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SI.1 Groups, translations, and fundamental domains

SI.1.1 The group with orbifold symbol %246

We begin by describing the group labelled %246, as it is the most symmetric group of our TPMS. The group is
generated by three generators. These are reflections, and we label them Ry, R4, and Rg. These generators obey
the “usual” relations of a triangle group:

R2 = R? = R2 = (RyR4)® = (RsR2)* = (R4Rs)* = I, (SL1)

where [ is the identity element of the group. See Figure SI.1 for a graphical and geometric explanation of this
notation. Note that Ry is the reflection in the geodesic opposite of the %2 point in the fundamental domain and
similarly for R4 and Rg.

S1.1.2 The Primitive surface

As the conventional unit cell of the primitive surface is identical to the primitive unit cell, the generators of the
translational group are well known and readily expressed using the generators in Equation (SI.1) [1]:

t1 = RoR4RoRy4RoRgRo Ry Ro Ry Ro R
to = RyRoRgRoR4RoRyRo RgRo Ry Ro
ts = RoRsRoR4RoRyRoRsRoRyRo Ry
71 = ReR4ReRaoRyR¢ RoRyRo Ry R Ro Ry Rg Ro Ry
T2 = RyRoRyRo Ry R Ro Ry Re Ro Ry Ro Ry R Ro R
73 = RyRgRo RyRs Ro R4 Ro Ry Rs Ro Ry R Ro Ry Ro

(SL2)

as is the relation they obey:

I = mitory My trotgry My gty my Mg

The notation is graphically explained in Figure SI.1. These translations are readily associated to three lattice
vectors in a Euclidean lattice, which we denote a, b, and c:

t1 —a T —c—b
to — b To — a4 — C
t3 — ¢ 3—>b—a






S1.1.3 The Diamond surface

When compactified, the unit cell of the Diamond surface shown in Figure 1 in the main text forms a 9-torus. We
choose to represent the fundamental domain of this as the 60-gon shown in Figure SI.1. Thus, we need a total of
30 words in the group with orbifold symbol %x246; the words presented here are reduced by GAP:

ta = RgRoR4RoRsRoRyRoRs Ro Ry Ro Rg Ro Ry Ro

tp = RoRyRoR4RsRoR4RoRgRo Ry RoRg RoRyRo Ry Rg Ro Ry Ro Ry

tc = RyRoRyRoRsRoR4RoRsRoRyRoRs Ro Ry Ro Ry R

tp = RoRyRoRyRoRyRsRoRyRo RgRoRyRoRs Ro Ry Ro Ry Rg Ro Ry

tg = R4yRoRgRoRyRoRs Ro Ry Ro Rg Ro Ry Ro R Ro

tr = RoRyRgRoRyRoRsRoRyRo R Ro Ry Ro Rg Ro Ry Ro Ry Ro

t1 = RgRoR4RsRoRyRsRoRyRsRo Ry R Ro Ry Rs RoRy

to = RoR4RgRoRy R Ro Ry R Ro Ry R Ro Ry R Ro Ry R

t3 = RoR4RoR4RsRoRyRs Ro Ry R Ro Ry Rg Ro Ry Ro R Ro R

ty = RoR4RoRyRoRyRsRoRyRsRo RyRsRo Ry R Ro Ry Ro Rg Ro Ry R Ro

ts = R4yRoR4RoRsRoRyRsRoRyRsRo Ry R RoRyRoRg Ro Ry Rg Ro Ry Ro

t¢ = RyRoRsRoR4RsRoRy R Ro Ry RgRo Ry R Ro Ry Rg Ro Ry Ro Ry

to = RgRoR4RoRyRgRoRyRg Ro Ry Rg Ro Ry Rg Ro Ry Ro R Ro

ty = RoR4yRsRoRyRoRyRs RoRyRs RoRyRs Ro Ry R Ro R4 RoRg Ro Ry Ry

te = RoRyRoRyRsRoR4RoR4Rs RoRyRs Ro Ry R Ro Ry Rg Ro Ry RoRg Ro Ry Ro Ry Ro
tqg = RoRysRoRyRoRyRsRo Ry Ro Ry Rs Ro Ry Rs Ro Ry Rg Ro Ry Rs Ro Ry Ro Ry Rg Ro Ry Ro Ry
te = RyRoRyRoRsRoRyRoRyRg RoRyRg Ro Ry Rg Ro Ry Rg Ro Ry Ro Ry Rg Ro Ry

ty = RyRaRe Ro Ry RoRyRs Ry Ry R Ry Ry R Ro Ry Re Ro Ry Ry Ry R

1 = RgRoRyRoRyRoRsRoRyRoRg Ro Ry Rg Ro Ry Ro Ry Rg Ro Ry Rg Ro Ry

Ty = RoRyR¢Ro Ry Ro Ry Ry Rg Ro Ry Ro R Ro Ry Rg Ro Ry Ro Ry R Ro Ry R

T3 = RoR4RoRyR¢Ro Ry Ro Ry Ry Rg Ro Ry Rg Ro Ry Rg Ro Ry Ro Ry R R R

T4 = ReR4yRaRyRo Ry Rg Ro Ry Ro Ry Ro Rg Ro Ry Rg Ro Ry R Ro Ry Ro Ry R Ro Ry R R
75 = RyRoRyRoRg Ry Ry Ro Ry Ry Re Ro Ry Rg Ry Ry Rg Ro Ry Ry Ry Re Ro Ry Rg Ro Ry R
76 = R4RoRgRoRyRo Ry RoRs Ry Ry Ro R Ro Ry Rg Ro Ry Ro Ry Rg Ro Ry Rg Ro R4 Ro Ry
77 = RyReRo Ry RoRyRoRg Ro Ry RoRg Ro Ry Rs Ry Ry Ro Ry Rg Ro Ry R Ro

s = RyRoRyReRo Ry Ro Ry Ro Rg Ry Ry Ro Rg Ro Ry Rg Ry Ry Ro Ry R Ra R

T9 = RyRoRyRoRyRe Ro Ry Ro Ry Ro Rg Ry Ry Re Ro Ry Rg Ro Ry Ro Ry R Ro Ry R
T10 = RoRyRoRyRoRgRo Ry Ro Ry Ro R Re Ry R Ro Ry Rg Ro Ry Ro Ry Rg Ro Ry Rg Ro Ry
T11 = RoRyRoRgRo Ry Ra Ry Ro Rg Ro Ry R Ro Ry Rg Ro Ry Ro Ry Rg Ro Ry Rg Ro Ry Ro Ry
T12 = RoRgRoRyRo Ry Ro Rg Ro Ry Ro Rg Ry Ry R Ro Ry Ro Ry Rg Ro Ry R Ro Ry R

These obey the following relations for the compactified surface:
I =ttt s = torg Uyt = tamg o s =t e = tsTp b = teTyy 't T = taty ipty

=tptg'tpts' =toty tpty ! = Tory imory = Temy raTg = ToTy TiaTs | = tat g et et p tat et p it !

GAP confirms that the group is indeed an index-4 subgroup of the group outlined in Eqn (SI.2). As for the
primitive surface, each of these can be associated Euclidean lattice translations, a, b, and ¢, or 0 which we assign



to non-trivial loops in the surface:

ta—a t1 —0 te — 0 ™ — —cC ™ —a
tg — b ta =0 ty, — 0 T2 — b 78 — —b
tc — ¢ ts — 0 te =0 T3 — —a Tg — C
tp = —a ty =0 tqa =0 T4 —C Ti0 — —a
tg — —b ts =0 te =0 5 — —b 711 — b
tFp — —c te — 0 tr—0 6 — @ Tia — —C

SI.1.4 The Gyroid surface

Upon compactification, the unit cell of the Gyroid surface shown in Figure 1 in the main text resembles a 5-torus.
We choose to represent the surface of this object by the 30-gon in Figure SI.1. We need a total of 15 translations
to describe this shape:

71 = RoRyR¢RoRyRe Ro Ry Ro Ry Re Ro Ry R Ro Ry

To = RyRgRoRyRe Ro Ry Ro RyRe Ro Ry Rg Ro Ry Ro

73 = RyRoRyRoR4RsRoR4Rs Ro Ry Ro Ry R Ro R

t1 = RoRgRoR4RoRyRsRoRyRsRoRyRo Ry R Ro Ry Ro

to = RoR4RoRsRoRyRoRyRgRo Ry R Ro Ry Ro Ry Rg Ro Ry Ro Ry Ro
t3 = RoR4RoRyRoRgRo Ry Ro Ry R Ro Ry Rg Ro Ry Ro Rg Ro Ry Ro Ry,
ty = RyRoR4RoyR4RsRoRyRoRyRsRoRyRsRo R4 RaRg Ro Ry

ts = RyRoR4RsRoRyRoRyRs Ro Ry Rs Ro Ry Ro R

t¢ = RyRsRoRyRoRyRsRoRyRs Ro Ry Ro Ry R Ro

to = RoRgRoR4RoRgRoRyRo R Ro Ry Ro Rg Ro Ry

ty = RyRoRyRsRoRyRoRgRo R4 RoRg RoRyRo Ry Rg Ro Ry Ro Ry Ro
te = RoRyRoRyRoRgRoRyRoRg RoRyRo Rg Ro Ry Ro Ry R Ro

tg= RoR4RoRyRsRoRyRoRs Ro Ry Ro Rg Ro Ry Ro Ry Rg Ro Ry Ro Ry
te = RgRoR4RoRgRoRyRoRg Ro Ry Ro Rg Ro Ry Ro

ity = RyRoR4RoRs Ry RyRoRs Ro RyRo R Ro Ry Ro Ry R

The relationships between these for the compactified Gyroid surface are readily identified from Figure SI.1:

I = titotstatste = taty 'ty 0 =ty 17 5 = tetg Mty g = tarsteritymy = 1 My gt

As in the previous section, GAP confirms that the group is an index-2 subgroups of the group outlined in
Eqn (SI.2). These relations can once again be associated to three translations, a, b, and ¢ in a Euclidean lattice:

T —a t1 > ¢ te — —b
T — ¢ ty — —b ty — —a
T3 — b t3 — a te — —c
ty — —c tqg — —b
ts — b te = —a
te — —a ty — —c



SI.2 Crystallographic information for the net in Figure 2

The canonical equilibrium placement embedding as computed by Systre [2] using the default edge length weight
of 3 for the net in Figure 2 can be found below:

Space group P4332

Unit cell lattice (5.51748,5.51748,5.51748)
(90.0,90.0,90.0)

(0.24683,0.25317,0.74683)

(0.00015,0.13368,0.37736)

Coordinates, node 3 (0.08621,0.28466, 0.32575)

Coordinates, node 4 (0.01801,0.01801,0.01801)

(0.08621,0.28466, 0.32575)

( )

( )

( )

)

Unit cell angles, degrees
Coordinates, node 1
Coordinates, node 2

0.07575,0.46534, 0.33621)
0.16379, —0.07575, —0.03466)

Coordinates, edge 1 < (
< (
+ (—0.12736,0.11632, 0.24985)
< (
< (

0.01801, 0.01801, 0.01801
0.00015, 0.13368, 0.37736
0.00015, 0.13368, 0.37736

Coordinates, edge 2
Coordinates, edge 3

Coordinates, edge 4 —0.00317,0.00317,0.50317)

Coordinates, edge 5 (0.00015,0.13368,0.37736 0.08621, 0.28466, 0.32575)
Shortest edge length 0.99950
Average edge length 1.00036
Longest edge length 1.00000
Shortest non-bonded distance 1.55776

Smallest angle between edges, degrees 102.33270
Average angle between edges, degrees  119.99968
Largest angle between edges, degrees  143.68166

Systre-key:

31200013000140002500026000370003800049000410000°5
11 000512000613 00061400071500071600081700081800091900
09200001021 000102200011 23000112400012250001226000 132700

013 2800014290001430000152300015310001632000 163300017 261
017 340001835 0001836 000192801019 370002035000203800021240
12139000223000022330012340000244100025420002543000 2644 0
027 4200027 450002846 00 029400012947 0003048 0003149000 31500
032510003252000335300034530003454000355001023643100236550
03741 00137430003844000384501039440013949011405600041570
04258 0004559 0004656 00146 6000047 6100047 620004857 10148581
04961 00-1506300051591005163000525610052571002536101-154259
10546011-155601105562010586400062641006364100

SI.3 Group-subgroup tables and lattice graphs

The tables and graphs containing our enumerated subgroups can be found in the online supporting information

as well as from:

https://www.gitlab.com/mcpe/TPMSGroups/
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