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Abstract: In this paper, a new membership function to introduce on Hexagonal Fuzzy numbers which defines where the methods of 

addition, subtraction and multiplication has been modified with some conditions. The main aim of this paper is to introduce a new 

membership function and satisfies the operation of addition, subtraction and multiplication of hexagonal fuzzy number on the basis of 

alpha cut sets of fuzzy numbers. 
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1. Introduction 
 

The concept of fuzzy logic was first conceived by Lotfi.A. 

Zadeh (1965). Fuzzy set theory permits the gradual 

assessment of the membership of elements in a set which is 

described in the interval [0, 1]. It can be used in a wide range 

of domains where information is incomplete and imprecise. 

In this paper a new membership function of Hexagonal 

Fuzzy numbers has been introduced with its basic 

membership function followed by the arithmetic operations 

of fuzzy numbers. 

 

In section 2 preliminaries and section 3 the new membership 

function are discussed with numerical example and section 4 

concludes the paper.  

 

2. Preliminaries 
 

2.1 Definition 

 

The characteristic function µA of a crisp set A ∁ X assigns a 

value either 0 or 1 to each member in X. This function can 

be generalized to a function µ
𝐴 

 such that the value assigned 

to the element of the universal set X fall within a specified 

range i.e.µ
𝐴 

 : X → [0,1]. The assigned value indicate the 

membership function and the set 𝐴  = {(x, µ
𝐴 

(x)); x 𝜖 X} 

defined by µ
𝐴 

(x) for x 𝜖 X is called fuzzy set.   

 

2.2 Definition 

 

A fuzzy number 𝐴𝐻
  is a hexagonal fuzzy number denoted by 

𝐴𝐻
  = (𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5 ,𝑎6 )where (𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5 ,𝑎6 ) 

are real numbers and its membership function  µ
𝐴𝐻 

(x) is 

given below. 

 

 
Figure1: Graphical representation of a hexagonal fuzzy 

number for x ∈ [0, 1] 

 

2.3 Definition 

 

An Hexagonal fuzzy number denoted by 𝐴𝐻
  is defined as ( 

(𝐷1 𝑘 , 𝑆1 𝑙 , 𝑆2 𝑙 , 𝐷2(𝑘)) for 

 k ∈ [0, 0.5] and 𝑙 ∈ [0.5, 1] where, 

(i)(𝐷1 𝑘  is a bounded left continuous non decreasing 

function over [0, 0.5]  

(ii) 𝑆1 𝑙  is a bounded left continuous non decreasing 

function over [0.5, 1]  

(iii) 𝑆2 𝑙  is a bounded left continuous non increasing 

function over [1, 0.5]  

(iv) 𝐷2(𝑘) is a bounded left continuous non increasing 

function over [0.5, o]  

 

3. New Membership Function 
 

A fuzzy number 𝐴𝐻
  is a hexagonal fuzzy number denoted by 

𝐴𝐻
  = (𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5 ,𝑎6 )where (𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5 ,𝑎6 ) 
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are real numbers and its membership function  µ
𝐴𝐻 

(x) is 

given below. 

 
 

3.1  Alpha Cut 

The classical set 𝐴𝛼
  called alpha cut set is the set of 

elements whose degree of membership is the set of elements 

whose degree of membership in 𝐴𝐻
  = (𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5 ,𝑎6 

) is no less than, 𝛼 it is defined as 

 
 

3.2  𝜶 cut operations 

 

If we get crisp interval by 𝛼 cut operations interval 𝐴𝛼  shall 

be obtained as follows for all 𝛼 ∈ [0, 1] 
Consider    𝑆1 𝑥  = 𝛼 
1

2
+

1

2
(

2𝑥−𝑎1−𝑎3

𝑎3−𝑎1
 ) = 𝛼 

x = 𝛼   𝑎3 −  𝑎1 +  𝑎1 

(i e) 𝑆1 𝛼 =  𝛼   𝑎3 −  𝑎1 + 𝑎1 

Similarly from  𝑆2 𝑥 = 𝛼      

1- (
𝑥−𝑎4

𝑎6−𝑎4
 ) = 𝛼 

(i e) 𝑆2 𝛼 =  𝑎6 − 𝛼   𝑎6 −  𝑎4  

This implies [𝑆1 𝛼 ,  𝑆2 𝛼 ]=[ 𝛼   𝑎3 −  𝑎1 +  𝑎1,  𝑎6 −
𝛼   𝑎6 −  𝑎4  ] 
Consider 𝐷1 𝑥  = 𝛼 

𝐷1 𝛼  = x  =  𝑎1 + 𝛼   𝑎3 −  𝑎1  

Similarly from  𝐷2 𝑥 = 𝛼 , we get   

   𝐷2 𝛼  = x  =  𝑎6 + 𝛼   𝑎4 −  𝑎6  

This implies [ 𝐷1 𝛼 ,  𝐷2 𝛼 ]  = [ 𝑎1 + 𝛼   𝑎3 −  𝑎1 + ,  
𝑎6 + 𝛼   𝑎4 −  𝑎6  ] 
Hence 
𝑨𝜶

=  
[ 𝑎1 + 𝛼   𝑎3 −  𝑎1 , 𝑎6 + 𝛼   𝑎4 −  𝑎6   for 𝛼 ∈ [0, 0.5) 

  𝛼   𝑎3 −  𝑎1 + 𝑎1 , 𝑎6 − 𝛼   𝑎6 −  𝑎4     for 𝛼 ∈ [0.5, 1]
  

 

3.3 Operations of Hexagonal Fuzzy numbers 

 

The three operations that can be performed on hexagonal 

fuzzy numbers, suppose 𝐴𝐻
  = (𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5 ,𝑎6 ) and 

𝐵𝐻
  = (𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏5 , 𝑏6 ) are two hexagonal fuzzy 

numbers then  

(i) Addition :  𝐴𝐻    + 𝐵𝐻   =   ( 𝑎1 + 𝑏1 , 𝑎2 + 𝑏2 , 𝑎3 + 𝑏3, 𝑎4 +
 𝑏4 , 𝑎5 + 𝑏5 , 𝑎6 + 𝑏6) 

(ii) Subtraction: 𝐴𝐻    - 𝐵𝐻   =   ( 𝑎1 − 𝑏1,  𝑎2 − 𝑏2, 𝑎3 −
 𝑏3 , 𝑎4 −  𝑏4 , 𝑎5 −  𝑏5, 𝑎6 −  𝑏6) 

(iii) Multiplication:  𝐴𝐻    (∗) 𝐵𝐻   =   ( 𝑎1 ∗ 𝑏1 ,  𝑎2 ∗ 𝑏2 ,  𝑎3 ∗
𝑏3, 𝑎4 ∗ 𝑏4,  𝑎5 ∗ 𝑏5 ,  𝑎6 ∗ 𝑏6) 

 

Example 1: 

Let 𝐴𝐻
  = (1,2,3,5,6,7 ) and 𝐵𝐻

  = (2,4,6,8,10,12) are two 

hexagonal fuzzy numbers  then 

𝐴𝐻    + 𝐵𝐻   =   ( 3,6,9,13,16,19) 

 

Example 2: 

Let 𝐴𝐻
  = (1,2,3,5,6,7 ) and 𝐵𝐻

  = (2,4,6,10,12,14) are two 

hexagonal fuzzy numbers  then 

𝐴𝐻    -  𝐵𝐻   =   ( -1,-2,-3,-5,-6,-7) 

 

Example 3: 

Let 𝐴𝐻
  = (1,2,3,5,6,7 ) and 𝐵𝐻

  = (2,4,6,8,10,12) are two 

hexagonal fuzzy numbers  then 

𝐴𝐻    (∗) 𝐵𝐻   =   (2,8,18,40,60,84) 

 

3.4 Operations for Addition, Subtraction & 

Multiplication on Hexagonal Fuzzy Number 

 

3.4.1  𝜶 cut of a normal hexagonal fuzzy number 

The 𝛼 cut of a normal hexagonal fuzzy number 𝐴𝐻
  = (𝑎1, 

𝑎2, 𝑎3, 𝑎4, 𝑎5 ,𝑎6 ) given by the definition for all 𝛼 ∈ [0, 1] 
𝑨𝜶

=  
[ 𝑎1 + 𝛼   𝑎3 −  𝑎1 , 𝑎6 + 𝛼   𝑎4 −  𝑎6   for 𝛼 ∈ [0, 0.5) 

  𝛼   𝑎3 −  𝑎1 + 𝑎1 , 𝑎6 − 𝛼   𝑎6 −  𝑎4     for 𝛼 ∈ [0.5, 1]
  

 

3.4.2 Addition of Two hexagonal fuzzy numbers 

Let 𝐴𝐻
  = (𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5 ,𝑎6 ) and 𝐵𝐻

  = (𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏 

,𝑏6 ) are two hexagonal fuzzy numbers for all 𝛼 ∈ [0, 1]. Let 

us add the alpha cuts 𝐴𝛼   and  𝐵𝛼   of  𝐴𝐻   and 𝐵𝐻
  using 

interval arithmetic. 
𝑨𝜶 + 𝑩𝜶

=

 
 

 
  𝑎1 + 𝛼   𝑎3 −  𝑎1 , 𝑎6 + 𝛼   𝑎4 −  𝑎6   

+  𝑏1 + 𝛼   𝑏3 −  𝑏1 , 𝑏6 + 𝛼   𝑏4 −  𝑏6    for 𝛼 ∈ [0, 0.5) 
  𝛼   𝑎3 −  𝑎1 + 𝑎1 , 𝑎6 − 𝛼   𝑎6 −  𝑎4   +

  𝛼   𝑏3 −  𝑏1 +  𝑏1 , 𝑏6 − 𝛼   𝑏6 −  𝑏4    for 𝛼 ∈ [0.5, 1]

  

Consider the example 1 such that 

For 𝛼 ∈ [0, 0.5) 

𝐴𝛼    = [ 2𝛼 + 1, -2𝛼 +7]      𝐵𝛼    = [ 4𝛼 + 2, -4𝛼 +12]     

𝐴𝛼  + 𝐵𝛼   = [ 6𝛼 + 3, -6𝛼 +19] 

 For 𝛼 ∈ [0.5,1] 
𝐴𝛼    = [ 2𝛼 + 1, -2𝛼 +7]      𝐵𝛼    = [ 4𝛼 + 2, -4𝛼 +12]     

𝐴𝛼  + 𝐵𝛼   = [ 6𝛼 + 3, -6𝛼 +19] 

Since for both 𝛼 ∈ [0, 0.5) & 𝛼 ∈ [0.5, 1] arithmetic 

intervals are same. 

Therefore  𝐴𝛼  + 𝐵𝛼  = [ 6𝛼 + 3, -6𝛼 +19] for all 𝛼 ∈ [0, 1] 
When 𝛼 = 0,   𝐴0 + 𝐵0 = [3, 19] 

𝛼 = 0.5,   𝐴0.5 + 𝐵0.5 = [6, 16] 

 And for 𝛼 = 1,   𝐴1 + 𝐵1 = [9, 13], Hence 𝐴𝛼  + 𝐵𝛼  = [3, 6, 9, 

13, 16, 19] hence all the points coincide with the sum of the 

two hexagonal fuzzy number. 

Therefore addition of two 𝛼 cuts lies within the interval. 

 

3.4.3 Subtraction of Two hexagonal fuzzy numbers: 

Let 𝐴𝐻
  = (𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5 ,𝑎6 ) and 𝐵𝐻

  = (𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏 

,𝑏6 ) are two hexagonal fuzzy numbers for all 𝛼 ∈ [0, 1]. Let 

us subtract the alpha cuts 𝐴𝛼   and  𝐵𝛼   of  𝐴𝐻   and 𝐵𝐻
  using 

interval arithmetic. 
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𝑨𝜶 − 𝑩𝜶

=

 
 

 
  𝑎1 + 𝛼   𝑎3 −  𝑎1 , 𝑎6 + 𝛼   𝑎4 −  𝑎6   

−  𝑏1 + 𝛼   𝑏3 −  𝑏1 , 𝑏6 + 𝛼   𝑏4 −  𝑏6    for 𝛼 ∈ [0, 0.5) 
  𝛼   𝑎3 −  𝑎1 +  𝑎1, 𝑎6 − 𝛼   𝑎6 −  𝑎4   

−  𝛼   𝑏3 −  𝑏1 +  𝑏1, 𝑏6 − 𝛼   𝑏6 −  𝑏4    for 𝛼 ∈ [0.5, 1]

  

Consider the example 2 such that 

For 𝛼 ∈ [0, 0.5) 

𝐴𝛼  - 𝐵𝛼   = [ -2𝛼 -1, 2𝛼 -7] 

For 𝛼 ∈ [0.5,1] 
𝐴𝛼  - 𝐵𝛼   = [ -2𝛼 -1, 2𝛼 -7] 

Since for both 𝛼 ∈ [0, 0.5) & 𝛼 ∈ [0.5, 1] arithmetic 

intervals are same. 

Therefore  𝐴𝛼  - 𝐵𝛼  = = [ -2𝛼 -1, 2𝛼 -7]  for all 𝛼 ∈ [0, 1] 
When 𝛼 = 0,   𝐴0 - 𝐵0 = [-1, -7] 

𝛼 = 0.5,   𝐴0.5 - 𝐵0.5 = [-3, -5] 

 And for 𝛼 = 1,   𝐴1 - 𝐵1 = [-2, -6], Hence 𝐴𝛼  - 𝐵𝛼  = [-1, -2, -

3, -5, -6, -7] hence all the points coincide with the difference 

of the two hexagonal fuzzy number. 

Therefore difference of two 𝛼 cuts lies within the interval. 

 

3.4.4 Multiplication of Two hexagonal fuzzy numbers 

Let 𝐴𝐻
  = (𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5 ,𝑎6 ) and 𝐵𝐻

  = (𝑏1, 𝑏2, 𝑏3, 𝑏4, 𝑏 

,𝑏6 ) are two hexagonal fuzzy numbers for all 𝛼 ∈ [0, 1]. Let 

us multiply the alpha cuts 𝐴𝛼   and 𝐵𝛼   of  𝐴𝐻   and 𝐵𝐻
  using 

interval arithmetic. 
 
𝑨𝜶 ∗ 𝑩𝜶

=

 
 

 
  𝑎1 + 𝛼   𝑎3 −  𝑎1 , 𝑎6 + 𝛼   𝑎4 −  𝑎6   

∗   𝑏1 + 𝛼   𝑏3 −  𝑏1 , 𝑏6 + 𝛼   𝑏4 −  𝑏6    for 𝛼 ∈ [0, 0.5) 
  𝛼   𝑎3 −  𝑎1 + 𝑎1 , 𝑎6 − 𝛼   𝑎6 −  𝑎4   ∗

  𝛼   𝑏3 −  𝑏1 +  𝑏1 , 𝑏6 − 𝛼   𝑏6 −  𝑏4    for 𝛼 ∈ [0.5, 1]

  

Consider the example 3 such that 

For 𝛼 ∈ [0, 0.5) 

𝐴𝛼  ∗ 𝐵𝛼   = [(2𝛼 + 1)( 4𝛼 + 2), (-2𝛼 +7)(-4𝛼 +12)]     

 For 𝛼 ∈ [0.5,1] 
𝐴𝛼  ∗ 𝐵𝛼   = [(2𝛼 + 1)( 4𝛼 + 2), (-2𝛼 +7)(-4𝛼 +12)]     

Since for both 𝛼 ∈ [0, 0.5) & 𝛼 ∈ [0.5, 1] arithmetic 

intervals are same. 

Therefore  𝐴𝛼  ∗ 𝐵𝛼  = [(2𝛼 + 1)( 4𝛼 + 2), (-2𝛼 +7)(-4𝛼 +12)]      

for all 𝛼 ∈ [0, 1] 
When 𝛼 = 0,   𝐴0 * 𝐵0 = [2, 84] 

𝛼 = 0.5,   𝐴0.5 * 𝐵0.5 = [8, 60] 

 And for 𝛼 = 1,   𝐴1 * 𝐵1 = [18, 40], Hence 𝐴𝛼  * 𝐵𝛼  = [2, 8, 

18, 40, 60, 84] hence all the points coincide with the product 

of the two hexagonal fuzzy number. 

Therefore multiplication of two 𝛼 cuts lies within the 

interval 

 

4. Conclusion 
 

In this paper, Membership function of hexagonal fuzzy 

number has been newly introduced and the alpha cut 

operations of arithmetic function principles using addition, 

subtraction and multiplication has been fully modified with 

some conditions and has been explained with numerical 

examples. We have obtained the same results from both the 

existing membership function as well as the proposed 

membership function. If the number of variables and 

parameters are reduced, this method will be far more 

efficient and easy when compared to the earlier method.  
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