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1. Introduction and mathematical preliminaries

In 1089, Bakhtin [2] introduced -metric space as a generalization of metric spiee.
proved the contraction principle i -metric spaces that generalized the famous
contraction principle in metric space. In 2007, Rgiand Zhang [4] are introduce the
concept of cone metric space and also they disduss®ae properties of the convergence
of sequences and proved the fixed point theorerasohtraction mapping for cone metric
spaces; Any mapping of a complete cone metric spa¢€ into itself that satisfies, for
some 0<k <1, the inequality d(Tx,Ty) <kd(x,y),0x,yO X has a unique fixed

point. In 2011, Hussain and Saha [6] introducedctirecept of condd -metric space as a
generalization ofb -metric spaces and cone metric spaces. They estatilisome
topological properties in such spaces and improsetie recent results about KKM
mappings in the setting of a cor@-metric space. Note o —(/ -contractive type
mappings and related fixed point are proved by Ara).

In this paper, we investigate the common fixed ptikeorem obtain sufficient
conditions for the existence of common fixed poinfsa pair of mapping satisfying

generalized contraction involving rational expressiin coneb metric spaces via cone
C class functions.
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Definition 1.1. Let E bethereal Banach space. Asubset P of E iscalled aconeif
and only if:

* P is closed, non empty an® # [

« ax+bydP forall x,yOP and non negative real numbeasb

- Pn (-P)={0} .

Given a coneP [1 E, we define a partial ordering with respectto P byx <y
if and only if y—xUOP . We will write X<y to indicate thatx<'y but X# Yy, while
X,y will stand for y—xOintP, where intP denotes the interior oP . The coneP
is called normal if there is a numb& >0 such thatO< x<y implies PxP < KPyP
for all x,yOOE. The least positive number satisfying the abovealked the normal
constant.

Example 1.2. [10]Let K >1. begiven. Consider the real vector space with
E={ax+b:a,bl R;xDl—%,l]}
with supremum norm and the cone
P={ax+b:a=0,b<0}
in E. The coneP is regular and so normal.

Definition 1.3. Let X beanonempty set. Amapping d: X x X - E issaidto becone
metric if and only if, for all x,y, z[0 X, the following conditions are satisfied:

« d(x,y)=0 ifandonly if x=y,
« d(x,y)=d(y,x),
« d(x,2)<d(x,y)+d(y,2).
Then (X,d) is called a cone metric spa¢€MS).

Example1.4. Let E=R?
P={(xy):xy=0}
X =R andd: X% X - E such that
dx,y)=(x-yl.a[x-yl)
where a 20 is a constant. TheifX,d) is a cone metric space.

Definition 1.5. [6] Let X be a nonempty set and S=1 be a given real number. A
mapping d: XXX - E issaidtobecone b-metricif and only if, for all x,y,z[0X,
the following conditions are satisfied:

« d(x,y)=0 ifand only if x =y,

« d(x,y)=d(y,x),

* d(x,2) = qd(x,y) +d(y, 2)].
Then (X,d) is called a cone metric spa¢€bCMS).
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Example 1.6.[5] Let E=R?
P={(xy):x y=0}
X =R andd: X% X - E such that
dix,y)=(x-y[alx=y[’)
where @ 20 and p>1 are two real constants. ThéiX,d) is a coneb-metric space

with the coefficients = 2P >1, but not a cone metric space. In fact, we onlylrtegorove
(iii) in Definition 1.5 as follows:

Let x,y,zOX.Setu=x-2z,v=2-Yy, SO X—Yy=U+V. From the inequality

(a+b)? <(2maxXa,b}) P < 2°(af +bP) foralla,b= 0.
we have

IX=y[P=lu+vP<(ul+|v])? <2°(Ju ]’ +|v|?) =2°(Ix~-z]" +|z-y[*)
which implies thatd(x, y) < §d(x, z) +d(z,y)] with s=2P >1. But
IX=yPs|x=z|" +|z-y|®
is impossible for allx > z > y. Indeed, taking account of the inequality
(a+b)? >af +bP foralla,b >0,
we arrive at
|X=yP=lutvP=(u+v)P >uP +vP =|x-z|" +|z-y[°

for all x >z >y. Thus, (g) in Definition 1.3 is not satisfied, i.e., (X, )not a cone metric
space.

Example1.7.[5] Let X =1 with 0< p<1,where | ={{ x} OR: > |x, [°<}.
n=1
1

Let d: XxX - R, defineby d(x,y):(i]xn—yn |p)5, where

n=1

x={x}, y={y,} OI°. Then (X,d) isa b-metric space[3]. Put
E=1"P={{x}OE:x,>0,foralln>1}. Letting themapping d : XxX - E be

defined by d” (X, y):{%}nzl, we concludethat (X,d") isacone b-metric

1
space with the coefficient s=2" >1, butitisnot a cone metric space.

Definition 1.8. [6] Let (X,d) be a cone b-metric space, XX and {x} be a
sequencein X. Then

1. {x,} convergestox whenever, for everycLJE with O=c, thereis a
natural numberN such thatd(x,,x) =c for all n=N. We denote this by
lim X, =X or X — X(n - o).

n- o
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2. {x} is a Cauchy sequence whenever, for evelyE with 0=c,
there is a natural numbeN such thatd(x,,x,)=c forall nm=N

3. (X,d) is a complete cond -metric space if every Cauchy sequence is
convergent.

Definition 1.9. A function ¢ :P — P is called an altering distance function if the

following properties are satisfied:
(i) ¢ is non-decreasing and continuous,

(i) w@®)=0 ifandonlyift=0.

Definition 1.10. An ultra altering distance function is a continuous, nondecreasing
mapping ¢:P - P suchthat ¢(t) >0 ,t>0 and ¢(0)=0.

We denote this set witl®

Definition 1.11. [12] A mapping F : P? — P is called cone C-class function if it is
continuous and satisfies foll owing axioms:

1. F(sit)<s;

2. F(s,t)=s implies that eithers=0 or t=0; forall s;t0dP.

We denote coneC -class functions a€C .

Example 1.12. [12] The following functions F : P?> . P are dements of C, for all
s,t[00,0):
F(st)=s-t,
F(s,t) = ks, where 0<k <1,
F(st) =sB(s), where £:[0,o) - [0,1),

4. F(st)=¥(s),whereW:P - P ,¥(0)=0 ,¥(s)>0 forall
SUP with s#0 and W(S)<s forall sUP.,

5. F(s,t)=s-¢(s), where ¢:[0,0) - 0,0) is a continuous function
such thatg(t) =0 = t =0;

6. F(s,t)=s-h(s,t), where h:[0,00)%x0,0) - 0,0) is a continuous
function such thath(s,t) =0 < t=0 forall t,s>0.

7. F(sit)=¢(s),F(s,t)=s=s=0, here ¢:[0,0) - [0,) is a upper
semi continuous function such thg@(0) =0 and ¢(t) <t for t>0.

wnNn e

Lemma 1.13. Let ¢¢ and ¢ are altering distance and ultra altering distance functions
respectively, FUC and {s,} adecreasing sequencein P such that

Y(sy) < FW(s,) #(s)
forall n=1. Then|ims, =0.

n- oo
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2. Main result
Theorem 2.1. Let (X,d) be a complete cone b-metric space (CCbMS) with the

co-efficient s=1 and P be a normal cone with normal constant K . Suppose that the
mappings S,T: X - X satisfy:

PASKTY) < F@adixy)+a, HH A SN0T)

1+d(x,y)
+a,[d(x,Ty) +d(y, X)), #(ad(x, y) +a,

+8,[d(x, 59 +d(y, Ty)]
[1+d(x, S¥]d(y.Ty)

1+d(x,y)
+3,[d(X, ) +d(y, Ty)] +a,[d(x,Ty) +d(y, X)]))
(2.1)
for all x,yOX, where a,,a,,a;,8, are non negative reals with

sa, +a,+(s+1l)a, +s(s+1) a,<1. ¢ and ¢ are altering distance and ultra altering
distance functions respectivellf [1C such thaty/(t +s) <¢/(t) +¢(s). Then S and
T have a unique common fixed point §.
Proof: Let X, be an arbitrary pointX and define
o1 = oy Xourz = Thppag K =0,1,2; -
Then form 2.1 we have

w((x2k+l’ X2k+2))

=y(d (S(Zk,TX2k+1))

[1 + d(xzk ! S(Zk )]d(xzk ’Tx2k+1)
<F d(X,, X, ,,) T

+ (A (X s SXpi) + A (Xopean TXop00)] + 8, [A (Ko T0) + A (Xopear s Xp10)]),
[1+d (sz ) S(Zk )ld (sz ’TX2k+1)
d(X,p, Xphq) T2
P(ad(Xy s Xphq) + 3, 14 d(Xop s Xor)
+A5[d (Xay , o) + A (Xopan Topean)] + 35[A (Ko TXpp40) + d (Xopesa s X )]))
— [1+d (sz ) X2k+1)]d(X2k ) X2k+2)
=F d(Xop s Xop0q)
(W (A d (X Xppa0) + 3, 1+d(%, . X0)
+a[d (%o, Xorar) + 0 (Xopean Xora2)] + 3, [A(Xope Xorii2) + A (Kopeans X))
[1+d (Xou s Xora)]d (X Xorca2)
d(x,,X,.,) +
PA 0 o) 8, BT
+ a3[d (sz’ X2k+1) + d (X2k+1,x2k+2)] + a4[d (sz,X2k+2) + d(x2k+1’ X2k+1)]))
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= F@((a, +a3)d (Xor Xorean) + (82 +83)A (Xopeans Xorcr2) + 850 (Ko s Xo2))s

P((a +a5)d (Xous Xoraq) (8 +35) A (Xopears Xorcaz) + 350 (Xois Xox12)))

< F@((a, +85)d(Xoxs Xor) * (B +86)d (X1 Xocr)

58, [d (X Xopa1) + A (Xa1s Xei2)]), (8 +85)d (X, Xoi001)

(8, +85)d (Xopars Xorer2) + 52, [A (X0, Xo1) + 0 (Xoiei1 Xor2)]))

= F@((a +a, +58,)d (X X)) (8, 85 +53,)d (X000 Xorcr2))s

P((a, +a; +53,)d (X, Xoran) + (82 + 85 +58,)d (X011, Xo2)))
ata;+sa,

This implies thatd (X, .1, X54,) <
' 1-a,-a,-sa,

d(Xy, Xp,41)- Similarly, we have
lﬂ(d (X2k+2’ X2k+3))

= l//(d(9<2k+1,Tsz+z )
[1+ d(X2k+11 S(2l<+1)]d (X2k+2 ’TX2k+2)
<F Ad(Xopaqs Xopsr) + 2
(w(al ( 2k +1 2k 2) 2 1+ d(x2k+1, X2k+2)

+ aS[d(X2k+l’ S(2k+1) + d (X2k+2,TX2k+2 )] + a4[d (X2k+1,TX2k+2) + d (X2k+2 ’ S(2k+1)])’
¢(a1d (X2k+1’ X2k+2) + a2 [1 + d(x2k+1’ S(2k+1)]d (X2k+2 ’Tx2k+2)

1+ d(Xoars Xorer2)
+ aS[d(X2k+l’ S(2k+1) + d (X2k+2,TX2k+2 )] + a4[d (X2k+1,TX2k+2) + d (X2k+2 ’ S(2k+1)]))

— [1 d(XZk 1’X2k 2)]d(X2k 2’X2k 3)
= F(@(a,d(Xoaqs Xogan) 8, e * *
( ( ( 2k +11 M2k 2) 1 |(X2k+1,X2k+2)

+ aS[d (X2k+1’ X2k+2) + d([X12k+a)((2k+3)] + a4[; ((;22k+l,x2k+3) +)d (X2k+21 X2k+2)])1
+ X2k+1’ X2k+2 X2k+2’ X2k+3
¢(a1d(x2k+l’ X2k+2) + a2 1+ d(X2k+l’ X2k+2)
+85[d (Xopa1: Xorez) T A(Xopan Xopera)] + LA (Kopes1 Xopaz) A (s Xori2)]))
= F (w((aﬂ. + aS)d (X2k+17 X2k+2) + (a2 + aB)d(X2k+27 X2k+3) + a4d (X2k+1’ X2k+3))’
P((8, +85)d (Xpiea1s Xarcr2) * (8 +85) A (Xopa2r Xorsz) T 830 (Xppeans Xors3))
< F@((a +85)d (Xopen Xorr2) + (8 +85)d (X0 Xoier3)
+52,[d (Xop11 Xors2) + A (Xops2s Xous3)])s
P((a, +835)d (Xpiea1 Xarcr2) * (8 +85) A (Xops2r Xopas)
*+52,[d (Xopa11 Xops2) A (Xapei20 Xars2)]))
= F (w((ai + a3 + Sa'4)d(x2k+17 X2k+2) + (a2 + a3 + Sa4)d(x2k+2’ X2k+3))’
P((a, +a; +58,)d (Xyei1: Xor2) + (B +85 +58,)d (Xo12: Xo113)))-
This implies that

d (X2k+2 ’ X2k+3) s

Md(x2k N

1_81 _ag _ Sa.4 X2k+2)'

88



Cone C-class Function with Common Fixed Point Thew for Cond-metric Space
. +a,+sa
Putting A = _ATa vy
1-a-3,-s3,
As sa, +a,+(s+1)a, +s(s+1)a, <1, itis clear that<1/s, we have,

A (X1 Xgan) S AXy, Xoug) S -+ <A™ (X, ).
Hence for anym>n, we have

d(xm Xm) < S[d(xn’ Xn+1) + d(xn+l’ Xm)]
= Sd(xn’ Xn+1) + Sd(xn+l1 Xm)
< Sd(xn ’ Xn+1) + Sz[d(xrwl’ Xn+2) + d(xn+2’ Xm)]
= Sd(xn’ Xn+1) + Szd(xml’ Xn+2) + Szd(xn+2’ Xm)
< Sd(xn’ Xn+1) + Szd(Xn+l’ Xn+2) + S?’d(xn+2’ Xn+3) oot Sr1+rn_:Ld(xn+m—l’ Xm)
< sA"d (%, %) + SA™ (%, %) + SATPd (%, %) + -+ + 8" (%, %)
=sA[1+sA+SPH +S° AL+ +(sA)"Hd (%, %)
A"
d(x,X,).
ST d(x,%)

Since P is a normal cone with normal constantolys get

Pd(x,, x,)P.
P04 )
This implies Pd(x,, X, )P - 0asn,m - o since 0<sA<1.

<

Pd(x,,x,)P<K

Hence{X.,} is a Cauchy sequence. Sin¢¥,d) is a complete cone b-metric
space, there existp ] X such thatx, — p as n — o. Now, since

w(d(p,Tp)) <Y(dd(P,X5ne) + (X040, TP)])
= (sd(Sxy,, TP) +SA( P, Xo4))
= (sd(S%y,, TP)) +¢(SA( P, Xp4))
[1+d(Xz0, SX50)1d (P, TP)

< F@(sd(p, Xpn.) + Jd(X,,, P) + 2, 1+d(x,,, p)

+8,(d (X X041) + A(P, TP)) + 8, (A (X, TP) + A (P, S5)))),

(sA(P, Xyney) + SA,d (X, P) + 2, [1+ d(ﬁ]ai(;n)]s)( p,Tp)

+85(d (%0, Xon41) + A(P,TP)) + 8, (d (%4, TP) + A (P, S6,))])) +¢(SA (P X511))

= F(@(sAd( P, Xopy) + S8, (X, P) + @, [1+ d(;%rn ;jx(z;ﬂ)]s)( p,Tp)

+ an(XZn' X2n+1 + d( p!Tp)) + a‘4(d(X2n 1Tp) + d( p' S(Zn))])i
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PSP, ) + a5, P) + 2, T ax(zxm)]s)( p. Tp)

8,0 (X1, Xopsg + (P, TP)) +8,(d (%, TP) + (P, SG,))))) + (A (Ps Xs04))

< F@(sA(p, %) + S2d(%,,, p) +a, 1 d(>1<2£ a?;ﬂ)]s)( P.Tp)

+8,d (%, Xy +d (P, TP)) + &, (d(X,,, TP) +d (P, SK;,)))),

[1+d(Xo0: %00)]A (P, TP)

P((sA(P, Xopia) + SR, A (%5, P) + &, 1+d(x,.. p)

8,0 (%1, Xoni0 + A (P, TP)) +2,(d (%, TP) +d (P, S,))])))
As X, - p and X ,, - P asn — o, we get

(1-s8, -3, = s,)Pd(p, Tp)P < K[saPd(x,,, p)P +(a,)Pd(p, X,,,,)P] - O
as n — oo,

Hence Pd(Tp, p)P = 0. Since (1-sa, -sa,—sa,) > 0.

Thus we getTp = p, thatis, p is a fixed point of T .

Uniqueness:

Let g be another fixed point common t8 and T, that is Sq=Tq =q such
that p#(Q.

Then from 2.1 we have

¢(d(p.a))

=¢(d(Sp,Tp))

< F(ad(p.Tp) +a, IL* (P TD)

+8,[d(p, ) +d(q,Tp)]

Lrdea [1+d(p,sp)Id(q,Tp)
+d(p,sp)ld(a, Tp
d(p.Ta) +d(a, ). #(a,d(p.Tp) +a,
*2,(d(p.Ta) + (@ ). plad(pTp) +a, = PR

+a,[d(p, ) +d(a,Tp)] +a,(d(p,Tq) +d(q, J))))

_ [1+d(p, p)ld(a,q)
=FW(ad(p,q) +a, 1+d(p.q) +a,[d(p, p) +d(q,q)]

+a4(d(p,q)+d([ci,pé)g, 1460
+d(p, p)ld(a.q
d(p, ,

¢(a,d(p,q) +a 1+d(p,)

+a,(d(p,q) +d(a, p))))
= F((a +2a,)d(p.q)).#((a, +2a,)d(p,q)))

< F@((sa, +a, +(s+1)a; +s(s+1)a,)d(p,q)),
#((sa, +a, +(s+1)a; +s(s+1)a,)d(p,q)))
<¢(d(p,q))

+a,[d(p, p) +d(q,q)]
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which is a contradiction. HencBd(p,q)P =0 and sop=q. Thus p is a unique

common fixed point ofS and T.
This completes the proof. Putting=T, we have the following results.

Corollary 2.2. Let (X,d) be a complete cone b-metric space (CCbMS) with the

co-efficient sS=1 and P be a normal cone with normal constant K . Suppose that the
mappings S, T: X - X satisfy:

PETKTY) <F@@deoy)+a, EH 0]

+8,[d(x,TX) +d(y,Ty)]

1+d(x,y)
[1+d(x, TX)d(y, Ty)]
+a,[d(x, Ty) +d(y,TX)]), #(a,d(X,y) +a, 1+d(x y)

+a,[d(x, TX) +d(y, Ty)] + &,[d(x,Ty) +d(y, TX)])

(2.2)
forall x,yl X, wherea,,a,,a,,a, are non negative reals with
sa, +a,+(s+1l)a, +s(s+1)a, <1. ¢ and ¢ are altering distance and ultra altering
distance functions respectivellf [IC such thaty/(t +s) <¢/(t) +¢(s). Then T has

a unigue common fixed point iX.
Proof: The proof of corollary (2.2) immediately followsofn Theorem (2.1) by taking
S=T . This completes the proof.

Corollary 2.3. Let (X,d) be a complete cone b-metric space (CCbMS) with the
co-efficient sS=1 and P be a normal cone with normal constant K . Suppose that the
mappings S,T: X - X satisfy:

Yd(T"x,T"y))

< F@(ad(xy) +a, FH 90T A0 TY)

+a5[d(X,T"X) +d(y, T"y)]

1+d(x,y)
n n [1+d(x, T"X)d(y, T"y)]
+a,[d(x, T"y) +d(y,T"X)]), #(a,d(x, y) +a, 1+d(x.y)

+a5[d(X,T"X) +d(y, T"Y)] +a,[d(x, T"y) +d(y, T"X)]))

2.3
forall x,yl X, where a,a,,a;,a, are non negative reals with 2
sa, +a, +(s+l)a,+s(s+1)a, <1. ¢ and ¢ are altering distance and ultra altering
distance functions respectivellf [IC such thaty/(t +s) <¢/(t) +¢(s). ThenT has
a unigue common fixed point iX.
Proof: By Corollary (2.2) there existsi[1 X such thatT"u=u. Then
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Y(d(Tu,w) =¢(dTT"u,T"u))

=/ (d(T"Tu,T"u))
< F((ad(Tu,u)+a, 1" d(T;iLn(Trt)]S)(u’Tnu)
+a,[d(Tu, T"Tu) +d(u, T "u)] + a4[d(T’u,T”u) +d(u, T"Tu)]),
fadTu+a, L ST TOIILTY
+a,[d(Tu, T"Tu) +d(u, T "u)] + a;[d(Tu,T”u) +d(u, T"Tu)]))
< F@(ad(Tu,u)+a, [1+ d(T;J,r'I;I'(:_l:)]S)(u,Tnu)
+a,[d(Tu, TT "u) +d(u, T"u)] + a4[d(T’u,T"u) +d(u, TT "u)]),
plad(Tu +a, L ATLTTUIIGTY)
+a,[d(Tu,TT "u) + d(u[,il'“té)(]; a_T:[(j)]('(Ij'l(J,T")u) +d(u,TT"u)]))
+d(Tu,Tu)]d(u,u

=F(ad(Tu,u) +a, ’ :

1+d(Tu,u)
+a,[d(Tu,Tu) +d(u,u)] +a,[d(Tu,u) +d(u,Tu)]),
p(ad(Tu,u) +a, = dl(IZ’(TT?]S)(U’ )
+a,[d(Tu,Tu) +d(u,u)] + a4[d’(Fu,U) +d(u,Tu)])
=¢((a, +2a,)d(Tu,u))

and sod(Tu,u) =0. Thus, Tu=u. This show thatT has a unique fixed poinKX.

This completes the proof.
Putting 8, =k,a, =a; =a, =0 in Corollary (2.2) then we have the following

result.

Coradlary 2.4. Let (X,d) be a complete cone b-metric space (CCbMS) with the
co-efficient s=1 and P be a normal cone with normal constant K . Suppose that the
mappings S, T: X - X satisfy:

@(d(Tx,Ty)) < F(@(kd(xy)), #(kd(x, )
For all x,y[O X, where k[J(0,1) is a constant withsk <1. ¢/ and ¢ are altering
distance and ultra altering distance functions eespely, FLJC  such that
Yt+s)<y(t)+y(s). Then T has a unique common fixed point K.

Note 2.5. Corallary 2.4 extends well known Banach contraction principle from complete
metric space to that setting of complete cone b -metric space via cone C -class function
consider in this paper.

Putting a, =k,a, =a, =a, =0 in corollary (2.2), then we have the following uks
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Corolary 2.6. Let (X,d) be a complete cone b-metric space (CCbMS) with the

co-efficient sS=1 and P be a normal cone with normal constant K . Suppose that the
mappings S,T: X - X satisfy:

Y(d(Tx,Ty)) < F (@ (K[d(x,Tx) +d(y, Ty)]), #(K[d(x,TX) +d(y,Ty)]))
For all X,y X, where k[ (O’c_i-l) is a constant withk(s+1)<1. ¢ and ¢ are

altering distance and ultra altering distance fiomst respectively - [JC such that
Yt+s)<y(t)+y(s). ThenT has a unique common fixed point .

Note 2.7. Corollary 2.6 extends well known Kannan contraction principle from complete
metric space to that setting of complete cone b -metric space via cone C -class function
consider in this paper.

Putting a, =k,a, =a, =a, =0 in corollary (2.2), then we have the following
result.

Corollary 2.8. Let (X,d) be a complete cone b-metric space (CCbMS) with the

co-efficient s=1 and P be a normal cone with normal constant K . Suppose that the
mappings S, T: X - X satisfy:

@(d(Tx,Ty)) < F (@ (K[d(x,Ty) +d(y, TX)]), #(k[d (x,Ty) +d(y, TX)]))

For all x,yd X, where k[ (O,%l) is a constant withk(s+1)<1. ¢ and ¢ are
S

altering distance and ultra altering distance fiamst respectively |- [JC such that
Yt+s)<w(t)+y(s). ThenT has a unique common fixed point X.

Note 2.9. Corollary 2.8 extends well known Kannan contraction principle from complete
metric space to that setting of complete cone b-metric space via cone C -class function
consider in this paper.
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