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APPENDIX A: PROOFS

A.1. Proofs in Section 5.. PROOF OF THEOREM 5.1. The sufficiency
part due to Hoeffding [1] is proved in Theorem 15.2.3. of Lehmann and

Romano [2]. To prove the necessity part, suppose s and t are continuity
points of RT(-). Then,

P{T,(GpX™) < 8, Tp(G. X™) < t} = E[P{Tp(GnX™) < 5, Tp(G. X™) < t|X"}]

= B[R, ()R (t)] = R"(s)R"(t) ,

since convergence in probability of a bounded sequence of random variables
entails convergence of moments. Convergence for a dense set of rectangles
in the plane entails weak convergence. ]

Before proving Slutsky’s Theorem for Randomization Distributions (The-
orem 5.2), we need three lemmas.

LEMMA A.1. Suppose X™ has distribution P, in X, and G,, is a finite
group of transformations g of X, onto itself. Also, let G,, be a random vari-
able that is uniform on G,,. Assume X™ and G,, are mutually independent.
Let Rf denotes the randomization distributions of Ay, defined by

1
|G

(S1) Rt = == > H{Au(gX") < t}.

geGp,

Suppose, under Py,
An(GuX™) 5 a.

S1
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Then, under P,,

1
|Gl

(52) R =50 D HAu(gX™) <t} D da(t) ift#a,

geGnp,

where d.(+) denotes the distribution function corresponding to the point mass

function at c.

PROOF OF LEMMA A.1: Let G}, have the same distribution as G,, and be
independent from G,, and X,,. Since A, (G,X™) converges in probability to
a constant a, 4, (G,X") L 4 and the independence of the limiting distri-
butions is satisfied. Thus, the result follows from Theorem 5.1. [ |

LEMMA A.2. Let By, and T, be sequences of random variables satisfying

the conditions above, i.e.,
Bn(GnX™) 5ob,
and
(S3) (Tn(Gu X™), T, (GLX™)) % (T, T'),

where T and T’ are independent, each with common c.d.f. RT (-). Let RTTB(t)
denote the randomization distribution of Ty, + By, defined in (S1) with A re-
placed by T + B. Then, Rg*‘B(t) converges to T+ b in probability. In other
words,
RI+B(4) = Z KT, (gX")+B,(gX") <t} T RTTO(t) if RT*Y is continuous at t,
geGn

|Gl

where RT+Y(.) denotes the corresponding c.d.f. of T+b. (Of course, RT10(t) =
RT(t—b).)

PrROOF OF LEMMA A.2: Without loss of generality, assume b = 0. For any
e >0,

’G}n‘ STHT(9X™) + Ba(gX™) <t — ¢} — ‘Gln‘ 2 HIBa(9X™)] > e}

< \Glnl > HTu(9X™) + Ba(gX™) <t}
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< |G1| ST (X" + Ba(gX™) <t 4} + |G1| S| BalgX™)| > <),

Note that @ STI{|Bn(gX™)| > e} of the first line and the third line con-
verges in probability to 0 by Lemma A.1. Also, by Theorem 5.1, (S3) implies

1

(54) RE®0) = 1

S HTu(gx™) <t} 5 RT(1)
geGp,

if RT(-) is continuous at t. Thus, if both ¢t — e and ¢ + ¢ are continuity points
of RT(-), the first term of the first line and the first term of the third line
converge in probability to RT (t — ) and R” (t + ¢), respectively. Therefore,

RT(t—¢) < RI*P(t) < RT(t +¢)

with probability tending to one, for continuity points ¢t —e and t+¢ of RT(-).
Now, let € | 0 through continuity points to deduce that

RTB) B RT(). m

LEMMA A.3. Let A, and T, be sequences of random variables satisfying
the conditions above, i.e.,

Ay (GoX™ 5 a
where a is nonzero, and
(Tn(Gn X™), To(GLX™)) S (T, T,

where T and T' are independent, each with common c.d.f. RT (). Then, the
randomization distribution of AT, converges to a1 in probability. In other
words,

1
|G

RAT(t) = 5 Y HA(gX™)T(gX™) <t} 5 R (1),

geGp,

if R is continuous at t, where R%T(-) denotes the corresponding c.d.f. of
al.

ProoOF OoF LEMMA A .3: Write

AT, =aT, + (A, —a)T, .
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Then, we can apply Lemma A.2 with B,, = (A, — a)T,, if we can verify the
condition B, (G,X") Lo But,

Bn(GpX™) = [An(GnX™) — a]Th(GnX™) 5 0-T =0,

by the usual Slutsky’s Theorem. Finally, the behavior of aT;, follows trivially
from that of T,.

PrROOF OF THEOREM 5.2: The proof follows from Lemma A.2 and Lemma
A3. ]

REMARK A.1. Under the randomization hypothesis that the distribution
of X" is the same as that of gX™ for any g € Gy,, the conditions (5.5) and

(5.6) are equivalent to the assumptions that A, (X") £ aand B, (X™) A b,
i.e. the convergence in probability just based on the original sample X"
without first transforming by a random G,,. For more on the randomization
hypothesis, see Section 15.2 of Lehmann and Romano [2].

PROOF OF (5.8): Let N; denote number of observations in Z which are gen-
erated from Pj. Then, (Ny, ..., Ni) has the multinomial distribution based
on N trials and success probabilities (p1,...,px). In terms of the N, the

number of differing observations in the above coupling construction is
k
D= Zmax(nj - N;,0) .
j=1

If we assume p; > 0 for all j, then by the usual central limit theorem,
Nj — Np; = Op(N*/?)
which together with (5.7) yields
Nj —nj = (Nj = Np;) + (Npj — nj) = Op(N'/?).

It follows that D = Op(N'/2) and so D/N converges to 0 in probability. Tt
also follows that

k k
E(D) <> E|N; —n;| <) E|N; — p;iN| + |p;N — n;]
o j=1
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k
<Z{E [(N;j=Np; *IH24+O(NY2) = 3 [Np;(1—p)) | *+O(N?) = O(N'/?) .
7j=1 7j=1

PROOF OF LEMMA 5.2: First, we can write the likelihood ratio L, (z) =
dQn(x)/dP,(x) as a product of conditional likelihood ratios, i.e., for x =

(1‘1,...,xk) y
P (Nl =)
P (N M = 21}

P(Hn,l = 1'1) ) P(Hn,Q = $2|Hn,1 = xl) o P( nk = nk’ m {an xz})
P(Mpy=21) P(Mpo=x|Mpy=121)  P(Myp =ng| (Vo { M = 2:})

-~

=Ln,1(z1) =Ln,2(w2|71) =Ly p(ep|21,0 1)

Note that conditional on ﬂ;;ll{MnJ = x;}, My, has the binomial distri-
bution B,, ; based on (s — Z;;ll x;) trials and success probability p,; given
by
N
(S5) Pni= ——— for i=1,... k.
Zj:i nj

Likewise, conditional on ﬂ;;ll{Hn] = xj}, Hy,; has the one-dimensional
hypergeometric distribution representing the number of objects from popu-
lation 7 sampled without replacement. Thus, as long as

i—1
(S6) maXOZn]+S—N Zx] )<ax;<n; for i=1,...,k,
J=1 7=1
n N—n n N—(n1+n
(xi) ( sfmll) (I;) ( s (mlljx;))

I:n(x) = 7N - - TTUN— - -

() @) (= pra)=or (50 (0 )Bila(1 = Pr2)* 1772

N—Zf: n;

() (E
'N—I-c:lifl?*1~~, ~ Sk
(o D P
for s = Zle x;. Of course, when for z in the support of the multivariate
hypergeometric distribution, (S6) holds. Moreover, even when z is an atom

9
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from the the multinomial distribution, we can use the fact that x; = (s —
23;11 xj)Pn,i + Op(y/s) to yield

i —
P max(O,an—l—s—N—ij) <z <n;| —1.
j=1 J=1

Thus, L, () = Ly(z) with probability tending to one. Note that the last
kth conditional likelihood ratio Ly, i (zg|z1,...,25—1) = 1, and the ith con-
ditional likelihood ratio Ly, ;(z;|x1,...,xi—1) for i =1,...,k — 1 becomes

P(Hyi = | ([, Zi{Hn;j = z;})
P(My; = zi (V23 {Hpj = 25})
g N*Z}ﬂ nj
()
=1 Bl (1 = Pni)
ni! (N — 23:1 ni)/(N — Zi‘:l nj—s+ Zi;l zj)!

(n; — x;) (N — 22‘:1 nj— s+ Eé‘zl zj)! (N — Z] 175)! P (1= Pi)® ~Zims

Since zj|x1,...,xi—1 ~ Bpi = (s — 23‘;1 x§)Pnyi + Op(Sl/Q), and thus,

Ly i(zilzi, ... zi1) =

5‘2}:1 Tj

i—1
min | n;, N — E nj,n; — By i, N — E n]—s—i—g xj+ Bp —>c>o7
Jj=1 Jj=1 Jj=1

we can apply Stirling’s approximation
1
n! ~V2mn(n/e)"(1+0(=)) asn— oo,
n
which yields Ly, ;(zi|z1, ..., zi—1) ~ L;l7i(xi|ac1, ..., Xi—1), where L%’i(wi\xl, e X)) =

1 . . i—1 i —1
AR R S e AL TOVD sy E IR 3 P e e A

; i—1 ; 7 7 R - ST
(N = 2 m) o s (N - ) st z;:l 2y)" i T T (1 )

Therefore, Ly, ;(Bpni|Bni = ®1,...,Bni—1 = x;—1) has the same limiting
distribution as L/ .(Bn;|Bn1 = %1,...,Bni-1 = Ti—1). Write L' . =a-b-c
n, ) , ) n,i
and ¢n; = 1 — Pp i, where
1 . i 1
ny (N = 3N R
(N — Yy mp) N~ Eim it

i
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b= : :
a1 ; ; i i 1
(ng — @) T2 (N — D=1 5+ 25 )" L=t mot = it
and 1
c= ——— .
~p; ~5T ZJ 1%5
pnlz nz
Then,
o= n2+2~ Z N %
- pn,z qnz J ’
and so

Ci+3 D—I— 1
pnz nz N Zn]27

where C; =n; —x; and D; = N — Z;:l nj—s+ Z;:l z;. Also,

"

b— (Ci + D;)CitPits B <Ci + Di>ci+é <Ci + D

Di+3
Ci+D)E
Cici'f'éDiDi-‘rg CZ D; > ( ! Z)

Therefore, L; ; = a-b-c equals

I ( C; )—(Cﬁ-%) ( D, >—(Di+%) o, +D~ 1
" \Bni(Git Di) an,i(Ci + Dj) N-Yin

We will evaluate L,; and L ,
variable By, ; conditioning on By, 1 = x1,..., By i—1 = x;—1, which satisfies

not at a generic z;, but at the binomial

i—1
B = (s - Z-Tj>ﬁn,i +0p(s'?)
j=1

in which case Cm = Ciy(Bni) = n; — Bp; and Dy ; = Di(Bp;) = N —
23:1 —s+ >0 La Bn,z satisfy

Chi B ni — (s = 3521 @) Op(s'/?)

- = . . + . .
Pri(Cni+ D) pra(N =252y —s+ 200 25)  puiN = X 5m1m—s+ 350

OP( 1/2)
Pri(N = iy my — s+ 30 ay)

=1+

T5)
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and
Dn,i N — Z; 1y = (8 - Z;;ll zj)dmi Op(81/2)
Gni(Cri + Dni) — Gug(N — Siini— s+ w)  Gea(N =i — s+ 30000
Gn,i(N — Z;;ll nj— s+ ) )
Also, since
Bn i P - ~ DPn,i
(S7) ————— > p;, where p; = ———
(s — Z;:ll 5) Zf:z Dn,j
we also have
Cn % P Dy ; P
S8 — : —1 and = ’ —1 .
( ) pn,i(Cn,i + Dn,z) (Jn,i(cn,i + Dn,z)

Therefore, we can expand the logarithm of L;m as long as we keep both the
linear and quadratic terms,

1
—(t—12+o(t—1)*) ast—1.

log(t) = (t—1) —

~log] N -, - 54’23 175
N — Zg 1”3

= (Cnst )bg<pm(Cm+Dm)>HDM+ )log< (C“LFD’”))

Cn 7 ) < Dnz >
=C,; | = J — 1)+ D, = : —1
o <pn,'i(cn,i + Dn,%) e QTL,i(Cn,i + Dn,z)

A;

1 an 2 1 Dni 2
_*Cni = : -1 _*Dni = ’ -1 +op(1) .
2" (pn,z‘(cm‘ + D) ) 2" <qn,i(Cn,z‘ + Dn,i) ) Pl

B;

) Ly, i(Bni|Bny = 1,...,Bpi-1 = xi1)]

Noting that

(89) Dn,i 1= _ﬁn,i ( Cn,'i _ 1>
Gn,i(Cnyi + Dni) Gni \Pn,i(Cni~+ Dns) ’

j)
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we have that

Ai _ (Cn,i~_ ﬁmi(cn,i + -D’IL’L) > . |:Cn,z . ﬁn,an’Z:| _ < ~n C ﬁn an > Qn,icn,i - ﬁn,iDn,i
Pni ) qn

,'(Cn,i + Dn,z) ~n,i ]5 (Cn it Dn K K
3 _ i—1
_ (GniCni — Pn,iDni)? _ o §=> T

PriGni(Cni+ Dng) ™ N=Y'\nj—s+Y 1z
where

_ _ . i—1
7 0iCni = PniDni _ Bni— Pri(s — 2251 %5) L 7 NO.1)

ng — = ) .

(s = Y021 ) Pn.idn.i (s = Y021 ) Pnidin.i
J J

Using first (S9) and then (S8), we find that

Cni )2 15%”
2.8 = (- : “1) | Cpi+ Dpi
’ <pn,i(0n,i + D) e e @2,

’VLZ

—1
2 s — Z;’:l Ly

. — —{—Op(l)
"N - Zg 1nj - 3“‘2;:11%'
. Therefore,
it
A+B =-272.. J —|—0p1.
T 3 2 n,? N—Z 1n] S+Z ( )
Since . .
§=2-1%j p T
Tﬂ_ﬁ 1(1—p] —Hl—Zp] :
Jj=

we conclude that
L _1
Ln,i(Bn,i|Bn,17 ... 7Bn,i—1) — (1 — 9) 2 exp —27

where Z? ~ x3, and therefore,

Ln(Mn) = Ln,l(Bn,l) : Ln,l(Bn,2|Bn,1) T Ln,k(B R

n,ly--- 7Ln,k(Bn,k—1)

S (1-6) 216Xp{ 2(10;9)"%—1}‘
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To prove (ii), note that

since X%fl is the Chi-squared distribution with k& — 1 degrees of freedom

and moment generating function ¢(t) = (1 — 2t)7%. Since the mean of
the limiting distribution has mean 1, by Theorem 12.3.2 (iii) of Lehmann
and Romano [2] @, is contiguous with respect to P,. Since the limiting
distribution has no mass at 0, by Problem 12.23 of Lehmann and Romano
[2], it also follows that P, is contiguous to Q. [ |

PrROOF OF LEMMA 5.3 Imagine V1, ..., V; are sampled in a two-stage pro-

cess. First M,, = (My1,...,M,y) is drawn from the multinomial distri-
bution with parameters s and p = (p1,...,px), where s = Zle M, ;.
Then, Vi,..., Vs are obtained by drawing Mn,i i.i.d. observations from P;

fori =1,..., k. Similarly, let H,, ; denote the number of observations among

Zr(1ys - -+ » Zn(s) Wwhich were among the X; 1, ..., Xipn,, so that Hy, = (Hp1,..., Hy 1)
has the hypergeometric distribution based on sampling s objects from N =

Zle n;, n; of which are X;1,...,X;,,. By Lemma 5.2, Remark 5.1 and
(5.14), M,, and H,, are contiguous. Importantly, conditional on M,, = H,, =

b= (b1,...,bx), the conditional probabilities

(510) P{Wn(Vh...,VS)—t‘ >€|Mn:b}
and
(Sll) P{|Wn(Z7r(1), Ce Zw(s)) - t| > €|Hn = b}

are the same, because W), is evaluated at a random sample of b; observations

from P; for i = 1,...,k, in both cases. Let f,(M,) be defined by

(S12) fn(My) = P{W,(Va,...,Vy) —t| > €|M,} .

By assumption (5.13),
E[fn(My)] =0,

and hence
fa(My) B0,
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by Markov’s inequality. But then, by contiguity,
Ja(Ha) 50,
and so
(513) E[fn(Hn)] =0,

since f, is uniformly bounded. But (S13) is exactly same as showing, for
any € > 0, P{|Wn(Zz1),- -, Zr(s)) =t > €} =0 as s=s(n) >oc0. =

REMARK A.2. The assumption (5.14) is stronger than the more basic as-
sumption n;/N — p;, where no rate is required between the difference n;/N
and p;. Alternatively, we can replace (5.14) with the more basic assumption
ni;/N — p; as long as we slightly strengthen the requirement (5.13) to

Wi (Znts- .- Zns) Dt

when Z, 1, ..., Z, s are ii.d. according to the mixture distribution Ele TP
(rather than Zle piP;), so that the data distribution at time n depends
on n. We prefer to assume the convergence hypothesis based on an i.i.d.
sequence, though it is really a matter of choice. Usually, we can appeal to
some basic convergence in probability results with ease, but if convergence
in probability results are available (or can be derived) which are “uniform”
in the underlying probability distribution, then such results can be used
instead with the weaker hypothesis n;/N — p; for i =1,... k.

A.2. Proofs of Theorems in Section 2.. PROOF OF THEOREM 2.1
First, argue in the case §(P) = pu(P) = [xdP(x), so fp(z) =  — 6(P) for
all z, P and

T = N2 (X — V).
Independent of Zs, let (7(1),...,7(N)) and (7(1),..., 7 (N)) be indepen-
dent random permutations of {1,..., N}. We will show

(Tm,n(Zﬂ(i))a Tm,n(Zﬂ'/(i) ))
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converges in distribution to a bivariate normal distribution with indepen-
dent, identically distributed marginals having mean 0 and variance

T3 (P) = o*(P),

p(1—p)
where 02(P) denotes the variance of P. To do this, we will use the coupling
argument of Lemma 5.1, and so we must verify (5.9) and (5.10). When all
observations are from the mixture distribution P, the result (5.9) holds by
the arguments in Example 15.2.6 of Lehmann and Romano [2]. Moreover,
(5.10) is verified in the case of difference of means in Example 5.1. Thus,
the result is true.

Next, consider the case 8(P) = [ f(z)dP(z), so fp(x) = f(x) — 6(P).
However, this problem is the same as the mean case. Instead of observing
(Z1,...,Zn) = (X1,..., X, Y1,...,Y,), we now observe (Z1,...,Zy) =
(f(X1), ..., f(Xp), f(Y1), ..., f(Y)) and we are interested in means of Zs.
Thus, the proof for this case would be the same as above except we replace
0%(P) = Ep(X; — u(P))? with Ep(fp(X;) — 0(P))>.

Finally, we consider the general case. Let m be a random permutation of
{1,..., N}, so that

A~

T (Zn(tys - s Zu(n)) = N2 0 (Zn1ys -+ s Zonon)) =On(Znmes1)s - -+ Zu(v)] -
Let V1, Va,... be ii.d. P. By assumption,

N1/2 2

(S14) NY2[0,(V1,..., Vi) — O(P)] —

By Lemma 5.3 and (S14),

N1/2 m

5 = P
6’rn(Zﬂ'(l)a LR Zﬂ'(m)) = Nl/Z[HM(Zfr(l)a s 7Z7r(m))_0(P)]_ m Z fﬁ(Zﬂ(z)) —0.
i=1
Similarly,
1/27h o N2 P
en(Znims1)s - -+ Za() = N2 [0n(Zngmiys - - > Zu(ary) —0(P)]— - > 5 Zagy) = 0.
Jj=m+1

Hence, we can write

Tonn(Za(1)s -+ » Zn(n)) =
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m N
1 1
NN " 16(Zei) == D o Zai)Fem(Zaqtys -+ Zngn)) —n(Znmar)s - -+ D)
m n

i—1 j=m+1

and each of the last two terms goes to zero in probability. Therefore, we can
apply Theorem 5.2; that is, it suffices to determine the limit behavior of just

m N
1 1
Nl/z[EZfP(Zﬂ(z)) - S el Ze))] s
i=1 j=m+1
which reduces the problem to the previous case considered. [ ]

REMARK A.3. Using similar arguments, one can deduce the behavior of
the permutation distribution even if p = 0 (or p = 1). Of course, 72(P) in
(2.5) is not properly defined now. But, the scaling factor v/N in the definition
of Ty, », plays a minor role and can be replaced by y/min(m,n) in order to

get a nondegenerate limiting distribution.

REMARK A.4. As mentioned in Remark A.2, the assumption (2.4) is of
course a little stronger than the more basic assumption m/N — p, where
no rate is required between the difference m/N and p. Of course, we are
free to choose p as m/N in any situation, and the assumption is rather
innocuous. (Indeed, for any mg and Ny with my/Ny = p, we can always let
m and N tend to infinity with m = kmg and N = kNy and let k& — o0.)
Alternatively, we can replace (2.4) with the more basic assumption m/N — p
as long as we slightly strengthen the basic assumption that the statistic has
a linear expansion under P = pP + ¢Q to also have a linear expansion under
sequences " n
NP + NQ ;

which is a rather weak form of local uniform triangular array type of con-

Pm,n:

vergence. We prefer to assume the convergence hypothesis based on an i.i.d.
sequence from a fixed P, though it is really a matter of choice. Usually, we
can appeal to some basic convergence in distributions results with ease, but
if linear expansions are available (or can be derived) which are “uniform”
in the underlying probability distribution near P, then such results can be
used instead with the weaker hypothesis p,, — p.

PROOF OF THEOREM 2.2: Write Vi, ,, = Vi n(Z1,...,Zn), where the Z;
are defined in (1.1). Let (m(1),...,7(IN)) denote a random permutation of
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{1,..., N} (and independent of all other variables). We first will show that

(S15) V2 o (Za1)s - s Zn(ny) 2 72(P)
To do this, it suffices to show that

(S16) G2 (Zn1)s -+ Zn(amy) > 0*(P)
and

(S17) G2 (Zntmar)s -« s Zon(y) = 02 (P) .

But (S16) and (S17) both follow from Lemma 5.3. Now let Ry, . (-) denote
the permutation distribution corresponding to the statistic V;, 5, as defined
in (1.2) with 7" replaced by V. By Lemma A.1, Rxm (t) converges to 0.2 (py(t)
for all t # 72(P), where 6.(-) denotes the c.d.f. of the distribution placing
mass one at the constant c¢. Using this fact together with Theorem 2.1, we
can apply Lemma A.3 to conclude that the permutation distribution of the
ratio of statistics Sy, satisfies (2.9). n

A.3. Proofs in Section 3.. PROOF OF LEMMA 3.1 First, consider
the case where §(P;) = [ fp,(z)dP;(x). Without loss of generality, assume
0(P;) = 0 for all 7. Let Z, be the column vector with ith component
nil/pri/Ui, where fp, = n%zg“zl fp,(Xi;). Also, let I denote the k X k
identity matrix, let 1 denote the k x 1 vector of ones, and let D,, denote the
diagonal matrix with (i,4) entry No?/n;. Then, we can write

Tpo = 2. PuZy, .

where
D;1/211’D;1/2

1'Dy'1 )
Of course, Z, converges in distribution to Z, where Z has the multivariate

P,=(-

normal distribution with mean 0 and covariance matrix I. If we let D denote
the diagonal matrix with (i,4) entry o?/p;, then the convergence of D, to
D (for each entry) as well as the convergence of D;;! to D! implies (using
the continuous mapping theorem) that

Too% 2'PZ
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where P is the matrix
s D—1/211ID—1/2
(- 1'D-11

The matrix P is a symmetric idempotent or projection matrix, and its rank

(S18) P

therefore is its trace, which is then easily checked to be k — 1. Indeed, P
represents the projection orthogonal to the unit vector D~1/21 /1D 1. Tt
follows that Z'PZ ~ x3_,, as required.

To handle T;, 1, let t,, be the column vector with ¢th component n;/ 2 f P,/On,i
and let D,, be the diagonal matrix with (i,4) entry N 6’72171 /n;. Then, let P,
be the projection matrix where D is replaced by D,, in the definition (S18)
of P. Of course by Slutsky’s Theorem, Z,, —t,, converges in probability to 0.
Also, D, converges in probability to D (as well as its inverse), P, converges
in probability to P, and so P, — P, converges in probability to 0. Since

Tno — Tp1 = Z Py Zy — ! Pty

A P
= (Zn —t0) Pu(Zy, — tn) + 2(Zpn — t) Patn + 0 (Py — Pty — 0,

then T}, 1 must have the same limiting distribution as that of T}, o.

Finally, consider the general case when the estimators are asymptotically
linear as in (2.2). Let W), and V;, be the column vector with ith component
nil/QHAn,i/ai and niﬂén,i/&i, respectively. Then, the test statistics 77,0 and
T,1 become

Too=W.P,W, and Tn1=V/ PV, .

Using the fact that W,, = Z,, + op(1) and V,, = t,, + op(1), we can apply the
continuous mapping theorem to conclude that both 7, o and T}, 1 converge in
distribution to the same limiting distribution as the previous case considered.

|

PrOOF OF THEOREM 3.1 Put all the N = Zle n; observations in one
vector

ZN =(Zh, .., ZN) = (X112, s Xims e oo Xkt oo Xbomg)

where X;1,..., X, are iid. P, for i =1,...,k. Also, let Z" be a sample
of N i.i.d. observations

ZN = (Zla-~-7ZN) = (21,17'"72177117"'7Zk717"'72k7nk)
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from the mixture distribution
P=p P+ +piPs .

Without loss of generality, we can assume 6(P) = 0 and we write o2 =
o*(fp) = Epfp(Zij)-

For now, we consider the case where all the N observations are i.i.d.,
so that P, = P for i = 1,...,k. First, we will show the randomization
distribution based on T, o, say Rn,o('), behaves the same as T}, 1. (Of course,
we can’t use 75,0 as o is unknown, but we treat it now in essence as if
it is known.) Let 7 = (w(1),...,m(NN)) denote a random permutation of
{1,...,N} (and independent of the observations). From Theorem 5.1, we
must verify

(19) (T00(2), Tno(Za)) % (T, T")

where T and T" are independent and each distributed as the Chi-squared
distribution with degrees of freedom k — 1. (Note that we do not need to
consider the joint behavior of T, at Z. and at Z,, where 7’ is another
independent random permutation, because since the Z; are i.i.d., Z and Z
have the same distribution.) When all the NV observations are i.i.d. P, Tho
simplifies to

;/2 b Zn1/2 T 11/2 1/2/N

1
o?

) — fp(Zn))? + op(1),

5y

Q‘H

where fp(Zn;) = % Sy fp(Zig) and fp(Zn) = 4 Sy fp(Z) and the
op(1) term on the right side is derived from the condition (2.2) under P.

Therefore, we can apply both Theorem 5.1 and Slutsky’s Theorem for
randomization distributions (Theorem 5.2); that is, it suffices to show that
the joint limit behavior

1< . 2 1< _ P
<QZ ~fp(Z ’72 P(Zni) = fp <ZN))>_>(T’T,)'
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To do this, define

Vi =y Fp(Zn, *WZf (Z)I{l € I}

and .
Vos=n, 2N fp(Z)H{n () € 1}
=1

where I; is the set of indices corresponding to the ith sample; that is, Iy =
{1,...;,m}. Ir = {ny +1,...,n1 + na} , and ultimately I = {N — ny +
., N}. We claim the joint asymptotic normality of

Vs Vg Vs Vir)

To do this we use the Cramér-Wold device, i.e., we must show that

k
Vi =Vn(a,b) = Z(az’Vn,z’ + bV, ;)
i=1

is asymptotically normal for any choices of constants a; and b;. We can write

N
Vi = Z Cn,lfP(Zl)

=1

where

k
Cni = Z iz T 172
=1 P 7

)

Note that the C),; are random (as they depend on the random permuta-
tion 7), but are independent of the Z;. By Lemma 11.3.3 in Lehmann and
Romano [2], a sufficient condition for

(S20) chlfp(zl)/ Z 5 N(0,0%)

is

max;—q__ n C?
(S21) PNl B

S Cr
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as N — oo. Note that

e, - i sl €1} | bi{x() € IZ»}] 3 [ajl{l €1} bl{n() € L}

1/2 1/2 1/2
i=1 n-/ n-/ n-/

7 j=1 J J

_Z ZI{leI}JrZZ 7 1/21{161,, () € I;}

11]1

k
b;a; b2
+ZZ i ]1/21{77 1) € I, le["Han-I{W(l) eL}.
=1

i=1 j= 1 n
Certainly,
l maXNC’QZ =0Op(1/N) =0
Furthermore,
N ko2 N N
S Ch=> ZI{Z eI}+ZZ 7 13/2 Y Hiel, =(l) € I;}
I=1 i=1 " i=1j=1T Ty =1
b 1 k blz N
+ZZ 1/2 1/22”” € L le[j}‘FZEZI{W(l)GIi}
i=1 =114 Ty i=1 """ =1
N
Z aZ+b?) +ZZ 7 Z [I{l eI, n(l) € }+I{n(l) € I;,l € I;}] .
i=1j=1"1 ”J =1
Now, the term
(S22) ZI{Z € I,n(l) € I;}

represents the the n; indices in I; such that, after permuted by =, are in
I;; hence, its distribution is that of the hypergeometric distribution when
sampling n; observations from IV, of which n; are “special”. The expectation
of (522) is then n;n;/N. Hence,

E[An(i, j)/ni] = pj
and Var[A,(i,7)/ni] = O(1/n;), implying

. P
An(i,j)/ni = pj -
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It follows that

N k
(S23) ZCEL’ZQZCL +b?) —i—QZZaz ]pzl/g vz
=1 i=1

=1 j=1

Of course, the right side of (5S23) is nonnegative. By the Cauchy-Schwarz
inequality,

k
|§jazp”2\ <[> e,
=1

with equality if and only if a; = cp;/ ? for some constant c. It follows that
the right side of (S23) is greater than or equal to (A2 — B'/2)2, where
A =3 .a? and B = Y, b2, and is equal to 0 if and only if A = B, i.e.

7 1)
a; = cpi/ and b; = —cpzl/2
When the right side of (S23) is positive, we have that the condition (S21)

holds, and so

(824> chlfp Zl)—>N(0 o [ZCL +b2 —{—222@1 jp’Ll/Q 1/2
=1

=1 j=1

But, even if the right side of (S23) is zero, we can still claim Y, Cp 1 f5(Z))
converges in distribution to N(0,0), i.e., it converges in probability to 0.
To see why, >, Cy, 1 fp(Z;) has mean 0 and variance 02y, E(Cg’l). But the
above argument showing ), Cg,z converges to 0 in probability (in this case
only) shows that its expectation does as well.

In general, we can now conclude that

Vits ooy Vigos Vit oo Vi) 5 (V, V)

n,ls -

is asymptotically multivariate normal with mean 0 (and each of V and V’
are k-vectors). Moreover, by appropriate choices of constants a; and b;, we
can read off the covariance matrix from the limiting variance in (524). In
particular, by taking a; = 1 and a; = 0 if j # i and taking b; = 0 for
all j, yields Var(Vm) = o2, Also, Cov(Vpi, Vi) = 0 if i # j. Similarly,
Var(V, ;) = o2, and for i # j, (by taking a; = 1 = b; and the rest of the
constants 0),

(825) COU(Vn i V ) 2(pipj)1/2 :
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Of course, the statistic 75, o that is of current interest is indeed a function
of the Vj,;; however, the fact that the covariances in (S25) are nonzero
would not allow us to conclude the asymptotic independence of T;, ¢(2)
and T, 0(Zz). So we first need to consider a simple transformation of the
Vniand Vo Fori=1,...,k, define

= V”'L nzl/QfP(ZN) nl/N 1/2 ZPI/QVnm
Similarly,
k
Wi =V — (/N2 0PV
m=1

The joint asymptotic multivariate normality of the V,,; together with the
V’ implies the joint asymptotic multivariate normality of the W), ; together
w1th the Wy .. Indeed,

(Waty oo s Wi Wiy W) S (W Wi, W, W)
where
k
W=V —p, Y pY2V,
m=1
and
/2 - /2
/ ! 1 1 /
Wi=V/—p/" > plPVy,
m=1
Importantly,
k k
Cov(W;, W}) = Cov(V; — p}/Q Z P2V, Vi — 1/2 Z P2V
m=1 m=1

= Cov(V;, V]) —p}* Z p/2Cov(V;, V) — pi/? Z pL2Cou(Vin, V)

k k
+ip) 2N (pipm) 2 Cov(V, V)

=1 m=1
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=o[(pipy)"/* - 1/22191/2 1/22191/2 + (pip;) 1/2Zszpm
=1 m=1
= o®(pipj) "> = (pip)"* = (0ip))"* + (pipj)*] = 0 .
It follows that (Wi,...,W}) and (W7,...,W)) are independent. But since

T,0(Z U2ZW2 —>—ZW2
and
_ 1 k 2 da 1 k
Tno(Zx) = p=) > (Wha)? 5 o) Z
i=1 i=1

it now follows that Tmo(Z) and T, 0(Z,) are asymptotically independent.
Moreover, by Lemma 3.1, T}, o(Z) is asymptotically Chi-squared with k& — 1
degrees of freedom. Since, T}, 0(Zr) has the same distribution as T, 0(Z2), it
has the same limiting distribution as well.

Next, we show the same result with 75, 1 replaced by T;, 0. However, by
the fact that Z and Z, have the same distribution,

— — d —
Tn,l(Zﬂ) - Tn,O(Zﬂ') = Tn,l(Z) - Tn,O(Z) )
and so by the proof of Lemma 3.1,
Tp1(Zx) — Tno(Zs) 50

Writing 7,1 = Thn0 + [Tn,1 — Tho], we can then apply Slutsky’s Theorem for
Randomization distributions to conclude that Ry, 1(-) has the same limiting
behavior as Ry, o(-).

The proof is now complete under the assumption that all N observa-
tions are i.i.d. We now argue, using the coupling argument in Section sec-
tion:coupling, that the behavior of the permutation distribution under gen-
eral P, ..., Py is the same as when all observations are i.i.d. with distribution
given by the mixture distribution P. So, construct Z, Z and Z,, as in the

E

coupling construction. By Lemma 5.1, it now suffices to show that, for a
random permutation T,

(826) Tn,l(Zﬂ) - Tn,l( 77!'71’0) _P> 0.
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Write
(S27)
k /2 1/2 1/2 .o 72
1 1/2 Z] 17y fP( )( n; /N)/Un,j
n = f - + 1.
! ; | Sh_(ny/N) /62, ot

Then, T, 1(Z,) is computed by replacing

)

N
02 o (Xni) =02 fp(2) = 02" fr (2041 € 1))
=1

with
N
02 fp(Ze) = 02N fe (2l {n(l) € I}
=1

and 67, ,(Z) = &%i(ZlI{l € I;}) gets replaced by

65 i(Zx) = 65 (ZI{n(l) € I}) .

n,i

Note that the last op(1) term in (S27) can be “negligible” by the Slutusky’s
Theorem for randomization distributions.
From (S27), it now suffices to show that, for each 4,

(828) nz‘1/2fpi(Z7r) - ng/zfpi<Z7T7ro) £> 0
and
(S29) 62 :(Ze) = 621(Znny) 5 0.

To show (528), first note that the left side has mean 0; so, it suffices to
show its variance tends to 0. Now, remember that Z, and ZMO differ in at
most D = Op(N'/2) entries. But, conditional on 7, 9 and the multinomial
variables (N1, ..., Ni) in the coupling construction, for indices [ where Z; #

Zro (1)
Var (fpi<Zl) - fP,-(Zﬂ—O(l))"/Taﬂ—O,Nla ce ,Nk) < 2V .
where V = max(c?(fp,),...,02(fp,)). But the left side of (S28) is

N

0 S e (20) — fo,(Zngy) 1w (D) € T}

=1
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and the sum here is conditionally a sum of at most D independent variables
with variance < 2V. Hence, the variance of the left side of (S28) is condi-
tionally at most 2V D/n;, and hence the unconditional variance is at most
2VE(D)/n; — 0.

To show (529), note that fori =1,...,k,

62 (21, Zn) B ()

which implies &%7i(2ﬂ.wo)) L 2. Tt also follows by Lemma 5.3 that

. P
0-7%,2' (Zp@yI{m(l) € I}) = o*(fp) -
Thus, the result (S29) now follows. ]
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