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Abstract

A simplification of Burke theorem proof [1] and its generalizations for queuing
systems and networks are considered. The proof simplification is based on the fact
that points in output flow take place in moments when Markov process of customers
number in queuing system has jumps down. In such way it is possible to obtain a
property of the mutual independence of the flow into disjoint periods of time and to
calculate intensity of output flow.
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1 New proof of Burke theorem

In [1] we prove the following statement: in queung system M|M|n|o in stationary state, the
output flow has the same distribution as the input flow. Recently, however, interest in the study of
flows in queuing systems is increased. Now it is necessary to give a more compact and convenient
for generalizations proof of this theorem.

A random sequence of points will be called a Poisson flow with continuously
differentiable intensity A(t), t = 0, if the following conditions are satisfied [2, page 12, 13], [3, page
20, 35 -- 37]:

a) the probability of the existence of the point of flow on the time interval [t,t + h) does
not depend on the location of the points of the stream up to the time t (this property is called lack
of follow-through and expresses the mutual independence of the flow stream into disjoint periods
of time);

b) the probability that a flow point appears in the semi-interval [t,t + h) is A(t)h + o(h),
h - 0;

c) the probability of occurrence of two or more flow points in the range [t,t + h) is o(h),
h — 0.

Let the system A, = M|M|n|co of the Poisson input flow has an intensity 4 > 0, and the
service time has an exponential distribution with the parameter u > 0, 1 < n < oo. Denote P, ,(t),
k = 0, distribution of the number of customers in the system at the time t¢.

Theorem 1. The output flow in queuing system A, is Poisson with intensity a(t) =
Yo<k UPxn(t)min(k,n). Let the output flow T, = {0 <t; <t, < -} be A, described by a random
function y, (t) equal to the number of points of this stream on the segment ([0, t). Denote x,,(t) the
number of customers in the system 4, at the time ¢. It is known that a random process x,(t) is
Markov process (of death and birth of [3, Chapter II, $$]), with each point of the T, flow
corresponding to the time of the jump down process x,(t). Therefore, the output flow T, satisfies
the condition a). In turn, the condition b) follows from the equalities:
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Pyp(t+h) =y, () +1) = Xkoq POt +h) =y (t) +1/x,(0) = k)Pk,n(t) +
+P(Yn(t + h = Yn(t) + 1/xn(t) > Tl) Zk>n Pk,n(t) =

= Lk=1 Pen(©) (kph + 0, (R)) + Ziesp Pin(£)(nph + 09 (R)) = a(t)uh + o(h),
where for h = 0 we have o, (h)/h = 0, k =0, ...,n, oy(h)/h = 0,
0(h) = Xk=1 Pen(®)0x(h) + Xisn Pin()0o(h), 09(h)/h = 0.
Thus, the output flow T,, satisfies the condition b). Check of condition c) is quite obvious.

Theorem 2. In queuing system A,, when the ergodicity condition A < u is satisfied and the process x,(t)
is stationary, the output flow is Poisson with intensity 1. Due to the steady state of the process x,,(t)
the distribution of the number of customers Py ,(t) = P, in the queuing system A, at p = A1/u
satisfies the equations [3, page 93]:

Pin = Ponk!p¥, 0 <k <n, P, =Py n™n! (pn)*, k >n,

Pon = Xie=o 1K! p* + Tyeon n"n! (pm)".
It is not difficult to obtain the following equality by simple algebraic calculations: a(t) =
Yk=0 UPx nmin(k,n) = pp = A. Therefore, Theorem 1 follows the validity of Theorem 2.

Remark. Using the scheme of the proof of Theorem 2, it is possible to extend the results to output
flows of systems with limited queue, with priority service, with unreliable servers [3, $$].

Theorem 3. When the A > nu inequality is executed, the output flow T, in the system A, is Poisson with
intensity a(t) » nu, t - o. We introduce independent random variables u,(t), v,(t), having
Poisson distributions with parameters At, ut, respectively. It is easy to establish that with
probability unit the inequality x,(t) = wy,(t) = u,(t) —v,(t) is valid, hence the following
inequalities are fulfilled:

P(x,(t) < n) < P(wy(t) <n) =P(w,(t) — Mw,(t) <n— Mw,(t)) =

= P(Mwy(t) = wyp(t) = Mwy,(t) —n) < P(IMw,,(t) — wn (D) = Mw,(t) —n),

where Mw,(t) = (A —u)t >0, t >0, Dw,(t) = (A + u)t. Assume that (1 — u)t —n > 0, then, due
to Chebyshev’s inequality, we have:

P(IMw, (£) = wyp ()] = Mwy () — 1) < Dwyp () (Mwy(8) — )% = (A + Wt((A — wt —n)? > 0,
t — oo,
Finally we get the ratio:

P(x,(t) <n) < A+ wt((A—wt—n)> -0, t - o,
and then Ygcx<n Prn(t) = 0, t — oo. It follows that the limit ratio is met:
a(t) = Zo<ksn Pk,n(t)k.u + (1 - Zo<ksn Pk,n(t))n.u - np, t — oo,

From Theorem 1 and the last relation we obtain the statement of Theorem 3.

2 Poisson flows in stationary queuing networks

Consider an open queuing network (Jackson network) S with a Poisson input flow of
intensity Ay, consisting of a finite number of nodes k = 0,1, ..., m with exponentially distributed
service times. The dynamics of the movement of customers in the network is set by the route
matrix @ = ||9i, j||ﬁ=0, where 6; ; is the probability of customer transition after service in the i-th
node to j-th node, 8,, = 0, where the node 0 is an external source and at the same time a drain for
customers leaving the network. The i node contains [; < oo servers, the service time of which has
an exponential distribution with the parameter y;, i = 1, ..., m.

Assume that route matrix © = ||9i_ ]-| |ij=0 is indecomposable, i.e.

Vi je{0,..m} 3 i,.., i €{0,..,m} 0;;, >0,0; > 0.

1112 0,.., ir,J
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Then for a fixed 45 > 0, the system of linear algebraic equations for intensities of fluxes coming
from nodes of S

A =200 + X021 40pp, k=1,...,m 1)
has the only solution (4, ..., 4,) with 4; >0, ..., 4,;, > 0, [4, p. 13].

The system (1) is called the system of balance relations and plays an important role in the
formulation and the proof of the product Jackson theorem [5], widely used in queuing theory. If
A < Ly, i =1,..,m, then the discrete Markov process (n,(t),..,nn(t)), t =0, describing the
number of customers in the network nodes has a limiting distribution Ps(ky, ..., k;;,), independent
of initial conditions and representable in the form Ps(ky, ..., k) = [172; P;(k;), where P;(k;) is the
limiting distribution of the number of customers in a stand-alone [; - channel queuing system with
Poisson input flow of intensity 4;, i = 1,...,m

In [6] network S is mapped to a directed graph G with edges corresponding to positive
elements of the route matrix. Let’s call the vertex set U € {0,1, ..., m} irrevocable if from any node
not included in U, there is no edge to the node belonging to U. Then all flows passing through the
edges from the node set U to the node set {0,1, ..., m}\U, are independent and Poisson.

Theorem 4. Flow T¢, coming out of node i of open queuing network S, with stationary process
(14 (E), ., (1)), t =0, is Poisson with intensity 4;, i = 1,..,m. Indeed, the points of the flow T¢,
exiting the i, node are the moments of jumps down the n;(t) component of the discrete Markov
process (1, (t), ...,y (t), t = 0. Hence the flow T¢ satisfies the condition a). Conditions b), c) are
checked similarly to the proof of Theorem 1. Note that the limit probability that the i node contains
k; of customers is P;(k;), and the flow rate Tsi isd;, i=1,..,m

Theorem 5. Flows T{, i = 1,...,m, are independent. From Theorem 4 and independence of
stationary random variables n;(t), j = 1, ..., m, it follows that the union Ts =U/Z; té of flows leaving
the nodes of open queuing network S is also Poisson flow with intensity 1y = »7.; 4;. And each
point of the combined flow Ts belongs to the flow T¢ with probability p; = 4;15.

Lemma 1. Let A={0<t; <t, <--} isa Poisson flow of intensity Ay, each point of which,
regardless of other points with probability p; becomes a flow A; point, i = 1, ..., m. Then flows Ay, ..., Ay, are
Poisson with intensities Aspy, ..., AsPp and independent. Without limitation of generality it is enough
to limit ourselves to the case of m = 2. Take an arbitrary segment [t,t +T], 0<t, 0<T and
denote n, n;, n, the number of flow points A, A;, A, on this segment, respectively. Calculate the
probability

Pu=ki,  np=ky) = P(n=lki+k2)Cyloe, PPy
e TQATY .2 ey + k)! (ks + ko) hy Lha! py 'y =
= e_"”l(lTP )ikl - e7ATP2(ATp,) 2k, = P(ny = ky) - P(nz = k). )

Let now segments [tW,t@® +TM], [ [t® ¢® 4+ TWO] of the time axis don’t intersect.
Similarly to (2) we prove the independence of the random vectors (n(l) . k)) (n(l) . ,ngk))
regarding the respective intervals, and independence of their components. Hence the flows T¢, i =
1, ...,m, are independent.

Remark. Theorems 4, 5 enhance the results of the article [6], removing restrictions on the
independent Poisson flows considered in it.

Consider now a closed queueing network S, consisting of a finite number of nodes i =
1,..,m. The i node contains [; < oo servers, the service time on which has an exponential
distribution with the parameter u;, i =1,..,m. A finite number N of customers move along
network S. The dynamics of the customers movement in the network is specified by the matrix @ =
||§L-, j | =1, where 51-, ; is the probability of transition after service of customer in the ith node to j-th
one.

Let the route matrix 0 be indecomposable, i.e.

Vije{l..m}3i,.. . i.€{1,..,m}h 9”1 >0, 911 i, >0,..,0, ;>0
Then for a fixed A; > 0, the system of linear algebraic equations
A =205 AOpy k=1,..,m )
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has a unique solution of (44, ..., 4,) with 4; >0, ...,4,,, > 0, [4, p. 13].

For a closed queueing network S with N customers discrete Markov process
(M1 (t), ..., np(t)), t =0, describing the number of customers in the network nodes has a limit
distribution of Pz(ky, ..., k;,), independent of the initial conditions and presented in the form

Ps(ky, oo k) = TI% 1 Pi(k) Xy, ks kg tthem=n 1lim1 PiCki), Ky + -+ ko =
Hence, the stationary probability m;(k;) that in a node i of the network S there is k; customers
satisfies the equality
(ki) = Xkj1<jzismy < jeiem kj=N—k; P5(K1 s km), ki = 0,...,N.

Theorem 6. The flow T%, leaving the i node of the closed queueing network S with the total number of
customers N, being in a stationary state, is Poisson with intensity Z’,l’izl min(k;, [Hwmi(k), i=1,..,m
Indeed, the points of the flow Té, exiting the node i, are the moments of jumps down the
components 7n;(t) of the discrete Markov process (n,(t), ...,y (t)), t = 0. Consequently, the flow
té satisfies condition a). Conditions b), c) are proved similarly to the proof of Theorem 1.
Example. Theorem 6 allows us to consider flows in systems backup with recovery. For example,
for the simplest S system, a restore reservation consisting of one workstation (work phase 1), one
repair location (repair phase 2), and one item. Let the random time before the failure of the item in
the workplace has an exponential distribution with the parameter «, the random time to restore the
item in the repair location has an exponential distribution with the parameter 8. Denote n,(t) the
number of elements in the working phase, n,(t) - the number of elements in the repair phase of s.
Then n,(1) = 0,1, n,(t) = 0,1, ny(t) + n,(t) =n =1, and therefore the route matrix of the system
on has the form 6 = ||§i_j| |l-1_j=0, where 51_1 = 52‘2 =0, 51_2 = 52‘1 = 1. Then equalities are just

P5(1,0) = fa+ p, P5(0,1) =aa + B, P3(0,0) =Pz(1,1) =0
m=pa+pB n,=aa+pL, vy, =v, =afa+pf,

where v, v, are the intensities of stationary Poisson flows leaving phases 1, 2, respectively.
Partially supported by Far Eastern Branch of Russian Academy Sciences, Program "Far
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