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Abstract. We investigate the optimal rate of convergence in the multidimensional normal approx-
imation of vector-valued Wiener-Ito6 integrals whose components all belong to a fixed Wiener chaos
with coinciding orders. By combining Malliavin calculus, Stein’s method for normal approximation
and the method of cumulants, we obtain the optimal rate of convergence with respect to a suitable
smooth distance. As applications, we derive the optimal rates of convergence for complex Wiener-
It6 integrals, vector-valued Wiener-1td integrals with kernels of step functions and vector-valued
Toeplitz quadratic functionals.

1. Introduction

On a complete probability space (£, F, P), let X = {X(h) : h € H} be an isonormal Gaussian
process over a real separable Hilbert space $. That is, X is a Gaussian family of centered random
variables such that E [X (k)X (g)] = (h, g)g for any h, g € $, where (-, )5 denotes the inner product
in $. Let {G),},~; be a sequence of random variables living in a fixed Wiener chaos of X with unit
variance. The research associated with the normal approximation of {G,},~; has been concerned
in recent years. The seminal article Nualart and Peccati (2005) first proved the Fourth Moment
Theorem, which shows that {G,},~, converges to a standard normal variable N ~ N(0,1) if and
only if E [Gfl] — 3 as n — oo. Shortly afterwards, Peccati and Tudor (2005) provided a mul-
tidimensional version of this characterization. By using techniques of Malliavin calculus, Nualart
and Ortiz-Latorre (2008) proposed a new proof of the Fourth Moment Theorem. Further, Nour-
din and Peccati (2009b) combined Malliavin calculus with Stein’s method to derive quantitative
and explicit upper bounds in the normal approximation of {G,},~,. This approach of combining
Malliavin calculus and Stein’s method has also been developed to obtain explicit upper bounds in
the multidimensional normal approximation of functionals of Gaussian fields, see Noreddine and
Nourdin (2011); Nourdin and Peccati (2010b); Nourdin et al. (2010b) for instance. Fix an integer
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d> 2. Let {F, = (Fy1,...,Fna)},s; be a sequence of d-dimensional random vectors, with com-
ponents living in some Wiener chaos of X. Suppose that the covariance matrix of F,, is C. In this
paper, we focus on the optimal rate of convergence with respect to a suitable distance under the
assumption that F), converges in distribution to a d-dimensional normal vector Z ~ Ny(0,C). We
say that a positive sequence {¢(n)},~, converging to zero provides an optimal rate of convergence
with respect to some distance d(-, ), if d(Fy,, N) =< ¢(n). Here, for two numerical sequences {a,}, -,
and {b,},~,, we write a, < b, if there exist two constants 0 < ¢; < ¢z < 0o not depending onn
such that c1b, < a, < cob, for n sufficiently large. Throughout the paper, we denote by ¢; and ¢
two finite positive constants that do not depend on n and can vary from line to line. We denote by
C*(R%) the space of k-times continuously differentiable real-valued functions on R? for k > 1.

Fix an integer ¢ > 2. Let $®7 denote the ¢g-th symmetric tensor product of §), and let ,(f) denote
the real g-th Wiener-1to integral of f € 7 with respect to X (see Section 2.1 for the definition).
For a sequence of random variables {Gy, = I4(gn)},~, with unit variance, where all g, € H%9, we
assume that G,, converges in distribution to a standard normal variable N ~ A(0,1). There are
complete characterisations of the optimal rate of convergence for GG,, with respect to some suitable
distance.

Nourdin and Peccati (2009a) demonstrated how to determine optimal Berry-Esseen bound in
the normal approximation of functionals of X and further refined the main results they proven
in Nourdin and Peccati (2009b). Specifically, they assumed additionally that the two-dimensional
random vector

¢ | DG,
Gn, 5 N1, N3), n— oo, 1.1
where x(n \/Var -HDG, ||ﬁ) DG, is the Malliavin derivative of Gy, (see (2.7) for the defi-

nition) and is a $)-valued random element, the notation LA represents convergence in distribution,
and (N7, N2) is a centered two-dimensional Gaussian vector satisfying E (le) =E (N22) =1 and
E (N1N2) = p. If p # 0, then for every z € R,

PG, <z)—P(N < 2)
x(n)
converges to a nonzero limit. Therefore, by Nourdin and Peccati (2009a, Theorem 3.1, Proposition
3.3) and the fact that x(n) < /E[G2] — 3 (see Nourdin and Peccati (2()12, Lemma 5.2.4)),
diol (Gn, N) =< x(n) < [E[G}]| < VE[GE] — (1.2)
where dgo) (Gn, N) is the Kolmogorov dlstance defined as

dkol (Gn, N) =sup |P(G,, < z) — P(N < 2)|.
z€R

Nourdin and Peccati (2009a, Proposition 3.6) proposed that if ¢ is even, sufficient conditions for (1.1)
are as n — 0o,

q—12(g—r)-1
x(n -2 H n®r9n) X (gn®7"gn) Hf_)®2(2(q—'r)—l) — 0, (1.3)
r=1 [=1
and
g—1\2 -1 -
—qq'(q/2 - 1)! <q/2 B 1) X(0)™" (9ns 9nDg/20n) 600 — P- (1.4)

Here, given f € $H“? and g € H°9 with p,q > 1, for r = 0,...,p A q, where p A ¢ denotes the
minimum of p and ¢, f ®, g is the r-th contraction of f and g (see (2.2) for the definition), and
f®,g denotes its symmetrization. In this case, if p # 0, then (1.2) is valid, that is, x(n) is the
optimal rate of convergence for G,, with respect to dgo(+,-). However, when ¢ is even and p = 0, or
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q is odd and (1.3) is satisfied (which imply (1.1) with p = 0), the optimal rate of convergence with
respect to diol(+,-) is unknown.

In Biermé et al. (2012), Biermé, Bonami, Nourdin and Peccati gave a complete solution to the
optimal rate of convergence with respect to a suitable smooth distance. They proved that

d(Gp, N) =< M(G,) == max (|E [G3]|,E [G2] - 3), (1.5)

where d (G, N) = sup |[E [h (G,,)] — E[R(N)]|, and h runs over the class of all real-valued functions
h € C?(R) with the second derivative bounded by one. Note that, it is shown in Nourdin and
Peccati (2010b, Proposition 3.1) that

[E[Gh]] < eVE[GE -3,

where ¢ is constant only depending on ¢g. Furthermore, by using Lusin’s Theorem, Nourdin and
Peccati (2015) dealt with irregular test functions and obtained that M (G,,) also provides an optimal
rate of convergence in the total variation distance drv (-, ), a non-smooth distance. That is,

drv (Gp,N):= sup |P(G, € A)—P(N e A)| < M(G,).
AEB(R)

As far as we know, there are few references studying the optimal rate of convergence for a se-
quence of random vectors whose components are functionals of some isonormal Gaussian process.
Campese (2013) extended the results of Nourdin and Peccati (2009a) to the multidimensional case
and developed techniques for determining the exact asymptotic speed of convergence for multidi-
mensional smooth functionals of some isonormal Gaussian process. Let {F, = (Fn1,..., Fnd)}, >

be a sequence of d-dimensional random vectors, where F,,; = Iy, (fni), ¢i > 2, and f,; € HO
for 1 <4 < d. Suppose that the covariance matrix of F), is C' = (Cyj)1<i j<a and F, converges in
distribution to a d-dimensional normal vector Z ~ Ny(0,C). It is shown in Nourdin et al. (2010b)
that

A(F,) = Z Var (qj (DF,;, DF, ;) ) (1.6)
,j=1
provides an upper bound in the multidimensional normal approximation of {F},},~, with respect to
the Wasserstein distance. In Campese (2013), Campese aimed to establish conditions on {F}, b1
such that A(F,) provides an optimal rate of convergence for F,, with respect to some suitable
distance. Let g € C3(R?) with bounded derivatives up to order three. By Stein’s method as
introduced in Section 2.4 and Lemma 2.1,

Elg(F)] = Elg(2)] = E[(Fn, VU0 (Fn))ra — (€, Hess Ug,c(Fn))us]

d
= 3" B|02Usc(F) (4 (DFuis D)y = Ci )| D
ij=1
where U, ¢ defined as (2.17) satisfies the multidimensional Stein’s equation (2.16), Hess U, ¢ is a dxd
matrix with entries given by (HessUy )i = 82 Ugc, (5 -)pa denotes the Euclidean inner product
and (-, -)pg denotes the Hilbert-Schmidt inner product (see Section 2.4 for specific definitions). If
the sequence

i E [0 Unc(Fo) (47 (DFoui DFns)y = )|
A(Fy)

(1.8)
n>1

which involves (1.6) and the right-hand side of (1.7), converges to a nonzero limit, then A(F),)
exactly characterizes the rate of convergence of E [g(F},)] — E[g(Z)]. To prove the convergence of
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(1.8), Campese assumed that, for 1 <4, j < d such that

Aij(Fy) = \/Var (q]fl (DF, DFn,j>ﬁ) = A(F) (1.9)

holds, the (d + 1)-dimensional random vector sequence

Y (DF,;,DF, ), — Ci;
{(Fn,q”< ’A(F;)ﬁ ’ (1.10)
1) n n>1

converges in distribution to a centered (d + 1)-dimensional Gaussian vector (Z, ZU> Under such

assumptions, Campese (2013, Theorem 3.4, Corollary 3.6) showed that the liminf and limsup of
the sequence

coincide with those of

co\»—n

d
Z = )lekE[az]kg(Z)] ; (1.11)
7,k=1

n>1
where the constants p;;i are defined by p;j;, = E [ZijZk] for 1 < 4,4,k < d such that (1.9) is true,

and p;jr, = 0 otherwise. If the liminf and limsup of (1.11) are not equal to zero and finite, then
A(F,) provides an optimal rate of convergence for F),, with respect to the distance defined as

d(Fn, Z) = sup {|E [g(Fn)] = E[9(Z)][},

where ¢ runs over the class of all functions g € C3(R?) with bounded derivatives up to order three.
Sufficient conditions analogously to (1.3) and (1.4), for the convergence in distribution of the random
sequence (1.10) to a centered Gaussian vector, are established in Campese (2013, Proposition 4.2).

The techniques developed in Campese (2013) are extensive and heuristic. In his framework,
smooth functionals of a Gaussian process, whose components do not necessarily belong to Wiener
chaoses, are considered, and covariances of these functionals are allowed to fluctuate. However,
due to the assumption that the random sequence (1.10) converges in distribution, it seems that
Campese’s findings do not provide a complete characterization of the optimal rate of convergence
for F,,. Specially, Campese’s techniques will fail when the limit of (1.11) is equal to zero, see
Campese (2013, Section 5.1) or Section 4.2 in this paper for example. Note that, in this example,
all components of F,, belong to the second Wiener chaos of some isonormal Gaussian process. In
addition, Campese (2013, Section 5.4) remarked that for a non-trivial application of the results he
obtained in the Breuer-Major central limit theorem, at least one of the integers g;, the order of F}, ;,
should be even.

In this paper, we consider a sequence of d-dimensional random vectors {F, = (Fy1,. .., Frna)}, >,
whose components all belong to the g-th Wiener chaos, where ¢ > 2. We still assume that the
covariance matrix of Fj, is C' and F;, converges in distribution to a d-dimensional normal vector
Z ~ Ny(0,C). Without any additional assumptions, we exhaustively investigate the optimal rate
of convergence with respect to the smooth distance p4(-,-) defined as

pa(F,G) = sup{[E[g(F)] - E[g(G)][},
where g ranges over the class of all functions g € C*(R) such that M;(g) < 1 for all 0 < j < 4
(that is, g and all its derivatives up to order four are bounded by one, see (2.14) for the precise
definition of M;(g)), and F, G are two d-dimensional random vectors. Moreover, if C' is positive
definite, we improve the distance to

p3(F, G) = sup {|E[g(F)] — E[g(G)][},
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where g runs over the class of all functions g € C3(R?) such that M;(g) < 1 for all 0 < j < 3.
Specifically, in Theorem 3.1, we obtain that

d
pa(Fn, Z) < M(F,) :=max{ > |km(Fn)l, Y Fae,(Fn) ¢,
=1

|m|=3
and furthermore, if C' is positive definite,
p3 (Fn, Z) < M(Fp,).

Here, for a multi-index m € N& = (N U {0})%, ki (F,) is the cumulant of order m of F), (see Defini-
tion 2.2). For example, kae, (F,) = E[F; ;] = 3(E[F2,])?, where for 1 <i < d, e; = (eq1, ..., €iq) € N§
is defined by e;; = d;; for 1 < j < d, and ¢;; is the Kronecker symbol defined by d;; = 1 if j =4 and
di;j = 0 otherwise. In other words, the concise expression M (F},) is the optimal rate of convergence
with respect to the smooth distance p4(-,-), and ps(-,-) if C is positive definite. It can be shown
that, there exists a constant ¢ depending only on ¢ and C' such that

d
Z Kae; (Fn)’
=1

by combining interpolation techniques (see Nourdin and Peccati (2010b, Theorem 4.2) or Nourdin
et al. (2010a, Theorem 7.2)) and Nourdin and Peccati (2012, Equation (6.2.6)). This is an extension
of Nourdin and Peccati (2010b, Proposition 3.1) to the multidimensional case. Note that M (F},) can
be determined by either one of the two quantities } 1 _3 |£m (F7)] and Zgzl Kae;(Fy) (see Section
4 for examples of both cases).

Although focusing on the case where the components of F, have coinciding orders, we improve
upon the work in Campese (2013) in two main aspects. First, the optimal rate of convergence we
obtained is more explicit and concise. Second, our conclusions can be applied to determine the
optimal rate of convergence when Campese’s techniques can not work, as discussed in Section 4.2.

There are two main differences in strategies between Campese (2013) and this paper. The first
difference is that we expand E[(F,, VUy c(F,))ga] appeared in (1.7) to a higher order by using
Proposition 3.7 to obtain a more refined bound. In (1.7), Campese expanded E[(F),, VU, c(F}))gd]
as

Z [m (Fn)| < c

Im|=3

d
E[(Fn, VUg.c(Fa))ga) = 3 E [aijgﬁc(Fn)q;I (DF,;, DFn,j>ﬁ]
ij=1
- Z E [Te, e, (Fn)0"Ugc(F)]
m=e;+e;,1<i,5<d

which means that Campese took M = 2 in Proposition 3.7. Please refer to Definition (2.3) for the
definition of I'-random variable. While we take M = 4 and expand E[(F,,, VU, c(F},))ga] as

d
Bl{(Fn, VUg o (Fa))gal = 3 CyB [03U, ¢(F)] +% S (BR[O Uy (F)]

3,j=1 m=e;+tejte,
1<i,5,k<d
+ Z E [Feivejvekvel (Fn)ang,C(Fn)] ) (112)
m=ei+e]-+ek+el,
1<i,5,k,1<d

to achieve the optimal convergence of rate. Second, besides Malliavin calculus and Stein’s method
for normal approximation, which are the main techniques used in Campese (2013), we also make full
use of the method of cumulants to estimate the reminder terms of E [g(F},)] — E [¢(Z)], namely the
second and third terms on the right-hand side of (1.12). More precisely, on the one hand, combining
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the higher-order expansion of E[(F),, VU, c(F},))ga) and technical estimates of I'-random variables
(see Proposition 3.9), we prove the upper bound. Namely, there exists a constant 0 < ¢y < oo such
that for n large enough,

d
Pk (Fn,Z) < comax Z |’{m(Fn)|aZ’Q4ei(Fn) ,
i=1

m|=3

for k = 4, and k = 3 if C is positive definite. On the other hand, we delicately set up several
specific test functions (see Lemma 3.11) to obtain the lower bound. That is, there exists a constant
0 < ¢1 < oo such that for n large enough, for k = 3, 4,

d
Pk (Fn,Z) > 1 max Z ”im(Fn”vZ’@lei(Fn)
i=1

Im|=3

Note that under the assumption that all components of F), belong to the same fixed Wiener
chaos, the optimal rate of convergence we obtained is comparatively concise. To some extent, this
result is consistent with and improves Noreddine and Nourdin (2011, Theorem 1.5), in which it is
proved that

d
sup {[E[9(F)] = gD} < e1 Y Ve (Fn),
i=1

where g runs over the class of all functions g € C?(R?) with the second derivatives bounded by one.

We assume coinciding orders in this paper because the critical estimates of cumulants and related
I-random variables (see Proposition 3.9) that we use in the proof of Theorem 3.1 may not be valid
when the orders are different. Specifically, the definition of I'-random variable (see Definition 2.3)
implies that the essence of Proposition 3.9 is to estimate the variance of the random variable
(DF, DG)g, where F = I,(f) and G = I,(g) with f € HP and g € H%, p,q > 1. By Nourdin and
Peccati (2012, Lemma 6.2.1), we have that if p = ¢, then

2 r—1

r=1

4 p—1 4
-1
Var(DF. DG)5) < 5 3= 0P (P2 1) = 200t (I @pr SV + 9 8per )

and if p < g, then
Var ((DF, DG)g)

2
q—1
§q2p!2(p - 1) (@ = D100 19 D0y ollsm,

P¢* k= p—1\?(q— 1) 2 2
PP -0 (P ) (121) w20t (1 S e + Lo 9y alfen ).

(1.13)
It is obvious that when p = ¢, we have that

Var ((DF, DG)g) < c¢(p) (ka(F) + ka(GQ)), (1.14)

where ¢(p) is a constant depending on p, k4(F) := E [F*] — 3 (E [F?] )2 and the definition of k4(G)
is the same as that of k4(F'). However, when p < ¢, one can only obtain that

Var ((DF, DG)5) < ¢ (p, E [F?]) (m(F) + ra(G) + M(G)) , (1.15)

where ¢ (p, E [Fﬂ) is a constant that depends on p and E [FQ}, and \/k4(G) is from the first term
on the right-hand side of (1.13). A comparison of the estimates (1.14) and (1.15) shows that the
estimate obtained when p = ¢ is better than when p < g. As a result, the techniques we used are
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insufficient to solve the case of different orders. This improving topic will be investigated in other
works.

Compared to one-dimensional case, the test functions in the definition of the distance between
two random vectors in multidimensional case need to be smoother. There are two reasons for this.
First, second-order differential operators are involved in the multidimensional Stein’s equation (see
(2.16)), unlike in one-dimensional case (see Nourdin and Peccati (2012, Definition 3.2.1)). Second,
given a test function g, the solution of the one-dimensional Stein’s equation associated with g
has better regularity than the solution of the multidimensional Stein’s equation, see Biermé et al.
(2012, Proposition 3.2) and Chen et al. (2011, Lemma 2.6) respectively. In Biermé et al. (2012),
Biermé, Bonami, Nourdin and Peccati applied the chain rule (2.8) three times for the solution of
the one-dimensional Stein’s equation. Combining the fact that the solution of Stein’s equation is
smoother than the test function (see Biermeé et al. (2012, Proposition 3.2)), the authors in Biermé
et al. (2012) required the test functions to be smooth up to order two and then derived the optimal
rate of convergence in the one-dimensional case. After that, Nourdin and Peccati (2015) dealt with
irregular test functions by using Lusin’s Theorem and obtained the optimal rate of convergence in
the total variation distance, a non-smooth distance. In the multidimensional case, less smoothness
of test functions means less use of the chain rule (2.8) and then less expansion for the quantity
E[(F,V f(F))ga] in Proposition 3.7. This usually leads to a suboptimal rate of convergence, where
only an upper bound can be obtained. In this paper, we define the distance of two random vectors as
p4 to achieve the optimal rate of convergence for a general non-negative definite covariance matrix
C. When C is positive definite, we combine the smoothing argument and the regularity of the
solution of the multidimensional Stein’s equation (see Lemma 2.5) to improve the distance to ps. It
is reasonable to require more smoothness of the test functions when C' is singular. See Chatterjee
and Meckes (2008); Dung (2019); Fang and Koike (2022); Meckes (2009); Nourdin et al. (2010b);
Peccati and Zheng (2010); Reinert and Rollin (2009) for more discussions on Stein’s method and
smoothness requirements for test functions in multidimensional normal approximation.

As an application, we first consider a sequence of complex Wiener-It6 integrals { F}, }, -, in Section
4.1. Assume that F}, converges in distribution to a complex normal variable Z with the same
covariance matrix as F;,. Combining Theorem 3.1 and the fact that the real and imaginary parts of
a complex Wiener-It6 integral can be expressed as a real Wiener-1t6 integral respectively (see Chen
and Liu (2017, Theorem 3.3)), we yield Theorem 4.1, which states that for k = 4, and k& = 3 if the
covariance matrix of F;, is positive definite,

E [F2F,]|,E [\Fnﬂ —9 (E []Fn|2D2 — [E[F2] \2} .

As an example, we get the optimal rate of convergence for a statistic associated with the least
squares estimator of the drift coefficient for the complex-valued Ornstein-Uhlenbeck process. In
Section 4.2, we consider the counterexample provided in Campese (2013, Section 5.1) and apply
our conclusion to derive the optimal rate of convergence for a sequence of vector-valued Wiener-1td
integrals with kernels of step functions. In Section 4.3, by combining our techniques and some results
from the literature such as Campese (2013); Ginovian (1994); Ginovyan and Sahakyan (2007), we
get the optimal rate of convergence in the multidimensional normal approximation of vector-valued
Toeplitz quadratic functionals.

The paper is organized as follows. Section 2 introduces some elements of the isonormal Gaussian
process, Malliavin calculus, the method of cumulants and multidimensional Stein’s method for
normal approximation. In Section 3, we obtain the optimal rate of convergence for a sequence of
vector-valued Wiener-Itd integrals with respect to smooth distance pi(-,-), where k = 3 or 4. In
Section 4, we apply the main results we proved in Section 3 to derive the optimal rates of convergence
for a sequence of complex Wiener-1t6 integrals, vector-valued Wiener-Itd integrals with kernels of
step functions and vector-valued Toeplitz quadratic functionals.

ok (Fn, Z) xmax{|E [F2]],
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2. Preliminaries

In this section, we briefly introduce some basic theories of the isonormal Gaussian process, Malli-
avin calculus, cumulants and multidimensional Stein’s method. See Chen and Liu (2019); It6 (1952);
Nourdin and Peccati (2012); Nualart (2006); Nualart and Nualart (2018) for more details.

2.1. Isonormal Gaussian process. Suppose that $) is a real separable Hilbert space with the inner
product denoted by (-, ). Let ||| denote the norm of h € §). Consider a real isonormal Gaussian
process X = {X(h):h € H} defined on a complete probability space (2, F, P). That is, X is a
Gaussian family of centered random variables such that E[X (h) X (g)] = (h, g)g for any h, g € $.

For ¢ > 0, the g-th Wiener-1té chaos H,(X) of X is the closed linear subspace of L?(2) generated
by the random variables {Hy(X (h)) : h € 9, ||h|ls = 1}, where Hy(z) is the Hermite polynomial of
degree q defined by the equality

1, >
exp {tx - §t } = Z qu(CL‘), teR.
q=0
Let %7 and $H®? denote the g-th tensor product and the g-th symmetric tensor product of £,
respectively. For any ¢ > 1, the mapping I, (h®?) = Hy(X(h)) for ||h|g = 1 can be extended to a
linear isometry between the symmetric tensor product 7, equipped with the norm /g!|| - [|5eq,
and the g-th Wiener-It6 chaos H,(X). For ¢ = 0, we write Ip(c) = ¢ for ¢ € R. For any f € §9,
the random variable I,(f) is called the real g-th Wiener-Ito6 integral of f with respect to X. Wiener
chaoses of different orders are orthogonal, that is, for f € H®? and g € $H®9, where p,q > 1,

S 9 qer, P=10

E[L,(f)1,(9)] = o (2.1)
0, P#q

The Wiener-Itd chaos decomposition of L2(€,0(X), P) implies that L?(2,0(X), P) can be de-

composed into an infinite orthogonal sum of the spaces Hq(X). That is, any random variable

F € L*(Q,0(X), P) admits a unique expansion of the form

= ZIq (fa)
q=0

where fo = E[F], and f, € §®7 for ¢ > 1 are uniquely determined by F.

Let {1k };>, be a complete orthonormal system in $). We define a A b as the minimum of a,b € R.
Given f € H°P, g € 5%, for r = 0,...,p A ¢, the r-th contraction of f and g is an element of
HOWP+a=2r) Jefined as

o
f®rg: Z <f777i1®"'®nir>5§®r®<g?ni1®"'®77ir>57)®r' (22>

i1 ir=1

Notice that f ®, g is not necessarily symmetric, and we denote by f®,g its symmetrization. The
product formula for real multiple Wiener-It6 integral, as shown in Nourdin and Peccati (2012,
Proposition 2.7.10), states that for f € H®P and g € H® with p,q > 0,

PAg
P[4 ~
L) = () (1) e s (23)
r=0
Next, we introduce the complex isonormal Gaussian process. We complexify § and L?(9) in the
usual way, denoted as $Hc and L(QC(Q), respectively. Suppose h = f +ig € Hc with f,g € 9, we
define

Xe(b) == X(f) +iX(9),
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which satisfies E [XC (h) Xc (h’)} — (b, 1), with b € Hic. Here, for h = f +ig, i = f' +ig’ € Hc,
Where f’g7f/7g/ e ‘67

(0.0) g, = (F +ig, £ 410 = (50 +(0:9)5) +1(= (.05 + (02 )s)

Let Y = {Y(h) : h € $} be an independent copy of the isonormal Gaussian process X over £. We
define Y (h) for h € Hc in the same way as Xc(h). Now, we define the complex isonormal Gaussian
process Z = {Z(h) : h € Hc} over He as

Xc(b) +1iYe(h)
V2

Note that Z is a centered complex Gaussian family and satisfies
E[Z(5)*) =0, E[ZM)Z1)] = (h.b)5,., ¥h,b" € Hic.

For each p,q > 0, let J, 4(2) be the complex Hermite polynomial, or Hermite-Laguerre-It6 poly-
nomial, given by

Z(h) =

S (o

oooow

exp {AZ + Az — 2|\P} = ZZ , AeC.
o plq!
For example, Jp0(2) = 2P for p > 0, Jo4(2) =29 for ¢ > 0, Jy1(2) = |2|* = 2, Ji2(2) =% (|z]* —4),
and Jo2(z) = |z|* — 8|2|? + 8. Let H,p4(Z) be the closed linear subspace of L(§2) generated by the
random variables

{Da(2(6)) 0 € B, b5 = V2} .
The space Hy, 4(Z) is called the (p, ¢)-th Wiener-It6 chaos of Z.

Take a complete orthonormal system {&x},~, in Hc. Let A be the set of all sequences a = {ax }re
of non-negative integers with only finitely many nonzero components and set |a| = > 3>, az.
Let symm (h) denote the symmetrization of h € S’J(%p for some p > 1. For two sequences p =
{pr}ieya={qr}rey € A satistying |p| = p and |g| = ¢, the linear mapping

Tpg (symm (®§°:1§§pk> ® symm <®k 1§k®qk>> Dk e (\fZ (fk)) (2.4)

Hm

provides an isometry from the tensor product 5@;) ®9Hc 94 equipped with the norm Volg!|| -] B+
C

onto the (p, ¢)-th Wiener-It6 chaos H,, 4(Z). 1t proved (2.4) in 1t6 (1952, Theorem 13.2). For any

fe Y)%p@iﬁgq, Tp4(f) is called the complex (p, ¢)-th Wiener-It6 integral of f with respect to Z. 1to
(1952, Theorem 7) showed that complex Wiener-Itd integrals satisfy the isometry property. That
is, for f € H ® H and g € HO° ® HOY,

(2.5)

o [abl{f.g) e, a=cb=d.
E {Ia,b(f)Ic,d(g)} _ {a (f g>5§f§< ) a=c

0, otherwise.

The complex Wiener-It6 chaos decomposition of LZ(2,0(Z), P) implies that L(Q,0(Z), P) can
be decomposed into an infinite orthogonal sum of the spaces #,, ,(Z). That is, any random variable
F € L%(Q,0(Z), P) admits a unique expansion of the form

F= Z Zzpyq (fnq) )

p=0 ¢=0

where foo = E[F], and f,, € f)((gp ® 5’_)8‘1 for p+ ¢ > 1 are uniquely determined by F'.
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Given f € H2* ® HZ” and g € H2°®@ HR?, for i = 0,...,aAd, j = 0,...,b A ¢, the (,j)-th
contraction of f and g is an element of 53(%) (ate=i=3) g, ng(bﬂlﬂ;j ) defined as
o0
[®ijg9= Z (&, ® R, ® @&, )®(g:&,, ® &, 0, Q- ®E&,),
Iy, ligj=1
and by convention, f ®q0g = f ® g denotes the tensor product of f and g. The product formula for

complex Wiener-It6 integral, as presented in Chen (2017, Theorem 2.1) and Hoshino et al. (2017,
Theorem A.1), states that for f € H9% ® H®? and g € HO° ® HO4, where a,b,c,d > 0,

aNd bAc
a\ [(d\ (b (c\ . .
Top(Teale) = DD (z> (Z) (j) <j>Z!J Tate—i-jprd—i—j (f ®ijg)- (2.6)
i=0 j=0
2.2. Malliavin calculus. Let S denote the class of smooth random variables given by
F= f(X(h1)77X(hd))a

where hy,...,hg € H,d > 1and f € C°(R?). Here, C5°(R?) is the set of all infinitely differentiable
real-valued functions such that all its partial derivatives have polynomial growth. Given F' € S, the
Malliavin derivative DF' is a $-valued random element defined as

d of
DF =3 == (X (h),..., X (ha)) hi.
i=1 "

The derivative operator D is a closable and unbounded operator from LP(2) to LP(;$)) for any
p > 1. By iteration, for k > 2, one can define the k-th derivative D¥F € LP(Q; H®). For any p > 1
and k > 0, we denote D*? as the closure of S with respect to the norm || - ||, given by

k
1P, = > E([IDFlfhe) -
1=0

For any p > 1 and k > 0, we set D*P = (), DP?, DF>° = ), DFP and D™ = (5, DM, Tt is
known that for f € P, I,(f) € D* and for any k > 0,

(pfilk)]lpfk(f)? kE<p,

2.7
0, k> p. (2.7)

D klp(f ) = {
The derivative operator D satisfies the chain rule. Specifically, if ¢ : R — R is continuously

differentiable with bounded partial derivatives and F' = (F},..., Fy) is a vector with components
belonging to D2, then ¢(F) € DY? and

Dy(F) = ; P, (F)DF;. (2.8)
The chain rule still holds if F; € D> for 1 < i < d and ¢ has continuous partial derivatives with at
most polynomial growth.
We denote by & the divergence operator, defined as the adjoint operator of D, which is an
unbounded operator from a domain in L?(£2; $) to L*(Q2). A random element u € L?(£); ) belongs
to the domain of §, denoted DomJ, if and only if it verifies

[E(DF, u)s]| < cuVE[F?],
for any F' € D%2, where ¢, is a constant depending only on u. In particular, if u € Domd, then §(u)
is characterized by the following duality relationship

E(Fé(u)) =E((DF,u)g), (2.9)
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for any F € D'2,

The operator L defined as L = _Z;io pJp is the infinitesimal generator of the Ornstein-
Uhlenbeck semigroup Ty = Z;O:o e P'J,, where J, denotes the orthogonal projection on the p-th
Wiener chaos. Its domain in L?((2) is

o0
DomL = { F € L*(Q) : ZpQ ||JpF||§ < o0
p=1

By Nualart (2006, Proposition 1.4.3), we know that the operators D, ¢ and L satisfy the following
relation. For F € L?(Q2), F € DomL if and only if F' € Dom(§D), and in this case

§DF = —LF. (2.10)

For any F € L*(Q), we also define L™'F = =1 %JP(F). The operator L~! is called the
pseudo-inverse of L. For any F' € L?(Q), we have that L' F € DomL, and

LL'F=L"'LF =F - E[F]. (2.11)

Combining (2.9), (2.10) and (2.11), we can get the following useful lemma.

Lemma 2.1 (Nourdin and Peccati (2010a) Lemma 3.1). Suppose that F' € D2 and G € L?().
Then, LG € D*? and

E[FG] = E[F|E[G] + E [(DF, —DL*1G>YJ .

2.3. Cumulants. First, we recall some standard multi-index notations. A multi-index is defined
as a d-dimensional vector m = (myq,...,mq) € N¢ = (NU{0})?. For case of notations, we write
|m| = Zle m;, 0; = 8%1-’ o =0 -y, 2™ = H?Zl z;" and |z|™ = Hle |z;|™, where 2 € RY.
By convention, we have 0 = 1. For any i = 1,...,d, we denote by e; = (e;1,...,¢€q) € Ng the
multi-index defined by e;; = d;;, where d;; is the Kronecker symbol. We can write every multi-
index m as a sum of |m| multi-indices Iy, ..., I, € {e1,...,eq}, and this sum is unique up to the
order of the summands. For instance, the elementary decomposition for the multi-index (1,2, 0) is
{(1,0,0),(0,1,0),(0,1,0)}. We denote by (-, -)ga the Euclidean inner product.

Definition 2.2. Let F' = (F1,..., Fy) be a d-dimensional random vector satisfying E|F|™ < oo for
some m € NZ\{0}. The characteristic function of F is denoted by ¢p(t) = E [ei<t’F>Rd} for t € R%.
Then the cumulant of order m of F'is defined as

o (F) = (=1)™0™ log ¢ (¢)

For example, if Fj, Fj € L*(Q), then ke, (F) = E[Fj] and ke, 4, (F) = E[F;F}] — E [F] E[F}].

=0

Definition 2.3. Let FF = (Fy,..., Fy) be a d-dimensional random vector with F; € D12 for 1 <
i < d. Suppose that [1,ls,... is a sequence taking values in {ey,...,eq}. Set 'y, (F) := Fh = Fp if
Iy = ey for some 1 < k < d. If the random variable I';, _;, (F) is a well-defined element of L?(Q)
for some k > 1, we set

e

Fl1,~~,lk+1 (F) = <DFZk+17 _DLilrll,m,lk (F)>f) .

As shown in Noreddine and Nourdin (2011, Lemma 4.3), if F; € D> for 1 <14 < d, then for any
k > 1, the random variable I, ;, (F') € D*. The following theorem tells us the relation between
the cumulant k,,(F) and the random variable Loyl (F) withm =11 + ... +
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Theorem 2.4 (Noreddine and Nourdin (2011) Theorem 4.4). Let m € NE\{0}. Write m = I, +
“+ ), where l; € {e1,...,eq} for 1 <i < d. Suppose that the random vector F' = (F, ..., Fy)

s such that I € plml2™! for all 1 <1i <d. Then, we have

km(F) = (jm| — 1)IE [le,...,z‘ml(Fﬂ .

If the components of random vector F' = (F},...,Fy) are all multiple Wiener-It6 integrals,
namely, F = (I, (f1),..., 1y, (fa)), where each f; € $®%, the cumulant k,,(F) and the random
variable I'y, _j  (F) with m =11 + -+, and [; € {e1, ..., eq} for each i can be expressed more

clearly, see Noreddine and Nourdin ()( )11, Theorem 4.6, Equat1on (4.29)). Specifically, set Ay = j
when [, = e;. For simplicity, we drop the brackets and write fy, ®y, - - ®T\m‘—1fA|m|—l to implicitly
assume that this quantity is defined iteratively from left to right. For instance, f®,9®sh actually
means (f®ag) ®ph. Then

Fl17~--,l\m|(F)
Xy Ndxg [Q)\l"""""'q}\lm‘_l_27’2_"'_27’\m\71]/\QA‘m‘
= e Coi (T2, .07 1 X v
3 3 gt (T2 my) [t (2.12)
ro=1 T|m\:1

x1 q>\1+---+q)\| -1 I(I)\1+"'+(I)\ *2T27---727“m| (f/\1®7'2f/\2 e ®7’|m‘f/\|m‘> .
o Tmi=t [m|
{"’2+ Frm|-1< ) }

And

fm(F) = qn,, ! (Im[ = 1)! Zcql (r2,--- 7’|m|*1) <f>\1®r2f>\2 T ®7”\mlflf>‘\m\—1’ f’\IMI>ﬁ®qu\ ’

where the sum ) runs over all collections of integers rs, ... s Tlm|—1 such that
()1<rl<q,\ foralli=2,...,|m|—1
gt ""QA 17N,
(2) rot -t P = — et Il
+ ag TN,
(3) r w,---ﬁ2+“'+r|m|—2<%;
(4) r3 S D Dy —2r2, T —1 S @Ay o Wy — 2rg — 0 = 20 —2-
Here, the combinatorial constants cq (r2,...,rs) are recursively defined by the relations

o~ 1\ (o, —1
= U ’
Cq (T2) = Qx, (72 )<T2_1)(r2_1>7

and, for s > 3,

@yt —2rp— - —2r5 1 — 1
Cql (T2, ... 7s) = qi, (rs—l)!< ! ! s
re —1
D, —1
(7”3 9 )cqyl (roy...,rs—1).
In particular, if g1 = --- = gq = 2, then the only possible integers 2, ..., 7, -1 satisfying (1)-(4)
are rg = -+ = T};|—1 = 1. Calculating directly, one can get that c,; (r2,...,7s) = 2571 for s > 2.

Therefore, for any f1,..., f4 € $°2 and any m € N4\ {0} with |m| > 3, we have

w (B (1) - Do (fa) = 2 ol = DV @1 Bufa o P ) e (213)

H2
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2.4. Multidimensional Stein’s method for normal approximations. We first introduce some notations.
We denote by My(R) the collection of all real d x d matrices. The Hilbert-Schmidt inner product
and the Hilbert-Schmidt norm on M (R), denoted respectively by (-, -)us and | - ||us, are defined
as

(A,B)us = Tr (ABT), || Allus = V/(4, A)us, A, B € Mq(R),

where Tr(+) and (-)7 denote the usual trace and transposition operators, respectively. We denote
by (-, -)ga the Euclidean inner product and ||| the Euclidean norm. The k-th derivative f*)(z) of
a function f € C* (Rd) is a k-linear form on R?, given by

" : 0" f
(FP@). o)) = 3 G (@) (), - (),
i1yeip=1 1 tk

where (v;); denotes the j-th component of the vector v;. Define the operator norm of f ®)(z) as

1B @)llop = sup {| (/P @), (01, 00|+ orl) = -+ = Jlol) = 1}
For f € C*(R?), k > 1, let

My (f) := sup || fP(@)|| (2.14)
z€R? op
and
®) o
Hf Hoo o 1§i?i}z§k§d:;[§ Oz, -+ Oy, f(@)]-
We write Mo(f) = || flloo = Supgera | f(z)| . Note that
199 < ay < o 0] 219

and

op
)

(k—1) _ p(k-1)
vt =y M = 1)
TH#Y H(E - yH
that is, My(f) is the Lipschitz constant of the (k — 1)-th derivative of f.
Let C' = (Cij)1<; j<q € Ma(R) be a non-negative definite and symmetric matrix. We denote
by Ny(0,C) the law of a d-dimensional Gaussian vector with zero mean and covariance matrix

C. Multidimensional Stein’s lemma (see Nourdin and Peccati (2012, Lemma 4.1.3)) shows that a
random vector N = (Ny,...,Ny) ~ Ny(0,C) if and only if

E[(N,Vf(N))ra] = E[{C,Hess f(N))ns],

for every f € C%(R%) having bounded first and second derivatives. Here Hess f denotes the Hessian
of f, a d x d matrix with entries given by (Hess f);; = 8z2jf
Suppose F'is a d-dimensional random vector such that the expectation

E[{F,Vf(F))ga — (C,Hess f(F))nus] ,

is close to zero for a large class of smooth functions f. In view of Stein’s Lemma, it is possible to
conclude that the law of F' is close to the law of N. To provide a quantitative version of Stein’s
lemma, we introduce the definition of Stein’s equation. Suppose the random vector Z ~ Ny(0,C).
Let g : R — R be such that E|g(Z)| < co. The Stein’s equation associated with g and Z is the
partial differential equation

(x,Vf(x))ga — (C,Hess f(x))us = g(x) — E[g(Z)]. (2.16)
A solution to Equation (2.16) is a function f € C%(R?) satisfying (2.16) for every z € R
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Given a Lipschitz function g : R — R with at most polynomial growth, we define Ugco: R? - R
by

%@ug:Zf;( [ (Viz + VI—iN)] ~ Elg(V)]) . (2.17)

where N ~ Ny(0, C') is independent of Z. As shown in Campese (2013, Lemma 2.4), Uy ¢ defined as
(2.17) satisfies the multidimensional Stein’s equation (2.16). Moreover, if g € C*(R?) with bounded
derivatives up to order k, the same is true for U, ¢. In this case, for any m € Ng with |m| < k, the
derivative is given by

1
0"Uyc(x) = / %t'T"lE |0mg (Ve + VT=IN)| dt, (2.18)
0
and it holds that 1
E[0"U,c(2)] = WE [0"g(2)]. (2.19)

The following lemma shows some estimates of the derivatives of Uy c.

Lemma 2.5. For g € C* (Rd) giwen, Uy o defined as (2.17) satisfies that for all 1 < k < 4,

My (Ug0) < 1 Mi(o). (2.20)
In addition, if C is positive definite, then

M, (Ug’c) < cpd Hcflﬂ op
where ¢1 = \/7/2, ca = \/2/T, c3 = V271 /4 and cq = (2v/2)/(3y/7).

Proof: We prove (2.21) for k = 4. See Meckes (2009, Lemma 2) for the proofs of (2.20) and (2.21)
for 1 <k < 3. By the formula (2.17) for Uy ¢ and formula of integration by parts,

im0 5 (f“FN)]

Mp_1(g), 1<k<A4, (2.21)

8x28x38xk
NG
= ——E|[C7IN V1—tN
/0 21—t |:[ ] al‘Ja k(\[ T >:|
Then
My(U, o) = U (z) - U®
Uac) = swp g 052 - U2 w),
d
1 83Ugc 03 Ugc >
= sup su — ’ x ’ UiV W
o ettt T T |, 22 <axiazjaxk( )~ G )

1
< Mg(g)/o N%th [; ‘(C_lN)iui‘] .

By Cauchy-Schwarz inequality, and the fact that fol 5 \/tlftdt =2/3 and C~1/2N ~ Ny(0,1;), where
I; is the d x d identity matrix, we have

Sl l| < || 100, =B (o)
eforn] <ay2 o],

Then we finish the proof. O

E

<fo-
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3. Optimal rate of convergence for vector-valued Wiener-It6é integral

Let {F, = (Fp1,... ,Fn’d)}n>1 be a sequence of random vectors whose components all belong to
the g-th Wiener chaos, where ¢ > 2. Suppose that F}, converges in distribution to a d-dimensional
normal vector Z. Define

d
M(F,) =max < Y [mm(Fn)l, Y ae,(Fn) ¢ - (3.1)
=1

Im|=3

Note that M(F,) > Zle Kae,(Fn) > 0 (see Nourdin and Peccati (2012, Lemma 5.2.4)) and
M (F,) — M(Z) = 0 under the assumption that F,, converges in distribution to Z.

For k = 3,4, we define two distances between the distributions of two d-dimensional random
vectors as

pr(F, G) = sup {|E [¢(F)] — E[g(G)]]}, (3:2)
where g runs over the class of all functions g € C*(R?) such that M;(g) < 1 for all 0 < j < k. Note
that it is sufficient to assume that M;(g), 0 < j < k, are bounded. Here, we require M;(g) <1 for
all 0 < 7 < k for the convenience of calculation.

Theorem 3.1. Fir q > 2. Let {F, = (Fp1,...,Fna)},~, be a sequence of random vectors whose
components live in the q-th Wiener chaos. Suppose that the covariance matriz of F,, is C and F,
converges in distribution to Z ~ Ng(0,C). Then there exist two finite constants 0 < ¢; < ca not
depending on n such that for n large enough,

oM (Fn) < p4 (Fn)Z) <M (Fn) .
Moreover, if C' is positive definite, then
01M (Fn) < P3 (Fn,Z) < CQM (Fn) .

Remark 3.2. From the proof of Theorem 3.1, one can see that the upper bound, namely py (F),, Z) <
coM (Fy,), k = 3,4, still holds without the assumption that F), converges in distribution to Z ~
Ny (0,0C).

Remark 3.3. There are two reasons why we consider M (F,,) as the optimal rate of convergence and
require the smoothness of the test function g in (3.2) to be of order four if C'is not positive definite.
First, combining Proposition 3.7 below and Stein’s method, the test function g should be at least
continuously differentiable up to order three. However, if we take M = 3 in Proposition 3.7, the
remainder term
> E [Le; ;e (F)O™ f(F)]
m=e;+e;+e,1<1,5,k<d

is bounded by max {Z‘m‘::,) |Km (EY)| 72?:1 Kie, (Fn)%} according to Equation (3.4). The conver-
gence rate of this bound is slower than M (F,,), the upper bound we get in Theorem 3.1 by taking
M = 4 in Proposition 3.7. Second, if M > 5, the reminder term

M—1 o (F) i i
Z Z — 1)!E O™ f(F)] + Z E [Fejp-~~7€jM (£)0 f(F)]

(s
s=3 m:ej1+"'+6js’ m:ej1+"'+ej ,
1<jp<d,1<k<s 1<jp, <d,1<k<M

is still bounded by M (F},). For example, taking M = 5, the reminder term is bounded by

d d
max{ Y [k (F)l, Y wae, (Fa), Y ke, (F) T § = M(Fy)
=1 =1
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according to Proposition 3.9. The above two points are the reasons why we define the optimal rate
of convergence as (3.1) and the distance as (3.2).

Remark 3.4. Compared to the optimal rate of convergence contributed by each component F;, ; of
F,,, namely

d d d

> M(F,;) = max { E[F3]]) kae, (Fn)} ,
i=1 i=1 i=1

where M() is defined as (1.5), one can see that the mixed moments of order three |E [F), ;F}, j Fy, 1],

where 1 < 4,7,k < d such that they are not all equal, also contribute to M (F,,), the optimal rate

of convergence of F,,. This is one of the manifestations of complexity in the multivariate setting

compared to the univariate setting.

Remark 3.5. To achieve the optimal convergence of rate, we set M = 4 in Proposition 3.7 and
apply the chain rule (2.8) three times for 0;f with 1 < ¢ < d. Consequently, the test function g in
(3.2) needs to be smooth up to order four. This distance p4 is also used in Krokowski et al. (2016);
Krokowski and Thile (2017) to study multivariate limit theorems for functionals of Rademacher
sequences. Moreover, if the covariance matrix C' is positive definite, then the required smoothness
of the test function can be reduced to three. It is reasonable to require test functions to be smoother
when C' is singular.

In Theorem 3.1, we consider the sequence of vector-valued Wiener-It6 integrals {F,}, -, with a
deterministic covariance matrix C. The conclusion can be extended to the case where the covariance
matrix of F,,, denoted by C,, converges to C' in the sense that ||C,, — Cllgs — 0 as n — oo.
We introduce the definition of being asymptotically close to normal. We say that {F,}, -, is
asymptotically close to normal if ps(F,, Z,) — 0, where Z, is a d-dimensional Gaussian vector with
the covariance matrix Cy,. This definition was introduced in Campese (2013, Definition 2.3) with
respect to the Prokhorov distance 3, which is equivalent to convergence in distribution in the sense

that 5(F,,Z) = 0< F, 4 Z asn — . Here, we adopt the distance py(-,-) (see Definition 3.2),

which is also equivalent to convergence in distribution, meaning that p4(F,,7Z) — 0 < F, 4 7 as
n — 0o. Note that if the test function g in the definition of the distance pg(-,-), k = 3,4, is not
necessarily bounded, then the topology induced by pi(-,-) is stronger than that of the convergence
in distribution. Using a similar argument as in the proof of Theorem 3.1, we can obtain the following
proposition.

Proposition 3.6. Fizq > 2. Let {F,, = (Fy1,...,Fna)},~, be a sequence of random vectors whose
components live in the q-th Wiener chaos. Suppose that ||C,, — C|lgs — 0, as n — oc.

_1 /
(1) If C is invertible, we set F,, = C%Cn *Fy, and assume that F,, converges in distribution to
Z ~ Ny(0,C). Then for n large enough,

p3(Fp, Z) = M(F,).

n
18 not invertible, suppose tha " is asymptotically close to mormal. at is,
2) If C i ti tibl that {Fyn},~ 1 totically cl t [. That i
p4(Fy, Zyp) — 0, where Zy, is a d-dimensional Gaussian vector with covariance matriz C,.

Then for n large enough,
pa(Fn, Zyn) < M(FE},).

To prove Theorem 3.1, we need several results as follows. In order to analyze E [¢(F},)] —E [¢(Z)],

which is equal to
E [(F’ru ng,C(Fn)>Rd - <C7 Hess UQ,C(FH»HS] )

by Stein’s method as introduced in Section 2.4, we first establish Proposition 3.7 to expand
E[(F, Vf(F))gal,
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for a general function f satisfying certain smoothness requirements. This expansion is expressed
as a sum associated with cumulants and related I'-random variables. Proposition 3.7 is proven by
utilizing the formula of integration by parts (see Lemma 2.1), the chain rule (2.8) and the relation
between cumulant and related I'-random variable (see Theorem 2.4).

After expanding E[(F,, VUy,c(Fn))ga] as (1.12) by using Proposition 3.7, we derive technical
estimates of I'-random variables in Proposition 3.9 to bound the remainder term, namely the second
and third terms on the right-hand side of (1.12). Proposition 3.7 is proven by using the definition of
I-random variable (Definition 2.3) and generalized Cauchy-Schwarz inequality (Biermé et al. (2012,
Lemma 4.1)).

Combining Proposition 3.7 with Proposition 3.9, we obtain the upper bound in Theorem 3.1. To
establish the lower bound, we delicately set up several specific test functions in Lemma 3.11.

Proposition 3.7. Let F = (Fy,...,Fy) with F; € D>, 1 < ¢ < d. Then, for every M > 2 and
every function f € CM(R?) with derivatives having at most polynomial growth, we have

BV E)l =S Y ) g gy

(s —1)!
s=1 m= .e]1+ tejgs
1<j7<d,1<k<s (3.3)

+ Z b [Fehv-w@m (F)O™F(F)]

m=e; + +€]]W
1<gk<d1<k<M

Remark 3.8. Proposition 3.7 can be seen as an extension of Biermé et al. (2012, Proposition 3.11)
to the multidimensional case. For d > 2, Equation (3.3) is new as far as we know.

Proof: Using the formula of integration by parts (see Lemma 2.1), the chain rule (2.8) and the
relation between cumulant and related I'-random variable (see Theorem 2.4) repeatedly, we obtain

E [Fj1aj1f(F)] =E [Fjl] E [ajlf(F)] +E [<D8J1f(F)7 *DL_IFJ1>5}

:K/le( ) 8]1f + Z E[ J1 12 <DFJ'2’_DL71FJ’1>55}
Jo=1

d

= K/ejl( ) 6]1f + Z E Jl ]2 ] E |:F6j1 »€jo (F)i| + Z |:a]31 ,J2; J3f(F)Fej17ej27€j3 (F)

J2=1 J2,33=1

= o=k, (F)E[0), f(F +Z ey +ep, (FVE[02 1, f(F)] + -+

J2=1
d d

Hej +obegy (F) M—1 M
+ Z 1 (M —N;)!l 2 [aj17--~7jM—1f(F)} + Z 2 [8j17---7jkff(F)F€jl’“"eJ'M ()] -
J2sim=1

J2seedm—1=1
Therefore,
d

E[(EVf(F))ga = Y E[E},05, f(F)]

j1=1

Z Hm(F)|E (0™ f(F)] + Z E |:Fej1""’ejM (F)amf(F)} '

(s —1)!
s=1 m=ej +-tej, 1totei
1<]k<d,1<k<5 1<]k<d,1<k<lw

M—-1
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Proposition 3.9. For each integer q > 2, there exist positive constants c1(q),c2(q),c3(q) only

depending on q such that, for all F' = (I1,(f ) o Ig(fa)) with f; € 9§97 and 1 < i < d, we have
1 3
E [ Pesesien(F) = Srecresten(F) ] < eifg) max, {mae (F)1 ] (3.4)
E Hrei,ej,ek,el (F)H < 02((]) 1H<113‘<Xd{’€4e (F)}’ (35)
5
E [|er s roenes (F)]) < caa) max, {mac, (F)1 } (3.6)

forany 1 <i,j,k,l,s <d.

Remark 3.10. See Biermeé et al. (2012, Proposition 4.3) for the estimates of cumulants and related
I'-random variables for d = 1.

Proof: By making suitable modifications to the proof of Biermé et al. (2012, Proposition 4.3), we
can get the conclusion. We show (3.4) as an illustrative example here and prove (3.5) and (3.6) in
Appendix. According to Equation (2.12), we have

Fei,ej,ek (F) = Z Z Cq,l (T27 TS) I3q—2rg—2r3 ((fz®7‘2fj) ®r3fk) ) (37)
ro=1 r3=1
where ¢g (r2,73), defined as in (2.3), is a constant depending only on g, rp and r3. Utilizing Theorem
2.4, we obtain
1
E [F€i78j,€k(F)] = §,€ei+ej+ek(F)'

Consequently, the random variable Te, ¢, ¢, (F) — %mei+e].+ek(F) is derived by restricting the sum
n (3.7) to terms satisfying 2r9 + 2rs < 3¢. Combining the fact that there exists a constant c(q)
depending only on ¢ such that

\max (1 @ fillocan < cla)hae(F). (33)

which is derived from Nourdin and Peccati (2012, Equation (5.2.6)), it suffices to demonstrate that
for ro and r3 satisfying 1 <ro <g—1,1<rg < (2q —2r9) A q and 2r9 + 213 < 3¢,

3
H (f1®7“2fj) ®T3ka5§®(3q 2rg—2r3) < 1H<1?<Xd1<r7r}<a;( 1 Hfl )y fi||g®(2q—27‘) : (3'9)
Without loss of generality, in the proof, we assume that $§ = L?(A, A, i), where (4, .A) is a
measurable space, and p is a o-finite and non-atomic measure. For a vector z = (z1,...,24) and
a permutation o of {1,...,d}, we write 0(z) = (2501 - 25(q)). For vectors z = (21,...,2;) and
vy =(y1,-.-,Yk), we set zUy to be the vector of dimension j + k obtained by juxtaposing z and y,
that is, zUy = (21,...,25,91,...,yx). We identify vectors of dimension zero with the empty set.

That is, if z has dimension zero, then integration with respect to z is removed by convention.
First, we assume that r3 < ¢, then both ¢ — r9 and g — r3 belong to {1,...,q — 1}. By Cauchy-
Schwarz inequality (or see Biermé et al. (2012, Equation (4.3), Equation (4.4))), we get that

H (fi®7"2fj) ®T3fk‘ §®(Ba—2ry—2r3)
< H (fi®1"2fj) g kaﬁ®(3q727'2727'3)

< Hfi®1”2fjH5§®(2qf2rz) \/ka Rg—r3 kafJ@?Ts
< \/Hfi ®g—ry fillgo2rs \/Hfj ®g—ry fillgears \/ka ®Rq—rs [rllgo2rs

3
. 2
= g%xd 1§Iar}§a;(—1 Ifi @r fl||f3®(2q4") )
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Now we consider the case when r3 =g and 1 < rg < %. In this case,

(fi®ro fi) @ry fre = (fi®ry [, fk>5§®q

defines a function of ¢ — 2ry variables. Considering the symmetry of f; for 1 < ¢ < d and the
symmetrization of contractions, such a function can be expressed as a finite linear combination of
functions of the form

F(t) = /fi (t1,x1, W) fj (t2, X2, W) fi (x1,%2) dp?™ (W, x1,X2)

where w has length ro, t; Uty = o(t) for some permutation o of {1,...,q—2re} and t =
(t1,...,tq—2r,). Without loss of generality, we assume that t; has positive length (recall that
1 <ry < ¢/2 and thus ¢ — 2ry > 0 ). We denote by s; the length of the vector x;. Then by 75 > 1
and s1+s2 = ¢, we have 1 < 51 < g—r9 and r9 < s2 < ¢— 1. Exchanging the order of integrations,
we get

F0) = [ 5 01,519) (@00 ) 2,30, w) 74 (w31
Then
1F s o = [ 5 r30,) (6 800 ) (02,31, w)
i (61, %1, W) (fj @y fr) (b2, %1, W) dut>t (W, x1, W, X1, b1, t2)
= —Tr2— ) 7~ ) W j ) )
/fz' Qq—ro—s1 fi (X1, W, X1, W) (fj @y f) (t2,%x1, W)

(fj @5 fi) (b2, %1, W) dp 72 (W, x1, W, X1, o) .

Applying generalized Cauchy-Schwarz inequality (Biermé et al. (2012, Lemma 4.1)), we obtain

2
HFH%@)(q*%z) < |Ifs Qg—ry—s1 fi”f)®2(T2+S1) Hf] sy fk||5§®2(q*52) :
Using Cauchy-Schwarz inequality (or see Biermé et al. (2012, Equation (4.4))) and the fact that
0<qg—r2—51<qg—1,1<17y <52 <q—1, we deduce

max /lfi @ fillysasn /155 @ fillgoaany/ Ik @ fillgoan

1<r<g—-1

IN

1F] goa-2rs)

IN

3
. 12
max max |1f; @ filfo -

This completes the proof of (3.4). O

Inspired by Biermé et al. (2012); Nourdin and Peccati (2015), we construct several specific test
functions for use in proving the lower bound in Theorem 3.1. Define

oi(@) = aexp {;tTCt} sin ((t,2)ga),  he(x) = aexp {;tTCt} cos (£, 2)ga) .

where ¢ is defined as

1
a=exp{ —= max ' Ctp,
2 te{—1,011¢

to ensure that g; and h; are bounded by one.

Lemma 3.11. Fiz 1 <i,j,k < d satisfying i # j,k and j # k, define hi(x), gi(x), gi;(x), gijiu(x) :
R? = R as

(z) = ae2Ci cos Ti,
Cli sin x4,

&
—~
8
~
I
>

o

D=

9i() = ge,(x) = ae
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9ij(2) = = (Gei—e; () = Geive; () + 296, () ,

o =

gl]k(x) = E (g€¢+€j76k (x) - ge¢+ej+ek (ﬂf) - 4glk‘($) - 4gjk‘(x) + 296k ("IJ)) .
Then hi(x), gi(x), gij(x), gijx(z) are bounded by one and infinitely differentiable with all derivatives

bounded by one under the norm || - ||, and satisfy
VB = e | =
E[0"Un,c(2)] = |m|( 1)z, m=|mle;|m|=0,2,4,..., (3.10)
0, otherwise,
[m|—1
(1 = |mlei, |m| = 1,3,5,...
b, o) = d BV = el = 1,85, a1
0, otherwise,
|m|+1
07U, ()] = 2|‘;n|(— ) 2z, m=me; +mje;,m; >0,m; and |m| are odd, (3.12)
0, otherwise,
and
E 0™ %(_1) lm‘;l’ m = mje; + mje; + mgeg, mi, m; > 0,my and |m| are odd,
[ UQZJka ( )] .
0, otherwise,

(3.13)
where Z ~ Ng(0,C) and Uy c(x) is defined as (2.17) for a general smooth function g.

Proof: Firstly, it is obvious that h;(x), gi(x), gij(x), giji(x) are bounded by one and infinitely con-
tinuously differentiable with all derivatives bounded by one under the norm || - ||so.
For Z = (Zy,...,23) ~ Ny(0,C) and for any t € R, we have

e~ 3t"Ct _ [ei<t’Z>R’1} = E [cos ({t, Z)ga)] + 1B [sin ((t, Z)ga)],

which implies, for any t € RY,

E [sin (1, Z)ga)] =0, Elcos ({1, Z)ga)] = 72" ",
Fix 1 <i<d, let hj(x) : R = R, hy(z) = ( )*ae2c“cosaci,
aeéc“( 1)|m\2+1 sinz;, m=|mle;,|m|=1,3,5,...,
9" hi(x) = aeéc“( l)lgﬂ cosx;, m=|mle;,|m|=0,2,4,...,
0, otherwise.
Then, by (2.19),
[m|
2 (—1)'5, mo=|mle;, |m| =0,2,4, ...
[0, o(2)] = ——B[mhy(z)] = { (D2 m = Imles fml =0,2,4,..,
Im| 0, otherwise.

By a similar argument, we get (3.11) and for fixed 1 < i, j < d satisfying i # j,

|m|—1
1 2 (=1) "2z T m = mue; + mje;, |m| is odd,

Im 0, otherwise,

1
[ml

Then for gi;(x) = § (gei—e; (%) — Geite, () + 2g¢,(x)), by (2.18),

B (07U, ¢(2)] = + (E[070y,, ., 0(2)] ~ B [070,,,.., c(2)] + 2B (070, c(2)))

B[, c(2)] -

m|

[8 Gei+e; (Z)] =

|m|—1
= (=1) 2, m=me; + mje;,|m|is odd,
[8Uge+e7(Z)] { (=1) i€ Im|

0, otherwise.
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[m|+1 . .
_ {2|‘Im|(—1) 2, m=mie; +mje;,m; > 0,m; is odd, |m] is odd,

0, otherwise.
Similarly, we can obtain (3.13). O
We now turn to the proof of Theorem 3.1.

Proof: Upper bound. Taking g € CM(R?) such that M;j(g) < 1 for all 0 < j < M, by Stein’s
equation (2.16) and Proposition 3.7,

E [Q(Fn)] -E[g(2)] =E [<Fna VUg,C(Fn»R ] [(C Hess Uy, o (F; )>HS]

Z Z H:(Fn)!E[ang,c(Fn)] + Z E [Fejl,---,ejM (Fn)ang,c(Fn) . (3.14)

-1
s=3 m= € + +e ( ) + +eM
1<]k§d,1§k§s 1<]k§d,1§k§1v1
Take M = 4,

Elg(Fn)] — E[9(Z)]
:% S kBB oF)+ Y B [Teeena B Upo(F)] . (3.15)

=e;+ j+e m:ei+ej+ek+el,
1<i,j,k<d 1<i,5,k,1<d
Combining (2.15), (2.20) and Proposition 3.9,
[Elg(F)] = Eg(2)]]
1 3 4
<SRl X maE Tl Y Ellagea@]
m=e;+e;+ey m=e;+ejteg+e;
<— > k(B \+—02 Zmez
Iml 3
d® d*ca(q) d
< max 3 max ||23”€m(Fn)|v;H4ei(Fn)
= —

That is,
3 4
pa(Fo, Z) < max{cé d C;( )}M(Fn).

Moreover, if C' is positive definite, then by (2.21) and Proposition 3.9, for g € C*(R%),

[E[g(Fn)] — E[g(2)]|
ng(g) Z E Hreivej’ekvel(Fn)H

d
SéMg(g) 3 |I{m(Fn)|—|—23\/§HC_1/20

m=e;+ej+ey m=e;+e;j+er+e;

3 4
< max d’M\/ch—lm
3 3 ™ 0,

d
p}MS(g) max Z ”im(Fn”vZ’%ei(Fn)
i=1

Im|=3

Then for g € C3(RY) satisfying M;(g) < 1 for all 0 < j < 3, let g(z) = E[g(x + /€Y)], where

Y ~ Ny(0,1;). Then,
(1) for each € > 0, M;(gc) for all 0 < j < 4 are bounded. Specifically, M; (gc) < M;(g9) <1
for 0 < 5 < 3. And by using a similar argument in the proof of Lemma 2.5 M (ge) <

5/
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(2) as € =0, [lge — 9l

This similar smoothing argument can be found in the proof of Nourdin et al. (2010b, Theorem 3.5).
Thus we have

‘E [ge(Fn)] —-E [QE(Z)”

3 4

3 3 s op

3 4
<maX{d Ad \[H 172

By the dominated convergence theorem, let € — 0, we get that

3 4 d
Blg(Fa)] — Elg(2)] < max {Cg M2 e } max 3 37l ()l 3

|m|=
That is,
3 4d* 2
p3(Fn, Z) < max d,d[})c_l/Q
3 3 T

Lower bound. Take M =5 in (3.14), we have

Elg(F)) - B2 =5 3 rn(FBR Uye(F)

m=e;te;ter,
1<4,j,k<d

d
} M3(ge) max Z | ()| 7Zﬁ4ei(F
i=1

Im|=

d
}max Z |’fm(Fn)|,Z/€4e¢(F
i=1

|m|=3

d
op}rnaX Z |Hm(Fn)| ’ZH46’¢(F
=1

[m[=3

1 m m
+ 6 Z tm (Fn)E [0 UQ,C(FH)] Z E |:Fej11---75j5 (£)0 Ug,C(Fn) .
m:51+6j+ek+el’ m=e 1+ +e
1<i,5,k,1<d 1<3k<d,1<k<5

Replace the test function g with h;, then by Proposition 3.9 and Lemma 3.11, we get that

E [hi(Ea)] — Bhi(2)) — 5 ae, (Fr)

Eh(F) - Bz - Y el

m=e;+e;j+eite;

E [0"Un, c(2)]

= Y mlepaemne Y = @enn, ) - BE"OL02)

m:ei+ej+ek, 7n:el-+ej+ek+el,
1<i,j,k<d 1<ij,k,1<d

+ Z E [Fejl,.‘.,e% (Fn)amUh,,C(Fn)]
m= e]1+ +e]5

1<5), <d,1<k<5

1
<5 D EmE)ED U@ ++ Y
m=e;+ej+eg m=ej, +teje,

1<, <d,1<k<5

be Y BB U o(F)] - B0 o(2)]

m=e;+e;jtert+e;

r

B

(Fn)

|

€51 5-€j5
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<maxd S sn(F)L Y mie(E ¢ |5 S B0 TR

|m|=3 i=1 m=e;+e;+eg

d 1
+c2(q) > |E[0"Up,; c(Fy)] = E[0"Up, c(2)]| + %(gyﬁ (Z Fde, (Fn)>

m=e;+e;texte =1

As n — oo, we have E [0"Uy, c(Fn)] — E[0™Up,c(Z)] = 0 for |m| = 3, E[0"Uy, c(Fn)] —
E[0mUp,,c(Z)] = 0, and Z;‘i:l Kae; (Fr) — 0. Therefore, set

- dd—1)(d—-2 a
d=2d+d(d—1)+ ( é( ) o= BT
we have that for n large enough,
B [hi(Ea)] — Blhi(2)] — 3 yrae(F)| < SM(F),
which implies that
B [h(F)] ~ Elhi(2)]] > Jorae,(Fa) = SM(F,), 1<i<d
Similarly, for 1 <14,j,k <d,
[Blg:(F)) = Bl 2)]] 2 § Imse, (Fi)] - iiM(Fn),
B lg5 ()] = B9y (2)]] = 75 [Racve, ()| - i,
B [giju(Fu)] = Elgigh (2)]] 2 g [Ree qve (F)| - %M( Fo). i gk and j # k.
Then for k£ = 3,4,
d
dpi(F, Z) ZZ \+ZIE 9i(Fa)] —E[9:(2)]]

+ZZIE[9ij(Fn Elgi;(Z \+Z Z Z |E [9ijx(Fn)] — E[9i6(2)]]
i=1 j#i

=1 j=i+1 k=j+1

d
> (d+1)cr [ Y [km(Fa)l 4+ D kae, (Fo) | — c1M(Fy)
|m|=3 =1
> dcy M (Fy).
That is, for k = 3,4,
pk(EFn, Z) > c1 M(Fy).

4. Applications

4.1. Application for complex Wiener-Ité integral. We identify the distribution of a complex random
variable F' = F} + iF» as the distribution of a two-dimensional random vector (Fy, F5). Then the
distance between the distributions of two complex random variables F' = F} +iF, and G = G1 +iGs
is actually the distance between the distributions of two two-dimensional random vectors (Fy, Fs)
and (G1,G2). Namely, we take d = 2 in (3.2), and for k = 3,4, we define

pr(F,G) =sup{|E[g(F1, F2)] — E[g(G1,G2)]|},
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where g runs over the class of all functions belonging to C*(R?) such that M;(g) < 1 for all
0 < j < k. Define the covariance matrix of the complex random variable F' = F} + iF5 as the

covariance matrix of the two-dimensional random vector (F, F3). We write AF' to denote A < F1>
2

for any 2 x 2 matrix A. For a sequence of complex random variables {F}, = Fy,1 +1iFp 2}, let

E[F2F,)|,F {|Fny4] _9 (E [|Fn]2D2 — [E[F2] 12} .

Theorem 4.1. Consider a sequence of complex Wiener-Ité integrals {Fy, =Ty, 4(fn)}

)

M'(F,) = max {\E [F3]

n>1, Where

fn € ﬁgp ® ﬁgq and p+ q > 2. Suppose that F,, converges in distribution to a complex normal
variable Z with the same covariance matrix as Fy,. Then there exist two finite constants 0 < ¢1 < co
not depending on n such that for n large enough,

oM (F,) < ps(Fn,Z) < coaM (Fy).
Moreover, if the covariance matriz of F, is positive definite, then

aM'(F,) < ps (Fo, Z) < oM (Fy,).

Proof: Assume F,, = F}, 1 +iF}, 2. According to Chen and Liu (2017, Theorem 3.3), {(Fy,1, Fn2)},5;
is actually a sequence of two-dimensional random vectors whose components live in the (p + ¢)-th
Wiener chaos of the real isonormal Gaussian process over §) @ §. Combining Theorem 3.1 and the
fact that

M ((Fn1, Frp2)) < Ml(Fn);

which is derived from the following Lemma 4.3 and Lemma 4.4, we obtain the conclusion. O

Using the similar argument as in the proof of Theorem 4.1, we can extend Theorem 4.1 to the case
where the covariance matrix of F),, denoted by C,,, converges to C' in the sense of |C),, — Cl|lus — 0
as n — oo.

Proposition 4.2. Let {F, =71, (fn)},>1
fn € ﬁgp ®5§8q and p+ q > 2. Suppose that ||C,, — C|lus — 0, as n — oo.

be a sequence of complex Wiener-Ité integrals, where

/ 7l /
(1) If C is invertible, we set F, = C3Cp 2 F, and assume that F, converges in distribution to a
complex normal variable Z with covariance matriz C. Then for n large enough,

/

pa(Fl Z) = M ().

(2) If C is not invertible, suppose that {F,}, -, is asymptotically close to normal. That is,
pa(Fy, Zy) — 0, where Z, is a complex normal variable with covariance matriz C,. Then

for n large enough,

pa(Fr, Zn) < M (Fy).

In the following Lemma 4.3 and Lemma 4.4, we prove that

/

M ((Fn, F2)) < M (Fy)
for Fy = Zpg(fn) = Fua +iF, o with f, € 927 @ H2% and p + ¢ > 2.

Lemma 4.3. For a complex Wiener-Ité integral F' = T, ,(f) = F1 + il with f € f)gp ®ﬁgq and
p+q > 2, denote F the two-dimensional random vector (F1, Fy). Then

22: Kue,(F) <E [|F|4} —9 (E [|F|2D2 ~[E[F[] < ci ke, (F), (4.1)
=1 i=1

where Z?:l /{4ei(ﬁ) = Z?:l E [F{"] -3 (E [FZQ] )2 and ¢ > 1 is a constant depending only on p + q.
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Proof: Calculating directly, we get that
E [\F\“] —2 (E [\F\QD E[F?)[° = Z’%z ( [F2F?] - E[F2E[F2] - 2(B [FlFQ])Q) .
To prove (4.1), it suffices to show that

0<2 (E [F2F] — E [F2 E [F2] - 2(E[F1F)) ) < cz e, (4.2)

where ¢ is a positive constant depending only on p+ ¢. The first inequality in (4.2) can be obtained
by Chen and Liu (2017, Theorem 3.3, Lemma 4.8). On the other hand, by Theorem 2.4 and
Equation (3.5),

B[F2F] — B [FE B [F§] = 2 (BIFiF2))* = faey12ea(F) = 6 Doy s a0 (F)]

2
Lejerenen (F)H < 6ea(p + ) Z Kae, (F)
=1

§6E[

Then we complete the proof. O
Lemma 4.4. For a complex random variable F = Fy +iFb, it holds that
L(BIF)+ B [FF)) < [B[F]| + [B[E)| + B [FF R + [B [RF]|
< V3 ([B[F)| + [E [F2F])).
Proof: Calculating directly, we have that
E[F?] =r+iv, E[F’F]=7+ip,
where
T=E[F}] —-3E[FF;], v=-E[F}]+3E[FF],
F=E[F}|+E[RF;], 7=E[F]|+E[FFR].
Then, by the triangle inequality |z + y| < |z| + |y| for z,y € R,
[B[F7]] + [B[F2F]| < Ir] +[v] + 7] + |7/
<4(E[F]]+[E[E]] +[E[FR]| +[E[RF]]).
On the other hand, note that

1 ~ 1 _
E [F}]] *’7’-1—37" B[R] =7 1v—37],

|E [F{F]| = yu+u\ |E [F1F5]] :ih—ﬂ.
Then
(7] +|v]) + (17 + [7])
V2([E[F]] +|E[F?F]]),

E[F}]|+ |E[F]| + [E [F2R]| + |E [AF]| < %

where the first inequality is from the triangle inequality |z +y| < |z|+]y| for 2,y € R, and the second
inequality is by the fact that |z| +|y| < v/2y/22 + y2 = V/2|2| for a complex number z = z +iy. [
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As an example, we consider a complex-valued Ornstein-Uhlenbeck process defined by the sto-
chastic differential equation

dZt = —’}/tht + dCt, t 2 O, (43)
where Zy = 0, v € C is unknown, and (; is a complex Brownian motion. That is {; = % (Btl + iBt2),

where (B}, Bz)t>0 is a two-dimensional standard Brownian motion. Suppose that only one trajec-
tory (Zt)g<;<p for T'> 0 can be observed. Motivated by the work of Hu and Nualart (2010), Chen,
Hu and Wang in Chen et al. (2017) considered a least squares estimator of -y defined as follows by

minimizing fo ‘Zt—F’th‘ dt,

fOTZdZt . fOTZdCt

Yr = — =7 :
I\ 2] at AR

They proved that VT (47 — ) is asymptotically normal. Namely, as T — oo,

\F fo Zt Ct
T fo ’Zt‘ dt
where A > 0 is the real part of v and Ids denotes the 2 x 2 identity matrix. They showed that the

denominator satisfies
1/T|Z|2dt‘ﬁ' L
T ), " 2\

where the notation “3" denotes convergence almost surely, and for the numerator F := ﬁ fOT Zd(,

VT {7 — 4] = 4 Ny (0, \ds)

d
(Fra, Fra2) = N ( 4)\Id2>

where Fr; and Fr; are the real and imaginary parts of Fr respectively. Then the asymptotic
normality of the estimator 47 is obtained. One should note that, in Chen et al. (2017), the noise
considered by Chen, Hu and Wang is a complex fractional Brownian motion with a Hurst parameter
belonging to [1/2,3/4). This case involves more complicated calculations and more precise estima-
tions. Here, to demonstrate the availability of our techniques, we focus on the case in which the
noise is a complex standard Brownian motion.

Next we will derive that 7'/2 is the optimal rate of convergence for the numerator Fr. We
have no idea how to handle the optimal rate of convergence for the statistic /T [y7 — 7], although
we conjecture that it is still 7-%/2. Note that Kim and Park (2017a,b) obtained that T-/2 is the
optimal Berry-Esseen bound for normal approximation of the least squares estimator of the drift
coefficient of the real-valued one-dimensional Ornstein-Uhlenbeck process driven by a standard
Brownian motion. As they stated in Kim and Park (2017b), in many situations encountered in
statistics, one needs to consider the rate of convergence for the sequence {F,,/Gy},,~; with G,, > 0

almost surely (such as v/T [ — 7]). Therefore, we shall deal with the optimal rate of convergence

for the statistic v/T [§7 — 7] in a separate project.
Define the Hilbert space $ = L? ([0, +00)) with the inner product (f,g) e = Jo I( ( )dt We

complexify $ in the usual way and denote it by Hc. For any f,g € ¢, (f,9) fo
Given f 6)’) ®5§ , g 653 ®5§8d, fori=0,...,and, j=0,...,bAc, the ( i,7)-th contractlon
of f and g is an element of .6®(a+c =) ®ﬁfg(b+d_l_j) defined as

f Xij 9 (tla s ata—i-c—i—j; S1y- -y 3b+dfifj)

= f(tlv'"ataf’iaulv"'aui;sl"'7Sb—javla"'>vj)
[0_,’_00)2[
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g(ta_i_H, ve ,tp,l,”ul, <oy Vi3 Sb—j41y -5 Sq—1, ULy - - - ,ui) dudv,

where [ =i+ j, u= (u1,...,u;) and v = (v1,...,vj).
According to (4.3), let

1 - 1
Yr(t;s) = ﬁeﬂ(t_s)l{ogsgtg}a hr(t;s) = r(s;t) = \fTe_W(s_t)l{ogssg}v

where 15 is the indicator function of a set E, we know that

1 T 1 (T (T B
Fr=— | Zd¢ =— e 791 e dGdé, =T t:s)), 4.4
T \/T/o rd¢y ﬁ/o /0 {0<s<t<T}dCdC 11(Yr(t;s)) (4.4)
FT = Il’l(hT(t; S))
By the isometry property of complex Wiener-1t6 integral (2.5), we obtain that
E [F%] = <wT, hT)ﬁ(?Q = / / 1/JT (t; S) hT (t; s)dtds = 0,
0o Jo

and as T" — oo,

1 1
ENFE _ 72/\ t—s d dt 72)\T . )
(1Fr?] = (47, vr) g2 / / § 2)\ )\QT INT  2x

_o\T —2AT

5 /\T) = 1, for sufficiently large T, 1 + 5 /\Te — 2)\% > (0. Consider

1

, 1 1\ 72
E 14— 2T Fr.
T ( ToTe 2)\T) 4

Then the covariance matrix of F/T is equal to ﬁIdg. Now we consider the optimal rate of convergence

Si lim (1+ 5+
mce TE};O( +2>\T6

of F/T to a complex normal variable Z with the covariance matrix ﬁldg under the distance pg(F}, 7Z)
as ' — oo.

Theorem 4.5. Filp converges in distribution to a compler normal variable Z with the covariance
matrix ﬁldz, and there exist two finite constants 0 < ¢; < ca not depending on T such that for T

large enough,
1

Clﬁ < p3 (F},Z) <c

Proof: By Theorem 4.1, it suffices to show that

1
/ 1 1\ 2
M 1+——e 2T =
(( o 2>\T> )
Equivalently, we need to prove that
2 9 1
E | E [ypﬂﬂ _9 (E [|FT|2D — [E[FZ]] } <= (4.5)
Combining the following Lemma 4.6 and Lemma 4.7, we get (41.5). Then the proof is finished. [
Lemma 4.6. Fr is defined as (1.1), then

L
e

7
Sl-

2FT

M'(Fr) = max { E[FF]],

1
\F

Proof: According to the product formula of complex Wiener-It6 integral (2.6), we obtain that

[E[F?][ =0, [B[FiFr][ =

1 1IA(2—i—))

o i N /2 i
F} = Z Z ( ' j>< ;L J)l%z’jmn,sijmn((@/):r ®ij Y1) Omm V1) 5

m
i,7=0 m,n=0
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1 1A(Q2—i—7)

F2Fp = Z Z (2 —i j) <2 —i j)IB—i—j—m—n,B—i—j—m—n (Y1 ®ij Y1) @mm hr) -

= m n
i,j=0 m,n=0

Taking the expectation, we have that

E[F}] = ¢T®10¢T)®11?/)T+(1/1T®o11/1T)®11¢T—2(¢T®101/1T)®11¢T

= 2/ / T3z Lgo<s<i<ry (t—8) e*ﬁ(tfs)efﬁ(s—t)1{0St§SST}dsdt =0,

and
E [F7Fr] = (Y1 ®1,0%r) ®1,1 hr + (U1 ®o,1 1) ®1,1 hr = 2 (Y1 ®1,0 Y1) ®1,1 hr
=2 /OOO /000 #Hogsggﬂ (t—s) eii(t*‘g)e*'m*s)1{0§8§t§T}dsdt
Then we get the conclusion. O

Lemma 4.7. Fr is defined as (1.1), then
1

2 2
E [yFTﬂ —2 (E [|FT\2]> ~ B[P = 7.
Proof: By Chen et al. (2017, Lemma 2.3), we have that
2 2
(1Pl -2 (B[1FrP])" - |E[F]]
=[[¢r ®o,1 wTH;eaz + [lvr ®10 1/JTH§J®2 + 1T ®o,1 b + Y7 @10 hTH%®2 :
C C C

Calculating directly, we get that

o0 1 _
Y1 ®o,1 Yr(t;s) = Y1 @10 Yr(l;s) = / Y (t; w)pr(u; s)du = TI{OSSStST} (t—s)e 79,
0
Then

1 oo o _ _ s
YT @10 ¢T||525®2 = |[Yr ®o0,1 ¢TH52§®2 = 2/ / Lio<s<i<ry (t — 5)% e Mm99 gt s
C C T 0 0

L oy (1, 1 . 3 3 N 1 1
pr— e _ X —.
272 )\T 4N2T2 SMT2 " 4N3T T
Similarly, we obtain that
1 —~ft—
1 ®o1 hr (ts) = ﬁl{ogs,tST}e Ft—s (62)\(t/\s) B 1) ’

2;T1{0<5 t<T}e'ys+'yt <€72)\(tVS) _ 672)\T> 7

where a V b denotes the maximum of a,b € R, and

Y @10 hr (t;s) =

47 @0 hr + Y1 @10 502
1 o 8 5 1 o 11 11
= 24— - LN
e ( T e T et SNTZ BT T
Then the proof is finished. O
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4.2. Application for Wiener-Ito integrals with kernels of step functions. In Campese (2013, Sec-
tion 5.1), Campese proposed a counterexample to explain that his techniques sometimes are not
applicable. In this section, for this example, we apply our conclusions to get the optimal rate of
convergence with respect to the distance ps(-,-). Specifically, let $ = L?([0,1), ), where yu is the
Lebesgue measure on [0, 1), and partition [0,1) into N equidistant intervals i, ag, ..., ay, where
ap = [%,%) for k=1,...,N. Define f € $°? as

N
f(x,y) = Z aijla, (x)]-ocj (y), (46)
ij=1
where a;; € R, a;; = aj; for 1 < 4,57 < d. It is obvious that f is uniquely determined by the
symmetric matrix A = (a;;), <ij<N- If g is another kernel of the type (4.6), given by a matrix
B = (bij),<; j<n» we have

1 { N N
(f &1 g) (x,y) = /O Z aijlai (x)lozj (t) Z bkllak (y)laz (t) dILL(t)
1,j=1 k=1

N 1 N

i,5,k=1 i,j,k=1

and
N

- 1
(f&19) (@) = 55 (aijbjr + ar;bji) La; (2)1ay (y)-
ijk=1
Therefore, f®1g can be identified with the matrix C = %AB and f®1g with % (C + C’T). Similarly,
one can show that

(. 9)pe2 = 1z {4, Blus = ot (ABT). (4.7)

For simplicity, we fix d = 2. We define two-dimensional random vectors F;, = (I2 (fn,1),12 (fn2))
for n > 1, where the kernels f,, 1 and f, 2 are given by (3n) x (3n) matrices

0, 0, 1, 0, 0, Oy
Api=vn |0, 0, 0,| and A2 =vn |0, 1, 0, |,
1, 0, 0, 0, 0, O,

respectively. Here, we denote by 0,, the n x n matrix with all entries equal to zero, and 1,, the n xn
matrix with entries on the anti-diagonal equal to one and other entries equal to zero.
According to (2.13) and (4.7), for 1 < 4,4,k < 2, we have that

9, = j - 17
2 > .

Kei+e; (Fn) =2 <fn,i7fn,j>f)®2 = WTI‘ (ATM'A”J) = %7 1=J=2,
0, i+#J

1

- 8
Ke;itej+e (Fn) = 22 - 2! <fn,i®1fn,j; fn,k>5)®2 = WTI« <6n

(An,iAn,j + An,jAn,i) An,k)

8 _8
= o5 Tr (AniAnjAnk) = 27n372

2Tn 0, otherwise.

nisoddandi=75=k =2, (4.8)

By a similar argument, we know that

23. 31 22 =1,
CUES TR ICRS
n’ :
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e . . 2
Therefore, F}, converges in distribution to a two-dimensional normal vector Z ~ N | 0, % 0 ?))

as n — oo by the multidimensional Fourth Moment Theorem (see Peccati and Tudor (2005, Theorem
1)), and

d

1

M(Fn) =max{ Y [&m(Fa)l, ) kae, (Fn) <.
=1

[m|=3
Then we obtain the following theorem.
Theorem 4.8. For n > 1, define F,, as above. Then F, converges in distribution to Z ~
2 , . .
N <0,§ ( O)) as n — oo, and there exist two finite constants 0 < c¢1 < co mot depending

0 1
on n such that for n large enough,

1 1
c1— < pg(Fn,Z) < Cco—.
n n

Remark 4.9. We now point out that Campese’s techniques in Campese (2013) fail to provide the
optimal rate of convergence since the limit of (1.11) is equal to zero in the above example. By using
the orthogonality property (2.1) and the product formula (2.3) of multiple Wiener-Itd integrals, we
have that

847 = (Var (3 DLfus). D)) ) = 22 | nshnl

/5 N1: (o7 i=i=1,

24/2 1 L

_ - A A 22 _

= 3n Tr <<6’I’L (An,zAn,] + An,]An,Z)) )] - m, 1=]] =4,
0, i#j.

This implies that only when i = j =1 or i =j =2, (1.9) is valid. Thus p;jp = 0 for 1 <4,j,k < 2
and i # j in (1.11). For 1 <,k <2, by the proof of Campese (2013, Theorem 3.7) and (4.8),
1 R2e;+ey (Fn)

piik = - lim

2n—00  Ay(Fy) =0

Therefore, the limit of (1.11) is equal to zero due to p;jr = 0 for all 1 <4, j, k <2 and Campese’s
techniques in Campese (2013) fail to provide the optimal rate of convergence.

4.3. Application for vector-valued Toeplitz quadratic functional. Let X = (Xi),cp be a centered
real-valued stationary Gaussian process with a covariance function r(¢) : R — R and an integrable
and even spectral density f(A) : R — R. This is, for every u,t € R, one has

B (XX =)= f0) = [ N ponan
uAru+t) - . .

— 00
We consider the normalized random variable
O — Qg — E(Qg1)
9, \/T 9
where @47 is the Toeplitz quadratic functional of the process X associated with some integrable
even function g and T > 0, defined as

T T
Qg,T:/O /0 g(t — )X (t) X (s)dtds.
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Given T' > 0 and ¢ € L'(R), we denote by Br(v)) the truncated Toeplitz operator associated with
¢ and T, defined on L%(R) as

T A
Br(h)(w(®) = [ @it —a)ds, 1eR

Given v,y € LY(R), let Br(¢)Br(7y) be the product of the two operators Br(¢) and Br(7y).

We refer readers to Avram (1988); Fox and Taqqu (1987); Ginovian (1994); Ginovyan and Sa-
hakyan (2005, 2007); Giraitis and Surgailis (1990); Grenander and Szegd (1958) for central limit
theorems regarding Toeplitz quadratic functionals of discrete-time and continuous-time stationary
Gaussian processes. Choosing even functions g1,...,94 € L'(R), we consider the random vector
Gr = (Gry1,...,Gra) defined by setting Gr; = Qg7 for 1 <i < d and T > 0.

Theorem 4.10 (Campese (2013) Theorem 5.3). Let m € N¢ be a multi-index with |m| > 2 and
elementary decomposition {ll, cees l|m|}. For 1 <i<|m|, let g, = gj if l; = e for some 1 < j <d.
Then the following is true.

(1) The cumulant kn, (Gr) is given by

Im|

Km (Gr) = T7Im22m=Y (| — )T | Br(f)™ ] Br (a1,)
i=1

(2) If f € LY(R)N L®(R) and g; € L*(R) N L%(R) such that 1/qo+1/q; < 1/Im| for 1 <i <d,
then
Im|

Jim T2, (Gr) = 21 (] — 1)1 (2m) 2 / ) f'ml(m)ggu(m)dm-

(3) If f € LY(R) N LO(R) and g; € L' (R) N L%(R) such that 1/qo +1/q; < 1/2 for 1 <i < d,
then
GTiZNNd(O,C), T — oo,

where the covariance matriz C = (Cij),<; ;<4 s given by

C;; = 167° /000 (%) gi(x)g(z)dz.

Suppose that C' is invertible. We denote by Cp the covariance matrix of Gp. Then for T
_i

large enough, Cr is invertible. We now consider the random vector G = C %CT 2Gr. Note that

each component G ; of Gt can be represented as a double Wiener-It6 integral with respect to X.

Combining Theorem 3.1 and Theorem 4.10, we obtain the optimal rate of convergence of G/T to

the normal vector Z ~ Ny(0,C) under the distance p3(G7p, Z) as T — co. We point out that the
optimal rate of convergence given in Theorem 4.11 is more explicit compared to Campese (2013,
Proposition 5.3).

Theorem 4.11. If f € LY(R) N L%(R) and g; € L'(R) N L%(R) such that 1/qo + 1/q; < 1/4 for
1< <d, then G,T LN Ny(0,C) as T — oo. Moreover,
(1) If [7° f3(x) [T2_, g, (x)dz # 0 for some multi-index m with |m| = 3 and elementary de-

composition {ly,lo2,l3}, then there exist two finite constants 0 < ¢ < ¢o not depending on T
such that for T large enough,

1 / 1
c1—= < p3(Gip, Z) < co—.
1T_P3(T >_2ﬁ
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2) If %, F(@)gi(@)de £ 0 for some 1 < i < d, and Jim —=Tv |Br()I™ 1) Br(g,)] < o0

VT
for any multi-index m with |m| = 3 and elementary decomposition {l1,la2,l3}, then there
exist two finite constants 0 < ¢1 < ca not depending on T such that for T large enough,

1 : 1
cag < p3(Gr, Z) < o
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Appendix

Proof of (3.5): According to Equation (2.12),
(2g—2r2)Aq (3q—2r2—273)Aq

Fei’ej’ek’el Z Z Z Cql (T2’ "3 T4) 1{r2+r3<37q}

ro=1 r3=1 rqg=1
I4q72(r2+r3+r4) (fi®r2fj®r3fk®r4fl) . (49)

To prove (3.5), by (3.8), it suffices to demonstrate that for any choice of (rg,73,74) in the sum (4.9),
the inequality
5 = 5 2
H ((fi®r2 fj) ®r3fk:) ®T‘4flHﬁ®(4q*2r272r372r4) < 112?<Xd1<nrl<ax 1f; ®r fi||5®(2q—2r) ) (4.10)

holds. Note that f1®7~2 [i®@rs fr has already been discussed when proving (3.4), due to the assumption
that ro + 173 < 2 Using the previous estimate and Cauchy-Schwarz inequality (or see Biermé et al.
(2012, Equation (4.3), Equation (4.4))), we conclude directly for r4 < ¢. It remains to consider the
case When T4 = q.

As before, taking into account the symmetry of f; for 1 < ¢ < d and the symmetrization of
contractions, it is sufficient to consider the function of 2 (¢ — ro — r3) variables of the type

F(t) = /fi (t1,x1,a1, W) fj (t2,x2,a2, W) fi. (t3,x3,a1,a2) fi (x1,X2,%3)

duq+r2+7‘3 (W, aj,ag, X1,X9, Xg) s
where w has length 79, a; U ag has length r3, t; Uty Uty = o(t) for some permutation o of
{1,...,2(q—re—r3)} and t = (tl, . ,tg(q_m_ra)). Now we consider two cases.

(1) The length of x3, denoted by s3, is not zero. Then

”FH%®2(q—r2—r3) = / (fl Oy fj) (tlaxl,alyt2ax27a2) (fl Ry f]) (tl,ilval,t%i?v{a‘?)

(fk: ®S3 fl) (t3a al,aQ,Xl,Xg) (fk‘ ®S3 fl) (t37 51; é27i17)~(2)
dﬂ4q_2T2_283 (

By generalized Cauchy-Schwarz inequality (Biermé et al. (2012, Lemma 4.1)), we get

2 2
||F||52§®2(q—r2—r3) < Hfl By fj”f3®2(q—T2) ka: sy fl||,ﬁ®2(q—53) .

By the fact that 1 <79 <¢—1,1< 353 <g—1r3 <qg— 1 and Cauchy-Schwarz inequality,

ay, ag, X1, Xz, a1, ag, X1, Xz, t1, ta, t3).

2
”FH5®2(‘1*T2 rg) < 1r£1a<Xdl<I1Iﬂl<aX fi ®r fiHy)®(2q*2T) :
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(2) The length of x3 is zero. Then both x; and x2 are not empty since ro > 1. We denote by
so the length of x5. Note that either a; or as is not empty since r3 > 1. Without loss of
generality, we assume that the length of a;, denoted by 7, is not zero. Then

HF”52§®2(11*T2*T3) = / (fz Q7 fk) (t17xlawat3vx3732) (fZ O fk) (tlﬂi17w7t375{3ﬂ52)

(fj ®so f1) (t2, a2, W, x1,X3) (fj @s, f1) (b2, 22, W, X1, X3)

Aq—2m1—2 - < -
dp T T2 (w, W, ag, X1, X3, A2, X1, X3, t1, t2, t3)

By generalized Cauchy-Schwarz inequality (Biermé et al. (2012, Lemma 4.1)), we get that

2 2 2
||F||ﬁ®2(q—r2—r3) < Hfl ®T1 fk”f)@?(q—rz) Hf] ®82 fl”ﬁ®2(¢1—53) .
By the fact that 1 <7 < g¢g—19 < g—1,1 < s9 < g—1r2 < g—1 and Cauchy-Schwarz
inequality,

2
1l go2a-rary) < max max i & fillgoe2n -

Then we finish the proof of (3.5). O

Proof of (3.6): According to Equation (2.12),

q—1 (2g—2r2)Aq (3q—2r2—2r3)Aq (4g—2r2—2r3—21r4)Aq

Feivejvekvehes (F) - Z Z Z Cq,l (TQ, 3,74, T5)

ro=1 ra=1 ra=1 rs=1

1{r2+r3<32j}1{r2+r3+r4<2q}15q—2(r2+r3+r4+r5) (fi®r2fj®r3fk®r4fl®rsfs) . (4~11)

To prove (3.6), by (3.8), it suffices to demonstrate that for any choice of (rq,rs3,74,75) in the sum
(4.11), the inequality

5
H (((fi®r2fj) ®Tsf’€) ®T4fl) ®T5f8Hsﬁ®<5q—2<r2+r3+r4+rs>> = fél%xd 1§r?g;(—1 Ifi ©r fi”%@?@qﬂr) ’
holds. Note that ((fi®p,f;) ®ryfi) @, fi has already been considered when proving (3.5). Using
the previous estimate and Cauchy-Schwarz inequality (or see Biermé et al. (2012, Equation (4.3),
Equation (4.4))), we conclude directly for r5 < ¢. It remains to consider the case when r5 = q.
As before, taking into account the symmetry of f; for 1 < ¢ < d and the symmetrization of
contractions, it suffices to consider the function of 3¢ — 2 (ro + 73 + r4) variables of the type

F(t) = /fi (t1,x1,br,ar,w) fj (t2,x2, b, a2, W) fi (t3,x3,b3,a1,a)
fl (t47 X4, bla b27 b3) fs (Xh X2,X3, X4) duq+rz+7“3+1“4 (W7 a, b7 X) 5

where w has length r2, a = a; U ag has length r3, b = by U by U b3 has length 74, x = x3 U
xo Ux3 Uxy, t1 Uty Utg Uty = o(t) for some permutation o of {1,...,3¢ —2(re+r3+r4)} and
t= (tl, .. ,tgq,g(rﬁrﬁ“)). Following the proof of Biermeé et al. (2012, Equation (4.8)), we consider
the following five cases.

(1) The length of x4, denoted by sy4, is not zero. Then
1F 12 o @a—2rs trtray = /(fi Ry [7) @rg fie (b1, b2, t3, %1, X2, X3, b) fi ®s, fs (b4,%1,%2,%3,b)
(fi ®ry [5) @ry [ <t17t27t3,i1,>~<27i375) Ji ®sy [ (t4,5<1,5<2,5<3,f3>

du5q—2(7‘2+7’3+54) (

tl,t2,t3,t4,X1,X2,X3,5(1,5(2,5(3, b7 b) .
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(2) The length of x4 is zero but the length of t4 is not zero. Then
HF”%®(3q—2(r2+r3+r4)) = / ((fl ®7’2 f]) ®7"3 fk) ®q fs (t17t2at37b) fl ®(1—7"4 fl (b’B)

((fz ®T’2 f]) ®r3 fk) ®q fs (th t27 t37 B) du?q—?(rz—‘,—rg)-i—n; (tlv t27t37 b: B) .

(3) The lengths of x4 and t4 are zero, but the length of x3, denoted by ss, is not zero. In this
case, by U by is not empty and we denote by k12 the length of by U by. Then

HFH523®<3H(T»2+T-3+r4>> = / (fi @ry [) @hio fi (1, t2,X1,X2,a,b3) fi, @, fs (t3,%1,X2,a,b3)
(fi ®ry i) Orya i <t1,t275<175<2757 BS) Tk ®ss fs <t37i1,i2757 53)

dM5q—2(7’2+k12+53) <

tla t27 t37 X1, X2, ila 5(27 a, éa b37 B3) .
(4) The lengths of x3, x4 and t4 are zero, but the length of t3, denoted by ws, is not zero. Note
that by U bg is not empty and we still denote by k1o the length of by U bs. Then

HF||52§®(39—2(T2+?"3+T4)) = /((fl By f]) k1o fl) Xq fS (t17t2aav b3)

L \Srg s s L2, Na b w 5 b s A, a
((fi ®@ry fj) k1o i) ®q f (tl ty,a bs) fr ®ws [ (bs b3, a a)
dpda2(rathiz)—ws (tl, t2,a,a, bs, 63) .

(5) The lengths of x3, x4, t3 and t4 are zero. In this case, x1, X2 and by Ubg are not empty. We
denote by s; the length of x; and by ko3 the length of bs U bs. Without loss of generality,
we assume that the length of as, denoted by 7, is not zero. Then

”F||327J®(3q72(7"2+7"3+r4)) = /(fj ®T2 fk) ®k23 fl (t27x2)a17 bl,W) fZ ®51 fS (tl,XQ,al, bl,W)

(fi ©ra Jo) Bt fo (b2, %0, 81,51, W) Sy @4y fo (b1,%2, 81,1, W)

5q—2(ra-+hos . ~ - -
dpPa-2(rathastsl) (tl,t27X27X27a1,al,b17b17W7W) .

By using generalized Cauchy-Schwarz inequality (Biermé et al. (2012, Lemma 4.1)), and the estimate
(3.9) in cases (1), (3) and (5) or the estimate (4.10) in cases (2) and (4), we can get

5
1Fllgesastrserssrn < goa, max, 13 @ fillgooan

Then the proof of (3.6) is finished. O
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