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Abstract. In this paper, we established the boundedness for a large class of multi-sublinear opera-
tors Ty, generated by multilinear Calderon-Zygmund operators on product generalized Morrey spaces
Mpy,or R™) X o0 X Mp, o (R™). We find the sufficient conditions on (g1, ..., pm, ) which en-
sures the boundedness of the operators T, from Mp, o, (R™) x ... X Mp,. o (R™) to My o(R™) for
1/p=1/p1 + ...+ 1/pm. The multi-sublinear operators under consideration contain integral operators
of harmonic analysis such as multi-sublinear maximal operator M, multilinear Calderon-Zygmund
operators T, etc.
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1 Introduction

Multilinear Calderén-Zygmund theory is a natural generalization of the linear case. The
initial work on the class of multilinear Calderén-Zygmund operators was done by Coifman
and Meyer in [2] and was later systematically studied by Grafakos and Torres in [9, 10].

The classical Morrey spaces, introduced by Morrey [23] in 1938, have been studied
intensively by various authors and together with Lebesgue spaces play an important role
in the theory of partial differential equations. Although such spaces allow to describe local
properties of functions better than Lebesgue spaces, they have some unpleasant issues. It is
well known that Morrey spaces are non separable and that the usual classes of nice functions
are not dense in such spaces. Moreover, various Morrey spaces are defined in the process
of study. Guliyev, Mizuhara and Nakai [11,21,24] introduced generalized Morrey spaces
Mp,w(R”) (see,also [12,13,17,26]). In [13] is defined the generalized Morrey spaces M,,
with normalized norm

Iflmy, = sup (@) B@, )" fllz, ()

zeR™ r>0

* Corresponding author

A.F. Ismayilova
Azerbaijan University of Cooperation, Baku, Azerbaijan
E-mail: afaismayilova28 @gmail.com

F.A. Isayev
Institute of Mathematics and Mechanics of NAS of Azerbaijan, Baku, Azerbaijan
E-mail: isayevfatai @yahoo.com



A.F. Ismayilova, F.A. Isayev 111

where the function ¢ is a positive measurable function on R" x (0, 00). Here and everywhere
in the sequel B(z, ) is the ball in R™ of radius r centered at x and |B(z,r)| = v,r" is
its Lebesgue measure, where v,, is the volume of the unit ball in R™. In [11] Guliyev also
studied the boundedness of the classical operators in these spaces M,, ., see also [3-8, 18,
19,25].

For z € R™ and r > 0, we denote by B(z,r) the open ball centered at = of radius

r, and by ‘B (x,r) denote its complement. Let |B(x,r)| be the Lebesgue measure of the

ball B(x,r). We denote by ? the m-tuple (f1, for-- . fm)s ¥ = (W1,-..,yn) and d 4 =
dy1 - dyn.

Let f € LP(R™) x ... x LY*(R™). The multi-sublinear maximal operator My, is
defined by
7 T
M, z)=sup | | =— filys)|dy;.
n(£)@) =swp L 5e 7 fop,., i1

In [10] Grafakos and Torres studied the multilinear Calderén-Zygmund operator which
can be written for x ¢ N7, suppf; as

Km(7)(x) = /(Rn)m K, yt,...,ym) 1(y1) - frn(ym) dyndyz . . . dym,

where K (x,y1,...,ym) is the kernel function defined of the diagonal x = y; = ...y, =
in (R™)™*! satisfying

m
—mn
‘K(y07y17"'7ym)|gcl( E |yk_yl|> )
k=0

and whenever 2|y; — y}| < %og}fg{ Y5 — Yil»
SkRSM

cily; — yjl°

]K(yo,...,yj,...,ym)—K(yo,...,y;,...,ym)] < —F

( > luk — il

)mn+€ ’
k,l1=0

for some ¢ > 0 and all 0 < j < m. Grafakos and Torres [10] proved that the operator

Km(7) is bounded from L, (R") x ... x L, (R") to L,(R") forp; > 1(i =1,...,m)

and 1/p=1/p1 + ...+ 1/pm, and bounded from L, (R") x ... x L1(R") to L1 __(R").
It is well known that multi-sublinear maximal operator and multilinear Calderén-Zygmund

operators play an important role in harmonic analysis (see [1,10,22]).
Suppose that 7}, represents a multilinear or a multi-sublinear operator, which satisfies

that forany f € L1(R") x ... x L1(R") with compact support and = ¢ NJ_;supp f;

[F1(y1) - - - fin(ym) |
Tn(F)(a)] < . /) Gy dy, (L)

where cg is independent of ? and x.

The condition (1.1) is satisfied by many interesting operators in harmonic analysis, such
as the multilinear Calder6n—Zygmund operators, multi-sublinear maximal operator, and so
on (see [10,20] for details).
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In this work, we prove the boundedness of the multi-sublinear operator 7, satisfies the
condition (1.1) generated by multilinear Calderén-Zygmund operator from product gen-
eralized Morrey space My, o, X ... X My to My, if 1 < p1,...,pp < oo and
1/p=1/p1 +--- 4 1/pp, and from the space M,,, ,, X ... x M, to the weak space
WMie,ifl <pi,...,pm <o00,1/p=1/p1 +---+1/py and at least one p; equals one
(Theorem 2.3). Finally, as applications we apply this result to several particular operators
such as the multi-sublinear maximal operator and multilinear Calderén-Zygmund operator.

By A < B we mean that A < C'B with some positive constant C' independent of
appropriate quantities. If A < B and B < A, we write A ~ B and say that A and B are
equivalent.

2 Main Results

In this section, we will discuss the boundedness properties of multi-sublinear operators
T, generated by multilinear Calderén-Zygmund operators on product generalized Morrey
spaces M, o, (R") x ... x My, . (R"™).

We find it convenient to define the generalized Morrey spaces in the form as follows.

Definition 2.1 Let ¢(z,7) be a positive measurable function on R"™ x (0,00) and 1 <
p < oo. We denote by M,, , = M, ,(R") the generalized Morrey space, the space of all

unctions f € L¢(R™) with finite quasinorm
p q

1
1fllag,,, = sup OSO(w,T)_l [B(2, )| % (| £z, (B(zr)-

zeR™,r>
Also by WM, , = WM, ,(R™) we denote the weak generalized Morrey space of all func-
tions f € WL;JOC(R”) for which

_1
1 lwns,, = sup (e, )" Bla, )7 | fllwe, (B < oo
zeR™,r>0

Lemma 2.1 [4] Let o(x, ) be a positive measurable function on R™ x (0, 00).

(i) If
sup T oo forsomet >0 and forall x € R", 2.1)
t<r<oo ©(T,T)
then M), ,(R") = 6.
(ii) If
sup (z,7) ' =00 forsomeT >0 andforall x € R", (2.2)

0<r<r
then My, ,(R") = 6.

Remark 2.1 We denote by (2, the sets of all positive measurable functions ¢ on R™ x
(0, 00) such that for all ¢ > 0,

_n
T P

< 00,
o(x,7)

< oo, and sup |[¢(x,r)”

sup ’
LOO (t,OO) z€eR™

reR”™

|

respectively. In what follows, keeping in mind Lemma 2.1, we always assume that ¢ € (2,,.
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We will use the following statements on the boundedness of the weighted Hardy operator

o
Hyg(r) = / g(tH)w(t)dt, 0 < t < oo,
where w is a fixed function non-negative and measurable on (0, co).
The following theorem was proved in [14] (see also [16]).

Theorem 2.1 [14] Let vy, v and w be positive almost everywhere and measurable func-
tions on (0, 00). The inequality

ess sup va(r)Hyg(r) < Cess supvi(r)g(r) (2.3)
r>0 r>0

holds for some C > 0 for all non-negative and non-decreasing g on (0, 00) if and only if
0 t)dt
B :=sup vg(r)/ L < 00. 2.4)
r>0 r  SUDics<oo V1 (5)

Moreover, the value C = B is the best constant for (2.3).
Remark 2.2 In (2.3) — (2.4) it is assumed that 0 - oo = 0.

In the following lemma we get Guliyev local estimate (see, for example, [11-13] in the
case m = 1 and [15] in the case m > 1) for the operator T,.

Theorem 2.2 Let 1 < pyi,...,pym < ccand 1/p = 1/p1 + -+ + 1/pp. Let T),, be a
multi-sublinear operator which satisfies the condition (1.1) bounded from L, (R™) x ... X
Ly, (R™)to L,(R™) forp; > 1,i=1,...,m, and bounded from Ly (R")x...x Ly, (R")
to WL,(R"™) forp; >1,i=1,...,m

Then, for 1 < p1,...,pm < 00 the inequality

1T Pl (B0 ><rpH / 1 P 2.5)

holds for any ball B(x,r) and for all ? € Lloc (R™) x ... x Li,‘:z (R™).
Moreover, if at least one p; equals one, the mequallty
T (Pt 0ry S 77 H / T N Al (e 6
holds for any ball B(xo,r) and for all 7 € LI*(R™) x ... x Lloe(R™).

Proof. Let 1 < p1,...,pp < ccand 1/p = 1/py + --- + 1/py,. For arbitrary 2y € R",
set B = B(xq,r) for the ball centered at 2y and of radius r, 2B = B(xg, 2r). We represent

:(f17"‘7fm)as
=5+ =fxes £7=liXeg, i=L....m Q7

Then we split Tm(?) as follows

Tu(F)@)| < o [Tl fs o )@+ D2 Tuls o fi @),
B1y--5Bm
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where (1, ..., Bm € {0, 00} and each term of Z, contains at least 3; # 0. Then,
1T (P zy5er) < ITmlFDs s O |y

S T sy < T+
ﬁlr--vﬁm

For I, by the boundedness of 7T}, from product L,, (R™) x ... x L, (R") to L,(R")
with 1/p=1/p1 + ...+ 1/py foreach p; > 1(: = 1,...,m), we have,

1T ()12 3oy < T (O
SN (LR ) (e
=1

Taking into account that

n oo .
1fille, (5 )</ R il peaydts i=1,.m
2r
we get

1T ()12 B0 <rpH / il (et 2.8)

For 11, first we consider the case 1 = --- = 3, = 0.
When |z — y;| < r, |z —y;| > 2r, we have %|Z —yi| <z —yi| < %]z — y;|, and so by
the condition (1.1) we have

TN E floy e Tyt

<H/ |fi yz’dyz

B(z,2r) |x_y|n

and

fz Y
1T ()5 M_H / N ' y|’n i (0 |y i)

<re H/ |filwi)] ———dy;.

B(z,2r) |x_y|n

By Fubini’s theorem we have

|fi(wi)| / o dt
e fiyi —dy;
/73(a:,2r) |z — yi|" ®B(z,2r) (ol |zo—;] tn+1
°° dt
~ fityildyis 5
/2r /2r§|zo—yi|<t ’ ‘ tn+1

o0 dt
S fi(yi)ldyi—-
»/27“ /B(Ioﬂf) ‘ ( )’ trtt
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Applying Holder’s inequality, we get

| fi(yi)] /OO _n_
T dy St | filln, (B dt- 2.9)
AB(JEQT) ’1‘ - yi‘n ‘ 2r Ly, (B(.1) (
Moreover, for all p; € [1,00), 4 = 1, ..., m the inequality
m 00
n _n_q
HTm(Jm)HLp(B(x,r)) Sre H/2 t P | fill,, (Bat)dt (2.10)
=174
is valid.
Next we consider the case that some «; = 0 and other a; = oco. To this end we may
assume that «; = a9 = oo and ag = - - - = «,,, = 0. Recall the condition (1.1) and the fact

that |x — y;| = |z — y;| for z € B(x,r) and y; € CB(:::, 2r), we have that
T2, 155, 135 ) ()

[f1(y)l]f2(y2)] /
< dy1dys fz yi)|dy;
ﬁB(%Qr)XBB(z 2r) (|ZC - yl‘ + ’:E — Y2 ’ mn H B(z,2r) | |

fily faly
S/B LA 1)Ldy1 fal2)l —dys H | fi (i)l dys.
B(x,2r) ‘x - yl’ B(x 2r) ‘x - yQ’ B(z,2r)

By the inequality (2.9) and use the Holder’s inequality for integrals, we get
IT(f, 52, 35 - s Foll Ly (Ber)

b [, ’fmnyH it

CB(J},27") CB(ac,QT) (z,27)
nAe [ _n_y

SrPH/ e filly, () dt
i=37"

For the proof of the inequality (2.6), by a similar argument as in the proof of (2.5) and

pay attention to the fact that f — T},,( f ) is bounded from L, (R") x --- x L, (R") to
W L,(R™), we can similarly prove (2.6) and we omit the details here.

Now we give the boundedness of multi-sublinear operators generated by multilinear Calderén-
Zygmund operators on product generalized Morrey space.

Theorem 2.3 Let1 < p1,...,pm < ocowithl/p=1/p1+...+1/pmand (p1,...,om,p) €
2, X ... %X 2, x §2, satisfies the condition

i<
<
o dt < p(z,r). (2.11)

mo o ess<1nf vi(z, s)s?’z
J

i=1

Let also T,, be a multi-sublinear operator which satisfies the condition (1.1) and bounded
from L, (R") x ... x me (R™) to L,(R™) for p; > 1,4 = 1,...,m, and bounded from
Ly (R") x...x Ly, (R")to WL (]R")forpZ >1,i=1,...,m. Then the operator T, is
bounded from product space Mp, o (R"™) x ... x /\/lpm om (R”) to My, ,(R™) for p; > 1,
i =1,...,m, and from product space My, ,, (]R ) XX My, o (R?) to WM, o (R™)
for at least one p; equals one.
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Proof. Let 1 < pi,...,pm < oo and ? € Mp, o1 (R?) x ... x My, .. (R"). By Theo-
rems 2.1 and 2.2 we have

m

_ ® _n_g
Ton(Plrty, S s olen) ][4 1, ot

z€R™, r>0 i=1

m m
STI sw wile, ) rllfille,, (Bary = [T I1fillas,, o,
-1

i1 z€R™,r>0
When p; = 1,7 =1,...,m, the proof is similar and we omit the details here.

Corollary 2.1 [15] Let 1 < p1,...,pm < cowith 1/p = 1/p1 + ...+ 1/pm. Let also
(@1, Pm, @) € 2 X ... X 82, x (2, satisfies the condition (2.11). Then the oper-
ators M, and K, are bounded from product space M, . (R") x ... x Mp_ . (R")
to Mpo(R") for p; > 1,4 = 1,...,m and from product space My, , (R") x ... x
Mo, om (R™) 10 WM, ,(R™) for at least one p; equals one.
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