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Abstract. We consider the two-star model, a family of exponential random graphs indexed by two
real parameters, h and «, that rule respectively the total number of edges and the mutual dependence
between them. Borrowing tools from statistical mechanics, we study different classes of correlation
inequalities for edges, that naturally emerge while taking the partial derivatives of the (finite size)
free energy. In particular, if o, h > 0, we derive first and second order correlation inequalities and
then prove the so-called GHS inequality. As a consequence, under the above conditions on the
parameters, the average edge density turns out to be an increasing and concave function of the
parameter h, at any fixed size of the graph. Some of our results can be extended to more general
classes of exponential random graphs.

1. Introduction

Correlation inequalities are an important tool in equilibrium statistical mechanics. They are
used to estimate moments and correlations in ferromagnetic systems, allowing in turn to obtain
analyticity properties of some physical observables (such as magnetization and susceptibility) and
to prove/disprove the presence of a phase transition. Among these inequalities, we find the Griffiths,
Hurst and Sherman (GHS) inequality, that rules the three-particle interactions and is mainly known
for providing convexity properties of relevant functionals. As the Griffiths, Kelley and Sherman
(GKS) inequality (see Griffiths (1967); Kelly and Sherman (1968)), it was firstly proved for the
classical Ising model in Griffiths et al. (1970), to show that the average magnetization is a concave
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function of the positive external field, and then extended to general classes of even ferromagnets
that can be derived out of the Ising model (see Simon and Griffiths (1973); Ellis (1975); Griffiths
(1969); Newman (1975/76)).

However, the aforementioned result is only one of the different implications entailed by the GHS
inequality. For example, it has been used to characterize possible phase transitions, to prove mono-
tonicity of correlation length, and to derive critical exponent inequalities for the Ising model on Z¢;
to obtain monotonicity of mass gap and to estimate coupling constants in ¢* field theory; or also to
show convexity-preserving properties of certain differential equations and diffusion processes. For
further details we refer the reader to Ellis et al. (1976) and references therein.

In the present paper we consider a family of exponential random graphs known as two-star model
(see Park and Newman (2004)). Specifically, we consider a Gibbs probability measure on the set of
all simple graphs on n vertices, whose Hamiltonian depends on the densities of edges and two-star
graphs. Our goal is to study some correlation inequalities for such a model, with a particular focus
on the GHS inequality.

In comparison with ferromagnetic systems, the major difference is that the Gibbs measure of our

system, being supported on {0, 1}(2), does not enjoy Zo-simmetry. As a consequence, although the
positivity of the support of the measure allows to easily deduce positivity of the moments and derive
the Fortuin, Kasteleyn and Ginibre (FKG) inequality Fortuin et al. (1971), higher order correlations
are non-trivial to analyze, and generally depend on the choice of the parameters.

The manuscript is organized as follows. In Section 2 we introduce the two-star model and we define
the corresponding free energy function. Moreover, we briefly recall some recent results about its
asymptotic behavior, including the characterization of the phase diagram and some limit theorems
for the edge density. Section 3 is devoted to correlation inequalities and it collects our main results.
We first provide the formal definition of the aforementioned FKG, GKS and GHS inequalities in
the context of a two-star model with generalized parameters (see Eq. (3.1)). In Subsection 3.1 we
show that the FKG and GKS inequalities hold for this model whenever o > 0, and then we derive
some preliminary results used afterwards in the proof of the GHS inequality, that is the core of
the present work (see Theorem 3.10). The statement of this result, that holds under the additional
hypothesis h > 0, is given in Subsection 3.2 together with its proof. This is mainly based on ideas
from Lebowitz (1974), where an alternative and simplified strategy of the original proof has been
devised. In Subsection 3.3, we then bring back the results to the classical two-star model, and make
a few comments about some immediate consequences of the derived correlation inequalities. In
particular, as an application of the GHS inequality, we will prove a standard central limit theorem
for the edge density of the two-star model. In Section 4 we discuss which of our techniques can be
extended to prove the FKG and GKS inequalities for general exponential random graphs and which
are the issues in adapting the proofs to obtain the GHS inequality in this setting.

2. Model and background

2.1. Two-star model. Let G, be the set of all simple graphs on n labeled vertices that are identified
with the elements of the set [n] = {1,2,3,...,n}. We define a probability distribution on G, by
means of the homomorphism densities of the subgraphs of a graph. Consider a graph G € G,, and
let H be a given simple subgraph. An homomorphism of H into GG is an edge-preserving map from
V(H) to V(QG), where V(-) denotes the vertex set. If we normalize the number of homomorphisms of
H into G by the number of all possible mappings from V(H) to V(G), we obtain the homomorphism
density of H into G,

_ |hom(H, G)|
T, G) i= e v

i.e. the probability that a random mapping between the vertex sets is edge-preserving.

(2.1)
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For any k € N, let Hy, Ho,...,Hy} be pre-chosen finite simple graphs (edges, stars, triangles,

cycles, ...) and let B8 = (B1,...,0k) be a collection of real parameters. For any choice of 3, an
exponential random graph is identified by the Gibbs probability density
H, 5(G
finia(G) = exp(z"ﬂ()), for G € Gn, (2.2)
n;3

where the function H,, g, called Hamiltonian, is given by

k
Hyp(G) =n* " Bit(H;, G). (2.3)
j=1
The normalizing factor
Znip = Z exp (Hn;p(G)) (2.4)

GegGn

is the partition function.

In the present setting we focus on the two-star model, characterized by a Gibbs measure that
depends only on the densities of edges and two-star graphs. Recall that a two-star graph is an
undirected graph with one root vertex and two other vertices connected with the root, and otherwise
disconnected. Under this assumption, the measure can be conveniently expressed as follows.

Let &, denote the edge set of the complete graph on n vertices, with elements labeled from 1 to (g)
If i, j € &, are neighboring edges, we write i ~ j and we identify the unordered pair {7, j} with the
resulting two-star graph, that will be called wedge {3, j} in short. Let W), :== {{i,j} : 4,5 € En, i ~ j}
be the set of wedges of &,, and set A, := {0, 1}¢2| | .| being the cardinality of a set.

Notice that there is a one-to-one correspondence between graphs G € G, and elements z =
(x4)ice, € Ay so that, if G corresponds to x, it holds that

2 2 2
t(Hl,G) = ﬁ Z ZT; t(HQ,G) = ﬁ Z xixj + ﬁ Z ZTi, (25)
i€€En {i,}€Wn 1€€n
with H; an edge and Hs a wedge. Hence, we may look at the Hamiltonian of the two-star model
as a function on A,, defined by

Hn;51,52 (x) = % Z ;T + 2 <51 + %) Z x; . (2.6)

{i,7}EWn i€En

When taking the limit as n goes to infinity, the terms of the Hamiltonian contributing to the
asymptotics of the relative Gibbs measure have order n. Therefore, having order 1, the term
% Y ic ¢, i can be dropped and we can work with the alternative Hamiltonian

Hn;a,h(x) = % Z Ti%j + h Z Zi, (27)

{i,5Y€Wn i€k

where, for convenience, we have set h = 28; and a = 25s.
In the following, we will focus on the corresponding two-star model, having Gibbs density on A,
given by
_exp (Hpan(2))

:UJn;oc,h(m) = Z—h with Zn;oe,h = Z €Xp (Hn;a,h(m)) . (2'8)
e, z€EA,

Accordingly, we will denote the related measure and expectation by P, 5 and E,,., 5, respectively.
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2.2. Free energy. The free energy is a key function in the context of statistical mechanics, as it
encodes most of the asymptotic properties of the system. Specifically, the finite and infinite size
free energies associated with (2.7) are

1 .
frsah = — InZ,.on and fop = lim fran. (2.9)
n n—4o0o

To understand the important role of the free energy, we first observe that its partial derivatives
w.r.t. « and h, respectively give the average edge and wedge densities of the model. More precisely,
if we denote by E, the number of edges of the graph G, and by W,, the number of wedges of G, we
get

IEn;a,h (En)

Enon(Wn
ahfn;aﬁ - T and aafn;oc,h = M .

n3
The characterization of the infinite size free energy, together with its analytical properties, then
provides a relevant tool to infer some structural properties of the graph.

As an application of Theorems 4.1 and 6.4 in Chatterjee and Diaconis (2013), for any (o, h) € R?
we have that

(2.10)

au?®  hu 1 aw*)?  hut 1
_ i) = I T 2.11
Jauh 0221( > T2 73 (u)> 2 T2 ). (211)

where I(u) = ulnwu+ (1 — u)In(1 — u) and u* = u*(a, h) is a maximizer that solves the fixed-point

equation
62& u+h

Depending on the parameters, Eq (2.12) can have more than one solution at which the supremum
in (2.11) is attained. Due to Theorem 4.2 in Chatterjee and Diaconis (2013), in the large n limit,
a two-star model drawn from (2.8) is indistinguishable from an Erdés-Rényi random graph with
connection probability u*, where u* = u*(«, h) is randomly chosen from the solutions of the scalar
problem (2.11). Therefore, having multiplicity of optimizers translates in the possibility of having
limiting graphs with very different edge densities.

2.3. Edge-occurrence probability. As already observed by Park and Newman for the edge-triangle
model (see Park and Newman (2005), Eq. (4)), the probability that the edge z; is present can be
also written as the expectation of a function of the Hamiltonian where xz; = 1. Explicitly, in our
context we obtain

-1

o
]En;oz,h(xi) = IEn;oc7h 1+ exp _ﬁ Z T — h . (213)

JEER G~
Since the model enjoys a symmetry in the edge structure, in the sense that each edge in the complete

graph has precisely the same neighborhood, the aforementioned expectation turns out to be the same
for all 4. This leads to

n
En;a,h (En) - Z En;a,h(xi) - <2)En;a,h(xi) . (214)
1€E
Hence, the average edge density corresponds asymptotically to the edge-occurrence probability. At
this point, the following remark is in order.

Remark 2.1. The symmetry in the edge structure is intrinsic to the edge set &,,, and does not depend
on the specific exponential random graph taken into account. Hence, the analog of the identity (2.14)
holds true for general Hamiltonians of the form (2.3). To our knowledge, this property, which is
evident from the interacting particle system perspective, has not been pointed out before.
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Taking into account the first identity in (2.10) and the identity (2.14), we can relate the edge-
occurrence probability to the finite size free energy. As a consequence, in the case when all the
following equalities are legitimate, we obtain

lim En;a,h(l'i) =2 lim ahfn;oz,h = 2ahfoz,h = U*(aa h)a
n—00 n—00

where the last identity follows by differentiating (2.11) w.r.t. h and recalling that u* solves (2.12).
The interchange of limit and derivative is justifiable on a suitable subregion U \ {(a., h)} of the pa-
rameter space, characterized in the following subsection, where the sequence (0, fna,n)n>1 converges
uniformly and the sequence (fy.q,n)n>1 converges pointwise to a differentiable limit (see Radin and
Yin (2013), Thms. 2.1 & 2.2, and Bianchi et al. (2021), Sec. 4).

While an explicit expression of the edge-occurrence probability as function of («, h) is missing
even in the infinite size limit, it is easy to verify from (2.13) that E,.o p(x;) > 1/2 for all n € N,
whenever «, h > 0. However, simulations suggest that the region of parameters where the average
edge density is bigger than 1/2 is larger, and it also includes negative values of h. For large enough
n, we can get some insight on this region by the analysis of the asymptotic behavior of the model.
The study of equations (2.11) and (2.12) leads to the phase diagram that we are going to summarize.

2.4. Phase diagram. We collect here the relevant features of the phase diagram of the two-star
model, that can be obtained as a special case of some of the results in Radin and Yin (2013).

The infinite size free energy f, j, is well-defined in R2. Moreover, it is analytic in the whole plane
except for a continuous critical curve

(2, =2) U{(a, h) € (2,400) X (=00, —2) : h =q(a)},
=M

starting at the critical point (e, he) = (2, —2), contained in the cone a > 2, h < —2, and where ¢
is a (non-explicit) continuous and strictly decreasing function. In particular, the system undergoes
a first order phase transition across the curve and a second order phase transition at the critical
point (see Radin and Yin (2013), Thms. 2.1 & 2.2). The scalar problem (2.11) admits one solution
in the uniqueness region U := R?\ M while it has two solutions along the curve M (see Radin and
Yin (2013), Prop. 3.2). A qualitative graphical representation of the phase diagram is provided in
Fig. 2.1.

An analogous analysis has been performed in a sparse regime in Annibale and Courtney (2015),
in the directed graph case in Aristoff and Zhu (2018), and for a mean-field version of the model in
Biondini et al. (2022).

B

FIGURE 2.1. Phase space (o, h) for the two-star model (2.7). The blue region, that includes the
critical point, is the uniqueness region U for the maximization problem (2.11); whereas, the red
curve corresponds to the critical curve M along which (2.11) admits two solutions.
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2.5. Limiting distribution for the edge denmsity. We summarize some results on the asymptotic be-
havior of the edge density of the two-star model. By retracing the proofs in Bianchi et al. (2021),
we can obtain the following strong law of large numbers and standard central limit theorem:

2E’n a.s.
—— u*(a,h) w.rt. Ppgp, for (a,h) el (2.15)

n2 nooo

and

Vatn= E’;f’h(E”) —S o N(0,0(a, k) wrt. Pog, for (a,h) €U\ {(ae, he)},  (2.16)
where N (0,v(c, h)) is a centered Gaussian distribution with variance v(a, h) := 9pu* (e, h), being
u* the unique maximizer of (2.11). In Subsection 3.3 we will give a proof of (2.16) based on an
application of the GHS inequality. We highlight that the proof of the analogous result in the context
of the edge-triangle model in Bianchi et al. (2021) instead relies on the uniform convergence of the
sequence of the second order derivatives of the free energy, that in turn is derived from the validity
of Yang-Lee theorem (see Yang and Lee (1952)).

A further result can be given relatively to the multiplicity region. For all (o, h) € M and for all
small enough ¢ > 0, there exists a positive constant ¢ = ¢(e; «, h) such that if

N*(e) := (uj(a, h) —e,uj(a, h) + ) U (us(c, h) — g, u3(a, h) + €),

then, for large enough n, it holds

2F
Pn;mh( n ¢ N*(€)> S e—cn2’

n2

where u], u} solve the maximization problem in (2.11).
Similar limit theorems are obtained, with different techniques, in Mukherjee and Xu (2023), where
also results on the partial sum of the degrees can be found.

3. Correlation inequalities

In statistical mechanics the study of correlations between particles, so as the analysis of local
functions, is often performed with the help of two important inequalities, both related to the sign of
the derivatives of the free energy; the GKS inequality and the GHS inequality (see Friedli and
Velenik (2018); Griffiths et al. (1970); Kelly and Sherman (1968); Lebowitz (1974) and references
therein for further details). We aim at deriving the analogs of these two inequalities for our reference
IMeASUre fin:q h, given in (2.8).

To understand the connection between the GKS inequality and the sign of the derivatives of the
free energy, we introduce a slightly more general setting.

Let o = (vj)ijeg, and h = (h;)ce, be two collections of real numbers (we write o > 0 (resp.
h > 0) as a shorthand for a;; > 0 (resp. h; > 0) for all 4,5 € &,). For z € A,, we define the
Hamiltonian

1
Hpan(z) = I Z Qi + Z hix; . (3.1)
{i,7}€Wn 1€E

In analogy with (2.8) and (2.9), we denote by fi.q n the Gibbs measure obtained from (3.1), by
Ep.a,n the corresponding expectation, and we set f,.q.n = n—lg In Z,,.a.n to be the finite size free
energy. Observe that we recover the Hamiltonian (2.7) and the related Gibbs measure fiy.q 5 by
setting a; = «, for all 4, j € &,, and h; = h, for all i € &,.

Let A C &, be a given subset of edges. The GKS inequality deals with expectations and covari-
ances of random variables of the type x4 := [];c 4 i, with the convention that zy = 1.
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Definition 3.1 (GKS inequality). The Gibbs measure pi,.qpn on A, satisfies the GKS inequality
if, for all A, B C &,,

En;a,h(xAl'B) > En;a,h(xA) ' En;a,h(xB) . (32)

Remark 3.2. Notice that, by choosing A = {i} and B = {j}, with i # j, from the GKS inequality
it follows that z; and z; are positively correlated under fi,.q n-

A useful link between the correlations of the system and the partial derivatives of the free energy
w.r.t. the parameters h;’s is provided by the MacLaurin expansion of the log moment generating
function of z € A,,.

The coefficients of this expansion are the so-called Ursell functions, that are formally defined, for
¢ € [n] and any choice of i1,...,ip € &,, by

Ug(il, . ,ig) = n28hi1__hie fn;a,h . (33)
For instance, this yields
ul( ) - n a h(xz) (3.4)
u2 (Z ]) n « h(x ) E,. ;o ,h (xi)En;a,h(:Ej)a (3'5)
US(Z Js ) = n o h(x le'k) En;a,h(xi) En;a,h(fjxk) - En;a,h(xj) En;a,h(xixk)
= Enian (@) Ena,n (i) + 2Epia,h(2) Enia,h (25)Ensa,n () (3.6)

Remark 3.3. Notice that the definition of the Ursell functions (3.3) necessarily passes through
the generalized setting with vector parameters o, h, of which they are functions. However, when
computed along the constant vectors ar and h, with «;; = o for all ¢,5 € &,, and h; = h for all
i € &y, they are also useful to characterize the derivatives of the classical free energy f., , through
the identities

020 hfman = Z ug(iv, ..., i), VL€ [n]. (3.7)
£ times i1,...,’i[€€n

While the GKS inequality implies us(i,7) > 0, giving positive correlation between the random
variables x; and x;, the GHS inequality concerns the sign of the Ursell function u3(i, 7, k).

Definition 3.4 (GHS inequality). The Gibbs measure pin.qn on A, satisfies the GHS inequality
if, for all 7, j, k € &,, us(i,j, k) < 0 or, equivalently, if

En;a,h($i$jxk) - En;a,h(ﬂji) En;a,h(xjxk) - En;a,h($j) En;a,h(xixk)
- En;a,h(xk) En;a,h(xixj) + 2En;a,h(xi)En;a,h(xj)En;a,h(xk) <0. (38)

Observe that, in our case, ui(i) > 0 trivially, due to the fact that x; € {0,1}. The rest of the
section is devoted to proving us(4,j) > 0 and ug(i,j, k) <O0.

3.1. The FKG and GKS inequalities. We start with a preliminary result, the FKG inequality, that
will help us in deriving the more advanced inequalities (3.2) and (3.8).

We first show that the measure fi,.q.n on A, satisfies a proper lattice condition. Recall that A,
is partially ordered by

r<y if xz;<y; foralliel,. (3.9)

Moreover, given two configurations x,y € A,, the (pointwise) maximum and minimum configura-
tions are defined as

(xVy)(i):=max{z;,y;} and (xAy)(i):=min{z;, vy},
for all 7 € &,. The following property holds true.
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Lemma 3.5. If o > 0, then the Gibbs measure fin.q pn fulfills the FKG lattice condition
,Ufn;a,h,(m \ y) /’Ln;a,h(w A y) 2 ,U/n;a,h(x) ,U/n;a,h(y) for z,y € -An (31())

Proof: For a configuration z € Ay, let E, := {i € &, : z; = 1}, namely the set of edges present in
z. We have E,yy = E,; U Ey, and Ezpny = E; N E,. Observe that

e the edges in the configuration xVy are the edges the configurations  and y have in common,
the edges present in configuration x only and those present in configuration y only;

e the edges in the configuration x Ay are the edges the configurations  and y have in common;

e the wedges in the configuration = V y are the wedges the configurations x and y have in
common, the wedges present in configuration x (resp. configuration y) only and the wedges
you may create by superimposing the edges of the two configurations;

e the wedges in the configuration x A y are the wedges the configurations z and y have in
common.

Therefore, verifying that (3.10) is satisfied reduces to show the validity of the inequality

1
exp - Z iz p > 1, (3.11)
{i.jreE
where
E= {{z’,j} :{i,5} C Eavy is a wedge and {7, j} [ o } .
The conclusion follows as a > 0 by assumption. |

An immediate consequence of Lemma 3.5 is the positive correlation of increasing random variables
(see Fortuin et al. (1971)). Specifically, if f and g are increasing functions on A, (i.e., f(z) < f(y)
if x <y), then we obtain the FKG inequality

En;a,h(fg) > En;a,h(f) ’ En;a,h(g) . (3'12)
Corollary 3.6. If o > 0, then the Gibbs measure fin.q.n Satisfies the GKS inequality.

Proof: Notice that for all A C &,, the function z4 = Hie 4 %; is increasing in x € A,. Hence, by
applying the FKG inequality (3.12) to the functions f(z) = x4 and g(z) = xp, we immediately
derive (3.2). [ |

Remark 3.7. A straightforward adaptation of the arguments of Lemma 3.5 applies to general expo-
nential random graphs. We refer the reader to Section 4 for more details.

We now provide two useful consequences of the GKS inequality. To state properly the results we
need to introduce a few more notation; we need a suitable “restriction” of the system on a subset.
For A C &, set Wy :={{i,j} :4,j € A, i ~ j} and define the Hamiltonian

1
Hupsan(w) = n Z QT + Z hiz; . (3.13)
{3,5}EWaA €A

Let f14.a n be the associated Gibbs measure, with normalizing constant Z .o p (partition function),
and let E .o n denote the corresponding expectation.

A first consequence of the GKS inequality is a form of monotonicity, with respect to the volume,
that can be established for the averages of x5, with A C &,.

Lemma 3.8. If the Gibbs measure fin.a n satisfies the GKS inequality then, for any A C A C B C &,
Eaan(r) < Epan(za). (3.14)
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Proof: Observe first that, for all A C A C &,, the function Eg.qn(za) is non-decreasing in a.
Indeed, by differentiating E 4. n(zA) W.r.t ay;, we get

1
80cijEA;a,h(xA) = n (EA;a,h(xAxixj) - EA;a,h(xA)EA;ayh(mixj)) >0, (315>
where the last inequality follows from the GKS inequality.
Now let Wa g :={{i,j}:i€ A,j € B\ A, i~ j} and, for s € [0,1], consider the Hamiltonian

1 S
HB;a(s),h(fU) = n Z Qi Tix5 + ﬁ Z QT T5 + Z hiz;,

{i,7}eWB\Wa,B {i,5}€Wa B ieB

with corresponding Gibbs measure ppg.q(s),n and relative average Ep.q(s),n- Notice that, if s =1
we obtain the system on the set B, so that Ep.q(1),n(7A) = Ep;a,n(za). Moreover, since Wp =
Wa U Wp\ g UWa B, when s =0, we get

HB;a(U),h(w) = HA;a,h(x> + HB\A;a,h(x) :

Then pp.a0),h = HAah * HB\Asa,n a0d, as a consequence, as A C A, we have Ep.o ) n(zA) =
Ea.qn(za). Finally, since a — Ep.q n(xa) is a non-decreasing mapping and a(0) < a(1), we
conclude

Eaah(a) = Egia),n(®4) < Epa@)n(®r) = Epan(ra),
as claimed. |

A second consequence of the GKS inequality is a comparison between partition functions.
Lemma 3.9. If the Gibbs measure fin.qn satisfies the GKS inequality then, for any E, F C &,,
ZE.ahZF.ah < ZEUF:a,hZENF;oh - (3.16)

Proof: We follow some ideas developed in Lebowitz (1974) to prove an analogous result for Ising
spin systems. We set K := ENF, Ky := F\ K; and K3 := F'\ Kj, so that we can express the
sets B, F', EUF and EN F as proper disjoint unions of the subsets K;’s. With this notation, the
inequality (3.16) becomes equivalent to

ZK1UK2;0t7hZK1UK3§a7h
ZKl;Oc,h

L(a, h) = 1In ZKlququ;a,h —1In > 0. (317)

Notice that, if there is no interaction between the edges in K7 and those in K3, then

2K UKsUKs;00h = 2K UK ah LKk a0d ZK UKs:ah = 2K 00h L Ksia0hs

that yields L(e, h) = 0. To conclude, it suffices to show that the function L(c, h) is non-decreasing
with respect to the interaction parameter a. To this purpose, we consider the change in L(a, h),
when an interaction of strength «;;, between the edges i € K7 and j € K3, is added to the system.
By differentiating w.r.t. o;; we get

1
Oy Lla h) = — (Briukauksian(2i%)) — Exuksian(ivg)) 20, (3.18)
where the last inequality follows from Lemma 3.8. All together this implies that L(a,h) > 0. H
3.2. The GHS inequality. We are now ready to derive our main result: the GHS inequality for the
model associated with the Hamiltonian (3.1).

Theorem 3.10. If a,h > 0, then the Gibbs measure pin.q.n satisfies the GHS inequality. In
particular, for any choice of i,j,k € &,, we have

8hihjhkfn;a,h <0. (319)
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Remark 3.11. The above theorem provides sufficient conditions for the validity of the GHS inequal-
ity, and it is then natural to wonder whether they are also necessary. A hint on this question is
given when considering the statement for indices i = j = k. Inequality (3.19) reduces to (see also

(3.9)
Enan(2i) (1 = Enian(2:)) (1 = 2Epan(2i)) <0, (3.20)
that is verified if and only if
Epon(xi) > 1/2.

Recall that by (2.13) the above condition is fulfilled whenever o, b > 0. This assumption is indeed
the only strict requirement on the parameter h that we will use along the proof, and precisely in
(3.38) below, though in a modified setting that requires the validity of this condition uniformly in
n. However, as mentioned in Subsection 2.3, the edge-occurrence probabilities are implicit functions
of the parameters a and h, and are also dependent on n. For these reasons, we believe that the
derivation of explicit necessary conditions could be in general a hard task.

The strategy of the proof is based on the trick of introducing a duplicate set of variables. Let
y € A, be an independent copy of = € A, with the same Hamiltonian as in (3.1), and let E denote
the expectation with respect to the joint measure

M(% y) — €xXp {Hn;a,h(g) + Hn;a,h(y)} ) (3.21)

n;a,h

For any ¢ € &,, define the variables z; = z; — y; and v; = %(x,, + yi). Notice that z; takes value on
{-1,0,+1}, while v; takes value on {0, %, 1}, and that the following equivalence of events holds for
all i € &:

1

{zi e {-1,+1}} = {vi = 2} and {v; €{0,1}} = {2z, =0}. (3.22)

With standard notation we set z := (2;);eg, and v := (v;);eg,. Moreover, for any given A C &,, we
define the functions z4 := [[;c 4 2 and va == [[;c 4 vi-

Proposition 3.12. Let a,h > 0. Then, for any C,D C &,, it holds that
E(2czp) > E(zc)E(2p) , (3.23)
E(zcvp) < E(z¢)E(vp) . (3.24)

Remark 3.13. Tt is easy to check that the Ursell function us(i, 7, k), given explicitly in (3.6), can be
written as a function of the random variables z;’s and v;’s as

us(i, 4, k) = E(zizjvg) — E(zi25)E(vg) - (3.25)

The statement of Theorem 3.10 is then a consequence of the inequality (3.24). Similarly, it can be
shown that Eq. (3.23) implies the GKS inequality for the Gibbs measure fi.q h-

Proof of Proposition 3.12: We first consider two general functions ®(z) and ¥(v), with z = (2;)ie¢,
and v = (v;)es,, and we try to express the average E(®(z)¥(v)) in a convenient form. Later we
will focus on the functions ®(z) = z¢ and ¥(v) = vp.

Observe that, due to the identity z;z; + y;y; = %zizj + 2v;v;, the exponent of the joint measure
(3.21) can be phrased in terms of the variables z and v. It yields

—

Hn;a,h(ff) + Hn;a,h(y) = Hln;a(z) + ff\2n;a,h(”)7 (3'26)
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where
I/{\ln af Z Q2%
N 2{’ S (3.27)
H2, o n(v =~ {m}zgwn ;005 + 2 Zezg:n hiv; .

Moreover, by exploiting the constraints (3.22), we can partition the state space of the couple (z,v)
in a disjoint union, over subsets A C &,, of the sets

1
Sa = {(z,v) :zi = 0,v; € {0,1}Vi € A and v; = 504 € {-1,1}Vi e AC} . (3.28)

Hence, we can write

exp { Hlpia(2) + H2pan(v) }

E(®( Z Z D(2)U(v) 7

ACEn (2,0)ESA n;euh

(3.29)

It is easy to see that if (z,v) € Sa, and with the same notation introduced in (3.13), we obtain

= 1
Hyo(2) = > Z Qijzizj, with z; € {—1,1}, Vi € A° (3.30)
{i,j}EWAc
and
H2n;a rlv Z Qi ViV; + Z 2h; —|— — Z Qi | v
{z,]}EWA €A ]EAC:jNi
1 . .
+ o Z i + Z h;, with v; € {0, 1}, Vie A. (3.31)
{’i,j}EWAc 1€EAC

In particular, on the set Sy,

e the Hamiltonian H',.(z) corresponds to the Hamiltonian of an Ising spin system on the
set A°, with inverse temperature 8 := «/2n, magnetic field h = 0, and associated Gibbs
measure

eHIASC-,G 0(2)

I —
iconl?) = e

7B7

e the Hamiltonian H?,,.4 »(v) corresponds to the two-star Hamiltonian on A given in (3.13),
but with parameters ' := 2a and b’ := (h});cs, , where hj} := 2h;+1 > jecjri ij- Indeed,
the two Hamiltonians differ only for the constant term 5- > (i.jtewe Qi T 2ie ac hi that,

being irrelevant in the Gibbs measure, will be neglected. As before, we write p1 4.4/ p+ for the
Gibbs measure related to the Hamiltonian (3.31).

Going back to Eq. (3.29), in view of the previous considerations, it turns out that

E(®(2)¥(v)) = ) P(A)S*(A)g"(A), (3.32)

ACEy,

g

where, with self-explanatory notation, we set

FA) = Bl (@) cmovica) s 6% (A) = Baarm (W), 21 vicae) (3.33)
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and
I
ZASc;pa,o “Z Aol

2
n;a,h

P(A) :=

(3.34)

Notice that P is a probability on &, by construction. Specializing the identity (3.32) to the functions
®(z) = z¢ and ¥(v) = vp, with C, D C &, we get

E(zcvp) = Z P(A)EEZC;B,O(ZC|zi:O,Vi€A)EA;a',h’(’UD‘UZ:%,WGAC)' (3.35)
ACE,

The proof of the two inequalities (3.24) and (3.23) is an immediate application of the FKG
inequality relatively to P. Indeed, if «, h > 0, then also 8, a’,h’ > 0, and the conditions for the
application of the FKG inequality are fulfilled:

e If 3 > 0, the GKS inequality for ferromagnetic Ising systems in Friedli and Velenik (2018)
guarantees that the function E Ae, ,@,O(ZC’ 2=0vicA) is non-increasing in A, for any choice of
CCé&,.

o If &/, A’ > 0 the function E4.o p(vp|,
D C &,. This is a consequence of the GKS inequality together with Lemma 3.8. Indeed, let
A C B and observe that

1 vicac) is non-decreasing in A, for any choice of

1
EA;a’,h’(”D‘vi:%,WeAc) = 72‘DQAC‘EA;a'7h’(UDﬁA)

1
EB§a',h'(UD|v¢:%,WGBC) = WEB;O/,M (vpnB) -

(3.36)

Since DN A C DN B by hypothesis, we can write vpnp = vpnavpn(p\4) and hence, from
the GKS inequality and Lemma 3.8,

Ep.o n(vDnB) > Epiar n(vDna)EBia’ b (VD(B\A) )) (3.37)

> E o v (VDnA)E A v (VDA(B\4)
We now recall that for o’ > 0 and h’ > 0, it holds that E 4. p/(v;) > 1/2, for all i € A

and A C &,. Applying the GKS inequality to the second factor of the r.h.s of the above
equation, and using this bound, we then get

1
Eparn (wpnva) > [ Baarw (i) > DB (3.38)
ieDN(B\A)
Putting together (3.36)-(3.38), we conclude that
IEB;oz’,h’ (UD|U1:%,V¢€BC) > EA;a',h'(UD’vi:%yieAC) . (3'39)

e If a > 0, the probability P, defined in (3.34) and acting on subsets of &,, satisfies the FKG
lattice condition, namely

P(E)P(F)< P(EUF)P(ENF), VYE,FCE&,. (3.40)
According to the definition of P, the inequality (3.40) follows if the two inequalities

Zp, 3, 028, 8,0 = ZBup, B,OZEﬁF 8,0
and
ZEar W2Fal b S ZEUF Q) W LENFiol B
are simultaneously satisfied. The first inequality holds true as a consequence of the GKS
inequality for Ising spin systems with 8 > 0 and magnetic field h > 0 (see Lebowitz (1974),
Lemma on p. 90). The second inequality is instead verified thanks to Lemma 3.9.
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Therefore, as P obeys the FKG lattice condition, and the functions IEIASC BO(ZC’ zi=0.vicA) and
E Ao n/(VDy,=1 vieac) are respectively non-increasing and non-decreasing in A, from Eq. (3.35) we
) ) it 2
get

E(zcvp) < ZP VESe.5.0(2|2—0,vica ZP JEA.af b/ (UD|UF%,W€AC) = E(zc)E(vp) (3.41)
ACE, ACE,

providing inequality (3.24). The inequality (3.23) can be obtained in the same way by setting

#(2) = zozp, so that g¥(A) = 1, and by observing that f?(A) is non-decreasing in A, hence giving

the reverse inequality. [ |

Proof of Theorem 5.10. The statement follows readily from Remark 3.13 and Proposition 3.12. H

3.3. The GHS inequality for the two-star model. Let a,h € R. Recall that the two-star model is
obtained, as a particular case, by setting a;; = «, for all 4,j € &,, and h; = h, for all i € &,, in
the Hamiltonian (3.1). This means that, whenever o, h > 0, the GHS inequality holds true for the
Gibbs measure fi.q.p, given in (2.2).

Observe that, by differentiating the free energy fy,.o n w.r.t. h, we get the following identities in
terms of the Ursell functions (see also Remark 3.3)

P20 frian = Y w1(i), 1O0unfuan = Y u2(i,j),

1€En 1,j€ER

02 Opnn frian = Y, ua(i,j, k),
i,j,kEER
and so on. Thus, not only the sign of each Ursell function provides a specific correlation inequality
between the random variables x;’s, but also it gives a definite sign to a derivative of the free energy.
A direct computation easily shows that, being a variance, the second order partial derivative of
fria,n Wrt. b is always non-negative. Thus, proving that us(i,j) > 0 (GKS inequality) is useful to
know the covariance between z; and z;, but it is somehow irrelevant to the purpose of showing that
the free energy is a convex function of h. On the contrary, the GHS inequality (us(i,7, k) < 0) is
of particular importance, as it implies that the average edge density (2.10) is a concave function of
the parameter h at any fixed size of the graph.
Explicitly, setting m,(a, h) := %(E")
ifa>0 Onmp (o, h) = Onn frzan > 0,
if «, h Z 0 8hhmn(a, h) = 8hhhfn;a,h S 0.

Beside their specific information, inequalities (3.42) provide an important tool to understand the
limiting behavior of the free energy and its derivatives, and hence to characterize the asymptotic
properties of the edge density. In particular, one can exploit convergence results on the derivatives
of convex functions to guarantee that limit and derivatives w.r.t. the external field commute, and
then obtain proper regularity conditions of the infinite size free energy. We build on the following
lemma.

from the GKS and GHS inequalities we readily get

(3.42)

Lemma 3.14 (Ellis (2006), Lem. V.7.5). Let (fn)n>1 be a sequence of convex functions on an open
interval A of R such that f(t) = limy 400 fn(t) exists for every t € A. Let (t,)n>1 be a sequence
in A which converges to a point to € A. If f](tn) and f'(to) exist, then lim,_, o f (tn) exists and
equals f'(tg).

In view of the inequalities (3.42), the above lemma can be applied to the sequences (fpn.q.h)n>1
and (O fn.a,h)n>1- Indeed, under the appropriate hypotheses on the parameters o and h, they are
respectively a sequence of convex and a sequence of concave functions. Exploiting the differentia-
bility properties of the infinite size free energy described in Subsection 2.4, we obtain immediately
the following convergence results.
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Lemma 3.15. Consider the two-star model with Hamiltonian (2.7).

(a) If « >0 and (o, h) €U, then limy,_, 4o mp(ar, h) exists and, in particular, it holds
lim my (o, h) = u*(a, h) = Op fan-

n—-+00
(b) If ayh > 0, then limy,_, o Opmy(cv, h) exists and, in particular, it holds

lim  Opmn(a, h) = Opu*(a, h) = Opp fah-

n—-+o0o

Moreover, if (tn)nen s a sequence of real numbers such that lim,_, o t, = 0, then we have

lim Opmp(a, h+ty,) = Opu™ (e, h). (3.43)

n—-+o0o

Using arguments from statistical mechanics, the above results can be pushed forward to derive a
standard central limit theorem for the edge density.

Theorem 3.16 (CLT for E,,). For all a,h > 0, it holds

b, —-E,. E,
V2 2 n,a,h( n) d j\/’(O,v(a, h)) w.r.t. Pp,a,h, as n — 400,
n

where N'(0,v(a, h)) is a centered Gaussian distribution with variance v(a, h) := Opu*(a, h).
Proof: We introduce the random variable

Vn — \/5 En - En;a,h(En)
n

)

with the ultimate goal of proving that its moment generating function converges to the one of a
Gaussian random variable with variance v(«, h). The key point is to relate the moment generating
function of V,, to the second order derivative of the cumulant generating function of FE,, which is
defined as

2 2 Z, s, htt
Cn(t) = ﬁ In En;a,h[exp(tEn)] = ﬁ In ﬁ =2 (fn;a,h-l—t - fn;a,h) .

From the existence of the infinite size free energy given by Theorems 4.1 and 6.4 in Chatterjee and
Diaconis (2013) (see also equation (2.11)), we obtain that for any (o, h) € R? and ¢ € R, the limit

C(t) = nlgl_loo Cn(t) =2 (foc,h—‘rt - fa,h)

exists and is finite. Moreover, by a direct calculation, we get

2FE,.. E

c’n(t) = —n’a’h;t (En) =mp(a,h+t)
2Var,,. E

c;;(t) = arn’o;;gﬂ( n) = Opmp(a, h +1).

In particular, we have ¢,(0) = my,(a, h) and ¢//(0) = dpmy(a, h). Moreover, by Lemma 3.15(b), we
obtain lim, 4 ¢} (0) = dpu*(a, h) = v(a, h) for all a, h > 0.

Moving back to the moment generating function of V,,, we show now how to write it in terms of
c!(t). Consider ¢t > 0 and set t,, := v/2t/n. It yields

t
InEp.qn(exp(tVy)) =InEyqp (exp(tnEn) exp (—\/T%mn(a, h)))

n2
= 5 lealtn) = tnc, (0)].



The GHS and other correlation inequalities for the two-star model 1693

Notice that, since ¢, (0) = 0, the term in square brackets is the difference between the function ¢, ()
and its first order Taylor expansion at zero. Therefore, by using Taylor’s theorem with Lagrange
remainder, one gets

(¢ t2

In Eppsap (exp(tVy)) = 6”(2”)
for some t¥ € [0,+/2t/n]. Finally, if a,h > 0, we can apply the convergence result (3.43) to infer
that limg, o 1 (t5) = Opu*(, h) = v(a, h), concluding the proof. [

Remark 3.17. The previous proof is not a mimicking adaptation of the proof of the central limit
theorem for the edge density of the edge-triangle model provided in Bianchi et al. (2021). The
significant difference is that, in the present setting, the convergence (3.43) is a direct consequence of
the GHS inequality. When the latter inequality is not available, as in the case of the edge-triangle
model, different properties are needed to obtain (3.43), such as the uniform convergence of the
sequence of the second order derivatives of the free energy.

4. Discussion on possible extensions

The results presented in Lemmas 3.5-3.9 can be extended to the general case where the Hamil-
tonian is a function of the homomorphism densities of an arbitrary collection of subgraphs of the
graph G. In this Section we will briefly elaborate on this.

In the sequel, we will be dealing with the general Hamiltonian (2.3) and the corresponding Gibbs
probability density (2.2). We will denote by E,,.g the relative expectation. Moreover, as a standard
choice in the literature, we will set the subgraph H; to be an edge.

Going through the proof of Lemma 3.5, it is easy to understand that the crucial condition for
the validity of the FKG lattice condition is inequality (3.11). When moving to the general setting

we are adopting, the analogous condition reads as

k
exp { n? Zﬁjt(Hj, G),>1. (4.1)
j=2
As consequence, since the homomorphism densities are non-negative, the FKG lattice condition is
in force whenever the parameters (s, ..., B are non-negative. Thus, we obtain the following result.

Lemma 4.1. For all 81 € R and 2,...,B8; > 0, the Gibbs measure g fulfills the FKG lattice
condition

Mn;,@(x \ y) Mn;ﬁ(x A y) > :U’n;ﬁ(gc) Mn;ﬁ(y) forz,y € Ay (4'2)

Two immediate consequences of Lemma 4.1 are the positive correlation between increasing func-
tions of the configuration and, in turn, the GKS inequality for the Gibbs measure p,.g. Specifically,
for all 81 € R and fs, ..., Br > 0, all increasing functions f and g, and all A, B C &,, it holds

Eng(f9) > Eng(f) - Enalg) (FKG inequality) (4.3)

En.g(xazp) > Eng(za) - Eng(an), (GKS inequality) (4.4)

where z¢ = [[;cc %4, for C C &,.

An extension of Lemmas 3.8 and 3.9 to this general context is also straightforward. However,
while they were crucial to prove the GHS inequality for the two-star model, they are quite irrelevant
in the present setting, as the techniques used in Subsection 3.2 can not be replicated.

Indeed, when dealing with a generic exponential random graph, the trick of variable duplication
(3.21) does not work. The problem is twofold. On the one hand, in general the decomposition
(3.26) fails to exist, as mixed terms remain. Thus, it is not possible to factorize the joint measure of
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the doubled model and then characterize correlations exploiting averages over an Ising and an ERG
subsystem (see (3.29)). On the other hand, even if the joint measure factored out and the analog of
(3.29) were available, to conclude we would need FKG and GKS inequalities for Ising models with
multi-body interactions, that are not known.

However, if we specify the Ursell function ug(i, 7, k), given in (3.6), in the special cases when
i =j=kandi=j # k, we obtain respectively

Eng(zi) (1 — Eng(zi)) (1 — 2E,8(x))
and
Covpg(xi, 25)(1 — 2Ep.8(x4)).
Since Covy,.g(xi, ;) > 0, due to the GKS inequality (4.4), we can conjecture that the necessary

and sufficient condition for the GHS inequality to hold in the present general setting is again only
the requirement E,.g(x;) > 1/2.
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