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1. Introduction

The concept of s-geometrically functions was introduced in [6, Definition 1.9].
Definition 1 ([6, Definition 1.9]). A function f : 1 c R, =(0,0) > R, is said to
be an s-geometrically convex function for some s € (0,1], if the inequality

Oy <[ OOI[F (1%
holds for all X,y el and t €[0,1].

Remark 1. Let se(01]and let f:1 c R, — R, be an s-geometrically convex

function.
(1) If s=1, the s-geometrically convex function becomes a geometrically

convex functionon R, .
(2) If se(0,D,then f(x)>1lisvalidforall x e l.

In the paper [3], an integral identity was created as follows.
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Lemma 1 ([3,Lemma 1]). Let | c R and let f :1 — R be differentiable on 1°
such that f'e L ([a,b]),where a,bel with a<b. Then

a+b 1
6{f(a) 4f( . j f(b)}—mjaf(x)dx

_b-a (——lj f’(l—t l+tbj f'(lia+1;tbj dt.
2 w273 |2 2 2

In view of Lemma 1, the authors of the paper [2] established the following
Hermite-Hadamard type inequalities for s-geometrically convex functions.

Theorem 1 ([2, Theorems 2.2 and 2.4]). Let f :1 € R, — R be a differentiable

mapping on |° such that f'e Ll([a,b]), where a,bel”’
is s-geometrically convex and decreasing on [a,b] for s (0,1] and g >1, then

a+b 1 ¢
[f(a) 4f( > j f(b)}mjaf(x)dx

<b;(;yﬂq{[m@@,s;m”{m(a(ssfsﬁﬁ

s/2

s/2

1—s/2|f (b)|

1-s/2

b)Y

where a(u,v)="—-— for u,v>0,

(@

5
)= -
162 +(a-2)Ina—3a -3
> : #1,
6(Ina)
and
i, a=1
hy(a)= 36
2/ 716/a? +(2-1/a)ina—3/a -3 1
6(Ina ) ’ ’
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Theorem 2 ([2, Theorem 2.3]). Let f :1 — R, — R be a differentiable mapping

on I° such that f'eL,([a,b]), where a,bel” with a<b. If [f'(x)|" is s-

geometrically convex and decreasing on [a,b] for se(0,1]] and g>1 with

1+£=1, then

q p
1 a+b 1 b
‘E{f(a)ﬂf(—z j+f(b)}——b_a_[a f(X)dX‘

< b—a(Z(l-i- 2P+ jup{{h (a(ﬂ ﬂjﬂllq -{h (a(ﬁ ﬂjﬂl/q}
2 (6”7 (p+1) ’ 22 ! 22

s/2

'@ f'o)|", f'@)l<y;
@[ [FO)"”, |[f'o)1<|f (@),
f@fO) ", b}
where a(u,v)= f (b)iu for u,v>0,
f'(a)
1, a=1 1, a=1
hy(a)=4{a-1 .1 and h,(a@)=11-1/a 0l
Ing ' ’ Ina ' '

Remark 2. Under the conditions of Theorems 1 and 2,

(1) if g =1, Theorem 1 is just [2, Theorem 2.2];
(2) if g >1, Theorem 1 is equivalent to [2, Theorem 2.4];

(3) for >0, the relations h,(a)= hl(lj and h,(a)= h{EJ are valid;
a a

We claim that there existed heavy errors and serious mistakes not only in
Theorems 1 and 2 but also in other propositions in the paper [2].

In this paper, we will correct, as done in the papers [4, 5], those heavy errors and
serious mistakes appeared in Theorems 1 and 2 and other propositions in the paper
[2], by establishing several new integral inequalities of the Hermite-Hadamard type
for s-geometrically convex functions.

2. Corrected versions of Theorems 1 and 2 in the paper [2]
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Now we start out to correct the errors and mistakes in Theorems 1 and 2 by
establishing several new integral inequalities of the Hermite-Hadamard type for s-
geometrically convex functions.

Theorem 3 (Corrected version of Theorem 1). Let f:lcR, >R be a
differentiable mapping on 1°, let a,b e 1 with a<b, and let f'e Ll([a,b]). If

|f’(x)|q is s-geometrically convex and decreasing on [a,b] for g>1 and

se(0,], then
5 1-1/q
k]

%{f() 4f(a;bj+f(b)}_ £

X{Q(ag%ﬁr{m(mﬂm}

where c(u,v)and h () are defined as in Theorem 1.
Proof. From Lemma 1 and Hdélder’s integral inequality, we obtain

a+b 1 ¢
Hf() 4f( . j f(b)}mjaf(x)dx
<b—ar£_1‘Hf{ﬂa et ‘ ‘ 1+ta+;tbﬂdt
02 3 2 2

1/q (2)
f(th Lt bj dt}

q 1/q
f’[lia+1;tb) datl |
2 475

Let 0< g <1<pand 0<s,t<1. Then itwas deduced in [1, p.4] that

lthS SﬂSt and 77t5 S?]SHLS. ©)
Considering the condition that

@)

1-s/2

t'(a) f'(b)

2

[a,b] and making use of the inequalities in (3) yield
‘ . (1_t Lt bj
2
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< | f ,(an(l—t)S/?

, stq/2
£'(b q(L+t)/2° < f t'(b q(l—s/2)|:|f (b]:|
o) <rta)e by )

14t 1_t q |f’(b) stq/2
{2ttt <frtarr |
2 2 f'(a)
Similarly or straightforwardly, we acquire
5

fl—ldtz—,
o273 36

and

’ stq/2
-2 f'(ﬂa+1+tbj dt <|f(@)f (o)™ [ l——‘ |
o2 3| \ 2 2 2 3| |f'(a) @
:|f,(a)f,(bxq(l s/2) ( (Sq SQJJ
dt 1, 1+t 1-t )\ a(t-s/2) 1
——Zf|——a+=—b "(a)f'(b B
I02 3 ( 2 4T j‘ (@)f'0) n a(sq/2,5q/2) ©)

Substituting the inequalities (4) and (5) into the inequality (2) and simplifying
result in the inequality (1). Theorem 3 is thus proved.

Corollary 1. Under the conditions of Theorem 3, if g=1, then

Hf( a)+ 4f(a;bj+f(b)}i " £ (x)dx

b—a-a

2 bl 2 {arzam

where a(u,v)and h () are defined as in Theorem 1.
Corollary 2. Under the conditions of Theorem 3, if s=1, then

%[f() 4f(a;bj+f(b)}—b— f (X)dx

2@ I aam ] Jrorer

where a(u,v)and h,(«) are defined as in Theorem 1.

1-s/2
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By virtue of the same ideas and approaches as in the proof of Theorem 3, we can
find out the following results.
Theorem 4 (Corrected version of Theorem 2). Let f:l1cR, >R be a
differentiable mapping on 1° such that f'e Ll([a,b]), where a,be|° with
a<b. If |f’(x)|q is s-geometrically convex and decreasing on [a,b] for

se(0,1] and q>1 with 1+£:1, then
q p

%{f(a)wf(a%b}r f(b)}_bL " (x| < b—a[ 2(1+2p+1)}up

—adk 2 |6°*(p+1)

oz i) |

where the function a(u,v) is defined as in Theorem 1 and the function hs(a)is
defined as in Theorem 2.
Corollary 3. Under the conditions of Theorem 3, if s=1, then

%{f(a)+4f(a7mj+ f(b)}_L " £ (X < b_a{g(“zpﬂ)}up

b-aa 2 6" (p+1)

q q 1/q 1 1/q ’ o
(A laarraral] freorer

where the function a(u,v) is defined as in Theorem 1 and the function h3(a)is
defined as in Theorem 2.

f'@) f'() ",

3. Corrected versions of three propositions in the paper [2]

In this section, we will apply several integral inequalities of the Hermite-

Hadamard type for s-geometrically convex functions to construct some inequalities
for means.

For two positive numbers a > 0andb > 0, define
a+b

A.b) ===, G(a,b) =+/ab,
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and
b p+l a.p-¢—l
Le(ab)=1| (p+1)(b—a)
a, a=h.

These means are respectively called the arithmetic mean, the geometric mean, and
the generalized logarithmic mean of two positive number a > 0and b > 0.

1/p
} ,azbp=0,-1;

Let f(x)= X?Sfor x>0, 0<s<Land g> 0. Then the function |f'(x)|=
is geometrically convex on X (0,1]. Since the inequality
eyt =6l < b f O =[FeF (e ol @
holds for all x,ye(0l1]andte [0,1], so the function |f ' X)| =xt s s

geometrically convex in X € (0, ]
Theorem 5. Let 0<a<b<1land 0<s<1.Then

| 2A(@°,b%) +4[A@b)] [L,(a,b)T

| 6
(b a)s

[G(a,b)]" [N (B(a,b)) +h (B(b,a))],

(s-1)/2
where £(a,b) = (—j and h, () is defined as in Theorem 1.
a

Proof. Using Lemma 1, we obtain
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1|A@, b)) +2[A@Db)

s‘ 6
Sb—a 1t 1 1:(1_ta 1+tbj f[1+ta 1—tb) .
2 02 3 2 2 2 2
B s-1 s-17]
:_b_aj'll_l (1_t 1+tbj +(1ia+1;tbj dt
2 02 3|\ 2 2 2 2 ™)
b—a |t 1l a2.aiy2)t (1+1) 12 (1-t)12 $1
<Dt Loty favope ey
a 1|t 1 a (s-1t/2 b (s-1)t/2
— G |- = +|— dt
seorffy- (5] (3]
b—a .
=T[G(a,b)] 'Th(8(a,b)) +h (B(b,a)].
Theorem 5 is thus proved.
Corollary 4. Let 0<a<b<land 0<s<1.Then
2A@" D) +AA@DT 1y, g < SO p s sy
6 ° 36

Proof. By the inequality (7) and the geometric-arithmetic mean inequality, we have
1|A@’,b%) + 2[A@,b)]’

—[L.(a,b)°
S| 5 [L,(a,b)]
b a [ (- t)/2b(1+t)/2)S -1 (a(1+t)/2b(1 112} 1]dt
2
Sb_a. 1_1 1_t asfl+1+tbsfl+1+tasfl+1_tbsfl dt
2 02 3\ 2 2 2 2

t 1
= (b-a)A@ b [ |- -t
(b—a)A( >L‘2 3‘

_5(b-a)

36
Corollary 4 is thus proved.
Under the conditions of Theorem 5, from the inequalities (6) and (7), it follows
that

A( s-1 bs—l)

22



T.-Y. ZHANG, A.-P. JI, F. QI: NOTES ON SIMPSON TYPE INTEGRAL ...

1|A@’,b%) + 2[A@@,b)’
s | 6

-[L.(a.b)l

< b;za[G(a, b)I*"[h.(B(a,b)) + hy(B(b,a))]

_ b—apt 1 [(a(l-t)/zb(1+t)/2)5-l +(a(1+t)/2b(1—t)/2)5_1]dt
2 02 3

< b-ap l_l[(a(l—t)slfb(lﬂ)s/? T’l +(a(1+t)s/25b(1—t)5/25 )Xl}dt.
2 2 3

Therefore, we can correct [2, Propositions 3.1, 3.2, and 3.2] as follows.

Corollary 5 (Corrected version of [2, Propositions 3.1 and 3.3]). LetO<a <b <1,
O<s<l,and g=>1.Then

i 2A(@°,b%) +4[A(a,b)]° _[Ls(a,b)]s <b_a(ij“/q
s | 2 (36

6 S

% (s-1)(2-5) | (s-1)(2-5) ﬂ ﬂ 1a ; 1/q
G(a b ){{hl[“( 22 m {hl(a(sqlz,sq/z)ﬂ }

(s-1)v
where h (&) is defined as in Theorem 1 and «(u, V) =—&y foru,v>0.

Corollary 6 (Corrected version of [2, Propositions 3.2]). Let O0<a<b<1,

O<s<1l,and g>1 with£+£:1. Then
q p

E{ZA(aibS)w[A(a,b)]s}_[Ls(a, )T
6 S

_b-af2@+2) "
s |7 2 (6™(p+Y)

X (s-1)(2-5) | (s-1)(2-5) ﬂ ﬂ 1a ; 1/q
G(a®* ) b )ﬂhs(a( 22 m +[h3(a(sq/2,sq/2)ﬂ }

(s-1)v
where h, () is defined as in Theorem 2 and a/(u,V) = —& for u,v>0.
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