Supplementary materials: Orienting the causal

relationship between imprecisely measured traits using
GWAS summary data

S1 Text. The influence of measurement error in the exposure on mediation-based
estimated

We assume the following model

T =09+ Byg + ¢
To = Qmg + Pma® + €ma
Y=oz + Ba7+ €

Yo = Qmy +ﬂmyy+ €my

where z is the exposure on the outcome y, g is an instrument that has a direct effect on z, x, is the
measured quantity of x, where measurement error is incurred from linear transformation in a,,, and B,z
and imprecision from €,,;, and ¥y, is the measured quantity of y, where measurement error is incurred from
linear transformation in a,,, and f3,,, and imprecision from ¢,,,. Our objective is to estimate the expected
magnitude of association between g and y after conditioning on . Under the CIT, this is expected to be
cov(g, Yo — Jo) = 0 when z causes y, where §, = G, + B%:co is the predicted value of y, using the measured
value of z,.

We can split cov(g, yo — §,) into two parts, cov(g, y,) and cov(g, §o)-

Part 1
cov(g,Yo) = cov(g, Bmyy)
= cov(g, BmyBu)
= CO’U(Q; Bmyﬁzﬁgg)
= ﬂmyﬂzﬁgvar(g)
Part 2

cov(g,9o) = cov(g, Bu, o)
cov(g, Bs, Bma)
cov(g, B, BmaBq9)
= Bwoﬁmwﬁgvar(g)

Simpifying further



5 cov(Yo, o)
To o war(z,)
o COU(ﬂmyy, Bmzx)
B2, var(z) + var(ems)
_ ﬁ’mwﬁmycov(yv Jf)
B2 var(z) + var(ems)
B Bmy Bzvar(x)

- B2, .var(x) + var(ems)

which can be substituted back to give

_ BmyBrBgvar(g)Bh, var(z)

cov(g,9o) = 2 svar(z) + var(emas)
_ 2 var(x)
B2 var(z) + var(ems) X BmyBzBgvar(g)
Finally
2
007}(97 Yo @o) - 5my5xﬂgvar(g) mx’UCLT(CC) X ﬁmyﬁzﬁgﬂar(g)

B B2, ,var(x) + var(emy,)

thus cov(g,yo — §o) = 0 if the measurement imprecision in z, is var(e,) = 0. However if there is any
imprecision then the condition cov(g, yo — §,) = 0 will not hold.
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