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Table S1. Original and normalized Euler's formulae for the asymmetric units
specified for all three-dimensional space groups in the International Tables for
Crystallography, vol. A (2016). The symbol “:i”” (i=1 or 2) designates different

choice of origin.

Space group Euler's formula Normalized formula
No Symbol F+V -E=D Fn + Vn - En = Dn
1 Pl 6 8 12 2 31 3 1
2 P1 8§ 8 14 2 4 2 5 1
3 P2 8§ 12 18 2 31 3 1
4 P2 8§ 12 18 2 4 2 5 1
5 8§ 12 18 2 4 2 5 1
6  Pm 6 8 12 2 5 4 8 1
7  Pc 8§ 12 18 2 4 2 5 1
8 Cm 7 10 15 2 01 41
9 Cc 10 15 23 2 5 3 7 1
10 P2/m 8§ 12 18 2 4 2 5 1
11 P2i/m 6 8 12 2 3001 41
12 C2/m 8§ 12 18 2 4 22 6 1
13 P 8§ 12 18 2 4 2 5 1
14 P2/c 8§ 10 16 2 4 2 5 1
15 Qe 10 12 20 2 5 3 7 1
16  P222 10 12 20 2 5 2 6 1
17 P222, 14 20 32 2 7 4 10 1
18 P212;2 6 8 12 2 31 3 1
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87  I4/m 7 8 13 2 > 1 31
88  I4i/a:l 12 17 27 2 6 1; 8 1
88  I4/a:2 14 18 30 2 7 3 9 1
89 P42 8§ 8 14 2 4 1 4 1
90  P42;2 8§ 8 14 2 4 1 4 1
91  P4,22 8§ 10 16 2 4 1 41
92 P412:2 10 13 21 2 5 2 6 1
93 P4,22 12 12 22 2 6 2 71 1
94  P4y2.2 8§ 8 14 2 4 1 4 1
95  P4322 8§ 10 16 2 4 15 41
96  P4322 13 10 21 2 5 2 6 1
97 1422 8§ 8 14 2 4 1 4 1
98 4,22 14 16 28 2 7 3 9 1
99  Pdmm 5 6 9 2 2 =2 1
100  P4bm 5 6 9 2 2 -2 1
101 Pdyem 7 9 14 2 > 1 31
102 Pdonm 7 9 14 2 > 1 31
103 Plcc 6 8 12 2 31 3 1
104  Pdnc 6 8 12 2 31 3 1
105  Pdymc 6 8 12 2 31 3 1
106  P4bc 6 8 12 2 31 3 1
107 I4mm 5 6 9 2 2 -2 1
108  I4cm 5 6 9 2 2 -2 1
109  I4ymd 6 8 12 2 31 3 1
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127 P4/mbm 5 6 9

110  I4icd 6 8 12 2 3 1 3 1
111 PA2m 7 9 14 2 3% 1 3§ 1
112 P42c 10 12 20 2 5 2 6 1
113 P42m 5 6 9 2 2% % 2 1
114 P42 6 8 12 2 3 1 3 1
115  Pdm2 8 8 14 2 4 1 4 1
116  Pic2 12 12 22 2 6 2 7 1
117  P4b2 8 8 14 2 4 1 4 1
118  Pan2 12 12 22 2 6 2 7 1
119  IAm2 8 8 14 2 4 1 4 1
120 J4c2 8 8 14 2 4 1 4 1
121 142m 5 6 9 2 2% g 2 1
122 1424 12 16 26 2 6 3 8 1
123 P4/mmm 5 6 9 2 2% g 2 1
124  P4/mcc 7 8 13 2 33 1 33 1
125  P4/nbm:1 7 8 13 2 3% 1 3% 1
125 PAnbm2 7 8 13 2 01 31
126  Pd/nnc:1 7 8 13 2 3§ 1 3§ 1
126  P4/nnc:2 7 8 13 2 33 1 33 1
2
128 P4/mnc 7 8 13 2 > 1 31
129  Pd/nmm:1 7 8 13 2 3§ 1 3§ 1
129  P4/nmm:2 7 8 13 2 3% 1 3% 1
2

130 Pd/nce:1 7 8 13



Acta Cryst. (2020). A76, doi:10.1107/S2053273320007093 Supporting information, sup-8

130  P4/nce:2 7 8 13 2 3% 1 3% 1
131 P4s/mmc 7 8 13 2 33 1 33 1
132 Pdy/mem 7 9 14 2 3% 1 3% 1
133 Pdy/nbc:1 7 8 13 2 3% 1 3% 1
133 P4,/nbc:2 7 8 13 2 3% 1 3% 1
134 Pdy/nnm:1 10 10 18 2 5 1% 5% 1
134 Pdy/nnm:2 10 10 18 2 4% 1% 5 1
135  Pdy/mbc 7 8 13 2 3% 1 3% 1
136  Pdo/mnm 7 9 14 2 33 1 33 1
137  Pdy/nme:l 7 8 13 2 3% 1 3% 1
137  Phy/nme2 7 8 13 2 3§ 1 3§ 1
138 Pdy/nem:1 9 13 20 2 4% 13 5% 1
138 Ph/nem:2 9 13 20 2 33 1 33 1
139  [4/mmm 6 7 11 2 3 ; 2} 1
140 I4/mem 7 8 13 2 30 2 2 1
141 I4,/amd:1 8 10 16 2 4 g 4% 1
141 I4,/amd:2 8 10 16 2 4 12 4% 1
142 I4/acd:1 8 10 16 2 4 1% 4% 1
142 I4/acd:2 8 10 16 2 4 1% 4% 1
143  P3 8 12 18 2 4 2 5 1
144  P3, 8 8 14 2 4 1 4 1
145  P3, 8 8 14 2 4 1 4 1
146  H3 30 22 50 2 15 6 20 1
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146  R3 6 5 9 2 3 2 1
147  P3 10 12 20 2 5 2 6 1
148  H3 30 22 50 2 15 6 20 1
148  R3 6 5 9 2 3 2 1
149  P312 14 12 24 2 7 2 8 1
150  P321 10 12 20 2 5 2 6 1
151  P3,12 12 12 22 2 6 2 71 1
152 P3;21 8§ 8 14 2 4 1 4 1
153 P3,12 10 10 18 2 5 12 5 1
154 P3,21 8§ 8 14 2 4 1 4 1
155  H32 30 22 50 2 15 6 20 1
155  R32 8 9 15 2 4 > 32 1
156 P3ml 5 6 9 2 2 -2 1
157 P31lm 6 8 12 2 31 3 1
158  P3cl 14 12 24 2 7 2 8 1
159  P3lc 10 12 20 2 5 2 6 1
160  H3m 5 6 9 2 2 -2 1
160  R3m 4 4 6 2 2 1= 1
161  H3c 30 22 50 2 15 6 20 1
161  R3c 10 10 18 2 5 1z 50 1
162 P31m 8 8 14 2 4 1 4 1
163 P3lc 12 12 22 2 6 2 7 1
164  P3ml 6 8 12 2 3 =22 1
165  P3cl 10 12 20 2 5 2 6 1
166  H3m 7 8 13 2 301 321
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166 R3m 6 7 11 2 30 2 2 1
167  H3c 30 22 50 2 15 6 20 1
167  R3c 10 8 16 2 5 2 4
168  P6 6 8 12 2 31 3 1
169  P6, 8§ 8 14 2 4 1 4 1
170  P6s 8§ 8 14 2 4 1 4 1
171 P6, 8§ 12 18 2 4 2 5 1
172 P6, 8§ 12 18 2 4 2 5 1
173 P6; 10 12 20 2 5 2 6 1
174  P6 8§ 12 18 2 4 2 5 1
175 P6/m 6 8 12 2 31 3 1
176 P63/m 10 12 20 2 5 2 6 1
177 P622 8 8 14 2 4 1 4 1
178  P6,22 10 10 18 2 5 13 5 1
179  P6522 8§ 8 14 2 4 1 4 1
180  P6,22 10 12 20 2 5 2 6 1
181  P6422 10 12 20 2 5 2 6 1
182 P6322 12 12 22 2 6 2 7 1
183 Pomm 5.6 9 2 > 22 1
184  P6ec 8§ 8 14 2 4 1 4 1
185  P6scm 8§ 8 14 2 4 1 4 1
186 P6ymc 6 8 12 2 30002 2 1
187  P6m2 5 6 9 2 2 -2 1
188  P6c2 11 12 21 2 5 2 6 1
189  P62m 6 8 12 2 31 3 1
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190  P62c 9 12 19 2 4§ 2 5% 1
191 P6/mmm 5 6 9 2 2% L 2 1
192  P6/mcc 7 8 13 2 3§ 1 3§ 1
193 P6/mcem 7 8 13 2 3% 1 3% 1
194  P6/mmc 6 6 10 2 3 g 2} 1
195 P23 8 7 13 2 4 g 3§ 1
196  F23 6 5 9 2 3 g 2§ 1
197 123 6 5 9 2 30 2 22 1
198 P23 12 10 20 2 6 1§ 6§ 1
199 12,3 10 11 19 2 5 1§ sg 1
200  Pm3 5 5 8 2 2% N 1
2 3 6
201 Pn3:1 6 5 9 2 3 g 2§ 1
201 Pn3:2 6 5 9 2 3 § 2§ 1
202  Fm3 10 15 23 2 P 1
2 12 12
203 Fd3:1 4 4 6 2 2 g 1§ 1
203 Fd3:2 4 4 6 2 2 g 1§ 1
204  Im3 4 4 6 2 2 g 1§ 1
205  Pa3 6 5 9 2 3 g 2§ 1
206  Ia3 6 7 11 2 3 g 2§ 1
207  P432 6 5 19 2 3 g 2§ 1
208  P4,32 12 8 18 2 6 1% 6% 1
209  F432 10 15 23 2 3 2 23 1
12 12
210  F4.23 10 8 16 2 5 g 4§ 1
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211 1432 8 7 13 2 4 L 3 1
12 12

212 P4332 10 15 23 2 5 1§ sg 1

213 P4,32 10 15 23 2 5 1§ sg 1

214 14,32 14 12 24 2 7 1§ 7§ 1

215  P43m 5 5 8 2 2% N 1
2 3 6

216  F43m 4 4 6 2 2 g 1§ 1

217  I43m 4 4 6 2 2 g 1% 1

218  P43n 6 5 9 2 3 g 2§ 1

219  F43c 10 15 23 2 2 g 1% 1

220  [43d 10 9 17 2 5 2§ sg 1

221 Pm3m 4 4 6 2 2 g 1§ 1

222 Pn3n:l 4 4 6 2 2 g 1% 1

222 Pn3n:2 4 4 6 2 2 % 1% 1

223 Pm3n 7 7 12 2 32 I 31 1
2 12 12

224  Pn3m:l 7 6 11 2 32 I 3L 1
2 12 12

224  Pn3m:2 7 6 11 2 32 I 3L 1
2 12 12

225  Fm3m 4 6 2 2 212 1
24 24

226  Fm3c 10 15 23 2 2% A 1§ 1

227  Fd3m:1 6 6 10 2 30 2 22 1
12 12

227  Fd3m:2 6 6 10 2 3 2 23 1
12 12

228  Fd3c:l 6 6 10 2 30 2 23 1
12 12

228  Fd3c:2 6 6 10 2 30 2 22 1
12 12

229  Im3m 5 5 8 2 28 L B 1
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230  Ia3d 18 17 33 2 9 32 11§ 1

6

Table S2. Original and normalized Euler's formulae for the asymmetric units
specified for all two-dimensional space groups in the International Tables for

Crystallography, vol. A (2016).

Planar group Euler's formula Normalized formula
No Symbol E -V =D En - Vn = Dn
1 pl 4 4 0 2 1 1
2 p2 6 6 0 3 2 1
3 pm 4 4 0 2 1 1
4 pe 6 6 0 3 2 1
5 cm 4 4 0 2 1 1
6  p2mm 4 4 0 2 1 1
7 p2mg 5.5 0 2 11
8 peg 4 4 0 2 1 1
9 c2mm 5 5 0 2% 1% 1
10 p4 4 4 0 2 1 1
11 pdmm 4 4 0 2 151
12 pagm 4 4 0 2 | |
13 p3 6 6 0 3 2 1
14 p3ml 33 0 > 5 1
15  p3lm 4 4 0 2 1 1
16  pb6 4 4 0 2 1 1
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17 pbmm 33 0 =21



Acta Cryst. (2020). A76, doi:10.1107/S2053273320007093 Supporting information, sup-15

Appendix

Normalized Euler's formulae for line segment, parallelogram, parallelepiped

and 4-dimensional solid

In 1-dimensional lattice, the periodically repeated element is the line segment with vertices at
coordinates x=0 and x=1. The Euler's formula in 1D is V=2.
These two vertices are equivalent by the lattice translation, therefore their weight in the

normalized Euler's formula in 1D is %2, and Vn=2x%=1.

In 2-dimensional plane, the parallelogram has four vertices at the following points: (x,y)=V1:
(0,0), V2: (0,1), V3: (1,0), V4: (1,1). They are all equivalent by translations and their weight in
the normalized Euler's formula is 4.

Out of the six lines connecting pairs these vertices, four constitute the external, bounding edges
(not the internal diagonals) that have one coordinate equal for both vertices. Their lengths along
the x and y axes are: E1=V1-V2=(0,1), E2=V1-V3=(1,0), E3=V2-V4=(1,0), E4=V3-V4=(0,1).
Edges E1 & E4 and E2 & E3 are, therefore, parallel in pairs and their weight is 4. The Euler's
formula in 2D is E-V=4-4=0, but the normalized formula in 2D is En-Vn=4x%-4xV,=1.

In 3-dimensional space, the parallelepiped has eight vertices at the following points: (x,y,z)=V1:
(0,0,0), V2: (0,0,1), V3: (0,1,0), V4: (0,1,1), V5: (1,0,0), V6: (1,0,1), V7: (1,1,0), V8: (1,1,1).
They are all equivalent by translations and their weight in the normalized Euler's formula is .
The 12 edges are formed by segments between pairs of vertices that have two coordinates equal,
having the following lengths along the x,y,z directions:

E1=V1-V2=(0,0,1) E2=V1-V3=(0,1,0) E3=V1-V5=(1,0,0) E4=V2-V4=(0,1,0)
E5=V2-V6=(1,0,0) E6=V3-V4=(0,0,1) E7=V3-V7=(1,0,0) E8=V4-V8=(1,0,0)
E9=V5-V6=(0,0,1) E10=V5-V7=(0,1,0) E11=V6-V8=(0,1,0) E12=V7-V8=(0,0,1)
The four edges E1, E6, E9, E12 are parallel, as are the quadruples E2, E4, E10, E11 and E3, ES,
E7, E8. Each edge has the weight of ’4 in the modified Euler's formula.

The bounding faces of the parallelepiped are formed by corners and edges that have one

coordinate in common. Out of (§)=1680 combinations only 6 fulfill this condition:
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F1=V1/V2/V3/V4 at x=0 F2=V5/V6/V7/V8 at x=1 F3=V1/V2/V5/V6 at y=0
F4=V3/V4/V7/V8 at y=1 F5=V1/V3/V5/V7 at z=0 F6=V2/V4/V6/V8 at z=1
Pairs of faces F1/F2, F3/F4, F5/F6 and F7/F8 are parallel and each face has the weight of '%.
Thus in 3D the normalized Euler's formula is Fn-En+Vn=6xY2-12xY4+8xY%=1, whereas the

original Euler's formula is F-E+V=6-12+8=2.

In four dimensions, the hyper-parallelepiped has 16 equivalent vertices with the following
coordinates w, x, y, z, each with weight of 1/, in the normalized Euler's formula:
V1:(0,0,0,0) V2:(0,0,0,1) V3:(0,0,1,0) V4:(0,0,1,1),

V5:(0,1,0,0) Ve: (0,1,0,1) V7:(0,1,1,0) V8: (0,1,1,1),

VO: (1,0,0,0) V10: (1,0,0,1) V11: (1,0,1,0) V12: (1,0,1,1),

V13:(1,1,0,0) V14: (1,1,0,1) V15: (1,1,1,0) Vieé: (1,1,1,1)

The bounding edges are those 32 linear segments, i.e. combinations of two vertices that have
three coordinates equal. Their lengths are:

E1=V1-V2=(0,0,0,1) E2=V1-V3=(0,0,1,0) E3=V1-V5=(0,1,0,0) E4=V1-V9=(1,0,0,0)
E5=V3-V4=(0,0,0,1) E6=V2-V4=(0,0,1,0) E7=V2-V6=(0,1,0,0) E8=V2-V10=(1,0,0,0)
E9=V3-V7=(0,0,0,1) E10=V3-V11=(0,0,1,0) E11=V4-V8=(0,1,0,0) E12=V4-V12=(1,0,0,0)
E13=V5-V6=(0,0,0,1) E14=V5-V7=(0,0,1,0) E15=V5-V13=(0,1,0,0) E16=V6-V8=(1,0,0,0)
E17=V6-V14=(0,0,0,1) E18=V7-V8=(0,0,1,0) E19=V17-V15=(0,1,0,0) E20=V8-
V16=(1,0,0,0)

E21=V9-V10=(0,0,0,1) E22=V9-V11=(0,0,1,0) E23=V9-V13=(0,1,0,0) E24=V10-
V12=(1,0,0,0)

E25=V10-V14=(0,0,0,1) E26=V11-V12=(0,0,1,0) E27=V11-
V15=(0,1,0,0) E28=V12-V16=(1,0,0,0)

E29=V13-V14=(0,0,0,1) E30=V13-V15=(0,0,1,0) E31=V14-
V16=(0,1,0,0) E32=V15-V16=(1,0,0,0)

There are four sets of eight parallel edges that are equivalent by translations, and the weight of

each edge in the normalized Euler's formula is 4.
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The faces, i.e. the 2-dimensional bounding elements, each contain four vertices with two

common coordinates. There are 24 of them with the following coordinates of their vertices:

FI=VI1/V2/V3/V4= (0,0,0,0)/(0,0,0,1)/(0,0,1,0),(0,0,1,1)
F2=V1/V2/V5/V6= (0,0,0,0)/(0,0,0,1)/(0,1,0,0),(0,1,0,1)
F3=V1/V2/V9/V10= (0,0,0,0)/(0,0,0,1)/(1,0,0,0),(1,0,0,1)
F4=V1/V3/V5/V7= (0,0,0,0)/(0,0,1,0)/(0,1,0,0),(0,1,1,0)
F5=V1/V3/V9/V1l= (0,0,0,0)/(0,0,1,0)/(1,0,0,0),(1,0,1,0)
F6=V1/V5/V9/V13= (0,0,0,0)/(0,1,0,0)/(1,0,0,0),(1,1,0,0)
F7=V2/V4/V6/V8= (0,0,0,1)/(0,0,1,1)/(0,1,0,1),(0,1,1,1)
F8=V2/V4/V10/V12= (0,0,0,1)/(0,0,1,1)/(1,0,0,1),(1,0,1,1)
F9=V2/V6/V10/V14= (0,0,0,1)/(0,1,0,1)/(1,0,0,1),(1,1,0,1)
F10=V3/V4/V7/V8= (0,0,1,0)/(0,0,1,1)/(0,1,1,0,(0,1,1,1)
F11=V3/V4/V11/V12= (0,0,1,0)/(0,0,1,1)/(1,0,1,0),(1,0,1,1)
F12=V3/VI/V11/V15= (0,0,1,0)/(0,1,1,0)/(1,0,1,0),(1,1,1,0)
F13=V4/V8/V12/V16= (0,0,1,1)/(0,1,1,1)/(1,0,1,1),(1,1,1,1)
F14=V5/V6/V7/V=8 (0,1,0,0)/(0,1,0,1)/(0,1,1,0),(0,1,1,1)
F15=V5/V6/V13/V14= (0,1,0,0)/(0,1,0,1)/(1,1,0,0),(1,1,0,1)
F16=V5/V7/V13/V15= (0,1,0,0)/(0,1,1,0)/(1,1,0,0),(1,1,1,0)
F17=V6/V8/V14/V16= (0,1,0,1)/(0,1,1,1)/(1,1,0,1),(1,1,1,1)
F18=V7/V8/V15/V16= (0,1,1,0)/(0,1,1,1)/(1,1,1,0),(1,1,1,1)

F19=V9/V10/V11/V12= (1,0,0,0)/(1,0,0,1)/(1,0,1,0),(1,0,1,1)
F20=V9/V10/V13/V14= (1,0,0,0)/(1,0,0,1)/(1,1,0,0),(1,1,0,1)
F21=V9/V11/V13/V15= (1,0,0,0)/(1,0,1,0)/(1,1,0,0),(1,1,1,0)
F22=V10/V12/V14/V16=  (1,0,0,1)/(1,0,1,1)/(1,1,0,1),(1,1,1,1)
F23=V11/V12/V15/V16=  (1,0,1,0)/(1,0,1,1)/(1,1,1,0),(1,1,1,1)
F24=V13/V14/V15/V16=  (1,1,0,0)/(1,1,0,1)/(1,1,1,0),(1,1,1,1)
There are six groups, each composed of four faces equivalent by translations: (F1/F14/F19/F24),
(F2/F10/F20/F23), (F3/F11/F15/F18), (F4/F7/F21/F22), (F5/F8/F16/F17), (F6/F9/F12/F13), and

each face contributes to the modified Euler's formula with a weight of V4.
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The 3-dimensional boundaries of the 4-dimensional hyper-parallelepiped have vertices with one
coordinate in common and each is built from six of the faces listed above. There are eight such
3-D bounding parallelepipeds (P) at w=0 or 1, x=0 or 1, y=0 or 1, z=0 or 1, containing the

following faces:

P1=(F1/F2/F4/F7/F10/F14) for  w=0
P2=(F19/F20/F21/F22/F23/F24)  for  w=I
P3=(F1/F3/F5/F8/F11/F19) for  x=0
PA=(F14/F15/F16/F17/F18/F24)  for  x=1
P5=(F2/F3/F6/F9/F15/F20) for =0
P6=(F10/F11/F12/F13/F18/F23)  for  y=I
P7=(F4/F5/F6/F12/F16/F21) for  z=0
P8=(F7/F8/F9/F13/F17/F22) for  z=1

The Euler's formula for this 4-dimensional hyper-parallelepiped is P-F+E-V=8-24+32-16=0, and
the normalized Euler’s formula is Pn-Fnt+En-Vn=8x15-24xV4+32x"4-16x1/, =4-6+4-1=1.

In summary:
Result of Euler’s summation in
Number of dimensions standard formula normalized formula
1 2 1
2 0 1
3 2 1
4 0



