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Layering and Modularity: Relationship to Retroactivity

In this section we compare the layered and modular decompositions of a biomolecular network in more
mathematical detail. This is with particular reference to the relationship between the concept of retroac-
tivity and the interaction framework introduced in the paper.

As noted in the main text, the intention of the layering framework is to describe and analyse ‘vertical’
network decompositions, whereas most modularization methods aim to describe ‘horizontal’ decompo-
sitions [1]. This distinction is reflected by our definition of functionalities as possibly overlapping sets
of reactions, where the dynamics of all species may be contributed to by all layers (for more details,
see [2,3]). In contrast, in most modularization approaches, each species and each reaction of the network
belongs to exactly one module (with the exception of [4]). To further illustrate these distinctions, we
can consider to what extent we can express modular phenomena in the layered terms introduced in this
paper. In this SI, the particular phenomenon we focus on is retroactivity.

Following the definition of modular decomposition in e.g. [5,6], let a module M* be defined by the pair
M = (X' F%) of subsets of species X*, and reactions F"*, fori = 1, ..., Ny, for a given number of modules
Nis. Tt is assumed that {X*} partitions the species set, and similarly that { F*} partitions the reaction set,
so that X*NXJ = ( = F'NFJ for i # j. Furthermore, let the map P’ be defined such that it selects only
the module 4 species (i.e. those belonging to X%), to define the module’s concentration vector z* = Piz
from the network concentration vector z. In the terminology of this paper, the trajectory of module M?
in the system where modules M!,..., M ™ are all integrated together is equal to P'L(F!,..., FNum),

Suppose first that Ny, = 2. A simple type of retroactivity that can be observed between a network of
two modules M! and M? is where M? is ‘downstream’ of M', in the sense that species in X' affect the
dynamics of M? either through information flow (i.e. affecting the rates of reactions in F'? without being
produced or consumed) or mass flow (i.e. actively taking part in reactions in F?). Here, mass flows may
cause retroactive effects [7]. It can be useful [8] to quantify the change (Az')s2 of the dynamics of M*
caused by loading it with M2, which can be written as

(Az')pz = PHL(FY, F?) — L(F')] = P'L(F?|FY),

where subscript M? is intended to clarify that M! is loaded with M?2. This accords with our intuition,
since we interpret L(F?|F!) as the incremental effect (on the entire state space) of integrating the F
reactions with those in F''. Pre-multiplying by P' simply projects the trajectory onto the states in X!
of module M!. Note that, in the layered formulation, the reactions in F'' do not need to be simulated
again; the retroactive effect on X' is instead simulated by the downstream layer L(F?|F'). As well as
giving the retroactivity, this trajectory can also be pre-multiplied by P? to give the downstream dynamics
P2L(F?|F*') of module M? driven by M1.

In [8] an estimate of the magnitude ||(Ax!) || = [|[PLL(F?|F')|| is derived. We can directly compare
this measure to a version of incompatibility I(F'; F2) = |[M(F'; F?)||p1 = |L(F2|F') — L(F?)||p:. We



have adapted that measure such that (a) this magnitude is not normalised, as in the definition of I, and
(b) the norm is weighted such that | X||p1 = ||P1X||2, in order to consider only the subset X of species
corresponding to M. Clearly, the main difference between these quantities is the term P'L(F?), that
represents the dynamics of the species in X! caused by the reactions in M? when considered in isolation.
The effect of subtracting these dynamics in our measure is that the resulting symmetric definition of
the mutual dynamics M represents the behaviour of the combined layers (or, in this case, modules) that
cannot be explained by the linear combination of the dynamics of each of the two modules in isolation.
Thus, rather than measuring the load put on an upstream module, we measure the nonlinearity arising
from combining the two layers.

We can further illustrate how mutual dynamics gives additional insight into retroactive networks
by observing how retroactive effects combine. For example, suppose an additional module M? is also
‘downstream’ of M. Tts effect (Az'),ss on the isolated module M? is equal to P1L(F3|F') by exactly
the same reasoning as above. However, the combined effect of the two loads on the isolated layer is equal
to

(Azt)pp2 s = PHL(FY, F? F?) — L(F')| = P[L(F?|F") + L(F?|F') — M(F? F?|F")]
= (AxY) e + (Azt)ps — PPM(F? F3|FY).

Thus the two retroactive effects of each of M? and M3 on M are not necessarily additive; the pro-
jected mutual dynamics P'M (F?; F3|F!) represent the nonlinear retroactive effects on M! of having
both downstream modules present. Furthermore, by pre-multiplying the square-bracketed terms by other
maps P? and P3 we can also reason about the effect of these nonlinear interactions on the indirect in-
fluences between modules M2 and M?3. Of course, when layering a network the pre-multiplication is not
necessary; the quantity M (F?; F3|F') encodes all of the information of how the two layers combine to
change their dynamics from their linear combination L(F?|F') + L(F3|F!). The difference between the
retroactivity measure in [8], and the mutual dynamics M, incompatibility I, and cooperativity C' reflect
the different interpretations of subsystem interactions in modular and layered decompositions.

This short comparison was intended to use the well-known concept of retroactivity to illustrate cer-
tain similarities and differences between the layering and modular frameworks. Of course, while some
effects associated with retroactivity can be expressed using our layering framework, [8] is part of an
extensive body of work concerned with modular interactions that we have not compared in as much
detail. Nevertheless, the modular approach assumes an a priori direction to a signal between two mod-
ules, the back-acting retroactivity of which can be quantified. However, our layered framework rests
on the observation that, if reactions with a common species are assigned to multiple modules, it may
not be intuitively obvious which of those modules the common species should be assigned to, or indeed
which module is upstream of the other. Our solution to this problem was the layered framework in [2, 3]
that defined subsystems only by their reaction sets, and which was developed further here to also allow
reactions to take part in multiple layers. This means that, rather than the modular interpretation of
‘signal propagation with retroactivity’, the layered approach instead considers the nonlinearities that are
incurred by the overlaid contributions of each layer.

Models for Example 1

General Setup
Parameters:

The strength of the mutually excitatory crosstalk was set to k, = 0.1, and the strength of the mutually
inhibitory crosstalk to k; = 1. All other parameters were kept unmodified as compared to crosstalk
model [9] available at the BioModels Database [10], Model 116. We refer to [9] for more information



about the interpretation of the parameters.

Xir =10 Xor =10 Xy =10
Yir = 10 Yor = 10 Yar = 10
ky =1 Kne = 1 kg = 1
fioe = 1 kg=1 ko = 0.1
Knyz = 1 ky =1 Koy =1
kigy = 1 ks, = 1 Koy =1
C=1

Initial Conditions/ “Zero Layer Dynamics” L(F°):

All states of the model were initialized to zero, corresponding to a not excited network (S; = Sp = 0).

X1 (t=0) 0
Xy(t = 0) 0
X3(t =0) 0
L(F) = Yf(tzo) 0
Ya(t = 0) 0
Ys(t = 0) 0

Inputs:

The inputs S;(t) and S2(t) were set to piecewise-constant trajectories, corresponding to different “on/off”
combinations. The switching times between the input combinations were chosen such that all species could
reach their corresponding steady-state concentrations in each interval.

[0,0] 0<t<20,
[5,0] 20 <t < 40,
[S1(t), S2(t)] = ¢ [5,5] 40 < ¢ < 80,
[0,5] 80 <t < 100,
[5,5] 100 < t.
Complete Model
Ordinary differential equations:
Foy T
V2
X1 -11.0 0 0 O -1 0 0 O U3
Xs 1 0 -1 0 0 0 O 1 0 O U4
d|X3l _{0 0 1 0 0 O 0 O 1 0 Us
dt |1 o 0 0 1 -1 0 0 =1 0 0| | wv]|’
Y, 0O 0o 0 0 1 -1 1 0O 0 0 vy
Ys 0 0 0 0 O 1 0 0 0 —1| |wg
Ug
_’Ulo_

with

v1 = —ki2x CX; (X2 — Xor)



Ok S1 (1) Kume (X1 — Xum)
S1(t) + Kk

vg = — kozy C Xy (X3 — Xa7)

 Sa(t) Ky Ky C (Y1 — Yar)
S2(t) + Ky

vs = —kioy CY1 (Y2 — Yor)

vg = — kazy CYs (Y3 — Yar)

v7 = -k, CXy (Y2 — Yor)

vs = —ka CY:1 (X — Xor)

Vo =

Vg =

kq Knyx CX3Y3

Vg =—————=
’ Kmyx + X3

kd Kmxy C X3 Y3

Vg =———
Kmxy + Y3

Choosing the Layers to Simulate

As noted in the main text, not all layers (see below) have to be simulated in all cases. If only the layer
dynamics for a given order are of interest, it is sufficient to simulate the respective Ny, = 4 conditional
dynamics. For example, for the order F'* — F? — F3 — F4 it is sufficient to simulate the layer dynamics
L(FYFY), L(F?|F°, FY), L(F3|F° F', F?), and L(F*|F° F', F? F3). Similarly, for the order F3 —
F? — F* — F! it is sufficient to simulate the layer dynamics L(F?|F°), L(F2|F°, F®), L(F* F°, F? F3),
and L(F'|F°, F2, F3, F*). The complete model dynamics can then be calculated by

L(F°, F', F? F3 F*) = L(F°) + L(F'|F°) + L(F?|F°, F*) + L(F3|F°, F', F?) + L(F*|F°, F', F? F3)
= L(F°) + L(F3|F°) + L(F?|F°, F3) + L(F*|F°, F% F3) + L(F'|F°, F% F3 F%).
If the layer dynamics for all orderings of the functionalities are of interest, the lemma analogous to

Bayes’ rule derived in the main text allows to significantly reduce the number of necessary numerical
integrations. It is for example sufficient to simulate the 22 — 1 = 15 layer dynamics

L(F'|FY), L(F?|FY), L(F3|FY), L(F*FY), L(F?|F° FY),
L(F?|F°, FY), L(FHFO, F), L(F?|F°, F?), L(FY|F°, F?), L(FY|F°, F?),
L(F3|F°, F', F?), L(FYF° F',F?), L(FYF° F',F3), L(F*F° F? F3), L(F'F° F' F? F3).
Then, by using Bayes’ rule, the layer dynamics L(F|F°, F?) can be calculated by

L(FYF° F?) = L(F?|F° F') + L(F'|F°) — L(F?|F°).

As a general rule, for each non-empty subset of the functionalities F C {F',... FNt} F # {},
one layer has to be simulated. The decision on which functionality F* € F the layer L(F‘|FY F \ F?)
represents, conditioned on the rest F \ F* of the functionalities and the initial condition represented by
L(FY), is thereby arbitrary. For example, for the functionalities {F', F2, F*} we can choose to simulate
one of L(F'|F°, F2 F*), L(F?|F° F',F*%), or L(F*/F° F!, F?). The other layers’ dynamics can then
be derived by applying Bayes’ rule.

For Example 1 in the main text, it is possible to further reduce the number of necessary simulations. It
is easy to validate that the incompatibility between the two isolated pathways (i.e. without any crosstalk
mechanism) is zero: I(F!, F?|F°) = 0. Thus, the dynamics of L(F?|F°, F1) equal the dynamics of



L(F?|F°), reducing the number of layers necessary to simulate. Similarly, L(F*|F°, F3) = L(F*F°).
Finally, both crosstalk mechanisms in isolation cannot sense a change in the input signals S; and Ss.
Given the initial conditions L(F?), this implies that L(F3|F%) = L(F*/F°) = 0. In summary, only 11
layers have to be simulated for the first model.

Layer L(F*'|F°)

Required input trajectories:

X9 1 00000
XI=10 10 0 0 OfL(F%
X9 001000
Ordinary differential equations:
g [ -1 1 07 [u
1
S 1= 0 1] fu,
X3 0 0 1] |vs

with

v1 = — ki C (X? + X%) (XS - Xor + X%)
Cliy S1(t) Ky (X9 — Xyp + X7)

B S1(t) + Kinx

vy = — kogx C (XJ + X3) (X§ — Xap + X3)

Vo =

Layer Dynamics:

L(FYFY) =[x} X} X} o0 0 0.

Layer L(F'|F° F?)

Required input trajectories:

X2 100000
X9* =10 1 0 0 0 0| L(F°F?
X§*2 001 000
Ordinary differential equations:
g [x 11 0] [uw
X =r 0 1 fe.
X1 0 0 1| |vs

with
o1 = ko € (X7 +X1) (X3% = Xor + X3)
Ol S1() K (X372 = Xar + X} )
S1(t) + Kmx
v3 = —ko3x C (X3’2 + X%) (Xg’Q — Xar + Xil%)

Vg = —



Layer Dynamics:

LFYFO,F?) =X} X} X} 0 0 0] .

Layer L(F'|F° F3)

Required input trajectories:

xP? 100000
X3% o100 0 0 -
X§’3_001000L<F’F)'
y0? 000001
Ordinary differential equations:
X! 11 0], 0 0
d X3 _ (1 0 —1|" L0 0 [vang
at | X 1o o 1|7 -1 0| |vait0]’
Vi 0 0 ofL™ 0 -1

with
vy = — kyoy C (X?’S n X}) (Xg""’ — Xor + X%)

Cky St (t) Kung (X%3 —Xyp + X})
- S1(t) + Kunx
vs = ~ T © (X974 X3) (X§® = Xyr +X3)

keC (X9%+X3) (Y35 4+YE) i, ox09y0s

Vo =

Valt,9 = 0,3 0,3
XgTaxh g X5

Kmyx Kmyx

0,3 1 0,3 1
koC (X3P 4 X3) (Y82 +Y3) i, ox08y0s
Valt, 10 = 0.3 - 0,3
’ RERERE Yy

Koy 11 Komy T 1

Layer Dynamics:

L(F'\F°, F*) =[X] X} X} 0 0 Y]]

Layer L(F'|F° F*)

Required input trajectories:

X M ooo0 o0 o0
x4 010000
X' =10 01 0 0 0| L(F°F*
y o4 000100
Yo 000010



Ordinary differential equations:

X1 -1 1 0 -1 0
X1 1 0 -1 [u 0 1
di xil=]0 o 1| |w+|0 o [Z‘””],
tlyg 0 0 0] |vs 0 —1 LVeuts
Y} 0 0 0 1 0

with
01 = — k1o C (X‘f"‘ + X}) (ng — Xor + X;)
Cky S1(t) Ko (X?A —Xir + X%)
a S1(t) + Kmx
V3 = — kogy C (ng“ + X§> (ng‘* — Xar + Xg)

Vo =

Vatt,r = — ka CXP* YL — k, CXI (Yg"* ~Yor + Y;)

Varts = — ka CXLY* —k, CY! (ng“ — Xor + X%)

Layer Dynamics:

L(FYF, FY =[x} x} X} v? v} o],
Layer L(F'|F° F? F3)
Required input trajectories:
X2 000 0 0
X>? 010000
Xg%* 00100 0 0 2 3
Y10,2,3 - 00 01 0 O L(F7FaF)
VAR 000010
yo2 000001
Ordinary differential equations:
X1 -1 1 0 00 0 0 O ;
X1 1 0 -1 00 0 0 0 UGM
QX§_00151+000—10U“”75
dat |Yr| o 0 o v2 1 -1 0 0 0 v“”ﬁ
Yy 0 0 0 3 0 1 -1 0 0 v““’g
Yy 0 0 0 0 0 1 0 —1f Lrati0

with
v = — ko C (X?’Q"? n X}) (X‘;?’?’ — Xop + X%)

Cky S1(t) Ky (X(;’z’?’ — X1 4 X})
B S1(t) 4+ Koy

Vg =



vs = ~ ko C (X32% 4+ X3) (X§% — Xyr + X}

S2(t) ky Ky C Y1
S2(t) + Kmy

Vatts = — kiay CYO2P YL — kpp, C Y1 (Ygﬂ — Yor + Yéj)

Valt, 4 = —

Vatts = — kagy CYI23 YL —kyy, CY (ng ~ Yar + Y§)

kyq C (Xg,z,:z + X%,) (Yg,z,s +Y§) kg CXg’Q’B Y§’2’3

v = -
alt,9 Xg'2’3+X§ 1 Xg,z,s 1

Kmyx Kmyx

0,2,3 1 0,2,3 1
koC (X320 4 X3) (Y822 +V) g ox02ayoes
v, = —

alt,10 Yg’2’3+Y§ 1 Yg,Q,S 1

Kmxy Kumxy

Layer Dynamics:
L(FYFO, P2 F3) =[x} X} X1 Y@ vi vi'.

Layer L(F'|F°, F? %)

Required input trajectories:

100000
X 010000
X024 001000
Y1%’24 = 0 0 0 1 0 0 L(FO7F23F4)‘
Y02 000O0T10
v {000 0 01
Ordinary differential equations:
X1 -1 1 0 00 0 -1 07
e 1 0 -1 00 0 0 1 UQM
d | xi 0o 0 1™ 00 0 0 0f ][
alvi|=lo o o™ Tt -1 0o o -1 utt
Yy 0 0 o]L" 0 1 -1 1 0 U“Zv;
vy 0 0 0 0 0 1 0 o0]fL%

with
v =~ ki © (X344 X1) (X3 = Xor + X))

Cky S (t) Kunx (X(f’“ — Xy + X})

= S1(0) + Ko
vs = ~ ko © (X924 4+ X3) (X3 = Xor + X})
Sa(t) ky Ky C Y]
Valt, s = —

Sa(t) + Kuny



Layer Dynamics:

Vatts = — kiay CYP24YL —kpp O Y1 (Ygﬂ"‘ — Yor + Yg)

Vatts = — kazy CYIH YL ks CYL (Yg’“ — Yar + Yg)

vatng =~ ka CX3P* Y]~ CXE (Y9 = Yor + Y3)

Vatts = — ka CXL Y02 —k, CY! (Xg’“ — Xor + Xg)

Layer L(F'|F°, F3, %)

Required input trajectories:

with

L(FYF°, P2 FYy =[x} X} X1 Y@ vi vi'.
X?’:’f 10000 0
X%; 010000
x4 oo 1000 o 3
Y10,34 - 00 O 1 0 0 L(F 7F aF )
Y034 000010
yosa] o000 01
X! 11 0 0 0 -1 0
el 1 0 -1 0 0 0 1| [vano
d | X3 0 0 1 U1 -1 0 0 0 Valt,10
a | "o o o™ o 0 0 1 |
Y, 0 0 0 3 0 0 1 0| vars
Vi 0 0 0 0 -1 0 0
v == Kia © (XPP 4 X1) (X3 — Xor + X3)
Cky S1(t) Ko (X?’P’A — Xy + X%)
2= Sl(t) + Kmx
vy = — ks © (X§%4 4+ X3) (X3 — Xor + X})
kaC (X354 X3) (V8™ 4+ V) ox0d yoaa
Valt,9 = 0,34 v1 - 0,34
X +X X
SKmyx 3 +1 Ki]yx +1
0,3,4 0,3,4 .
kg C (X3 +X§) (Y3 +Y§) kg C X034 y0:34
Vg = —
1t,10 Yg;AJrY%, N 1 \I((g,&z; N 1
Vateg =~ ka CXP* Y3 — K, X} (Y3 = Yor +Y3)

Vattg = —ka CX3YYH —k, CY} (Xg,3,4 -

Xor + X%)



Layer Dynamics:
L(FYFO, F3 P =[x} X2 X} vP vd v,

Layer L(FY|F° F? F3, F*%)

Required input trajectories:

[XP2** 11 0 0 0 0 0
X2 010000
Xg#* 4 100100 0 0 o2 o8 o
Y10,2,3,4 =100 010 0 L(F°,F? F° F*%).
Y0234 000010
y:234 000001

Ordinary differential equations:

X} ~1 1 0 00 0 -1 0 0 0]
X1 1 0 -1 00 0 0 1 0 0]]" s
A Xzl _Jo o Lt o0 0 0 0 -1 0]«
a |y~ 1o 0 o U“‘ 1 -1 0 0 -1 0 0 U‘”” ’
Y, 0 0 0 3 01 -1 1 0 0 0 va”’s
Y 0 0 0 00 1 0 0 0 =—1f]

_Ualt,lO_

with
01 = — Kygy C (X(lJ,2,3,4 n X}) (Xg,2,3,4 C Xop X%)

Cky S1(t) Ky (x‘{»?f”4 — Xy + X})

V2= Sl(t) + Kinx
v3 = — kozx C (Xg’2’374 + X%) (Xg’2’3’4 — X317 + X:l)))
Sa(t) ky Ky C Y]
Vglt.4 = — :
1t,4 S2(t) n Kmy

Vatts = — kiay CYO23 YL — ko CY! (ngQ’?”“ — Yor + Y;)
vaits = = kagy CY§>* Y] — kg, Y3 (Y32 = Yar + Y})
vairr = = ka CXPPH Y] — K, OX (Y9254~ Yar +Y3)
Vatts = — ka CXLYO234 _ kY] (ng“v“ — Xor + X;)

kq C (Xg’273’4 + Xé) (Yg’2’3’4 + Y§) kg CX0234 70234

Valt,9 =

Xg‘2’3’4+Xé Xg,2.3,4
Ko T 1 Ko T 1
2,3,4 2,3,4
kq C (X% ,3, + X%) (Yg’ )3, + Y?l)) ky C Xg,2,3,4 Yg,2,3,4
Valt, 10 = Yg’2’3‘4+Y}5 1 - Yg,2,3,4 N 1
Kmxy I'{mxy

10



Layer Dynamics:
L(FYFO, F? PP FY) =[X{ X3 X3 Y Y] VY]

Layer L(F? F°)

Required input trajectories:

Yy 000 1 00O
Y2 =10 0 0 0 1 0OfL(FY
Yy 0 00 001
Ordinary differential equations:
d Y 1 =1 0] [w
T Y2 =10 1 -1 |vs],
Y3 0 0 1] |vs

with

S2(t) ky Ky C (Y9 — Yir + Y?)
Sa(t) + Ky

vs = —kiay C (Y?+Y7) (Y9 — Yor +Y3)

v = —kogy C (Y3 +Y3) (Y9 — Yar +Y3)

Vg = —

Layer Dynamics:

LFPF% =[0 0 0 Y2 v Y.

Layer L(F?F° F')

Required input trajectories:

vt 000100
Yvll=10 0 0 0 1 0| L(F° F).
Yy 000001
Ordinary differential equations:
g [ 1 =1 07 [us
o Y2 =10 1 —1| |vs]|,
\ & 0 0 11| |ve

with

Sa(t) Ky Ky © (Y)! = Yir + V)
S2(t) + Ky

V5 = — kigy C (Y‘f*l + Yf) (ngl ~Yor + Yg)

Vg = —
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v = — kagy C (Yg’l n Yg) (Yg@ ~ Yar + Y§)

Layer Dynamics:

LFYF°,FY)=[0 0 0 Y2 v? Y2

Layer L(F?|F° F3)

Required input trajectories:

ng 001000
v oo 010 0 0 3
y20’3_000010L(F’F)'
Y03 000001
Ordinary differential equations:
X2 0 0 0]r, -1 0
d |Y?| |1 -1 0 v4+ 0 0| [varo
dt |YZ2| |0 1 -1 05 0 0 Vait,10|
Y 0 0 1 6 0 -1
with
S2(6) ky Ky © (Y9? = Yir + v2)
Vg = —

Sa(t) + Ky
v5 = —kigy C (Y?S + Y%) (Yg’g = Yor + Y%)

—kagy C (Y9*+V3) (Y§® — Yyr + V3)

vg =
k€ (X§3 + X?),) (Yg’?’ - Yg) kq C X203 Y02
e () () e
Valt,10 = %}—&;)’Y% 1 - }z,r%)lx’: 1

Layer Dynamics:

L(FYF, P =[0 0 X2 Y2 v? Y2 .

Layer L(F?|F° F*)

Required input trajectories:

X! 100000
x4 010000
vP' =10 0 0 1 0 0| L(F°,F*
Y4 000010
Yo 000001



Ordinary differential equations:

X? 0 0 0 1 0
X2 0 0 0] [ug 0 1
di Y'12 -1 -1 0 vs | + 0 _1 |:Ualt,7:| ,
tly2 0 1 -1/ |vg 1 0| [Vats
V2 0 0 1 0 0
with
S2(6) ky Ky © (Y9! = Yir + Y3

Vg = —

Sa(t) + Ky
_ 0,4 2 0,4 2
V5 = — kyay C (Yl + Yl) (Y2 — Yor + Y2)
Vg = — k23y C (YgA + Yg) (YgA — Y3T + Yg)
Vattr = — ka CX2* Y2 — k, OX2 (ng‘* — Yor + Yg)

Vatts = — ka CX2Y%? — Kk, CY2 (ng“ — Xor + Xg)

Layer Dynamics:

LFPIFO, FY =[X2 X2 0 Y2 v2 v,

Layer L(F?F° F' F3)

Required input trajectories:

Xgiz 100000
Xt 010000
x93 001000
yo1s| = o 0 0 1 0 0 L(F®, F', F?),
Yo 000010
ol L0000 01
Ordinary differential equations:
X2 0 0 0 -1 1 0 0 07,
X2 0 0 0] 1 0 -1 0 0 U“”vl
d | X2 0 0 0 4 0 0 1 -1 0 alt,2
@ |v?| Tt -1 o[ % T o 0 0 0 o |
Y2 0 1 -—1| L 00 0 0 0 U““""
Y2 0 0 1 0 0 0 0 —1fL7en0
with
S2(6) ky Ky © (Y9 = Yar + Y3)
Vg = —

Sg(t) + Kmy
v5 = — Kyay C (Y?’l’?’ T Yf) (YS’L3 — Yor + YS)
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vg = — kagy C (ngl’?’ n Yg) (Yg’“” — Yap + Y§)
Vait,1 = — Kiox CX?’L?’ X3 — ki, CX2 (X3’1’3 — Xor + X%)

Ok S1(t) Kix X3
S1(t) + K

Vait,3 = — kozx C X3P X2 — Koz, C X3 (X§’1’3 — X371 + X?,)

Valt,2 =

KaC (X304 X3) (Y1 +V8) i ox0ay0ns

v =
alt,9 Xg’1‘3+X§ 1 Xg,l,?, 1
Kmyx Kmyx
0,1,3 2 0,1,3 2
ke (X924 X3) (Y92 +V3)  , ox01ay01s
v = — — =
alt,10 Yg,1,3+Y§ 1 Yg,l,s 1
Ry T Koy

Layer Dynamics:
L(F|F°,F F3) = [x2 X3 X2 Y2 v# Y2
Layer L(F?|F° F' F*)

Required input trajectories:

XM o 00 00
X%’1’4 010000
Xt 001000
Y1%,1,4 = 0 0 0 1 0 0 L(FO7F15F4)'
YL 000O0T10
Ly | 00000 1
Ordinary differential equations:
X2 0 0 0 -1 1 0 -1 0
X2 0 0 0 1 0 -1 0 1] |Vt
d | x2 0o o of]|™ 0 0 1 0 0] |2
- 3 = vs | + Vait,3 | »
dt | Y7 1 -1 0|, 0 0 0 0 —1f]|
Y2 0 1 -—1|L* 00 0 1 0 U“W
Y2 0 0 1 0 0 0 0 0 alt,8
with
S2(6) ky Ky © (Y94 = Yar + Y3)
Vg = —

SQ(t) + Kmy
vs = — kg C (Y?’M T Y%) (Yg=174 — Yor + Yg)

vs =~ kaay C (Y9 4 Y3) (V9 = Yar +Y3)

Vait,1 = — Kiox CX?’M X3 — ki C X3 (X8’1’4 — Xor + X%)



Cky St (t) Kox X%
S1(t) + Kumx

Vait,3 = — Koax CX3’1’4 X2 — ko3, CX3 (Xg’1’4 — X371 + X%)

Valt,2 = —

Vatr = — ke CXO4Y2 kO X2 (YS’M — Yor + Yg)

Layer Dynamics:
LFIFO, PR = (X2 X2 x3 v v vE)T

Layer L(F?F° F3 F*)

Required input trajectories:

100000
X544 010000
X9 o010 0 0 0 3 d
y10’34_000100L(F7F’F)'
Y34 000010
yost] 00 00 01
Ordinary differential equations:
X? 00 0 0 0 -1 0
X2 0 0 0 0 0 0 1| [varo
d | X3 0o 0 of]* -1 0 0 0] [vao
§Y12:1—1OZ5+000—1 Vattr
\ 0 1 -—1|Lt*" 0 0 1 0| |vas
V& 0 0 1 0 -1 0 0
with
S2(6) ky Kiny © (Y™ = Yir + Y3)
Vg = —

Sa(t) + Kuny
vs = — kigy C (Y?’3’4 n Yf) (ng“ — Yar + YS)

v = — kagy C (ng374 T Yg) (Yg’?’v“ — Yar + Y§)

KaC (X354 4 X3) (Y™ +V3) 1 o x0d yosa

v =

alt,9 Xg’3‘4+X§ 1 Xg,3,4 1

T Koy Kunyx

0,3,4 2 0,3,4 2
kqC (X3 + X3) (Y3 + Yg) ky C Xg,3,4 Yg,3,4
Valt,10 = -

alt, Yg’3’4+Y§ 1 Yg,3,4 1

Kmxy Kmxy

Vater = — ko CXP¥ Y2 |, X2 (YS*”4 — Yor + Yg)
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vars =~ ka CXEYPH —k, CYF (X5 = Xor + X3)

Layer Dynamics:
LFIFO, P R = (X2 X2 x3 v v vg)'

Layer L(F?|F° F' F3 F*%)

Required input trajectories:

X 000 0 0 0
xgtsa 010000
X9 1001 00 0 L(FO Ll p3 gl
Y10,1,3,4 - O 0 0 1 O O ( ) ) I )
Yo 134 000010
Y134 000001

Ordinary differential equations:

X2 0 0 0 11 0 -1 0 0 07"
X2 0 0 0 1 0 -1 0 1 0 o0f]["m
d |x2 o 0o of]|"™ 00 1 0 0 -1 o0f]["%ws
a vz =1 -1t o™ Tlo 0o 0 0o -1 0 of]|%n|
V2 0 1 —1| L 00 0 1 0 0 0f]"®s
V2 0 0 1 00 0 0 0 0 —1f]"®

| Yalt,10 |

with
S2(6) Ky Ky © (Y94 = Yir + Y3)
S2(t) + Kumy
v = = Kizy © (Y944 Y3) (Y913 = Yor + V3)

Vg = —

v = — kagy C (nglﬁ”’v‘* n Yg) (ngl"”’v‘* — Yar + Y§)
ate1 = = Kizx OXPPXE — kio X3 (X944 — Xon + X3)

| Ol S1 () Kun X3
Sl (t) + Kmx

Vait,3 = — ko C X34 X2 — kyg C X3 (Xg’l’“ — X3 + X%)

Valt,2 =

Vattr = — ka CXOPPAY2 X2 (ngl’?’v“ ~ Yor + Yg)
Vairs = = ka CXFYPHH — K, OV (XM — X 4 X3)
kg C (Xg,1,3,4 n X%) (Yg,1,3,4 i Y§) kg C XOL34 y0L34

X0,1,3,4+X2 X0,1,3,4
il o 1

Valt,9 =

Kmyx
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ky C (Xg’1’3’4+X§) (Y§’1’3’4+Y§) kg C X034 y0i1.34

Valt, 10 = Yg’1’3’4+Y§ 11 Yg,1,3,4
Kxnxy

+1

Kmxy

Layer Dynamics:

T
L(F?|F°, F F? FY =X} X3 X3 Y? Y3 Y§] .

Layer L(F®|FY)

Required input trajectories:

Ordinary differential equations:

with

ka Kmyx C (X§ +X3) (Y9 +Y3)
Kinyx + X9 + X3

ka Ky C (X9 + X3) (Y9 +Y3)
Kixy + Y$ +Y3

Vg =

V10 =

Layer Dynamics:
LF}F% =0 0 X3 0 0 v|".

Layer L(F®|F° F*)

Required input trajectories:

Xgi 100000
X' o100 0 0 0 1
X§71_001000L(F’F)'
vt 000001
Ordinary differential equations:
X3 0 0 11 0
d | x3 0 0/ [uv 1 0 —1f |Vett
— 3| = + Valt,2 | »
dt X3 -1 0 V10 0 0 1 v ]
Y3 0 -1 0 0 0 alt,3

with

Ka Ky © (X9 +X3) (Y9! +Y3)
Kinyc + X3 + X3

Vg =

17



Ko Ky © (X374 X3) (Y9! +Y3)
0,1

Ok K XS
Valt,2 = Sl(t) T Kmx

Vait.3 = — kogx C X3! X3 — kogy C X3 (Xg’l — X3 + X%)

V10

Layer Dynamics:

LIFF, FY =[x x3 X3 0 0 v§]".

Layer L(F3|F° F?)

Required input trajectories:

X2 001000
Y22l 0001 0 0 P
1/20’2_000010L(F’F)'
y? 000001
Ordinary differential equations:
X3 -1 0 0 0 ;
d Y [0 0| [u 1o-1 0™
dt Y23 o 0 0 V10 0 1 -1 valt,S ’
V& 0 -1 0 0 1 alt,6

with

Ka Ky © (X§2 4+ X3) (Y924 Y3)

’U =

? Koy + X597 + X3

0,2 3 0,2 3
Ka Ky © (X324 X3) (Y92 +Y3)
IZ') - .
v Koy + Y92 + Y3
; _ Sa(t) ky Ky C Y3
alt,4 Sg(t) i Kmy

Vqlt,5 = — k12y CY(l)’2 Yg — k12y C Y‘f (ng72 —Yor + Yg)

vatts = — Kasy CYS? Y3 — kagy €Y (Y9 = Yar + V§)

Layer Dynamics:

LF3F,FY) =0 0 X5 Y3 v§ v§]".
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Layer L(F3|F° F*)

Required input trajectories:

Ordinary differential equations:

with

Ka Ky C (X% +X3) (Y34 Y§)
Ky + X3 + X3

Ka Koy © (X304 X3) (Y9 +Y3)
Ky + Y3* + Y3

V9

V10 =

Layer Dynamics:
LFAFO,FY =0 0 X3 0 0 v3]".

Layer L(F?|F° F' F?)

Required input trajectories:

X?’i’i 10000 0
Xyt 010000
X0 oo 100 0 0 1 2
vl T lo 00100 L(E B, F7).
Yo 00 00T10
2| 000001
Ordinary differential equations:
X3 0 0 11 0 0 0 07 [vaua
X§ 0 0 1 0 -1 0 O 0 Valt,2
d X3 _|-1 0 v] |0 0 1 0 0 0} vans
dat |2 1o 0] |vo 000 0 1 =1 01| |vaia
Y3 0 0 000 0 0 1 —1||vaus
Y3 0 -1 000 0 0 0 1/ |vas
with
kg Koy C (ng” +X§) (ngm +Yg)
Vg =
Koy + X317 + X3
ka Koy © (X512 4 X3) (Y317 +v3)
V10 =

Kur Y977 4 Y



Vattn = — kiox CXPM? X3 — kp9, CX3 (X8’1’2 — Xor + XS)

; o Cky S1(t) Kix X3
alt,2 — Sl(t) + Kmx
Vait,3 = — kozx C X3 X3 — koz, C X3 (Xg’“ — X3 + Xé)
Sa(t) ky Ky CY?
Valt,a = — >

S2(t) + Kmy
Vatts = — k1ay CYOV2YS — kpp, CY3 (YS’L2 — Yor + Yg)

Vatts = — kogy CYIV2YS — kyg, CY3 (Yg*2 — Yyr + Yg)

Layer Dynamics:
LI, FL P =[x X8 X3 v v v
Layer L(F3|F°, F!, )

Required input trajectories:

XM o 00 00
X%’1’4 010000
XM Jooo 1 0 0 0 0 o1
Y10,14 - 0 0 0 1 0 0 L(F7F7F)
YL 0000T10
Ly | 000001
Ordinary differential equations:
X3 0 0 11 0 -1 0
X3 0 0 1 0 -1 0 1|Vt
gxg_—1ov9+001ooza“»2
dat Y2 10 0 |vwo 0 0 0 0 -1 v““v?’
Y3 0 0 0 0 0 1 0 v‘””
Y3 0 -1 00 0 0 0 alt,8
with
Ka Ky © (X§14 4 X3) (Y914 + v3)
Vg =
Konyx + X3H* + X3
Ka Ky © (X314 4+ X3) (Y81 4 v3)
V10 =

Ky + Y5 4+ Y3
Vatt = — Kizx C XU X3 — Ky CX3 (nglv‘* — Xor + Xg)

Cky St (t) Kox X%
Sl(t) + Kox

Vatts = — kaax CXOPE X3 — kyy, CX3 (xg“ — Xgp + X§>

Valt,2 = —
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Vater = — ka CXPMYE %, O X3 (Yg’l’4 — Yor + Yg)

Vatts = — ka CX3YOM _k, O Y3 (Xg’“ — Xop + Xg)

Layer Dynamics:

LR, FL P = (X3P X3 X3 v VR ve)T
Layer L(F3|F° F? F*)
Required input trajectories:

M ,2,47
xp*

\ 100000
X%’; 010000
x4 1o 0100 0 0 2
y2#4 T 10 0 0 1 00 LE™ B2 F5).
Yo 000010
vt {000 0 01
Ordinary differential equations:
X3 0 0 00 0 -1 0
X3 0 0 00 0 0 1| [Vt
d | x3 1 0| [u 00 0 0 o0f] "%
alv? =0 ofluel Tt -1 0 o —1f |Vas
v 0 0 0 1 -1 1 0] |"%®"
; _
V3 0 -1 0 0 1 0 0] ~LVens
with
Ko Ky © (X§24 4 X3) (Y92 +v3)
() =
? Knyx + X324 + X3
K © (0544 7) (2544 )
v prg
1 Kinxy + Y02  + Y3
e = — Sa(t) ky Ky CY?
o S2(t)+Kmy

Valt,5 = — k12y C Y(1)72’4 Yg — k12y C Y% (Y8,2,4 — Y2T + Yg)
Vatts = — kogy CYI?4YS — kyy, C Y3 (Yg’“ — Yyr + Yg)
Vattr = — ka CX%21 Y3 _k, CX3 (Yg%‘* L Yg)

Varts = — ka CX3Y024 g, CY3 (xg%‘* — Xor + Xg)

Layer Dynamics:

L(F3|FO, P2 FY = [x3 X3 X3 vP vd vi'.
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Layer L(F3|FO, F! F? F%)

Required input trajectories:

xprh2d 100000
Xt 010000
X924 100100 0 L(FO L p2 pd
Y10,1,2,4 - 00 0 1 0 0 ( ) ) ) )
Yo 124 000010
Y124 000001
Ordinary differential equations:
Valt,1
X3 0 0 11 0 =1 0 0 0 07 |vaue
X3 0 0 1 0 -1 0 1 0 0 0] |vans
d |x3| -1 0] [we 000 1 0 0 0 0 0] |var
a [v3 T o 0[v10]+000 0 =1 1 =1 0/ |vans]|’
vl o o0 000 0 1 0 0 1 —1| |vana
vl o -1 000 0 0 0 0 0 1] |vas
| Valt,6 |

with

Ka Ky © (X§12 4 X8) (Y924 4 1)
Ky + X" + X3
Ka Ky © (X314 X8) (Y912 4 v§)
oo Koy + Y927 4 Y3
vaten = = Kize CXPP2XE — Ko OXF (X1 = Xor + X3)

_ C kx Sl(t) Kmx X?
Sl(t) + Kmx

Va3 = — Koz CX9 0P X3 — kog C X3 (Xg’l’m — X3 + X§)

Vg =

Valt,2 =

Vattr = — ko CXO12A Y3k OX3 (Y‘;“’4 — Yor + Yg)

vairs = — ka CX3 YY1 — 1, CYY (Xg71’2’4 — Xor + Xg)

Sa(t) ky Ky C Y3
SQ(t) + Krny
Vatts = — kizy CYPP2YS _ Ky, CY3 (Ygﬂv‘* — Yor + Yg)

Valt,4

Vatt.s = — kosy CyolAys - Koz, C Y3 (Y§’1’2’4 ~ Yar + Yg’)

Layer Dynamics:

L(F3|F°, FL F° FY = (X3 X3 X3 vP v§ vi'.
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Layer L(F*|F°)

Required input trajectories:

X9 1 0 00 0 O
X9 1010 0 0 O 0
Y2 |0 001 00 L(FT)
Yy 0 00010
Ordinary differential equations:
Xt -1 0
i X% o 0 1 (%4
dt Y14 B 0 —1 (08} ’
5 1 0

with

v =—k,C (X +X1) (Y? — Yor +Y3)
vs = — ko C (Y?+Y7]) (XJ — Xar + X3)

Layer Dynamics:
LFYFY) = [x¢ X4 0 vt v o],

Layer L(F*|F° F')

Required input trajectories:

X! 10000 0
Xyt 010000
X' =10 0 1 0 0 0| L(F°F")
v 000100
yo! 000O0T10
Ordinary differential equations:
Xt -1 0 -1 1 0
4 1%2 0 1 L 0 =1 [vaua
o Xil=10 0 L}ﬂ—i— 0 0 1 Valt,2 |
& 0o —1|L® 0 0 0] |vans
v 1 0 0 0 0

with
vy =—k,C (X?’l + lex) (Yg’1 —Yor + Yg)
vg =—k, C (Y?’l + Yi‘) (Xg’l — Xor + Xé)

vate1 = = Kizx OXO' X3 — kiax CXF (X3! = Xor + X3)

| Ol Si(t) K X4
S1 (t) + Kmx

Valt,2 =
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Vait.3 = — Koy C X' X4 — ks CX3 (Xg’l — X3 + Xé)

Layer Dynamics:
L(FYFO, FYy =[x} x4 X4 vt vi o],

Layer L(F*|F°, F?)

Required input trajectories:

100 000
X9? 010000
P2 =10 0 0 1 0 0| L(F° F?).
v 000010
Y02 00 00O0O01
Ordinary differential equations:
X4 -1 0 0 0 0
e 0 1| 0 0 0| [vara
pr vil=]0 -1 L7}+ 1 =1 0 |Vars|,
Y3 1 0 8 0 1 —1| |vare
1A 0 0 0 0 1

with
vr ==k, C (XP?+X1) (Y52 = Yar + Y3)

vg =—kyC (Y‘f’2 + Yj‘) (X%2 — Xor + X;‘)

Sa(t) ky Ky C Y1
Sa(t) + Ky

Vatts = — kiay CYP2 Y — ko C Y4 (Ygﬂ —Yor + Y;l)

Valt,4 = —

Vqlt,6 = — k23y Cng’2 Yg — k23y C Y% (Yg72 —Ysr + Yg)

Layer Dynamics:
LFYFO, F?) =[x} x4 0 v vt v,

Layer L(F*|F°, F?)

Required input trajectories:

ng 100000
X;? 0100 0 0 0 3
y10’3*000100L(F’F)‘
v 000010



Ordinary differential equations:

X4 1 0
d X% o 0 1 (%rd
dt Y14 10 —1 |:U8:| ’
v 1 0

with
v =k, C (X?’?’ + X‘f) (YS*" ~Yor + Yg)

vg = —k,C (Y?’?’ + Yil) (ng' — Xor + X%)

Layer Dynamics:

LFYF, F3) = [X} X4 0 v v o],
Layer L(FF° F!, F?)
Required input trajectories:

M40,1,27
X

L, 10 0 0 0O
X%’l’2 01 00 00O
Xyl |00 1T 0 0 0 0 1 2
vt T ]lo 001 00 L™ £ F).
Y20’1’2 000010
_y30,172_ 0 00 0 01
Ordinary differential equations:
Xt -1 0 -11 0 0 0 O Vait,1
X% 0 1 1 0 -1 0 O 0 Valt,2
da X3 10 0| [ur n 0o 0 1 0 0 O Vait,3
dt Y14 ) -1 U8 0 0 0 1 -1 0 Valt,4
\ 5 1 0 0 0 0 0 1 -—1| |vaes
& 0 0 0 0 0 0 O 1 Valt,6

with
vr = — ko C (X?“ n X;*) (Yg’l’2 — Yor + Yg)
s ==k C (Y12 v1) (X2 = Xor +X3)

Vait,1 = — Kiox CX?’LQ X35 — kio, CX] (X8’1’2 — Xor + X%)

ooy = Gl S1(1) K XY
’ Sl(t) + Kmx
Vaies = = Kaax OXP X4 — au X3 (X§7 = Xor + X3)
Sa(t) ky Ky C Y7
Valt, s = —

Sa(t) + Ky



Vatts = — kiay CYP12YE _kpp O YE (ng — Yor + Yg)

Vatts = — kozy CYIV2YE 1l C YA (Yg’“ — Yar + Y§>

Layer Dynamics:

T
L(FYFO, F' F?) = [X{ X3 X3 Y Y3 Vi) .

Layer L(F*|F° F' F3)

Required input trajectories:

X 100000
Xph? 010000
Xy o001 00 0 0 1 3
Y10’1’3 =10 0010 0 L(F°,F",F°).
yoL3 000010
Ly 000001
Ordinary differential equations:
X4 -1 0 11 0 0 0],
X3 0 1 1 0 -1 0 0 U““vl
ANX5| |0 0 ffer] {0 0 1 -1 0} 2
dat |YA 7o =1 |us 00 0 0 0 va”’?’
v 1 0 0 0 0 0 0 alt,9
Vi 0 0 0 0 0 0 ~—1| LVe10

with
vr ==k C (XP0 4+ X4) (Y9"* = Yor + Y3)
vs = —k, C (Y%L‘”’ n Y;*) (xg’lf’ — Xor + X3>
ate1 = = Kizx OXP* X3 — ko OX3 (X9 = Xor + X3)

| Ol Si(t) K X4
Sl(t) + Kmx

Vait,3 = — kosx CXg’l’B X§ — kosy CX;1 (Xg’l’S — X317 + Xg)

Valt,2 =

K, C (Xg’1’3+X§) (Yg’1’3+Y§) kg C X013 Y01

Valt,9 =

XX Xg 1
Rope T 1 Roge T 1
0,1,3 4 0,1,3 4
kqC (X3 + X3> <Y3 + Y3) kq CXO13 Y02
v = -
alt,10 Yg'1’3+Y§ 1 Yg,l,s 1
g e— Kinny

Layer Dynamics:

LFYFO, F F3) = (X4 X4 X3 vi v vi)".
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Layer L(F*|F° F? F3)

Required input trajectories:

(X020 000 0 0
Xp®2 010 0 00
Xg** 001 00 0 0 2 3
Y10,2,3 - 00 01 0 O L(F7F7F)
Y023 000010
R 00000 1
Ordinary differential equations:
X4 -1 0 00 0 0 0],
X4 0 1 00 0 0 0 U““"*
d | X2 0 0| [vr 00 0 -1 0 alt,5
- 1| = + Valt,6
dt | Y; 0 —1| |uvs 1 -1 0 0 0],
vy 1 0 01 -1 0 0 v‘”t’g
v 0 0 0 0 1 0 —1f Ll

with
vr = —k, C (X(}“ + X;*) (YS’Z’S — Yor + Y§)
vg = —k, C (Y?’Q’?’ n Y;*) (XS’Q’?’ — Xor + Xg)

Sa(t) ky Ky C Yil
Sa(t) + Ky
Vait,s = — K12y CYP?? Y3 — kpg, C Y} (Y§’273 —Yor + Yg)

Valt,a = —

Vatts = — kagy CYU23YE —Lkpy, O Y2 (Ygﬂf’ — Yar 4 Y§>

K, C (Xg’2’3+X§> (Yg’2’3+Y§) kq € X023 Y023

Valt,9 =

X320 44 xg*?
23 T3 3
Ko T 1 Roge T 1
0,2,3 4 0,2,3 4
kqC <X3 + X3) (Y3 + Y3) kq C X023y 023
Valt,10 = 0,23 - 0,2,3
El YO Y4 Y=
SK + 3 + 1 KS + 1
mxy mxy

Layer Dynamics:

T
L(FYF° F? F?) = [X{ X3 X3 Y Y3 Yi] .

Layer L(F*|F° F' F? F3)

Required input trajectories:

_X?’i’js_ 100000

Xgh3 010000

Xy 1001 0 0 0 0 1 2 3
yo123| = 1o 0 0 1 o of LELELELED.
yoL2s 0000T10

Y0123 00000 1

L*3 J




Ordinary differential equations:

Valt,1
X -1 0 11 0 0 0 0 0 07! vare
pe 0 1 1 0 10 0 0 0 0/ ]|vaes
d|xt o of/[w 000 1 0 0 0 -1 0] |vaa
alvil = o -1 LJ‘L 000 0 1 -1 0 0 0] |vaws]|’
Y3 1 0 00 0 0 1 —1 0 0] |vaus
Y3 0 0 00 0 0 0 1 0 —1||vaue
| Valt,10 |

with
v =—k, C (X?’LQ’?’ n X;*) (YS’L“ — Yor + Yg)
vs =~k C (YP1?% 4+ Y1) (X§1% — Xor +X3)

Vattd = — Kz CXOT23 X4 —Jpp, O X2 (XS”*‘ — Xor + X;*)

Cky S1(t) Kinx X4
Valt,2 = —
S1(t) + K
Va3 = — Koz CX91 % X3 — oz C X3 (Xg’l’Q’3 — X3r + Xg)
Sa(t) ky Ky C Y‘ll
Valta = —
it,4 S2t) + Koy

Vatts = — kiay CY(I),1,2,3 Y4 kypy C Y4 (Yg,l,z,g Yo+ Yg)
Vatts = — kagy CYIP2PYE ko CYE (Yg’l’Q’g —Yar+ Yg)

kaC (X324 XE) (Y312 4 Y8) g ox012a 0123

Valt,9 = Xg,1,2,3+xé 1 Xg,1,2,3 1
Kmyx Kmyx
0,1,2,3 4 0,1,2,3 4
kqC (X3 + X3) (Y3 + Y3) ky C Xg,1,2,3 Yg,1,2,3
Valt, 10 = 0,1,2,3 , va - 0,1,2,3
’ Yo o7 4Y Yo b=
3 3 3
Kom T 1 Koy 11

Layer Dynamics:

LPYFO,FL R R = (X8 X3 X4 vy v)T

28



29

Models for Example 2

General Setup

Parameters:

Pa =1 pp =1 ky =2
ks = 0.01 my =1 me =1
ko = me = 10 k_g=1
m_, = 0.0001 ky =2 my = 10
k_y=1 m_p = 0.0001

Initial Conditions/”Zero Layer Dynamics” L(F°):

The initial conditions correspond to the steady state for k = 3.

yi(t =0) 10.0

5(t = 0) 10.0

L(F%) = ya(t =0)| |05
b(t = 0) 0.8

Inputs:
3 0<t<5h0
k(t) = - ’
10 50<t.

Layer L(F*'|F°)

Required input trajectories:

Wl 1000

0

Ys 01 0 O 0
a0 010 L(FT)
b0 0 0 0 1

Ordinary differential equations:

U1
dfyl]_t -1 0 -1 0|7
dt lydl — 0 1 -1 0 -—1]]2?3|°

V4

vy

with
k
oy = (t)
Pa + af

vy — ki (v +v1)

(pb +Db0) (my +y9 +y1)
vy = ko (y9+v3)

ma +¥3 + ¥




Layer Dynamics:

Layer L(F'|F° F?)

Required input trajectories:

Ordinary differential equations:

dy%

R P!
dar |2

with

Layer Dynamics:

ko (v) + 1)

* _ma+y(1)+y%
. _k (v8 +y3)
my, +y9 +y5

LIFYFY) =yl vh 0 0]".

Yy 1 000
0,2 01 0 0
2 | —= 0 12
a0,2_001 OL(FaF)'
p0:2 00 0 1
oy
1 =1 0 =1 07 |v 0 0
:01—10—1v3+00[
0 0 0 0 0] v 1 -1
_v7

k(t)
v =—————
' pa+al? tal
ky (Y(l)’z + Y%)
V2= 0,2 0,2 1
(pb +b%2) (m1 +y7" + vy
0,2
ko (Y2 + Y%)
vg =————
mo + y8’2 + 3
0,2
ka (YI + y%)
L —
m, + y(1)’2 + Yi
0,2
ky, (YQ + Y%>
Vg =m=———
my, + vy + yi
B k,m, yi
Valt,5 = 0.2 0.2 1
(ma +y1 ) (ma +yiT A+ Y1>
m_,k_,al
v =
alt,6 (m_a n 30’2) (m_a i a072 n al)

L(FYEC, F) =yl 43 o' 0] .

Valt,5
Valt,6

|\
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Layer L(F'|F° F?)

Required input trajectories:

Yy 1 0 00
0,3
y" _ (001 00 0 13
a%3 0 010 L(F, F7).
03 0 0 0 1
Ordinary differential equations:
U1
d yi 1 -1 0 -1 0 Vg 0 0
%yéz() 1 -1 0 -—1| |vs|+ [0 O
bt o 0 0 o0 O Uy 1 -1
v7
with
k(t
1= : )0 3
Pa +a”
ky (Y?’sJFY%)
Vo =
(m1 +y1° + yi) (Pb -+ b3 + b1)
ke (v8° +33)
vg =——— e~
my + Y(QM + 5
ko (17 +31)
vy =—— %
m, + y(1)73 + Y%
ky, (y3’3 + Y§)
vy =———
my, + vy + y3
v B kp, myp, ya
alt,8 — 0,3 0.3 1
my + yo mp +yy + Vs
k_b m_p b1
Valt,9 =

Layer Dynamics:

(m_p + b%3) (m_p, + b3 + bl)

LFYFO, F3) =[yb o5 0 b']".
Layer L(F'|FY F? F3)
Required input trajectories:
Y23 1 000
0,2,3
v _ |01 00 0 2 3
a(),2,3 - 0 0 1 0 L(FvFvF)
po:2:3 0 0 0 1

|

Valt,8
Valt,9

|\
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Ordinary differential equations:

Yyl 1 -1 0 -1 0 zl 0 0 0 07 [vaus
dijyil o1 -1 0 -1 U?+0 0 0 0| |Vas
dtal_ooooov3 1 =1 0 0| |vans

b o0 o o0 of]/}* 0 0 1 —1| |vano

vy
with
k(t)
U1

:pa T a023 4 gl
kq (y(l)’zg + Y%)
v2 = 0,2,3
(ml T+ yi) (py +Db%23 +bl)

0,2,3
ko (Yz + Y%)

o (431
M T oyt
kp, <yg,273 + Y%)
s ko m, yi
U (me ) (ma 43020 41
B m_,k_,al
Valt,6 T (s + 2023) (m_, + a023 1 al)
Valt,8 = o 1o, Y%
S (e +y92%) (550 4 vh)
k_pm_pbt
Vait,9 :(m_b TH023) (m_p, + b023 4 bl)

Layer Dynamics:
LFYFO, F2 P = [y} ub o 8.

Layer L(F? F°)

Required input trajectories:

Ordinary differential equations:



with

ka v}
Vg = 0
m, +y3
k—a (aO + 32)
Ve —

Layer Dynamics:

Layer L(F? F° F')

Required input trajectories:

i 1000

0,1

yoll o100 -
ad 0 0 1 of LUED
po-1 000 1

Ordinary differential equations:

Valt,1
d yg 0 07, 1 =1 0 =1 0] |vaue
% y2 = 0 0 |:’U;:| + O 1 —1 0 —1 Ualt,?)
a? 1 -1 0 0 0 0 0 Valt,4
Valt,7
with
ke (y?’l + Yf)
vy =~
m, + y(lj,l + Y%
o k_n (a%! +a?)
6 m_, + a0l + a2
k(t) a2
v, =—
LT (pa +a0T) (pa + 20T +a2)
v o ki my Y%
alt,2 — bO 1 01 0.1 5
(pp +b%1) (m; +y, my 4y, +y3
v _ ko mo y3
alt,3 = 0,1 0,1 9
my + yo mz +yy" +y;3
v _ k, m, y?
alt,4 = 0.1 01, o
m, + ¥ m, +y;" + 71
kp, mp, y3

Valt,7 =
(mb + yg’l) (mb +yol + yg)



Layer Dynamics:

Layer L(F?|F° F3)

Required input trajectories:

Ordinary differential equations:

i 21 _ . Us
Gl =1 1)),
with
y ko y)®
P m, 407
k. (a0,3 +a2)
Vg =—

m_, + a%3 + a2

Layer Dynamics:
L(F?F, F¥ =[0 0 a* 0]".
Layer L(F?|F° F' F3)

Required input trajectories:

0,1,3

Yy 1 0 00
0,1,3
y2” . 01 0 0 0 1 3
A3 = lo o 1 0 L(F°, F*,F~).
p0:1,3 0 0 0 1
Ordinary differential equations:
Y3 0 O 1 -1 0 -1 0 O
d y3l [0 0] [vs + o 1 -1 0 -10
dt |a®| ~ |1 =1 |vg 0 0 0 0 0 0
b? 0 0 0 0 0 0 0 1

with

ka (y?’l’B + ﬁ)

Us = 0,1,3
M, + Y01 4 y2
k_o (a0 + a2)

Vg =

m_, +a0l3 } a2

o O O

_valt,9_

Valt,1
Valt,2
Valt,3
Valt,4
Valt,7
Valt,8
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k(t) a?

Vait1 = —
alt,1 (pa+a0,1,3) (p +a’0,1,3+32)
K, ( 0’1’3+y%) Ky (1) 1,3
Valt,2 = 0,13 | 2 013 1 b2y 0.1.3) 0,1,3
my +y7 7 57 ) (oo + DO +b2) (py 4 b Y

ko mo y3

) (o

Valt,3 = 01,3

my +yy’
k, m, Y1

Valt,a =
(ma+ 0,1,3) (md—i—y?’l’s-i-y

ky, my, }’2

meryng) (m +y213+y)

Valt,7 =

ky, mp, y3
mb-i-yO’L ) (m +yg’1’3+y2

k_b m_p b2
m_y, + b0,1,3) (m,b + Ho,1,3 + b2)

Valt,8 =

Valt,9 = (

Layer Dynamics:

Layer L(F3|F°)

Required input trajectories:

Ordinary differential equations:

d 37 o ()
G =0 -y ],
with
e — kp, y9
s my, + y9
ko, (B4 b?)
U T L+ b0+ b3

Layer Dynamics:

LF}F%) =0 0 0 b]"



Layer L(F3|F° F')

Required input trajectories:

36

Yq 1 0 0 0
yoll =10 1 0 of L(F° F").
po-1 0 0 01
Ordinary differential equations:
3 Valt,2
Yy 0 0 -1 0 -1 0 K
di yil=10 o [”ﬂju 1 -1 0 -1 za”’?’ :
E 3 1 —1| ™ 0 0 0 0] |V
Valt,7
with
ky, (yg’l + Y§>
Vg =———4371 4
my, + vy + y3
ks (80 £17)
v Cm_y, + b0l 4 b3
k(v +y3) ey y 0!
Valt,2 = -
(m1 + y(l)’l + y‘i’) (pb + b0,1 + b?’) (pb + bO,l) (ml + y(l) 1)
Vai _ k2 mso yg
alt,3 —
(m2+53") (ma+y3" +53)
_ k. mayf
Valt,a = 0.1 01 3
my +y; my, +y; +Yyy
; _ ky, myp, y3
alt,7 = 0.1 01 3
(mb+YQ ) (mb+Y2 +YQ)
Layer Dynamics:
T
LOFIF FY = (8 ud 0 b7
Layer L(F®|F° F?)
Required input trajectories:
0,2
Ys' 01 0 O 0 12
{bgﬁ] - {0 0 o0 1] LELED:
Ordinary differential equations:
¥l=N -1,
S =0 -
with
ke, v0-2
Vs b Yo



ke (002 4 bP)

v Cm_yp + b02 4+ b3

Layer Dynamics:
LF}F, F?) =[0 0 0 ©*]".
Layer L(F?|F° F' F?)

Required input trajectories:

0,1,2

0 100 0
0,1,2
% 01 0 0
2 _ 0 1 12
q0:1.2 00 1 0 L(F°,F*,F*).
po-1:2 000 1
Ordinary differential equations:
_Ualt,l_
y3 0 0 1 -1 0 -1 0 0 0 z‘”“
A1yl [0 O0ffes] [0 1 -1 0 -1 0 0]
dt |a® 0 0| |vo 000001—11}““’4’
v 1 -1 ooooooova“v7
alt,5
_valt,G_
with
@ (58 +39)
Vg =
my, + vy + v
” 7k—b <b0’1’2+b3)
9_m7b+b0,1,2_~_b3
k(t)a?
Valtl = —
1t,1 (Pa + a0L2) (pa + a%L2 1 a3)
@ (91 + ) e
Valt,2 = 0,1,2 3 0,1,2 3 B 0,1,2 0,1,2
my +y; " +y;) (pp+bOL24+b3)  (pp, +bOL2) (my + v,
S ko mo y3
' (mg +yg’1’2> (In2+yg’1’2+y§’)
Vated = ka may:f
’ (ma + y‘f’l’z) (ma +yr yi’)
S kp, mp, y5
’ (mb + yg’l’z) (mb +yst?+ Y§’)
—_— ko m, v
, (ma+y(1),1,2> (ma+y(1),1,2+y;1),>
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m_,k_,al

m_, +a%h2) (m_, 4+ a%h2 4 a3)

Valt,6 = (

Layer Dynamics:

LEF PR = [ o @ W)

Models for Example 3

General Setup

For simplicity, we will in the following only present the layer models for the ordering of the functionalities
as shown in Figure 9C in the main text. The layer models for other orderings are accordingly. Note, that
for the glycolysis example we apply a mixed layer structure. Below, this structure is explained in more
detail.

Parameters:

The mixed flow glucose concentration was set to 10mM to prevent glycogenic oscillations. All other
parameters were kept unmodified as compared to glycolysis model [11] available at the BioModels
Database [10], Model 61. We refer to [11] for the units and the interpretation of the parameters.

P=0 CNxg =56 Glexg = 10
ko = 0.048 Yyor = 59 Vo = 1014.96
Kagie = 1.7 Py =1 Korgep = 1.2
Korrgep = 7-2 Vo, = 1014.96 Vg, = 51.7547
K3pgie = 0.37 Kzarp =01 K3gie =0
Vi = 496.042 Kygep = 0.8 Kypgp = 0.15
Vy, = 496.042 Kpeq =0.13 Vs, = 45.4327
Kp = 0.021 kg = 0.15 Vo = 2207.82
K, =0.3 K, =2 Kgeog = 0.081
6FBP 6DHAP 6eq
ratiog = 5 Kggap =4 Kgrgap = 10
Vzp = 116.365 Kipgap = 1.23 Krgap = 1.27
V7, = 116.365 K7eq = 0.055 Vgy = 833.858
Kggap = 0.6 Kgnap = 0.1 Kgppg = 0.01
KsNADH = 0.06 Vg, = 833.858 Kgeq = 0.0055
kgy = 443866 kg, = 1528.62 Viom = 343.096
KiopEp =02 Kipapp =0.17 Viim = 53.1328
K11 =0.3 Vigm = 89.8023 KioNADH = 0.1
Kisaca = 0.71 ki3 = 16.72 Vigm = 81.4797
Kispmap =25 KisiNADH = 0.034 Kisinap =0.13
KisNADH = 0.13 k1 = 1.9 kg = 24.7
koo = 0.00283828 koo = 2.25932 ko3 = 3.2076
kogp = 432.9 kogq, = 133.333 Copt =1

Ceyt =1
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Initial Conditions/”Zero Layer Dynamics” L(F°):

The initial conditions correspond to the steady state for Glcxo = 10mM. Note, that the initial conditions
of the cofactors do not belong to the zero layer dynamics, but to the control layer.

[ GleX(t=0) 7 [ 0.232254 1
Gle(t = 0) 0.0214792
G6P(t = 0) 2.36752
F6P(t = 0) 0.287489
FBP(t = 0) 0.899253
GAP(t = 0) 0.0514396
DHAP(t = 0) 1.25181
BPG(t = 0) 0.000153658
L(F% = | PEP(t=0) | = | 0.0223765
Pyr(t = 0) 0.420792
ACA(t = 0) 0.590469
EtOH(t = 0) 12.0157
EtOHX(t = 0) 10.2753
Glye(t = 0) 1.68753
GlyeX(t = 0) 0.677582
ACAX(t = 0) 0.51278
l enxit=0) 1 | 54352

Control Layer

As explained in the main text, we established a mixed layer structure for the glycolysis example. In this
structure, a control layer communicates with all layers in the cascade without being part of the cascade.
From every layer in the cascade, the control layer receives the fluxes (consumption or production rates)
of the cofactors NADT, NADH, AMP, ATP, and AMP. The control layer integrates these fluxes
together with the AT P consumption of the cell (ATP — ADP, Reaction 23 in [11]), and the flux due
to the AK reaction (ATP + AMP <+ 2ADP, Reaction 24). Finally, it sends the integrated cofactor

concentrations (indicated by superscript C) back to the cascaded layers.
The ordinary differential equations describing the control layer are as follows:

ATPC 1 -1
4 | ADPC N, ) ) 12
~ | NaDC | = ZV(FL\FO,...F171)+ 0o o [:23}
t \NaADHC| i=1 U
AmpC | o -1

ADPC (¢ =0) 1.50429
NADC (t =0) | = |0.730744] ,

NADHC (t = 0) 0.249256
ArpCt = o) ] 0.333054

ATPC (¢t =0) | [2.09266]

with
va3 = Coyrk23ATPC

e}

vay = Coyt (k245 AMPCATPC — k24r(aDPY)?).

Since in the mixed layer structure the states of the control layer depend on the dynamics of the cascaded

layers and wvice versa, the control layer has to be simulated simultaneously to all layers in the cascade.
However, the dynamics of the mixed layer structure do not depend on the ordering of the cascaded
functionalities. Thus, the layering graph can be constructed as described in the main text (Section
“Reducing Computational Burden”) by determining the dynamics of the control layer for any ordering
of the cascaded functionalities, and using these trajectories as additional inputs for the simulation of
the cascaded layers corresponding to any ordering of the functionalities. Since for Glcxo = 10mM the
system—including the cofactor concentrations represented by the states of the control layer—are at steady
state, we integrated the layering graph by replacing the states of the control layer by their corresponding
initial conditions.

Layer L(F*'|F°)

Required input trajectories:

Glex0 1000 000O0OOT OO O® OOOTOOOTO0OOOO0 O
Gic® |=]0 1 0000000000000 000O00 0 0fLF.
cepr0 000100O0O0OGO0O®OO0OO®OOOT OO OGO0O0O0



Required inputs from control layer:
ATPC.

Ordinary differential equations:

Glex! 1 -1 0 o v1
Glel! | =0 59 -1 o0 2
o v3

va2

{Vl[ATP]] [0 0 -1 71] Zé
0

vliiaDP) 0 1 1 vg
1)22
with
v1 = — ko Coxt (G1eX® — Glexg + Glex )
Vot Cext (GchO + Glcxl)
vg =
0 1 0 1 0 1
Py (Glcx +GleX ) 1) (Cr0cciel |, cepOicert | (Glc +Glc ) (GGP +G6P )+1
Clex0 4 alex! KaGle Kaale Kaicep Korigep Kaaic
Yyo1 Kaale K + 5 I +1
2Gle Py (G1e0+Glcl)
Kagle
Var Ceyt (Glco + Glcl)
0 1
Py (G0 tGlel ) GleXx04Glex !
Kaai 1 Kaai + 1c04+Glcl 50 pl
Yo Koy, | Gle04Glel | G6POLGEPL c c . (G1c0+aict) (GePO+aert) »
vol H2Gle KaGle Ka21G6P Py (Glex0+GlexT) K211G6P K2Gle
B Gl B bhliy S
Kaaic

Vam Ceyt ATPC (GIc? + Glet)

vy =
Kzarp (Gle0 + Glel) + ATPC (Gle0 + Glel) + K3paic KsaTp + Kagle ATPC

vaa =kay Ceyt ATPC (G6P? + Gop!)

Layer Dynamics:

T
L(FI\FO):[Gchl cic! GéPl 0 0 0 00 00O 0 OO0 0O 0] .

Fluxes to control layer:

v(F'F%) =[vlaTP] v1[ADP] 0 O o]T

Layer L(F?|F° F')
Required input trajectories:

Glex 0,1
Glc951
Gep0:1
FepO-1
FBPOL | =
capOl
DHAPO:L
Glyco'l
Glyex051

L(FO, Fly.

SRR
coo0o0ooO0ORO
coococoo0o000O
cooooorOO
cooocooo00O0
coooorROOO
coooroOOO
coorOOOOO
comrOOOOOO
ocoococooooo
ocoococooooo
ocoococococooo
ocoocoococooo
ocoocoococooo
ocoocoocoooo
ocoocoocoooo
ocoocoocoooo
orooooooo
~oooooo00O
cocoocoocoooo
cCooooo0o000Q
coooo000Q

Required inputs from control layer:
ATPC, NAD®, NADHC®, and AMPC.
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Ordinary differential equations:

Glex2 71
a2 o 0o 0 0o 0 0 o 1 -1 0 o0
Ca o 0o o0 o0 o0 0 0 vg 0 59 —-1 0
GGPQ -1 0 0 0 o0 0 0 vy 0 0 1 —1|Tayy,
4 | FeP 1 -1 0 0 0 0 0]|]|wvg 0 0 0 o], "
— | FBP2 =0 1 -1 0 0o o off|vz|[+]0 0o o of] a2
S I R SR A B A g
DHAP2 -1 - v16 alt,
o2 o o o o 1 -5 0| Lluy 0o 0 0 o0
ve, Lo 0 0 0 0 1 -1 0o o0 0 0
Glyex?]
v
v2[ATP] [0 -1 00 o0 0 0]]|Y 0 0 —1 —1] [valt,1
v2iappPl | (o 1 00 0 0 0 56 L0011 Valt,2
v2[(Nap] | |0 0 00 1 00 0175 00 0 o0 vait,3 |’
v2(vapm]| 0 0 0 0 -1 0 of |15 00 0 0] vy
1)17
with
,1 1
K4p6P Ceyt (Var FOPOL + V4 FOP2 — Vg Kyoq G6POL — Vg Kyoq GOP?)
vy = —
Kgeq (K4G6P Kypep + Kqrep G6PO 1 + Kypgp G6P2 + Kygep F6PO ! + Kygep F6P2>
2
V5m Ceyt (FOPOL + F6P2)
vy =
Cc2
kg ATP 0,1 2\ 2
Ks (Jr/mcz +1 +(F6P +F6P)
Vg ratiog Kergap Ceyt (GAP®! DHAPO! — Kgoq FBP2 — Kgoq FBPO'! + GAPO:1 DHAPZ + GAPZ DHAPO'! 4 GAP? DHAP2)
vg = —

a1 + Kggap Kergap (DHAPO L + DHAP2) + Kgppp Kgeq ratiog KgigAp + Keeq ratiog Kgrgap (FBPO:1 + FBP2)
a1 = (KepHAP Ke1GAP + Kgigap (DHAP®! + DHAP?) + Kgoq ratiog (FBP! + FBP?)) (GAPO! + GAP?)

K7GAP Ceyt (Vrr GAPO! 4 Vi GAPZ — Vg Kyoqg DHAPOL — Vop K7oq DHAP?)

vy = —
K7eq (K7pHAP K7GAP + K7pHAP GAPO! + K7pap GAP? + Kzgap DHAPOL 4 K7 Ap DHAP?)
Vism Ceyt (DHAPO®1 + DHAP?)
V15 =
NADC NADC
sisvavn (AR +1) 1| (pHAPOL 4+ DHAP?) 4 K, Kisvapn (AR +1) o
NADHC 15DHAP NADHC
k16 (ccyt (Glye®! 4 Glye?) — Coxp (GlyeXO! 4 GlycX2)>
vie =

vol

v17 =Ko Coxt (GlyeX?! + Glyex?)

Valt,1 = — ko Cext GleX>
Vay Coyt Gl 1
v -
alt,2 (GICXO,I +1) (p2 G1c0,1 1)
Y. 1K G101 | gep0.1 , \ KaGic Kagle G1c0:1 gepOl |
vol B2Gle | Kogle ' Kargep Py GlecX0-1 Karaep K2Gle
Kaale
B Vg Coxt Glex?1
(p2 GleXOT - ) (Glco=1 G6r01 . Gle0:1 gep0,1 1)
YooK GleX01 | Kaglc Kagle ' Koigep ' Korigep Kagle T
vol K2ale | Kogye Py G101
Kaale
Var Ceyt (G101 + Gle?)
0,1 2
Py (G101 4Gle )+1 GleX014GIeX2 | |
0.1 2 0.1 2 KaGle KaGle (G1c0«1+G1c2) (G6P0«1+G61”2)
Yoo Kogre | GlelltGle? | GepOligep2 | i i1
Ve © KaGlc Kargep Py (Gch071+Gch2) Kangep K2Glc
B S b A
Kaale
Vag Coxt (G1eX01 + Glex?)
+
Py (Glex0:14Glex?) 41 [Gle0ticie? | Gop0.1liGer2 (G1e%-11G1e?) (G6PO:1 1 G6P2) +1
G1eX0,1 4 Glex2 KaGle KaGle KorGgep Kaoricepr KaGle
Yyol K2Gle X HCIeXE +1
v 2Glc Py (G1c0:14+Gl1c?)
Kaale
Vam Ceyt ATPC (G101 + G1c?) V3m Ceyt G1c® 1 ATPC
Yalt,3 =

C 2
vqlt,22 =k22 Ccyt ATP™ G6P

KaaTp (G101 + Gle2) + ATPC (G101 + Gle2) + Kzpgic KsaTp + Kagle ATPC  Kapaie KsaTp + Kzarp Gle® ! + Kzgle ATPC + G1e0s1 ATPC
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Layer Dynamics:
T
L(F2\F0,F1)=[Gzcx2 cle? GeP? F6P? FBP2 GAP? DHAP2 0 0 0 0 0 0 Glye® GlyeX? 0 0]

Fluxes to control layer:

21aTpP] v2[ADP] VZ[NAD] V2[NADH] 0

V(F2|F°,F1):[ ]T.

Layer L(F3|F° F', F?)
Required input trajectories:

FBPO:1.2
cap0:1,2
DHAPO:L2
BpGO.1,2
pEp9:1.2 =
Pyr0:1.2
ACA0,1.2
EtOoH: 1,2
EtoHXx%1:2

L(F0, F1 F2).

coococoococoo
coococoococoo0o
coococoococoo0o
coococoococoo0o
cooooooo0o0
cooooooo0o0
cooooco0oOoR
cooooco0orOo
coocoocoroOO
coocoocoo0oQ
coococorOOO
coocoocoo0QQ
coocoroOoOO
cooroOOCOOO
corOOOCOOO
orooO0OCOOO
HrOoOoOoOOOCOOO
coocoococooQ
coocoococooo
coocoococoo0Q
coocooocooo0
ocoocoooco0CQ

Required inputs from control layer:
ATPC, ADP¢, NAD®, and NADHC .

Ordinary differential equations:

FBP3
GApP3
DHAP3
BPG3
4 | PEP3
L ey | =

dt | aca3
EtOH3

EtOHX3
Glyc3

L Glyex3 |

lo
-
|
.

[
[

v8
Valt,6

Valt,7
Valt,15
Valt,16
Valt,17

-

v10
vil| +
v12
v13
v14

—
-
©

corpmOoOoOoOoOOOO

-

[oNeloNoNoNoNaN N}
OOOCOOF—“OOO
OOOOOP—‘LOOOO
OOOC)—“OOOOO
OGOP—“OOOODO
colcoococococoo
[oNeloNoNoNoNaRoN
OOCCCOOO‘P—‘O
OHDOOOOO‘DO
[ eNejojojoNoRoloRo)
[=lejojojeleNoloNoRa})

|
—

v3iarpPll o 1 vg Zalt,ﬁ

v3 [ADP] 0 —1 -1 Jale,7

V3 [NAD] -1 0 alt,15] »
0

3 1 Valt,16
V3 [NADH L
[ I v1i3 Valt,17

-
|l moo

-
|l moo

|
cooo
cooo
cooo
iy

-

+
cooo
cooo
-
cooo
cooo

oo

with

KsppG KsNADH Ceyt (Var NADHC BPGO1:2 4 vg, NADHC BPG® — Vgp Kgoq NADC GAP® 12 — Vg Kgoq NADC GAP3>

vg = —
Kgeq (KsNAD KsNADH + Ksnap NADHC + Kgnapu NADC) (Kggap Ksppa + Ksgap BPGO 12 + Kggap BPG3 + Kgppg GAPO 12 + Kgppg GAP?)

vg = — Ceyt (kor ATPC (PEPO12 4 PEP®) — 1o ADPC (BPGT12 4 BPG?))

V10m Ceys ADPC (PEPO1:2 4 PEPS)

vio = (KIOADP n ADPC) (KloPEP + PEPO,1,2 4 PEP3)

~ Viim Ceyt (Pyro'l’2 + Pyrs)

Vi1l
K 4 Pyr0:1.2 4 Pyr3

Vi2m Ceyt NADHC (ACA%1:2 4 Aca3)

vig = (Ki2napH + NADHC) (Kiapca + ACAO L2 4+ ACA3)

k13 (Ceyt (BtOH®L:2 + E4OH?) — Coyy (BrOHXL:2 4+ ErOHX3))

v13 =
Yyol

v14 =Ko Coxt (BtOHX?1? + Bronx?)
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012 3 (GAP0=1v2+GAP3) (DHAP0*1’2+DHAP3)
Ceyt Ve | FBPO1:2 4 pBP3 —

Kgeq
Yalt,6 =
o (FBPO.1,24FBP3) (GAPO1,24GAP3)  (Kgpuap+DPHAPO1.24DHAP3) (GAPO:124+GAP3)+Kggap (DPHAPO 1,24+ DHAPS)
K +FBP0,1,2 4 FBP3 4 +
6FBP K61GAP Kgeq ratiog
Ceyt Ve FBPO:1:2
- 0,1,2 0,1,2
] 0.1,2 . FBPO. 1.2 GAPO.1.2 | Kgpyap GAPO.1, Kgaap DHAPO T, GAPO,1,2 DHAPO,1,2
Kerpp + FBP + KGIGAP + Kgoq ratiog + Kgeoq ratiog + Kgoq ratiog
Ceyt Vor GAPY 1,2 DHAPO: 1,2
0,1,2 gap0,1,2 | Kgppgap GAPO:1L.2 Ko ap DHAPO, L2 (4 ,450,1,2 pyyap0,1,2
K K + FBPO,1,2 | FBP + - + - + .
6eq ( 6FBP KGIGAP Kgeq ratiog Kgeq ratiog Kgoq ratiog
K7GAP Ceyt (V7t K7eq DHAPOL2 4 Vi Kroq DHAP? — V7, GAPO 12 — v, GAP?)
Yalt,7 =
" Kreq (K7pHAP K7GAP + K7DHAP GAPO L2 + K7ppap GAP? + Kygap DHAPO 12 4 Ky ap DHAPS)
1,2 1,2
K7gap Ceyt (v7f Kreq DHAPO L2 vy aap®ls )
K7eq (K7DHAP K7GAP + K7DHAP GAPOL:2 + K7 Ap DHAPO:1,2)
Vism Ceyt (DHAPO:LZ 4 DHAP3>
Yalt,15 =
’ NADC NADC
Ki5NADH (K ) Ki5INADH (K +1)
15INAD 0,1,2 3 15INAD
1| (DHAPO:1,2 4 DHAP K 1
NADHC +1f ( et )+ ¥1spHAP NADHC +
Vi5m Ccyt PHAPO: 1,2
K15INADH (7NADC K15NADH ARy
K15INAD K151NAD
Ki5DHAP NADHC +1]| + DHAPO L2 NADHC i
k16 (chc GlyeX?® — Ceyy Glyc®)
Yalt,16 = —
Yol

3
valt,17 =ko Cext GlyeX

Layer Dynamics:
L(FSIFOWFI,FQ):[O 0 0 0 FBP3 GAP3 DHAP3 BPG3 PEP3 Pyrd3 ACA3 EtOH3 EtOHX3 Gilyed Glycx3 0 o]T.
Fluxes to control layer:

v(F3 PO, F1, F?) = [v3aTP] Vv3(aDP] V3 [NAD] V3 [NADH] O}T

Layer L(F*|F° F', F? F?)

Required input trajectories:

AcA0:1,2,3 000 00DO0O0OOOOO0OOOTL1O0O0O0O0O0 0 0 0 1 2 .3
[AcAXO,l,ZB {00000000000000000001ooL(F'F’F*F)
Required inputs from control layer:
NADHC.
Ordinary differential equations:
Acat —-59 0 -1 0 0
d EtoH% lo 0 vs] 1 _59 o :alt.l’z
4t |BtoH X% 0 0| [vig 0 1 -1 alt,13
| acax4 11 0 0 0] [Yalt,14
v4(NaD] | _[o 0] [v1s 1 0 o] |Jalt12
[in] =B el [ 8 6 i)
Valt,14
with
kig (Ceyt (ACADL23 4 ACA%) — Coxy (ACAX® 2.3 4 AcAX?))
vig =
Yyol

v19 =ko Coxt (ACAXD 123 4 acax?)



Viom Ki2acA Ceyt NADHC Acat

Yalt,12 = c 0,1,2,3 0,1,2,3 1
<K12NADH + NADH ) (KleCA + ACA® 52 ) (K12ACA + ACA® 5SS + ACA )
ki3 (cCxt EtOHX? — Ceyt EtOH4)
Valt,13 = —
Yyol

4
vq1t,14 =ko Cext EYOHX

Layer Dynamics:

T
LrtF?, P P2 F% =Jo 0 0 0 0 0 0 0 0 0 Aca? mrom* EiOoHX' 0 0 Acax? o

Fluxes to control layer:

: T
v(EpHFO P F2 F%) =0 0 v4[NAD] v4[NADH] o] .

Layer L(F°|F° F' F? F3 F*%)

Required input trajectories:

ACA0:1,2,3,4 0 00 000DO0DO0O® OO OO OO OTIL1O0O0O0O0GO0O0 0 L oe a4
ACAXx91,234 =10 0 0 000 00 0O0O0OGO0OGOGOO0OGO0OGOTO0OT1 o0 ofLF?F,F2FFY
cnx0,1,2,3,4 0 000 O0O0O0O0OO0O0O0O0O0O0O0O0O0O0O0 1 0
Required inputs from control layer:
NADHC.
Ordinary differential equations:
ACAi 0o o 1 0 0 —59 07 |Yalt,12
a4 EtOH® 0 o0 1 =59 0 0 0 Valt,13
— |BtoHX5| =] 0 o0 [220}+ 0 1 -1 0 0| |valt,14
dt | Acax® -1 0 21 0 0 0 1 —1| |vait,18
oNX5 -1 1 o 0o 0o 0 o] |ung
Valt,12
v
v3(NaD] | _[o 0] [vag 41 0000 Latt,13
v5 (NaDH]| T [0 0f |vag —1 0 0 0 of [Valt, 14>
Valt,18
Valt,19

with
va0 =kag Coxt (ACAXD’1’2’3'4 +AcAx?) (CNXO’1’2'3’4 + oNx®)
va1 = — ko Coxt (ONXO1234 —oNyy + CNX5>

Vizam Ki2acA Ceyt NADHC Aca®

Valt,12 =
¢ (KianapH + NADHC) (Kipaca + ACA%L2:3:4) (Kipaca + ACAO 12,34 4 ACAS)
ki3 (cext EtOHX® — Ccyt EtOHD)
Valt,13 = —
Yyol

Va1t 14 =ko Coxt EtOHX

kig (Coyt ACAD — Coyy ACAXD)

v 18 =
alt,18 %

vol

5
Vait,19 =Ko Cext ACAX

Layer Dynamics:
L FO P 2 PR P =0 0 0 0 0 0 0 0 0 0 ACA® EtOH® BEtOHX® 0 0 ACAXS CNX5}T.
Fluxes to control layer:

T
vER O Pl P2 R FY =0 o V5 (NAD] Vv [NADH] o] .
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