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1. Details on the computational algorithm

1.1. Sampling in the mean-based clustering model
For the purpose of sampling the parameters of the mean-based clustering model we
truncate the stick-breaking construction of the random distribution G so that it has
K atoms, i.e,

G(·) =

K∑
k=1

wkδ(θ∗
k,σ

∗2
k Λ∗

k)

where wk = uk
∏
s<k(1−us) with uk ∼ Beta(a, b) for k < K and uk = 1, which ensures

that the weights of all components add up to 1. Also, we introduce a sequence of
latent indicator variables ζ1, . . . , ζI , where ζi = k if and only if subject i is assigned
to cluster k, (θi, σ

2
i ,Λi) = (θ∗ζi , σ

∗2
ζi
,Λ∗ζi). After introducing these latent indicators,

the posterior distribution of the model parameters can be written as:

p({θij}, {θ∗k}, {σ∗2k }, {Λ
∗
k}, {ζi}, {wk},Σ,Ω, a, b, γ |{yij}) ∝

p({yij}|{θij}, {σ∗2k }, {ζi})p({θij}|{θ
∗
k}, {Λ

∗
k}, {σ∗2k },Σ, {ζi})p(Σ)

p({θ∗k}, {Λ
∗
k}, {σ∗2k }|Ω, ν2, γ)p({ζi}|{wk})p({wk}|a, b)p(Ω)p(ν2)p(γ)p(a, b)

The indicators {ζi} and the cluster specific parameters {θ∗k}, {Λ
∗
k} and {σ∗2k } can

be sampled easily after integrating out the curve-specific parameters {θij}. Specif-
ically, ζi can be sampled conditionally on all other parameters in the model from a
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multinomial distribution where

Pr(ζi = k| · · · ) ∝ wkσ
−

∑ni
j=1 Tij

ζi
×

exp

− 1

2σ2
ζi

ni∑
j=1

(
yij −B(xij)Λ

∗
ζiθ
∗
ζi

)′
(Σ + I)−1

(
yij −B(xij)Λ

∗
ζiθ
∗
ζi

)
and k = 1, . . . ,K, while the cluster specific parameters are sampled by first integrating
out θ∗k and σ∗2k and sampling Λ∗k, and then sampling θ∗k and σ∗2k conditionally on Λ∗k.
The probability of the model associated with Λ∗k is proportional to

Pr(Λ∗k = Λ| · · · ) ∝ (2π)−sk/2 |Ω|−1/2 ∣∣Ω−1 + Ek(Λ)
∣∣1/2 Γ(ν1 + sk/2)

Γ(ν1)
νν12{

ν2 +
[
Ak(Λ)− dk(Λ)′{Ω−1 + Ek(Λ)}dk(Λ)

]
/2
}−(ν1+sk/2)

(1)

with

sk =
∑

{i:ζi=k}

ni∑
j=1

Tij

Ak(Λ) =
∑

{i:ζi=k}

ni∑
j=1

y′ij [ΣΛ + IpΛ ]
−1

yij

dk(Λ) =
∑

{i:ζi=k}

ni∑
j=1

BΛ(xij)
′ [ΣΛ + I]

−1
yij

Ek(Λ) =
∑

{i:ζi=k}

ni∑
j=1

BΛ(xij)
′ [ΣΛ + I]

−1
BΛ(xij)

where ΣΛ and BΛ(xij) correspond to the restrictions of matrices Σ and B(xij) to
the entries where the diagonal elements of Λ are different from 0. In our case, since
the number of possible values for Λ∗k is small (213 = 8192), we explicitly compute the
full-conditional probability distribution for each of the possible models and perform
exact sampling from this posterior distribution. More generally, when the number of
nodes is large we can use a random-walk Metropolis-Hasting algorithm as described
in George & McCulloch (1997). Now, conditionally on Λ∗k, we can sample σ∗k and θ∗k
from

σ∗k|Λ
∗
k ∼ IGam

(
ν1 + sk/2, ν2 +

[
Ak(Λ∗k)− dk(Λ∗k)′{Ω−1 + Ek(Λ∗k)}dk(Λ∗k)

]
/2
)

θ∗k|σ∗k,Λ
∗
k ∼ N

([
Ω−1 + Ek(Λ∗k)

]−1
dk(Λ∗k), σ∗k

[
Ω−1 + Ek(Λ∗k)

]−1
)



Functional Clustering in Nested Designs 3

The component weights are simulated through the stick-breaking ratios, whose
full conditional distribution is given by

uk| · · · ∼ Beta

(
a+ rk, b+

K∑
s=k+1

rs

)

where rk =
∑I
i=1 1(ζi=k) is the number of observations assigned to component k of

the mixture. Given the indicators and class specific parameters, we can sample the
parameters {θij} independently from their full conditional distribution.

θij | · · · ∼ N
([

B(xij)
′B(xij) + Λ∗ζi

′Σ−1Λ∗ζi
]−1 [

B(xij)
′yij + Σ−1Λ∗ζiθ

∗
ζi

]
,

σ∗2ζi
[
B(xij)

′B(xij) + Λ∗ζi
′Σ−1Λ∗ζi

])
The rest of the steps are relatively straightforward. The full conditional random

effects variance Σ can be sampled from an inverse Wishart distribution,

Σ| · · · ∼ IWis

νΣ +

I∑
i=1

ni∑
j=1

Tij ,Σ0 +

I∑
i=1

ni∑
j=1

1

σ∗2ζi
(θij − θζi)(θij − θζi)

′

 ,

and the parameters of the baseline measure Ω, ν2 and γ are respectively sampled
from another inverse Wishart, a Gamma and a beta distribution,

Ω| · · · ∼ IWis

(
νΩ +Kp,Ω0 +

K∑
k=1

1

σ∗2k
θ∗kθ

∗
k
′

)

ν2| · · · ∼ Gam

(
ρ+Kν1, ψ +

K∑
k=1

σ∗2k

)

γ| · · · ∼ Beta

(
η1 +

K∑
k=1

tr Λ∗k, η2 +Kp−
K∑
k=1

tr Λ∗k

)

where tr D denotes the trace of the matrix D. Finally, sampling for the precision
parameters a and b is done using a random-walk Metropolis-Hastings algorithm with
log normal proposals.
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1.2. Sampling in the distribution-based clustering model
Again, in this case we truncate the stick-breaking constructions to generate a blocked
Gibbs sampler. Hence,

Gi ∼
K∑
k=1

πkδG∗
k

G∗k =
L∑
l=1

$lkδ(θ∗
lk,σ

∗2
lk ,Λ

∗
lk)

Also, we introduce two sequences of latent indicator variables, ζ1, . . . , ζI and
{ξ1j}n1

j=1, . . . , {ξIj}
nI
j=1 such that(θij , σ

2
ij ,Λij) = (θ∗ξij ,ζi , σ

∗2
ξij ,ζi

,Λ∗ξij ,ζi). After intro-
ducing these latent indicators, the posterior distribution of the model parameters can
be written as:

p({ζi}, {ξij}, {θ∗lk}, {σ∗2lk }, {Λ
∗
lk}, {πk}, {$lk},Ω, a1, b1, a2, b2, γ |{yij}) ∝

p({yij}|{ζi}, {ξij}, {θ∗lk}, {σ∗2lk }, {Λ
∗
lk})p({θ

∗
lk}, {σ∗2lk }, {Λ

∗
lk}|Ω, ν2, γ)

p({ζi}|{πk})p({πk}|a1, b1)p({ξij}|{$lk})p({$lk}|a2, b2)p(Ω)p(ν2)

p(γ)p(a1, b1)p(a2, b2)

The indicators {ζi} can be sampled from a multinomial distribution with weights

Pr(ζi = k| · · · ) ∝ πk

{
ni∏
j=1

[
L∑
l=1

$lk

(
2πσ∗2lk

)−Tij/2×

exp

{
− 1

2σ∗2lk
(yij −B(xij)Λ

∗
lkθ
∗
lk)
′
(yij −B(xij)Λ

∗
lkθ
∗
lk)

}]}

for k = 1, . . . ,K. Similarly the indicators {ξij} are sampled from another multinomial
where

Pr(ξij = l| · · · ) ∝ $lζi

(
σ∗lζi
)−Tij ×

exp

{
− 1

2σ∗2lζi

(
yij −B(xij)Λ

∗
lζiθ
∗
lζi

)′ (
yij −B(xij)Λ

∗
lζiθ
∗
lζi

)}

and l = 1, . . . , L. The rest of the parameters are sampled almost identically as in
the mean-based clustering algorithm. The cluster specific parameters are sampled by
first integrating out θ∗lk and σ∗2lk and sampling Λ∗lk, and then sampling θ∗lk and σ∗2lk
condtionally on Λ∗lk. The expression for Pr(Λ∗lk = Λ| · · · ) is similar to (1), but sk,
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Ak(Λ), dk(Λ) and Ek(Λ) are replaced by

slk =
∑

{(i,j):ζi=k,ξij=l}

Tij

Alk(Λ) =
∑

{(i,j):ζi=k,ξij=l}

y′ijyij

dlk(Λ) =
∑

{(i,j):ζi=k,ξij=l}

BΛ(xij)
′yij

Elk(Λ) =
∑

{(i,j):ζi=k,ξij=l}

BΛ(xij)
′BΛ(xij)

The mixture weights are sampled again through the stick-breaking weights {vk}
and {ulk} so that

vk ∼ Beta

(
a1 + rk, b1 +

K∑
s=k+1

rs

)
, ulk ∼ Beta

(
a2 +mlk, b2 +

L∑
s=l+1

mls

)
,

where rk =
∑I
i=1 1(ζi=k) and mlk =

∑I
i=1

∑ni

j=1 1(ζi=k,ξij=l). The parameters of the
baseline measure Ω, ν2 and γ are sampled from their full conditional distributions,

Ω| · · · ∼ IWis

(
νΩ +Kp,Ω0 +

K∑
k=1

L∑
l=1

1

σ∗2lk
θ∗lkθ

∗
lk
′

)

ν2| · · · ∼ Gam

(
ρ+Kν1, ψ +

K∑
k=1

L∑
l=1

σ∗2lk

)

γ| · · · ∼ Beta

(
η1 +

K∑
k=1

L∑
l=1

tr Λ∗lk, η2 +Kp−
K∑
k=1

L∑
l=1

tr Λ∗lk

)

Finally, sampling for the precision parameters a1, b1, a2 and b2 is done as before
using a random-walk Metropolis-Hastings algorithm with log normal proposals.
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