (2, 2) oar(2) —0ap(7,2)
sup Py ,(7|z) = () e 0ab (2,
e Pl =75 11 (5w

4.10
N CRETEIS (0

: dg(z, 2) '
a€lk]i€n):zi=a

These closed forms will be used in the proof of the proposition we state in the sequel.
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Proposition 4.3. For the DCSBM with kg communities and p, > Clo%,n > 1, where C is a
sufficiently large constant not depending on n, the estimator defined in (3.2) satisfies

Py (kn > ko) = 1
for all sufficiently large n.

Proof: We define the profile estimator for the communities based on the observed graph under the
model with & communities as

Zr = argmax sup Pp(x,z). (4.11)
z€{1,2,...,k}" €Oy,

By Lemma 5.6 we can (and henceforth will) take n sufficiently large so that x € €, the set of

“good” networks defined in (4.1). In order to show that k,(z) > ko, almost surely when n — oo, it
is sufficient to show that for all & < ko,

log o () — (k& + 3kon)log(n + 1) > logpi(x) — (k3 + 3kn)log(n + 1), (4.12)

almost surely, when n — co. But, if we show that

1
lim inf 5 log Pho ()

>0, 4.13
n—00  pPpN pk(:p) ( )

and due to the fact that

P (kg + 3kon — k* — 3kn) log(n + 1)

can be made sufficiently small by assumption on p,, it follows that (4.13) implies (4.12). Observe
that for all z € ©,,, by Proposition 4.1 and the fact that py(z) < supyeg, Po(r), we have that

L o pro(®) _ 1 Pho () L o suppee,, Po(x)
pnn? 7 pr(x) pnn® 7 supgee, Po(z) ~ pnn® 7 supyee, Po()
1 supgeo, Po()
+ 2
PnTl pk($)
logn 1 SUPgeco Pe(x)
> (o) 22 4 o

0g )
pat pan? 7 suppee, Po(z)

for some constant y(kg). Then, to show (4.13) it is enough to prove that for k& < ko

1 Sup@e@ko IP)G (117)

lim inf log
n—oo ppn? T suppee, Po()

>0 (4.14)

as —7(1{:0)125: is also sufficiently small by hypothesis on p,,. First observe that for all z € [kg]™ we
have that
log sup Py(xz) > log sup Py(x,z).
0€Ok, @) €0y, (z,2) (4.15)
Let

Oab(,2) = Z zij1{z; = a,z; = b}

1<i,j<n

for all pairs a,b and notice is relates to og by 04p(, 2) = 0ap(x, z) for all a # b and 044(z, 2) =
2040(7, z) for all a. From (2.4)-(2.6) and the definition of the maximum likelihood estimators we
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have that
log sup Py(z, 2) +n27ra ) log T, (2)
0€Ok, (4.16)
1 ~
-1—5 Z Oab(, 2) log Aap(, 2) Z d. (z,2)log dt((Z))
1<a,b<ko 1<a<ko
with
L(z) = —loge(x wa + Z di(x)logd;(x
Fulz) = 12, 1< a <k
n
~ Oab(, 2)
) = 2\TE) < ab < ko
ab(xv Z) na(z)nb(z)’ > 4,0 = Ro;
di(z,2) = Z zijl{z; =a} = Zéab(fv,z), 1<a<k.
1<i,j<n b
For the denominator in (4.14) we use that
log sup Py(z) < logk™ sup Py(z,Zk)
0€0y, 0€0y,
~ 4.17
< nlogk + log sup Py(z,zx) , (4.17)
0Oy,
with Zj defined by (4.11). Analogously as in (4.16) we have that
log sup Py(z,zx) = L(z) +n Z Ta(Zk) log Ta(Zk)
00k 1<a<k
1 -~ ~ ~
5 Z 0ab(Zk) log Aap (T, Z1) (4.18)
1<a,b<k
- na(Zk)
dt y 1 ai/\ .
1<a<k

Then, the logarithm in (4.14) can be lower bounded by the difference of (4.15) and (4.17), and using
the expressions in (4. 16) and (4.18) we obtain that

SUPgeey, Py (z 1 ) -
log o, Pa(z) z)1 = log A
og e noY_ Ta(z)logTa(z) + 5 ST Gwl(w,2)log Aw(z, 2)
1<a<ko I<ab<ko
+ Z d. (z,2)log na() —nlogk
di(z, )
1<a<ko
(4.19)
SN o 1 . R R ~
—n Z Wa(Zk) 10g7ra<2k) - 5 Z Oab(x,zk> log)\ab($,zk)
1<a<k 1<a,b<k

t na(zk)
—Zd:z:zklogdt( 2
1<a<k

We will now rearrange the six terms of the right-hand side. First, let

An)i=n Y Re(2)logTa(z) —nloghk —n > Fa(Zk)log Fal(Zk). (4.20)

1<a<ko 1<a<k
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Second, we can write

Z d (z,2)log a(2) :% Z d. (z, z) log na()

t t
£ dg(z, 2) £k dq(, 2)

1 : ny(2)
t3 1%% dy(,z) log dg(bm,z) (4.21)
1 ng(2)np(2)

= > (i, 2) log 000
2 > Gw(w,2)log di(z, 2)dl (z, 2)
1<a,b<kg

and therefore

1 ~ a
- Z Oab(, 2)log Aap(, 2) + Z dfl(:n,z)logd? (2)
1<a,b<ko 11§a§k0 “(w’Z)N( ) (4.22)
- Ogb\ T, 2
= (@, 2)log L2
3 2wl )l )

1<a,b<kg

Using (4.20), (4.22) and the counterpart of (4.22) under the k-th order model with Zj instead of z,
the right-hand side of (4.19) now reads

Sup@e@k ]P)Q(.'E) 1 ~ 6ab($’ Z)
log ————— > A(n) + 5 oap(T, 2) log ——~————
supgeo, Po(z) 2 1<%:<k0 ¢ d(z, z)d} (x, 2)
1 L 0ab(T, k)
- = oab(, 2k ) log = S
2 1<azb:<k “ dt (z,Zy)d} (x, Z))

Now, dividing both sides of (4.19) by p,n?, and summing on the right-hand side the following term
(which equals 0)

1 1 ~
p n2 o Z Oab(xa Z) IOg pnn2 —~
n

1

- ~ 2
9 E Oab(xa Zk) log pnn
1<a,b<ko 1<a,b<k

we finally obtain that

1 1 SUPHEGkO Py (x) > 1 Z 6ab(x7 Z) pnn26ab($7 Z)
o - o
prn? & supgeo, Po(x) — 2\, .  pan? & dt(x, z)d} (2, 2)

S (4.23)

pnn2 dta (3;7 Ej\k)dé<l‘, Ek) pnn2 .

C oy ) pnttwlr 5 ) A
1<a,b<k

A(n)

Since oan? Converges almost surely to 0, proving that (4.23) is bounded from below by a positive

constant, eventually almost surely as n — 0o, is equivalent to proving that

t t 2~
liminf 3 dy (2, 2)dy(, 2) (pnn oab(x,z))

n—oco pin? d(z,z)d} (x, 2)

1<a,b<ko

_ Z dZ(magk)di(x7gk) ( pnn26ab(x7§k)

— — > 0,
pant dé(%zk)di(%zk))

1<a,b<k



278 Cerqueira et al.

with p(u) = ulogu. By Lemma 5.7 we have that

prn?0ap (1, 2) _ Oap(x, 2) / pun®
dt(z, 2)dy(z,2)  di(z,2)dy(z, 2)/pin*
[diag(m)Adiag(m) 7] as

[diag(m) Adiag(m)T1;]q[diag(m) Adiag(m) T 1],

- 4.25
__ MaTAe (429
Ta[ Mo [AT]a
e
A7) a A7)
where we recall that ) is the matrix such that A = pnj\. Then we have that
lim 1 Z dZ(x,z)dé(w,z) ( Pnngéab(%z) )
e 2 p2n’ a5z, )i (x, 2)
1<a,b<ko (4 26)
LY rumfirlainl o %) |
= = ally a b ———— .
21§aﬁ§k0 [A]a[AT]s
On the other hand, by Lemma 5.8 we have that
lim sup 1 Z dZ(IE,Qk)di(x, Zk) ( pnniéab(f’g@ )
n—0o p12’LH4 dé (fL‘, Zk)db(xa Zk)
1<a,b<k (4 27)
1 2* ‘
< Z * % )\* * " )\* * (_ab)
IR b<k7fa7Tb[ Tl e [ [A ],

for some k x k positive matrix A\* and k dimensional vector 7* defined by (5.37). Finally, by
Lemma 5.9 we have that the difference of (4.26) and (4.27) is lower bounded by

1 5 - ab
2( > ﬂaWdAWLJA”h(p<deJXWh)

1<a,b<ko

>

- wzwzu*wﬂau*w*W(wﬁ%A*m)) -7

1<a,b<k

unless A has two proportional columns, which contradicts the hypothesis of identifiability of k.
This concludes the proof of Proposition 4.3. O
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5. Appendix

5.1. Basic results. We state below Lemmas 5.1 and 5.2 for completeness.
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Lemma 5.1. For integers m = my + --- + my we have that

J
m;\ "
jl;ll(m) < 1 (5.1)
J - 1 117 '
HF(mj—i—%) F(m+§)1“(§)
Proof: For an integer m, we have that
1 N
Thus, for integers m;, j = 1,...,J, such that m = m; + --- 4+ m; we write
J . J
[1T (m;+3) [T (mj +1)(m; +2) - (2m;)
=1 _ = (5.2)
T(m+3)T ()Jl (m+1)(m+2)---(2m) '

Define, for y > 0 and an integer r > 1
d i
9r(y) = H1 <y+ T) :
1=

As it is shown in the Lemma included in the Appendix of Davisson et al. (1981), for integers
m=mj+---+my and y > 0 we have that

J
< TLom, - (5.3)
j=1

Using this result for y = 1 and » = m we have that

m

H (m + 1) J my (mj +1)(mj +2) - (2my)

= < TI1I mf“ _ o=t . (5.4)

J
7j=111=1 H mmj

:k

Rearranging (5.4) and combining with (5.2) we conclude that
J J

[T (m; +1)(m; +2)---(2m;) HIF(mj—l-%)
]:
(m

J
m; j=1 B
E(m) < (m+1)(m+2)---(2m) _I‘ )J—l'

+3)I(

Lemma 5.2. For integers m = mq + ---+my, with J > 1 and m > max(J,3), we have that

NONCE I
rTm+y) ="

Proof: Stirlings’ formula for the I" function states that for all y > 0 we have

1
yy_%e_y\/%r < I'(y) < yy_%e_y\/%re@.
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1
+———ml +o )+
2(m+2) o (m 2) (m
J—-1 J 1
< Im4+——)log|{m|(1+— 4+ —
2 2m 12m (55)
1 J—1 r'(l) '
—ml 14+ — — | 2
m°g0”<+dm>> 2 TR
< Q logm + m+g lo 1-1—i
=\ "2 & 2 & om
1 )

— (i
1>+1 o1 (;

~ml — i .
mog ( T3 2m 2 ORI

Using that 1 — i <logy <y —1, for y > 0 we obtain that

o (F ) < (75 e (0 75) a5+ 75

Do (I= o, U =D 1 TG)
‘2])§< >1g + — + +1gF(%)

log < log(2)
INCY
and
R R S T
dm S 4 = g e
Then
INEAN J -1 -1
log (2) (m+2) < J-1 10gm+J logm +1< Jlogm. U
r(4)r L 2
(2)T (m+3)

5.2. Proof of Proposition /.1. We recall that © denotes the space of hiperparameters 6 = (7, \, w).
The parameter w depends on z through the counters {n,(z): a € [k]}, then to make this dependence
explicit, we write

@k: :Hk X Ak X W(Z)

M o= {(m1,...,m) € (0,17 Y m =1}
is the standard k-dimensional simplex,
Ap = {A € (RT)FF: Ny = Ny, for all a,b € [E]}
is the set of k X k symmetric matrices with positive entries and

W(z) = Wi(z) x Wa(z) X -+ X Wi(z)

where

with
Wa(z) = {w € (RT)") Zw,—na (5.6)
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which is the set of possible w’s on community a. By the definition of the model we have that the a

priori distribution over O is given by

v () = v (v (WP (w)2)

where
u,gl)(ﬂ H 7Ta_1/2
/ 1<a<k
(2) 1 ~1/2 -
vy (A) = Ry IEE H Aab “*
I'(1/2) 1<a<b<k
and

V3 (w)z) = H r (naT(Z))

1<a<k na(2)0 (%)na(z) i zi=a na(2)

We can now decompose the marginal likelihood as

pr(x) = Z/ Py(z, z)v(0)do

z€[k]™

= xZV(Q) V()UJZ w ZV(l)ﬂ' s
= > [ [ Bt O i [ e e

z€[k]™

= > prlal2)pe(z)

z€[k]™

in which the (conditional) likelihoods were given in (2.7) and (2.5). Then we have that

[ Bratalon? ovix
Ak

] [ H )\Oab T, Z _nab(z)Aab] VIEQ)()\)d)\
i<n

1<a<b<k

1 oa ,2) =% _(n (s
1’“(’”1)[ ] / ( 2 o= (nab(2)+1)Aab 7\
c(@)l(3) 2 Li<i<n A

1<a<b<k
1 1 [ 10 T (0ap(2,2) + 1) ] [ y (x)]
1 i .
1<a<b<k [nap(2) + 1]O“b(w’z)+2 1<i<n

(5.7)

(5.8)



282 Cerqueira et al.

Therefore

Az, z (z
pr(z|z) = ( )/W H w %@ 3 (w]z)dw

na(z)dt (z,2)

di(z)=1/2 4
NalZ yl y
)@ / (&) 11

c(x) 1<a<k F(% i1 z;=a
t (.2 Ng (2
na(z)da( ) )F <#) Hz zbzar(dz(l‘) + %)
) .

ek D(L)m® D(d (, ) + o)

We also have that

k k
= F(2)k/ 1_[7%11“('2)7%7T
T (3" I (5.10)
r
r

C(2)

On the other hand, by the definition of the maximum likelihood estimators we have that

1 Oab(% Z) 0ab(,2) oun(@:2)
P = — Oab\Z,2
sup Paulals) = o | 1] (nab<z>> eonte)]

1<a<b<k
Aa,2)
(5.11)
X H naq(2)di(x) dl(m)}
. di(x,z)
a€lkl,i€[n]:z;=a
B(z,z)
and
na(2) na(z)
sup Pr(z) = H < >
m 1<a<kg n (512)
C(2)
Now, we observe that by canceling the normalizing constant ¢(x) we obtain that
supg Po(z) _ 3. A, 2)B(, 2)C(2) (513)

pe(z) T >0 Alx,2)B(x,2)C(2)
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Now, if we are able to find bounds D1, Dy and D3, uniform on z and z, such that

Az, z) B(z, 2) C(x, z)
<D < D d <D
Alz,z) = " Blx,z) — 7 o Clx,2) — °°
then we automatically get
swoPo() _ f pop, (5.14)
pi(x)

These bounds follow by Lemmas 5.3, 5.4 and 5.5 proved below. Using these lemmas we obtain that

supy Py ()

lo
& (@)

IN

log|(n 4+ 1D)*FE+H) (n2 log n)"nk

k(k+1)log(n+ 1) + n(2logn + loglogn) + klogn

<
< k(k+2)log(n+ 1)+ 3nlogn

concluding the proof of Proposition 4.1.

Lemma 5.3. For (z,z) € Q,, x [k]" we have that

Az, z)
A2 < (n+ 1)kEHD (5.15)

Proof: Fix any (z,z) € Q, x [k]". We simplify the notation by writing 0., = 0g(, 2z) and similarly
for ny(z) and ngy(2z). By (5.8) an (5.11) we obtain that

-~ Oab Oab —O0ab

Aw,z) Hicasock () ©

Alw,2) L 1 I(oas+3)
ryy T Hhisesst ]

0q 1
k(k+1) M) b efoab(nab + 1)Oab+§

1 2 (nab
=T <> . (5.16)
2 1§¢zl;[lagk T (0a + %)

Letting
Ni= > ow
1<a<b<k
we rewrite
—~ k(k+1) o
Az, 2 1\ 2 ab ) Oab N % 1
A( -t (2) 11 F(N)l <> (ngp +1)°+2 70w, (5.17)
(Z’, Z) 1<a<b<k (Oab + §) Nap
We now use Lemma 5.1 to get
()" 1
Il 5 (ONb s 1y (1) (5.18)
1<a<b<k ab T 3 F(N+3)T(5) 2
On the other hand
N Oab 1 Oab
(m) (nap + 1)° T2 70 = N (1 + nb) (nap +1)% €00
a a

%ab

< N emab (ngy + 1)2 e %, (5.19)
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Putting (5.18) and (5.19) in (5.17), we get

R K(k+1)
(L 2 Oab
j(ac, z) < (3) R H NOabenas (nap + 1)% e %ab
(z,2) F(N+%)F(%)T_ 1<a<b<k
r (%) —N N2 b 3
= \2) =NpNN 2a<a<bsk ng, (g +1)2. (5.20)
I'(N+3) 1<al;[b<k ’

For any real number r > 0, I'(r) > 7"~ %/2¢7"/2x, so that

e TN <1+ 1>_N s Lo (5.21)
—_— — e —. :
I'(N+3%) ~ 2N V2r T Ver
Moreover, as x € €2, we have that
1 k(k+1
S oy melen MERD, (5.22)
1<a<b<k o fab 2
<a<b< 1<a<b<lk
and
1 k(k+1) (k+1)
[I tw+: < J[ (417 = @*+1) © < @+ 7. (5.23)
1<a<b<k 1<a<b<k
Plugging (5.21), (5.22) and (5.23) into (5.20) proves the lemma. O
Lemma 5.4. For (z,z) € Q, x [k]" we have
E(az 2) 9
— L < 1 " 5.24
et < (logn) (5.21)

Proof: For (z,z) € Qp x [k]™ we have that

= o (2)ds(z) | %)
B(.%', Z) _ H Hie[n]:zi:a (W)
B(x, z) \Sa<h na(z)dé(z,z)F("aT(z)> L. .ma I(di(z)+3)

O P(dh (2,2) 42

LE)" e + ) o a
r (=) A T+ D)

- 11

1<a<k

But for all a € [k] we have by Lemma 5.1 that

di(z) \ %@
11 (d3($72)> Iy = 1 T (5.25)
iima @) +3) 7 T (dhw2)+ 1) T ()™

where we used the equality df,(z,2) = Y., _, di(z). Putting all the previous bounds together we
obtain that

B(z, 2) < H L (H(d (z,2) + naT(z))
B(x,z) 1<a<k I (naz(z)> T (d(x,2) + 3)
Finally, by Lemma 5.2 we conclude, as d.(z, z) < n*logn for all a € [k] and >_, n.(z) = n that

B(z, 2)
B(z,z)

< I dita,2)® < (n*logn)™.

1<a<k
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g
Lemma 5.5. For any z € [k]" we have that
Cl) _
< . 5.26
ciz) =" (5.26)

Proof: By definition we have that

By Lemma 5.1 we obtain that

f[< > o < ! . (5.27)

This last inequality and Lemma 5.2 1mply that

~

Cz) _ T(3T(n+%
0 = T(ET(nrd) =

5.3. Proof of other auziliary lemmas.

Lemma 5.6. Consider the DCSBM with ko communities. The set Qy, defined in (4.1) satisfies
Py(2,) =1

for sufficiently large n.

Proof: We have that

Po() = D Po(92,2)

z€[ko]™

— Z Pr(2)Pxw(25]2)

it (5.28)

n
> B> Y Pawlala).
ZG[k)o]" 7,7=1 ac:wij<logn
Notice that in the last display, Zrmij <logn

logn|Z = z). Now, conditionally on Z = z, the Xj;’s have a Poisson distribution with parameter
Aziz;- From Boucheron et al. (2013, Section 2.2), if Y ~ Poisson(u), then for r > 0

Py w(z|2) is, in “random variable notation”, Py ,,(X;; >

eiﬂ(Hﬁ) log<1+ﬁ)+r

< e—r(log(1+§) —1) .

_ _ Jogmn )
e (o 7 )\Zizj)(bg(&ﬂ) 1)

e—(logn—)\max)(bg(%)_l) (5.29)

Prob(Y —pu>r)

IN

Thus, for n such that logn > A,

]P))\,w(Xij > 10g7’L|Z = Z)

IN

IN
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where in the last line we used the notation Amax = maxgp Agp. Then, by (5.28) and (5.29) we have
that

Py(s) < nze loen e (o6(R55)-1) 5™ p ()

z€[ko|™
n3+log Amax—log(logn) (log n)/\max (eAmax)*)\max (5.30)
which is summable in n and therefore the lemma is proved by application of the Borel Cantelli
Lemma. O
To state the next auxiliary result, we need some notation. Define for all z € {1,...,k}" and

20 € {1,... ko}" the k x ko matrix Q,(z, ") given by
(Qn(z, 2° = —sz]l{zZ =a,2) =d'}. (5.31)
Observe that the counters ny/ (2Y), for a’ € [ko], can be written as

n n k
:Zwi]l{z?:a'}:z:wi Z]l{zi =a,2) =d'}. (5.32)
=1 i=1 a=1

Then ny (2°) = n(QX (2, 2°)11),, with 1 a column vector of dimension k with all entries equal to
1. Moreover, the matrix Q,(z,2°) satisfies

k
1Qn(z, 2% = > Z Qn(2,2%)] 0w = 1, (5.33)
a=1la'=1
for all (z, 2%) and
Exw(6ap(X,2) | Z = 2°) = n2Qn(z,2°)AQn(2, 2%)T (5.34)

= Pnn2Qn(za 20)5‘@71 (, ZO)T (5.35)
in which E) ,, denotes the expectation with respect to the measure Py ,,.
We are now ready to prove the concentration bounds used in the proof of Proposition 4.3.

Lemma 5.7. Consider the DCSBM with kg communities. For any € > 0 and a,b € [k] we have
that
2.2

6ab(X75) = Y _ T PnN°€
P su ———— — Qn(Z, 2)2Qn(Z,2)" |a < exp|—=—— +nlogk
o swp |~ (n( 23Qu(2. 2)TNar| > ) < exp( = +nlogk)
and
d'(X,Zz) N T pnn’e?
P — 1002, 2N (2, Z) T 1k]a < exp(—"" tnlogk),
o sup [*757 = [0n(5: 23Qu(2, 2 1| > €) < exp(={"— + nlogk)

with S\max = maxgp S\Qb,
Proof: For any fixed z € [ko]™ and Z € [k]™ we have that
oab(X, 2) — n%[Qn(Z, 2)AQn(Z, 2) T |ap
= 6ap(X, 2) — pun®[Qn(Z, z)XQn(z 2" a
= Z (Xij — prwiwiAg ) 1{Z = a,2z; = a/}1{Z; = b, z; = V'}.
1<i,j 1 b <ko

Observe that given Z = z, 04 (X, z) corresponds to the sum of nq(2)ny(2) independent Poisson
random variables, given by X;;1{Z; = a, Z; = b}, with expected value given by p,w;w; )‘zl 2 Then
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the sum is also Poisson distributed with a parameter that is the sum of the corresponding parameters.
Using one more time Boucheron et al. (2013, Section 2.2), we have for Y ~ Poisson(u) and ¢ > 0

Prob(Y —pu>r) < e_“<1+ﬁ> log(Hﬁ)—”
Prob(Y —pu < —r) < e_“<1_ﬁ> tog (1) =
which, after some algebra, yields
Prob(|Y — p| >r) < 26_#'2”) .
Therefore, for any § > 0
By (0w (X, 2) = pun[Qu (7. 2)AQu (7. 2) s

52
< 2eXp(_2(pnn2[Qn<Zv Z)S\Qn(é, 2) o + 5)) i

Since, for any z and z, we have that
pnn2[Qn(za Z)S\Qn(f, z)T]ab < panS\maX

With Apax = maxgp S\Qb, it follows that, for any z,z and € > 0

oap( X, Z N _
Pg( 17(72) — [Qn(Z, 2)AQn(Z, ) Na| > €| Z = z)
PnT
2,4 .2

< exp(— Pune )

P Amax + €pnn?
2.2

< exp(—w).

>\max —"_ €

Now, using a union bound over all z € [k]™ and integrating over z we obtain that

oar( X, Z _oax _
2o sup (%40 10,2, 2)3Qu(2.2) | > o)
ze[k]™ Pn
22
< exp(—M +nlogk‘>
max T €

and this proves the first inequality of the lemma. Now, given Z = z,
dZ(Xa 2) = Z 5ab(X7 Z)
belk]
is also a sum of independent random variables with Poisson distribution and
Ek,w(dz()g 2) | Z= Z) = [pnn2Qn(2a Z)S\Qn(ga Z)le}av

thus we also obtain that
2.2

di (X, z <
Pg( sup (722) —[Qn(2, 2)AQn(z, Z) 11]a| > e) < exp(—w +nlog k) .
Ze[k]n pnn )\max + €
This concludes the proof of Lemma 5.7 O

In the sequel, we state and prove the lemmas cited in the proof of Proposition 4.3.
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Lemma 5.8. For k < kg there exists a k X k positive matriz \* and k dimensional vector m* such
that

1 dt (a:,?k)df)(x,é\k) pnn26ab(a: Ek)
limsup - 4 go( — e )
=00 1§§,b:§k pan’ dfy(x, Zi)dy (@, Zi) (5.36)
1 A '
< = Ty N T, [)\*F*]bg0<* b >
2 1§az,b:§k b A7) o [N 7]
Moreover, (%, \*) are given by
T, = [R*1p,]q, ae{l,.... k}
. [RFAR |y (5.37)
ab = [R*l 1T R*T] s (Z,be {1,...,k},
k() kO ab

for a k x ko real matriz R* satisfying |R*|[1 = 1 and having one and only one non-zero entry on
each colummn.

Proof: Observe that

dfz(xv/z\k)di(xvgk) PnT Oab( z, k)
Z (pnd t(z,2)d (2 Ek))

2 4
1<a.b<k PnTt -
- da (@, Z)dy(2, %) < G (2, Z0)/ pr? ) :
1<ab<k pan’ dl,(x, 2 )dy(, 2k ) [ pEnt )
where ¢(u) = ulogu. Then by Lemma 5.7, taking €, = p, = logn we have that
25 Qu(z A G ] <
PnT
and similarly
dt (z,% P
11(72) — [Qn(Zis 2)AQ0n (F, 2) T 11]a] < €n
Pnl

eventually almost surely as n — co. Then as ¢ is continuous, substituting 64 (x, Zk)/pnn® by

[Qn(Zr, 2)AQT (21, 2)]ap and substituting dt,(z, Zk)/pan® by [Qn(Zk, 2)AQn(Zk, 2)T11]q in the right-
hand side of (5.38) we obtain that

3 dg (2, Z;)dy (%, Z1) ( P Oab (@, Zk) )

pant d (x, 2 ) dj (, 21 )

1<a,b<k

<  sup D [QuAQ1]a@nAQT 1kl (
Qn: 11Qulli=1 1 Lo p<k [
QT 1,=n(z)/n

for some sequence 1, — 0 as n — co. Then taking lim sup on both sides, we must have that

o~ 2~ o~
i sup Z (x,z)d; (z, Zk) 90( P 0gp (T, Z1) >

N0 1 <ab<k Pn ”4 di(x, Zr)d} (, Z))

(5.39)

_ [QTLS\Q;ZL—’]G:}) >+77.
Qn}‘lek]a[QnAlek]b !

[RS\RT]ab ) (5.40)

1 - -
< su - RART1.],[RART1 ( _ a
p > klal kb ¢ RART 1), [RART 1,

- RIRh=1 2

RT1,=n ==

almost surely. Then, the supremum in the right-hand side of (5.40) is a maximum of a convex
function over a convex polyhedron defined by {R: |[R||; = 1,RT1; = 7}. Then, the maximum
must be attained at one of the vertices of the polyhedron; that is, on those matrixes R such that
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one and only one entry by column is greater than zero, given that 7, > 0 for all a € {1,...,ko}.
We denote by R* one of these maximums (if there is more than one) and let

T = [Rlgle ac{l,....k}
* [R*S‘R*T]ab (541)

ab = " " s CL,bE{l,...,kﬁ}.
[R*1, 1 R |ap
Then
1 : . RART],
w5 YRR o O )
R: ||R[1=1 1<a.b<k [R)\Rle]a[R)\Rle}b
Rfy=r =7 (5.42)
1 A"
— * % )\* * “ A* * ab )
3 2 mmW el o )
1<a,b<k
This concludes the proof of Lemma 5.8. O

Lemma 5.9. Assume \ has no two proportional columns. Then for all k < ko and (7*,\*) as in
Lemma 5.8 we have that

1 1 5\ab
TaTp|AT o [AT] _—
1<;b<ko ’ ’ SO([M]"[M]I’) (5.43)

* K[\ ok __k * __x )‘Z
— Z Waﬂb[)\ﬂ]ap\ﬂ]b@<m> > 0.

1<a,b<k

Proof: First consider the case k = kg—1. As R* has one and only one non-zero entry in each column,
we have that there is a surjective function h: [kg] — [k] connecting each community in [ko] (columns
of R*) with is corresponding community in [k] (line with non-zero entry). Then for k = ko — 1, there
are k — 1 communities in {1, ..., ko} that are mapped into k — 1 communities in {1,...,k} and two
communities in {1,...,kg} that are mapped into a single community in {1,...,k}. Without loss
of generality assume that the communities kg — 1 and kg satisfy h(kg — 1) = h(ko) = k = ko — 1.
Moreover, as R*T'1;, = 7 we must have that the non-zero entries are given by
R, = Ta, 1<a<ky—1

. (5.44)
R(ko—l)ko = Tk -

Then the parameters 7* and A\* defined in (5.41) are given by
T, = Mg, 1<a<ky—1
77;::0—1 = Tho—1 1 Tk

and

Ny =, 1<ab<ko—2

ﬂkoqj\a(ko—l) + o Aako

y 1§l§k0_2)
7Tk0—1+7rk‘o

Aalko—1) =

leoflj‘(ko—l)(ko—l) + 27Tk0—17Tk05\(k0—1)k0 + W;%OS\koko

Alko—1)(ko—1) =
(ko—1)(ko—1) 7Tl%071+27'fk:0—177k0+7r130

Observe that for all 1 < a < ko — 1 we have that [\*7*], = [\, then for all 1 < a,b < ko — 2

T Vo [N @<WM) = Tamp[A]a[A7]s cp({xﬂ])\a[gﬂ]b) .
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On the other hand we have that
Tho—1 M ko—1 + ko ATy

N | jg—1 =
A7 Tk P

Then for 1 < a < kg — 2 it follows, by the log-sum inequality, that

* % * % * % )\Z(ko—l)
ﬂ—aﬂkofl[/\ ™ ]a[)\ Q ]kO*lgO [)\*71'*} P\*ﬂ'*]k )
a 0—

= 7Ta[)‘7"—]61(7'(7%—1[)‘7[-]1430—1 + Ty P‘ﬂ-]k‘o)@ ([5\71’]

7Tk0715\a(k071) + Mo Nako )
a(Tho—1 [AT]g—1 + g [AT] )
Ta(Tho—1Aa(ko—1) + ThoAako) )
Tal Mo (Tho -1 [N ko 1 4 Thig [N o)

= Ta(Tko—1 a(ko—1) T ThoAako) 10g ( (5.45)

g xCL ko—1 Y S\ak;
< Waﬁko—l)\a(ko—l) log <[5\7r]([5\07r]k)1> + TaTko Aako 108 <[5‘7T][5:)7T]k>
a 0— a 0

= ﬂawkol[/\ﬂ]a[/\w]k()l@([j\ﬂ_](&ﬂ_];_l) + Ta T, [/\7r]a[)\7r]k0g0<m> .

Moreover, we have that the inequality must be strict unless

Aol
Dalkom) __ Aak for all a < ko — 2. (5.46)
MlaAlkg—1 [ATa[AT]k,

On the other hand, for a = kg — 1 and b = kg — 1, also by the log-sum inequality we have that
)\z(kO*l)(kO*l) )
AT k=1 [N kg 1

w;;o_m’;o_l[A*w*]ko_lu*w%_w([

= (Tr]%()—l’)'\(ko—l)(kg—l) + 27Tk‘0—17rk/‘05\(k0—1)k0 + ﬂ-lg;oj\kiok())

X 10g< 7T’%O—lj‘(ko—l)(ko—l) + 27Tk0—17fk05\(k0—1)k0 + Wl%oj‘kok’o >
Tho—1 A5 1 + 217k (Mg —1 [Ty + 707 [A7]

A A ko—1)(ko—1
< Tho—1Mko—1) (ko) 10g(M>

A7]%, 1 (5.47)
+ 2T g1 T A ko—1)k 1og<~>\(k°_1)~k°) + 72 Aok log( ;}koko )
R TOR T Bl g T T R,
. A
2 2 (ko—1)(ko—1)
e o o)
0 0 [/\ﬂ-]zo—l
N N 5\(Ic —1)ko 2 17 _12 S\k k
+ 27— 1Tk [N ko — 1 [ AT <p<~°~> + 75 [A7)i cp( e ) ,
Co T\ M1 Al AN YA
with equality if and only if
Ao —1) (kg — Ao — \
ko lilo-l) _ __Sholiho )\Nkzokzo ' (5.48)
P\W]krl (AT ko —1[A] kg [Ar] ko
From (5.46) and (5.48) we obtain that the inequality (5.43) must be strict unless
- Ml 1~
Mako—1) = %Aako for all a < kg (5.49)
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which is a contradiction with the hypothesis for the identifiability of kg. O
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