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OIITUMAJIBHOE VYIIPABJIEHUE B MATEMATNYECKHNX
MOAEJIAX COBOJIEBCKOI'O TUITA BBICOKOT'O
MOPAIKA C (A, p)-OTPAHNYEHHBIMU OITEPATOPAMMN

O.H. Ilvnaenxosa

B paGore ncciaegoBana 3a1a4a ONTHMAJILHOIO YIPABIEHUS [1JI HEIOJHOIO YPABHEHUS
coDOJIEBCKOIO THIIA, BBICOKOI'O MOpAAKa. Jlokas3aHa TeopeMma CyLIECTBOBAHMSA U €AWHCTBEH-
HOCTH CUJIBHOTO pelierus 3aaa4un Ko mjist tanHoro ypasuenus. [1oaydeHsr 10CTaTOUHBIE
YCJOBHS CYIIECTBOBAHUS W €IMHCTBEHHOCTH ONTUMAJIBHOIO YIPABJIEHUST TAKUMHU DENIeHHU-
samu. B pabore ucnonb3yorcs unew u Meronbl, paspaborannbie INA. CBUpUIIOKOM U ero
yueHuKaMu. JJoKa3aTeaIbCTBO TEOPEMBL O CYIIECTBOBAHMH U € IUHCTBEHHOCTU OIITUMAJILHOTO
yIpaBJIeHUsT AJis UCCJIeAyEeMO 3a/1a41 OIUPAETCs Ha TEOPHI0 ONTHMAJIBHOIO YIPABJIEHU,
passuryto B paborax 2K.-JI. JIuonca.

Karouesnie caosa: YypasHeHUA c0b0AE6CK020 muna, CUAbHblE PeweHUuA, ONMuUMaLbHOE
ynpasaeHuUe.

BBenenue

PaCCMOTpI/IM HEIIOJIHOE YPDaBHEHUE CO6OJI€BCKOFO THUIIa BBICOKOT'O TTOPAIKA
Az™ = Bz +y + Cu, (1)

rae oneparopet A, B € L(X;92), C € L(;D), bynaknum w : [0,7) CRy — 4, y:[0,7) CRy —
D (1 < x0), X,9),4 — runs6epToBBI IPOCTPAHCTBA.
Paccmorpum 3agaay Ko

™) =z, m=0,...n—1. (2)

Hac Gyser nuarepecoBars 3a/1a4a ONTHUMAJILHOTO YIPABJICHHsI, KOTOPasi 3aK/JII09AETCsl B OTHIC-
Kanuu napbl (£, 0), e & — pemenne 3agaqu (1), (2), a & € U,q — yupasjenune, g KOTOPOro
BBIIIOJIHAETCA COOTHOIIIECHUE

J(Z,u) = (%u)nelaier;uad J(x,u). (3)

Baech J(x,u) — HEKOTOPBIil CHENUATBHBIM 06Pa30M MOCTPOEHHBIH (DYHKIIMOHAT KadecTBa, Lgq —
HEKOTOPOE 3aMKHYTOE W BBITIYKJIO€ MHOYKECTBO B MTPOCTPAHCTBE ympaBeHmit L.

YpaBHeHus co00JIEBCKOT0 TUIA COCTABJIAIOT OOIIUPHYO 00/1aCTh HEKJIACCUYIECKUX yPaBHEHM
mMaremarndeckoil dusuku (M. obcrositenbable 0630pbl B 1, 2]). OurnmasbHoe yrnpasjieHue Jiv-
HEeHHBIMU YPAaBHEHUSIMH [IEPBOTO MOPsiiKa ¢ ycaoBusvu Ko Brepsbie n3ydanocs B |3, 1. 7]. B
pabote [4] pe/y102KeH YMCIeHHBIN AJINOPUTM HAXOK ICHUsI PEIIeHNs] 331491 OITUMAJIbHOIO YIIPaB-
JIeHUs JijId JIMHEWHbBIX YpaBHEHUl cOO0IEBCKOI0 THUIla 1epBOro nopsjaka. OnrumMa/ibHoe yipas/ie-
HUe JIsT TOJIYIMHEeHHBIX ypaBHEeHW CODOJEBCKOT0 THIA MEPBOTO MOPSIIKA PACCMATPUBAJIOCH B
pa6ore [5]. Jannast pabora ocHoBaHa Ha uiesx u Meronax [4, 6].
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1. OTHOCUTEJIbHO pP-OrpaHUYEHHBIE OIIEPATOPHI

Omnpenenenne 1. Mnoocecmeso
p(B) = {peC: (pA—-B)™" € L(V; %)}

HA3BLEALTNCA PESONLEEHMHBLM MHOICECTNEOM onepamopa B ommnocumenvro onepamopa A (kopoue,
A-pesonveenmunim mmosicecmeom onepamopa B). Muoowcecmeo C\p?(B) = 0(B) nasweaemcs
cnexmpom onepamopa B ommocumenvrno onepamopa A (kopoue, A-cnexmpom onepamopa B).

Onpeneaenue 2. Onepamop-pynruyuu
-1 A _ -1 A_ -1
(WA—=B)"", R, =@A-B)" A, L,=AuA-DB)

¢ obaacmvlo onpedeseHus pA(B) HA3BLBANOMCA COOMBEMCMEEHHO PE30ALeEeHMOt, nNpasoli pe-
3oav6enmoti, nesoli pezoaveenmoti onepamopa B ommocumenavro onepamopa A (xopoue, A-
pesoaveenmot, npasoti A-pesosveenmoti, ae6oli A-pesoaveernmoti onepamopa B).

Onpegesienne 3. Onepamop B naszvieaemca cnexmpasbio 02PaHuMeHHbLM OTHOCUMENHO ONe-
pamopa A (xopoue, (A, 0)-ozparnunenmnvim), ecau

Ja>0VueC: (|Ju| >a) = (ue pt(B)).
JIlemma 1. [1] ITycmv onepamop B (A, 0)-oepanuyen. Toeda onepamoput

1

_ b A _ 1 A
pP= 27”_/RA (B)dA u Q = %i/LA(B)d)\
T T

aeasromes npoexmopamu, npuuem P:X - X u QY — 2. Bdeco T ={A € C: |\ =r > a}.

Ionoxum X0 = ker P, 9V = ker@, X! = im P, P! = im Q. O6o3maunm uepes Ay(By)
cyxenne oneparopa A (B) ma nognpocrpancrso X k=0, 1.

Teopema 1. [1] ITyemwv onepamop B (A, 0)-oepanuyen. Tozda
(i) onepamopw Ay, By : X¥ — 9k k=0, 1;
(i) cywecmeyem onepamop Byt € L(Y°, X0);
(iii) cywecmeyem onepamop ATt € L(P', XL);
(iv) onepamop By € L(X!, D).
B ycrosusix Teopemsr 1 moctpon onepatopsr H = By tAg € L(X%) u S = A['By € £L(XY).
Torna
oo o0
(nA—-B)™' = (— > /ﬁH’“> By'(T—-Q)+ Y uksar'q. (4)
k=0 k=1
Onpegnesnienne 4. Beckoneuwno ydanrernas mouka A-pesosveenmos onepamopa B nasvisaemcs
(i) yemparumoti ocoboti moukot, ecau H = O

(ii) noatocom nopadka p, ecau HP # O, HPY1 =0, p € N;
(iii) cywecmeenno ocoboti moukot, ecau H1 # O, Vg € N,

Onpegesnenne 5. (A, o0)-oeparuuennniti onepamop B, 6ydem nasvisamsv (A, p)-ozparnuuenmvim,
ecau, mouka oo asasemca noatocom nopadra p € {0} UN ezo A-pesoaveermot.
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2. CubHBIE perleHus

PaccmorpuM JirHeiiHOE HEOJHOPOIHOE ypaBHEHHE COOOIEBCKOrO THIIA
Az(™ = Bz 4. (5)

Onpenesnenne 6. Onepamop-gynruyuro V' € C°(R; L(X)) 6ydem nazweams nponazamopom o0-
nopodnozo ypasrenus (5), ecau daa mobozo v € X sexmop-dpynwyus x(t) = Viv 6ydem pewenuem
9M020 YPABHEHUSA.

Teopema 2. [7] ITycmv onepamop B (A, 0)-oepanuyen. Tozda dopmyavt

1
X! = 5 u"*mfl(,u"A — B)*lAeﬁ“‘/d,u7
i
r

ede koumyp I' = {p € C : |u| = R > a}, onpedeasrom nponazamopw ypaswernus (§) npu ecex
teR.

Jlemma 2. (i) X5, € C°(R; L(X; X)), (Xﬁn)il) =X! ,,edem=0,1,...,n—1,1=0,1,...,m;
” £\ _ ¢\ (m) _ yO0 _
(ir) (X},), ‘t:o =0 npum#1, (X)), L:O =X, =P.

Paccemorpum 3amaay Ko (2) mysa omHopoasoro ypasuenus (5).

Onpenenenue 7. I[lodnpocmpancmeo P C X nasweaemca dazosvim npocmpancmsom 00nopoo-
H020 ypasuenus (5), ecau

(i) awboe pewenue v = x(t) ypasuenus (5) aeocum ¢ P, m.e. x(t) € P Vt € R;

(ii) npu 41060 Ty, m = 0,....,n — 1 € P cywecmseyem eduncmeennoe pewenue 3adaxwu (2), (5).

Teopema 3. [7| [Tycmw onepamop B(A, p)-oepanuuen, p € {0} UN. ITyemwv sexmop-dynryus y :
(—7,7) = Y maxosa, wmo y° € C"PHV (=7, 7);9°), u y* € C((=7,7); D). Mycmv nauarvrve
3HAYEHUA YOOBAECNBOPAIOM, COOMHOUEHUAM

p

I—XNay, =— Hfoldnﬁm %0 =0,1 -1

( ())-Tm— Z 0 dtanrmy ( )7 m=4yL..,n :
q=0

Tozda cyuecmeyem eduncmeennoe pewenue 3adawu (2),(5), Komopoe moocno npedcmasums 6
sude

t

P n—1
w(t) ==Y HIB; (I- Q™ (t) + Y Vil + / VIZSATIQy(s)ds, t € (—7,7).  (6)
q=0

m=0 0

Onpegenenue 8. Bexmop-pynryuo © € HM(X) = {z € Ly(0,7:%) : 2™ € Ly(0,7;%)} naso-
BeM CUADHBIM Peutenuem ypashenus (5), ecau ona n. 6. na (0,7) obpawaem ezo 6 mosicdecmso.
Cunavnoe pewenue © = x(t) ypasuenua (5) nasosem cuavrom pewenuem sadawu (2),(5), ecau
ono ydosaemeopsem (2).

B cuiy nenpepbisoctn sioxkenns H™(X) — C"1([0,7]; X) name onpejesenue KoppekT-
Ho. TepMuH <CHJIBHOE pelleHue> BBEJIEH JJI TOr0, YT00bl OT/INYATh pellenue ypaBHeHus (5) B
JAHHOM CMBICTe OT pemnterns (6), KOTopoe 00BIYHO HA3BIBAIOT <KJIACCHIECKUM>. 3aMETHM, UTO
KJjlaccudeckoe pererne (6) siBjsiercsi TakyKe M CHJIBHBIM pernennem 3ajgadn (2), (5).
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Iocrpomnm mpocrpancTsa H™4 () = {v € Ly(0,7;9) : v+ € Ly(0,7;9),p € {0} UN}.
[IpocrparcTso H™1™(Y)) — ruanbepToBo co CKaASPHBIM MPOM3BEIEHITEM

np+n

_ "o @ @\ g
[v, w] qzzo/o <v , W >@dt

IIycts y € H™(2)). Beemem B paccMOTpeHHe OlepaTopbl

P
Ary(t) = = > HIByHI - Q)yl7(¢),
q=0
t
Agy(t) = [VITSATIQu(s)ds
0

1 PYHKITAIO
-1

k()= Vi,

m=0

3

JIemma 3. ITycmo onepamop B (A, p)-oepanusen. Toeda
(i) Ay € L(H"PT™(Y); H™(X));
(i) npu a0bom ., € X sexmop-pynryua k € C™([0,7); X);
(iii) Ay € L(H™(Y); H™(X)).

Teopema 4. IIycmv onepamop B (A, p)-oepanuven, p € {0} UN. Tozda dasn 11060z T, €
X,k=0,n—1uye HPT™(Q) cywecmeyem eduncmeenroe curvroe pewenue sadauu (2) ona

ypasnerus (5).

Jlokazameavcmeo. Tlopcranoska knaccuaeckoro pemenns (6) B ypasuenne (5) obecrieunsaer Cy-
IIECTBOBAHMS CHABHOTO perenns. [lokaxem exmucTBeHHOCTS pertenns 3agadn (2), (5). Ilycrs
oneparop B (A, p)-orpanuden, Torga B cuiy jgemmbl 3 3a1a4da (2), (5) pacnajaercs na ase Hesa-
BUCHMbIE 33712491

Hz")™ =20+ By, @)™(0)=42%, m=0,1,...,n—1, (7)
(e = sul + ATl (@H)(0) =2, m=0,1,...,n -1, (8)

rie oneparopsl H = BytAg € L(X0), S = A['By € L(D'); sexrop-byukmun 2° = (I — P)z,
Y0 = (I —Q)y, z' = Pz, y' = Qy; sexropsr ¥, € X*, k=0,1,m=0,...,n— 1. [Iycts 2 u & —
nea pemenus 3agaqan (7)—(8). Torma & = x — T ymoBreTBOpsieT

&
2 (0) = 0. ©)

HeticrBys na ypasuenue (9) nocsenoBarenbno npoekropavu [ — Q u @ u nosab3ysacs jgemmoii 1,
CBEJIEM €r0 K SKBUBAJIEHTHON CHCTEMEe U3 JBYX HE3ABUCUMbBIX ypaBHEHMI

H (&)™ = 20, (10)

@H™ = szt (2)™(0) = 0. (11)

B cuiy nusnorentaocT oneparopa H u3 ypasmenns (10) mosywaem HPT(z0)(w+n) —
..=H (a%o)(”) = 3% = 0. IIpomoimxas sToT mpomecc, ybexpaemcs, aro 2 = 0. PaBercrso HyIo
pemenus 3a1aun (11) cregyer uz orpanmyenHocTu oneparopa S. O
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3. OnTumaJjibHOE yITpaBJIeHUEe

Pacemorpum 3agaqay Ko (2) s TMHEHAHOT0 HEOIHOPOHOIO YpaBHEHUsT COOOJIEBCKOIO TUIIA
(1), vne dyukuuum x, y, u Jgekar B ruab0epToBbIX mpocTpancTBax X, ) u LU COOTBETCTBEHHO.
Omneparoper A, B € L(X;9), oneparop C € L(L;9)), oneparop B (A, p)—orpanuden.

BBesiem B paccMOTpeHHe IPOCTPAHCTBO YIPABJICHMIL

H™ () = {u € Ly(0,754) : ™) € Ly(0,7:4),p € {0} UN}.
[TpoctpancTeo H™ " (L) ruinbepToBo, B CHTy THIBOEPTOBOCTH U, CO CKANTSPHBIM TIPON3BEICHIEM

np+n

.
[v,w] = Z / <v(q), w(Q)> dt.
q=0 /0 !
Brienny B npocrpancree H™ 1" (4) 3aMKHyTOE 1 BBILYK/IO€ IOAMHOKECTBO aq = H)P L)

— MH02HCECTE0 JONYCTUMBLE YNPAGAEHUT.

Onpenenenue 9. Bexmop-dynurxyuio 4 € ng+n(il) HA308EM ONMUMAADHLM YNPABAEHUEM De-
wenuamu 3adaqy (1), (2), ecau ewnoareno coommowenue (3).

[esbio anHoil paboThl SBJIAETCS JI0KA3aTeIbCTBO CYIIeCTBOBAHUS €UHCTBEHHOIO yIpaB/ie-
~ np+n
Hus U € Hy' " (U), MurnMusupyomero (GpyHKIHOHAT KadecTBa

n T np+n .-
J(z,u) = MZ/ 2@ — 39| 2dt + v Y / <Nqu(q),u(q)> dt. (12)
g=0""0 g=0 70 s
Buecs p,v >0, p+v =1, Ny € LIU), ¢=0,1, ..., np+n, — CAMOCOIPSKEHHBIE U [OJIOKUTEIHHO

OIpeJIe/IEHHBIE ONEePaTOphl, & (t) — MJIAHOBOE COCTOSHUE CUCTEMBI.

Teopema 5. ITycmv onepamop B (A, p)-oepanuuen, p € {0} UN. Tozda das aobbwix x, € X u
y € H™T(Q) cywecmsyem eduncmeennoe onmumasshoe ynpasaenue peuienuamu sadavwu (2)
ons ypasrenus (1).

Joxasameavcmeo. Tlo Teopeme 4 npu m06bix y € H™P1(), 2, € X, u € H™T"(4) cymecrsyer
eIMHCTBeHHOe cuiibHOe pernenne x € H™(X) zanaun (1), (2), umerornee Buj

x(t) = (A1 + A2)(y + Cu)(t) + k(1), (13)

rae oneparopbl Aj, Ay u BexkTop-pyuknus k 3a1anb1 B iemme 3.

Badukcupyem y € H™T(Q)), z,,, € X, n paccmorpum (13) kak orobpazkenne D : u — x(u).
Torna oroGpaskenme D : H"™T7(4) — H™(X) menpepsisHo. [losToMy (yHKIMOHAT KavecTBa
3aBUCHUT TOJILKO OT U, T.e. J(x,u) = J(u).

[Tepenumiem dyukmmonan kadecrsa (12) B Buze

T(w) = pl|a(t, u) = & Fn ) + v[v,ul,
e v(@ (t) = Nqu(q) (t), ¢ =0,...,np+ n. Orciona

J(u) = () — 20u) + ]| — (2, 0)][3pn ) -

e
m(u,u) = plle(t, u) — 2(t, 0)|mgx) + vlvsu] —
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OuuHeltHas HempepblBHAsA KospnuTusHag dopma na H™P17 (L), a

Au) = p (& —x(t,0), (t,u) = 2(t,0)) oy  —

smneiinas wenpepbisHast na H™PT" (L) dbopma. 3uaunt, ycaosus Teopemst |8, r1. 1] BoimosHens.

O]

B saxarouenue asmop cuumaem ceouM NpPuATHbLM donzom 8blPA3UMb UCKPEHHIOMNO 6/La200ap—

Hocmo douenmy A.A. Samviuasesotli 36 nocmarosky 3adavwu u noddepocky 6 pabome.
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This article deals with the optimal control problem for an incomplete Sobolev-type
equation of high order. We prove an existence and uniqueness theorem for strong solutions to
the initial value problem for a given equation. We obtain sufficient and necessary conditions
for the existence and uniqueness of optimal control of these solutions. We use the ideas
and methods developed by G.A. Sviridyuk and his school. The proof of the existence and
uniqueness of optimal control rests on the theory of optimal control developed by J.-L. Lions.
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