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Abstract. We establish a novel characterisation of the law of the convex minorant of any Lévy
process. Our self-contained elementary proof is based on the analysis of piecewise linear convex
functions and requires only very basic properties of Lévy processes. Our main result provides a new
simple and self-contained approach to the fluctuation theory of Lévy processes, circumventing local
time and excursion theory. Easy corollaries include classical theorems, such as Rogozin’s regularity
criterion, Spitzer’s identities and the Wiener-Hopf factorisation, as well as a novel factorisation
identity.

1. Introduction

This paper provides elementary, self-contained proofs of some of the main results of the fluctuation
theory for Lévy processes, a subject of classical interest in probability (see e.g. monographs Bertoin
(1996, Ch. VI), Kyprianou (2006, Ch. 6), Sato (2013, Ch. 9) and the references therein). Our
approach is based on a novel characterisation of the law of the convex minorant of a path of any
Lévy process, given in our main result (Theorem 3.1 in Section 3) below. Its direct consequence
is a characterisation in Theorem 2.1 below of the law of the triplet of the supremum, the time
the supremum was attained and the position at T" of the Lévy process X on the time interval
[0, 7] of fixed length T". In Section 2 we use Theorem 2.1 to provide short proofs of the Rogozin’s
criterion for the regularity of X at its starting point, Spitzer’s formula for the supremum of X,
the Wiener-Hopf identities and the continuity of the law of the triplet. All these results are easy
corollaries of Theorem 2.1 and basic properties of X. In particular, our approach circumvents local
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times and excursion theory used in other probabilistic proofs of fluctuation identities, see Bertoin
(1996); Kyprianou (2006), and the continuity of the law of the triplet, see Chaumont (2013). To
demonstrate further the usefulness of Theorem 3.1, we conclude Section 2 by showing that the
vertex process of a Lévy process (introduced in Groeneboom (1983) for Brownian motion and later
studied in Nagasawa (2000, Ch.XL.1), both on infinite time horizon) has independent increments.
This result characterises the joint law of an n-tuple of the suprema of the Lévy process X perturbed
by n different drifts, see Corollary 2.10 below, yielding what appears to be a novel generalisation of
the Wiener-Hopf factorisation.

In Section 3 we provide an elementary proof of Theorem 3.1, characterising the law of the convex
minorant C’TX of the path of the Lévy process X on the time interval [0,7]. Theorem 3.1 provides
an explicit construction of a random piecewise linear convex function, whose law equals that of C':,)f .
Our main result can be viewed as a generalisation of Pitman and Uribe Bravo (2012, Thm 1), where
such a characterisation was obtained for Lévy processes with diffuse marginals. The main technical
step in Pitman and Uribe Bravo (2012) is a limit result on the Skorkhod space establishing that
the faces of the convex minorant of the random-walk skeleton of X, described by Abramson and
Pitman (2011, Thm 1), converge to the faces of C’:,)f. This is a highly non-trivial result because
it requires the control of the convergence of the excursions of the approximating random-walk
skeletons to the excursions of X away from the faces of C%( . The less activity X has, the harder the
convergence argument in Pitman and Uribe Bravo (2012) becomes, with the conclusion of Pitman
and Uribe Bravo (2012, Thm 1) not being true (by Theorem 3.1) when the marginals of X have
atoms.

In contrast, the proof of Theorem 3.1 in Section 3 below focuses on the convergence of the
entire convex minorant of the skeleton of X, rather than each face separately. This approach
circumvents the delicate face-by-face convergence in the Skorkhod space, which does not hold in
general. Our proof relies entirely on elementary geometrical arguments in Section 3.2 to control
the convergence of the piecewise linear convex functions of the approximating random walks to the
convex function whose law is equal to that of C%( for all Lévy processes. Considering the convex
minorant as a whole, rather than face-by-face, was crucial both in finding the correct formulation of
Theorem 3.1, which generalises Pitman and Uribe Bravo (2012, Thm 1), and in its eventual proof.
In this paper we give a complete self-contained account of the proof of Theorem 3.1, which perhaps
surprisingly requires only very basic properties of Lévy processes (see Section 3.1 and a YouTube
presentation Gonzalez Céazares and Mijatovi¢ (2021) for an overview of the proof).

2. Fluctuations of Lévy processes: the stick-breaking approach

Let 2 : [0,7] — R be a cadlag path (i.e. right-continuous with left limits), Z : [0,7] — R be its
running supremum and 7(x) : [0,7] — [0, T] the first times at which 7 is attained:
Ty :=supxs and T¢(z):=inf{s € [0,¢] : max{zs,xs_} =7}, t€[0,T],
s<t
where z;_ := limgy x5 for all t € (0,7] and zg— := zg. The running infimum z and its time of
attainment process 7(z) are defined analogously. The vectors X;(z) = (2, T, T¢(2)) and x,(z) =
(z1, 24, 74(2)), t € [0, T, are referred to as extremal vectors of . Note that x (z) may be recovered

from x,(—x) = (—x¢, —z4, T4 ().

2.1. Projection of the convex minorant of a Lévy process. Let X = (X);>0 be a Lévy process started
at zero (but not identically equal to zero) with cadlag paths. Since —X is a Lévy process if and
only if X is, we may (and do) mostly focus our attention on one of the two extremal vectors. At the
core of all fluctuation theory results in this paper is the following theorem characterising explicitly
the law of Y1 (X) in terms of the increments of X and an independent stick-breaking process ¢ on
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[0, T (recall that £ = (£,)nen and its remainder process L = (Ln)nenu{oy are given by the recursion
Ly=T, ¢, =V,Ly_1 and L,, .= L,,_1 — £, for n € N, where (V},)nen are iid U(0, 1)).

Theorem 2.1 (Stick-breaking representation of extrema). Let X be any Lévy process and T > 0
a fized time horizon. A stick-breaking process £ on [0,T] and its remainder L, independent of X,
satisfy

o0
Xr(X) £ (X, — Xp, max{ Xy, , — X0, 04 b Iix,  _x, 50})- (2.1)

n=1
We refer to (2.1) as the SB representation of the extremal vector X7(X). The SB representation
in (2.1) is an easy direct consequence of our main result, Theorem 3.1 in Section 3 below, because
X7 (X) equals the extremal vector of the concave majorant of X on [0,7]. We stress that the power
of the SB representation in Theorem 2.1 for the extremal vector X (X) for any fixed time horizon
T lies in the fact that (2.1) essentially reduce the properties of the path functional X1 (X) to the
properties of the marginals of X. We now illustrate this by deriving many of the classical highlights
of the fluctuation theory of Lévy processes from Theorem 2.1. Note first that, since —log(¢,,/T) is
gamma distributed with density s — s""te™*/(n — 1)! for s > 0, for a measurable f : [0,7] — R,

we have

T
E> " f(tn) = / s1f(s)ds. (2.2)
neN 0

In the definition of 74(X) (resp. 7,(X)), we take the first rather than last time the maximum
(resp. minimum) is attained. Our first corollary shows that this choice makes little difference.

Corollary 2.2. A Lévy process X attains its mazximum at a unique time a.s. if and only if X is
not a driftless compound Poisson process; then X.(X) 4 (Xe, Xp — Xyt — 14(X)) for allt > 0.

Proof: If X is a driftless compound Poisson process process, it has piecewise constant paths, making
the time of the maximum not unique. Assume X is not a driftless compound Poisson, then we have
P(X; = 0) > 0 for at most countably many ¢ > 0. Indeed, either the law of X; is diffuse or, by
Doeblin’s lemma, see Kallenberg (2002, Lem. 15.22), X is compound Poisson with drift x4 # 0. In
the latter case, P(X; = 0) > 0 if and only if —ut is in a countable set generated by the atoms of the
Lévy measure of X, implying the claim.

The time-reversal process X' = (X{)sc(0,4, defined as X := X_g_ — Xy, s € [0, ], has the same
law as (—Xs)sejo,¢, implying 7¢(X") 4 74(X). The gap (t — 74(X")) — 7+(X) > 0 between the time
of the first and last maximum of X has expectation equal to zero and is hence zero a.s. Indeed,
since P(X; = 0) > 0 for at most countably many ¢ > 0, Theorem 2.1 and (2.2) yield

o] 00 +
t—Elr,(X)] —EF(X)] =E> lalix, —x, 3 =E> P(Xe, =0ty) = /0 P(X, = 0)ds = 0.
n=1 n=1

The identity in law follows from ¥, (X’) 4 Xi(—X). O

Corollary 2.3. For any Lévy process X, the following formulae hold for any t > 0:

t t
E[7:(X)] :/ P(Xs > 0)ds and  E[X] :/ (Emax{Xs,0}/s)ds. (2.3)
0 0

Proof: Let p(s):= P(X,s>0) and take expectations in the third coordinate of SB-representation (2.1).
Fubini’s theorem and the formula in (2.2) imply

E7(X) = ZE[@np(én)] = /0 p(s)ds for any t > 0.
n=1

The proof of the formula for the supremum, based on (2.1) and (2.2), is analogous. O
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2.2. Wiener—Hopf factorisation and Rogozin’s criteria. Consider an exponential time horizon Ty ~
Exp(#) with parameter 0 € (0,00) (i.e. ETp = 1/6), independent of the Lévy process X. Let
00) = (&(f))neN be a stick-breaking process with a random time horizon Ty. The random measure
Yo (5@9) on (0,00) is easily seen to be a Poisson point process (PPP) (see Appendix A below).
By (2.2) its mean measure satisfies E) " 5&9) (A) = [, t71e % dt for a measurable A (4, denotes
the Dirac delta at the point z). Let F(¢,dx) := P(X; € dz) denote the law of X; for any ¢t > 0.
Marking each point ng) by a random real number sampled from the law F (620), -), by the Marking
Theorem (see Kingman, 1993, p. 55), produces a PPP on (0,00) x R.

Proposition 2.4. Let the time horizon Ty ~ Exp(6) and the stick-breaking process 9 be inde-

pendent of the Lévy process X. Define {ﬁf) = X0 - XLS’)’ where L®) = (Ll(f))keNu{o} s the
remainder process associated to (). Then g = Yoy 6(4(9) 0N 1s a Poisson point process with

mean measure
po(dt, dz) ==t e "'P(X; € dz)dt, (t,x) € (0,00) x R. (2.4)

An immediate corollary of Theorem 2.1 and Proposition 2.4 characterises the laws of the supre-
mum and infimum of X on the exponential time horizon Ty.

Corollary 2.5. Let Ty ~ Exp(0) be independent of the Lévy process X . Then the moment generating
functions of X, and — X, are gwen by the following formulae for any u > 0:

E[e="%7] — exp < /0 ” /(Om) (e — 1)e " 1B(X, € dz)dt), (2.5)
E[e"5%) — exp < /0 ” /( e dx)dt). (2.6)

Proof: By Theorem 2.1, X7, 4 f(o 00)?2 xZg(dt,dx), where Zy is a PPP with mean measure puy.

Campbell’s formula in Kingman (1993, p. 28) implies (2.5). Applying (2.5) to —X yields (2.6). O

Recall that 0 is regular for the half-line (0, c0) if X visits (0, c0) almost surely immediately after
time 0, i.e. P((, Usgt{Xs >0}) = 1.

Theorem 2.6 (Rogozin’s criterion). The starting point 0 of X is regular for (0,00) if and only if

/1 t71P(X; > 0)dt = oo. (2.7)

Proof: Let the time horizon Ty ~ Exp(#) and random sequences 09 and €9 be as in Proposition 2.4
above. As t — X, is non-decreasing a.s., 0 is not regular for (0, 00) if and only if P(X7, = 0) > 0.
Since X7, 4 [4 2Ep(dt,dz), where A := (0,00) x (0,00), the event {X7, = 0} is equal to the event
{Z0(A) = 0} that the PPP 2y = > 7, (5(4(@) £®) has no points in A. Thus, 0 is not regular for

(0,00) if and only if

P (X7, =0)=P(5(A) =0) =exp (—EEZp(A)) =exp (— /000 t~le P(X; > O)dt) >0

for some positive 0, which is equivalent to (2.7). O

We can now characterise the behaviour of X as t — oo.
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Theorem 2.7 (Rogozin). The possibly degenerate variables X o, = sup;>o Xt and X = infi>0 Xt
satisfy

E[e="F~] = exp ( /0 ” /m,oo) (e — 1)+ 1P(X, € dx)dt), 2.8)
E[e"¥~] = exp ( /D b /( o) (e™ —1)t7'P(X, € d:r:)dt), (2.9)

for any u > 0. Define the integrals
oo oo
I, ::/ tIP(X, > 0)dt & 1 ::/ t7IP(X; < 0)dt.
1 1

Then the following statements hold for any non-constant Lévy process X :

(a) if [+ < o0, then X  is non-degenerate, infinitely divisible and finite a.s. and limy_,oo Xy = —00;
(b) if I < 00, then X is non-degenerate, infinitely divisible and finite a.s. and limy_, oo X; = 00;
(c) if I+ = I_ = o0, then limsup,_, ., Xy = — liminf; , Xy = oo.

Proof: Let Ty ~ Exp(1l) be independent of X and note 77/ ~ Exp(f) for any § > 0. Since
YTI /0 — X as @ — 0 a.s., the corresponding Laplace transforms converge pointwise. Thus the
monotone convergence theorem applied to the right-hand sides of (2.5)—(2.6) implies (2.8)—(2.9).
Identity (2.8) (resp. (2.9)) implies that I, < oo (resp. I_ < oo) if and only if Eexp(—uXs) > 0
(resp. Eexp(uX ) > 0) for all w > 0. This implies part (c) and all but the limits in parts (a) & (b).

It remains to prove the limit in (b), as the proof of the limit in (a) is analogous. First we show
that Iy + I_ = oo. Since X is not constant, by I; + I_ = [[°t71(1 — P(X; = 0))dt, it suffices
to prove floo t7'P(X; = 0)dt < co. As shown in the proof of Corollary 2.2 above, if X is not a
driftless compound Poisson process, the function ¢ — P(X; = 0) is zero for Lebesgue a.e. t > 0.
If X is driftless compound Poisson, then the function ¢ +— /tP(X; = 0) is bounded. Indeed,
suppose without loss of generality that X has positive jumps and consider the a decomposition
Xi =Y, + Sn,, where the compound Poisson process Y, the random walk S with strictly positive
increments and the Poisson process N with intensity A > 0 are independent. Then P(X; = 0) =
JeP(Sn, = —z)P(Y; € dz) < sup,cg P(Sy, = —x). For € R we have Y >° (1g, —_, < 1 (since
n — Sy, is strictly increasing) and

P(Sy, = —z) < e M sup {()\t)m/m!}EZ Lys,——z) < e M sup  {(At)"™/m!}, (2.10)

meNU{0} n—=0 meNU{0}

Since m +— e M(\t)™/m! is maximised at an integer m approximately equal to At, by Stirling’s
formula and (2.10), a multiple of t=/2 is an upper bound for P(X; = 0) for all sufficiently large .

Assume I < oo and pick a sequence a,, 1 0o such that P(X < —a,) < 1/n? for n € N. Since
I_ < 0o, we must have I, = oo and thus X, = oo a.s., implying that the hitting time S,, of X of
the level 2a,, is a.s. finite for every n € N. Define the sets

B, = {X; < ay for some t > S, } C {X; — Xg, < —ay, for some ¢t > S},

and note that P(B,,) < P(X_, < —ay) < 1/n? by the strong Markov property. The Borel-Cantelli
lemma then shows that P(B,, i.0.) = 0 and hence P(liminf;_, . X; < co) = 0. In other words, we
have lim;_, o, X3 = 00 a.s., completing the proof. O

Another easy corollary of Theorem 2.1 is the Wiener-Hopf factorisation.

Theorem 2.8 (Wiener-Hopf factorisation). Let the time horizon Ty ~ Exp(f) be independent of
X. The random vectors (7r1,(X), X1,) and (Ty — 7T1,(X), X1, — X13,) are independent, infinitely
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divisible with respective Fourier-Laplace transforms given by

()T —~9,0)
Ut (u,v) = E[evn (0+Xr,) = _#+(=0,0) 2.11
o (w:0) [ ) +(u—10,v) (211)
— . w(Typ—7r, (X))—v(X1, —X @,(—9, 0)
\119 (u7 _,U) = E[e (To—Tr, (X)) —v(X1, Tg)] = m, (212)

for any u,v € C with Ru, Rv < 0. Here py is defined as follows: set Ay := (0,00), A_ := (—00,0],

¢+ (a,b) := exp </000 /Ai (et — etV =1p(X, € dx)dt) : (2.13)

for any a,b € C such that the integrals in (2.13) exist, including the ®a < 0, b < 0. The
characteristic exponent ¥ of X; (i.e. Eexp(vXy) = exp ¥U(v) for v € C with Rv = 0) satisfies

0/(0 —u— V() =T, (u,v)¥, (u,v), u,v € C with Rv = Ru = 0. (2.14)
Proof: Let ¢, ¢ and 55 =3 | §

(€9 £0)) be as in Proposition 2.4. By Theorem 2.1, we have

_ ~ d —_ _ ~ d -
(71,(X), X1,) / (t,2)Zs(dt,de) & (Tp—71,(X), X1, — Xy) / (t, 2)Z5(dt, do),

By B_
where By := (0,00) x AL. Moreover, the joint law of (77,(X), X1,) and (Ty —7r,(X), X7, — X1,)
equals that of the two integrals in the display above, making the vectors independent because
B,NB_ = (). By Proposition 2.4, the mean measure of Z¢ equals pg(dt, dz) = t~Le "*P(X; € dz)dt.
Hence we have

—0t
\Ilgt(u, v) = exp </ (e tvr — 1) eTP(Xt € d:n)dt) for all u,v € C with Ru, v <0,
(0,00)x A4

by Campbell’s Theorem, see Kingman (1993, p. 28). This representation of \I/;t(u,v) and (2.13)
imply (2.11)—(2.12). The independence and the formula Eexp(uTy + vXr7,) = 0/(6 — u — ¥(v))
imply identity (2.14). O

A circular argument would arise if one attempted to develop fluctuation theory for Lévy processes
with diffuse transition laws using Pitman and Uribe Bravo (2012, Thm 1), because of its reliance
on Rogozin’s result for Lévy process of infinite variation, limsup,; o X;/t = —liminfyo X/t = oo
a.s., which relies on the Wiener-Hopf factorisation in an essential way. In contrast, Theorem 3.1,
applicable to all Lévy processes, has an elementary proof that does not use fluctuation theory.
In fact, Theorem 3.1 can be used as a short-cut to Rogozin’s result as it implies the necessary
fluctuation theory as described in this paper.

The question of the absolute continuity of the law of X,(X) = (X;, X;,74(X)) was the main
topic in Chaumont (2013), investigated using excursion theory. Again, Theorem 2.1 provides an
easy approach. In fact, in Pitman and Uribe Bravo (2012, Thm 2) the authors use a version of
Theorem 2.1 for diffuse Lévy processes (Theorem 1 in Pitman and Uribe Bravo, 2012) to show that
the laws of (74(X), X;) and (X; — X¢, X;) are equivalent to Lebesgue measure on (0, ] x (0, 00) and
(0,00)2, respectively, for any Lévy process with absolutely continuous marginals.

2.3. Vertex process of a Lévy process. The final application of Theorem 3.1 describes the law of the
vertex process of the convex minorant of X. Intuitively, the vertex process is naturally paremetrised
by the slope of the minorant and its range coinciding with the extremal points of the graph of the
convex minorant. In the infinite time horizon case, Groeneboom (1983) described the law of the
vertex process of Brownian motion as a time inhomogeneous additive process (i.e. a process with
independent but non-stationary increments). This description was later extended by Nagasawa
(2000, Ch. XI.1) to Lévy processes with infinite activity, again over an infinite time horizon. We
now show, as a simple corollary of Theorem 3.1, that the vertex process has independent increments
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for all Lévy processes and independent exponential (possibly infinite) time horizons. Before defining
the vertex process, note that the convex minorant CX of X on the infinite time interval [0, co) exists
and is finite if and only if  := liminf;_, X;/¢, which is a.s. constant, lies in (—oo, cc]. Otherwise,
we have CX = —o0o on (0, 00) (see Section 3 below for a characterisation of [ = —oo in terms of the
Lévy measure of X).

For § € [0,00), let the exponential random variable Ty ~ Exp(f) (with Ty := oo a.s.) be
independent of X. The right-derivative of C’%i, given by (C’%i)’(t) = limhw(Cq){) (t+h)— C%i) (t))/h,
exists for any t € [0,Ty) and is a non-decreasing function of ¢ with a possibly infinite limit at Tj.
Define the vertez process (o,m) of X to be the cadlag process parametrised by slope s € R, where
0 = (05)ser is the right-inverse of (C’%})’ and 1 = (1s)ser the value of the minorant at that time,

o5 =Ty Ainf {t € [0,Ty) : (C7,)'(t) > s} and ns:=Cf (o) =min{X,,—, Xo,},  (2.15)
respectively (here a A b := min{a,b} and inf () := c0). Its construction is somewhat reminiscent of
a ladder subordinator, indexed by the local time of X at its running minimum, appearing in the

classical approach to the fluctuation theory of Lévy processes, see e.g. Bertoin (1996, Ch. VI). It is
clear that ¢ has non-decreasing paths and, almost surely, we have

lim o3 =0, SEEHOO ns =Xo=0, mo=Xrp, Sl;ngo os =Ty, Slggo Ns = C’%(H(Tg), (2.16)

S§——00

where C%g (T) equals X7, (if @ > 0) or sgn(l)-oo (if # = 0), where sgn(l) = 1if [ = liminf; ,o, X/t >
0 and —1 otherwise. The following result is an elementary consequence of the Poissonian structure
of Cf{) , described in Corollary 3.2 below, which extends Proposition 2.4 above.

Theorem 2.9. Pick 6 € [0,00). Extend the definition of the mean measure pg in (2.4) (for € >0)
by po(dt,dz) := Ly, et 'P(X; € dz)dt on (t,2) € (0,00) x R. Then the vertex process (o,m) has
independent increments and its Fourier-Laplace transform is given by

E[e"o ] = exp </ (@ — 1)1 gaye<syito(dt, dx)), (2.17)
(0,00) xR B

for any s € R, u,v € C with Ru < 0 and Rv = 0. In particular, the Laplace transform of os equals

o dt
E[e 7] = exp </ (e7" —1)e "P(X, < st)t>,
0

for all w> 0, and either s € R (if 6 >0) or s € (—oo,l) (if§ =0).
Proof: Let Zp == > 2, (5@(9) £©) be a PPP on A := (0,00) x R with mean measure py. By

Corollary 3.2 below and definition (2.15) of the vertex process (o,7), for any sequence of slopes
§1 < ...< sy in R we have

d —_
(Gors o1 )s- - Ty 1) _/A(H{I/KSI}(t,x),...,]l{x/t<sn}(t,x)):g(dt,dx).

Intuitively, since the convex minorant C'%(e is piecewise linear, o, is the sum of all the horizontal
lengths of all the linear faces with slope strictly smaller than s;, see Section 3.2 for a precise
description. The increments (0s,,Ms;); (Osy — Tsy3Msy —Nsy )y « -+ 5 (Ts,, — Ts, 15 Ms,, — Ns,,_, ) are equal
in law to the integrals with respect to the PPP Zy over disjoint “pizza slices” {(¢t,z) € A : z/t < s1},
{t,x) e A sy </t < s}, ..., {(t,x) € A: sp—1 < z/t < s,} and are thus independent. The
Fourier-Laplace transform of the marginal (os,7s) follows from Campbell’s formula in Kingman
(1993, p. 28). O

The vertex process can be constructed from the path of X without a reference to the convex

minorant C’:,)g as follows. Given s € R (with s < [ if # = 0), define the Lévy process X (®) = (Xt(s))tzo

by Xt(s) = X} — st. Then o5 = ZTQ(X(S)) and ns — sos = ng). This description and Theorem 2.9
0
yield the following novel generalisation of the classical Wiener-Hopf factorisation.
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Corollary 2.10. Pick 6 > 0 and let Ty ~ Exp(0) be independent of X. Then, for any real numbers
§1 < -+ < 8y, the following n + 1 vectors are independent:

(2, (XCD), X5 4 5170, (XD, (Tp — 1, (X)), X1, — X$) — 807, (X)), and
@n(Xw”n)—InCXQH%QQ%H)—3$?L¥&HI%(XQHD)—SEQCX@JD, i=1,...,n—1.

3. Stick-breaking representations for convex minorants

3.1. The conver minorant of a Lévy process (the main theorem). Given any cadlag function z :
[0,7] — R, its convex minorant, denoted by C7, is the largest convex function that is pointwise
smaller than x. The goal of this section is to prove our main result, Theorem 3.1, which (when
applied to —X) clearly yields Theorem 2.1 above.

Theorem 3.1. Let X be a Lévy process and fix T > 0. Let ({n)nen be a uniform stick-breaking
process on [0,T] independent of X. Then the convexr minorant Cx of X has the same law (in the
space of continuous functions on [0,T]) as the piecewise linear convex function on [0,T] given by
the formula

o
t— Zgn min{max{t — a,,0}/l,, 1}, where &, =Xy, _, — X, and
n=1

) - (3.1)
an =Y b Wetsenseny + D0 Ve jtimtajti 7 EN.
k=1 k=1

In particular, the face of the piecewise linear function with horizontal length £, has vertical height &,.

We now present a simple but useful consequence of Theorem 3.1, first established in Pitman
and Uribe Bravo (2012, Cor. 2 & 3) for diffuse Lévy processes. Recall the a.s. constant [ =
liminfy, X/t lies in [—00,00]. Whenever the expectation EX; is well defined, i.e., when we
have min{E max{X;,0}, Emax{—X1,0}} < oo, the strong law of large numbers (see Sato, 2013,
Thms 36.4 & 36.5) implies that [ = EX; = lim;_,, X;/t a.s. Otherwise, we have EX;” = EX| = o0
and Doney (2007, Thm 15) implies that | € {—o00, 00} and

||

so—1) 1+ 11 v([y, 00))dy

l=—-00 if and only if / v(dz) = oc. (3.2)
(_

The proof of Doney (2007, Thm 15) is an easy corollary of the analogous result for random walks
(see also Erickson, 1973), proven using renewal theory. Indeed, the small-jump and Brownian
components of X converge by the strong law of large numbers and the big-jump component is a
random walk, time-changed by a Poisson process.

Corollary 3.2. Let 6 € [0,00) and Ty ~ Exp(0) (with Ty = o0c0) be independent of X. When 6 =0
we assume that | = liminf;_,o, X;/t > —00. Define a o-finite measure on (0,00) x R:

t~le ™ 'P(X; € dx)dt, 6 >0,

dt,d =

LetZg =, cn 5(4(9) £ be a Poisson point process with mean measure pg. Then C%g has the same
law as the piecewise linear function given by (3.1). In particular, the face of the piecewise linear

function with horizontal length &(10) has vertical height &(10) and, when 0 = 0, the corresponding slope
,@/f&f’) lies on the interval (—oo,1).
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Proof: The result for 8 > 0 follows from Proposition 2.4 and Theorem 3.1. We now describe the
case § = 0 following the proof of Pitman and Uribe Bravo (2012, Cor. 3). First note that the
definition of [ implies that the right-derivative of C2X is upper bounded by I. On the other hand,
the derivative has no smaller upper bound. Indeed, suppose the derivative is bounded by some
a < l. Then there exists some time 7" > 0 after which X;/t > (a +1)/2 for all ¢ > T. Thus
t — CX(min{t,T}) + max{t — T,0}(a + 1)/2 is convex, dominates C2 and is dominated by X,
contradicting the maximality of CX. Moreover, the right-derivative of CX is never equal to [. If
[ = oo this is clear. If I < oo, by the discussion preceding the corollary we have E|X;| < oo and
thus EX; = [. Since the martingale (X; — lt);>0 is recurrent (see Sato, 2013, Thm 36.7), then
lim inf; oo CX () — It < liminfy o X; — It = —o0o. Thus, the right-derivative of C% is strictly
smaller than [ on [0, 00) and its limit as ¢ — oo equals [.

For any a < [ let S, be the first time the derivative of C2X is greater than a. Note that for
any T > S,, the convex minorant C3 agrees with CX on [0, S,]. Since S, — oo as a — [, this
establishes the piecewise linearity of CX. Let E be an independent exponential time with unit
mean and let T\ := E/X for A > 0. Note that C:,)wi converges to C2X as A — 0 since, for every
a < I, both convex minorants agree on [0,S,] for all sufficiently small A\. Thus, for every a < [,
the associated PPP encoding the lengths and heights of the faces of C:,)i (as in Proposition 2.4
and Theorem 3.1) converges to the corresponding point process for the faces of CX on the set
Zg ={(t,xz) € [0,00) xR : x/t < a} as A — 0, implying that the PPP representation of the faces
of CX mean measure g holds on Z,. Since a < [ is arbitrary, S, — oo as a — [ and Z; = U<t Za,
the PPP representation extends to [0, 00), completing the proof.

Overview of the proof of Theorem 3.1. Theorem 3.1 connects two worlds: (W1) X and its convex

minorant C3* on the interval [0,7] and (W2) a random piecewise linear convex function. We first
establish a convergence result within (W2) for a sequence of piecewise linear convex functions,
see Section 3.2. This crucial step in the proof requires only elementary geometric manipulations
of piecewise linear convex functions. In Section 3.3, using Abramson and Pitman (2011, Thm 1),
we establish a bridge between (W1) and (W2) for random walks. We recall the 3214 path trans-
formation from Abramson and Pitman (2011) for random walks and provide a short proof, based
on the convergence results in Section 3.2, of the connection between (W1) and (W2) for random
walks with general increments, see Theorem 3.7 below. In Section 3.4, we establish Theorem 3.1 by
taking the limit of the convex minorant of the random-walk skeleton of X in (W1) and, using the
convergence results of Section 3.2, the corresponding limit in (W2).

We stress that the proof of Theorem 3.1 given in this section is self-contained, requiring only
rudimentary real analysis and the fact that X has stationary, independent increments and right-
continuous paths with left limits. In particular, we make no use of the Lévy measure, the Lévy-
Khintchine formula for X or weak convergence in the Ji-topology on the Skorokhod space.

3.2. Convex minorants and piecewise linear functions. Let [n] .= {1,...,n} for n € N and [oo] :=
N. We say that a function f : [0,7] — R is piecewise linear if there exists a set consisting of
N € N:= NU {oo} pairwise disjoint non-degenerate subintervals {(a,,b,) : n € [N]} of [0, 7] such
that EnNzl(bn —ay) =T and f is linear on each (an, by,). A face of f, corresponding to a subinterval
(an,by), has length I, = b, — an > 0, height h,, = f(b,) — f(an) € R and slope hy,/l,,. Note that,
if f is continuous and of finite variation Egzl |f(bn) — f(an)| < oo, the following representation
holds:

N
F(t) = £(0) + > hpmin{max{t — an,0}/ln, 1},  t€[0,T). (3.3)
n=1
The number N in representation (3.3) is not unique in general as any face may be subdivided into
two faces with the same slope. Moreover, for a fixed f and N, the set of intervals {(ay, b,) : n € [N]}
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need not be unique. Furthermore we stress that the sequence of faces in (3.3) does not necessarily
respect the chronological order. Put differently, the sequence (an)ne[[ ~] need not be increasing. We
use the convention Y ;" =0 when n > m and denote z* := max{z, 0} for all z € R, throughout.

Lemma 3.3. FizT >0, N € N and let | = (1,)Y_, be a sequence of positive lengths with Z;Ll I, =
T.
(a) For any sequence of heights h = (hy)N_, with Z _1 |hn| < 00, the function

Fin(t Zh min{(t — a,)" /1., 1}, t€10,T), where

. (3.4)
ap = Zlk Ling lu<hnfln} T Zlk Liny fle=hn Jln}> n € [N],
k=1 k=1
is piecewise linear and conver with Fy,(0) = 0. Differently put, Fip is linear on each interval

(an,an + ) with length 1, and height h,. Moreover, any piecewise linear convex function started
at zero whose faces have lengths | and heights h must equal F} p,.

(b) Suppose N < oco. Given two sequences of heights h = (hp)N_; and h' = (hl, )n 1 denote the
corresponding functions in (3.4) by Fip and Fyp with sequences (an)N_; and (al,)N_, of the left
endpoints of the intervals on which these functions are linear, respectively. Define the function

N
Gunw(t) =Y hymin{(t —a,)*/l,,1},  t€0,T).

n=1
Then, we have
N

N
me{| Eop — Fue s 1o — G o} < max { S (o — B S (0, W}, (3.5)
n=1

n=1

where | flloo = supscjo,ry | f(t)| denotes the supremum norm.

The piecewise linear function Gy, 5 need not be convex. However, it can be easily compared
(in all cases, including N = oo) with Fjp/, because the intervals of linearity for Fj s and Gy p
coincide. The function Gy will play a key bridging role in the proof of Proposmon 3.5 below.

Proof of Lemma 3.5: (a) The lengths of the subintervals (a,,a, + I,), n < N

, of [0,T] sum up
to 27]:7:1 l, = T. By comparing the respective slopes in the definition of a,, it follows that these
intervals are pairwise disjoint. Moreover, Fj, is convex on [0,7] and linear on every (an,an + ly).
Indeed, since a function is convex if and only if it has a non-decreasing right-derivative a.e., I
is convex. Any other piecewise linear convex function with the same faces must have the same
derivative as Fy ;. Furthermore, if such a function also starts at 0, it must equal Fj j,.

(b) A termwise Comparison shows that

—Z hy — )T < Fi — Glhh’<z — )",

n=1

pointwise. Thus, it remains to show the inequality for || £} — Fj p/||oo, which requires two steps.

Step 1. First assume there exists m € [N] such that k!, # hy, and h,, = h], for n € [N]\ {m}.
By symmetry we may assume hl, > h,,. For all n € [N], define the slopes s, = hy/l, and
sl == h! /l,. Thus s, > s, and, if n # m, we have s, = s/,. Since

N n—1 N n—1
Apn = Zlk : ]l{sk<sn} + Zlk ’ ]l{sk:sn]n a;l - Zlk : ]l{sgc<s;1} + Z Iy - ﬂ{s%:s%}a
k=1 k=1 k=1 k=1
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the right-derivatives f; 5, and f s of Fyj, and Fj js, respectively, are piecewise constant non-decreasing
functions satisfying f; 5, < fi ;s on [0, T)]. Since Fj 5 (0) = 0 = Fj /(0), we deduce that Fj 5 —Fj , > 0.
By construction, Fp > Gy pointwise (in fact, termwise) and ||Fp — Grpplloo = Ry — B
Put b, == a, + 1, and b}, := a], + I, for n € [N] and note that, since s,, < s,,, we have a,, < a},
and
Fin(t) = Giaw(t) = Fiu(t), for t € [0, am],
B,h(ﬂ = Gl,h,h’ (t) < E,h’ (t) < Gl,h,h’ (t) + (h;n — hm), for t € [b;nv T]

Thus, to establish (3.5) in this case, it suffices to prove that Fj;/(t) — Fin(t) < hl, — hy on
t € [am,b,)].

FIGURE 3.1. Comparison between Fj p,, Fy p and Gy p p.

By construction of al,, the right-derivative fj ;s is smaller or equal to s}, = hl,/ly, on (am,b),).
Since Fy p/(am) = Fip(am), for t € [am, by,] we have

¢
Fip(t) — Fip(t) = / fiw (w)du — sp(t — am) < (s, — sm)(t —am) < (sh, — sm)lm = hl, — hn.

For t € [bm,b],] we have t — I,,, € [am,a),] and thus Fj;(t) — hy = G(t — b)) = Fp(t — Ip).
Hence
t t

Fipw(t)—Fip(t) = Fip(t) = Fip(t—ln)—hm = Juw (u)du—hpy, < / Syt — Py = hyy —hay.
t—lm t—lm

Step 2. Consider the general case. For k € {0,..., N}, let h(¥) = (hglk))neﬂN]] be given by -
B Lnsiy +h, - L<py for n € [N]. Note that b’ = R and h = hN). Since the sequences h(¥) and
h* =1 only differ in the coordinate h,({k) =+ h,gk_l), the identity Fjp — Fpp = Eivzl(ﬂ7h(k—1) — th(k))
and Step 1 imply (3.5), completing the proof. O

Thus, Fyp — Fip < by, — hiy on [am, b),], proving (3.5) in this case.

Lemma 3.4. Let (Ng)ren be a sequence in N with a limit Ny — Noy € N. For each j € N,
let (Ljn)ne[n;] be positive numbers satisfying ZnNi1 Lin =T, (hjn)nen,) real numbers and Cj the
piecewise linear conver function defined in (3.4) with lengths (Ij,)jeqn;) and heights (hjn)je[n,]-
Suppose Uy, — loopn and hyp — hoopn as k — 00 for all n € [Noo]. Then ||Cox — Cklloc — 0 as
k — oo.

Proof: The convergence N — Ny as k — oo implies N = Ny = N for all sufficiently large k.
Thus, we assume without loss of generality that N; = N for all j € N. Define sj,, = hj,/l;n for
jeNandn € [N] and note that sy, — Soon as k — oo for all n € [N]. Thus, for all sufficiently
large k, if the inequality s < Soo,m holds, then s, < si,,. Thus, we assume this property
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holds for all k£ € N. Moreover, we assume without loss of generality, by relabeling if necessary, that
So01 S0t < Soo,N-

We will next introduce a sequence of convex functions Fy satisfying the limits [|Coo — Fi|loc — 0
and [[Fy — Cklloc = 0 as k — oo. These convex functions will replace each “block” of faces of Cj,
with a given common [limiting slope, with a single face with the mean slope.

Let M < N be the number of distinct slopes in {Soc, : m € [N]} and note that s, < -+ <

Soo,in» Where we set 4 == 1 and 4,41 == min{m € {i, +1,..., N} : Soo.m > Soci, | for n € [M —1].
Note that Skan — Sooji, 88 k — oo for all mﬁe {in,...,in41 — 1}. Let Lj, = Z?L;;l Lim arii
Hj, = Z;’;;;l hjm for n € [M] and j € N, where iy/41 = N + 1. Furthermore, for j € N,

let (ajn)nepny be the left endpoints of the intervals in (3.4) on which Cj is linear. Note that Ci
admits the representation Coo(t) = SN | Hoo o min{(t — aooi, )T/ Loon, 1} for t € [0,T] and define
the convex functions Fj(t) := 224:1 Hy pmin{(t—ay, )" /Lin, 1} for k € N. The limits Iy, = loon
and hy ., — hoon Imply aki, — Gooinys Lin — Looyn and Hy, — Hoop as k — oo for n € [M].
Thus, we have the pointwise (in fact, termwise) convergence Fj, — C. Since the functions are
convex, the pointwise convergence implies ||Coo — Fi|loc — 0 as k — 0.

To prove that ||Fy — Ckllcc — 0 as k& — oo, note that for a,c € R and b,d > 0 satisfying
a/b < ¢/d, we have a/b < (a+¢)/(b+d) < ¢/d. Thus, Hy /Ly, lies between the smallest and
largest values of Sy, = {hki,/lkyins - - - s Phyini1—1/lk,in1—1}- Since all the slopes in Si,, converge
t0 Scoyi,, Dy the triangle inequality, we have maxses, , [Hin/Lkn — 8| < max, ges, . |s" —s| < by =
2 max,,c[n] |Sk,m — Soo,m| — 0 as k — oco. Hence, the right-derivative of F}, is at most by away from
the right-derivative of Cy, implying || Fy — Ckllco < bxT — 0 as k — oo, completing the proof. [

Proposition 3.5. Let Ni, and No be N-valued random variables with N, — Nuo a.s. ask — 0o. Let
(lj,n)gip j € N, be random sequences of positive numbers satisfying Egil lim =T and (hj,n)gil,
j € N, sequences of random wvariables with 27]:[;1 |hjn| < 0o a.s. Let C; be the piecewise linear
convex function in (3.1) with sequences of lengths (ljvn);vil and heights (hjm)gil for j € N. Suppose
lkn = loon a.5. and hyp — hoopn a.5. as k — oo for alln < Noo + 1 and

Ng
lim limsup[Emin{l, Z |hk,n|} =0. (3.6)
n=M

M—=00 koo

Then ||Coc — Cklloo 50 as k — oo.

Proof: On the event { Noo < 00}, by Lemma 3.4 we have ||Coo —Ck||co — 0 a.s. as k — oo (and (3.6)
holds by our summing convention). Assume we are on the event {No, = co}. For each M € N and

j €N, let Cj s be the piecewise linear convex function in (3.4) with lengths (ljn)ﬁfi , and heights
(hj,n]l{n<M})7]:[i1- Recall a A b = min{a, b} for any a,b € R. For each j € N, define

N n—1
Wi =D i Vnyo flym<timind + D b Ly flmehiyn/lim} n € [Vy],
m=1 m=1

end the function G;(t) = ZNjA(M_l) hjpnmin{(t — ajn)"/ljn, 1}, t € [0,T]. Note that C; and

m=1
Gj.m are linear on every interval (ajn,ajn +1jn), n € [N;], but Cja may have different intervals
of linearity. Since 1A (z+y) < 1Az + 1Ay for all z,y > 0, the triangle inequality implies

IN[[Coo = Crlls < Ay + Aar + Aarn) + Aav) + Ay, (3.7)
where A1) == 1A [|[Coo — Goo Mooy Aary = 1A |Gooit — Coo M |loos Aary = 1A [|Coopr = Ce it || oo
A(IV) =1A ||Ck,M — Gk:,M”oo and A(V) =1A ”sz,M — Cklloo- As Gn ﬂ 0 as n — oo if and only if
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E[1 A|¢a|] = 0, it suffices to prove that the expectation of each of the terms in (3.7) converges to 0
as we take limsup,_,., and then M — oo.

(I)&(V). By construction of C; and Gj y we have ||Cj — Gjarlloo < ZnN;M |hjn| for all j € N.
Thus, [[Ceo — Goomllee — 0 a.s. and hence EAy = E[1 A [[Coo — Goomlloc] — 0 as M — oo.
Moreover, by assumption in (3.6), we have

N
limsup EA vy = hmsupE[l ANCk — Grm|lso] < hmsupEmln {1, Z |hkn|} — 0.
k—00 M M—00

(III). For all j € N, the faces of Cj s corresponding to n € [N;] \ [M — 1] are horizontal. By
convexity, we may assume they lie next to each other in the graph of Cj js. Merging all the lengths
lim, n € [N;]\ [M — 1], yields a representation of C; ps with Nj A M faces. Fix M € N. Lemma 3.4
yields ||Coopr — Crprlloo — 0 a.s. and thus EAqrry = E[1 A [|[Coo vt — C,rlloo] — 0 as k — oo,

(I1)&(IV). The idea is to apply (3.5) in Lemma 3.3(b) to bound ||Cjar — Gjarlleo, With Fip,
Gipp and Fpp in Lemma 3.3(b) given by Cjar, Gjar and Fj ar, respectively. The piecewise linear
convex function Fj 57, which shares the intervals of linearity with those of G s, is yet to be defined.

Note that G ps possesses a piecewise linear representation with at most 2M faces. Indeed, G s is

linear on (ajn, ajn+1y,), n € [N; A (M — 1)]], and the complement (0, T)\UN M= 1)[ @jny Gjn+1n]
is a disjoint union of M; < M +1 open intervals, say (a} ,,aj,, +1},), n € [M; ]] For each n € [M;],
define the height 1}, = ZmES hjm, where Sj,, == {m € [[N ]]\[[M = 1]z ajm € (a},,a},+15 )}
Put diﬂerently, the height h/ in equals the sum of all the heights of the faces of C; that lie above the
interval [a} ,,a}, +1;,]. For any j € N, define the function

NjA(M—1)
Fiu(t) = Z B min{(t—a;,)" ]n,1}+Zh pmin{(t—aj,) "/l 1}, te[0,T]. (3.8)

n=1

We will show that Fjar is convex. It suffices to prove that the consecutive slopes of Fj s on
adjacent intervals of linearity increase. If the consecutive intervals are (ajm,@ajm + ljm) and
(@jn,ajn + ljpn) (ie. they come from the first sum in (3.8)), then by construction the intervals
must be adjacent with the same slopes in the convex function Cj, implying the corresponding
slopes satisfy the correct ordering. Assume the consecutive intervals are (ajm,a;m + ljm) and
(. a5, +1;,) (ie the first interval comes from first sum and the second interval comes from
the second sum in (3.8)). Suppose aj;, = a n T l’ and note that, for a,c € R and b,d > 0
With a/b < ¢/d we have a/b < (a+ ¢)/(b + d) < c/d Thus, by definition of A’ ., we have

Jn’

inl U < subies,  hji/lji < h] m/ljm, where the last inequality holds because ajm = aj, + 1,
and C is convex. The case ajn = ajm + l;n is analogous since the slope h /l]n is a mean of
slopes at least as large as hjm/ljm, implying the convexity of Fj a;.

Define [ = (lj,17 e 7lj,Nj/\(M71)7 13?1, e 7l;,Mj)7 h = (hj,h ceny hj,Nj/\(M*l)? h‘;’,h ceey h;’,Mj) and

' = (hja,..., hjN;ar-1)5 0, - - ,0). Note that the corresponding functions Fjp, Fjp and Gypp p
in (3.4) equal F; r, Cjm and Gz, so (3.5) implies the inequality
M; j
G a1 = Cintlloo < NGinr = Fjarlloo + [1Fjnr = Cinalloo 2D R0l <2 (Bl
m=1

Thus, [|Geo,m — Coomlloc — 0 a.s. and hence EApy = E[1 A [|[Coo — Goomloc] — 0 as M — oo.
Moreover, by assumption in (3.6), we have

N
limsup EA vy = hmsupE[l NG — Crovrlloo) < 211msupEm1n{ Z |hkn|} FYE 0. O

k—o0 k—o00 =M
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3.3. The convex minorant of random walks. Let a function f : [0,7] — R satisfy f(0) = 0. Given
parameters 0 < g < u < d < T, the 8214 transformation, introduced in Abramson and Pitman
(2011), is defined by

flu+t)— f(u), 0<t<d—u,
) Ft) = fld)—fu)+ flg+t—(d—u)—f(g), d—u<t<d-g,
" F(d) = f(t = (d=g)), d—g<t<d,
1®), d<t.

The 3214 transformation reorders the segments of the graph of f as follows: the segments (I)
[0,9], (II) [g,u], (III) [u,d] and (IV) [d,T] are moved to (III) [0,d — u], (II) [d — u,d — ¢], (I)
[d—g,d] and (IV) [d,T], respectively (see also Figure 3.2 below). This transformation possesses the
following remarkable property when applied to continuous piecewise linear functions with a given
set of increments.

Proposition 3.6 (Abramson and Pitman, 2011, Thm 1). Fiz n € N and let x1,...,x, be real
numbers, such that no two subsets have the same mean. Let |y| := max{m € Z : m <y}, y € R,
and 7 : [n] = [n] be a uniform random permutation. Define the piecewise linear random function

R = (R(t))epm) by R(T) := 34—y x and
[nt/T|
R(t) = (nt/T = |nt/T)) Ta(inayri4n) ¥ D Ty L€ [0,7T). (3.9)
k=1
Let Cﬁ denote the convexr minorant of R and let W ~ U(0,T) be independent of R. Let 0 = V <
<o« < Vy =T be the sequence of contact points between the piecewise linear functions R and CR
and j € [N] the unique index such that W € (V;_1,V;]. Define U == [Wn/T|T/n, G :=Vj_4 and
D :=Vj. Then the 321/ transform with parameters (G,U, D) satisfies the identity in law

(U,R) L (D - G,0¢upR).

We recall below a proof of Proposition 3.6 based on a simple argument from Abramson et al.
(2011).
Theorem 3.7. Let xy,...,x, be arbitrary real numbers and w : [n] — [n] a uniform random
permutation. Define R by (3.9) and let (Vi)ren be an iid sequence of U(0,1) random variables
independent of w. Define recursively Ly o =T, Ly == |Lyk—1Vin/T|T/n, by = Ly -1 — Lpk
for k € N and let N < n be the largest integer for which £, ny > 0. Then the convex minorant CIB‘
has the same law as the piecewise linear convex function defined in (3.1) with sequences of lengths

(o), and heights (R(Lp j—1) — R(Lnk))a_; -

We stress that in Theorem 3.7, the reals z1,...,z, may have multiple subsets with the same
mean. Our proof approximates a general sequence by one satisfying the “no ties” assumption of
Proposition 3.6 and applies a convergence result for piecewise linear convex functions from Sec-
tion 3.2. The proof of Theorem 3.7 in Abramson and Pitman (2011) sub-samples the ties, resulting
in a more involved statement of the theorem.

Proof of Theorem 3.7: First assume that no two subsets of the numbers z1, ..., x, have the same
mean. Let m and (G, U, D) be as in Proposition 3.6. By Proposition 3.6, the face decomposition of
CE contains the face with length-height pair (D — G,CE(D) — CR(G)), which has the same law as
(U,R(U)), and the faces of a copy of C’:,E_(D_G) independent of the first face. Indeed, this copy is
in fact the convex minorant of ©¢ y,pR on [T'— (D — G),T| and we may apply the same procedure
to this copy. Iterating this procedure, we obtain a (finite) sequence of lengths of the faces of C':,E,
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which has the same law as the sequence (ﬁk,n){f:l, and the corresponding heights, which have the
same law as (R(Lg—1,) — R(Lgn))Y_,, completing the proof in this case.

To prove the general case, we recall that |[CF — C% | < ||z — yls for any bounded functions
x,y : [0,T] — R. Indeed, this follows from the fact that C7.— ||z —y||o is convex and CF — ||z —y|| o0 <
z — ||z — yl]lo < y pointwise. For any ¢ > 0 consider real numbers x; ¢, ...,z such that no two
subsets have the same mean and Y ;_; |2 — 2| < €. Let R, be the corresponding random function
in (3.9) (with the same permutation 7). Note that ||CF — CE< |, < ||R — Relloo <& — 0 as e — 0.
Moreover, by the argument in the previous paragraph, C’IES has the same law as the piecewise linear
convex function Ce given by (3.4) with lengths (¢, )Y, and heights (Re(Lnx—1) — Re(Lnk))N_,.
Let C be the piecewise linear convex function given by (3.4) with lengths (£, %), and heights

(R(Lpk—1) — R(Ln )i ;. Lemma 3.4 yields ||C — C¢|joc — 0 a.s. as € — 0, implying C g CE and
completing the proof. O

The proof of Proposition 3.6 requires the following lemma.

Lemma 3.8. Let x1,...,xz, be real numbers such that no two subsets have the same mean. Then

there is a unique k* € [n] such that Zle T (ki) modn = B @i for all k € [n], i.e. the walk

n —n
with increments T 1)ymodn - - - T(k*+n)modn S above the line connecting zero with the endpoint

Z?:l Li-

Proof: Define s :== Y " | x;j/n. If the walk k — Zle(:vi —s), k € [n], attained its minimum at
two times ki < kg, then Zfikl 11 %i/ (k2 — k1) = s, contradicting the assumption. It is easily seen
that the £* in the statement of the lemma is the time at which this walk attains its minimum on

[n]. O

Proof of Proposition 3.6 (Abramson et al., 2011): Note that, if a random element ¢ is uniformly
distributed in some finite set Z and if the map ¢ : Z — Z is injective (and thus bijective), then
©(€) is also uniformly distributed on Z. Thus, since 7 and U are uniform and independent, it is
sufficient to show that the transformation (u, f) — (d — ¢, 04 4.4f) is injective.

FIGURE 3.2. The pictures show a path of a random walk R (solid) and its convex
minorant C! (dashed) on [0, T] on the left and their 3214 transforms on the right.
The transform is associated to some u € (0,7") and the endpoints {g,d} of the
maximal face of CJE containing u.

Assume without loss of generality that T" = n. To prove the injectivity, it suffices to describe
the inverse transformation. Given d — g, and f = Og.u,af, note that d — u is the unique time
in Lemma 3.8 for the increments of f over the set [d — g], see Figure 3.2. Consider the convex
minorant of f on the interval [d — g, T] and note that d is the right end of the last face whose slope
is less than f(d — g)/(d — g). Thus we may identify d, u and g and then invert the 3214 transform
to recover f. This shows that (u, f) = (d — g,044.4f) is injective, completing the proof. O
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3.4. Proof of Theorem 3.1. Step 1. Let Cj, be the largest convex function on [0, 7] that is smaller
than X pointwise on the set Dy := {Tn/2¥ : n € {0,1,...,2%}}. Since Dy C Dy 1, we have
5k(t) > 6k;+1(t) for all ¢t € [0,7]. Moreover, the limit Coo = limj_yoo Cj, is clearly convex and
smaller than X pointwise on the dense set |J,cy Di in [0,7]. As X is cadlag, Cs is pointwise
smaller than X on [0, T], implying Co < C:,)g . Since C’%{ is convex and smaller than X on Dy, the
maximality of ék yields ék > C’z)f for all k£ € N, implying Coo > C’z)f and thus Cag = C’:,)f .

Step 2. Let Uy, Us,... be an iid sequence of U(0,1) random variables independent of X. Let
Ly =T, L, =UyLyp_1, ¥ty =Ly 1 — L, and &, = X, , — X, for n € N. For each k € N,
define Lo =T, Ly = |Lijn-1Un2"/T| T/2%, by = Lin-1 — Ly and & = X1, , — X1,
for n € N. Let Nj be the largest natural number for which ¢, n, > 0, so that ¢ ,,, Ly, and &, are
all zero for all n > Nj. For each k € N, let C}, (resp. Co) be the piecewise linear convex function
given in (3.4) with lengths (€4,)%, (resp. (£,)22,) and heights (&.,)2%, (resp. (£,)22,). Next we
show that ||C — Cuo oo % 0as k — co. Since X has cadlag paths with countably many jumps, L,
has a density for every n € N and Ly, — L, a.s. as k — oo, we have {, , — &, a.s. as kK — oo for
all n € N. Thus, by Proposition 3.5, it suffices to prove that limps_o limsup,_,o E[1 A Py as] = 0,

N Ve
where Pk,M = Zn:M |€km,n|~

Theorem 3.7 implies that Cj, 4 C~'k Let Ry be the continuous piecewise linear function connecting

the skeleton of X on Dy with line segments. Since the minimum and the final value of the convex

minorant CYI?’“ = ék agree with the corresponding functionals of Ry, the total variation Zgil 1€k ]
of C} has the same distribution as X7 — 2min;ep, X;. Moreover, by the independence and the

definition of (L 5 )nen, it is easily seen that Py s = ZT]:EMH 1€k 4 Xpyn —2mine p, a0, Ly 5] Xt-
By the inequality Ly s < Las, we have
X -2 i X, <X —-2X <Xp.,—2X; .
Lk,I\/I tEDk%n[(l)I,lLk,M} t = Lk,M 7Lk,M — L EL N B
Since Ly — 0 a.s. as M — oo and X; — 2X, - 0as. ast — 0, we have YLM —-2Xp,, — 0as.
as M — oo, implying
limsupE[1 A Py ] <E[LA (X1, —2X,,,)] —— 0.

k—o00 M—oo

Step 3. Recall that, by Theorem 3.7, we have Cj 4 Ci. Since the limits |ICk — Coll oo £ 0and
Hék — C#|oc — 0 hold a.s. as k — 0o, we conclude that Ceo 4 C:X, implying Theorem 3.1.

Appendix A. Sticks on an exponential interval are a Poisson point processes

For n > 2, the Dirichlet law on the simplex {(z1,...,2,) € (0,1]" : >° | z; = 1} with parame-
ters 6; > 0 has a density proportional to (z1,...,z,) — [[/-; xfi_l. D is a Dirichlet random measure
on (0,1] if for any 0 = tg < t1 < ... < t, = 1, the random vector (D((to,t1]),-.., D((tn—1,tn]))
follows the Dirichlet law with parameters (¢; — t;—1). Let (Up)nen and (Vy,)nen be independent iid
U(0, 1) sequences, independent of a Dirichlet random measure Dy on (0, 1]. Elementary calculations

imply that D; == (1 — V1)éy, + ViDg 4 Dy and hence D,, .= (1 —V,,)dy, + VaDp—1 4 Dyq for all

n € N. Since D,, converges to Do := ) - ¥ndy, in total variation, where £, := (1 — V) Hz;ll Vi

is a uniform stick-breaking process on [0, 1], we have Dy 4 Do. Moreover, by construction we have

ZneN(E%G)/Tg)éUn 4 D, where (fﬁf))neN is a stick-breaking process on an independent exponential
time horizon Ty ~ Exp(0).

Let G be a gamma subordinator (i.e. G; has density proportional to s + st~le™%%). The
jump of G at t > 0, AG; := Gy — limgy Gy, is zero for all but countably many ¢, making D’ :=



Convex minorants & the fluctuations of Lévy processes 999

>te(0,1) ((AGt)/G1) b a Dirichlet random measure on (0, 1], independent of Gy ~ Exp(6). Indeed,
forany 0 =ty < t; < ... <t, =1, the Jacobian change-of-variable formula shows that the vector

(D/((to,tl]), e ‘7D/((tn—17tn])7G1) = ((th - Gto)/G17 ) (th - thfl)/GhGl)

has the desired law. Thus (D', Gy) 4 (ZneN(ES’)/Tg)éUn,TG), implying that the law of the Poisson
point process Zte(o,l} 1ag,>00aG, coincides with that of the random measure ) 56(9)‘

References

Abramson, J. and Pitman, J. Concave majorants of random walks and related Poisson processes.
Combin. Probab. Comput., 20 (5), 651-682 (2011). MR2825583.

Abramson, J., Pitman, J., Ross, N., and Uribe Bravo, G. Convex minorants of random walks and
Lévy processes. Electron. Commun. Probab., 16, 423-434 (2011). MR2831081.

Bertoin, J. Lévy processes, volume 121 of Cambridge Tracts in Mathematics. Cambridge University
Press, Cambridge (1996). ISBN 0-521-56243-0. MR 1406564.

Chaumont, L. On the law of the supremum of Lévy processes. Ann. Probab., 41 (3A), 1191-1217
(2013). MR3098676.

Doney, R. A. Fluctuation theory for Lévy processes, volume 1897 of Lecture Notes in Mathematics.
Springer, Berlin (2007). ISBN 978-3-540-48510-0; 3-540-48510-4. Lectures from the 35th Summer
School on Probability Theory held in Saint-Flour (2005). MR2320889.

Erickson, K. B. The strong law of large numbers when the mean is undefined. Trans. Amer. Math.
Soc., 185, 371-381 (1974) (1973). MR336806.

Gonzélez Cazares, J. I. and Mijatovié, A. Convex minorants and the fluctuation theory of Lévy
processes. YouTube video (2021). https://youtu.be/hEgdYmxOgXA.

Groeneboom, P. The concave majorant of Brownian motion. Ann. Probab., 11 (4), 1016-1027
(1983). MR714964.

Kallenberg, O. Foundations of modern probability. Probability and its Applications (New York).
Springer-Verlag, New York, second edition (2002). ISBN 0-387-95313-2. MR 1876169.

Kingman, J. F. C. Poisson processes, volume 3 of Ozford Studies in Probability. The Clarendon
Press, Oxford University Press, New York (1993). ISBN 0-19-853693-3. MR 1207584.

Kyprianou, A. E. Introductory lectures on fluctuations of Lévy processes with applications. Univer-
sitext. Springer-Verlag, Berlin (2006). ISBN 978-3-540-31342-7; 3-540-31342-7. MR2250061.

Nagasawa, M. Stochastic processes in quantum physics, volume 94 of Monographs in Mathematics.
Birkh&user Verlag, Basel (2000). ISBN 3-7643-6208-1. MR 1739699.

Pitman, J. and Uribe Bravo, G. The convex minorant of a Lévy process. Ann. Probab., 40 (4),
1636-1674 (2012). MR2978131.

Sato, K.-i. Lévy processes and infinitely divisible distributions, volume 68 of Cambridge Studies in
Advanced Mathematics. Cambridge University Press, Cambridge (2013). ISBN 978-1-107-65649-9.
Translated from the 1990 Japanese original. MR3185174.


http://www.ams.org/mathscinet-getitem?mr=MR2825583
http://www.ams.org/mathscinet-getitem?mr=MR2831081
http://www.ams.org/mathscinet-getitem?mr=MR1406564
http://www.ams.org/mathscinet-getitem?mr=MR3098676
http://www.ams.org/mathscinet-getitem?mr=MR2320889
http://www.ams.org/mathscinet-getitem?mr=MR336806
https://youtu.be/hEg4YmxOgXA
http://www.ams.org/mathscinet-getitem?mr=MR714964
http://www.ams.org/mathscinet-getitem?mr=MR1876169
http://www.ams.org/mathscinet-getitem?mr=MR1207584
http://www.ams.org/mathscinet-getitem?mr=MR2250061
http://www.ams.org/mathscinet-getitem?mr=MR1739699
http://www.ams.org/mathscinet-getitem?mr=MR2978134
http://www.ams.org/mathscinet-getitem?mr=MR3185174

	1. Introduction
	2. Fluctuations of Lévy processes: the stick-breaking approach
	2.1. Projection of the convex minorant of a Lévy process
	2.2. Wiener–Hopf factorisation and Rogozin's criteria
	2.3. Vertex process of a Lévy process

	3. Stick-breaking representations for convex minorants
	3.1. The convex minorant of a Lévy process (the main theorem)
	3.2. Convex minorants and piecewise linear functions
	3.3. The convex minorant of random walks
	3.4. Proof of Theorem 3.1

	Appendix A. Sticks on an exponential interval are a Poisson point processes
	References

