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Abstract: Fibonacci polynomials have been generalized mainly by two ways: by maintaining the recurrence
relation and varying the initial conditions and by varying the recurrence relation and maintaining the
initial conditions. In this paper, both the recurrence relation and initial conditions of generalized Fibonacci
polynomials are varied and defined by recurrence relation as R, (x) = axR,_1(x) + bR,_»(x) foralln > 2,
with initial conditions Rg(x) = 2p and Ry(x) = px + g where a and b are positive integers and p and g
are non-negative integers. Further some fundamental properties of these generalized polynomials such as
explicit sum formula, sum of first n terms, sum of first n terms with (odd or even) indices and generalized
identity are derived by Binet’s formula and generating function only.
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1. Introduction

F ibonacci polynomials [1] are special cases of Chebyshev polynomials and are defined recursively by

Fu(x) = xFy—1(x) + Fr-2(x), 1)

for all n > 2 with Fy(x) = 0and F;(x) = 1.
Lucas polynomials [1] are defined by

Ln(x) = an—l(x) + Ly—2(x), )

foralln > 2 with Ly(x) =2and L;(x) = x.
Pell polynomials [2] are defined by

Pyx :2xPn_1(x)+Pn,2(x), 3)

for all n > 2 with Py(x) = 0and P;(x) = 1.
Generating function of Fibonacci polynomials is given by

t

= . 4
1— xt—t? )

f; Fy(x)t"
n=0

Explicit sum formula for Fibonacci polynomials is given by

r;lJ n—k—1 ok
Fi(x)= ). ( L >x” 21, (5)

k=0

Horadam polynomials sequence [3] hy,(x), for n > 3 is defined by recurrence relations h,(x) =
pxhy,_1(x) + ghy,_2(x), with initial conditions /11 (x) = a and hy(x) = bx, where p, g, a and b are integers.
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Generalized Fibonacci polynomials and some identities [4] are defined by
Wi (x) = xwy—1(x) + wy—2(x),

for n > 2 with wy(x) = 2b and wy (x) = a + b, where a and b are integers.
Generalized Fibonacci-Like polynomials [5] are defined by the recurrence relation:

mn(x) = xmnfl(x) +my_2(x),

with my(x) = 2s and m; (x) = 1 + s, where s is an integer.
Fibonacci-like polynomials [6] are defined by the recurrence relation

Sn(x) = xsn—l(x) + Sn,z(X),

n > 2 with Sp(x) =2 and S1(x) = 2x.
Generalized Fibonacci polynomials [7] are defined by the recurrence relation

bn(x) = xbnfl(x) + bn—?.(x)r

n > 2 with by(x) = 2b and by (x) = s, where b and s are integer.

In this paper, generalized Fibonacci polynomials is studied by varying both the recurrence relation and
initial conditions. The properties of these polynomials are derived by means of Binet’s formula and generating
function. Few terms of generalized Fibonacci polynomials and characteristic equation of the recurrence
relation are presented in Section 2. In Section 3 Binet’s formula is obtained and generating function is also
obtained in Section 4. Further some properties of these polynomials are presented in Section 5 and finally in
Section 6 conclusion is given.

2. Generalized Fibonacci Polynomials

We define generalized Fibonacci polynomials by the recurrence relation
Ry(x) = axR,_1(x) + bR, —2(x),n > 2, (6)

with initial conditions Ry (x) = 2p and Ry (x) = px + g where a and b are positive integers and p and g are non
negative integers.
Few terms of generalized Fibonacci sequence are as follows:

Ry(x) = a®px* + aPqx® + 2a2bpx® + abpx® + abqx + abpx® + abgx + 2b*p

and so on.
The characteristic equation for the recurrence relation (6) is

2 —axt—b=0. 7)
This equation has two real and distinct roots;

_ax+Va’x? +4b

a(x) =

and

_ax —a?x? +4b
pla) = VO
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Also from these roots, we have

a(x)p(x) = —b,
a(x) + B(x) = ax,
a(x) — B(x) = Va2x2 + 4b,
a?(x) + B%(x) = a®x® +2b,
a?(x) = axa(x) + b,
B?(x) = axp(x) +b.

Generalized Fibonacci polynomials (6) generalizes, Fibonacci polynomials, Lucas polynomials and Pell
polynomials at different values of 4, b, p and g.

e Fora = b =g =1and p = 0, we obtain Fibonacci polynomials.
e Fora =b = p =1and g = 0, we obtain Lucas polynomials.
e Fora=2,b=g=1and p = 0, we obtain Pell polynomials.

Further for x = 1 we obtain the corresponding sequences of these polynomials.

3. Binet’s formula for generalized Fibonacci polynomials.

Theorem 1 (Binet’s formula). The n'"* term of generalized Fibonacci polynomials is given by

Ru(x) = A (x) + BB'(x) = oo [RUWW () = () + BRo ()@ 1) = )] @)

Proof. The characteristics Equation (7) has real and distinct roots. The solution of the recurrence relation (6) is
therefore of the form

Ry (x) = Aa"(x) + BB" (x), )
Valx? +db — Va1 db
where A and B are constants and a(x) = ox azx T2 and B(x) = ax \/azxi—i—'
Setting n = 0 and n = 1 in (9), we obtain
A+ B = Ry(x)
and
Aa(x) + BB(x) = Ry (x)
respectively.

Solving these equations simultaneously, we obtain

and

Substituting for A and B in (9), we get

_ (Ri(x) = B(x)Ro(x)\ i, (Ri(x) —a(x)Ro(x) ,n
R = (S e - (M )
- M [R1(x)(a”<x) — B"(x)) + bRo(x) (a" " (x) — /s"fl<x))] ,

Hence the proof. O

Remark 1. We have that
A+ B = Ro(x), (10)
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Ax(x) + BB(x) = Ry (x), a1
AB(x) + Ba(x) = axRo(x) — Ry(x), (12)
AB?(x) + Ba®(x) = a®x*Ro(x) — axRy (x) + bRo(x), (13)
" (Re(x) — R3(x)
RO X R2 X)— Rl X
AB = = (14)
(a(x)~B(x))?
4. Generating function for generalized Fibonacci polynomials
Theorem 2 (Generating function). Generating function for generalized Fibonacci polynomials is given by
o 2p +t[(px +q) — 2axp]
n_
; Ry(x)t" = T : (15)
Proof. Applying power series to the generalized Fibonacci polynomial Z Ry (x)t", we have
n=0
2p + (px + q)t + (ax®p + axq + 2bp) > + Z
Now, multiplying the generating series by (1 — axt — bt?), where (1 — axt — bt?) # 0, we get
(1—axt—bt*) Y Ry(x)t" = Z Ry (x)t" — ax Z Ru(x)f" —b Z Ry (x)t"2
n=0 n=0
Ro(x) + Ry(x)t + ZR” —ax |Ro(x)t + ZRn_l(X>tn —-b ZRn,Q(x)t”
n=2 n=2
= Ro(x) + [Ry(x) — axRo(x)]t + E [Ry(x) —axRy,_1(x) — bR, (x)]t"
n=2
=2p+[(px+4q) = 2apx]t + ) [axRy-1(x) + bRy 2(x) — xRy 1 (x) — bRy ()]
n=2
=2p + [(px +q) — 2apx]t.
Therefore -
(1 —axt — btz) Y Ru(x)t" =2p+ [(px +q) — 2apx] t.
n=0
Hence ( ) |
d 2p + [(px +q) — 2apx|t
n _
L Ru(0)t" = 1—axt — bt? '
O

Remark 2. If s = b = g = 1 and p = 0in (15), we obtain generating functions for Fibonacci polynomials (4).

5. Some properties of generalized Fibonacci polynomials

In this section, we obtain some properties of generalized polynomials by means of Binet’s formula and
generating function.

Proposition 1 (Explicit sum formula). Let R, (x) be the n'"" generalized Fibonacci polynomials, then
p p 8 poty
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VTJ

k=0

3]

x) =2p kX; <n ; k) + (ax)"*Zkbk + (px + g — 2apx) (n B ]lz B 1) (ax)”ka*lbk, (16)
=0

where | n| is the greatest integer less than or equal to n.

Proof. By generating function (15), we have

a 2p + (px +q — 2apx)t
n _
L Ru(0)t" = 1— axt — bt?

= [2p + (px + g — 2apx)t][1 — (ax + bt)t]

-1
= [2p + (px + q — 2apx)t] Z(ax—i—bt)”t”
= 2p+ (px + q — 2apx)t] Zt”Z()ux” k(bt)*
_ _ - n! n—kpkpn+k
= [2p + (px + q — 2apx)t] Z Z K _k)'(ax) bt

n=0k=0

Now replacing n with n + k, we get

- 2w (n4k)!
Z 2P+ (Px+q zapx) ] Z Z ( k'n') (ﬂx)nbktn+2k
n=0 n=0k=0 o
2
[2p + (px +q — 2apx)t i (k) (ax)"—2pke"
==k (n—2k)!
Thus the sum equals to
2 H
i 2p i M(M)n*z’cbk "+ i (px + q — 2apx) i (n = b)! (ax)"2kpk| 11
e = Kki(n — 2k)! = & ki(n —2k)
Equating the coefficient of " on both sides, we obtain
{HJ VI - 1J
x)" 2k pk & n—k-1 n—2k—1pk
=2p Z V' + (px+q—2apx) ) P (ax) b~. O
k=0

Proposition 2 (Sum of first n terms). The sum of the first n terms of generalized Fibonacci polynomials is given by

nZl Ri(x) = Ry (x) + bR, (x) ;x(T;JC_) 1— axRo(x)) — Ro(x)

Proof. Using Binet’s formula (8), we have

Y Ri(x) = Y (Ack(x) + BE“(x)),

_ Ry(x) = B(x)Ro(x) and B — a(x)Ro(x) — Ry (x) . It follows that
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Y. Ri(x) =AY af(x)+B Y p(x)
k=0 k=0 k=0
_A@M-1)_ BEx)-1)
a(x) -1 plx) -1
_ A+B—(AB(x) + Ba(x)) — (Aa"(x) + BF"(x)) a(x)B(x)(Aa""(x) + BB" ' (x))
a(x)B(x) —a(x) — B(x) +1 a(x)B(x) —a(x) —p(x)+1
Since a(x) + B(x) = ax and a(x)B(x) = —b and using (8), (10) and (12), we obtain
nil Ry (x) = Ry(x) +bR,—1(x) ;x(ilgx_) 1— axRo(x)) — Ro(x)‘
k=0

O

Proposition 3 (Sum of first n terms with odd indices). The sum of first n terms with odd indices of generalized
Fibonacci polynomials is given by

R _ Ropga(x) — b?Ryy—1(x) + b(Ry(x) — axRo(x)) — Ry(x)
Z 2k (¥ a?x? — b2 +2b—1 '

Proof. Using Binet’s formula (8), we have

Z Rojs (x Z <Aa2k+l + B,Bz"“( >)

k=0

_ ni 2+1(y) 1 B Z pE+1(x)
=0

A ) B pr)

20 -1 P

Thus

U o) AR) BB () (ARC) - B
L, Rt (¥) = =B - w2 ()~ Px)
AR (x) + BB (x) + (a(0)B(x >> (401 (x) 1 BE"1(x))
@B - 2(x) — ) F1 '

Since a(x)B(x) = —b and a?(x) + B?(x) = a®x? + 2b then using (8), (11) and (12), we obtain

R _ Ronpa(x) — b*Rou—1(x) + b(Ry(x) —axRo(x)) — Ry (x)
2 21 (¥ a?x? — b2 +2b—1 ’

O

Proposition 4 (Sum of first n terms with even indices). The sum of first n terms of generalized Fibonacci sequences
with even indices is given by

Z R _ Rou(x) = UPRyy—a(x) + (a°x*Ro(x) — axRy(x) + bRo(x)) — Ro(x)
(% a?x? — b2 +2b—1 '
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Proof. Using Binet’s formula (8), we have

Z Rulx) = % (Aa®(x) + BF*(x)) = A Z () 4B Y () = AL 1) | B () _11)'

k=0 =0 a?(x) -1 B (x) —
Hence
Y Rocl(x) = A+ B— (AP*(x) + Ba?(x)) — (Aa®"(x) + BF?"(x)) | (a(x)B(x))*(Aa®"2(x) + BE*"*(x))
= ((x)B(x))> — a?(x) — PA(x) +1 (a(x)B(x))? —a?(x) = p2(x) +1
Since a?(x) + p%(x) = a?x? + 2b, and a(x)B(x) = —b, then using (8), (10) and (13) , we obtain
z Ry (x) = Ren(¥) = bRau-2(x) + (26 Ro(x) — axRy(x) + bRo(x)) = Ro(x)
2(x a%x? — b2 +2b— 1 '
O
Proposition 5. For every positive integer n, we have
" R3, bRz, (x) — R3(x) — bR
Y Rai(x) = = +3(x);;x3 +3b3€92 3abx3(—X)1 O(X)'
Proof. By Binet’s formula (8), we have
n n oc3x aan_ 3x Snx_
3 Rato) = 3 (A0 + () = AT R B PT 2,
Thus
Z Ru(y) = (A (x) + BB (x)) — (Aa’B° + Bf%a®)
)= ()P~ )~ ) +1
| (AT )F () + BE (1) (x)) — (A" (x) + BE"(x)
((x)B(x))* = a?(x) — B3(x) +1
_ (Ad®(x) + BB (x)) —ad(x )[33(X)(A+B)
(a(x)B(x))? —tx?’( )= B (x) +
L PP () (Aa’(x) + BF(x)) — (Aw3”+3( ) +Bp3(x))
(a(x)B(x))> — a®(x) — B>(x) + '
Since a3 (x) + B3(x) = a3x3 + 3abx, and a(x)B(x) = —b, then by Equations (8) and (10), we get
" R3, bRz, (x) — R3(x) — bR
Y Rai(x) = = +3(X);x3 —I—Bbﬁz 3abxs(—x>1 O(X)'
Hence the proof. O

Proposition 6. For every positive integer n, we have

Z R _ Rapo(x) +0°Rap—1(x) + b7 (axRo(x) — Ry (x)) — Ro(x)
a1 a3x3 + b3 + 3abx — 1 ’

Proof. By Binet’s formula (8), we have

\ . Ly AR () (8%(x) ~ 1)
L Roa(0) = 1 (47100 + 857 () =

k=1

B (x) (B"(x) = 1)

TR
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This sum gives

" A 4 BP) (AR () + B P()
L, Roea(x) = GOEDT — Bx) — P T
Atx3”+2(x),83( )+Bﬁ3n+2( ) (x) Aa3n+2( )+Bﬁ3n+2(x)

* @B — a3 (x) — Bx) +1
A?(x) + BRA(x) — (a(x)B(x))2(AB(x >+Ba< ))
(@(@)B)) — @ (x) - P

(x
)+
(oc(x)ﬁ(x))3(Aa3” 1( )+B’33n 1 x)) Aa3n+2( )_|_B’83n+2(x)
(a(x)B(x))® —a3(x) — B3(x) +1 ‘

Since a®(x) + B3(x) = a®x® + 3abx, and a(x)B(x) = —b, then making use of (8) and (12) , we obtain

+

Z R _ Rapo(x) + 0°Rap_1(x) + b7 (axRo(x) — Ry (x)) — Ro(x)
w1 a3x3 4 b3 4 3abx — 1 '
O

Proposition 7. For every positive integer n, we have

Z R _ Raps1(x) +P°Rapa(x) — b(a*x*Ro(x) — axRy(x) + bRo(x)) — Ry (x)

k-2 a3x3 + b3 + 3abx — 1 '
Proof. By Binet’s formula (8), we get
2 Raa(x) = 1. (Aa3k 2(x) + BEY 2(x ))
=1
=A f a**2(x) + B Z B2 (
k=1
o) () ~1) . BB(3) () ~1)
o(x) =1 B (x) — '
This Sum gives
_ Aa(x) + BB(x) — AaB?(x) + B,Boc3(x)
X Rucale) = S B Go +
Ap3ntl (x)ﬁ3( ) + B'B3n+l( ) (x) A“3n+l( ) + B’B3n+1 (x)
(@(x)p(x))* —a®(x) — B(x) +1
_ Aa(x) + BB(x) — a(x)B(x) (Aap?(x )+BD¢ (x)
(@(x)B(x))* — a®(x) — B°(x) +
L ((x)B(x))*(Aa™2(x) + Bﬁ3” ?(x )) A’ (x) + B (x)
(@(x)B(x))* —a®(x) — B*(x) +1 '
Since a®(x) + B3(x) = a®x® + 3abx, and a(x)B(x) = —b, then making use of (8) and (13), we obtain
2 R _ Ryna () + b?Ray—2(x) — b(a®x*Ro(x) — axRy (x) + bRo(x)) — Ry (x)
w2 (x a3x3 + b3 + 3abx — 1 '
O

Theorem 3 (Generalized identity). Let R, (x) be the n'" generalized Fibonacci polynomials. Then
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Rm(x)Rn(x) - Rmfk(x)RnJrk(x)

_ (—pyn* (R1 (%) Ry (x) — Ro(x) Rir1 (%)) (R (x)Ry— 1
R} (x) — Ro(x)Ra(

)

+§< x) = Ro(¥) Ry 1 <x>]/ an

wheren >m >k > 1.

Proof. Using Binet’s formula (8) to the left hand side, we have

LHS = (Aa™(x) + B" (x)) (Aa’ (x > + Bﬁ"(x)) (Aa"=*(x) + BE"~*(x) ) (A"t (x) + BE"(x) )

(
e [GE=EC)

= apt P (wn(y W ") (x))
)~

(a( ﬁ
= —AB(=b)"" ( (x) = B(x) ) (w" =" (x) — B () ).

R3(x) — Ro(x)Ra(x)

Since —AB = (@(x) = B(x))2 by (14), then
2 X)— X X
R (R (3) = Ry (5) Ry (x) = SL OB (ot (x) — ) (@) — 64 ()]

From
#¥(x) = B(x) _ Ru(x)Re(x) = Ro(x)Rys1 (x)
a(x) — B(x) Rf(x) — Ro(x)Ry(x)
and
" K (x) — B (x) Ry(%) Ry k(%) = Ro(x) Ry ki (x)
a(x) — B(x) R3(x) — Ro(x)Ry(x) '
we obtain our desired result. O

Corollary 1 (Catalan’s identity). If m = n in the generalized identity (17), we obtain

(b
RE() — Ro(¥)Ra(()

R2(x) = Ry (x) Ry (x) = [Ry () Ry (x) — Ro(x)Rey1 (%)%,

wheren >k > 1.
Corollary 2 (Cassini’s identity). If m = nand k = 1 in the generalized identity (17), we obtain
R(x) = Ru-1 (%) Ryy1(x) = (=)~ [ R (x) = Ro(x)Ra(x)],
forn>1.
Corollary 3 (d’Ocagne’s identity). If n = m, m = n+1and k = 1 in the generalized identity (17), we obtain

Rin ()R 1 (%) = Ry1 (¥)Ru(x) = (=)"[R1 () Rin—n (%) = Ro(x)Ryu—n11(x)],

wherem > n > 1.
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6. Conclusion

In this paper generalized Fibonacci polynomials is defined by recurrence relations (6). Binet’s formula

(8) and generating function of these polynomials (15) are derived. Further explicit sum formula, sum of first
n terms, sum of first n terms with (odd or even )indices and generalized identity (17) from which we obtain
Catalan’s identity, Cassini’s identity and d’Ocagne’s identity are also derived.
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