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We study the problem of optimal control of solutions to an operator-differential
equation, which is not solved with respect to the time derivative, together with a multipoint
initial-final condition. In this case, one of the operators in the equation is multiplied
by a scalar function of time. By the properties of the operators involved, the stationary
equation has analytical resolving group. We construct a solution to the multipoint initial-
final problem for the nonstationary equation. We show that a unique optimal control of
solutions to this problem exists.

Apart from the introduction and bibliography, the article consists of three sections.
The first section provides the essentials of the theory of relatively p-bounded operators. In
the second section we construct a strong solution to the multipoint initial-final problem
for nonstationary Sobolev-type equations. The third section contains our proof that there
exists a unique optimal control of solutions to the multipoint initial-final problem.

Keywords:  optimal control; multipoint initial-final problem; Sobolev-type equations;
relatively bounded operator.

Introduction

Suppose that X, ), and U are Hilbert spaces, and then take bounded linear operators
L € L(%;9) and B € L£(4;9), assuming that the kernel of L is non-trivial. Take also
a closed linear operator M € CI(X;9)) whose domain is dense in X.

Consider the Sobolev-type equation [1-4]

Li(t) = a(t)Mz(t) + f(t) + Bu(t) (1)

with a control vector function u : [0,7] — 4, a vector function f : [0,7] — ) of exterior
force, and a scalar function a : [0, 7] — R, to be specified later, characterizing the change
in time of the parameters of (1). The operators L and M generate the analytic resolving
group for the homogeneous stationary equation (1), which means that a(t) = 1.

We consider an optimal control problem for (1). Namely, we aim to find a pair (z,4) €
X x uad with

J(z,0) = (ac,u)legﬁfxuad J(z,u). (2)

Here U, is a closed convex set of admissible controls in the Hilbert space 4l of controls, all
pairs (x,u) satisfy the multipoint initial-final problem [5] for (1), and J(z,u) is a certain
penalty functional in special form.

Previously the authors studied the optimal control problem for solutions to non-
stationary Sobolev-type equations (1) with the Showalter—Sidorov condition [6, 7|. In this
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paper we study the optimal control of solutions to the multipoint initial-final problem [5],
which is a generalized Showalter—Sidorov problem [8] for (1).

1. Relatively Spectrally Bounded Operators

Recall the standard notation of the theory of relatively p-bounded operators [3].

Starting with two Hilbert spaces X and ), take a bounded linear operator L € £(X;9))
with non-trivial kernel and a closed linear operator M € CI(X;%2)) whose domain is dense
in X. Consider the stationary equation

Li(t) = Ma(t) + £(2), 3)
called a Sobolev-type equation [3].

Definition 1. The sets p*(M) = {u € C : (uL — M)™' € L(D;X)} and o* (M) =
C\ pL(M) are called the L-resolvent set and the L-spectrum of M respectively.

Definition 2. The operator-valued functions (uL — M)~ RL(M) = (uL — M)~'L, and
Li(M) = L(pL — M)~" are respectively called the resolvent, right resolvent, and left

resolvent of M with respect to L (or briefly the L-resolvent, right L-resolvent, and left
L-resolvent of M).

Lemma 1. Given L € L(X;9) and M € CI(X;92), the L-resolvent, right and left L-
resolvents of M are analytic on p*(M).

Definition 3. An operator M is called spectrally bounded with respect to an operator L
(or briefly (L, 0)-bounded) whenever g >0 VYueC (ju|>ro) = (u€ pt(M)).

Put v ={pueC: |u| =r > ro}. The Riesz-type integrals

1
L d —
Ry(M)dp, — Q 5

1
P:—‘
27rz,y

L
/LM(M) du
.
exist by Lemma 1 for every (L, o)-bounded operator M. The operators P € L£(X) and
Q € L(Q) are projections [3]. Put X° = ker P, 9° = ker Q; X' = imP, and 9! = imQ.
Denote the restriction of L (M) to X* by Lj (M) for k =0, 1.

Theorem 1. The following claims hold for every (L, o)-bounded operator M :

(i) the operators Ly, My : X* — 9k for k=0, 1;

(ii) the operators My € L(X%Q°) and M, € CI(X";DY);

(i) there exists operators Ly € L(Y'; XY) and My ' € L(Y% X0);

(iv) there exist analytic resolving operator groups {X' € L(X) : t € R} for the
homogeneous equation (3) and {Y' € L(Y) : t € R} for the equation Ri(M)y(t) =
M(BL—M)Yy(t), where B€ p*(M), which are of the form

Xt =etl Mip = % RI(M)etdy  Y' =t Q= % / LE(M)e*dp.

o v

Theorem 1 implies the existence of the operators H = M, 'Ly € £(X°) and S =
LM, € £(XY).
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Definition 4. An (L, o)-bounded operator M is called

(i) (L,0)-bounded whenever the point oo is a removable singularity of the L-resolvent
of M, that is, H = O

(ii) (L, p)-bounded whenever the point oo is an order p € N pole of the L-resolvent
of M, that is, H? # O and HP*! = O

(iii) (L, 00)-bounded whenever the point co is an essential singularity of the L-resolvent
of M, that is, H? # O for all ¢ € N.

2. Strong Solutions of the Multipoint Problem

Take two Hilbert spaces X and ). For two operators L € £(X;9) and M € CI(X;9),
where M is (L, p)-bounded for p € {0} UN;, introduce the condition

= U O'J-L(M), n € N, and UJ-L(M) # (), there is a closed loop v; C C

j= _ (4)
and v; = 0D;, where D; D (M), such that D; Nof (M) =0

and D, N D; =0 forall jk,l=T1nk#I.

Define the operators P; € L(X) and Q; € £(9) for j = j,n as

1
Py = “(M)d =— [ L:(M)d =
2m/R 1, Q5= 2/% i (M)dp, D
thanks to the relative spectral theorem [9], and moreover, the results of 9], and the

operators P=P—> P, Qo=0Q—> @
— =

Consider the multipoir_lt initial-final problem
Pi(a(ry) —25) =0, (1, <7j1) j=0,n (5)

for (3). Applying to (3) the projections I — Q and Q; for j = 0,n yields the equivalent
system
Hi = 2° + M—lf0 (6)
iy = Sz + Ly} (7)

where H = My 'Ly € £(X°) is a degree p € {0} U N nilpotent operator, the operator
Slj = LMy € Cl(f{jl-) has the range o(S;) = of (M), while f* = (I - Q)f, f} = Q;f,
= (I - P)z, and z; = Pz for j = 0,n.
Put Ny = {0} U N and construct the space

HPH(Y) = {€ € Ly(0,7;9) : ¥V € Ly (0, T;9), p € No}

p+1 7,

which is a Hilbert space with the inner product €,n] = Z / <§ .\

Definition 5. A vector-valued function z € H'(X) is called a strong solution to the
multipoint initial-final problem (3), (5) whenever it satisfies (3) and the terms of
Pj(z(rj) —x;) =0 for j=0,n almost everywhere.
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Lemma 2. If an operator M is (L, p)-bounded, with p € Ny, then for every vector function
0 e HPTL(YO) there exists a unique solution z° € H'(X°) to (6):
P

A1
0 -1 0
x(t) = — HIM; — ().
(1) == " MG )
q=0
Lemma 3. Under the assumptions of Lemma 2, if condition (4) is fulfilled then for every
vector x; € X and every vector function fj1 € H(@Jl) there exists a unique solution le €

HY(X1) to the problem Pj(x(t;) — x;) = 0 for (7): xj(t) = X;_zjTj — /X;SLU1 1 (s)ds.
t

Theorem 2. Given vectors z; € X for j = 0,n and a vector function f : [0,7] — 2
satisfying the assumptions of Lemmas 2 and 3, there exists a unique solution v € H*(X):

ZH(]MOI_JC0 t) + X /Xt “Lyj fi(s

3. Optimal Control of the Multipoint Problem
For a Hilbert space X consider the equation
Li(t) = a(t)Mx(t) + f(t) + Bu(t (8)

)
with operators L € L(X;9), M € CI(X;2), and B € L(4;9Q), a scalar function a :
[0,7) — R, as well as vector functions u : [0,7) — & and f: [0,7) — ) to be specified
later.
Take a Hilbert space 3 and an operator C' € £(X;3). Consider the penalty functional

1 7 ko
=3 [0~ S [ ()=o)
q:0U 9:00

where 0 < k < p+ 1. The operators N, € L({) for ¢ =0,1,...,p+ 1 are self-adjoint and
positive definite, while z4 = z4(¢, s) is an observation from some space of observations 3.
Note that if z € H'(X) then z € H'(3). By analogy with H?*1(2)), define the space
HPF(4[), which is a Hilbert space because so is 4. We distinguish a convex and closed
subset H”' (1) of the space HP*!(l), called the set of admissible controls.

Definition 6. A vector function v € H, 5;1(5.1) is called an optimal control of solutions to
problem (5), (8) whenever

J(v) = min J(u), (10)
(x(u),u)E%XHé);l ()

where the pairs (z(u),u) € X x H ' (8) satisfy (5), (8).

By Theorem 2, a unique solution x € H'(X) to problem (5), (8) exists for all vectors
z; € X for j = 0,n, vector functions f € HP*(Q), u € HP'(4) and a function a €
CrPH([0,T); R+) separated from zero:

; 1 d\* f(t) + Bu(t)
ZHM - @(()dt) PO
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3 [xpoae, / XAOAO LG (f(s)+ Bu(s))ds (11)
j=0 t
¢
by analogy with [6]. Here A(t) = /a(g)dg. We now fix z; € X for j = 0,n and f €
0
HP™1(2) and consider (11) as a mapping D : v — x(u).

Lemma 4. Given Hilbert spaces X, ), and i, take an (L, p)-bounded operator M, with
p € Ny, a function a € CP*(R.;R,) separated from zero, and fix vectors z; € X for
j=0,n and f € H"*Y(Q). Then the mapping D : HP* (L) — HY(X) defined by (11) is
continuous.

Proof. Since B € L(HP*'(U); H?*'(2)) and (11) is the solution to (8), this lemma holds by
the properties of the operator group X* and the continuity of a(t) for t € R, , by analogy
with the proof of Theorem 2.

O
Theorem 3. Take an (L,p)-bounded operator M with (p € Ng) and a function a €

CPTL([0,7);Ry) separated from zero. Then for all vectors x; € X for j = O,n, f €
HP(Y), and zq € 3, there exists a unique solution v € HEF' (L) to the optimal control
problem (5), (8)—(10).

Proof. Using the mapping D of Lemma 4, we see that the functional (9) becomes
J(u) = [|Cx(t;u) — Zd”fql(s) + [n, ul,
where 7 (t) = Nyu® for k= 0,...,p+ 1. Therefore,
J(u) = m(u,u) = 20(u) + [|za — Ca(t:0) |30 3),

where  7(u,u) = ||C(z(t;u) — x(t; 0))||?{1(3) + [n,u] is a coercive continuous bilinear
form on HP™(4), and

O(u) = (zg — Cx(t;0), C(z(t; u) — z(t; O))>H1(3)

is a continuous linear form on HP™!(4). Thus, the theorem is valid by analogy with [6].
O

References

1. Favini A., Yagi A. Degenerate Differential Equations in Banach Spaces. New York,
Basel, Hong Kong, Marcel Dekker, Inc, 1999. 236 p.

2. Demidenko G.V., Uspenskii S.V. Partial Differential Equations and Systems not
Solvable with Respect to the Highest-Order Derivative. New York, Basel, Hong Kong,
Marcel Dekker, Inc, 2003. 239 p.

3. Sviridyuk G.A., Fedorov V.E. Linear Sobolev Type Equations and Degenerate
Semigroups of Operators. Utrecht, Boston, Koln, VSP, 2003. 216 p.
DOI: 10.1515/9783110915501

132  Bectuuk FOYpI'Y. Cepus <«MaremaTudeckoe MOAEJNPOBAHUE U IIPOrpaMMHUPOBaAHUE>




KPATKUE COOBIITEHNUA

4. Al'shin A.B., Korpusov M.O., Sveshnikov A.G. Blow-up in Nonlinear Sobolev Type
Equations. Berlin, de Gruyter, 2011. 648 p.

5. Zagrebina S.A. The Multipoint Initial-Finish Problem for the Stochastic Barenblatt—
Zheltov—Kochina Model. Bulletin of the South Ural State University. Series: Computer
Technologies, Automatic Control, Radio Electronics, 2013, vol. 13, no. 3, pp. 5-11. (in
Russian)

6. Sagadeeva M.A., Badoyan A.D. The Optimal Control over Solutions of
Special Form of Nonstacionary Sobolev Type Equations in Relatively Spectral
Case. Vestnik Magnitogorskogo gosudarstvennogo universiteta. Matematika |Bulletin of
Magnitogorsk State University. Mathematics|, 2013, no. 15, pp. 68-80. (in Russian)

7. Sagadeeva M.A., Badoyan A.D. The Problem of Optimal Control over Solutions of the
Nonstationary Barenblatt—Zheltov—Kochina Model. Bulletin of the South Ural State
University. Series: Computer Technologies, Automatic Control, Radio FElectronics,
2014, vol. 14, no. 2, pp. 5-11.

8. Zagrebina S., Sagadeeva M. The Generalized Splitting Theorem for Linear Sobolev
type Equations in Relatively Radial Case. Izvestiya Irkutskogo gosudarstvennogo
universiteta. Seriya: Matematika [The Bulletin of Irkutsk State University. Series:
Mathematics|, 2013, vol. 7, pp. 19-33.

9. Keller A.V. Relatively Spectral Theorem. Vestnik Chelyabinskogo gosudarstvennogo
universiteta. Seriya Matematika. Mekhanika [Bulletin of the Chelyabinsk State
University. Series of Mathematic and Mechanic|, 1996, no. 1 (3), pp. 62-66. (in
Russian)

Received May 15, 201

ONITUMAJIHBHOE VIIPABJIEHUE PEIITEHUIMU
MHOT'OTOYEYHOM HAYAJIbHO-KOHEYHOI 3AJIAYUN
TJISI HECTAIIMOHAPHBIX OTHOCUTEJIBHO
OTPAHUYEHHBIX YPABHEHUN COBOJIEBCKOTO TUTIIA

M.A. Cazadeesa, A./l. Badoan

B crarbe paccmarpuBaeTcs onTAMAaIbHOE YIIPABICHUE PEIIEHUAMY HAYAIbHO-KOHETHOMN
3aJ39u Aj1A ONepaTopHO-IudHEPEHINATEHOIO YPABHEHN, HEPA3IPEIEHHOI0 OTHOCUTEhb-
HO mpou3BoaHOi. Ilpyu >TOM B ypaBHeHMHM OJMH U3 ONEPATOPOB YMHOXKEH HA CKAJISAPHYIO
GYHKIINIO MEepeMEeHHON ¢, W CBONCTBA OMEPATOPOB TAKOBBI, YTO CTAIMOHAPHOE yPABHEHWE
obaaeT aHATUTUYECKON pa3perrarinell rpynmoii. B crarbe cTpouTcs CUIbHOE pereHue
HaYaJIbHO-KOHEYHOHN 3a/1a4u JIJIsi HECTAIMOHAPHOIO yPaBHEHHsI CODOJIEBCKOIO THIIA B CJIy-
9ae OTHOCUTETbHOH orpanndennocTu. Vcrmoap3ys MOCTPOEHHOE PellieHne, JOKA3BIBAETCS Cy-
MIECTBOBAHUE €IMHCTBEHHOI'O ONTHUMAJIBHOIO YIIPaBJIEHUA DelIeHNAMHN YKa3aHHONU 3aJ1a9u.
Crarbsi KpOME BBEJIEHUS U CIHCKA JIATEPATYPbI COIEPKUT TPpU dYacTu. B nepBoil u3 Hux
MPUBOAATCS HEOOXOIUMBIE CBEJIEHUsI TEOPUU OTHOCHUTEIBHO P-OrPAHWYEHHBIX OIEpaTOpPOB,
BO BTOPOH — CTPOUTCH CUJbHOE DEIEHNE MHOTOTOYEYHON HAYAIbHO-KOHEYHO! 3a/1a49u /15
HECTAIIMOHAPOHOTO ypaBHeHusi cobosieBckoro tuma. Hakomer, B Tperheil 4acTu 10Ka3bIBa-
eTcd CyIIeCTBOBaHNE U €IMHCTBEHHOCTD ONTUMAJIbHOI'O YIIPABJICHUA PEHICHUAMU HadaIbHO-
KOHEYHO 3a/1a4u /)i HECTAIMOHAPHOIO yPABHEHUSI CODOJIEBCKOrO THILA.

Karoueesnie cao6a: onmumasbroe ynpasienue; MHOZOMOYEUHAA HAYAADHO-KOHEYHAA 30-

daua; YpasHeHUA c0b0ae6cK020 muna;, OmHOCUMENDHO OZpaHUHEH’H,bL’U, onepamop.
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