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An alternative method for the calculation of joint
probability distributions. Application to the expectation

of the triplet invariant.

Jan Brosius

1. Introduction

As explained in the master article this supplementary document is about the calcula-

tion of the expectation of the triplet invariant in P1 when sampling over all possible

atomic distributions ρ that satisfy the constraints

〈EhEkE−h−k〉ρ =∫
Dρ

∫
dxdudv ρ (x) ρ (x + u) ρ (x + v) exp [2πi (h · u + k · v)] Prob (ρ) =

Cte

∫
Dρ (x) δ

(
ρ2 (x)− δ (0)√

N
ρ (x)

)
× δ

(∫
dy ρ (y) ρ (x + y)− P (x)

)
×

δ

(∫
dx ρ (x)−

√
N

)∫
dxdudv ρ (x) ρ (x + u) ρ (x + v) exp [2πi (h · u + k · v)]

2. Formulas and Notation

1. ρ (x) denotes the unknown atomic distribution and P (x) the (known) Patterson

function.

2. Q (x) = P (x)− δ (x)

3. Kx,y = K (x,y)
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4. K−1
x,y =

(
K−1

)
x,y

5. Ltρ =
∫
dxL (x) ρ (x)

6. ρtKρ =
∫
dxdy ρ (x)Kx,yρ (y)

7. det (AB) = detAdetB

8. detA = exp Tr lnA

9. Lx,y = λ (x− y)

10. Mx,y = µ (x) δ (x− y)

11.
∫
dx = 1

12.

∫
Dρ exp

[
−1

2
ρtKρ− iLtρ

]
F [ρ]

=

∫
Dρ exp

[
−1

2

∫
dxdy ρ (x)K (x,y) ρ (y)− i

∫
dxL (x) ρ (x)

]
F [ρ]

= C
1√

detK
exp

[
−1

2
LtK−1L

]
× exp

[
1

2

∫
δ

δϕ (x)
K−1

x,y

δ

δϕ (y)

]
F [ϕ]

∣∣∣∣
ϕ=ϕ0

where ϕ0 = −iK−1L and K =
1

2

(
K +Kt

)

13.

∫
Dφ exp

[
−1

2

∫
φKφ

]
H [φ] Ψ [φ]

=
1√

detK
exp

[∫
δ

δφ
K−1 δ

δϕ

]
Z [φ] ∆ [ϕ]

∣∣∣∣
φ=ϕ=0

(1)

where

K =
1

2

(
K +Kt

)
Z [φ] = exp

[
1

2

∫
δ

δφ
K−1 δ

δφ

]
H [φ]

∆ [ϕ] = exp

[
1

2

δ

δϕ
K−1 δ

δϕ

]
Ψ [ϕ] (2)
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3. Calculation of a Gaussian integral

We shall now calculate a gaussian integral of the form
∫∞
−∞ d

nu exp
(
−1

2u
tMu+ Ltu

)
where u is a vector in Rn, ut is the transpose of the column vector u, du = du1 . . . dun,

M is an invertible n× n matrix in Cn × Cn and L is a column vector in Cn.

First we suppose that M is a positive matrix: M > 0. Then we want to do a

transformation u→ v to cancel the linear term in u. We shall try

u = M−
1
2 v +A. (and remark that M t = M)

Then (remark that (AB)t = BtAt)

−1

2
utMu+ Ltu = −1

2

(
M−

1
2 v +A

)t
M
(
M−

1
2 v +A

)
+

Lt
(
M−

1
2 v +A

)
= −1

2
vtv − 1

2
vtM−

1
2MA− 1

2
AtMM−

1
2 v −

1

2
AtMA+ LtM−

1
2 v + LtA

= −1

2
vtv −AtM

1
2 v − 1

2
AtMA+

LtM−
1
2 v + LtA

= −1

2
vtv −

(
AtM

1
2 − LtM−

1
2

)
v +

LtA− 1

2
AtMA.

Next we choose

A = M−1L.

Then

−1

2
utMu+ Ltu = −1

2
vtv + LtM−1L−

1

2

(
M−1L

)t
MM−1L

= −1

2
vtv +

1

2
LtM−1L
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Also the transformation u→ v gives the jacobian

dnu = detM−
1
2dnv =

1√
detM

dnv.

Thus∫ ∞
−∞

dnu exp

(
−1

2
utMu+ Ltu

)
=

1√
detM

∫
dnv exp

(
−1

2
vtv +

1

2
LtM−1L

)
= Cte

1√
detM

exp

(
1

2
LtM−1L

)
. (3)

Finally consider the general case: the Mij are complex but M is invertible. The ex-

pression 1√
detM

∫
dnv exp

(
1
2L

tM−1L
)

is an analytic function of the complex variables

(there is a branch cut because of
√

detM !) Mij . For positive M it is proportional to∫∞
−∞ d

nu exp
(
−1

2u
tMu+ Ltu

)
. Hence by analytical continuation it will still be pro-

portional for all complex Mij as long as M−1 and the integral exist.

So we get
∫
dnu exp

(
−1

2u
tMu+ Ltu

)
= Cte 1√

detM
exp

(
1
2L

tM−1L
)
.

4. Functional differentiation

Let F [ρ] be a functional of some function ρ, e.g. F [ρ] =
∫
dx f (x) ρ (x). Then we

define the functional derivative

δF [ρ]

δρ (x)
≡ lim

ε→0

F [ρ+ εδx]− F [ρ]

ε

with

δx (y) ≡ δ (x− y) (Dirac’s delta function).

4.1. Examples of functional differentiation

1.
δρ (x)

δρ (y)
= δ (x− y). Indeed

δρ (x)

δρ (y)
= lim

ε→0

(ρ+ εδy) (x)− ρ (x)

ε

= δy (x)

= δ (x− y) .
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2.
δ

δρ (x)

∫
dz f (z) ρ (z) = f (x). Indeed

δ

δρ (x)

∫
dz f (z) ρ (z) = lim

ε→0

∫
dz f (z) (ρ+ εδx) (z)−

∫
dz f (z) ρ (z)

ε

= lim
ε→0

∫
dz f (z) εδ (x− z)

ε

= f (x) .

3.
δ

δρ (x)
M (x,y)

δ

δρ (y)

∫
dudv ρ (u)A (u,v) ρ (v) = M (x,y) (A (x,y) +A (y,x)).

All rules for the common derivative also work for the functional derivative (e.g. the

chain rule, product rule etc.). For instance the chain rule reads

δ

δρ (x)
=

∫
dy

δψ (y)

δρ (x)

δ

δψ (y)

when ψ (y) is a functional of ρ.

5. Functional integration

A functional integral
∫
DρF [ρ] where F is a functional integral of ρ is defined as the

integral ∫
DρF [ρ] ≡

∫ ∏
x

dρ (x)F [ρ]

≡ lim
N→∞

∫ ∏
1≤i≤N

dρ (xi)F [ρ (x1) , . . . , ρ (xN )]

where {x1, . . . ,xN} is a partition of the domain of ρ such that xi → xi+1 when N →∞

and where F [ρ (x1) , . . . , ρ (xN )] is a rewriting of F [ρ] as a normal function of the N

variables {ρ (x1) , . . . , ρ (xN )} such that F [ρ (x1) , . . . , ρ (xN )]→ F [ρ] when N →∞.

As an example consider the functional F [ρ] =
∫
dz f (z) ρ (z) then we can define

F [ρ (x1) , . . . , ρ (xN−1)] =
∑

1≤i≤N−1

f (xi) ρ (xi) (xi+1 − xi)

a Riemann sum approximation of the integral
∫
dz f (z) ρ (z) (where xi → xi+1 when

N →∞) and F [ρ (x1) , . . . , ρ (xN−1)] is then a normal function of the N − 1 variables

ρ (xi).
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6. Gaussian functional integrals

In what follows we want to calculate the functional integral

I ≡
∫
Dρ exp

[
−1

2

∫
dxdy ρ (x)K (x,y) ρ (y)− i

∫
dxL (x) ρ (x)

]
F [ρ] (4)

where L (x) is a given function of x and where K (x,y) is an invertible (not necessarily

hermitian) integral operator.

To this end we use an identity of W. Siegel (Siegel, 2005) (since f (x+ y) =

ex∂yf (y)) and use equation (3)∫ ∞
−∞

dnu exp

[
−1

2
utKu

]
f (u) =

∫ ∞
−∞

dnu exp

[
−1

2
utKu

]
f (u+ v) at v = 0

=

∫ ∞
−∞

dnu exp

[
−1

2
utKu+ ut

∂

∂v

]
f (v) at v = 0

= C
1√

detK
exp

[
1

2

(
∂

∂v

)t
K−1 ∂

∂v

]
f (v) at v = 0

K =
1

2

(
K +Kt

)
since utKu = 1

2u
tKu+1

2u
tKtu where u = (u1, . . . , un), v = (v1, . . . , vn), ∂

∂v =
(

∂
∂v1

, . . . , ∂
∂vn

)
and K is an n×n invertible (and in our case complex) matrix. (Actually u is the col-

umn vector

u1
...
un

 and ut = (u1, . . . , un) etc.) (we also used (3)). The continuous

version of the above identity is then

∫
Dρ exp

[
−1

2

∫
dxdy ρ (x)Kx,yρ (y)

]
F [ρ]

= C
1√

detK
exp

[
1

2

∫
dxdy

δ

δρ (x)
K−1

x,y

δ

δρ (y)

]
F [ρ]

∣∣∣∣
ρ=0

(5)

where we used (and possibly later will use) several notational conventions

Kx,y = K (x,y)

K−1
x,y =

(
K−1

)
x,y

ρtKρ =

∫
dxdy ρ (x)Kx,yρ (y)

Ltρ =

∫
dxL (x) ρ (x) (6)
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Next consider the functional integral I (4). We shift (change of variable) ρ→ ρ−ϕ.

That is

ρ (x) → ρ (x)− ϕ (x)

dρ (x) → d (ρ (x)− ϕ (x)) = dρ (x)

thus Dρ → Dρ

With this “translation” we can write

I =

∫
Dρ exp

[
−1

2
ρtKρ− iLtρ

]
F [ρ]

=

∫
Dρ exp

[
−1

2
(ρ+ ϕ)tK (ρ+ ϕ)− iLt (ρ+ ϕ)

]
F [ρ+ ϕ]

=

∫
Dρ exp

[
−1

2
ρtKρ− 1

2
ρtKϕ− 1

2
ϕtKtρ− iLtρ

]
F [ρ+ ϕ]

× exp

[
−1

2
ϕtKϕ− iLtϕ

]
=

∫
Dρ exp

[
−1

2
ρtKρ− 1

2
ρt
(
Kϕ+Ktϕ+ 2iL

)]
F [ρ+ ϕ]

× exp

[
−1

2
ϕtKϕ− iLtϕ

]
=

∫
Dρ exp

[
−1

2
ρtKρ

]
F [ρ+ ϕ0]× exp

[
−1

2
LtK−1L

]
if ϕ0 = −iK−1L

= C
1√

detK
exp

[
1

2

∫
δ

δρ (x)
K−1

x,y

δ

δρ (y)

]
F [ρ+ ϕ0]

∣∣∣∣
ρ=0

× exp

[
−1

2
LtK−1L

]
where we use eq. (5)

= C
1√

detK
exp

[
−1

2
LtK−1L

]
× exp

[
1

2

∫
δ

δϕ (x)
K−1

x,y

δ

δϕ (y)

]
F [ϕ]

∣∣∣∣
ϕ=ϕ0

In the above derivations we used the identities

Ltρ = ρtL

ϕtKρ = (Kρ)t ϕ

= ρtKtϕ

δ

δρ (x)
Φ [ρ+ ϕ0]

∣∣∣∣
ρ=0

=
δ

δϕ (x)
Φ [ϕ]

∣∣∣∣
ϕ=ϕ0
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So we recap

∫
Dρ exp

[
−1

2

∫
dxdy ρ (x)K (x,y) ρ (y)− i

∫
dxL (x) ρ (x)

]
F [ρ]

= C
1√

detK
exp

[
−1

2
LtK−1L

]
× exp

[
1

2

∫
δ

δϕ (x)
K−1

x,y

δ

δϕ (y)

]
F [ϕ]

∣∣∣∣
ϕ=ϕ0

where ϕ0 = −iK−1L (7)

7. A general scheme for calculating more general functional integrals.

Suppose we want to calculate the functional integral

I =

∫
Dφ exp

[
−1

2

∫
φKφ

]
H [φ] Ψ [φ] .

We now know that the integral I equals (up to an unimportant constant) with K =

1
2

(
K +Kt

)
I =

1√
detK

exp

[
1

2

∫
δ

δφ
K−1 δ

δφ

]
H [φ] Ψ [φ]

∣∣∣∣
φ=0

.

We now want to separate the differentations on H [φ] and Ψ [φ]. To do this we remark

that (see )

f (∂x) g (x, x+ y) = f
(
∂
′
x + ∂

′
y

)
g
(
x′, y′

)
x′ = x, y′ = x+ y

evaluated at x = y = 0 . Using this identity we can rewrite I as (up to a constant)

I =
1√

detK
exp

[∫
1

2

δ

δφ
K−1 δ

δφ
+

δ

δφ
K−1 δ

δϕ
+

1

2

δ

δϕ
K−1 δ

δϕ

]
H [φ] Ψ [φ]

∣∣∣∣
φ=ϕ=0

.

That is

I =
1√

detK
exp

[
1

2

∫
δ

δφ
K−1 δ

δϕ

]
Z [φ] ∆ [ϕ]

∣∣∣∣
φ=ϕ=0

(8)

where

Z [φ] = exp

[
1

2

∫
δ

δφ
K−1 δ

δφ

]
H [φ]

∆ [ϕ] = exp

[
1

2

δ

δϕ
K−1 δ

δϕ

]
Ψ [ϕ] (9)
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8. The expectation value of the triplet in P1

We want to calculate the functional integral (P is the known Patterson function)

I ≡ Cte

∫
Dρ δ

(
ρ2 − δ (0)√

N
ρ

)
×

∏
x

δ

(∫
dy ρ (y) ρ (x + y)− P (x)

)
δ

(∫
ρ−
√
N

)
×∫

dxdudv ρ (x) ρ (x + u) ρ (x + v) exp [2πi (h · u + k · v)] (10)

The measure

δ

(
ρ2 − δ (0)√

N
ρ

)∏
x

δ

(∫
dy ρ (y) ρ (x + y)− P (x)

)
δ

(∫
ρ−
√
N

)
(11)

is (apart from a normalization constant) a positive uniform measure on the space of

all distributions ρ on the unit cell in P1 . Clearly

EhEkE−h−k [ρ] ≡
∫
dxdudv ρ (x) ρ (x + u) ρ (x + v) exp [2πi (h · u + k · v)]

is nothing else but the triplet EhEkE−h−k expressed as a functional of ρ. So

I = 〈EhEkE−h−k [ρ]〉

is the expectation value of the triplet where we average over the electronic distributions

ρ of the unit cell.

δ

(
ρ2 − δ (0)√

N
ρ

)
is a delta functional constraint expressing the fact that for every x, ρ (x) is either zero

or equals a peak of “strength” δ(0)√
N

. Together with the condition

δ

(∫
ρ−
√
N

)

we express the fact that ρ is a sum of N equal atoms of strength δ(0)√
N

.
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Finally the last constraint

∏
x

δ

(∫
dy ρ (y) ρ (x + y)− P (x)

)

expresses the fact that ρ is a solution of the phase problem. Remark also that the

constant of normalization Cte equals

Cte−1 =

∫
Dρ δ

(
ρ2 − δ (0)√

N
ρ

)
×

∏
x

δ

(∫
dy ρ (y) ρ (x + y)− P (x)

)
δ

(∫
ρ−
√
N

)
.

Next we write the delta functions as Fourier integrals up to a constant

δ

(
ρ2 − δ (0)√

N
ρ

)
=

∫
Dµ exp

[
i

∫
dxµ (x)

(
ρ2 (x)− δ (0)√

N

)]
∏
x

δ

(∫
dy ρ (y) ρ (x + y)− P (x)

)
=

∫
Dλ exp

[
i

∫
dxλ (x)×(∫

dy ρ (y) ρ (x + y)− P (x)

)]
δ

(∫
ρ−
√
N

)
=

∫
dκ exp

[
iκ

(∫
ρ−
√
N

)]

So eventually we can express I up to a constant as the functional integral (except∫
dκ which is a normal integral)

I =

∫
dκ

∫
DλDµDρ exp

[
i

∫
dxdy ρ (x)λ (x− y) ρ (y) +

i

∫
dxµ (x) ρ2 (x)− iδ (0)√

N

∫
dxµ (x) ρ (x) + iκ

∫
dx ρ (x)−

i

∫
dxλ (x)P (x)− iκ

√
N

]
EhEkE−h−k [ρ]

This can also be written more compactly as

I =

∫
dκ

∫
DλDµDρ exp

[
iρt (M + L) ρ−

i

(
δ (0)√
N
µt − κ

)
ρ− iλtP − iκ

√
N

]
EhEkE−h−k [ρ] (12)

IUCr macros version 2.1.6: 2014/01/16



11

where

µtρ =

∫
dxµ (x) ρ (x)

Mx,y = µ (x) δ (x− y)

L =
1

2

(
L+ Lt

)
Lx,y = λ (x− y) (13)

Remark that L is not symmetric.

9. Doing the Dρ integration

It follows from (12 in section (1)) that (up to a constant) and after the transforma-

tion µ →
√
N

δ(0) (µ+ κ) (in which case Dµ → CteDµ and we discard the unimportant

constant)

I =

∞∫
−∞

dκe−iκ
√
N
∫
DλDµ 1√

det K̄
exp

[
−1

2
µtK̄−1µ− iλtP

]
×

exp

[
1

2

δ

δρ

t

K̄−1 δ

δρ

]
EhEkE−h−k [ρ]

∣∣∣∣∣
ρ=ϕ

(14)

where

K̄ = −2i

(
L+

√
N (M + κ)

δ (0)

)
ϕ = −iK̄−1µ

=
1

2

(
L+

√
N (M + κ)

δ (0)

)−1

µ

L =
L+ Lt

2
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Next since TrA =
∫
dxAx,x and

∫
unit cell dx = 1 and λ (0) =

∫
dxλ (x) δ (x) and δ (0)

is an infinite number and since det K̄ = exp
(
Tr ln K̄

)
we have

1√
det K̄

= Cte exp

{
−1

2
Tr ln

[
−i
(
L+

√
N (M + κ)

δ (0)

)]}

= Cte exp

{
−1

2
Tr ln

[
1− i

(
(L − i) +

√
N (M + κ)

δ (0)

)]}

= Cte exp

[
i

2
TrL+

i

2
Tr

(M + κ)
√
N

δ (0)
+

(
−1

2

)2

(−i)2 Tr

(
(L − i) +

√
N (M + κ)

δ (0)

)2

+O
(
{λ, µ}3

)
∝ exp

[
i

∫
dxλ (x) δ (x) + i

√
N

∫
(µ+ κ)− 1

8
λt (1 + Σ)λ−

√
N

2δ (0)
λ (0)

∫
(µ+ κ)− N

4δ (0)

(∫
µ2 + 2κ

∫
µ+ κ2

)
Cte =

1√
det (2)

Σf (x) = f (−x) (15)

Indeed

−1

4
Tr (L − i)2 = −1

8
λt (1 + Σ)λ+

i

2
λ (0) + Cte

i

2
Tr

√
N (M + κ)

δ (0)
=

i

2

√
N

δ (0)
δ (0)

∫
(µ+ κ) = i

√
N

2

∫
(µ+ κ)

2

(
−1

4

)
Tr (L − i)

√
N (M + κ)

δ (0)
= −λ (0)

√
N

2δ (0)

∫
(µ+ κ) +

i

2

√
N

∫
(µ+ κ)

TrL2 =

∫
dxdy λ (x− y)λ (y − x) = λtΣλ

TrLLt =

∫
λ2

−1

4
Tr

(√
N (M + κ)

δ (0)

)2

= − N

4δ (0)2 δ (0)

∫
(µ+ κ)2

= − N

4δ (0)

∫
µ2 − 1

2

Nκ

δ (0)

∫
µ− N

4δ (0)
κ2
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We now do a change of variable κ →
√
δ(0)√
N
κ. Putting then (15) into (14) we obtain

for I

I =

∞∫
−∞

dκ exp

[
−1

4
κ2
] ∫
DλDµ×

exp

−1

2
µt
(
−2i

(
L+

M
√
N

δ (0)
+

κ√
δ (0)

))−1

µ− iλt
(
Q− i κ

2
√
δ (0)

δ

)×
exp

[
−iµt

√
N

(
−1− i κ

2
√
δ (0)

− iλ (0)

√
N

2δ (0)

)
− 1

8
λt (1 + Σ)λ

]
×

exp

1

2

δ

δρ

t
(
−2i

(
L+

M
√
N

δ (0)
+

κ√
δ (0)

))−1
δ

δρ

EhEkE−h−k [ρ]

∣∣∣∣∣∣
ρ=ϕ

+O
(
δ (0)−1

)
Q = P − δ (16)

ϕ = −iK−1µ

K = −2i

(
L+

M
√
N

δ (0)
+

κ√
δ (0)

)
(17)

We now use the identity (Siegel, 2005)

1

A+B
=

1

A
− 1

A
B

1

A
+ . . .

to develop
(
A− 2iM

√
N

δ(0)

)−1
,

(
A− 2i

M
√
N

δ (0)

)−1

=
1

A
+ 2i

1

A

M
√
N

δ (0)

1

A
+O

(
δ (0)−2

)
A = −2i

(
L+

κ√
δ (0)

)
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Then

I =

∞∫
−∞

dκ exp

[
−1

4
κ2
] ∫
DλDµ ×

exp

[
−1

2
µtA−1µ− iλt

(
Q− i κ

2
√
δ (0)

δ

)]
×

exp

[
−iµt

√
N

(
−1− iκ

2
√
δ (0)

− iλ (0)

√
N

2δ (0)

)
− 1

8
λt (1 + Σ)λ

]
×

exp

[
iµt

1

A

M
√
N

δ (0)

1

A
µ

]

exp

[
1

2

δ

δρ

t

K−1 δ

δρ

]
EhEkE−h−k [ρ]ρ=ϕ

Q = P − δ (18)

ϕ = −iK−1µ

K = −2i

(
L+

κ√
δ (0)

+
M
√
N

δ (0)

)

= A− 2i
M
√
N

δ (0)
(19)

Finally we calculate

exp

[
1

2

δ

δρ

t

K−1 δ

δρ

]
EhEkE−h−k [ρ]

∣∣∣∣∣
ρ=ϕ

≡ exp

[
1

2

∫
dxdy

δ

δρ (x)
K−1

x,y

δ

δρ (y)

]
EhEkE−h−k [ρ]

∣∣∣∣
ρ=ϕ

= EhEkE−h−k [ρ]|ρ=−iK−1µ −

i

∫
dudv exp [2πi (h · u + k · v)]

[∫
dzdyK−1

z,z+uK−1
z+v,yµ (y) +∫

dzdyK−1
z,z+vK−1

z+u,yµ (y) +

∫
dzdyK−1

z+u,z+vK−1
z,yµ (y)

]
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10. Doing the Dµ integration

First we calculate

1√
detA−1

=
√

detA

=

√√√√det (−2i) det

(
L+

κ√
δ (0)

)

∝

√√√√det

(
L+

κ√
δ (0)

)

∝ exp

[
1

2
Tr ln

(
1 + (L − 1) +

κ√
δ (0)

)]

∝ exp

[
−1

8
λt (1 + Σ)λ− 1

4
κ2 + λtδ + κ

√
δ (0)− κ

2
√
δ (0)

λtδ

]

Next we can do, from (19) and the usual rules for calculating a gaussian integral,

the Dµ-integration. We get

I =

∫
dκ exp

[
κ
√
δ (0)− 1

2
κ2
] ∫
Dλ exp

[
−1

4
λt (1 + Σ)λ− iλt

(
Q+ iδ − i κ√

δ (0)
δ

)]
×

exp

iN (
λt +

κ√
δ (0)

)(
1 + i

κ

2
√
δ (0)

+ λ (0)

√
N

2δ (0)

)2
×

exp

[
1

2

δ

δµ

t

A
δ

δµ

]
H [µ]H [µ]µ=φ

φ = iA
√
N

(
1 + i

κ

2
√
δ (0)

+ iλ (0)

√
N

2δ (0)

)

A = −2i

(
L+

κ√
δ (0)

)

H [µ] = exp

[
iµt

1

A

M
√
N

δ (0)

1

A
µ

]
H [µ] = EhEkE−h−k [ρ]|ρ=−iK−1µ−

i

∫
dudv exp [2πi (h · u + k · v)]

[∫
dzdyK−1

z,z+uK−1
z+v,yµ (y) +∫

dzdyK−1
z,z+vK−1

z+u,yµ (y) +

∫
dzdyK−1

z+u,z+vK−1
z,yµ (y) (20)

Next it is time to diagonalize L. It is easy to do this with bra ket notation. We define
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the ket |h〉 as the function

< x|h >= exp [−2πih · x]

and thus

〈h|x〉 ≡ < x|h >

= < −x|h >

= < x| − h >

And we use the following identities

Id =

∫
dx |x〉 〈x|

< x|y > = δ (x− y)

λ̂ (q) ≡< q|λ > =

∫
dx < q|x >< x|λ >

=

∫
dxλ (x) exp [2πiq · x]

λ (x) =

(
1

2π

)3 ∫
dq λ̂ (q) < x|q >

=

(
1

2π

)3 ∫
dq λ̂ (q) exp [−2πiq · x]

Id =

∫
|q〉
(

1

2π

)3

〈q|

< p|q > = (2π)3 δ (p− q)

Then

〈k|L |h〉 =

∫
dxdy < k|x >< x|L|y >< y|h >

=

∫
dx < k|x >

∫
dy λ (x− y) < y|h >

=

∫
dx < k|x >

∫
dy λ (x− y) < y − x + x|h >

=

∫
dx < k|x >< x|h >

∫
(−) du < h|u >< u|λ >

= − < k|h >< h|λ >

= − (2π)3 δ (k− h) λ̂ (h)
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That is L is diagonal in the |q >- basis. Equivalently we can derive

(Lth,k =< h|Lt|k >)

Lth,k = (2π)3 δ (h− k) λ̂ (−h)

Lh,k =
1

2
(2π)3 δ (h− k)

(
λ̂ (−h)− λ̂ (h)

)
Next we note that we can suppose that λ (x) = λ (−x). This follows from the observa-

tion that P (−x) = P (x) and from the identity
∫
dy ρ (y) ρ (x + y) ≡

∫
dy ρ (y) ρ (−x + y).

Then λ̂ (−h) = −λ̂ (h) and thus

Lh,k = − (2π)3 δ (h− k) λ̂ (h)

Thus A = −2i

(
L+ κ√

δ(0)

)
is diagonal in the |q >- basis and

< h|A|k > = Ah,k

= 2i (2π)3 δ (h− k)

[
− κ√

δ (0)
+ λ̂ (h)

]

10.1. Carrying on with the Dµ-integration.

We develop H [µ] and H [µ] along orders of δ (0)−1.
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H [µ] ≡ H1 [µ] +
1

δ (0)
H2 [µ] +O

(
δ (0)−2

)
H1 [µ] ≡ H0

1 [µ] +H1
1 [µ]

H0
1 [µ] ≡ EhEkE−h−k [ρ]|ρ=−iA−1µ

= i

∫
dudvdzdx1dx2dx3 < h|u >< k|v >< −h− k|z > ×

A−1
z,x1

µ (x1)A−1
u,x2

µ (x2)A−1
v,x3

µ (x3) (21)

H1
1 [µ] ≡ −i

∫
dudvdz < h|u >< k|v >< −h− k|z > ×[∫

dyA−1
z,uA

−1
v,yµ (y) +

∫
dyA−1

z,vA
−1
u,yµ (y) +∫

dyA−1
u,vA

−1
z,yµ (y)

]
(22)

K−1 = A−1 +
1

δ (0)
2i
√
NA−1MA−1 +O

(
δ (0)−2

)
H2 [µ] ≡ H0

2 [µ] +H1
2 [µ]

where H0
2 [µ] ≡ the δ (0)−1 part of i

∫
dudvdzdx1dx2dx3 < h|u >< k|v >< −h− k|z > ×

K−1
z,x1

µ (x1)K−1
u,x2

µ (x2)K−1
v,x3

µ (x3)

H1
2 [µ] ≡ the δ (0)−1 part of − i

∫
dudvdz < h|u >< k|v >< −h− k|z > ×[∫

dyK−1
z,uK−1

v,yµ (y) +

∫
dyK−1

z,vK−1
u,yµ (y) +∫

dzdyK−1
u,vK−1

z,yµ (y)

]
H [µ] ≡ 1 +

1

δ (0)
H1 [µ]

H1 [µ] ≡ i
√
Nµt

1

A
M

1

A
µ

α ≡ i
√
N

(
1 + i

κ

2
√
δ (0)

+ iλ (0)

√
N

2δ (0)

)

H [µ]H [µ] =

[(
1 +

1

δ (0)
H1 [µ]

)(
H0

1 [µ] +H1
1 [µ] +

1

δ (0)

(
H0

2 [µ] +H1
2 [µ]

))]
+O

(
δ
(
0−2

))
= H0

1 [µ] +H1
1 [µ] +

1

δ (0)

[
H0

2 [µ] +H1
2 [µ] +H1 [µ]H0

1 [µ] +H1 [µ]H1
1 [µ]

]
+O

(
δ
(
0−2

))
(23)

Next observe that

1. H0
1 [µ] is of degree 3 in µ.

IUCr macros version 2.1.6: 2014/01/16



19

2. H1
1 [µ] is of degree 1 in µ.

3. H0
2 [µ] is of degree 4 in µ.

4. H1
2 [µ] is of degree 2 in µ.

5. H1 [µ]H0
1 [µ] is of degree 6 in µ.

6. H1 [µ]H1
1 [µ] is of degree 4 in µ.

and
(
δ
δµ

t
A δ
δµ

)p
f [µ] = 0 whenever the degree in µ of f is strictly less than 2p. Then

exp

[
1

2

δ

δµ

t

A
δ

δµ

]
H [µ]H [µ]µ=Aα =1 +

1

2

δ

δµ

t

A
δ

δµ
+ . . .+

1

6

(
1

2

δ

δµ

t

A
δ

δµ

)3
H [µ]H [µ]

∣∣∣∣∣∣
µ=Aα

+O
(
δ (0)−2

)

And thus

exp

[
1

2

δ

δµ

t

A
δ

δµ

]
H [µ]H [µ]

∣∣∣∣∣
µ=Aα

=

(
H0

1 [µ] +H1
1 [µ]

)∣∣∣
µ=Aα

+
1

2

δ

δµ

t

A
δ

δµ
H0

1 [µ]

∣∣∣∣∣
µ=Aα

+
1

δ (0)

{
(H1 [µ]H1 [µ] +H2 [µ])µ=Aα +

1

2

δ

δµ

t

A
δ

δµ

(
H0

1 [µ]H1 [µ] +H1
1 [µ]H1 [µ] +H0

2 [µ]
)∣∣∣∣∣
µ=Aα

+

1

8

(
δ

δµ

t

A
δ

δµ

)2 (
H0

1 [µ]H1 [µ] +H1
1 [µ]H1 [µ] +H0

2 [µ]
)
µ=Aα

+

1

48

(
δ

δµ

t

A
δ

δµ

)3 (
H1

1 [µ]H1 [µ]
)∣∣∣∣∣∣
µ=Aα
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We arrive at the following result

I =

∫
dκ exp

[
κ
√
δ (0)− 1

2
κ2
] ∫
Dλ exp

[
−1

4
λt (1 + Σ)λ− iλt

(
Q+ iδ − i κ√

δ (0)
δ

)]
×

exp

iN (
λt +

κ√
δ (0)

)(
1 + i

κ

2
√
δ (0)

+ λ (0)

√
N

2δ (0)

)2
√N (

A−1 (h + k)A−1 (h) +

A−1 (h + k)A−1 (k) +A−1 (h)A−1 (k)
)

(24)

where is defined by

< p|A−1|q >≡ (2π)3A−1δ (p− q) .

Remark that also the common factor
√
N could have been dropped but we shall still

keep it until we have discussed the resulting I

11. Doing the Dλ-integration

We shall now prepare (25) for the Dλ-integration. First

−1

4
λt (1 + Σ)λ = −1

2

∫
dxλ (x)2

= −1

2

(
1

2π

)3 ∫
dp λ̂ (p) λ̂ (−p)

1

2

∫
dx

δ

δλ (x)

δ

δλ (x)
=

1

2

∫
dxdpdq

δλ̂ (p)

δλ (x)

δ

δλ̂ (p)

δλ̂ (q)

δλ (x)

δ

δλ̂ (q)

= 4π3
∫
dp

δ

δλ̂ (p)

δ

δλ̂ (−p)

Dλ ∝ Dλ̂

λt ≡
∫
dxλ (x)

= λ̂tδ
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Then (25) can be rewritten

I =

∫
dκ exp

κ
√
δ (0)

1 +
iN

δ (0)

(
1 + i

κ

2
√
δ (0)

)2

︸ ︷︷ ︸
≈0

− 1

2
κ2

×
∫
Dλ̂ exp

−1

2

(
1

2π

)3 ∫
dp λ̂ (p) λ̂ (−p)− iλ̂t

(
1

2π

)3
Q̂+ i− i κ√

δ (0)
−Nδ

(
1 + i

κ

2
√
δ (0)

)2
×

 1(
λ̂ (h) + κ√

δ(0)

) 1(
λ̂ (h + k) + κ√

δ(0)

) +
1(

λ̂ (h + k) + κ√
δ(0)

) 1(
λ̂ (k) + κ√

δ(0)

)+

1(
λ̂ (h) + κ√

δ(0)

) 1(
λ̂ (k) + κ√

δ(0)

)


Thus according to the formulas for gaussian integration we obtain for I

I =

∫
dκ exp

κ√δ (0)− 1

2
κ2 − 1

2

(
1

2π

)3 ∫
dp

Q̂ (p) + i− i κ√
δ (0)

−Nδ
(

1 + i
κ

2
√
δ (0)

)2
×

exp

[
1

2
(2π)3

∫
dp

δ

δλ̂ (p)

δ

δλ̂ (−p)

]
×

 1(
λ̂ (h) + κ√

δ(0)

) 1(
λ̂ (h + k) + κ√

δ(0)

)+

1(
λ̂ (h + k) + κ√

δ(0)

) 1(
λ̂ (k) + κ√

δ(0)

) +
1(

λ̂ (h) + κ√
δ(0)

) 1(
λ̂ (k) + κ√

δ(0)

)


at λ̂ = −i(2π)3

(2π)3

Q̂+ i− i κ√
δ (0)

−Nδ
(

1 + i
κ

2
√
δ (0)

)2


Q̂ (p) = R2
p − 1

Next remark that

Integration over reciprocal space

∫
dp =

∫
dp e2iπp·0

= (2π)3 δ (0)

Every differentiation δ
δλ̂(p)

acting on e.g. 1(
λ̂(h)+ κ√

δ(0)

) gives us back again a multiple

of a power of 1(
λ̂(h)+ κ√

δ(0)

) . So we see that δ
δλ̂(p)

1(
λ̂(h)+ κ√

δ(0)

) at λ̂ = −i
(
Q̂+ i− i κ√

δ(0)
−Nδ

(
1 + i κ

2
√
δ(0)

)2
)
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becomes

δ

δλ̂ (p)

1

λ̂ (h)
at λ̂ = −i

Q̂+ i−Nδ
(

1 + i
κ

2
√
δ (0)

)2


Also because δ (h) = 0 (h 6= 0) we see that δ
δλ̂(p)

1(
λ̂(h)+ κ√

δ(0)

) at

λ̂ = −i
(
Q̂+ i− i κ√

δ(0)
−Nδ

(
1 + i κ

2
√
δ(0)

)2
)

is nothing else but

δ

δλ̂ (p)

1

λ̂ (h)
at λ̂ = −i

(
Q̂+ i

)
Since κ has disappeard in this expression we can throw the κ-integral away and we

obtain

I = Cte exp

[
4π3

∫
dp

δ

δλ̂ (p)

δ

δλ̂ (−p)

]
×
√
N

(
1

λ̂ (h)

1

λ̂ (h + k)
+

1

λ̂ (h + k)

1

λ̂ (k)
+

1

λ̂ (h)

1

λ̂ (k)

)
at λ̂ = −i

(
Q̂+ i

)
(25)

Let’s write the first order approximation of this expression (we throw away 1
(−i)2 )

Ifirst order =
√
N

 1(
Q̂h + i

) (
Q̂h+k + i

) +
1(

Q̂k + i
) (
Q̂h+k + i

)+

1(
Q̂h + i

) (
Q̂k + i

)
 (26)

(since
√
N is an overall constant we can safely drop it). We are not interested in the

renormalizing constant since we don’t know the probability distribution. We see that

for very high R̂h ≈ R̂k ≈ R̂h+k the complex number Ifirst order becomes almost positive

which makes sense.

The next order for I is obtained after functional derivation 4π3
∫
dp δ

δλ̂(p)
δ

δλ̂(−p)

applied to 1
λ̂(h)

1
λ̂(h+k)

+ 1
λ̂(h+k)

1
λ̂(k)

+ 1
λ̂(h)

1
λ̂(k)

. For instance

4π3
∫
dp

δ

δλ̂ (p)

δ

δλ̂ (−p)

1

λ̂ (h)

1

λ̂ (k)

∣∣∣∣∣
λ̂=Q̂+i

= 4π3

 6(
Q̂h + i

)3 (
Q̂k + i

)+

6(
Q̂h + i

) (
Q̂k + i

)3 +
2(

Q̂h + i
)2 (

Q̂k + i
)2
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