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Abstract

We propose a new exponential type estimator for the population mean by
adapting the estimator suggested by Kadilar [12] to the Ranked Set Sampling
(RSS). Theoretically and numerically, we show that the proposed exponential
type estimator is more efficient than the classical ratio estimator in the RSS
and the estimator of Kadilar et al. [11].

1. Introduction

It is well known that the information of the auxiliary variable is
commonly used in order to increase efficiency and precision in sample
surveys. It has also a role in the related methods of estimation, such as
ratio, product, and regression. If the correlation between the study
variable (Y) and the auxiliary variable (X) is highly positive, the ratio

method of estimation i1s used. If not, the product method of estimation is
employed effectively provided that this correlation is highly negative. In
recent years, there have been many articles on estimators for the
population mean in the Sampling Theory Literature, such as Qureshi et
al. [16], Zaman [22], Zaman and Kadilar [23, 24, 25], Irfan et al. [6, 7],
Cekim and Kadilar [4], Qureshi et al. [17], Singh et al. [20].

In addition to the Simple Random Sampling (SRS) method, Ranked
Set Sampling (RSS), which may be considered as a controlled random
sampling design, was first introduced by McIntyre [14] to estimate the
pasture yield. The RSS procedure involves randomly drawing n sets of
nunits each from the population for which the mean is to be estimated. It
is assumed that the units in each set can be ranked visually. From the
first set of n units, the lowest unit ranked is measured. From the second
set of n units, the second lowest unit ranked is measured. This process
continues until the n-th ranked unit is measured. Mclntyre [14]
illustrated the gain in efficiency by a computation involving five
distributions. As a simple introduction to the concept of RSS, when X is a

random variable with a density function F(x) and (x;, xg, ..., X,,) are the

unobserved values from n units, we may then rank them by visual
inspection or based on a concomitant variable. RSS involves selecting one

unit among every ranked set consisting of m units for quantification.
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The RSS method can be briefly described step by step as follows:
Step 1: Randomly select m? units from the target population.

Step 2: Allocate the m? selected units as randomly as possible into m

sets, each of size m.

Step 3: Without knowing any values of the variable of interest, rank
the units within each set with respect to variable of interest. This may be
based on personal professional judgment or done with concomitant

variable correlated with the variable of interest.

Step 4: Choose a sample for actual quantification by including the
smallest ranked unit in the first set, the second smallest ranked unit in
the second set and this process continues in this way until the largest

ranked unit is selected from the last set.

Step 5: Repeat Steps 1 through 4 for n cycles to obtain a sample of

size mn for actual quantification. (Al-Omari and Bouza [1]).
When it is ranked on the auxiliary variable, let (y[;], x;)) denote an

i-th judgement ordering in the i-th set for the study variable and the i-th

order statistic in the i-th set for the auxiliary variable, respectively.

In the remaining part of this article, the estimators for the population
mean under RSS are mentioned in Section 2, the adapted estimator from
the SRS to RSS is given in Section 3, theoretical and numerical
comparisons of the adapted estimator are performed with the existing

adapted estimators in literature in Sections 4 and 5, respectively.
2. Estimators in Literature under RSS

Samawi and Muttlak [18] defined the estimator of the population
ratio using the RSS as

n

- Yn
Rpss = ’75 1 (2.1)
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n
Zx . Note that the estimator in

— 1
where [, = Zy[l] and x(, =;L_l

(2.1) can also be used for the population total and mean. Then, the

estimator for the population mean can be written as follows:

_ Yl =
YrRSS = E[n1 X, (2.2)

(n

where it is assumed that the population mean X of the auxiliary variable
x 1s known and the MSE equation of the estimator in (2.2) can be given by

_ 1
MSE(y,rss) = —— (Si —2RSy, + R2s?)
1 m m m
2 ‘ 2 2

n Zry[i] ZRZ Tye) + B Z%) : 2.3)

=1 =1 1=1
where R = L, S,% is the population variance of the auxiliary variable,
S; is the population variance of the study wvariable, Syx is the

population covariance between the auxiliary and study variables,

Ta(i) = Hali) — X Tyfi] = Myfi] — Y and Ty = 1y = ¥) gy - X). Here,

Y is the population mean of the study variable. Note that the values of
Hy) and p,[;] depend on the order statistics. The details about (2.3) can

be found in Kadilar et al. [11]. We would like to remind that the values of

() and p,p;) can be taken to be same in the absence of judgment error

if the variables have the same distribution (see the appendix of Dell and
Clutter [5]).

We would also like to note that Bouza [3] mentioned some different
developments of ratio type estimators under the RSS, Jeelani and Bouza
[8] introduced using the linear combination of Median and Quartile
Deviation of the auxiliary variable under the RSS and Kocyigit and
Kadilar [13] studied on ratio estimators under the RSS when there is tie

information.
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Kadilar et al. [11] proposed the following estimator by adapting
Prasad [15] to the RSS as follows:

_ Kl = 2 -
YkRSS = E[n] X = RypssX, 2.9
(n)

Y [n] _ yRSS

where x1is a constant and IA?KRSS =K—=—
x(n) xRSS

The MSE of the estimator in (2.4) is given by

— 1 % —of * 2
MSE in (Ykrss) = m—( 282 —2RK' S, + R2S2)+ YZ(K 1)
1 = & n
*9 2 * 2 2
-5 K22 2B D T + B2 T |
m-r i=1 i=1 i=1
(2.5)
« 1HYC, =W
where x = v yx() . Here, y-= %, C,, and Cy are the

1+yCy

population coefficients of variation of the auxiliary and study variables,

y[l
respectively, p 1is the population correlation between the auxiliary

m
Z and
=1

and study variables, C = pC C,, W

m rXY

2
Wy[t m rY2 Z 2ok

3. The Suggested Estimator

Motivated by Bahl and Tuteja [2], Singh et al. [21], and Kadilar [12],
we propose a modified exponential type estimator using the RSS method

for the population mean as follows:

X1 | X - 7%,
ypro = _(n)|: [—]:| eXp|:_—_[]:|, 3.1

where o 1s a constant.
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In order to find the MSE equation of the estimator in (3.1), we use the

following notations:

Yy = Y (1+ &), X(n) = X+ €;), E(€y) = E(€;) = 0,

9 Y(n) 1 1 [q2 1 2 | _laer2 2
E€p)” = V( 72 j = W?[Sy _Ezty(i)} - [ecy B Wy(i)]’

2 _ E() _ 1 1 2 1 2 _ 2 2
E@)’ = V[ <2 ] = Wﬁ[sx " ty(i)} = bz -w)

1 1 1
E(pe) = Wﬁ[syx _Ezti(i)} = [eny - Wyx(i)]’

where sz[i]

1 U 9
k) Z;Tx[i]-
1=

m?rX

After some simplifications, we finally obtain the MSE equation as

follows:
— 72 B o
MSE(¥ o) = Y (Aoc ot C), (3.2)
where
A =29C C2 +2W, .y - W2.., B = 2(W2., — yC?
= 2YCy +7C5 + 2Wyg) = Wy B = 2(W,) - vCy),
and
2
C? W=,
C = YCF + =5+ Cp ) = Why) + =50+ Wy,

The optimum value of o, to minimize the MSE of y,,,, is found as

OMSE(Y ) _

oo ’

A
opt = ﬁ . (33)
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Then, we get the following minimum MSE of the proposed estimator,

by replacing a in (3.2) with a,,; in (3.3)

_ 2
MSEmin(&pro) = Y2[:14_B + CJ (34)

that will be compared with the MSE equations of other estimators

theoretically in the next section.
4. Efficiency Comparisons

In this section, the performances of the proposed estimator have been
demonstrated over the traditional ratio estimator in the RSS and the

estimator of Kadilar et al. [11], respectively, as follows:

MSE(yrRSS ) - MSEmin(ypro ) > 0,

3¢ A2

2
A—B—Wyl]—‘l'ycyx"rT E>0 (41)

MSE(&KRSS ) _MSEmin(ypro ) >0,

yRZCE -——=-=+C >0, 4.2)

1

where D=ﬁ
1+ch(1_P )

When the efficiency conditions of (4.1) and (4.2) are satisfied, it is
inferred that the proposed estimator is more efficient than the traditional
ratio estimator in RSS and the estimator of Kadilar et al. [11],
respectively. In other words, we obtain the efficiency conditions of the
proposed estimators (4.1) and (4.2) with respect to the traditional ratio
estimator in RSS and the estimator of Kadilar et al. [11], respectively. As
these conditions are obtained in theory, it is not so useful for the
researchers while choosing the auxiliary variable for the estimation of the

parameters of the study variable.
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5. Numerical Example

We use the data of the Marmara Region of Turkey in Kadilar and
Cingi [9]. We apply the estimators in (2.2), (2.4), and (3.1) to the data set
concerning the level of apple production (as study variable) and number
of apple trees (as auxiliary variable) in 106 villages in the Marmara
Region in 1999 (Source: Institute of Statistics, Republic of Turkey). We
have standardized these data in order to obtain the standard normal
distribution provided that we can use means of normal order statistics for

the values of p(), l(2), and p(z). These statistics are given in Table 1.

Using (2.3), (2.5), and (3.4), we compute the MSE values of the traditional
ratio estimator in RSS, the ratio estimator in Kadilar et al. [11], and the
proposed estimator, respectively. These computed MSE values are shown
in Table 2. It is obvious that there is considerable gain in efficiency by
using the proposed estimator over other estimators. From Table 2, we

infer that the proposed ratio estimator is the most efficient estimator.

Table 1. Statistics of standardized values of the population

N =106 X =-6.97x1077 Ogp = — 0.837
n=12 Y =1.67x10718 K" =-155
m=3 R =-2398 w() = - 0.846
r=4 Sy =1 Hz) =0
p=0.82 Sy =1 H(z) = 0.846
A=255E31 B = - 1.65E31 C =1.17E31
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Table 2. MSE values of estimators

Estimators MSE Values
Proposed (¥pr, ) 0.05211
Kadilar et al. (ycrss) 0.14558
Samawi and Muttlak (y,pss) 0.42923

For detail investigation of the a,, values, we obtain the ranges of

o where the proposed estimator is more efficient than the other

opt
estimators. These ranges for each estimator are shown in Table 3. We see

that there is enough scope of choosing @, instead of 0.,,,, to obtain better

estimates by the proposed estimator. From Table 3, we observe that when

o € (- 1.2; — 0.4), the proposed ratio estimator is more efficient than the

traditional ratio estimator in the RSS and the ratio estimator in Kadilar

et al. [11] for this data set.

Table 3. Efficiency ranges of a,,; for the proposed ratio estimator

Estimators Ranges of o,

Kadilar et al. (yxgrss) (-1.2;-0.4)

Samawi and Muttlak (y,pss ) (-1.6;0.1)

6. Conclusion

This article shows that the exponential type estimator can be used in
the RSS for the population mean and that using the exponential type
estimator improves the efficiency of the RSS estimators in literature.
Therefore, in the forthcoming studies, we hope to adapt the estimator
presented in this article to the stratified random sampling, utilizing the

methods in Samawi and Siam [19] and Kadilar and Cingi [10].
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