An alternative method for the calculation of joint
probability distributions. Application to the expectation
of the triplet invariant.

JAN BROSIUS

1. Introduction

As explained in the master article this supplementary document is about the calcula-
tion of the expectation of the triplet invariant in P1 when sampling over all possible

atomic distributions p that satisfy the constraints

(EnExE_n-x), =
/Dp /dxdudvp (x)p(x+u)p(x+v)exp[2mi (h-u+k-v)]Prob(p) =
4 (0)

Cte/0p<x>6(p2<x>—ﬁp<x>) <5 ([avow)pxty) - P@)x

J </dxp(x) — \/N) /dxdudvp(x)p(x+u)p(x+v)exp[2m’(h~u—|—k~v)]
2. Formulas and Notation

1. p(x) denotes the unknown atomic distribution and P (x) the (known) Patterson

function.

3. Kxy =K (x,y)

PREPRINT: A Journal of the International Union of Crystallography



5. L'p = [dx L (x) p(x)
6. p'Kp = [dxdyp(x) Kxyp(y)
7. det (AB) = det Adet B

8. detA=expTrin A

10. Myy =p(x)d(x—y)
11. [dx=1

12.

1
/Dp exp {—pth—iLt } Fp]

/Dpexp [—/dxdyp —z/de ] (0]

= mexp[ 2LtIC 14 X exp{ /590 ,Cxi’égoé( )}F[SO]

=0
where @9 = —iK 'L and K = % (K + Kt)
13.
/D¢ exp [—;/¢K¢} H [¢] ¥ [g]
v S ) B EACENC IO
where
K = % (K +K")

21 = o3 /5<z> g o

Aldl = ew[yk | vl @
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3. Calculation of a Gaussian integral

We shall now calculate a gaussian integral of the form [0 d™u exp (—%utM u+ Ltu)

where u is a vector in R”, u! is the transpose of the column vector u, du = du' ... du”,

M is an invertible n X n matrix in C" x C™ and L is a column vector in C™.
First we suppose that M is a positive matrix: M > 0. Then we want to do a

transformation u — v to cancel the linear term in u. We shall try

uw=M 20+ A (and remark that M* = M)

Then (remark that (AB)" = BtA?)

—%utMu+Ltu = —% (Mfév—l—A)tM(M*%v—i—A)-i-

% (M’%v +A)

1 1 1
— —ivtv _ 5utz\r%MA _ 5AtMJ\r%v _
1
5AtMA + LM 7o+ LPA

1 1
= —§vtv — AtMzy — §AtMA +

LIM~ 20+ LA

= —%vtv — (AtM% — LtM_%> v+

1
L'A — §AtMA.
Next we choose
A=M"'L.
Then
1, t 1, tar—1
—§u Mu+ L'u = —§UU+LM L —
1 t
- (M‘1L> MM™'L
2
1 1
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Also the transformation u — v gives the jacobian

1
d"u = det M~ 2d™ = ——— d"0.

vdet M
Thus

o0 1 1 1 1
d™u ex (—utMu + Ltu> = — /d"v ex (—vtv + LtM1L>
/_oo PA72 Jdet M PAT2"" 73

1 1
= (Cte ——c¢ (LtM_1L>. 3
vdet M P2 (3)

Finally consider the general case: the M;; are complex but M is invertible. The ex-

\/d;w J d™ exp (%LtM *1L> is an analytic function of the complex variables

pression
(there is a branch cut because of vdet M!) M;;. For positive M it is proportional to
JZ0, dMu exp (—%utM U+ Ltu). Hence by analytical continuation it will still be pro-

portional for all complex M;; as long as M ~! and the integral exist.

So we get [ d"u exp (—%utMu + Ltu) = Cte \/delw exp (%LtM_1L> )

4. Functional differentiation

Let F[p] be a functional of some function p, e.g. F[p] = [dx f (x)p(x). Then we

define the functional derivative

0F [p] _ (. Flp+ed] — Flp]
p(x) &m0 €

=]

with

0x(y)=d(x—y) (Dirac’s delta function).

4.1. Examples of functional differentiation

. gz E;i =0 (x—y). Indeed
op(x) _ . (ptedy) (x)—p(x)
op(y) =0 €
= dy (%)
= 0(x—y).
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8
2. 5 (X)fdzf (z) p(z) = f(x). Indeed
o _ o Jdzf(z) (p+edx)(z) — [dz f(z)p(2)
50 [dat@p@ — im -
— lim [dz f(z)ed (x — z)
e—0 €
= f(x).
J §
5 5 (X)M(XaY) WIdUdVP(U)A(U’V)P(V) =M (x,y) (A(x,y) + Ay, x)).

All rules for the common derivative also work for the functional derivative (e.g. the

chain rule, product rule etc.). For instance the chain rule reads

5 v (y) o
op(x) /d‘y op (x) 6¢ (y)

when v (y) is a functional of p.

5. Functional integration

A functional integral [ Dp F [p] where F is a functional integral of p is defined as the

integral
[PoFl = [Tldex)F o
X
= lim H dp(xi)F{p(Xl)a'--vp(XN)]
N—o0 1<I<N
where {x1, ..., Xy} is a partition of the domain of p such that x; — x;+1 when N — oo
and where F'[p(x1),...,p(xn)] is a rewriting of F'[p] as a normal function of the N

variables {p(x1),...,p(xn)} such that F'[p(x1),...,p(xn)] = F [p] when N — oo.

As an example consider the functional F' [p| = [dz f (z) p(z) then we can define

Flp(z1),...,p(zNn-1)] = Z [ (@i) p (i) (Tig1 — x4)

1<i<N—1

a Riemann sum approximation of the integral [dz f (2) p(z) (where x; — x;+1 when

N — o) and F'[p(x1),...,p(zn—1)] is then a normal function of the N — 1 variables

p ().

IUCr macros version 2.1.6: 2014/01/16



6. Gaussian functional integrals

In what follows we want to calculate the functional integral

1= [Dpesp |- [dxdyp() K (x.y)p(y) i [axL&)p (0| Flol (0

where L (x) is a given function of x and where K (x,y) is an invertible (not necessarily
hermitian) integral operator.
To this end we use an identity of W. Siegel (Siegel, 2005) (since f(z+y) =

e f (y)) and use equation (3)

/ d"u exp [—;utKu} f(u) = / d"u exp {—;uthu} fu+v) atv=20

= / d"u exp {—;uthu + uta] f(w) atv=0

v
1 170 0
= (——ex ( )lCl v) atv=0
Vdet K p[ v v f )
1 t
K = §(K+K)
since u'! Ku = %utKu—F%uthu where u = (uy,...,up),v = (v1,...,0p), 8% = (8217

and K is an n x n invertible (and in our case complex) matrix. (Actually u is the col-
U1

umn vector | @ | and u' = (uy,...,u,) etc.) (we also used (3)). The continuous

Un,
version of the above identity is then

[P exp |~ [ axdyp i) ,yp< )| 71

= aak © [ /dXdy leyépé( )}FM

where we used (and possibly later will use) several notational conventions

(5)

p=0

Ky = K(x,y)
Ky = (57),

p'Kp = / dxdy p (x) Kx.yp (y)

Lp = [dxL(x)p() (6)
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Next consider the functional integral I (4). We shift (change of variable) p — p— .

That is

p(x) — p(x)—e(x)
dp(x) — d(p(x) —p(x) =dp(x)

thus Dp — Dp

With this “translation” we can write

. |
I= /Dp exp | —5p'Kp — thp] Fp]

z/Dpexp _—;(p+so)t’C(p+<p)—iLt(p+90)]F[p+90]

1 1
= /Dp exp | —5p'Kp = 5p'Kep =

1 .
Qsot/Ctp—lLtp] Flp+¢]
1
X exp {—2@%@ - iLt90:|
Ly Ly t ~
:/Dpexp —iple—gp (ICg0+IC<p+2zL) Flp+¢]
1
X exp {—24ptKg0—iLt<p]
Ly Lot
:/Dpexp —§p/Cp Fp+ @o] x exp —§LIC L

if pg = —iK 'L

=Caer { /5p ’y5p(Y)}F[p+¢0}

X exp {—QLth_lL} where we use eq. (5)

p=0

1 1 1 ) 1)
_C —LtIC_lL} « {/ K-l }F
T P 3 | 5ot o) 1

In the above derivations we used the identities

P=%o

L'p = p'L

W'Kp = (Kp)e

o
povane d R = @ [¢]
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So we recap

[ Dpexp| -5 [dxdy o) K (x.3)p(v) ~1 [ dxLix)p ()| Flo

1 1 1 ) )
=C ex [—Lth_lL] X ex {/ Kk }F
vaax P2 P2/ 5w s m) WL,
where pg = —iK 'L (7)

7. A general scheme for calculating more general functional integrals.
Suppose we want to calculate the functional integral
1
1= [Doexp |5 [oKo| Hsvlg).

We now know that the integral I equals (up to an unimportant constant) with K =

3 (K + K')

det/C [ /5¢ _lfiﬁ} [¢]\P[¢]‘¢_O.

We now want to separate the differentations on H [¢] and W [¢]. To do this we remark

that (see )

evaluated at =y = 0 . Using this identity we can rewrite I as (up to a constant)

IR R ST R By
r= mep[ 256" 56 T se" ot
16 1)
— K ' | Hp| ¥ .
55 &0} 9 [cb]‘d):@:(]
That is
1)
_ —1
s e kL A EACENC ®
where

200 = ew | [55K755] #10

Aldl = ew[yk ] vl ©
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8. The expectation value of the triplet in P1

We want to calculate the functional integral (P is the known Patterson function)

I= C’te/Dpé(pz—é\/(%)p) X

gé(/dyp(y)p(ery)—P(X))5</p—\/ﬁ) X

/dxdudvp (x)p(x+u)p(x+v)exp[2mi (h-u+k-v)] (10)

The measure

5(/)2—(i/(%)p>E[é(/dyp(Y)p(ery)—P(X))5</p—W) (11)

is (apart from a normalization constant) a positive uniform measure on the space of

all distributions p on the unit cell in P1 . Clearly
EwExE_y x|p| = /dxdudv p(x)p(x+u)p(x+v)exp2mi(h-u+k-v)
is nothing else but the triplet Fy ExE__k expressed as a functional of p. So

I = (EnExE_n—x[p])

is the expectation value of the triplet where we average over the electronic distributions

p of the unit cell.

(o2

is a delta functional constraint expressing the fact that for every x, p (x) is either zero

or equals a peak of “strength” &?\;. Together with the condition

{(f-)

we express the fact that p is a sum of IV equal atoms of strength N

ﬂ
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Finally the last constraint

ga(/dyp@)p(xw) )

expresses the fact that p is a solution of the phase problem. Remark also that the

constant of normalization Cte equals

Cte™? :/Dp5 <p2 — (5(\/%),0> X
1;[5</dyp(>’)p(><+y)—P(X))5</p—W)-

Next we write the delta functions as Fourier integrals up to a constant

r-122) - fromfininrin-52)
E[é(/dyp(y)p(x—l—y)—P(x)) = /D)\ exp [i/dx)\(x)x
(/dYP(Y)P(X+Y)—P(X)>]

(Jo-) = Joneofie(fo-3)]

So eventually we can express I up to a constant as the functional integral (except

J dr which is a normal integral)

Iz/d,i/mmz)p exp {i/dxdyp(X))\(X—Y)P(Y)+

z’/dxu(x)p2 (x)—ié(\/%) /dxu(x)p(x)—i-m/dxp(x)—

i / dx A\ (x) P (x) — im/ﬁ] EnExEonx ]

This can also be written more compactly as

I= /d/{/D)\D,qu exp {z’pt (M+L)p—

) <5(\/]O>V)ut — /i) p—i\P —ikVN| EwExF_n_x o] (12)
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where

Remark that L is not symmetric.

9. Doing the Dp integration

It follows from (12 in section (1)) that (up to a constant) and after the transforma-

tion p — % (14 k) (in which case Dy — CteDp and we discard the unimportant

constant)

(e}
. 1 ..
1= / d/fe_z“‘/ﬁ/D)\D,u exp {—Mth_l,u—i)\tP X

1
Vdet K 2

16,6
exp —-— K — EhEkthfk [p] (14)
24dp op
p=¢p
where
= , VN (M + &)
K = -2 <£+(5(0)
p = —iKp
_ U VN +5) -
2 5 (0)
t
ro— L+ L

2
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Next since TrA = [dx Axx and [ condx =1 and A(0) = [dx A (x)d (x) and 6 (0)

is an infinite number and since det K = exp (TrIn K) we have

! = e ex —lrn—z‘ M

Vaak p{ 2 (“ 5(0) >}
:Cteexp{—;Trlnll—z’((ﬁ—z’)+W)}}
:Cteexp[TrE—i— TW+

(—;)2 (—i)? Tr <(£ — i)+ W) +0 ({\, M}S)]
o exp [i/dxA(x)é(x)+i\/N/(u+/<;)—;)\t(l—i-E))\—

2§yﬁ()/Qmﬁﬁ—mﬁn(/ﬁ+am/u+nﬂ

Cte =
det (2)
Nf(x) = f(-x) (15)
Indeed

ST = —lAt(1+Z)A+%A(O)+Cte

i VN (M + k) i VN VN
§Trw = 25()(5()/@—4—&):22/(#4-&)
2(-1)%(5—1’)*@(%)*") - —A(O)Qgév)/(u+ﬁ+ VN [t w)

T2 = /dxdy/\(x—y))\(y—x) — YA

TrLL! = / 22

N :
N

N 1 Nk N
- 45(0)/“225(0)/“45(0)””2
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We now do a change of variable k — 7”\65(\?)/{. Putting then (15) into (14) we obtain

for I

T 1
I= / dK exp [—4&2} /D)\D,ux

1, ) MvN K - ) . K
exp {—Q,u (—22<£—|— 5(0) + (5(0))) p— i\t <Q_z2 5(0)5>]><

exp l—mt\/ﬁ <—1 - 1'2\/(’;(70) —ix(0) 2:5/2)) - éx (1+3) )\] x

exp E;pt <—2i (c + Ag(‘(/)év + 6’@(0)>>1 56;) EnExE_nx [p]

+0(5(0)7") o
Q=P34 (16)
p=—iK™p
K = —2i (E + ]\g(‘g])v + ;(0)> (17)

-1
to develop (A — 2 ]\g[(\é)ﬁ) ,

MyYN) ' 1 1MVN1 _
(A_2Z(5(())> = Z+QZZTO)Z+O(5(O) 2)

A = —2¢<£+5(0))
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Then

T 1
/ dr exp {—4&2] /D)\D,u X

1, L N
exp _—E,uA Ly —ax (Q—z2 5(0)(5>1x
L, ik ‘ VN 1.,
exp _—zuﬁ(—l—z 5(0)—1)\(0)>—8)\ (1+Z))\]x
(1 MVYN 1 1

P 5 (0) A

15815
2 dp
Q = P-4 (18)

exp

51‘,
— EwEvE_
5p’C ] hExE_h—x[p],—,

e = —iK'p
. K MV/N
K = -2i <£—|— 5(0)—1- 5(0) )

2.M\/N
"5(0)

= A—

(19)
Finally we calculate

16° 16
exp [25 C— 15p‘| EwExE_yx [p]

p=p

B 1 5§ ., 6

p=¢p
= EnExE_nx[p]| = _ix-1,

/dudv exp2ri(h-u+k-v) {/ dzdy K, Z+uICZJiv7y,u (y)+

/dZdyICz zZ+Vv z+u y:u +/dZdyICz+u z+v’Cz ylu‘( ):|

IUCr macros version 2.1.6: 2014/01/16



15

10. Doing the Dy integration

First we calculate

1
Vaeat Ve

= det (—21) det <£ + (;(O))

x ,|det (E—I— 5(0))
1 K
X exp [2Trln <1+(£—1)+ 5(0))1

1 1
X exp [8)\1t (I+X)X— ZKQ + A6+ K4/6(0) — 2\/;(70))\%]

Next we can do, from (19) and the usual rules for calculating a gaussian integral,

the Dp-integration. We get

1= /dm exp [/@\/W— ;&2} /D)\ exp

exp [z’N (At+ \/;(7> <1+12\ﬁ A (0) \/]X)f] x

1 . . . R
—ZAt(l—i—E))\—Mt <Q+z5—z (5(0)5” X

ex pl;; A(;L H [p] H [p] =y
—zAxF( \/7—1-1)\ )\/év())>
A:—%( )

H [p] = exp lw iﬂgzgiul

Hp = EnExE_nx [p]l e —ic-1, —
/dudv exp2ri(h-u+k-v) {/dzdlezz+u/Cz+vy,u( )+

/ dZdy }Cz z+vlCz+u ylu' / dZdy ICz+u z%»v’cz_,blnu (Y) (20)
Next it is time to diagonalize L. It is easy to do this with bra ket notation. We define
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the ket |h) as the function
< x|h >= exp[—27ih - x|
and thus

(hjx) = <x/h>

= < —x/h>
= <x|/—-h>
And we use the following identities
4 = fdx ) (x
<xly> = 0(x-y)
Aq)=<gr> = /dx < qlx >< x|\ >

_ / dx \ (x) exp [27iq - x]
Ax) = (;)S/dqx<q><x|q>
= (L) [aar @exp-2ria ¥
W= [y @
<pla> = 20)’6(p-a)

Then

(K| L|h) — /dxdy <kx><x|Lly ><ylh >
= /dx <k|x>/dy)\(x—y)<y|h>
= /dx <k|x>/dy>\(X—y)<y—X+X|h>
= /dx <k|x><x|h>/(—)du < hju><ulA >
= —<kh><h|x>

= —(27)*6(k—h) A (h)

IUCr macros version 2.1.6: 2014/01/16
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That is L is diagonal in the |q >- basis. Equivalently we can derive

(thk =< h|L'k >)

Ly = (2m)P8(h—k)A(-h)

Lok = % (20)° 6 (h — ) (A (~h) — A (b))

)

Next we note that we can suppose that A (x) = A\ (—x). This follows from the observa-
tion that P (—x) = P (x) and from the identity [dy p(y)p (x+y) = [dyp(y)p(—x+Yy).

Then A (—h) = —X (h) and thus

Lpx = —(27)*6 (h —k) A (h)

Thus A = —2i (E + (’;(0)> is diagonal in the |q >- basis and

<h|A|k> = Ath

10.1. Carrying on with the Du-integration.

We develop H [u] and H [u] along orders of § (0) "
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Hi = o [u]+5(10)H2 W +0(5(0)°?)
Hilp) = H} [u]+ Hi 4]
HY [y = EnBxB-nx[pllpe_in-1,
_ i/dudvdzdxldxzdx;), <hlu><kv><-—h—klz> x
A i (1) Ay i (x2) Ay S (x3) (21)
Hl [y = —i/dudvdz <hlu><klv>< ~h—k|z > x
[ / dy AguAsyi(y) + / dy AgvAuyh (y) +
/ dy Ay Agyn (y)] (22)
K= Aty 5(10) 2iVNAT'MA™ 40 (5(0)?)
Ho[u) = Hj[u]+ Hy [y]
where HY [1] = the 6 (0)" " part of i/dudvdzdxldXde;; < hju ><k|v>< -h—k|z > x
Ky 1 (X1) K ey (%2) Kg e 1 (%3)
H21 (] = the 6(0)71 part of — i/dudvdz < hju ><k|v >< —h —k|z > X
[y K + [ dy KK ) +
[ dady i )]
Hlp] = 1+ 5(10)% (1]
Hilu] = Z\ﬁuA fllu
a = Z\/>< +iA (0 )\/N>
\ﬁ 5 (0)
it = (1 s ) (100l + 0l + ()(HQ[HH;M))} (( )
! 5

= H?[uHHl (1] + =

Next observe that

1. HY[y] is of degree 3 in p.

IUCr macros version 2.1.6: 2014/01/16
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[\)

. Hi [u] is of degree 1 in p.

w

. HY[u] is of degree 4 in p.
4. H} [ is of degree 2 in p.
5. Hi[u] HY [p] is of degree 6 in pu.
6. Hi[u] Hi [p] is of degree 4 in p.

and (itAi)p f[1] = 0 whenever the degree in u of f is strictly less than 2p. Then

20u  op
t t ’
g ) e ot
H=Ax
And thus
exp [;(;L Aéﬂ H [p] 1 [p] =
p=Ao
10" 6
(B9 )+ 1} (1) ]u:Aa 5 5 A ) -
+ 5(10) {(Hl [/,L] Hl [/'L] + H2 [M])M:Aa +
2 A (VM W+ W b+ )|+
¢ 2
é (51 Aéi) (H (] Mo (1] + HY (] Ha (] + HS [M])#ZAO‘

. 3
% <5{L AgL) (H1 (] Ha 1)
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We arrive at the following result

I:/dm exp {m\/m-;nz]/l))\ exp [—ix(wz)x—mt <Q—|—i5—i;(0)5>] X

. . K K VN _ ~
exp{z]\f()\ +m> <1+z2m+)\(0)25(0)>]\/ﬁ(,4 lh+k) A (h)+

A (h+ k) AT (k) + A7 () A7 (k) (24)
where is defined by
<plAtg>=(2r)° A5 (p—q).

Remark that also the common factor v/ N could have been dropped but we shall still

keep it until we have discussed the resulting I

11. Doing the DA-integration

We shall now prepare (25) for the DA-integration. First

1., 1
—NA+D)A = —§/dx)\(x)2
3 ~ ~
= —;(;) dpA(p)A(—p)
1X55_1X(55\(p)555\(q)5
2/d SA(x) 6N (x) 2/d dpdqé)\(x) S (p) A (%) 6X (q)
= 473 [ dp — Aé
A (P) 6A (—p)
DA x DA
Noo= /dx)\(x)
= A6
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Then (25) can be rewritten

. 2
I:/dm exp |K4/0 (0) 1—&—;?&) (1—1—1'2 ;(0)> —%/f X
2
/Dj\ exp [—; (217r>3/dp5\(p)5\(—p) — i\t (217r>3 (Q—i—i—i;(o) — No <1+i2 ;(O)) )] X

(X (h) + m) <i (k) + 5(0))

Thus according to the formulas for gaussian integration we obtain for [/

2
I:/dlﬁ; exp |:/€\/5(0)—;/<;2_;<2;>3/dp (Q(p)ﬂ—z‘;(o) ~N§ <1+i2 §(0)> )] x

1 5 g ! .
exp 7(27{')3 dp R N x '
[2 / S\ (p) 6A (—p) (x (h) + m) (X (h+k) + §<o>>
1 1 ! !

<5\(h+k)+ ;(0)) (X(k)+\/(%) " (X(h)%—\/(’;(—o)) (

at X:—i(%)g Q+i—iL_N5 14i—t i
(2m)® 5(0) 2,/5 (0)

g
—
S~—
+

=
N———

Next remark that

Integration over reciprocal space / dp = / dp ™0
= (27)°5(0)
Every differentiation —°— acting on e.g. — gives us back again a multiple
5(0)
of a power of ——L——. So we see that —° 1 atﬁ-—i(@—l—i—i“—]\fé(l%—i A
3 K dA(p) (3 K \/6(0 24/6(0
(G 25) (m+255) © ©
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becomes

L S S Q+z’—N5<1+iﬁ>2
5\ (p) A (h) 21/0(0)
0

Also because § (h) = 0 (h # 0) we see that —2 1 at
use 6 (h) =0 (h #0) we s ) (S )

5(0)

2
A=—i (Q—Fz—zm—Né (1+22 5(0)) > is nothing else but

51
oA (p) A (h)

at&:—z‘(@ﬂ')

Since « has disappeard in this expression we can throw the x-integral away and we

obtain
~ Cte exp [47° N IR
o plél /dp5;\(p)51(—p) (X(h)ﬁ(h+k)+
1 1 1 1 . o
X(h+k)X(k)+X(h)X(k)> a“:_Z(Q“) (25)

Let’s write the first order approximation of this expression (we throw away

e
1 n 1

(@) @) | (@) (@)
1

(Qn+i) (Q+i)

Iﬁrst order — \/N +

(26)

(since V' N is an overall constant we can safely drop it). We are not interested in the
renormalizing constant since we don’t know the probability distribution. We see that
for very high Rh ~ f%k ~ ]:Zh+k the complex number Igst order becomes almost positive

which makes sense.

9 __ 3
SA(P) SA(—p)

The next order for I is obtained after functional derivation 473 [ dp

. 1 1 1 1 11 .
applied to NPT + b A0 + Ok For instance

) 1 1

, 5 . 6
O e Kb

S=Oti (Qh + i)s (Qk + z)
6 2

_l’_

(@) (Qeti)  (@nt) (Geri)
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