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Abstract. A graph G = (V, E) with p vertices and g edgesaisl $0 be edge trimagic total
labeling if there exists a bijection f: V(G) E(G) - {1, 2, ..., p + g} such that for each
edge uMd E(G), the value of f(u) + f (uv) + f(v) is eith&r or k or ks. In this paper, we
prove that the graphs (h, - dragon, Mobius ladder jvand Book B are edge trimagic
total labeling.
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1. Introduction
A labeling of a graph is an assignment of intedersertices or sometimes edges in a
graph based upon certain criteria. Rosa in 19@iydoced the concept of graph labeling.
Any graph labeling will have the following threensmon characteristics: (i) A set of
numbers from which vertex labels are chosen (iiula that assigns a value to each edge (iii)
A condition that this value has to satisfy [13].a@h labeling are of many types such as
graceful, harmonious, elegant, cordial, magic, magjic, bimagic etc. Harary [4] is
referred to know about the notations in graph theor

Magic labeling was introduced by Sedlacek [12]. 4w and Rosa [10], defined
edge magic of a graph G with a bijection O —{1, 2, ..., p+q} such that, for each
edge uM E(G), f(u) + f (uv) + f(v) is a magic constant.[B] shows the cycle Qwith P;
chords are edge magic total labeling. Edge bimkdpieling of graphs was introduced by
Babujee [2] in 2004, defined by a graph G withjadiion f: VL E - {1, 2, ..., p + q}
such that for each edgeNE(G), the value of f(u) + f(uv) + f(v) is either &r k. Magic
and bimagic labeling for disconnected graphs aogvet in [1].

In 2013, Jayasekaran et al. [5] introduced theee@igmagic total labeling of

graphs. An edge trimagic total labeling of a (pgtgph G is a bijection f: V1 E—{1, 2,
..., p+ q} such that for each edge OVE(G), the value of f(u) + f(uv) + f(v) is equal to
any of the distinct constantg kr k or k. An edge trimagic total labeling is called a
super edge trimagic total labeling of a graph Gthé vertices are labeled with the
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smallest possible integers i.e. 1, 2, ..., p. Gragth as Umbrella \J,, Dumb bell Di
and Circular ladder CL(n) are proved to be edgadgic and super edge trimagic total
graphs in [7]. In [6], edge trimagic labeling ofdaphs were discussed.

A (n, 1) - dragon is formed by joining an end point ofadpR to a point of cycle
C, (Koh, et al [11] call these tadpoles; Kim and P@kcall them kites). Mobius ladder
M, is the graph obtained from the laddgm<HP, by joining the opposite end points of the
two copies of R The Book R is the graph &P, where §is the star with n+1 vertices.

For more references, we use dynamic survey of dgia@pdling by Gallian [8]. In
this paper, we prove that the dragon, Mobius lagd®t Book are edge trimagic total
labeling graphs.

2. Main results

Theorem 2.1. The Mobius ladder Mis an edge trimagic for odd n.

Proof: Let V = {u, v /1<i<n} be the vertex set and E = i{i;, ViViu
/1<i<n-1} O{uvi/1<i<n} U{uyv, v} be the edge set of the Mobius laddey. M
Then M, has 2n vertices and 3n edges. Define a bijectis {E - {1, 2, ..., 5n} such
that

11 ci<nandiisodd
fuy=1 >
n+i+1

,1<i<nandiiseven

n+n—+';Lsisnandi is odd
Fy) = 2
(vi) =

i . .
n+§,1S| < nandiis even

and f(uui1) = 5n-i-1, 1<i<n-1; f(vviiy) = 3n-i,1<i < n-1; f(uv;) = 4n-i,1<i <n; f(uv,)
=5n-1 and f(wu,) = 5n.

To prove this labeling is an edge trimagic taddidling.
For the edge w,, f(uy) + f(uvy) + f(v,) = 1+5n-1+2n = 7n %,.

n+1 n+1
For the edge ma,, f(vy) + f(viu,) + f(u)) = N+ > +5n+ > = 7n+1 =),.

Consider the edgesuy;, 1<i<n-1.
i n+i 11n+1
2

11n+1

1
Rwoddhﬂw+fwﬁm)+ﬂuﬂ):LE—+5n4-l+ +1= A

n+i+1

For even i, f(1) + f(Uth) + f(Us1) = +5n4-1+%+1: A

Consider the edgesw, 1<i<n-1.

n+i . i+1 11n+1
For odd i, f(y) + f(viVis1) + f(vizr) = N +TI+3n- i+n +|7 = > =

n+i+1_11in+1
S "

3

[ .
For even i, f(\) + f(vivis1) + f(vizg) = N +§ +3n-i+n+ 3
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Consider the edgesvy 1<i<n.

I+1 , n+i _11in+1
For odd i, f(y) + f(uv;) + f(v;) = 7 +4n-i+n +T = > = ha.
+i+1 . i _11n+1
For even i, f(§) + f(uv;) + f(v;) = +4n-1+n +E = > =
Hence for each edge WIE, f(u) + f(uv) + f(v) yields any one of the magionstants.; =

11n+1
7n, Ay = 7n+1 and\s =

. Therefore, the Mobius ladder,Ns an edge trimagic

total labeling for odd n.

Corollary 2.2. The Mobius ladder M is super edge trimagic total labeling for
odd n.
Proof: We proved that the Mobius ladder, i an edge trimagic total labeling for odd n
with 2n vertices. The labeling given in Theoremi2.as follows:
i +
*1 1 <i<nandiisodd
f(u) =

n+i+1 . .
,<1<i<nandiiseven

i
n+u,1si < nandiisodd
f(vi) =
n+L2,1sis nandiis even

Hence the 2n vertices get labels 1, 2, 2n. Therefore, the Mobius ladder, i$ super
edge trimagic total labeling for odd n.

Example 2.3. An edge trimagic total labeling of the Mobius laddi&; is given in figure
1.

Figurel: M, with A; = 49,A, = 50 and\;= 39
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Theorem 2.4. The Book B is an edge trimagic graph.
Proof: Let V={v,, W, Vi, U/ 1< i < n}be the vertex set and E =gy uui/ 1< i < n}{uv,, Uv;
/ 1I<i < n} be the edge set of the graph Bhen B, has 2n+2 vertices and 3n+1 edges.
Case 1l.nis even.

Define a bijection f: VIE- {1, 2, 3, .., 5n+3} such that
f(vo) = 1; f(w) = n+2; f(y) = 2n+3-i, I<i < n;

2i  1<i<?
f(u) = 2

2i-n+1, g+1siSn
f(Vovi) = 4n+i+2, I<i<n; f(wvy) = 3n+2 and f(w,) = 5n+3.
an-2i+4, 1<i sg

f (uoly) =
5n-2i+3, %+1si5n
Shi3-i 2<i<h
f(Uv) = 2
Zn+2-i, E+1sisn
2 2

To prove this labeling is an edge trimagic totaklng.
For the edgesyvi,1<i < n, f(vo)+f (Vovi)+f(Vv)) = 1+4n+i+2+2n+3-i = 6(n+1) *;.
For the edge o, f(Vo) + f(Volo) + f(Up) = 1+5n+3+n+2 = 6(n+1) X;.
Now consider the edgeguy 1<i<n.

For 1< sg, F(UQ) + F (W) + F(U) = N+2+4n-2i+4+2i = 5n+6 .

For 2 +1<i SN, f(Ug) + f(Uol) + f(U) = N+2+5n-2i+3+2i-n+1 = 5n+6%,

For the edge yay, f(vy) + f (vauy) + f(u) = 2n+2+3n+2+2 = 5n+6 X,
Consider the edgesvy 2<i<n.

For 2<i sg,f(ui)+f(uvi)+f(vi) = 2i+gn+3—i+2n+3—i= %n+6:/13.

Forg+1si <n, f(w) + f(uvy) + f(v) = 2i-n+1+gn+2-i+2n+3-i=gn+6:7»3-
Hence for each edge WE, f(u) + f(uv) + f(v) yields any one of the magic
9
constants\; = 6(n+1),A, = 5n + 6 and\; = §n+6. Hence the Book Bis an edge

trimagic total labeling when n is even.

Case 2. nis odd.
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Define a bijection f: VJE- {1, 2, ..., 5n+3} such that
f(vo) = 1; f(w) = n+2; f(y) = 2n+3-i, I<i<n;
i+
*1,11<i<nandiisodd
_) 2
f(u)=

n+i+1 : ..
+1,1<i<nandiiseven

f(vov)) = 4n+i+2, I<i<n;

4n+3—%,1sis n andi is odd

f(uoui): 1 .
3n+ﬂ+2+—|,1sis n andi is even
2 2
on+2+2+1 1<i<nandiisodd
_ 2
f(uiv)=

2n+2+|—2,1si < nandiiseven
and f(wv, ) =5n + 3.

To prove this labeling is an edge trimagic totaklng.
For the edgesyvi, 1<i < n, f(v)+H(vov) f(vi) = 1+4n+i+2+2n+3-i = 6(n+1) ;.
For the edge qo, f(Vo) + f(VoUy) + f(Up) = 1+ 5n + 3+ n + 2 = 6(n+1) X
Consider the edgesu, 1<i<n.
For odd i, f(u) + f(uw) + f(u) = n+2+4n+3E%J + (%} +1=5n+6 =\,

1-i n+i+1
+

For even i, f(g) + f(uou) + f(u) = n +2+3n4%+2+7 +1 =5n+6 =A,.

Consider the edgeswy 1<i<n,

" .
For odd i, f(4) + f(uv)+(v) :% +1+2n+ g r2+ '—2 +2n+3- =018,

NnN+3+i o9n+13

For even i, f()+f (uvi) + f(vi) = +2(n+1)+ '—2 +2n+3-j = =As

Hence for each edge WE, f(u) + f(uv) + f(v) yields any one of the magic
constants\; = 6(n+1),A, = 5n+6 and\; = 9n+13_ Therefore, the Book Bs an edge

trimagic total labeling when n is odd. From casEsand (2), the Book Bis an edge
trimagic total labeling.

Corollary 2.5. The Book B is a supper edge trimagic total labeling graph.

Proof: We proved that the Book,Bs an edge trimagic total labeling with 2n+2 vees.
The labeling given in the proof of Theorem 2.49da@llows:

For even n, f(y) = 1; f(w) = n+2; f(v) =2n+3-i, 1<i<nand
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2 1<i<?
2

f(u) = n
2i-n+1, E+1sisn

For odd n, f(y) = 1; f(w) = n+2; f(v) = 2n+3-i, 1<i<nand
%u, 1<i < nandi s odd

fUi: .
W) n+i+1

+1, 1<i<nandiiseven

Hence, the 2n+2 vertices get labels 1, 2, ..., 2ihRrefore, the Book Bis super edge
trimagic total labeling graph.

Example 2.6. An edge trimagic total labeling of the Booko,ind B are given in figure
2 and figure 3, respectively.

2.2\21V 2CV 19V 18V 17V lEV c 15V 5 14\//521.3\/
Vi 2 2 4 = &4 7 2 a 1r
\ /

VaT 1
32 26 25 24 23 31 30 29 28 27

Figure 2. Blo(siox Pg) with )\1: 66,)\2 =56 and?\3: 51

16 1 14 13 12 11 1
31
Vi ‘\< 33 y‘%‘\h
34 35
\ /

Vo 1

20 17 21 18 38 22 19 23

9 0
Figure 3: B+(S;x P;) with A;= 48,A, =41 ands;= 38
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Theorem 2.7. The (n,l) — dragongraph is an edge trimagic total labeling.
Proof: Let V ={v;/ 1<i<I} L{u;/ 1<j < n} be the vertex set and E =\{u./
1<i<I-1} U {uqvy, wun} U{ujue, / 1<j < n-1} be the edge set.
Then (nl) — dragon has f+ertices and ntedges.
Case 1. Both n aridare even.

Define a bijection f: VIE - {1, 2, ..., 2(n#)} such that

| +i+3

, lisoddandl<i<l|
f(vi) =
——, liisevenandl<ic<l|

flu) =1+, 2<j<n; f(w) =1, f(Mvir) = 2(nH-1)- i, 1< i < |-1; f(l,) = 2(nH)-
1;f(usun)=2(nH); f(uyv,) = 2(n4-1) and

on+1-2j+3, 2<j<i+1
L - 2
(Uj1) = 0

3n+1-2j+2, E+1<jsn

To prove this labeling is an edge trimagic toédldling.
Consider the edgesw, 1<i <I-1.

43 o+l +—';’3 :2n+l:23| +1=0,

For odd i, f(y)+f(ViVie1) +f(Vii1)=

| +i+4 :2n+gl +1 =\

i +
For even i, f(\)+f(vivi+1)+f(vi+1):% +2n+1-D-i+

+
For the edge v, f(u)+ f(uvy) + f(vy) = 1+ 2(n+1 -1) +IT4 =2n +g| +1 =M.

For the edge i, f(uy) + f(uuy) +f(Up) = 1+2(N4)-1H+2 = 2n+3+2 =2,.
For the edgesju|4, 2<j < 2 +1, f(w) + f(uugy) + f(u.y) = 14j+2nH-2j+3H+j-1

=2n+3+2 =),
For the edge i, f(uy) + f(uuy) + f(uy) = 1+2(n#)+l+n = 3(n4)+1 =2,

For the edges;u., g+1<jsn, fu) + f(uu) + f(u) = [+j+3nH-2j+2H+j-1 =
3(nH)+1 =2s.

Hence for each edge [UNE, f(u) + f(uv) + f(v) yields any one of the magionstants
M=2n +§I +1, X, = 2n+3+2 andX; = 3(n#)+1. Therefore, the (d) — dragon is an

edge trimagic total labeling when both n &rzde even.

Case 2. nis even ahds odd.
Define a bijection f: VLIE - {1, 2, ..., 2(n#)} such that
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| +i+2

, lisoddandl<i<|
f(vi) =
— iisevenandl<i<|
f(u) =14, 2<j < n; f(w) = 1; f(vvier) = 2(nH-1)-1, 1<i <1 -1; f(uuy) = 2(nH)-1;f(uun)
= 2(n4H); f(uvy) = 2(n#-1) and
on+l-2j+3, 2<j<D+1
- 2
fuya) = N
3n+l-2j+2, E+1<js n

To prove this labeling is an edge trimagic taddldling.
Consider the edgeswiy, 1<i<I-1.

For odd i, W) +f(vivin)) +i(ve)=! 112 4 o 41 1) - +? =2(n+1) +%1

= )\41.

[+i+3

For even i, f)+f(vivis) +(Viv) = % $o(n+1-D)-i+ =2 +1) '71 =ha.

+ +
For the edge vy, f(uy)+f(uyvy)+(vo)=1+2(n+1 -1) + ITS =2(n+1)+ |71 =\

For the edge i, f(uy) + f(uiuy) + f(Up) = 1+2(n#)-1++2 = 2n+3+2 =),
For the edge i, f(u;) + f(uyuy) + f(uy) = 1+2(n#)+l+n = 3(n4)+1 =Aa.

.. n
For the edges jul4, 2<]S§+l, flu) + f(uyu.) + f(ue) = 1+j+2nH-2j+3H+j-1
=2n+3+2 =),
n ,
For the edges ju., §+1<an,f(u,-) + f(uu) + f(ug) =l++3nH-2j+2H+j-1

= 3(nH)+1 =)s.
Hence for each edge WE, f(u)+f(uv)+f(v) yields any one of the magic ctamstsi, =

| +1
2(n+|)+7, L2 = 2n+3+2 andi; = 3(n#)+1. Therefore, the () — dragon is an

edge trimagic total labeling when n is even hrsdodd.
Case 3. Both n aridare odd.

Define a bijection f: VLE - {1, 2, ..., 2(n#)} such that
| +i+2

, lisoddandl<i<l|
f(v)) =
> iisevenandl<i<|
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j+1 : .
|+—, 2<j<nandjisodd
f(u) =
) n+j+1

2
f(uy) = 1; f(MVier) = 2(nH)-i, 1< i <1-1; f(uyvy) = 2(nH); f(ugly) = nH+1; f(uu,) = NH+2
and f(yu) = 2nH+2-j, 2<j<n-1.

To prove this labeling is an edge trimagic tosdldling.

Consider the edgeswiq, 1<i<I-1.

For odd i, f)+(vivis) H(vie)= 72 £ o +1) - + ? = o+l +7)+ L

| +

, 2<j<nandjiseven

= 7\.1.

| +i+3

For even i, f()+f(viViu1) (Vi) =i+72 Fon+l)-i+ =2+ +1) + '%1 =

For the edge ary, f(uy)+f(uvy)+(v)=1+ 2(n +1) + I%?’ =2n+1+1)+ I—Zl =M.

n+1

+
For the edgeluz, f(U1)+f(U1U2)+f(U2)=1+n+I +1H+ n+3 =n+2 +3+ T =Ao.

n+l

n+1
For the edge i, f(uy)+f(usun)+f(u,)=1+nH+2H+ =n+2 +3+ — - Ao

Consider the edgeswy,, 2<j<n-1.
For odd j,

f(uy)+F(UjUe) H(Uj )= +%+2n +1+2-j+1+ n+j+2 =2n+3 +3+n_;-1 =\s.

For even |,

n+1

NI+ o4 +2-J‘+|+—J;2 =0+ 3+ 22 hs

Fu) (U U ) +H(U) =1+

Hence, for each edge ULE, f(u)+f(uv)+f(v) yields any one of the magic ctarstsi; =

+ +
2(n+1 +1)+|71;k2= n+2+3+ n+1 andi; = 2n+3 +3+n—21. Therefore,

the (n,l) — dragon is an edge trimagic total labeling whes odd and is odd.
Case 4. nis odd arids even.
Define a bijection f: VLE - {1, 2, ..., 2(n#)} such that

I +i+3 ) i<n.iisodd

f(vi) = -
IT' 1<i<n,iiseven

|+l%3,2sjsn4sOdd

f(uy) =

n+j+1
+

| , 2<j<n,jiseven
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f(uy) = 1; f(vvirr) = 2(nH)-1, 1 <i <I-1; f(uvy) = 2(nH); f(uu,) = nH+1; f(uu,) = nH+2;
f(UjUj+1) = 2n+|+2-j, 25] <n-1.

To prove this labeling is an edge trimagic toédldling.
Consider the edgesw, 1<i<I-1.

For odd i, () +(vivi)H(vis)= LTS+ 2(n+1) - i +%)’ = 2(n+1) +3+'5 =

For even i, f(\b+f(vivi+1)+f(vi+1):¥ +2n+l)-i+ | +i+4

=2(n+|)+3+|5 =

| +4 I
For the edge v, f(uy)+f(uva)+ f(vi) = 1+ 2(n+1) +T = 2(n+l) +3+E =\

+2| + +
n+2l 3:n+2|+3+n21:k2_

For the edge U, f(U1)+f(U1U2)+f(U2):1+ n+l+1+

For the edge I, f(u)+f(uu)+f(u)=1+n+1+2+ n+2+1_ n+2l +3+nT+1 =
Consider the edgeswy,, 2<j<n-1.

For odd j,

() H(U 1) ()= | +j;1+2n #l2-j+1+ 0 +i+2 =2n+3 +3+”2+1 =
For even |,

f(U) +HF(U Uia ) +H(U1) =1 + n +2j +1Jr 2n+1+2-j+1+ % =2n+3 +3+ nTﬂ:xs_

Hence for each edge WE, f(u)+f(uv)+f(v) yields any one of the magic ctarsts), =
n+

I n+1
2(n+|)+3+§;x2= n+2 +3+ 1 andiz = 2n + 3 +3+T.Therefore, the

(n,1) — dragon is an edge trimagic total labeling whes odd and is even.

Corollary 2.8. The (nl) — dragon graph is super edge trimagic total lagel

Proof: We proved that the (1) — dragon is an edge trimagic total labeling witH
vertices. The labeling given in the proof of Thenr2.7 is as follows:

For even n and evdn

| +1+3  isodd andl<i<|

f(vi) =
o iisevenandl<i<l|

f(u) =14, 2<j<n; f(w) = 1.
For even n and odd

I +i+2 s odd andl<i<|

f(vi) =
——, iisevenandl<ic<l|

f(u) =1+j, 2<j<n; f(u) = 1.
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For odd n and odg

+i+
1*1%2 s odd andl<i <|
f(vi) = 1.
%, iisevenandl<i<l|
j +
1+3*1 isodd and2<j<n
w={ 2.
|+ 1) , jJisevenand2<j<n
f(ul) =1.
For odd n and eveln
[*1+3 s odd andi<i <!
f(vi) =
%, iisevenandl<i <|
1+0*1 isodd and2< j<n
w={ 2
|+ 07 , jisevenand2<j<n
f(u,) = 1.
Hence, the nkvertices get labels 1, 2, ..., nHherefore, the (1) — dragon is a super

edge trimagic total labeling graphs.

Example 2.9. An edge trimagic total labeling of the (8, 6) —ala, (6, 5) — dragon, (5,
7) — dragon and (7, 4) — dragon are given in figdirdigure 5, figure 6 and figure 7
respectively.

Figure4: (8, 6) — dragon with; = 32, A, = 36 andA; = 43
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10 13 Us
Figure5: (6, 5) — dragon withA; = 25, A, = 29 andA; = 34

Figure7: (7, 4) — dragon with\; = 27, A, = 22 andA3; = 33

3. Conclusion

In this paper, we proved that the Mobius laddavpliBand (n,)) — dragon are edge
trimagic total labeling graphs. Theorem 2.1 shohat tMobius ladder Mis an edge
trimagic total labeling for odd n. One can try toye that the Mobius ladder Mraph is

an edge trimagic for even n.
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