
1 Granuloma Ordinary Differential Equations

*Note: in these equations m is the same as CD8MultiFunc in the text. m is

defined as m =
frac+ 1

2
, where frac is the fraction of all new CD8 cells that

are multifunctional.

dBE
dt

=

+ α20BE (BE replication)

+ k17NMI

(
B2
I

B2
I +N2M2

I

)
(MI bursting)

+ k14aNfracc
BI
MI

MI


(
TC+w3T1

MI

)
(
TC+w3T1

MI

)
+ c4

 (Tcell-induced MI apoptosis)

+ k14bNfraca
BI
MI

MI

(
Fα

Fα + f9I10 + s4b

)
(TNF-α-induced MI apoptosis)

− k2
N

2
MR

(
BE

BE + c9

)
(MR internalization)

− k15MABE (MA killing)

− k18MRBE (MR killing)

− µBEBE (BE natural death)

+ µMI
Nfracd

BI
MI

MI (MI natural death)
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dBI
dt

=

+ α19BI (NMI −BI) (BI replication)

+ k2
N

2
MR

(
BE

BE + c9

)
(MR internalization)

− k17NMI

(
B2
I

B2
I +N2M2

I

)
(MI bursting)

− k14a
BI
MI

MI


(
TC+w3T1

MI

)
(
TC+w3T1

MI

)
+ c4

 (Tcell-induced MI apoptosis)

− k14b
BI
MI

MI

(
Fα

Fα + f9I10 + s4b

)
(TNF-α-induced MI apoptosis)

− k52
BI
MI

MI



TC
(

T1
T1 + cT1

)
+ w1T1

MI


TC

(
T1

T1 + cT1

)
+ w1T1

MI

+ c52


(Tcell cytotoxic MI killing)

− µBIBI (BI death inside living MI)

− µMI

BI
MI

MI (MI natural death)

dMR

dt
=

+ SrM (Background recruitment)

+ α4a(MA + w2MI) (MA/MI recruitment)

+ Sr4b

(
Fα

Fα + f8I10 + s4b

)
(TNF-α recruitment)

− k2MR

(
BE

BE + c9

)
(MR infection)

− k3MR

(
BE + wBI + βFα

BE + wBI + βFα + c8

)(
Iγ

Iγ + f1I4 + f7I10 + s1

)
(MR activation)

− µMR
MR (MR natural death)
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dMI

dt
=

+ k2MR

(
BE

BE + c9

)
(MR infection)

− k17MI

(
B2
I

B2
I +N2M2

I

)
(MI Bursting)

− k14aMI


(
TC+w3T1

MI

)
(
TC+w3T1

MI

)
+ c4

 (Tcell-induced MI apoptosis)

− k14bMI

(
Fα

Fα + f9I10 + s4b

)
(TNF-α-induced MI apoptosis)

− k52MI



TC
(

T1
T1 + cT1

)
+ w1T1

MI


TC

(
T1

T1 + cT1

)
+ w1T1

MI

+ c52


(Tcell cytotoxic MI killing)

− µMI
MI (MI natural death)

dMA

dt
=

+ k3MR

(
BE + wBI + βFα

BE + wBI + βFα + c8

)(
Iγ

Iγ + f1I4 + f7I10 + s1

)
(MA activation)

− k4MA

(
I10

I10 + s8

)
(MA deactivation)

− µMA
MA (MA natural death)
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dT0
dt

=

+ α1a (MA + w2MI) (Mac T0 recruitment)

+ Sr1b

(
Fα

Fα + f8I10 + s4b2

)
(TNF-α recruitment)

+ α2T0

(
MA

MA + c15

)
(T0 proliferation)

− k6I12T0
(

Iγ
Iγ + (f1I4 + f7I10) + s1

)
(T0 to Th1 differentiation)

− k7T0
(

I4
I4 + f2Iγ + s2

)
(T0 to Th2 differentiation)

− µT0
T0 (T0 natural death)

dT1
dt

=

+ α3a (MA + w2MI) (Mac Th1 recruitment)

+ Sr3b

(
Fα

Fα + f8I10 + s4b1

)
(TNF-α recruitment)

+ k6I12T0

(
Iγ

Iγ + (f1I4 + f7I10) + s1

)
(T0 to Th1 differentiation)

− µTγ
(

Iγ
Iγ + c

)
T1MA (IFN-α Th1 apoptosis)

− µT1
T1 (Th1 natural death)

dT2
dt

=

+ α3a2 (MA + w2MI) (Mac Th2 recruitment)

+ Sr3b2

(
Fα

Fα + f8I10 + s4b1

)
(TNF-α Th2 recruitment)

+ k7T0

(
I4

I4 + f2Iγ + s2

)
(T0 to Th2 differentiation)

− µT2
T2 (Th2 natural death)
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dT80
dt

=

+ α1a (MA + w2MI) (Mac T80 recruitment)

+ Sr1b

(
Fα

Fα + f8I10 + s4b2

)
(TNF-α T80 recruitment)

+ α2T80

(
MA

MA + c15

)
(T80 proliferation)

− k6I12T80
(

Iγ
Iγ + (f1I4 + f7I10) + s1

)
(T80 to TC/T8 differentiation)

− µT0
T80 (T80 natural death)

dT8
dt

=

+mα3ac (MA + w2MI) (Mac T8 recruitment)

+mSr3bc

(
Fα

Fα + f8I10 + s4b1

)
(TNF-α T8 recruitment)

+mk6I12T80

(
Iγ

Iγ + (f1I4 + f7I10) + s1

)
(T80 to TC/T8 differentiation)

− µTcγ
(

Iγ
Iγ + cc

)
T8MA (IFN-α T8 apoptosis)

− µTCT8 (T8 natural death)

dTC
dt

=

+mα3ac (MA + w2MI) (Mac TC recruitment)

+mSr3bc

(
Fα

Fα + f8I10 + s4b1

)
(TNF-α TC recruitment)

+mk6I12T80

(
Iγ

Iγ + (f1I4 + f7I10) + s1

)
(T80 to TC/T8 differentiation)

− µTcγ
(

Iγ
Iγ + cc

)
TCMA (IFN-α TC apoptosis)

− µTCTC (TC natural death)
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dFα
dt

=

+ α30MI (MI TNF-α production)

+ α31MA

(
Iγ + β2(BE + wBI)

Iγ + β2(BE + wBI) + f1I4 + f7I10 + s10

)
(MA TNF-α production)

+ α32T1 (Th1 TNF-α production)

+ α33

(
TC + T8

2m

)
(CD8+ TNF-α production)

− µFαFα (TNF-α natural decay)

dIγ
dt

=

+ sg

(
BE + wBI

BE + wBI + c10

)(
I12

I12 + s7

)
(DC IG production)

+ α5aT1

(
MA

MA + c5a

)
(Th1 IG production)

+ α5bT8

(
MA

MA + c5b

)
(T8 IG production)

+ α5cMI (MI IG production)

+ α7T0

(
I12

I12 + f4I10 + s4

)
(T0 IG production)

+ α7T80

(
I12

I12 + f4I10 + s4

)
(T80 IG production)

− µIγ Iγ (IG natural decay)

dI12
dt

=

+ s12

(
BE + wBI

BE + wBI + c230

)
(DC I12 production)

+ α23MR

(
BE + wBI

BE + wBI + c23

)
(MR I12 production)

+ α8MA

(
s

s+ I10

)
(MA I12 production)

− µI12I12 (I12 natural decay)
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dI10
dt

=

+ δ7 (MI +MA)

(
s6

I10 + f6Iγ + s6

)
(MI I10 production)

+ α16T1 (Th1 I10 production)

+ α17T2 (Th2 I10 production)

+ α18

(
TC + T8

2m

)
(CD8 I10 production)

− µI10I10 (I10 natural decay)

dI4
dt

=

+ α11T0 (T0 I4 production)

+ α12T2 (T2 I4 production)

− µI4I4 (I4 natural decay)

2 Dissemination Equations

2.1 Local Dissemination

2.1.1 Probability

ProbLocal(t) = λLocal
CFU(t)

CFU(t) + CFULocalhalf

2.1.2 Expected Value

ELocal(t+dt) = ELocal(t)+

∫ dt

t

ProbLocal(s)ds ≈ ELocal(t)+λLocal
CFU(t)

CFU(t) + CFULocalhalf

dt

2.2 Number of Dissemination Events

NumDissLocal(t+ dt) = Floor (ResLocal(t) + ELocal(t+ dt)− ELocal(t))
ResLocal(t+dt) = (ResLocal(t) + ELocal(t+ dt)− ELocal(t))−NumDissLocal(t+
dt)
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2.2.1 Updated Counts/Concentrations

MIParent =

{
MIParent − 1 if MIParent ≥ 1

0 if MIParent < 1

BIParent =

BIParent −
BIParent

MIParent
if MIParent ≥ 1

0 if MIParent < 1

TParent,New0 (t) = TParent,Old0 (t)−Norm(µTfracLocal , σ
Tfrac
Local ) ∗ TParent,Old0 (t)

TParent,New1 (t) = TParent,Old1 (t)−Norm(µTfracLocal , σ
Tfrac
Local ) ∗ TParent,Old1 (t)

TParent,New2 (t) = TParent,Old2 (t)−Norm(µTfracLocal , σ
Tfrac
Local ) ∗ TParent,Old2 (t)

TParent,New80 (t) = TParent,Old80 (t)−Norm(µTfracLocal , σ
Tfrac
Local ) ∗ TParent,Old80 (t)

TParent,NewC (t) = TParent,OldC (t)−Norm(µTfracLocal , σ
Tfrac
Local ) ∗ TParent,OldC (t)

TParent,New8 (t) = TParent,Old8 (t)−Norm(µTfracLocal , σ
Tfrac
Local ) ∗ TParent,Old8 (t)

Other counts/concentrations remain unchanged

MIDaughter =

{
1 if MIParent ≥ 1

MIParent if MIParent < 1

BIDaughter =


BIParent

MIParent
if MIParent ≥ 1

BIParent if MIParent < 1

TDaughter0 (t) = Norm(µTfracLocal , σ
Tfrac
Local ) ∗ TParent,Old0 (t)

TDaughter1 (t) = Norm(µTfracLocal , σ
Tfrac
Local ) ∗ TParent,Old1 (t)

TDaughter2 (t) = Norm(µTfracLocal , σ
Tfrac
Local ) ∗ TParent,Old2 (t)

TDaughter80 (t) = Norm(µTfracLocal , σ
Tfrac
Local ) ∗ TParent,Old80 (t)

TDaughterC (t) = Norm(µTfracLocal , σ
Tfrac
Local ) ∗ TParent,OldC (t)

TDaughter8 (t) = Norm(µTfracLocal , σ
Tfrac
Local ) ∗ TParent,Old8 (t)

Other counts/concentrations are 0

2.2.2 Location

xDaughter = xParent +Rrand ∗ cos(θrand) ∗ sin(φrand)
yDaughter = yParent +Rrand ∗ sin(θrand) ∗ sin(φrand)
zDaughter = zParent +Rrand ∗ cos(φrand)
where:

Rrand = Norm(µDistLocal, σ
Dist
Local)

θrand = Unif(0, 1) ∗ 2 ∗ π
φrand = Unif(0, 1) ∗ π

and:
(xDaughter, yDaughter, zDaughter) ∈ Γ
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2.3 Nonocal Dissemination

2.3.1 Probability

ProbNonlocal(t) = λNonlocal
CFU(t)

CFU(t) + CFUNonlocalhalf

2.3.2 Expected Value

ENonlocal(t+dt) = ENonlocal(t)+

∫ dt

t

ProbLocal(s)ds ≈ ENonlocal(t)+λNonlocal
CFU(t)

CFU(t) + CFUNonlocalhalf

dt

2.4 Number of Dissemination Events

NumDissNonlocal(t+dt) = Floor (ResNonlocal(t) + ENonlocal(t+ dt)− ENonlocal(t))
ResNonlocal(t+dt) = (ResNonlocal(t) + ENonlocal(t+ dt)− ENonlocal(t))−NumDissNonlocal(t+
dt)

2.4.1 Updated Counts/Concentrations

BEParent = BEParent − 1
Other counts/concentrations remain unchanged

MIDaughter = 1
BIDaughter = 1
Other counts/concentrations are 0

2.4.2 Location

xDaughter = xmin + Unif(0, 1) ∗ (xmax − xmin)
yDaughter = ymin + Unif(0, 1) ∗ (ymax − ymin)
zDaughter = zmin + Unif(0, 1) ∗ (zmax − zmin)
where:

(xDaughter, yDaughter, zDaughter) ∈ Γ
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