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Ïðåäëàãàåòñÿ íîâûé ÷èñëåííûé àëãîðèòì ðåøåíèÿ ïàðàáîëè÷åñêèõ íà÷àëüíî-

êðàåâûõ çàäà÷ â àíèçîòðîïíûõ ñðåäàõ íà îñíîâå ìåòîäà Ãàëåðêèíà ñ ðàçðûâíûìè

áàçèñíûìè ôóíêöèÿìè íà òðåóãîëüíûõ ñåòêàõ. Äëÿ ïðèìåíåíèÿ ìåòîäà Ãàëåðêèíà ñ

ðàçðûâíûìè áàçèñíûìè ôóíêöèÿìè äëÿ ðåøåíèÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ èçâåñò-

íûìè íà÷àëüíî-êðàåâûìè óñëîâèÿìè íåîáõîäèìî ïðåîáðàçîâàòü åãî ê ñèñòåìå äèôôå-

ðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà. Äëÿ ýòîãî ââîäÿòñÿ

âñïîìîãàòåëüíûå ïåðåìåííûå, ïðåäñòàâëÿþùèå ñîáîé êîìïîíåíòû ïîòîêà. Õàðàêòåð-

íîé îñîáåííîñòüþ äàííîãî ìåòîäà ÿâëÿåòñÿ ðàññìîòðåíèå âñïîìîãàòåëüíûõ ïåðåìåí-

íûõ íà äâîéñòâåííîé ñåòêå. Äâîéñòâåííàÿ ñåòêà ñîñòîèò èç ìåäèàííûõ êîíòðîëüíûõ

îáúåìîâ è ÿâëÿåòñÿ ñîïðÿæåííîé ê èñõîäíîé òðåóãîëüíîé ñåòêå. Ïîòîêîâûå çíà÷åíèÿ

âåëè÷èí íà ãðàíèöå ýëåìåíòîâ ïðåäëàãàåòñÿ âû÷èñëÿòü ñ äîáàâëåíèåì ñòàáèëèçèðó-

þùèõ äîáàâîê. Èññëåäîâàíèå ÷èñëåííîé ìåòîäèêè ïðîâîäèòñÿ íà ïðèìåðå ðåøåíèÿ

äâóìåðíûõ ïàðàáîëè÷åñêèõ íà÷àëüíî-êðàåâûõ çàäà÷. Èññëåäîâàí âîïðîñ ñõîäèìîñòè è

òî÷íîñòè ÷èñëåííîé ìåòîäèêè. Ïðèâåäåííûå ÷èñëåííûå ðåçóëüòàòû ïîêàçûâàþò âîç-

ìîæíîñòü ïðèìåíåíèÿ ïðåäëàãàåìîé ìåòîäèêè äëÿ ðåøåíèÿ ïàðàáîëè÷åñêèõ çàäà÷ â

àíèçîòðîïíûõ ñðåäàõ íà òðåóãîëüíûõ ñåòêàõ.

Êëþ÷åâûå ñëîâà: ïàðàáîëè÷åñêèå óðàâíåíèÿ; àíèçîòðîïíûå ñðåäû; ìåòîä Ãàëåðêè-

íà ñ ðàçðûâíûìè áàçèñíûìè ôóíêöèÿìè; ñõîäèìîñòü è òî÷íîñòü ÷èñëåííîãî ìåòîäà.

Ââåäåíèå

Äàííàÿ ðàáîòà ïîñâÿùåíà ðåøåíèþ ïàðàáîëè÷åñêèõ óðàâíåíèé íà òðåóãîëü-
íûõ ñåòêàõ ìåòîäîì Ãàëåðêèíà ñ ðàçðûâíûìè áàçèñíûìè ôóíêöèÿìè (ÐÌÃ), èëè
Discontinuous Galerkin Method (DGM) [1, 2], êîòîðûé õàðàêòåðèçóåòñÿ âûñîêèì ïî-
ðÿäêîì òî÷íîñòè ïîëó÷àåìîãî ðåøåíèÿ [3�5]. Êàê ïðèíÿòî ïðè ðåøåíèè óðàâíåíèé
âòîðîãî ïîðÿäêà ðàçðûâíûì ìåòîäîì Ãàëåðêèíà [5], â äàííîé ðàáîòå óðàâíåíèÿ ïà-
ðàáîëè÷åñêîãî òèïà çàïèñàíû â âèäå ñèñòåìû óðàâíåíèé ïåðâîãî ïîðÿäêà, è ðåøåíèå
ïðîèñõîäèò â äâà ýòàïà. Íà ïåðâîì ýòàïå âû÷èñëÿþòñÿ âñïîìîãàòåëüíûå ïåðåìåííûå,
àïïðîêñèìàöèÿ êîòîðûõ â ïðåäåëàõ ÿ÷åéêè äâîéñòâåííîé ñåòêè íàõîäèòñÿ â âèäå ïî-
ëèíîìîâ ñòåïåíè p ñ çàâèñÿùèìè îò âðåìåíè êîýôôèöèåíòàìè [5, 6]. Íà ñëåäóþùåì
ýòàïå íàõîäèòñÿ ñàìî ðåøåíèå, àïïðîêñèìàöèÿ êîòîðîãî â ïðåäåëàõ ÿ÷åéêè îñíîâíîé
ñåòêè èùåòñÿ â âèäå ïîëèíîìîâ ñòåïåíè p ñ çàâèñÿùèìè îò âðåìåíè êîýôôèöèåí-
òàìè. Ïðè ýòîì íà ïåðâîì ýòàïå íå âîçíèêàåò íèêàêèõ òðóäíîñòåé ïðè âû÷èñëåíèè
ïîòîêîâ ÷åðåç ãðàíèöó ýëåìåíòîâ, â òî âðåìÿ êàê íà âòîðîì âîçíèêàåò òàêàÿ ïðîáëå-
ìà. Â äàííîé ðàáîòå ïðåäëîæåí àëãîðèòì âû÷èñëåíèÿ ïîòîêîâ íà ãðàíèöå ýëåìåíòîâ,
àíàëîãè÷íî òîìó, êàê ýòî ñäåëàíî äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè [6], èñïîëüçóÿ
ñòàáèëèçèðóþùèå äîáàâêè.

Äëÿ âåðèôèêàöèè ðàáîòû ïðåäëîæåííîãî ñïîñîáà âû÷èñëåíèÿ ïîòîêîâ íà ãðàíè-
öå ýëåìåíòîâ èñïîëüçîâàëèñü çàäà÷è, ãäå ïîëó÷åíî õîðîøåå ñîãëàñîâàíèå ðåçóëüòàòà
ðàñ÷åòîâ ñ òî÷íûì ðåøåíèåì è ïîêàçàí âûñîêèé ïîðÿäîê òî÷íîñòè ñõåìû.
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ÊÐÀÒÊÈÅ ÑÎÎÁÙÅÍÈß

1. Ðàçðûâíûé ìåòîä Ãàëåðêèíà äëÿ òåíçîðíûõ êîýôôèöèåíòîâ

Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ ïàðàáîëè÷åñêàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à â àíèçî-
òðîïíîé ñðåäå:

∂u

∂t
+ divW = F, (x, y) ∈ D, 0 < t ≤ T,

u(x, y, t) = g(x, y, t), (x, y) ∈ ∂D, (1)

u(x, y, 0) = u0(x, y), (x, y) ∈ D,

ãäå D � îáëàñòü äâóìåðíîãî ïðîñòðàíñòâà ñ ãðàíèöåé ∂D, u � îïðåäåëÿåìàÿ âåëè÷èíà,
W � ïîòîê. Ïðåäïîëàãàåòñÿ ñòàíäàðòíàÿ, îïðåäåëÿåìàÿ ýêñïåðèìåíòàëüíî óñòàíîâ-
ëåííûìè çàêîíàìè ñâÿçü ôóíêöèè è ïîòîêà W = − (ωx, ωy), ωx = kxx

∂u
∂x

+ kxy
∂u
∂y
,

ωy = kyx
∂u
∂x

+ kyy
∂u
∂y
, ãäå kxx, kxy, kyx, kyy � êîìïîíåíòû òåíçîðà, g(x, y, t), u0(x, y) � çà-

äàííûå ôóíêöèè.
Äëÿ ïðèìåíåíèÿ ðàçðûâíîãî ìåòîäà Ãàëåðêèíà ïîêðîåì îáëàñòü D ∪ ∂D, íà êî-

òîðîé èùåòñÿ ðåøåíèå, òðåóãîëüíîé ñåòêîé Th. Âñå òðåóãîëüíèêè Tk èç Th èìåþò
íåíóëåâóþ ïëîùàäü è ïåðåñåêàþòñÿ íå áîëåå ÷åì ïî îáðàçóþùèì èõ âåðøèíàì èëè
ðåáðàì. Â êàæäîì èç òðåóãîëüíèêîâ îïðåäåëèì öåíòð è ñåðåäèíû ñòîðîí. Â òðåóãîëü-
íèêå Tk ñ âåðøèíàìè â òî÷êàõ T 1

k (x1, y1), T
2
k (x2, y2), T

3
k (x3, y3) öåíòð (xc, yc) îïðåäå-

ëèì êàê: xc = x1+x2+x3

3
, yc = y1+y2+y3

3
. Òàêæå ïðèìåì â ðàññìîòðåíèå äâîéñòâåííóþ

ñåòêó, ñîñòàâëåííóþ èç ìåäèàííûõ êîíòðîëüíûõ îáúåìîâ âîêðóã óçëîâ òðåóãîëüíîé
ñåòêè, îáðàçîâàííûõ îòðåçêàìè, ñîåäèíÿþùèìè öåíòðû òðåóãîëüíèêîâ ñ ñåðåäèíàìè
ñòîðîí. Óçåë òðåóãîëüíîé ñåòêè áóäåò ÿâëÿòüñÿ öåíòðîì äëÿ ñîîòâåòñòâóþùåé åìó
ÿ÷åéêè äâîéñòâåííîé ñåòêè.

Äëÿ àïïðîêñèìàöèè ïåðâîãî óðàâíåíèÿ èç (1) íåîáõîäèìî ïðåîáðàçîâàòü åãî ê ñè-
ñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ 1-ãî ïîðÿäêà [2]. Äëÿ
ýòîãî îòäåëüíî ðàññìîòðèì ïîòîêîâûå ïåðåìåííûå [5]. Òîãäà ïåðâîå óðàâíåíèå â èñ-
õîäíîé ñèñòåìå (1) ìîæíî ïåðåïèñàòü â âèäå:

∂u

∂t
=
∂ωx

∂x
+
∂ωy

∂y
+ F, (x, y) ∈ D, 0 < t ≤ T,

ωx = κxx
∂u

∂x
+ κxy

∂u

∂y
, (x, y) ∈ D, 0 < t ≤ T, (2)

ωy = κyx
∂u

∂x
+ κyy

∂u

∂y
, (x, y) ∈ D, 0 < t ≤ T,

ãäå ωx, ωy íà ãðàíèöå ðàñ÷åòíîé îáëàñòè äîëæíû óäîâëåòâîðÿòü ñëåäóþùèì ñîîòíî-
øåíèÿì: ωx = κxx

∂g
∂x

+ κxy
∂g
∂y
, ωy = κyx

∂g
∂x

+ κyy
∂g
∂y
, (x, y) ∈ ∂D.

Äëÿ ðåøåíèÿ ïîëó÷åííîé ñèñòåìû (2) âîñïîëüçóåìñÿ ðàçðûâíûì ìåòîäîì Ãàëåð-
êèíà. Íà êàæäîì òðåóãîëüíèêå Tk ∈ Th ââåäåì ñèñòåìó ëèíåéíûõ áàçèñíûõ ôóíêöèé
{ϕi} ∈ P 1, i = 0, 1, 2, ϕ0 = 1, ϕ1 = x−xc

∆x
, ϕ2 = y−yc

∆y
, ãäå (xc, yc) � öåíòð ñîîòâåò-

ñòâóþùåãî òðåóãîëüíèêà Tk, ∆x,∆y � ïðîåêöèè òðåóãîëüíèêà íà ñîîòâåòñòâóþùèå
êîîðäèíàòíûå îñè.

Íà êàæäîé ÿ÷åéêå Dk äâîéñòâåííîé ñåòêè ââåäåì ñèñòåìó ëèíåéíûõ áàçèñíûõ

ôóíêöèé {ψi} ∈ P 1, i = 0, 1, 2, ψ0 = 1, ψ1 = x−xd
c

∆xd , ψ2 = y−ydc
∆yd

, ãäå (xdc , y
d
c ) � öåíòð

ñîîòâåòñòâóþùåé ÿ÷åéêè Dk, ∆x
d,∆yd � ïðîåêöèè ÿ÷åéêè äâîéñòâåííîé ñåòêè íà ñî-

îòâåòñòâóþùèå êîîðäèíàòíûå îñè.

Âåñòíèê ÞÓðÃÓ. Ñåðèÿ ≪Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå
è ïðîãðàììèðîâàíèå≫ (Âåñòíèê ÞÓðÃÓ ÌÌÏ). 2016. Ò. 9, � 3. Ñ. 144�151
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Ïðèáëèæåííîå ðåøåíèå uk â ðàçðûâíîì ìåòîäå Ãàëåðêèíà èùåòñÿ â êàæäîì òðå-
óãîëüíèêå êàê ðàçëîæåíèå ïî ñîîòâåòñòâóþùåìó áàçèñó [1]:

uk = u0k + u1k
x− xc
∆x

+ u2k
y − yc
∆y

, uik = uik(t), (x, y) ∈ Tk, i = 0, 2.

Ïðèáëèæåííûå ðåøåíèÿ ωxk, ωyk áóäåì èñêàòü â êàæäîé ÿ÷åéêåDk â âèäå ðàçëîæåíèÿ
ïî ñîîòâåòñâóþùåìó áàçèñó:

ωxk = ωx0k + ωx1k
x− xdc
∆xd

+ ωx2k
y − ydc
∆yd

, ωxik = ωxik(t), (x, y) ∈ Dk, i = 0, 2,

ωyk = ωy0k + ωy1k
x− xdc
∆xd

+ ωy2k
y − ydc
∆yd

, ωyik = ωyik(t), (x, y) ∈ Dk, i = 0, 2.

Óìíîæèì ïåðâîå óðàâíåíèå èç (2) íà ïðîáíóþ ôóíêöèþ ϕi, i = 0, 1, 2, è ïðîèíòå-
ãðèðóåì ïðîèçâåäåíèå ïî òðåóãîëüíèêó Tk, k = 1, ..., N , ãäå N � ÷èñëî òðåóãîëüíèêîâ.
Òî÷íîå ðåøåíèå u çàìåíèì ïðèáëèæåííûì uk [7]. Ïîëó÷àåì ñëåäóþùóþ ñèñòåìó äëÿ
îïðåäåëåíèÿ êîýôôèöèåíòîâ ðàçëîæåíèÿ uk ïî áàçèñó {ϕi}:

2∑
i=0

∂uik
∂t

∫
Tk

ϕiϕmds =

∮
∂Tk

nxω
Γ
xϕmdl +

∮
∂Tk

nyω
Γ
yϕmdl−

−
∫
Tk

ωx
∂ϕm

∂x
ds−

∫
Tk

ωy
∂ϕm

∂y
ds+

∫
Tk

Fkϕmds, m = 0, 2. (3)

Óìíîæèì âòîðîå è òðåòüå óðàâíåíèÿ èç (2) íà ïðîáíóþ ôóíêöèþ ψi, i = 0, 1, 2,
è ïðîèíòåãðèðóåì ïðîèçâåäåíèå ïî ÿ÷åéêå Dk, k = 1, ...,M, ãäå M � ÷èñëî ÿ÷ååê
äâîéñòâåííîé ñåòêè. Ïîëó÷àåì ñëåäóþùèå ñèñòåìû äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ
ðàçëîæåíèÿ ωxk, ωyk ïî áàçèñó {ψi}:

2∑
i=0

ωxik

∫
Dk

ϕiϕmds =

∮
∂Dk

nxκxxu
Γψmdl +

∮
∂Dk

nyκxyu
Γψmdl −

∫
Dk

uk
∂(κxxψm)

∂x
ds−

−
∫
Dk

uk
∂(κxyψm)

∂y
ds, m = 0, 2, (4)

2∑
i=0

ωyik

∫
Dk

ϕiϕmds =

∮
∂Dk

nxκyxu
Γψmdl +

∮
∂Dk

nyκyyu
Γψmdl −

∫
Dk

uk
∂(κyxψm)

∂x
ds−

−
∫
Dk

uk
∂(κyyψm)

∂y
ds, m = 0, 2. (5)

Ïîòîêîâûå âåëè÷èíû uΓ, ωΓ
x è ωΓ

y íà ãðàíèöå ñîîòâåòñòâóþùèõ ýëåìåíòîâ îïðåäå-
ëåíû íèæå.
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2. Àïïðîêñèìàöèÿ ïîòîêîâ

Â ñèñòåìå (3) íà ãðàíèöå ýëåìåíòà íåîáõîäèìî âû÷èñëèòü ïîòîêîâûå çíà÷åíèÿ
âåëè÷èí ωΓ

x è ωΓ
y . Èõ ïðåäëàãàåòñÿ âû÷èñëÿòü àíàëîãè÷íî òîìó, êàê ýòî ñäåëàíî äëÿ

óðàâíåíèÿ òåïëîïðîâîäíîñòè [6], èñïîëüçóÿ ñòàáèëèçèðóþùèå äîáàâêè:

ωΓ
(
u+, u−, n

)
= ω + C11

(
(u+ − u−), n

)
,

ãäå âåëè÷èíà, îáîçíà÷åííàÿ ÷åðåç u−, âû÷èñëÿåòñÿ íà ãðàíèöå ∂Tk ýëåìåíòà Tk ïî
çíà÷åíèÿì âíóòðè ýëåìåíòà Tk, â òî âðåìÿ êàê âåëè÷èíû, îáîçíà÷åííûå ÷åðåç u+,
âû÷èñëÿþòñÿ íà ãðàíèöå ∂Tk ïî çíà÷åíèÿì â ñîñåäíåé ê äàííîìó ýëåìåíòó Tk ÿ÷åéêå,
n � åäèíè÷íàÿ íîðìàëü ê ðåáðó ýëåìåíòà.

Â ñèñòåìàõ (4) è (5) ïîòîêîâûå çíà÷åíèÿ âåëè÷èíû uΓ íà âíóòðåííèõ ðåáðàõ èç-
âåñòíû çà ñ÷åò èñïîëüçîâàíèÿ äâîéñòâåííîé ñåòêè, íà ãðàíè÷íûõ ðåáðàõ â ñëó÷àå
ïåðèîäè÷åñêèõ ãðàíè÷íûõ óñëîâèé áóäåì áðàòü ïîëóñóììó âåëè÷èí èç ñîñåäíèõ ê
äàííîìó ðåáðó ÿ÷ååê, à â ñëó÷àå íåïåðèîäè÷åñêèõ ãðàíè÷íûõ óñëîâèé áóäåì áðàòü
çíà÷åíèå èç ãðàíè÷íîãî óñëîâèÿ.

3. ×èñëåííûå ðåçóëüòàòû

Â êà÷åñòâå ïåðâîé áûëà âûáðàíà ñëåäóþùàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à:

∂u

∂t
+ divW = 0, 0 < x < 1, 0 < y < 1, 0 < t ≤ T,

W = −K▽u,
u(x, y, 0) = sin(2πx) sin(2πy), 0 < x < 1, 0 < y < 1,

u(0, y, t) = u(1, y, t), 0 < y < 1, (6)

u(x, 0, t) = u(x, 1, t), 0 < x < 1,

ñ ïåðèîäè÷åñêèìè ãðàíè÷íûìè óñëîâèÿìè, ãäå ìàòðèöà òåíçîðà K =

(
1 0, 5
0, 5 1

)
.

Òî÷íîå ðåøåíèå çàäà÷è èìååò âèä:

uT = 0, 5 exp−12π2t (sin(2πx) sin(2πy)− cos(2πx) cos(2πy))+

+0, 5 exp−4π2t (sin(2πx) sin(2πy) + cos(2πx) cos(2πy)) .

Ïîëó÷åííîå ñ ïîìîùüþ ïðåäëàãàåìîãî ìåòîäà ÷èñëåííîå ðåøåíèå ñðàâíèâàëîñü ñ òî÷-
íûì íà ìîìåíò âðåìåíè T = 0, 2. Ðàñ÷åòû âûïîëíåíû íà ðàâíîìåðíîé ñåòêå ñ øàãàìè
hx = hy = 0, 0666, 0, 0333, 0, 0166 è 0, 0083 ñ îäíèì è òåì æå ÷èñëîì Êóðàíòà. Â òàáë. 1
ïàðàìåòð N � êîëè÷åñòâî òðåóãîëüíèêîâ. Îïðåäåëåíû ïîðÿäêè òî÷íîñòè èññëåäóåìî-
ãî ìåòîäà â íîðìàõ L1 è L2 íà ìîìåíò âðåìåíè T = 0, 2.

Â êà÷åñòâå âòîðîé ðàññìàòðèâàëàñü çàäà÷à:

∂u

∂t
+ divW = 0, 0 < x < 1, 0 < y < 1, 0 < t ≤ T,

W = −K▽u,
u(x, y, 0) = sin(πx) sin(πy), 0 < x < 1, 0 < y < 1,

u(0, y, t) = 0, u(1, y, t) = 0, 0 ≤ y ≤ 1, (7)

u(x, 0, t) = 0, u(x, 1, t) = 0, 0 ≤ x ≤ 1,
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ãäå ìàòðèöà òåíçîðà K =

(
1 0, 5
0, 5 1

)
. Ðàñ÷åò âåëñÿ äî ìîìåíòà âðåìåíè T = 0, 32.

Ðàñ÷åòû âûïîëíåíû íà ðàâíîìåðíîé ñåòêå ñ øàãàìè hx = hy = 0, 0666, 0, 0333, 0, 0166
è 0, 0083 ñ îäíèì è òåì æå ÷èñëîì Êóðàíòà.

Âî âòîðîé çàäà÷å, â êîòîðîé íå óäàåòñÿ íàéòè òî÷íîå ðåøåíèå, ïîðÿäêè òî÷íîñòè
èññëåäóåìîãî ìåòîäà â íîðìàõ L1 è L2 îïðåäåëåíû ïî ôîðìóëàì [8]:

rL1 = log2
∥uh−uh/2∥L1

∥uh/2−uh/4∥L1

,
∥∥uh − uh/2

∥∥
L1 =

N∑
k=1

∫
Tk

∣∣uh − uh/2
∣∣ ds,

rL2 = log2
∥uh−uh/2∥L2

∥uh/2−uh/4∥L2

,
∥∥uh − uh/2

∥∥
L2 =

(
N∑
k=1

∫
Tk

(
uh − uh/2

)2
ds

)1/2

,

ãäå uh, uh/2, uh/4 � ÷èñëåííûå ðåøåíèÿ çàäà÷è íà ñåòêàõ ñ õàðàêòåðèñòè÷åñêèìè ðàç-
ìåðàìè ÿ÷ååê h, h/2 è h/4 ñîîòâåòñòâåííî, N � êîëè÷åñòâî òðåóãîëüíèêîâ â ðàñ÷åòíîé
îáëàñòè. Â òàáë. 2 óêàçàí õàðàêòåðèñòè÷åñêèé ðàçìåð ÿ÷ååê òðåóãîëüíîé ñåòêè h è
ïîðÿäêè òî÷íîñòè èññëåäóåìîãî ìåòîäà â íîðìàõ L1 è L2, îïðåäåëåííûå ïî îïèñàííûì
âûøå ôîðìóëàì.

Òàáëèöà 1

N L1 L2

îøèáêà ïîðÿäîê îøèáêà ïîðÿäîê
450 4, 67e−6 5, 29e−6

1800 7, 94e−7 2,56 8, 96e−7 2,56
7200 1, 44e−7 2,46 1, 63e−7 2,46
28800 2, 87e−8 2,33 3, 26−8 2,32

Òàáëèöà 2

h rL1 rL2

0,0666 2,01 2,01
0,0333 1,97 1,98

Çàêëþ÷åíèå

Âûïîëíåíà ñåðèÿ ðàñ÷åòîâ íà ñõîäèìîñòü äëÿ ìîäåëüíûõ çàäà÷ è ïîëó÷åíû ïî-
ðÿäêè òî÷íîñòè ïî ïðàâèëó Ðóíãå â ñëó÷àå, êîãäà èçâåñòíî òî÷íîå ðåøåíèå çàäà÷è è ñ
ïîìîùüþ ïðîöåññà Ýéòêåíà, êîãäà òî÷íîå ðåøåíèå çàäà÷è íå óäàåòñÿ íàéòè. Ðåçóëü-
òàòû ÷èñëåííûõ ýêñïåðèìåíòîâ ïîêàçûâàþò âîçìîæíîñòü ïðèìåíåíèÿ èññëåäóåìîé
ìåòîäèêè äëÿ ðåøåíèÿ ïàðàáîëè÷åñêèõ çàäà÷ â àíèçîòðîïíûõ ñðåäàõ íà òðåóãîëü-
íûõ ñåòêàõ. Ïðèìåíåíèå îïèñàííîé ìåòîäèêè ïîçâîëÿåò ïîëó÷àòü ïîðÿäêè òî÷íîñòè,
áëèçêèå êî âòîðûì è âûøå.
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DISCONTINUOUS FINITE-ELEMENT GALERKIN METHOD

FOR NUMERICAL SOLUTION OF PARABOLIC PROBLEMS

IN ANISOTROPIC MEDIA ON TRIANGLE GRIDS
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zhalnin@gmail.com,
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vmasyagin@gmail.com,
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A new numerical algorithm for solving parabolic initial-boundary values problems

in anisotropic media is proposed. The algorithm is based on Galerkin method with

discontinuous basic functions on triangle meshes. The 2nd order derivatives can't be directly

harmonized in a weak variational formulation using the discontinuous functions' space.

Hence additional variables are introduced to reduce the initial 2nd-order equation to the

system of the 1st-order equations. The special feature of this method is in consideration of

additional variables within a dual mesh. The dual mesh consists of median control values

and is conjugate to the initial triangle mesh. The stream values on the element boundaries

are calculated with addition of stabilizing additives. The method is studied basing on the

example of 2-dimensional parabolic boundary problems. Convergence and accuracy of the

method are investigated. Calculations in model problem show the possibility to use the

method discussed for solving parabolic problems in anisotropic media on triangle meshes.

Keywords: parabolic equations, anisotropic media, discontinuous Galerkin method,

ñonvergence and accuracy of the method.
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