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TRIANGULAR REPRESENTATION OF THE JOST-TYPE
SOLUTION TO THE PERTURBED MODIFIED MATHIEU
EQUATION

AGIL KH. KHANMAMEDOV AND GUNAY F. RZAYEVA

Abstract. The perturbed modified Mathieu equation —y” + (chx)y +
q(z)y = Ay on the half-axis 0 < z < oo is considered. By means
of transformation operator an integral representation of the Jost-type
solution is found. An estimate is obtained with respect to the kernel of
the transformation operator. A connection is established between the
kernel of the integral representation and the perturbation potential.

1. Introduction

The Mathieu differential equation often arises in solving scientific and engi-
neering problems (see [1], [5], [6], [8], [13], [15] ). The most interesting example is
the problem of oscillations of an elliptical membrane (see [5], [6]). The Mathieu
equations also arise when studying the propagation of electromagnetic waves in
an elliptical cylinder, when considering surface waves of a liquid in a vessel having
the shape of an elliptical cylinder, and when solving a number of other issues (see
13], [15)).

Consider the following perturbed modified Mathieu equation

—" + (cha)y+q(x)y =y, 0 <z < o0, AeC, (1.1)

where the real potential ¢ (x)satisfies the conditions
q(z) e CV[0,00], / e’ g (x)]dx < oo. (1.2)
0

Note that equation (1.1) is a one-dimensional Schrédinger equation with an addi-
tional exponentially growing potential. The last equation is of particular interest
from a physical point of view ( see [2]).

It is known [13] that equation (1.1) with ¢ (z) = 0 has a special solution
fo (z,\), which can be represented as

Jole3) = (Vaed ) e S (C1)e (vaer) (1.3)

r=0
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where
2 AX+12) (4r+32
co=1,c =2 ¢ = W) (+57) 8)2(2! ),
r — (4A+12) (42+32) (41+52) 4 (1.4)
3= 8331 30

ANH12) (AN432) (AX+52) (aX+T72
oy = PHNOPNONOIT) g 4y gy

Moreover, for each = the solution fy(z,\) is an entire function with respect to
A. Note that, by virtue of (1.3), (1.4), for each fixed A the function fy (x,\)
belongs to the space Lo (0,4+00). Of particular interest is the Jost-type solution
of the perturbed equation (1.1), i.e., solution f (z,A) that satisfies the condition
f(xv)‘) = fo (l'a/\) [1+O(1)]7 T — 0.

In the present paper, by means of the transformation operator, we find a
representation of a special Jost-type solution f (z,A) of equation (1.1). When
obtaining an integral equation for the kernel of the representation, it turned out
to be natural to use the Riemann function method. The results of this paper can
be used to study various spectral problems for equation (1.1).

Note that a transformation operator with a condition at infinity is constructed
in [10], [11] for the one-dimensional Schrédinger equation with a rapidly decreas-
ing potential. At the same time, for the Schrédinger equations with unbounded
potentials, the construction of transformation operators encounters significant
difficulties in comparison with a rapidly decreasing potential. In this direction,
we note the works [4], [7], [12], [14], in which were studied the transformation
operators for the Schrodinger equation with an additional potential of the form
cx®, a=1,2.

Note that the usual Mathieu equations are special cases of the Hill equation.
For perturbations of the last equation, the transformation operators are studied
in detail(see [9] and references therein)

Let

oo (x) = / lg (t)| dt, o1 (x) = / oo (t)dt. (1.5)
The main result of the present paper is as follows.

Theorem 1.1. If the potential q (x) satisfies condition (1.2), then for all values
of A\, the equation (1.1) has solution f (x,\) representable as

+oo
fz,A) = fo(x,\)+ K (x,t) fo(t,\)dt, (1.6)
where the kernel K (x,t) is a continuously differentiable function and satisfies the
following conditions:

1
K (2,8)] < S0 <””;”> 1), (1.7)

K (2,2) = 1/+Ooq (1) dt. (1.8)
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2. Proof of the Theorem

Substituting the representation (1.6) into Eq. (1.1), we can obtain for the
kernel K(x,t) the following problem:

K (z,t)  OK (1)

— (chz —cht +q(z)) K(z,t)=0,0<z<t, (2.1)

02 ot2?
K(oa) =5 [t (2:2)
:BJ}}SIE}OO K (z,t)=0 (2.3)

Setting U (&,1) = U (5%, 52%) = K (z,t) = K (£ —n,§+n), we reduce the
problem (2.1) -(2.3) to the problem

2
L) = LS gt st (€)= U (€€ —w)  (24)
U,0) = ;/;oq(a) da, (2.5)
5lim U,n) =0,n7>0. (2.6)

Let ¢(&,m) = =U(&,1m)q(§ —n). Denote by R(&,n; &, no) the Riemann function
of the equation L [U] = ¢(§,n), i.e., a function satisfying the equation

0’R
L*(R) = —2sh&-shn- R=0,0<n<ny <& <E< o0 (2.7)
9¢ on
and the following conditions on the characteristics:
R(&m;€0,7M0) le=go = 1,0 <1 <o, (2.8)
R(£777;€07n0) ’77:77() == 17 §O S f < Q. (29)
It is easy to check that the function R (§,n,&o,m0), defined by the formula
B B (1) fz\2n
R(§7777§07770) = JO (Z) = Z (n')2 (5) s (210)

where J,, () is the Bessel function of the first kind and

2= /8 (ché — ch&) (chny — chn), & < € < oo, 0 <1< 1, (2.11)

satisfies relations (2.8)-(2.9). On the other hand, from (2.10), (2.11) it follows
that

98 = 4sh& (chno — chm) J§ (2) 27,
OAL = —2sh¢ - shnJj| (z) — 2sh - shnJj (2) 271,

ogon
whence we have
82R o 1" / —1 _
oean 2sh€ - shn R = —2sh& - shn (Jg (2) + Jg (2) 27" + Jo (2)) =0,

i.e., the function (2.10) is the Riemann function of Eq. (2.4). Further, since z
takes real values, then, by virtue of the well-known inequality|J,, (z)| < 1 (see [1])
we conclude that for all £ < £ < 0o, 0 < n < g the following inequality holds:

IR| < 1. (2.12)
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On other hand, using the known [1] relations J, 1 (2) + Ju_1 (2) = 22J,, (2), we

z
obtain ‘%(z)‘ <1, JJ (2) = J, (2) 271 = J2 (2). Differentiating (2.11) and taking
into account the last relations, we can write

OR , OR

—— = —4sh& (chno — chn) J1 (z) z = 4 (ché — ch&y) shnJy (2) 271,

o o
83?3 = —Achg (chno — chn) J1 () 2~ + 2sh2£MJ2 (2),
6852('57 = 4shg - shn |1 (2) 2 = %J2 (2)| -

Hence it follows that for each n € (0, ng) the following relations hold:

%—?:O(eg), %—};:O(ef),ggﬁzO(ef),ﬁéoo,

682512%:0(65),%2”];:0(65),{—)00.

(2.13)

Applying the Riemann method (see, e.g., [3]) to Eq. (2.4), we obtain the
following integral equation for U(&p,no):

U (&) =5 [ R(E0,60m)a(€) -

oo 70
- /5 de [ U (€n) R (€1, E0.m0) 4 (€ — ) dn. (2.14)

0
Let us now deal with the question of the solvability of the integral equation (2.14).
We use the method of successive approximations. Let us put

Ueom) = 5 [~ R(E.0:0 mal©)de
o 70
Un(€0s10) = — /£ ae /0 U1 (€, m)a(€ — m)R(E, 0: &0, 10) .

From (2.12) it follows that

1 [ 1 [
Uaféorm)| < 5 | IR0 6om) | 1a©lds < 5 [ la(©)] e
2 &o 2 &o
since £ > &y, 1n < np. Then, we will have

|Uo (§0,m0)| < %0’0 (o) -

Further, since the function og (§) is monotonically decreasing, taking into account
(1.5), we find that

e °] 10
|U1<ao,no>\s/5 cza/0 U (&) - 10 (€ — )| R (€175 €0, m0) d <

o o oo 0
<5 [ Moo latc-mian< 3 [ oo [Mlate—n i <
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. - o o 00 3
< oéfo)/o df/o (€ — )| dn = oéﬁo)/5 d¢ lq ()] da <

" 0 §—mno
oo (o) [ ~
<R, L e s
L o0 éfo) /50 o0 (€ — o) de = 2° é&))al (&0 —m0) -

Let now

n—1
|Un—1(&0,m0)| < %U(fo) (o1 (ffl:z(;)!) .

In this case, we will have

oo o
Un(€0,m0)] < /E dt /O l9(6 — MR(En, €oum0)Un1(6m)] i <

}0_ > (o1 (5_770))”71 ¢ o)l dod
50 [ | la)ldade <

&o (TL— 1)' —no
1 ) (O’ (é—_n ))nfl 0o
< 5 o) (50) /60 : (n — f)‘ Lno ‘q (a)| dOéd§ <
1 > (o1 (£ — n—1 1 o1 (€0 — n
=500 (fo)/éo ( 1((n _7710))!) doy (€ —10) = 5 00 (%) (1(0n!770))'

o0
Hence, it obviously follows that the series U (£o,m0) = > Un (0, 10) is absolutely
=0

oy
and uniformly convergent, its sum is a solution of (2.14) and U (&, 7o) satisfies
the inequality

U (§o:m0)| < %Uo (&o) e7rE0mm), (2.15)

Further, differentiating equations (2.14) and using (1.2), (2.13), and also taking
into account the identity R (&, 1, &o,m0) = R (&0,m0,&, 1), we find that the function
U (&0, mo) is twice continuously differentiable in the domain 0 < 7y < &) < oo and
the relations

% =0 (6504-770) , gTC,; =0 (650—1-770) ’ a?jgno =0 (e§0+7]0) 7

(2.16)

%25% = O (efotm) | %i% = O (eboFm0) | &5 4 mp — 0.

From here and from (2.15) it follows that the function K (z,t) = U (4%, 5%)
is twice continuously differentiable in the domain 0 < x < t < oo and relations
(1.7), (1.8) are true. Moreover, due to (2.16), for each fixed z the relations

0K (x,t) o OK (x,t) '
e Ol T =0,
0K (z,t) 0?K (x,t)
=0 (). T —0 )t .

are true. From here and from (2.15) it follows that the function K (z,t) =

U (4%, 52) satisfies problem (2.1)-(2.3). This completes the proof of the theo-

rem.
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