Merano October/November, 2019

In[11]:= SetDirectory[
"/Users/salvino/Desktop/WORK_IN_PRGS/TWO_TRIANGLES_CLD/POLYHEDRON BASIC_MATH"];
Directory[]

out[12]= /Users/salvino/Desktop/WORK_IN_PRGS/TWO_TRIANGLES_ CLD/POLYHEDRON_ BASIC_MATH

The following functions have been copied from the file:
"/Users/salvino/Desktop/ WORK_IN_PRGS/TWO_TRIANGLES_CLD/POLYHEDRON_BASIC_MATH/Integrand_Formul
ae.nb"

FILE CONTENT:

- the prmitives of CF3ATot[t] and CF3BTot[t] are evaluated,written in
the most compact form (I have succeeded to do) as well as numerically checked
comparing them to the numerival values of the integrals

Expressions of the final t-integrands once we set

¢=fff+ArcSin { S }

1
CFlAa[t_] := ££ff » [-a t?Cos[B] -brt’Cos[B] Cot[B] - —brt (1-t?) Sin[ﬁ]];
2
1
CF1Ab[t_] := (-an-.2 Cos[B] -brt?Cos[B] Cot[B] - —brt (1-t?) Sin[fs]);
2
AAA +BBB t
CF1ATot[t_] := CFlAa[t] +Arcsin[—] * CF1Ab[t];
1-t~2

1
CFlBa[t_] := — tSin[fff] (4brt (ARA +BBBt) Cos[B] +
2

(2a (AAA +BBBt) -br (-1+2AAA? + 4 AAABBB t + t* + 2 BBB? t?) Cos[£££]) Sin[B]);

1
CF1Bb[t_] := \/1 - t?- (ARA + BBB t)? # [—t (br (AAA+BBBt) Cos[££f£]” Sin[B] -
2

br (AAA +BBBt) Sin[£££]? Sin[B] - 2Cos[£££f] (2br t Cos[B] +aSin[B])) |;

CF1BTot[t_] := CF1Ba[t] + CF1Bb[t]; CF1BTot[t];
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CF3Ra[t ] :
CF3Ab[t ] :

££F ((-apt2 Cos[B] -bp rt? COt[B]))?
((-apt" Cos[B] -bp r t3 Cot[/3]));

AAA +BBB t
CF3ATot[t_] := CF3Ra[t] +Arcsin[—] % CF3Ab[t]; CF3ATot[t];

1-t"2

1
CF3Ba[t_] :=-—t (-2rt (ARA+BBBt) Cos[££f] Cos[B] +r (AAA+BBBt)” Cos[£££]% Sin[B] +
2

Sin[£fff] (-2bprt (AAA+BBBt) + (-2ap (ABA+BBBt) +r (1-t?- (AAA+BBBt)?) Sin[££f])

Sin[B])); CF3Bb[t_] := \/1 - t2- (AAA + BBB t)? &

(-t (-rtcCos[B] Sin[fff] +Cos[fff] (bprt+ (ap+r (AARA+BBBt) Sin[fff]) Sin[B])));
CF3BTot[t_] := CF3Ba[t] + CF3Bb[t]; CF3BTot [t];

CF2Aa[t_] := ((CFlAa[t]) /. {a—> A, b A}); CF2Ab[t_] := ((CF1Ab[t]) /. {a> A, b A});
AAA +BBB t

Vvi-t~2
Simplify[CF2ATot[t] - ((CFlATot[t]) /. {a—>A, b A})]

CF2Ba[t_] := ((CFlBa[t]) /. {a> A, b B}); CF2Bb[t_] := ((CF1Bb[t]) /. {a> A, b > B});
CF2BTot [t_] := CF2Ba[t] + CF2Bb[t];

CF2BTot [t]; Simplify[ (CF2BTot[t] - ((CF1BTot[t]) /. {a—>A, b > B}))]

CF2ATot[t_] := CF2Ra[t] + ArcSin[ ] * CF2Ab[t];

CF4Ra[t_] := ((CF3Ra[t]) /. {ap » Ap, bp » Ap});
CF4Ab[t_] := ((CF3Ab[t]) /. {ap » Ap, bp » Ap});
AAA +BBB t

Vi-t~2
Simplify[CF4ATot[t] - ((CF3ATot[t]) /. {ap -» Ap, bp -» Ap})]

CF4Ba[t_] := ((CF3Ba[t]) /. {ap » Ap, bp » Bp});

CF4Bb[t_] := ((CF3Bb[t]) /. {ap » Ap, bp » Bp});

CFABTot[t_] := CF4Ba[t] + CF4Bb[t];

CF4BTot[t]; Simplify[ (CF4BTot[t] - ((CF3BTot[t]) /. {ap -» Ap, bp -» Bp}))]

CF4ATot[t_] := CF4Aa[t] +Arcsin[ ] * CF4Ab[t];

CF3Aa[t_] := ££f » ((-ap t?Cos[B] -bprt’Cot[B]));
CF3Ab[t_] := ((-apt?Cos[B] -bprt’Cot[B]));
AAA + BBB t

CF3ATot[t_] := CF3Aa[t] +ArcSin[ ] * CF3Ab[t]; CF3ATot[t];

Yi-t~2
1

CF3Ba[t_] :=-—t (-2rt (AAA+BBBt) Cos[£f£f] Cos[B] +r (AAA +BBB t)? Cos[£££]” Sin[B] +
2

Sin[fff] (-2bprt (AAA+BBBt) + (-2ap (ARA+BBBt) +r (1-t?- (AAA+BBBt)?) Sin[££f])

Sin[B])); CF3Bb[t_] := \/1 - t2- (AAA + BBB t)2 *
(-t (-rtcCos[B] Sin[fff] + Cos[fff] (bprt+ (ap+r (AAA+BBBt) Sin[fff]) Sin[B])));
CF3BTot[t_] := CF3Ba[t] + CF3Bb[t]; CF3BTot[t];

EVALUATION of the PRIMITIVE of
CF3ATot [t]
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CF3Raft_] :
CF3Ab[t_] :

£££ « ((-ap t2Cos[B] -bprt’ Cot[B]));
((-apt?cos[B] -bprt’Cot[B]));

AAA +BBB t

CF3ATot[t_] := CF3Aa[t] +Arcsin[ ] % CF3Ab[t]; CF3ATot[t];

Vi-t~2
PRIMITIVE OF CF3Aalt]

Simplify[Integrate[CF3Aa[t], t]]

EVALUATION of the PRIMITIVE of

ArcSin[%] « CF3Ab[t]

We proceed integrating by parts.
The first contribution is

AAA +BBB t
Integrate[CF3Ab[t], t] ArcSin [ —]

1-t72

AAA+BBBt]], t] _CF3Ab[t]]
2

Simplify [D[ [PrmitiveF3AbIPP [t]/ Arcsin[

0

The remaining integrand is (including the minus sign)

rmnIntgrndF3Ab[t_] :=

AAA +BBB t
Simplify[Together[—Integrate [CF3Ab[t], t] D[Arcsin[—] o t] ] o
V1i-t~2

Assumptions -» {-1< t < 1}]; rmnIntgrndF3Ab[t]

t3 (BBB+AAA t) Cot[B] (3bprt+4apsSin[A])

r

NumRmnIntgrndF3Ab[t_] :

12
DenRmnIntgrndF3Ab[t_] :

(1-¢);
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Simplify[NumRmnIntgrndF3Ab[t]//

(DeannIntgrndF3Ab [t] * \/ 1-AAA? - 2 AAABBB t - t? - BBB? t2 J - rmnIntgrndF3Ab[t] ]

0
NumRmnIntgrndF3Ab[7
rmnIntgrndF3Ab[t] = umRmnintgmdF3ARL]
DenRmnlIntgrndF3Ab(] \/ 1-AAA?-2 AAA BBB r-*—BBB? 1
rmnIntgrndF3Ab[t]

CfNum3A = Simplify[CoefficientList [NumRmnIntgrndF3Ab[t], t]] ;
CfNum3A[[6]];



Simplify[Sum[CfNum3A[[j]] *t"~(jJ-1), {j, 3, 6}] - NumRmnIntgrndF3Ab[t]]
0

I use Caccioppoli's substitution defined

by the formulae in the below magenta frame
[ these identities have been derived in "Primtive_CF1.nb" ]

{(1-ana? - 2AAABBB t - t? - BBB® t?) - Al}
Reduce[{l—AAAz -2AAABBBt-t2-BBB?t?>0&&-1<t< 1}, {BBB, AAA, t}, Reals]

-AAA BBB - 1/ 1 - AAA? + BBB?
{{mua - (* » mua *)},
1 + BBB?

-AAA BBB + \/ 1 - AAA? + BBB?

{mub (+ > mub «) }}

1 + BBB2

Simplify[Solve[{1-AAA? - 2 AAABBB t - t? - BBB® t? == 0}, t]]

TABLE OF THE IDENTITIES
-AAA BBB - \/ 1 - AAA? + BBB?
{{mua—> (* » mua *)}r
1 + BBB2
-AAA BBB + \/ 1 - AAA? + BBB?
{mub—) (* »> mub *)}}
1 + BBB2
mub - t mub + mua £2
{ § - ’ t- —}
t - mua 1+ &2

24/ 1-aaa? + BBB?

J

1-AAA? 2 AAA BBB mua 1-AAA%? 2 AAA BBB mub]}

{mua"2—> - } {mubAZ—) -
1 + BBB? 1 + BBB? 1 + BBB? 1 + BBB?

{(\llnauan?.2 4V (t -mua) (mub - t) ) e\/l—AAAz—ZAAABBBt—tZ—BBBth}

21/ 1-AAA% + BBB? ¢
{(\/1+3332 V' (t -mua) (mub - t) ] - ’ }
'\/1+BBBZ (1+§2)

{(mua -mub) - -
1 + BBB?

Primitive_CF3.nb |5
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mub - t (1 +BBBz) (1 - AAA2 - 2 AAABBB t - (1 +BBBZ) tz)
{§2 - -

t - mua

2
(AAABBB+ 1 - AAA? + BBB? + t + BBB? t]

mub - t 4/ 1 + BBB? '\/l—AAAz-ZAAABBBt-(1+BBBZ)t2
-+ }

t - mua

{

(AAABBB+ 1 - AAA? + BBB? + t + BBB? t]

24/ 1-aaa? + BBB? 2/ 1 - AAA? + BBB?
{(1+§2)-> 5 }

(1 +BBB?) (-mua+t) 2 o o
AAA BBB + 1-AAA° +BBB® +t +BBB“t

ARABBB + \/ 1 - AAA% + BBB? +t + BBB2 t
{1/(1+§2)—) }

21/ 1 - AAA? + BBB?

-mua +mub AAABBB+\1-AAA%2 +BBB? +t +BBB?t

> J

{(t—mua) -
1+ &2 1 + BBB2
(-mua + mub) &2 1-AnA? + BBB> - AAABBB - (1+BBB?) t
{(mub—t) - -
1+ &2 1 + BBB2
1 + AAA BBB + BBB? + \/ 1 - AAA? + BBB?
{(1—mua) - }
1 + BBB2
1 + AAA BBB + BBB? - 1/ 1 - AAA? + BBB?
{(l—mub) > }
1 + BBB?
(ARA + BBB) 2
{(l—mua) (1 - mub) - —}
1 + BBB?

Abs [AAA + BBB]

\/ 1 + BBB2

{[l—mua]_) ( (AAA+BBB)2(1+BBBz)

1+AAABBB+BBBZ-’\/1-AAA2+BBBZ )‘2

{'\/(l—mua) (1 -mub) -

J

1 -mub

1 e Abs [AAA + BBB] (\/ 1 + BBB2 )

1 - mub % 2 2
1 + AAA BBB + BBB“ - 1 - AAA“ + BBB




1 - AAA BBB + BBB? -

1 - AAA? + BBB?

}

J

{(1+mua) -
1 + BBB2
1 - AAA BBB + BBB? + 1/ 1 - AAA? + BBB?
{(1+mub) -
1 + BBB2
(AAA - BBB)?

{(1 +mua) (1+mub) -

{'\/(1+mua) (1 + mub) -

1 + BBB2
Abs [AAA - BBB]

J

J

\/ 1 + BBB2

1 + mua

(AAA - BBB)? (1 + BBB?)

{ >

1 + mub

Abs [AAA - BBB]

)

(1-AAABBB+BBBZ+ 1 - AAA? + BBB2 )

1 + BBB?

1 + mua
{ -
1 + mub 9 2 2
1 - AAA BBB + BBB“ + 1 - AAA“ + BBB

44/ 1 - AAA? + BBB?

3

{JacoblA - -

Since

(1+BBB?) (1+¢2)

J

J

(JacoblA/ \/1-1-\1:;11\2-21-\1!;;1\1313131:-1-.2-BBB2 t? ) /.

1

\/ 1 + BBB2 (1 + §2)

{

- 4

'\/l-AAAz—ZAAABBBt-tz-BBthZ 2

44/ 1-aaa? + BBB?

JacoblA - -

3

(1+8BB?) (1+¢2)*

2

A/ 1 + BBB? (1+§2)

1 - AAAZ + BBB? ¢

J

the full integrand, expressed in terms of £ and t, becomes

(NumRmnIntgrndF3Ab[t] / DenRmnIntgrndF3Ab[t]) * |-

2

4/ 1 + BBB? (1 + 52)

t3 (BBB+AAAt) Cot[f] (3bprt+4apSin[j3])

6/ 1+BBB? (1-t2) (1+¢&?)

newintegrandF3AbCsiT[§ , t_] :

t3 (BBB+AAAt) Cot[B] (3bprt +4apsSin[fB])

6\ 1+8887 (1-¢2) (1+¢7)

’

Primitive_CF3.nb

|7
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NumRmnIntgrndF3Ab[t]
DenRmnIntgrndF3Ab[t]

1
— t3 (BBB+AAMAt) Cot[B] (3bprt+4apsSin[f])
12

1-t?

2 NumRmnIntgrndF3Ab[t]

4/ 1 + BBB? (1 + §2) DenRmnIntgrndF3Ab[t]

- newintegrandF3AbCsiT[¢§, t]]

Simplify[ -

0
We write
NumRmnlIntgrndF3Ab[t]/DenRmnIntgrndF3 Ab[t]
as
NumRmnlIntgrndF3Ab[?] g %
DenRmnIntgrndF3Ab|[z] - P[t] + 1-¢ + 1+¢

with P[t_] =p0 + pl t + p2 tA2

we have that
f rmnlntgrndF3Ab[t] dt =

Plt]+ o + @

NumRmnIntgrndF3Ab[7] PR

[ ai= T ar-
DenRmnlIntgrndF3Ab|7] = \/ 1-AAA%-2 AAA BBB r—>*~BBB? /2 \/ 1-AAA%-2 AAABBB t-*~BBB?

Ql Q2 2
Pltl+ —+ —=||-———|d¢ where t=t[£].
f( - 1”)( \ 1+BBB? (1+53)]

The last integrals is written as

TJ%U e (i) e+ [(75) () ae [ (55) () ) -

L( contr1 1[£[t]] + contr22[£[t]] + contr33[£[t]] =
1+BBB?

;( CONTRI1INOTSIMPL[t] + CONTR22NOTSIMPL[t] + CONTR22NOTSIMPLI[t]] )

1+BBB?

The t-derivative of the last sum yields

— 2 D[CONTRIINOTSIMPL[t]{] = —2— (P[t]) (;J D[E[t], t]= il
v 1+BBB? A/ 1+BBB? (1+€121%) V 1-AAA2-2 AAA BBB (~~BBB?
Q1
— 2 D[CONTR22NOTSIMPL({] {]= ——— (i) (;) DIE[t], t]= ,
2 , \1-t (1+£[t]?) 2 2 22
v 1+BBB 1+BBB ) V 1-AAA2-2 AAA BBB —~BBB? {
Q@
-2 -2 02 1 T+t
2 D[CONTR33NOTSIMPL[t]{] = ——— ( 2% (7) DIE[t], t]= .
+ 1+BBB? + 1+BBB? ( 1=t ) (1+&1e)7) ' V 1-AAA2-2 AAA BBB —~BBB?
We finally have
— =2 __D[CONTRIINOTSIMPL([t] t]= all ,
+ 1+BBB? 1-AAA%-2 AAABBB t-*~BBB? 1
Q1
;D[CONTRZZNOTSIMPL[H E -
+\ 1+BBB? 1-AAA?-2 AAA BBB t-»~BBB? 1>
E
;D[CONTR33NOTSIMPL[t] tl= al

1+BBB? 1-AAA%-2 AAA BBB t—-*~BBB? 1

)
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P[t_ ] =pO0+plt+p2t~2+p3t"3;
cf3A = Simplify|[

CoefficientList[P[t] (1-t"2) +01 (1+t) +02 (1-t) - NumRmnIntgrndF3Ab[t], t]] ;
cf3A[[

6]11]
1
-p3 - —AAADbpr Cot[f]
4

Simplify[TrigExpand |
Simplify[Solve[{cf3A[[1]] == 0 && c£3A[[2]] == 0 && c£f3A[[3]] == 0 && cf3A[[4]] == O &&
cf3A[[5]] = 0&&cf3A[[6]] = 0}, {pO, pl, P2, P3, Q1, Q2}]]1]

1
{pO-) - — Cot[B] (3BBBbpr + 4 AAA ap Sin[B]),
12

1 1
pl > - — Cot[B] (3ARAbpr +4 apBBBSin[3]), p2 » - — Cot[B] (3 BBBbpr + 4 AAA ap Sin[f]),
12 12

1 1
p3 > -— AAAbprCot[B], 01 » — (AAA +BBB) Cot[B] (3bpr+4apsSin[B]),
4 24

1
02 » — (AAA - BBB) Cot[B3] (-3 bpr+4apSin[B])}
24

checks
Simplify[NumRmnIntgrndF3Ab[t] / DenRmnIntgrndF3Ab[t] -

1
[(P[t] +0l / (1-t) +02 / (L+¢t)) /. {pO—»——Cot[B] (3BBBbp r + 4 AAA ap Sin[A3]), pl -
12

1 1
- — Cot[B] (3AAAbpr +4 apBBBSin[f3]), p2 » - — Cot[B] (3BBBbpr + 4 AAA ap Sin[B]),
12 12

1 1
p3 »> -— ARAbprCot[B], 01 - — (AAA +BBB) Cot[B] (3bpr+4apsSin[B]),
4 24

1
02 » — (AAA - BBB) Cot [B] (—3bpr+4apsin[/3])})]
24

The integrand takes the form
2 % 1 ] 1 Qr 1 Q2

To e W iy = ey )
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2 1 1 o1 1 02
Simplify[ - * P[t] + + /.

m (1+¢&%) (1+€2) 1-t (1+6%) 1+¢

1
{pO—»——Cot[B] (3BBBbp r + 4 ARA ap Sin[B]), pl -
12

1 1
-—Cot[B] (3AARAbpr+4apBBBSin[3]), p2 » - — Cot[3] (3BBBbpr + 4 AAA ap Sin[B]),
12 12

1 1
p3 > -— AARAbprCot[B], Q1 - — (AAA + BBB) Cot[B] (3bpr+4apSin[B]),
4 24

1
02 > — (AAA - BBB) Cot[A] (-3 bpr+4apsin[/3])} -
24

2
(-NumRmnIntgrndF3Ab[t] / DenRmnIntgrndF3Ab[t]) * ]

v 1+ BBB? (1+62)

We evaluate the integrals of the three contributions putting aside the factor
2

J 1+BBB?
Ist integral

1 mub + mua &2

€]

1 [ 8 (mua—mub)3p3§ 2 (mua—mub)2 (6 p2 + 13 muap3 + 5mubp3) &£

P[t]]/.{t-) e
+

Integrate [[ =

contrllNotS[§ ] := — + -
48 (1+§2)3 (1+§2)2

1

. 3 (mua - mub) (8 pl + 10 mua p2 + 6 mub p2 + 11 mua? p3 + 8 mua mub p3 + 5 mub? p3) E+
1+¢&

3 (16 p0 + 5mua’ p3 + 3mua’® (2 p2 + mub p3) +mua (8 pl + 4 mub p2 + 3 mub? p3) +

mub (8 pl+6mubp2+5 mub? p3)) ArcTan[€] |;
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1 mub + mua &2
Simplify[D[contrllNotS[§] , €] - W P[t]| /. {t - 7} ,
+ +

Assumptions » {§ > 0&& -1 <mua < mub < 1} ]

0

the integral is separated into a contribution independent of the ArcTan plus a contribution proportional to ArcTan

CoefficientList[contrllNotS[£], ArcTan[£]]

{ (mua —mul:»)3 p3 ¢ (mua - mulo)2 (6 p2 + 13 mua p3 + 5mubp3) §

+
6 (1+¢%)° 24 (1+¢?)°
1

—————— (mua - mub) (8pl+10muap2 +6mubp2+1lmua’p3+8muamubp3+5mub’p3) ¢,
16 (1 +¢&?)
1

— (16 p0 + 5 mua® p3 + 3mua’ (2 p2 + mub p3) +
16

mua (8p1 + 4 mub p2 + 3 mub? p3) + mub (8p1 + 6 mub p2 + 5 mub? p3))}

(mua - mub) 3 p3 ¢ (mua - mub)2 (6 p2 + 13mua p3 + 5mubp3) §

contrllNotSAA[E ] := - +

6 (1+67)° 24 (1+€2)°
1
———— (mua - mub) (8 pl + 10 mua p2 + 6 mub p2 + 11 mua? p3 + 8muamub p3 +5 mub? p3) &;
16 (1 +&?)
contrllNotSBB := — (16 pO+5 mua’® p3+3 mua? (2 p2 + mub p3) +

16
mua (8 Pl +4mubp2 + 3 mub? p3) + mub (8 Pl + 6 mub p2 + 5 mub? p3)) g

contrl INotSBB does NOT depend on ¢
contrll[§ ] := (contrllNotSAA[S]) + (contrllNotSBB x ArcTan[§] ); contrll[§]

(mua -mub)3 p3¢& (mua - mub)2 (6 p2 + 13 muap3 + 5mubp3) &
+

6 (1+¢%)° 24 (1+€2)°

contrll[&§ ] := -

1
———— (mua - mub) (8 pl +10mua p2 + 6 mub p2 + 11 mua® p3 + 8muamub p3 + 5 mub? p3) &+
16 (1 +¢?)
1
— (16 p0 + 5mua® p3 + 3mua® (2 p2 + mubp3) +
16

mua (8 p1 + 4 mub p2 + 3 mub” p3) + mub (8 p1 + 6 mub p2 + 5mub” p3) ) ArcTan[£];

Derivative's check
Simplify[contrllNotS[£] - contrll[&]]
1
(1+€7)

Assumptions » {§ > 0&& 1 > mub && 1 > mua} ]

mub + mua £2
Simplify[D[contrllNotS[§] , €] - pre] | /. {1—. v

1482 }'

0

2nd integral

[11
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. . 1 Ql
S:melJ.fy[Together[ W i /. {t -
. -

mub + mua §2} ] o1 ]
1+82 1 -mub + (1-mua) &2

0

o1
1 -mub + (1 - mua) &2

Integrate[ , &, Assumptions » {§ > 0&&1 > mub && 1 > mua}]

1 01 mub + mua &2
Simplify[Integrate[ _— /. {t - —} , &,
(1+€%) 1-¢ 1+ &2

Assumptions » {£ > 0&& 1 > mub && 1 > mua} ] , Assumptions » {§ > 0&& 1 > mub && 1 > mua} ]

- 1-mua
Q1 ArcTan [ == §] 01 ArcTan|, [ o ]
V-1l+mub

V-1+mua V-1+mub ’\/(l—mua) (1 - mub)

FullSimplify[—

Assumptions » {§ > 0&&1 >mub&&1l > mua}]

0

01 ArcTan[," lmua o
1-mub

A (1 -mua) (1 - mub)

contr22NotS[§ ] :=

Derivative' s check

1 o1 mub + mua &2
Simplify[D[contr22NotS[§] , €1 - W — /. {t - T} R
+ +

Assumptions » {§ > 0&& 1 > mub && 1 > mua} ]
1 o1

FullSimplify [D[contrZZNotS[«S] s &1 - [{— —] /. {t -

mub+mua§2}
(1+§2) 1-t '

14+ &2
Assumptions » {£ > 0&& 1 > mub && 1 > mua} ]

0

3rd integral

1 02 mub + mua &2
Integrate[ _— /. {t—> —} ’
(1+82) 1+¢ 1+82

&, Assumptions » {§ > 0&&1 >mub > -1&&1 > mua > -1}]

Viimua & ]

1+mub

02 ArcTan [
contr33NotS[§ ] :=

v (1 + mua) (1 +mub)

FULL DERIVATIVE's check [OK]
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Simplify[
D[contrllNotSAA[£] + contrl1lNotSBB » ArcTan[£] + contr22NotS[§] + contr33NotS[§], &] -

1 1 01 1 02 mub + mua &2
—  P[t]+ + /.{t-»—} ,
(1+6?%) (1+82) 1-t (1+8%) 1+t 1+8&2

Assumptions -» {-1 < mua < mub < 1}]

Fullsimplify[
D[contrllNotSAA[£] + contrl1lNotSBB » ArcTan[£] + contr22NotS[§] + contr33NotS[§], &§] -
1 1 01 1 02 mub + mua £2
————P[t] + + 1 e ——1|.
(1+&?) (1+€%) 1-t (1+6%) 1+¢t 1+ &2

Assumptions -» {-1 < mua < mub < 1}]

~l+mua’

-1
+mua® \/ -1 + mua? (—l+mub) +
-1+mub

-1l+mub

mub| Q1

\/(—l+mua2) (-1+mub) (-1+mub+ (-1+mua) &?)

The full &-primitive of rmnIntgrndF3Ab[t]

2
CsiprmtvF3Ab[£_] := [-—— | * (contrllNotSAA[E] +

1 + BBB?
contrllNotSBB * ArcTan[§] + contr22NotS[£] + contr33NotS[§]); CsiprmtvF3Ab[§]

CsiprmtvF3Ab[E ] :=

1 (mua - mub) > p3 & (mua-mub)? (6 p2 + 13 mua p3 + 5 mub p3) &
- 2 |- + -
2)3 2 2
4/“3332 6 (1+¢&2) 24 (1+&2)
1

16 (1 +¢?)
—_— (16 pO+5 mua® p3+3 mua? (2 p2 + mub p3) +
16

mua (8 Pl + 4mubp2 +3 mub? p3) + mub (8 Pl+6mubp2+5 mub? p3))

1-mua

Fa— §] 02 ArcTan[

ArcTan[&] + +
v (1 -mua) (1 -mub) v (1 +mua) (1 +mub)

o1 ArcTan[ Y et ]

1 +mub

DERIVATIVE CHECK [itis OK,even though MATHEMATICA must be helped to find out the result!! ]

FullSimplify [D[CsiprmtvF3Ab[§] , €] -

2 1 1 01 1 02 mub + mua §2 ]]
- P[t] + + /. {t—)—} ,
Viemesr WL (1€ (1+€) 1-t (1+€7) 14t 1482

Assumptions » {-1 <mua < 1&& -1 <mub < 1 &&mua < mub && £ > 0 && 1 + BBB2 > 0
p

(mua - mub) (8 pl + 10 mua p2 + 6 mub p2 + 11 mua? p3 + 8muamub p3 +5 mub? p3) §+

[13
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The result is multiplied by
! (\/(1+BBB2) (-1+mua?) (-1+mub) (-1+mub+ (-1+mua) §2))

2Q1
———— mub| 01 /

-1 +mua?
_ (—1+mua2) (-1 +mub) +
-1+ mub

(\/(1+BBBZ) (-1+mua?) (-1+mub) (-1+mub+ (-1 +mua) §2)) N

1
(— ('\/(1+BBBZ) (-1+mua®) (-1+mub) (-1+mub+ (-1+mua) §2))]
201

-1 + mua?
- _\/(—1+mua2) (-1+mub) -
-1+ mub

The above expression is equal to zero, even though MATHEMATICA seems unable to realize this property. In fact,



Primitive_CF3.nb

-1+ mua?
Simplify[ _ ——\/(—1+mua2) (-1 +mub) -

-1+ mub

1 - mua?
— -4/ (1 -mua?) (1-mub) -
- mu.

Assumptions - { -1 < mua < mub < 1}]

—\/(—1+mua2) (-1 +mub) -

1 - mua 1 - mua
V1 +mua _ —\/(1—mua) (1 -mub) - — mub|,

1 - mub 1 -mub

Assumptions -» { -1 < mua < mub < 1}]

Simplify[
1 - mua 1 - mua
V1+mua * Simplify[ _ - ——— mub|, Assumptions » { -1 < mua < mub < 1}] -
1 - mub 1 - mub

W/ (1 -mua) (1 -mub) |, Assumptions » { -1 < mua < mub < 1}]

1 - mua 1 -mua
Simplify[ Simplify[ - mub |, Assumptions » { -1 < mua < mub < 1}] -
1 -mub 1 - mub

v (1 -mua) (1-mub) |, Assumptions » { -1 < mua < mub < 1}]

-1+ mua
——— (-1 +mub) —\/(—1+mua) (-1 + mub)
-1 +mub

-1+ mua
—— (-1 +mub) —\/(—1+mua) (-1 + mub)
-1+ mub

In the above expression the first addend is positive because 1>mu and 1>ma and can be written as
-1+mua

-] —— (-1+mub) ==V (-1 +mua) (-1 +mub)
-1 +mub

Squaring one gets

|15
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-1 + mua
[—1’ ——— (-14+mub) | "2 == ('\/(—1+mua) (-1 + mub) )"
-1 + mub

True

It is surprising the MATHEMATICA does not well handle radicals

-1 + mua -1 + mua
{- +V(-1+mua) (-1+mub) + mub -»o
—1+mub —1+mub

-1+mua?
-1+mub

mub

Ziemua? \/ -1+mua®) (-1+mub) -

-1l+mub

—)0}
V1 -mua

If we set & = £[t] inside CsiprmtvF3Ab[£], we get CsiprmtvF3Ab[£[t]]. The t-derivative yields
D[CsiprmtvF3Ab[£[t]],t]=D[CsiprmtvF3Ab[£] £]|s=¢1 DIE[t],t]. In this way we find that :

. D[CsiprmtvF3Ab[£[1]]1] 2 1 1 01 1 Q2
D[CsiprmtvF3Ab[E]€]|e—¢rg = =|- Pt] + T ) | £=€[t]
¢=¢ DIé[1) 4] @ (1+€2) (1+€2) 1-t  (1:€2) 1+t

The first equality

D[CsiprmtvF3Ab[¢] £]|e=¢1 = [ 2 ( ( o Pt] o — 2 L 2 )] ’ £=€[t]

m 1+&2) (1+2) 1-t  (1+&2) 1+t

is verified.

mub - t
Fullsimplify[(D[CsiprmtvF3Ab[§] , €1) /. {g > }
t - mua
Assumptions » {-1 <mua < t < mub < 1}]
2 1 1 o1 1 02 mub - t
FullSimplify[ - P[t] + + /. {g > },
2 2 2
,—1+BBBZ (1+§) (1+§)1-t (1+§)1+t t - mua

Assumptions » {-1 < mua < t < mub < 1}]
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mub - t
Simplify[FullSimplify[(D[CsiprmtvF3Ab[§] , €1) /. {§-> — },
t -mua
Assumptions -» {-1 <mua < t < mub < 1}] - Fullsimplify[
2 1 1 o1 1 02 mub - t
- — P[t] + - + . /-{f—» —},
,71+BBBZ (1+§) (1+§) 1-¢ (1+§) 1+t t - mua

Assumptions » {-1 < mua < t < mub < 1}”

The second equality
D[Csipnva3Ab[§[t]],r]_( 2 ( 1 (£ + 1 01 1 02 ) |
= | 3
(

P
DIlr1.4] [1oopme | (1+€3)

is somewhat more involved to be verified.
We write the equality under the form

D[CsiprmtvF3Ab[§[t]],t]=([;( LoP[E] e 2y Qz)] | e

\/ 1+BBB?

D[£[t], t]

Fullsimplify[

mub - t
D[Simplify[(CsiprmtvF3Ab[§]) /. {g - }, Assumptions - {-1 < mua < t < mub < 1}] , t] ,

t - mua

Assumptions » {-1 <mua < t < mub < 1}]

Fullsimplify[
mub - t
FullSimplify[D[ ’ t] , Assumptions - {-1 <ma < t < mub < 1}] * Fullsimplify[
t - mua

2 1 1 01 1 02 mub - t
- P[t] + + /. {§-> -

m (1+§2) (1+§2) 1-¢ (1+§2) 1+t

Assumptions -» {-1 <mua < t < mub < 1}] , Assumptions » {-1 < mua < t < mub < 1}]

}

t - mua
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FullSimplify [Fullsimplify [

mub - t

D[Simplify[ (CsiprmtvF3Ab[&]) /. {ef - }, Assumptions » {-1 <mua < t < mub < 1}] ,

t - mua

t] , Assumptions » {-1 <mua < t < mub < 1}] -

mub - t
FullSimplify[ Fullsimplify[D[ ’ t] , Assumptions » {-1 <ma < t < mub < 1}] *
t - mua
2 1 1 o1 1 02
FullSimplify[ - P[t] + + /.

/1+BBB_2 (1+¢&2) (1+€%) 1-t (1+€%) 1+¢

mub - t

{e-

Assumptions » {-1 <mua < t < mub < 1}] , Assumptions » {-1 < mua < t < mub < 1}]

}, Assumptions -» {-1 < mua < t < mub < 1}] e
t - mua

The above expression is equal to zero because the factor

(—mub+t )3/2 _ (-mub+t) 3
mua-t (mua-t)3

. . (—mub+t)3 .
1S equal to sero since ———’_ can be written as
(mua-t)3

“mub-+t | 3/2
ua-t

IN CONCLUSION WE HAVE HAVE VERIFIED THAT

. D[CsiprmtvF3Ab|[£[1]].7] 2 1 1 01 1 02
DICsiprmtvESABIE] £lle=ern = DIEI1]4] B [ ( (1:27) Plel~ e )] | €

HOLDS TRUE.

We go back to variable t using the transformations . . [=-

tprmtvF3AbNotSimpl[t_] :=

mub - t

Simplify[ (CsiprmtvF3Ab[S§]) /. {§ - }, Assumptions » {-1 <mua < t < mub < 1}] ;

t - mua

ReducedtprmtvF3AbNotSimpl[t_] :=

-mub + t
(tprmtvF3AbNotSimpl[t]) /. {ArcTan[ _— ] - atanaa} /.

mua - t

{Ar Tan[ (71+mua) (-mub+t) ] atanbb} /
c - .
(-1 +mub) (mua-t)

{A . [ (1 +mua) (-mub + t) ] . }
rcTan - atancc;;
(1 + mub) (mua - t)
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cfausxx = CoefficientList [ReducedtprmtvF3AbNotSimpl[t], atancc];
cfausxx[[2]]

202

\/l + BBB? \/ (1 +mua) (1 +mub)

cfausyy = CoefficientList [cfausxx[[1]], atanbb];
cfausyy[[2]]

201

\/1+BBB2 \/<71 +mua) (-1 +mub)

cfauszz = Simplify[CoefficientList[cfausyy[[1l]], atanaal]; cfauszz[[2]]
cfauszz[[1]]

-mub + t
f0O[t_] := ——— (mua-t)

24 4/ 1 + BBB?

(24 p1 + 18 mub p2 + 15 mua® p3 +
mua - t

15mub® p3 + 12p2t + 10mubp3 t +8p3 t*> + 2mua (9p2+Tmubp3 +5p3 t));
1

faa[t_] := Fullsimplify[— _ (16 pO + 5mua’ p3 + 3mua? (2 p2 + mub p3) +
8 \/ 1 + BBB?
-mub + t
mua (8 pl + 4 mub p2 + 3 mub? p3) + mub (8 pl + 6 mub p2 + 5 mub? p3))] *ArcTan[ e
mua -t
201 (-1+mua) (-mub+t)
fbb[t_] := - *ArcTan[ ];
\/72 (-1 + mub) (mua-t)
1+BBB2 V (-1 +mua) (-1 +mub)
202 (1 +mua) (-mub + t)
fee[t_] := Simplify[ - ] *ArcTan[ ];
2 (1 + mub) (mua-t)
1+BBB2 V (1 +mua) (1 +mub)
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Simplify[tprmtvF3AbNotSimpl[t] - (£f00[t] + faa[t] + fbb[t] + fcc[t])]
0

f00[t]

faa[t]

fbb[t]
fce[t]

PrmitiveF3AbNotSimplOO[t_] :=
-1

24 4/ 1 + BBB?

15 mua® p3 + 14 mua mub p3 + 15 mub” p3 + 2 (6 p2 + 5 (mua + mub) p3) t + 8 p3 t?);

Vv (mub - t) (t -mua) (24 pl + 18 mua p2 + 18 mub p2 +

1
PrmitiveF3AbNotSimplaa[t_] := - —————— (16 p0 + 5mua’ p3 + 3 mua® (2 p2 + mub p3) +
8 \/ 1 + BBB?

mua (8 pl + 4 mub p2 + 3 mub” p3) +mub (8 p1 + 6 mub p2 + 5 mub” p3)) ArcTan[
201 ArcTan[ (-1+mua) (-mub+t) ]
(-1+mub) (mua-t)
v 1+BBB> vV (-1 +mua) (-1 +mub)

2 Qz ArcTan[ ' M ]
(1+mub) (mua-t)

\1+8BB? V (1+mua) (1+mub)

PrmitiveF3AbNotSimplbb[t_] := -

~

PrmitiveF3AbNotSimplcc[t_] := -
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Fullsimplify[ (FullSimplify[

PrmitiveF3AbNotSimpl00([t] - £00[t], Assumptions » {-1 <mua< t <mub< 1}]) /.

-mub + t

{(mua—t) —»-'\/(t—mua) (mub - t) } , Assumptions » {-1 < mua < t < mub < 1}]

mua -t

FullSimplify[PrmitiveF3AbNotSimplaa[t] - faa[t], Assumptions -» {-1 <mua < t <mub < 1}]
FullSimplify[PrmitiveF3AbNotSimplbb[t] - fbb[t], Assumptions » {-1 <mua < t <mub < 1}]
FullSimplify[PrmitiveF3AbNotSimplcc[t] - fcc[t], Assumptions » {-1 <mua < t <mub < 1}]

0

{(\/1“313132 v (t -mua) (mub - t) ) —)'\/I-AAAZ—ZAAABBBt—tZ—BBthZ}

-AAA BBB - \/ 1 - AAA? + BBB?
{mua—> (* » mua *)},
1 + BBB2
-AAA BBB + '\ 1 - AAA? + BBB?
{mub—> (* »> mub *)}

1 + BBB2

1
{pO-) - — Cot[B] (3BBBbpr + 4 AAA ap Sin[B]),
12

1 1
pl > - — Cot[B] (3ARAbpr +4apBBBSin[3]), p2 » - — Cot[B] (3 BBBbpr + 4 AAA ap Sin[fB]),
12 12

1 1
p3 > -— AAAbprCot[B], 01 » — (AAA +BBB) Cot[B] (3bpr+4apsSin[B]),
4 24

1
02 5> — (AAA - BBB) Cot[A] (—3bpr+4apsin[/3])}, {—‘\/1+BBBZ < ARA < \/ 1+BBB? &&
24

AAA BBB 1 - AAA? + BBB? AAA BBB 1 - AAA? + BBB?
- - <t<- + }
1 + BBB2 (1 +3332)2 1 + BBB2 (1+BBBZ)2
mub - t '\/1+BBB2 \/1-1;1-\1-\2-21;1-\1-\1313131-.-(1+1313132)1-.2
{ -
t - mua

(AAABBB+ 1 - AAA? + BBB? + t + BBB? t)
PrmitiveF3AbNotSimplbb[t]

we use the following three identities:
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—mub + t v 1+ BBB? —\/1—AAAZ—2AAABBBt—(1+BBBz)t2
_ 5

mua - t

{'\/ (mub - t) (t -mua) —)} {

(-1 +mua) (-mub+t)
=
{ (-1 +mub) (mua-t)
( (ARA + BBB)? (1 +BBB?) '\/1—AAA2—2AAABBBt— (1 +BBB?) t? )/

((1+AAABBB+BBBZ— 1—AAA2+BBBZ) (1-\1;1;131?.1“\/1-1\1-\1;2+131?.132 +t+BBth])}

(1 +mua) (-mub + t)
{\/ > ( (AnA -BBB)? (1 +BBB?) —\/l—AAAz—ZAAABBBt— (1+BBB?) t2 )/
(1 + mub) (mua - t)

J

AAABBB + \/ 1 - AAA% + BBB? +t + BBB2 t

((1—AAABBB+BBBZ+'\/1-AAA2+BBBZ) (\/1—AAAZ+BBBZ +t + BBB (AAA+BBBt)])}

1
{pO—) - — Cot[B] (3BBBbp r + 4 ARA ap Sin[B]),
12

1 1
pl - -— Cot[B] (3ARAbpr +4apBBBSin[3]), p2 » - — Cot[B] (3 BBBbpr + 4 AAA ap Sin[f3]),
12 12

1 1
p3 > -— ARAbprCot[B], 01 - — (AARA +BBB) Cot[B] (3bpr+4apSin[B]),
4 24

1
02 > — (AAA - BBB) Cot[B] (-3 bpr+4apSin[B])}
24
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[[ ((PrmitiveF3AbNotSimplOO[t]) /. {'\/ (mub -t) (-mua+t) - (\/ (1 -AAA%? - 2 ARABBBt -

tz—BBthz))/ (m)}] /. {mub >

-AAA BBB + '\ 1 - AAA? + BBB? -AAA BBB - 1/ 1 - AAA? + BBB?

H 7+ {mua -

J

1 + BBB? 1 + BBB?
1
{p0 - — cot[p] (3BBBDPr+4ARAapSin[A])}| /.
12
1
{p1 - cots] (3aAADPr+4apBBBSIn(A])}| /.
12
1 1
{p2—>——Cot[B] (3BBBbpr+4AAAapSin[/3])} /.{p3->——AAAbprCot[/3] /.
12 4

1

{Ql—) — (AAA + BBB) Cot[B] * (3bpr+4apsin[/3])} /.
24

1
{Qz » — (AAA - BBB) Cot[B] (-3 bpr+4apsin[/3])} ,
24

Assumptions - {-\/ 1+BBB? < ARA < \/1+BBB® &&

AAA BBB 1 - AAA? + BBB2 AAA BBB

- <t<- +

1 + BBB? (1 +BBB?) 2 1 + BBB?

|23
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Simplify[

-mub + t
e (\/1+maua2 4/ (1-AAA% -2 ARABBB t -

mua - t

—

[[ (PrmitiveF3AbNotSimplaa[t]) /.

(1+BBBZ)t2)]/ (AAABBB+ 1 - AAA? + BBB? +t+BBBZt)} /.

-AAA BBB + 1/ 1 - AAA? + BBB? -AAA BBB - 1/ 1 - AAA? + BBB?

H 7+ {mua >

{mub - H /-

1 + BBB? 1 + BBB?

1
{p0 > - —cot[s] (38BBbPr+4ARRaPSIn[A]) }| /.
12

1
{pl > - — Cot[B] (3AAAbpr+4apBBBSin[/3])} /.
12

1
{pZ—) - cot[B] (3BBBbpr+4AAAapSin[/3])} /.
12

1
{p3 - - — AAA bp rCot[B]} , Assumptions -»
4

{-'\/1+BBBZ <1!ut\.z\<\/1+1313132 &&

AAA BBB 1 - AAA? + BBB? AAA BBB
- - <t<- +
1 + BBB? (1 + BBB?) 2 1 + BBB?
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Fullsimplify[

(-1 +mua) (-mub+t)

(PrmitiveF3AbNotSimplbb[t]) /. {{ - ( (AR +BBB)? (1 +BBB?)

(-1 +mub) (mua-t)

v/ (1-AAA? - 2 ARABBB t - (1 + BBB?) tz)]/ [(1+AAABBB+BBBZ—

1—AAA2+BBBZJ (AAABBB+ 1 - AAA? + BBB? +t+BBth]]}} /.

-AAA BBB + '\ 1 - AAA? + BBB? -AAA BBB - 1/ 1 - AAA? + BBB?

H 7+ {mua -

{mub > H /-

1 + BBB2 1 + BBB2

1
{Ql -» — (ABA + BBB) Cot [B] (3 bpr+4apsin[[3])} ,
24

Assumptions - {-\/ 1+BBB? < AAA < \/ 1+ BBB? &&

AAA BBB 1 - AAA? + BBB? AAA BBB 1 - AAA? + BBB?

i i . y

1 + BBB2 (1+BBBZ)2 1 + BBB? (1+BBBZ)2

Fullsimplify[

(1 +mua) (-mub + t)

(PrmitiveF3AbNotSimplcc[t]) /. { - [ (AAn -BBB)? (1 +BBB?)

(1 + mub) (mua - t)

—\/1—AAA2—2AAABBBt— (1+BBBZ) t2 ]/ ((1—AAABBB+BBBZ+ 1-AAA2+3332)

( 1 - AAA? + BBB? +t+BBB(AAA+BBBt)])} /.

-AAA BBB + \/ 1 - AAA? + BBB? -AAA BBB - 1/ 1 - AAA? + BBB?
} /.{mua—>

{mub - H /-

1 + BBB2 1 + BBB?

1
{Qz > — (AAA - BBB) Cot[B] (-3 bpr+4apsin[/3])} ,
24

Assumptions - {-\/ 1+BBB? < ARA < \/1+BBB® &&

AAA BBB 1 - AAA? + BBB2 AAA BBB
- - <t<- +
1 + BBB? (1 +BBB?) 2 1 + BBB?

The sum of the following four functions is the primitive of rmnIntgrndF3Ab[t]
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CHECK OF THE DERIVATIVE OF THE FINAL PRIMITIVE
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Simplify[ (D[PrmitiveF3Ab00[t], t] + D[PrmitiveF3Abl1[t], t] +
D[PrmitiveF3Ab22[t], t] + D[PrmitiveF3Ab33[t], t]) -

rmnIntgrndF3Ab[t], Assumptions - {-\/ 1+BBB? < AAA < \/1+BBB? &&

AAA BBB 1 - AAA? + BBB? AAA BBB
- - <t<-
1 + BBB? (1 + BBBZ) 2 1 + BBB?

Simplify::time :
Time spent on a transformation exceeded 300 seconds, and the transformation was aborted.
Increasing the value of TimeConstraint option
may improve the result of simplification. >

We check the above result evaluating the derivatives step by step

The derivative of PrmitiveF3Ab00[t] is:

c£00[[1]] VAL +cf00[[2H/\/A1

cfOO0ONS = Simplify [CoefficientList [

[(Expand[((D[PrmitiveF3Ab00[t] ,t1) /. {\/1 _AAA? - 2ARABBBt - t2-BBB*t? - VAl }] /.

{1/ '\/1-AAA2—2AAABBBt—t2-BBth2 al/«/ﬂ}]) /.{

. xxxx}], xuxx] |

Va1
c£00 = {chOONS[[l]]/'\/Al , chOONS[[Z]]};

Simplify[D[PrmitiveF3Ab00[t] , t] -
((chO[[l]] Va1 +cf00[[2]]/\/A1) /. {VA1 >+ 1-ARA> - 2 AAABBB t - t - BBB? 7 ,
1/VA1 ->1/’\/1-AAA2-2AAABBBt-t2-BBBZt2 }]]

The derivative of PrmitiveF3Ab11[t] is  “2+4cfl1b VAl = <L
e derivative of Prmitive [t] is N C i

Fullsimplify[ Simplify[VAl [[(D[PrmitiveF3Ab11[t], t]) /.

{1/\/((-1-3332) (-1+aaA” + 2AAABBB t + (1+BBB?) t?)) -

1
—_— | /.
Va1 /1 +8BB? }]
{V((-1-BB8?) (-1+nna*+22AABBBt+ (1+BBB?) £7)) > Va1 \1+BBB” }|]| /.

{A1->1-m2-2m333t-t2-3332t2}]
1
cfll= - — (4AAAap (1 +BBB?) (3-AAA%+ (3 +2AAA%) BBB?) Cos[B] +
24 (1+88B?)’

3 BBB (3 (-1+AAA2)2-2 (—4+3AAA2+AAA4) BBBZ+7BBB4+ZBBBG) bprCot[/S]);

|27
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Fullsimplify[

D[PrmitiveF3Abll[t], t] -

[cfll

]/. {l/m-)1/'\/1-AAA2-2AAABBBt-t2-BBth2} ,

Va1

Assumptions - {-\/ 1+BBB? < AAA <\ 1+BBB? &&

AAA BBB 1 - AAA? + BBB? AAA BBB
- - <t<- +
1 + BBB? (1 +BBB?) 2 1 + BBB?

The derivative of PrmitiveF3Ab22[t] is

(AAA+BBB) Cot[3] (3bpr+4 apSin[3])

24 (1-t) Va1

FullSimplify [ ( (Simplify [

Va1 (((D[PrmitiveF3Ab22[t], t]) /. {\/I—AAAZ—ZAAABBBt— (1+BBB?) t2 -m/ﬁ}) /.
{1/—\/1—AAA2—2AAABBBt—(1+BBBZ) t2 al/\/ﬁ})]) /.

{a1>1-AAA’-2AAABBBt- (1+BBB?) tz})]

(AAA + BBB) Cot[B] (3bpr+4apSin[B])

cf22 = - ;
24 (-1+t)
Simplify[
cf22
D[PrmitiveF3Ab22[t], t] - [ ] /. {1/ Va1 - 1/ \1-282% - 2 ARRBBB t - t2 - BBB? 2 } )
Al
Assumptions - {-\/ 1 +BBB? < AAA < \/ 1+ BBB? &&
AAA BBB 1 - AAA? + BBB? AAA BBB
- - <t<- +
1 + BBB? (1 +BBB?) 2 1 + BBB?

The derivative of PrmitiveF3Ab33[t] is

(AAA-BBB) Cot[3] (-3 bpr+4 apSin[f3])

24 (1+t) /Al

FullSimplify [ (Simplify [

(‘\/Al (((D[PrmitiveF3Ab33[t], t1) /. {'\/I-AAAZ—ZAAABBBt— (1+88BB?) £2 - Val }) /.

{1/ '\/1—AAA2—2AAABBBt— (1 +BBB?) t? al/m}))] /-

{a151-AAA’-2AAABBBt - (1+BBB?) tz]) , Assumptions - {1 - AAA? + BBB? > 0}]

(AAA - BBB) Cot[B] (-3 bpr+4apSin[fB])
cf33 = 7
24 (1+t)
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Simplify[

D[PrmitiveF3Ab33[t], t] -

[ c£33

J/. {l/ma1/\/1-AAA2—2AAABBBt—t2-BBth2} ,

Va1

Assumptions - {-\/ 1+BBB? < AAA <\ 1+BBB? &&

AAA BBB 1 - AAA? + BBB? AAA BBB
- - <t<- +
1 + BBB? (1 +BBB?) 2 1 + BBB?

Summing up the four contributions we get

(chO[[l]] Va1 +cf00[[2]]/\/ﬂ) +

cfll] [cfZZJ [cf33]
Va1 Va1 Va1

Simplify[
£11 c£22 £33
Simplify[Together[(chO[[1]] Va1 +cf00[[2]]/VA1) + [c ]+ [ ]+ [c ]”] /.
v a1 Va1 Va1

{Al—)l—AAAz—ZAAABBBt—tZ—BBBZ tz}]

t3 (BBB+AAAt) Cot[f] (3bprt+4apsSin[f3])

12 (-1+t?) Jl-AAAZ—2AAABBBt—t2—BB132t2

and, finally, subtracting to this result the outset integrand rmnIntgrndF3AbJt]
we get zero

|29
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t3 (BBB+AAAt) Cot[B] (3bprt +4apsSin[B])

Simplify[ - - rmnIntgrndF3Ab[t]]
12 (-1+¢?%) \/1-1-\1:;11\2 -2AAABBBt - t2 - BBB? t?

0
quiqui

IN CONCLUSION THE PRIMITVE OF THE CONTRIBUTION:

CF3ATot[t_] := CF3Aa[t] +Arcsin{w} « CF3Ab[t]
1-t°2

IS THE SUM OF THE FOLLOWING SIX FUNCTIONS

1
PrmitiveF3Ra[t_] := - — ffft3Cot[B] (3bprt+4apsin[B]);
12

AAA +BBB t 1 1
PrmitiveF3AbIPP[t_] := Arcsin[—] P

- — ap t3 Cos[B] - —bpr t Cot []
2 3 4
1-t
PrmitiveF3AbOO[t_] :=
1

—‘\/I—AAAZ—ZAAABBBt—tz—BBBZtZ Cot [B] (bpr (AAA3 (-4 +118BBB?) -
24 (1+8BB?)’

5 AAAZ BBB (1+BBBZ) t + 3 BBB (1+BBBZ)2t+AAA (1+BBBZ) (2 (5+t2) + BBB? (-3+2t2))) +

4ap (1+BBB?) ((2-3AAA%) BBB+2BBB’ + AAA t + AAABBB? t) sin[fs]);

PrmitiveF3Abll[t_] := (ArcTan[ (v (- (1+BBB?) (-1+AAA? + 2 ARABBB t + (1 + BBB?) tz)))/

(AAABBB+ 1 - AAA? + BBB? +t + BBB? t)] Cot [B]
(3 BBB (AAA4 (3 - 2BBB?) - 6 AAA? (1 + BBB?) + (1+BBBZ)2 (3+ZBBBZ)) bp r +

4ARA ap (1+BBB?) (3 (1+BBB?) +AAA® (-1+2BBB?)) sin[/s]))/ (12 (1+BBBz)7/2);

1
PrmitiveF3Ab22[t_] := — ArcTan[ ( (AAA + BBB) (1 +BBB?)
12

'\/l—AAAz—ZAAABBBt— (1 +BBB?) t? )/

((-1-333 (AAA + BBB) +\/1-AAA2+3332) (\/1-1;1-\1-\2”313152 +t + BBB (AAA+BBBt)])]

Cot[B] (3bpr+4apsSin[p]);

1
PrmitiveF3Ab33[t_] := — ArcTan[
12

((AAA—BBB) (1 +BBB?) '\/l-AAAz—ZAAABBBt— (1+BBB?) t2 )/

((1—AAABBB+BBB2+'\/1—AAAZ+BBBz] (\/1-1&}\1-\2”31313.2 +t + BBB (AAA+BBBt)))]

Cot[B] (3bpr-4apSin[B]);

EVALUATION OF THE PRIMITIVE OF
CF3BTot[t] = CF3Ba[t] + CF3Bb][t]
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CF3Ba[t_] :=
1

-—t(-2rt (ARA+BBBt) Cos[£££f] Cos[B] +r (ARA +BBB t)? Cos[£££]? Sin[B] + Sin[£ff]
2

(-2bprt (AAA+BBBt) + (-2ap (ARA+BBBt) +r (1-t?- (AAA +BBBt)”) Sin[£££]) Sin[B]));

CF3Bb[t_] := \/1 - t2- (AAA + BBB t)? x
(-t (-rtCos[B] Sin[fff] + Cos[fff] (bprt+ (ap+r (AAA+BBBt) Sin[fff]) Sin[B])));
CF3BTot [t_] := CF3Ba[t] + CF3Bb[t]; CF3BTot[t];
Integration of the first contribution CF3Ba([t]

Integrate[CF3Ba[t], t]

PRIMITIVE OF CF3Ba]t]

Simplify[D[PrmitiveF3Ba[t], t] - CF3Ba[t]]

0

Integration of the second contribution CF3Bb[t].

By the Cacciopoli transformation we find

CF3Bb[t]

—t\/l—tz— (ARAA + BBB t)?
(-rtCos[B] Sin[fff] + Cos[fff] (bprt+ (ap+r (AAA+BBBt) Sin[fff]) Sin[3]))

Expand[1 - t?- (AAA + BBB t)?]

1-AAA? - 2 AAABBB t - t? - BBB? t?

NewIntgrnd3Bb[E ] := Fullsimplify[

(([((CF3Bb[t]) /. {\/1-t2- (ABA + BBB t)? -»\/1+3332 v (t - mua) (mub - t) }) /.

b g2
{V (mub-t) (-mua+t) - £ (t-mua) }) /o {t - 1m}] *J’acoblA] /.

1+ &2

41/1-2aAA% + BBB? ¢
{JacoblA - - , Assumptions » {-1 <mua < t <mub < 1 &&
(1+BBB?) (1+¢2)

> 0}]; NewIntgrnd3Bb[£]
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check

Check

num3Bb[§ ] := - (4 1 - AAA? + BBB? (mua - mub)

g (mub + mua £%) (r (mub +mua &) (bp Cos[£££] - Cos[B] Sin[£££f]) +

Cos[££f] (ap (1+ &%) +r (ARA + BBBmub + (AAA + BBBmua) £2) Sin[££f]) sin[/s])]/

(\/ 1 + BBB? ); Simplify[num3Bb[£] / (1+ &%) "5 - NewIntgrnd3Bb[£]]

0

cf3Bb = Simplify[CoefficientList[num3Bb[E&], §]]; c£3Bb[[7]] ;
c£3Bb[[1]] ;

Simplify[c£3Bb[[3]] £ + c£3Bb[[5]] £* + c£3Bb[[7]] £° - num3Bb[&]]
0

§2
integralBb[£ ] := |c£3Bb[[3]] Integrate[—, §] +
(1+€)°
4
cf3Bb[[5]] Integrate[ ’ §] + [c£3Bb[[7]] Integrate[
(1+€)°

6

(1+€7)

S :5] ; integralBb[§]
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Simplify[D[integralBb[£], £] - NewIntgrnd3Bb[£]]

0

1
[[((integrale[§]) /. {ArcTan[§] -» atan}) /. {—4 —>DD4}
(1+€%)

CFcsiPrmtv = Simplify [

1
CoefficientList[[[((integrale[é‘]) /. {ArcTan[§] - atan}) /. {—4 - DD4} ’ atan]];
(1+¢€7)

1
(CFesiPrmtv[[1]]) /. {Dn4 - —};
(1+6)°
1
(CFcsiPrmtv([[2]]) /. {DD4 - —};
(1+67)°
1
ausPrimtv3BbAA[S ] := | (CFcsiPrmtv[[1]]) /. {DD4 - — 1
(1+6)°
1
ausPrimtv3BbBB[§ ] := Simplify[ (CFcsiPrmtv([[2]]) /. {DD4 - —} ] * ArcTan[§];
(1+67)°
ausPrimtv3BbAA[E]
ausPrimtv3BbBB[¢]

the &-primitive is the sum of the following two contributions.

Checks

ausPrimtv3BbAA[E ] :=
( 1-aaA? + BBB? (mua-mub) § (-mua (-15-55¢&2-73 £* +15£°) (-muar Cos[B] Sin[£f££] +
Cos[fff] (bpmuar + (ap + (AAA + BBBmua) r Sin[f£f£f]) Sin[B])) -
mub (-15 +73 £ + 55 §* + 15 £°) (-mub r Cos[B] Sin[£££] + Cos [££f]
(bpmub r + (ap + (AAA + BBBmub) r Sin[£££]) Sin[B])) -3 (-3 -116%*+11¢&*+3¢°)
(Cos[fff] (2 bpmuamub r + (mua + mub) (ap + AAAr Sin[fff]) Sin[B]) +

muamub r (-2 Cos[B] Sin[fff] + BBBSin[2 ££f] Sin[B])))]/

1
(96 /1 + BBB? (1+ §2)4) ; ausPrimtv3BbBB[§ ] 1= - —
32 \/ 1 + BBB?

1 - AaA? + BBB?
(mua - mub)
ArcTan[§]
(Cos[fff] (bp (5 mua’ + 6 mua mub + 5mub2) r+
(8 ap (mua + mub) + (SAAA (mua + mub) + 5 BBB (muaz +mub2)) rSin[fff]) Sin[/3]) -

r ((5 mua? + 6 mua mub + 5mub2) Cos[B] Sin[fff] - 3 BBBmuamub Sin[2 fff] Sin[B])) 7
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Simplify[ausPrimtv3BbAA[{] + ausPrimtv3BbBB[{] - integralBb[§]]

Simplify[D[ausPrimtv3BbAA[{], £] + D[ausPrimtv3BbBB[{], £] - NewIntgrnd3Bb[£]]
0

0

F3Bb: We go back to variable t

mub - t

H /-

t - mua

mub - t
{ S— —)(’\/1+BBB2 \/l—AAAz—ZAAABBBt—(1+BBBZ)tz]/
-mua + t
_AAABBB - \/ 1 - AAA? + BBB?
(mun?.mn\/1-1-\1;1;2+1?.13132 +t+BBBZtJ} /.{mua-> } /.

1 + BBB?

FullSimplify[ [[(ausPrimtv3BbAA[§]) /. {§->

-AAA BBB + \/ 1 - AAA? + BBB2
{mub > } , Assumptions - {—'\/ 1+BBB? < ARA < \/1+BBB? &&
1 + BBB?
AAA BBB 1 - AAA? + BBB2 AAA BBB
- - <t<- +
1 + BBB? (1 +BBB?) 2 1 + BBB?
1
Primtv3BbAANotS[t_ ] := — \/ 1-AAA% - 2 AAABBB t - t2 - BBB? t2

24 (1+8BB?)°
(—bpr (AAA3 BBB (-13 + 2 BBB?) + AAA? (3 + BBB? - 2 BBB®) t +
3(1 +1?,1?.132)2 t (-1+2 (1+8BBB?) t?) + ARABBB (1 + BBB?) (13 + 2 (1 + BBB?) tz)) Cos[fff] +
r (AAA3 BBB (-13 + 2 BBB?) + AAA? (3 + BBB? - 2 BBB*) t + 3 (1 +13,13,132)2 t (-1+2 (1+BBB?) t?) +
AAABBB (1 +BBB?) (13 +2 (1 +BBB?) tz)) Cos[B] Sin[f££] + Cos [£££]
(4 ap (1 +BBB?) (AAA2 (-2 +BBB?) +2 (1+BBB?) - AAA (BBB + BBB®) t - 2 (1 +BBBZ)2 tz) +
r (AAA3 (-8 +9BBB? + 2 BBB*) - AAA® BBB (7 + 9 BBB® + 2 BBB*) t +
3BBB (1+BBB?)”t (1-2 (1+BBB?) t?) -

AAA (1+BBB?) (-8+5BBB? +2 (4 +9BBB? + 5 BBB*) tz)) Sin[fff]) Sin[B]);
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mub - t
Fullsimplify[ (ausPrimtv3BbAA[E]) /. {§ - _— } /.

t - mua

mub - t
{ S -)['\/1+BBBZ '\/l—AAAz-ZAAABBBt—(1+BBBZ)t2]/

-mua + t

(AAABBB+'\/1—AAA2+BBB2 +t+BBth]} /.

-AAA BBB - 1/ 1 - AAA? + BBB? -AAA BBB + 1/ 1 - AAA? + BBB?
{mua - } /. {mub - } -
1 + BBB? 1 + BBB?
Primtv3BbAANotS[t], Assumptions - {—\/ 1+BBB?> < AAA < \/1+BBB? &&
AAA BBB 1 - AAA? + BBB2 AAA BBB
- - <t<-
1 + BBB? (1 +BBB?) 2 1 + BBB?
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mub - t

H -

t - mua

mub - t
{ S —)('\/1+BBBZ '\/I-AAAZ—ZAAABBBt—(1+BBBz)tz]/
-mua + t
-AAA BBB - 1/ 1 - AAA? + BBB?
(AAABBB+’\/1—AAA2+BBBZ +t+BBth)} /.{mua—» } /.

1 + BBB?

Simplify [ (ausPrimtv3BbBB[£]) /. {§->

-AAA BBB + 1/ 1 - AAA? + BBB?
{mub - } , Assumptions - {—'\/ 1+BBB? < AAA < V1+ BBB? &&

1 + BBB?

AAA BBB 1 - AAA? + BBB2
1 + BBB? (1+88B%)?
1 \/—(1+BBB2) (-1+2AA”*+ 2AAABBB t + (1 +BBB?) t?)

e (71 + AAA? —BBBZ) ArcTan[

2
4 (1+BBB?) AAABBB ++/ 1 -AAA? + BBB? +t +BBB?t

]

(- (1+BBB? + AAR® (-1 + 4 BBB?) ) r Cos[B] Sin[fff] + Cos[f£f£f] ((1+BBB? + ARA® (-1 + 4 BBB?))
bpr+BBB (-4AAAap (1+BBB?) + (1-5AAA? +BBB?) r Sin[£ff]) Sin[B]))

1
Primtv3BbBBNotS[t_] := - —————— (-1 +AAA® - BBB?)

4 (1+8BB2)""

—\/—(1+BBBZ) (—1+AAA2+2AAABBBt+ (1+BBBZ) tz)

ArcTan[
AAABBB +\ 1 - AAA2 + BBB? +t +BBB% t

(- (1 +BBB? + AAA? (-1 + 4 BBB?)) r Cos[B] Sin[££f] + Cos[£££] ((1 +BBB? + AAA? (-1 + 4 BBB?))
bpr+BBB (-4AAAap (1+BBB?) + (1-5AAA% +BBB?) r Sin[£££]) Sin[B]));
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mub - t

H /-

t - mua

mub - t

{ R -»(\/1+BBBZ \/1—AAA2—2AAABBBt—(1+BBBz)tz)/
-mua +t
(AAABBB+'\/1—AAA2+BBBZ +t+BBth)} /.

Simplify[[[[ (ausPrimtv3BbBB[£]) /. {f—)

-AAA BBB - 1/ 1 - AAA? + BBB? -ARA BBB + '\ 1 - AAA? + BBB?
} /.{mub->

{mua g

} -

1 + BBB? 1 + BBB?

Primtv3BbBBNotS[t], Assumptions - {-\/ 1+BBB? < AAA < \/ 1 +BBB? &&

AAA BBB 1 - AAA? + BBB? AAA BBB 1 - AAA? + BBB?

_AaasEs oo lmnmeE ]

1 + BBB? (1+BBB?)? 1 + BBB? (1 +BBB?)?

THE PRIMITIVE OF CF3Bb[T] is the sum of the following two functions

CHECK OF THE FINAL t-DERIVATIVE [OK]
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Simplify[D[Primtv3BbAANots [t], t], Assumptions —» {—'\/ 1+BBB? < AAA < ‘\/ 1 +BBB? &&

AAA BBB 1 - AAA? + BBB2

1 + BBB? (1+BBB2)?

DrvPrimtv3BbAANotS[t_] :=
(2 (1-2AA% -2 AAABBB t - t? - BBB? t?) (—bp r (1;1-\1-\2 (3 +BBB? - 2 BBB?) +

42AABBB (1+BBB?)”t+3 (1+BBB%)” (-1+6 (1+BBB?) tz)) Cos[f£ff] +
r (AAAZ (3 +BBB? - 2BBB*) + 4 AAABBB (1+BBB2)” t +3 (1+B8BB?)” (-1+6 (1+BBB?) tz))
Cos[B] Sin[£££] + (1 + BBB?) Cos[£££f] (-4 ap (1 +BBB?) (AAABBB+4 (1+BBB?) t) -
r (16 AAA t + 36 ARA BBB® t + 20 ARABBB* t + 18 BBB® £ +
BBB (-3 +7AAA% + 18 t?) + BBB® (-3 + 2ARA% + 36 t%)) Sin[££f]) sin[/s]) -
2 (AAABBB + t + BBB? t) (—bpr (AAA3 BBB (-13 + 2 BBB?) + AAA? (3 + BBB? - 2 BBB*) t +
3 (1+BBBZ)2t (-1+2 (1+BBB?) t?) + AAABBB (1 +BBB?) (13 + 2 (1 + BBB?) tz))
Cos[fff] +r (AAA3 BBB (-13 + 2 BBB?) + AAA? (3 + BBB? - 2 BBB®) t +
3 (1+BBBz)zt (-1+2 (1+8BB?) t?) + AAABBB (1 +BBB?) (13 +2 (1 +BBB?) tz))
Cos[B] Sin[££f] + Cos [££f] (4 ap (1 +BBB?) (AAA2 (-2 +BBB?) + 2 (1 +BBB?) -
AAA (BBB + BBB®) t - 2 (1+BBBZ)2t2) +r (I-\AA3 (-8 +9BBB? + 2 BBB*) -
AAA? BBB (7 + 9 BBB? + 2 BBB*) t + 3 BBB (1 +BBBZ)2t (1-2 (1+BBB?%) t?) -

AAA (1+BBB?) (-8+5BBB” +2 (4 +9BBB® + 5 BBB*) t’)) sin[fff]) sin[/s]))/

(48 (1+BBBZ)3\/1—AAA2—2AAABBBt—t2—BBth2 );

(Simplify[\/— (1+BBB?) (-1+AAA%+2AAABBBt + (1+BBB?) t?) D[Primtv3BbBBNotS[t], t]])/

(\/1+1313132 *'\/1—AAA2—2AAABBBt—tZ—BBth2)

DrvPrimtv3BbBBNotS[t_] :=
((-1+ana? - BBB?) (- (1+BBB?+AAA? (-1+4BBB?)) r Cos[B] Sin[££f] +
Cos[££f] ((1+BBB® +AAA? (-1+4BBB?)) bpr+

BBB (-4 AAAap (1+BBB?) + (1-5AAA% + BBB?) r Sin[££f]) Sin[B])))/

(8 (1+BBBZ)3'\/1—AAA2—2AAABBBt—t2—BBth2 ];

Simplify[simplify[D[Primtv3BbBBNotS[t] , t]] - DrvPrimtv3BbBBNotS[t],
Assumptions - {-\/ 1+ BBB? < AAA < \/ 1+ BBB? &&

ARA BBB 1 - AAA? + BBB? AAA BBB
- - <t<- +
1 + BBB? (1 + BBB?) 2 1 + BBB?
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Simplify[ [Simplify[\/ 1-AAA% - 2AAABBBt - t2 - BBB2 t? % DrvPrimtv3BbAANOtS[t] ]) +

Simplify [\/ 1-AAA? - 2 AAABBB t - t2 - BBB? t? % DrvPrimtv3BbBBNotS[t] ] -

Simplify [CF3Bb[t] N 1-222% -2 AARBBB ¢t - t2 - BEB? t2 ] ,
Assumptions - {-\/ 1 +BBB? < AAA < \/ 1+ BBB? &&

AAA BBB 1 - AAA? + BBB? AAA BBB 1 - AAA? + BBB?

- - <t<- + }]

1 + BBB2 (1+3332)2 1 + BBB? (1+BBBZ)z

THE PRIMITIVE OF CF3BTot[t] is the sum of following functions.
The first is the primitive of CF3Bal[t] and the sum of the remainig two ones is
the primitive of CF3Bb[t].

Note:

Primtv3BbAA[t] = Primtv3BbAANotS[t]
and

Primtv3BbBB[t] = Primtv3BbBBNotS[t]

qui
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In conclusion, the primitves of the two terms, whose sum yields the integrand
CF3TOT](t], is given by the following functions to give the

integrand CF1,i.e. CF1ATot[t] and CF3BTot[t] are respectively

equal to

PrmitiveF1Aa[t] + PrmitiveF1 AbIPP[t] + PrmitiveF1Ab0O[t] +
PrmitiveF1Ab11[t] + PrmitiveF1Ab22[t] + PrmitiveF1Ab33]t]

and to

PrmitiveF3Ba[t] + Primtv3BbAA[t] + Primtv3BbBBt].

The functions are reported below.

FINAL PRIMITIVE EXPRESSIONS of
CF3ATot[t] AND CF3BTot[t]

the CF3ATot[t] primitive is the sum of
of the following yellow expressions

PrmitiveF3Ra[r_, B_, ap_, bp_, fff , AAA , BBB_, t_] :=

1
-— ffft3Cot[B] (3bprt+4apsSin[B]);
12

PrmitiveF3AbIPP[r , B_, ap_, bp_, fff , AAA , BBB_, t_] :=
AAA + BBB t ] [ 1 1 ]
R — i

- —apt3cCos[B] - — bprt?cCot[B]
ll—tz 3 4

PrmitiveF3Ab0O[r_, 3_, ap_, bp_, fff , AAA , BBB_, t_] :=
1

Arcsin[

—\ll—AAAz—ZAAABBBt—tZ—BBthz Cot [S] (bpr (AAA3 (-4+118B8BB?) -
24 (1+BBB?)°

5 AAA® BBB (1 + BBB?) t + 3 BBB (1+BBBz)zt+AAA (1+BBB?) (2 (5+t?) +BBB? (-3+2t2))) +

4ap (1+BBB?) ((2-3AAA%) BBB + 2BBB’ + AAA t + AAABBB’ t) sin[/s]);

PrmitiveF3Abll[r , B_, ap_, bp_, fff , ARA , BBB , t_] :=

(ArcTan[(\/(— (1+BBB?) (-1+AAA*+2AAABBBt + (1+BBB?) tz)))/

(AAABBB + \/ 1 - AAA? + BBB? + t + BBB? t)] Cot [B]

(3 BBB (AAA4 (3 -2BBB?) - 6 AAA? (1 + BBB?) + (1+131313,2)2 (3+2BBB’)) bp r +

4 AAA ap (1 +BBB?) (3 (1+BBB?) + AAA? (-1 +2BBB?)) Sin[B]))/ (12 (1+BBBZ)7/2);

PrmitiveF3Ab22[r_, B_, ap_, bp_, fff , AAA , BBB_, t_] :=

1
— ArcTan ((AAA+BBB) (1 +BBB?) '\/1—AAA2—2AAABBBt— (1 +BBB?) t? )/
12

((-1-333 (AAA + BBB) +\/1—AAA2+BBBZ) (\/1-AAA2+3332 +t + BBB (AAA+BBBt)])]

Cot[B] (3bpr+4apSin[B]);
PrmitiveF3Ab33[r_, B_, ap_, bp_, fff , ARA , BBB , t_] :=
1
—ArcTan[((AAA—BBB) (1 +BBB?) \/l—AAAz -2AAABBBt - (1+BBB?) t? )/
12

((1—AAABBB+BBBZ+'\/1—AAAZ+BBBz] (\/1-1&41\1-\2”31313.2 +t + BBB (AAA+BBBt)))]

Cot[B] (3bpr-4apsSin[B]);
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the CF3BTot[t] primitive is the sum of
of the following orange expressions

NUMERICAL CHECKS
AAA + BBB t
Reduce[{—l < — < las —\/ 1 +BBB? < AAA < \/ 1 + BBB? &&
1-t2
AAA BBB 1 - AAA? + BBB2 AAA BBB 1 - AAA2? + BBB?
- - <t<- + }, (BBB, AAA, t}, Reals]

1 + BBB? (1+BBB?)? 1+ BBB? (1+BBB2)?

CF3ATot [t]

With[{r:1,/3=7r/5,BBB=2,AAA=1/2, fff=1/4,ap=2, bp=1},

AAA BBB 1 - AAA2? + BBB? AAA BBB 1 - aAA? + BBB?
bounds = {N[— - ’ 30] ’ N[— + ’ 30]}]
1 + BBB2 (1+BBBz)2 1 + BBB2 (1+3532)2

NUMERICAL CHECKS FOR CF3ATot
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val = N[ (CF3ATot[1/10]) /. {r>1,B>n/5, BBB>2,AAA>1/2, fff>1/4, ap-> 2, bp > 1}];
val

-0.0180895

With[{r=1/2,8=7/5,BBB=2,AAA=1/2, fff=1/4, ap=2, bp=1},
Pr3Aa[t_] := PrmitiveF3Aa[r, 8, ap, bp, £fff, AAA, BBB, t] ;
Pr3APP[t_] := PrmitiveF3AbIPP[r, B, ap, bp, ££ff, AAA, BBB, t];
Pr3A00[t_] := PrmitiveF3Ab0O[r, B, ap, bp, fff, AAA, BBB, t];
Pr3All[t_] := PrmitiveF3Abll[r, B, ap, bp, fff, AAA, BBB, t] ;
Pr3A22[t_] := PrmitiveF3Ab22[r, B, ap, bp, ££ff, AAA, BBB, t] ;
Pr3A33[t_] := PrmitiveF3Ab33[r, B, ap, bp, fff, AAA, BBB, t];]
CF3AT[x_] :=
((CF3ATot[x]) /. {r>1/2,B8>n/5,BBB>2, AAA>1/2, fff>1/4,ap->2, bp-> 1});

Pr3Aa[t]

Pr3APP[t]
Pr3A00[t]
Pr3All[t]
Pr3A22([t]
Pr3A33[t]
CF3AT[x]

N[Pr3Aa[0]]

N[Pr3APP[0]]
N[Pr3A00[0]]
N[Pr3a11[0]]
N[Pr3a22[0]]
N[Pr3A33[0]]
N[CF3AT[0]]

step = -1/ 100; Clear[t];
Do[t = J » step;
valaa = N[Pr3Aa[t] - Pr3Aa[0], 30];

valPP = N[Pr3APP[t] - Pxr3APP[0], 30];
valO0 = N[Pr3A00([t] - Pr3A00[0], 30];
valll = N[Pr3All[t] - Pr3A11[0], 30];
val22 = N[Pr3A22[t] - Pr3A22[0], 30];

val33 = N[Pr3a33[t] - Pr3a33[0], 30];
val = NIntegrate[CF3AT[x], {x, 0, t}, PrecisionGoal » 20, WorkingPrecision - 30];
valtot = valaa + valPP + val00 + valll + val22 + val33;
diff = valtot - val;
If[Abs[diff] > 10" (-30),
Print [PaddedForm[valaa, {3, 7}], " ,", PaddedForm[valPP, {3, 7}],
" ,", paddedForm[val00, {3, 7}], " ,", PaddedForm[valll, {3, 7}],
" ,", paddedForm[val22, {3, 7}], " ,", PaddedForm[val33, {3, 7}]1];
Print[J, " ,", PaddedForm[val, {3, 7}], " ,", PaddedForm[valtot, {3, 7}],
" ,", PaddedForm[diff, {3, 7}111;, {J, 1, 20}];
Clear |
t];

NUMERICAL CHECKS FOR CF3BTot

With[{r=1/2,8=n/5,BBB=2, AAA=1/2, fff=1/4, ap =
Pr3Ba[t_] := PrmitiveF3Ba[r, 8, ap, bp, £fff, AAA, BBB, t] ;
Pr3BAA[t_] := PrmitiveF3BbAA[r, 8, ap, bp, £fff, AAA, BBB, t];

Pr3BBB[t_] := PrmitiveF3BbBB[r, B, ap, bp, fff, AAA, BBB, t]; ]
CF3BT[x_] :=
((CF3BTot([x]) /. {r>1/2,B->n/5,BBB>2, AAA>1/2, fff>1/4,ap->2, bp->1});

2, bp =1},
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step = -1/ 100; Clear[t];
Do[t = J x step;
valBaa = N[Pr3Ba[t] - Pr3Ba[0], 30];
valBAA = N[Pr3BAA[t] - Pr3BAA[O0], 30];
valBBB = N[Pr3BBB[t] - Pr3BBB[0], 30];
val = NIntegrate[CF3BT[x], {x, O, t}, PrecisionGoal » 20, WorkingPrecision - 30];
valtot = valBaa + valBAA + valBBB;
diff = valtot - val;
If[Abs[diff] > 10" (-30), Print[PaddedForm[valBaa, {3, 7}],
" ,", paddedForm[valBAA, {3, 7}], " ,", PaddedForm[valBBB, {3, 7}1];
Print([J, " ,", PaddedForm[val, {3, 7}], " ,", PaddedForm[valtot, {3, 7}],

,", PaddedForm[diff, {3, 7}]111;, {J, 1, 20}];

Compactification of the primitives

PrmitiveF3Aa[r_ , B_, ap_, bp_, fff , AAA , BBB_, t_] :=

1
-— ffft3Cot[B] (3bprt+4apsSin[B]);

12
PrmitiveF3AbIPP[r_, B_, ap_, bp_, fff , AAA , BBB_, t_] :=
AAA +BBBt 1 1
Arcsin[—] -—apt3Cos[B] - —bprt*cot[B]];
3 4

\ll-tz

PrmitiveF3Ab0O[r_, B_, ap_, bp_, fff , AAA , BBB_, t_] :=
1

—’\/I—AAAZ—ZAAABBBt—tZ-BBthZ Cot [B] (bpr (AAA3 (-4+118BBB?) -
24 (1+88B?)’

5 AAAZ BBB (1 +BBB?) t + 3BBB (1+BBB?)” t + AAA (1 +BBB?) (2 (5 + t2) + BBB? (-3+2t2))) +

4 ap (1+BBB?) ((2-3AAA%) BBB + 2 BBB® + AAA t + AAABBB’ t) sin[/s]);

PrmitiveF3Abll[r_, 3_, ap_, bp_, fff_, AAA , BBB_, t_] :=

(Arc'l‘an[(—\/(— (1+BBB?) (-1+AAA%+2AAABBB¢t + (1+BBB?) tz)))/
(AAABBB+ 1 - AAA? + BBB? + t + BBB? t]] Cot [B]
(3 BBB (AAA4 (3 -2BBB?) - 6 ARA? (1 + BBB?) + (1+1313132)2 (3+ZBBBZ)) bp r +

4anRap (1+BBB?) (3 (1+BBB?) +AAA? (-1 +2BBB?)) Sin[B]))/ (12 (1+8882)"7);

PrmitiveF3Ab22[r , B_, ap_, bp_, fff , ARA , BBB , t_] :=

1
—ArcTan[((AAA+BBB) (1 +BBB?) \/l—AAAz -2AAABBBt - (1+BBB?) t? )/
12

((-1-333 (AAA + BBB) +'\/1—AAA2+BBBZ) ('\/1—AAA2+BBBZ +t + BBB (AAA+BBBt))]]

Cot[B] (3bpr+4apsSin[B]);
PrmitiveF3Ab33[r_, B_, ap_, bp_, fff_, AAA , BBB_, t_] :=
1

—ArcTan[((AAA—BBB) (1 +BBB?) \/1-1&1\1;2 -2AAABBBt - (1+BBB?) t? )/
12

((1-AAABBB+BBBZ+\/1-AAA2+3332J (’\/1—AAA2+BBBZ +t + BBB (AAA+BBBt)]J]

Cot[B] (3bpr-4apsSin[B]);

|43
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{A—) 1-t2, Al—»\/l—AAAZ—ZAAABBBt—tZ—BBBZtZ ,

A2—>‘\/1+BBBZ ,A3-)'\/1—AAA2+BBBZ ,

BBB? - A2% - 1,
AAA? 5 A22 - A32}

PrmitiveF3AaNEW[r_, B_, ap_, bp_, fff , AAA , BBB_, t_] :=

t 3 Cos [B] 3bprt
-—  fff |4ap + —— |;

12 Sin[B]

Simplify[((PrmitiveF3AaNEW[r, B, ap, bp, ££ff, AAA, BBB, t]) /. {A - '\/ 1-t2 }] -

PrmitiveF3Aa[r, 3, ap, bp, £fff, AAA, BBB, t]]

PrmitiveF3AbIPPNEW[r , B_, ap_, bp_, fff , AAA , BBB_, t_] :=

t~ 3 Cos[f] AAA + BBB t 3bprt
——Arcsin[—] 4ap + 7
12

A Sin[B]

Simplify[((PrmitiveF3AbIPPNEW[r, B, ap, bp, f£ff, AAA, BBB, t]) /. {A - '\[ 1-+? }) -

PrmitiveF3AbIPP[r, 3, ap, bp, ££ff, AAA, BBB, t]]

0
a300 = AAA (-2 A22 + 8 A2% + 15 732 - 11 A22 A32) ;
a301 = -BBB A2? (242% -543%);
a302 = 2 AAA A2*; PrmitiveF3AbOONEW[r_, 3_, ap_, bp_, fff_, AAA_, BBB_, t_] :=

Al Cos[f] r bp (a300 + a301 t +a302t"2)
+4ap A2"2 (BBB (242° - 3AAA%) +AAAA2% t) |;
24 A28

Sin[B]
Fullsimplify[PrmitiveF3Ab00[r, B, ap, bp, £fff, AAA, BBB, t] -

((((PrmitiveF3Ab00NEW[r, B, ap, bp, £££, AAA, BBB, t]) /. {Az -1/ 1+BBB? }) /.

{Al->\/1-1\1\1&2-21\1;1;1313131—.-1:2-13131321-.2 }) /. {A3->’\/1+BBBZ- aAn? })]

Al A2
arg3Al = ; a3A10 = 4 ARA ap A2% (2 A2 + 3 3% - 2427 A3%);
AAABBB + t A22 + A3

a3all = 3BBBbp r a3% (442% +543% - 2427 (2+43%));
PrmitiveF3AblINEW[r , 3_, ap_, bp_, fff , AAA , BBB_, t_] :=

Cos [] a3Aall
———— ArcTan[arg3Al] |a3Al0+ ———|;

I
12 A2’ Sin[B]




Simplify[((PrmitiveFSAbll[r, B, ap, bp, £fff, AAA, BBB, t]) /.

{\/—(1+BBBZ) (-1+aAA? + 2 AAABBB t + (1 +BBB?) t?) -

\/1+131313z \/l—AAAz—ZAAABBBt—tz—BBBZtZ }] -

((((PrmitiveF3Ab11NEW[r, B, ap, bp, f£f, ARA, BBB, t]

) /. {Al—)\/1—AAA2—2AAABBBt—t2—BBthZ }] /.

{AZ—)W}] /. {A3->'\/1-AAAZ+3332 }),

Assumptions - {1+BBB? > 0&& 1 - ARA’ - 2 AAABBB t - t* - BBB? t? > 0}]

arg3A2 = ((AAA +BBB) Al) / (AAABBB + A2” + A3 - A3% - 1 + t (AAA BBB + A2% - A3));
PrmitiveF3Ab22NEW[r , B_, ap_, bp_, fff , AAA , BBB , t_] :=

Cos [B] 3bpr
- ———— ArcTan[arg3A2] —] 7
12 Sin[j]

4ap +

/. {'\/I-AAAZ-ZAAABBBt— (1 +BBB?) t? -)'\/I-AAAZ—ZAAABBBt-tz-BBthZ}

FullSimplify[ExpandAll[((PrmitiveF3Ah22[r, B, ap, bp, ££f, AAA, BBB, t])) -

(((((PrmitiveF3Ab22NEW[r, B, ap, bp, £fff, AAA, BBB, t]) /.

{Al—)\/l—AAAz—ZAAABBBt— (1 +BBB?) t2 }) /.

{o25 18087 }) /. {a3 01 naa? e )]

Assumptions - {1+BBB” > 0&& 1 - ARA’ - 2 AAABBB t - t* - BBB? t? > 0}]

0

arg3A3 = ((AAA-BBB) Al) / (1+AAABBB - A2 + A3 +A3% +t (A2% + A3 - ARA BBB) ) ;
PrmitiveF3Ab33NEW([r_, B_, ap_, bp_, fff_, AAA , BBB_, t_] :=
Cos [B] 3bpr ]
= ;

ArcTan[arg3A3] R ——
12 Sin[B]

4ap -

Primitive_CF3.nb
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Fullsimplify[ExpandAll[((PrmitiveF3Ab33[r, B, ap, bp, ££f, ARA, BBB, t])) -

[((((PrmitiveF3Ab33NEW[r, B, ap, bp, £fff, AAA, BBB, t]) /.

{Al-)\/l—AAAz-ZAAABBBt— (1 +8BB?) t2 }) /.

{Az—)m}) /. {A3—)‘\/1—AAA2+BBBZ }J)],

Assumptions -» {1+BBB? > 0&& 1 -AAA? - 2AAABBB t - t” - BBB® t? > o}]

0

{A-»\/ 1-¢2, A1->\/1-AAA2-2AAABBBt- (1+BBB’) 2,
A2->\/1+BBB2 ,A3->\/1-AAA2+BBB2 ,

BBB? - a2? - 1,
AAA? 5 A22 —A32}

Simplify[Factor[CoefficientList[PrmitiveF3Ba[r, 3, ap, bp, £fff, AAA, BBB, t], t]]]
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Factor[FullSimplify[CoefficientList|[
Simplify[Factor[CoefficientList[PrmitiveF3Ba[r, 3, ap, bp, fff, ARA, BBB, t], t]]]1, r]]]

Sin[B]

a3Ba3 (4ArRap sin[fff] - r (1-Cos[2 £££] + 2 AAA? Cos[2 £££]) );
8
a3Ba4 = (apBBBSin[fff] Sin[f] +

r (ARA (Cos[fff] Cos[B] + bpSin[fff] - BBBCos[2 fff] Sin[B]) )) / 3;

r
a3Ba5 = — (4 BBB Cos[fff] Cos[B] + 4 BBBbp Sin[£ff] + Sin[B] (1 - (1+2BBB?) Cos[2 £££f] ));
16

PrmitiveF3BaNew([r_, B_, ap_, bp_, fff_ , AAA , BBB_, t_] :=
t”~2 (a3Ba3 +a3Bad4t+a3Ba5t"2);

FullSimplify[PrmitiveF3BaNew[r, 3, ap, bp, £fff, AAA, BBB, t] -
PrmitiveF3Ba[r, 3, ap, bp, £fff, AAA, BBB, t]]

{A-) 1-¢2, Al-)\/l-AAAz-ZAAABBBt- (1+BBBZ) 2,

A2—>'\/1+BBBZ ,A3—>'\/1—AAA2+BBBZ , 1+BBB? 5 A22,

BBB’> - A2? - 1, BBB® - BBB (42°-1), BBB® » (a2°-1)"2,

(
AAA? 5 A2% - A3%, AAA® - AAA (a2? —A32)}

C£3BAA = {{4 ap A2? (AAA? (-2 + BBB?) + 2 A2”) Cos[£££f] Sin[B],
ARA BBB (AAA? (-13 + 2 BBB?) + 13 A2%) (-bp Cos[£££] + Cos[B] Sin[£££]) +
AAA (8 + 3 BBB? - 5 BBB® + AAA® (-8 + 9 BBB® + 2 BBB*) ) Cos[£f££] Sin[££f] Sin[B]}, {-4ARAap
BBB A2° Cos [£££] Sin[B], A2’ ((AAA? (-3 + 2 BBB?) + 3 A2%) (bp Cos[£££] - Cos[B] Sin[£££]) +
BBB (-AAA? (7 + 2 BBB?) + 3 A2%) Cos[£££f] Sin[£££] Sin[B])}, {-8 ap A2° Cos[££f] Sin[B],
-2 AAA A2* (-BBB Cos[B] Sin[f£ff] + Cos[££f£f] (BBBbp + (4 + 5 BBB?) Sin[£££f] Sin[B]))},
{0, -642° (-Cos[B] Sin[£££] + Cos[£££] (bp + BBB Sin[£££f] Sin[B])) }};
Primtv3BbAANEW[r , B, ap , bp , fff ,AAA , BBB , t_] :=
1

Al * (CE£3BAA[[1, 1]] + r CE£3BAA[[1, 2]] +
24 A2°
t (CE£3BAA[[2, 1]] + r C£3BAA[[2, 2]]) +
t~2 (C£3BAA[[3, 1]] + r C£3BAA[[3, 2]]) +t~3 (C£3BAA[[4, 1]] + r CE3BAA[[4, 2]1]));
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Simplify[Primtv3BbAA[r, B, ap, bp, £fff, AAA, BBB, t] -
(((Primtv3BbAA[r, B, ap, bp, ££ff, ARA, BBB, t]) /.

{—\/l—AAAz—zAAABBBt— (1 +BBB?) t2 —>A1}) /. {\/ 1-¢2 o A}],

Assumptions » {1-t®>0&&1-AAA’ -2AAABBBt - (1+BBB?) t®> o}]

0
Primtv3BbBB[r, 3, ap, bp, fff, AAA, BBB, t]

C£3BbBB = Simplify[CoefficientList[
((-1-BBB? - ARA? (-1 +4BBB?)) r Cos[B] Sin[f££f] + Cos[£££] ((1+BBB? + AAA? (-1 + 4 BBB?))
bp r + BBB (-4 AAAap (1 +BBB?) + (1-5AAA? + BBB?) rSin[£££]) Sin[B])), r]]

{A—) 1-t2, Al—»'\/l—AAAZ—ZAAABBBt— (1+BBB?) t? ,

A2—>‘\/1+BBBZ ,A3->'\/1—AAA2+BBBZ ,

BBB? - A2% - 1,
AAA? 5 A22 - A32}

FullSimplify|
((simplify[CoefficientList[((-1-BBB? - AAA? (-1+4 BBB?)) r Cos[B] Sin[£££f] + Cos[£ff]
((1+BBB? + ARA? (-1 +4BBB?)) bpr +BBB (-4AAAap (1+BBB?) + (1-5AAA? + BBB?)
rsin[£££]) Sin[B])), r]]) /. {aAA? » A2? - A3%}) /. {BBB? > A2? - 1}]

A2 Al
arg3BbBB = P
AAABBB + A3 + A22 ¢

C£3BbBB = {-4 AAA ap BBB A2” Cos [£££] Sin[B], (4A2%+543%-442 (1+43%))
(bp Cos [£££] - Cos[B] Sin[£££]) + BBB (-4 A2% + 5 A3%) Cos[£££] Sin[£££] Sin[B]};

Primtv3BbBBNEW[r , 3_, ap_, bp_, £fff , AAA , BBB_, t_] :=
2

A3
ArcTan[arg3BbBB] (C£3BbBB [[1]] + C£3BbBB[[2]] r) ;

4 (a2)’
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Simplify[Primtv3BbBB[r, B, ap, bp, £fff, AAA, BBB, t] -

(((((Primtv3BbBBNEW[r, B, ap, bp, £fff, AAA, BBB, t]) /.

{Al—) —\/l—AAAz—ZAAABBBt—(1+BBBz)t2})/.{A—) 1-t2}]/.

{AZ - \/ 1 + BBB? }] /. A3 >/ 1-AAA? + BBB? ] , Assumptions -

{1—t2>0&&1-AAA2—2AAABBBt— (1+BBBz)t2>O}]

FINAL COMPACT EXPRESSIONS

PrmitiveF3AaNEW[r_, B_, ap_, bp_, fff , AAA , BBB_, t_] :=
t 3 Cos [B] 3bprt
-———— fff |[4ap + ——— |;

12 Sin[A]

PrmitiveF3AbIPPNEW[r , B_, ap_, bp_, fff , AAA , BBB_, t_] :=

t~ 3 Cos[B] AAA + BBB t 3bprt
——Arcsin[—] 4ap + —— | ;
12 A Sin[B]
a300 = AAA (-2 A2% + 8 A2% + 15 A3% - 11 A22 A32) ;

a301 = -BBB A2? (242% -543%);
a302 = 2 AAA A2%; PrmitiveF3AbOONEW[r , B_, ap_, bp_, fff , AAA , BBB_, t_] :=
Al Cos[B] r bp (a300 + a301 t +a302t"2)

+4ap 22”2 (BBB (242° - 3AAA%) +AAAA2% t) |;

24 A2° Sin[B]

arg3Al = ataz ; a3A10 = 4 ARA ap 227 (2 A2 + 3 3% - 2427 A3%);
AAABBB + t A22 + A3
a3all = 3BBBbp r 3% (442% +543% - 2427 (2+43%));
PrmitiveF3AblINEW[r , 3_, ap_, bp_, fff , AAA , BBB_, t_] :=
Cos [B] a3Aall ]

I

ArcTan[arg3Al] (a3A10 +

12 A2’ Sin[B]

arg3A2 = ((AAA +BBB) Al) / (AAABBB + A2” + A3 - A3% - 1+ t (AAA BBB + A2% - A3));
PrmitiveF3Ab22NEW[r_ , B_, ap_, bp_, fff , ARA , BBB_, t_
3bpr

;

Cos [B]
Sin[B]

12

ArcTan[arg3A2] (4 ap +

arg3A3 = ((AAA-BBB) Al) / (1+AARABBB-A2%+A3+A3%+t (A2% + A3 - AAABBB));
PrmitiveF3Ab33NEW[r , 3_, ap_, bp_, fff , AAA , BBB_, t_] :=

Cos [B] 3bpr
- ——— ArcTan[arg3A3] [4 ap - —) ;
12 Sin[B]
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Sin[B]
a3Ba3 = ———

(4AAR ap Sin[£££f] - r (1-Cos[2 £££] + 2 AAA? Cos[2 £££]) );
8

a3Ba4 = (apBBBSin[fff] Sin[B] +
r ( AAA (Cos[fff] Cos[B] + bpSin[fff] - BBBCos[2 f£ff] Sin[B]) )) / 3;

r
a3Ba5 = — (4 BBB Cos[ff£f] Cos[B] + 4BBBbp Sin[£££f] +Sin[B] (1 - (1+2BBB?) Cos[2 £££f] ));
16

PrmitiveF3BaNew[r , B_, ap_, bp_, fff , AAA , BBB_, t_] :=
t”~2 (a3Ba3 +a3Ba4t+a3Ba5t"2);

C£3BAA = {{4 ap A2* (AAA? (-2 + BBB?) + 2 A2%) Cos[£££] Sin[B],
AAA BBB (AAA? (-13 +2BBB’) + 13 A2%) (-bp Cos[£££] + Cos[B] Sin[££f]) +
AAA (8 + 3 BBB? - 5 BBB® + AAA? (-8 + 9 BBB® + 2 BBB") ) Cos[£f££] Sin[££f] Sin[B]}, {-4ARAap
BBB A2° Cos[£££] Sin[B], A2 ((AAA? (-3 +2BBB?) + 3 A2%) (bp Cos[£££f] - Cos[B] Sin[£££f]) +
BBB (-AAA? (7 + 2 BBB?) + 3 A2%) Cos[£££] Sin[££f] Sin[B])}, {-8 ap a2° Cos[££f] Sin[B],
-2 AAA A2* (-BBB Cos [B] Sin[£££f] + Cos[£££] (BBBbp + (4 + 5 BBB?) Sin[£££] Sin[B]))},
{0, -642° (-Cos[B] Sin[£££] + Cos[£££] (bp + BBBSin[£££f] Sin[B])) }};
Primtv3BbAANEW[r , 3_, ap_, bp_, fff , AAA , BBB_, t_] :=
1

Al » (C£3BAA[[1, 1]] +r C£3BAA[[1, 2]] +
24 A2°

t (CE£3BAA[[2, 1]] +r CE£3BAA[[2, 2]]) +

t~2 (C£3BAA[[3, 1]] + r C£3BAA[[3, 2]]) +t~3 (CE£3BAA[[4, 1]] + r CE3BAA[[4, 2]]));

A2 Al
arg3BbBB = g
AAABBB + A3 + A22 ¢

C£3BbBB = {-4 AAA ap BBB A2” Cos [£££] Sin[B], (4A2%+543%-442 (1+43%))
(bp Cos [£££] - Cos[B] Sin[£££]) + BBB (-4 A2% + 5 A3%) Cos[£££] Sin[£££] Sin[B]};

Primtv3BbBBNEW[r , 3_, ap_, bp_, fff_, AAA , BBB_, t_] :=
2

A3
ArcTan[arg3BbBB] (C£3BbBB [[1]] + C£3BbBB[[2]] r) ;

4 (a2)’



