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2 Calculation of Lh,k.

〈x|h〉 ≡ exp [−2πih · x]. Then 〈h|x〉 ≡ 〈x|h〉 = exp [2πih · x] = 〈−x|h〉 = 〈x| − h〉
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Lh,k =

ˆ
dxdy 〈h|x〉 〈x|L|y〉 〈y|k〉

=

ˆ
dxdy 〈h|x〉Lx,y 〈y|k〉

=

ˆ
dxdy 〈h|x〉λ (x− y) 〈y|k〉

=

ˆ
dx 〈h|x〉

ˆ
−duλ (u) 〈y − x + x|k〉 u = x− y

= −
ˆ
dx 〈h|x〉

ˆ
duλ (u) 〈−u + x|k〉

= −
ˆ
dx 〈h|x〉 〈x|k〉

ˆ
duλ (u) 〈−u|k〉︸ ︷︷ ︸

〈k|u〉

= −
ˆ
dx 〈h|x〉 〈x|k〉

ˆ
du 〈k|u〉 〈u|λ〉

= −
ˆ
dx 〈h|x〉 〈x|k〉︸ ︷︷ ︸
〈h|k〉

〈k|λ〉

= − (2π)
3
δ (h− k) λ̂ (k)

Lth,k =

ˆ
dxdy 〈h|x〉

〈
x|Lt|y

〉
〈y|k〉

=

ˆ
dxdy 〈h|x〉Ltx,y 〈y|k〉

=

ˆ
dxdy 〈h|x〉λ (y − x) 〈y|k〉

=

ˆ
dx 〈h|x〉

ˆ
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=

ˆ
dx 〈h|x〉

ˆ
duλ (u) 〈u + x|k〉

=

ˆ
dx 〈h|x〉 〈x|k〉

ˆ
duλ (u) 〈u|k〉

= dx 〈h|x〉 〈x|k〉
ˆ
du 〈−k|u〉 〈u|λ〉

= 〈h|k〉 〈−k|λ〉
= (2π)

3
δ (h− k) λ̂ (−k)
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Lh,k =
1

2

(
Lh,k + Lth,k

)
=

1

2
(2π)

3
δ (h− k)

[
λ̂ (−h)− λ̂ (h)

]
Lh,k is diagonal

When λ is even: λ (u) = λ (−u) then

λ̂ (−h) = 〈−h|λ〉

=

ˆ
du 〈−h|u〉 〈u|λ〉

=

ˆ
du 〈h| − u〉 〈u|λ〉

= −
ˆ
du 〈h|u〉 〈−u|λ〉

= −
ˆ
du 〈h|u〉 〈u|λ〉

= −〈h|λ〉
≡ −λ̂ (h)

Then Lh,k = − (2π)
3
δ (h− k) λ̂ (h)

3 Final calculations. From now on we assume that λ is even!
1. H0

1 [µ]
∣∣
µ=Aα

= 0

Indeed

EhEkE−h−k [ρ]|ρ=−iA−1µ

∣∣∣
µ=Aα

= EhEkE−h−k [ρ]|ρ=−iA−1Aα

∝ α3

ˆ du < h|u >︸ ︷︷ ︸
=0


ˆ dv < k|v >︸ ︷︷ ︸

=0


ˆ dz 〈−h− k | z〉︸ ︷︷ ︸

=0

 = 0

2. H1
1 [µ]

∣∣
µ=Aα

= 0.

Indeed

−i
ˆ
dudvdz < h|u >< k|v > 〈−h− k | z〉

ˆ
dsA−1z,u

ˆ
dyA−1v,yAy,s︸ ︷︷ ︸
δ(v−s)

α ∝

ˆ dv < k|v >︸ ︷︷ ︸
=0

 ˆ dzdu < u|h > 〈−h− k | z〉 A−1z,u = 0
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3. H0
2 [µ]µ=Aα = 0.

Indeed e.g.

i

ˆ
dudvdzdx1dx2dx3 < h|u >< k|v >< −h− k|z > K−1z,x1

µ (x1)K−1u,x2
µ (x2)K−1v,x3

µ (x3) = 0

Indeed at least one of the K equals A, say K−1z,x1
= A−1z,x1

. Then at µ = Aα

i

ˆ
dudvdzdx1dx2dx3 < h|u >< k|v >< −h− k|z > A−1z,x1

µ (x1)K−1u,x2
µ (x2)K−1v,x3

µ (x3) ∝
ˆ
ds

ˆ
dx1A

−1
z,x1

Ax1,s︸ ︷︷ ︸
δ(z−s)︸ ︷︷ ︸
1

So this becomes 0 since ˆ
dz < −h− k|z >= 0

4. µ (y) at µ = Aα is a constant (independent of y)
Indeed

µ (y) = α

ˆ
dsAy,s

∝
ˆ
ds

ˆ
dpdq < y|p > < p|A|q >︸ ︷︷ ︸

A(p)δ(p−q)

< q|s >

∝
ˆ
ds

ˆ
dp < y|p > A (p) < p|s >

∝
ˆ
dp < y|p > A (p)

ˆ
ds < p|s >︸ ︷︷ ︸

δ(p)

∝ A (0)

5.
´
dyA−1w,y is a constant (independent of w).

Indeed ˆ
dyA−1w,y ∝

ˆ
dy

ˆ
dpdq < w|p > < p|A−1|q >︸ ︷︷ ︸

A−1(p)δ(p−q)

< q|y >

∝
ˆ
dp < w|p > A−1 (p)

ˆ
dy < p|y >︸ ︷︷ ︸

δ(p)

∝ A−1 (0)
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6.
´
dyK−1w,y is independent of w

7. H1
2 [µ]µ=Aα = 0.

Indeed the δ (0)
−1 (at µ = Aα) part of

−i
ˆ
dudvdz < h|u >< k|v >< −h− k|z > ×

[ˆ
dyK−1z,uK−1v,yµ (y) +

ˆ
dyK−1z,vK−1u,yµ (y) +

ˆ
dzdyK−1u,vK−1z,yµ (y)

]
gives 0. Indeed
K−1 = A−1 + 1

δ(0)2i
√
NA−1MA−1 +O

(
δ (0)

−2
)
. Consider the case µ = Kα. Then e.g.

ˆ
dyK−1z,uK−1v,yµ (y) =

ˆ
dyK−1z,u

ˆ
dsK−1v,yKy,s︸ ︷︷ ︸

1

and
´
dv < k|v >= 0.

8. δ
δµ

t
A δ
δµH

0
1 [µ]

∣∣∣
µ=Aα

= 0. Indeed

one of the µ’s in H0
1 [µ] survives the differentiation and then we have the reasoning of nr. 1. Hence the contribution is at least of order δ (0)

−1

9. (H1 [µ]H1 [µ] +H2 [µ])µ=Aα = 0 since H1 [µ] and H2 [µ] are 0 at µ = Aα (see above)

10. 1
2
δ
δµ

t
A δ
δµ

(
H0

1 [µ]H1 [µ] +H1
1 [µ]H1 [µ] +H0

2 [µ]
)∣∣∣
µ=Aα

= 0

11. 1
8

(
δ
δµ

t
A δ
δµ

)2 (
H0

1 [µ]H1 [µ] +H0
2 [µ]

)
µ=Aα

= −
√
N
(
A−1zuA

−1
uv +A−1zvA

−1
uv +A−1zuA

−1
zv

)
.

(a) 1
8

(
δ
δµ

t
A δ
δµ

)2
H0

1 [µ]H1 [µ]︸ ︷︷ ︸
deg 6

∣∣∣∣∣∣∣
µ=Aα

= 0

(b) But

1

8

(
δ

δµ

t

A
δ

δµ

)2

H0
2 [µ]︸ ︷︷ ︸

deg 4

= −
√
N

2

(
A−1zuA

−1
uv +A−1zvA

−1
uv +A−1zuA

−1
zv +A−1zvA

−1
zu +A−1vuA

−1
zv +A−1uvA

−1
zu

)
= −

√
N
(
A−1zuA

−1
uv +A−1zvA

−1
uv +A−1zuA

−1
zv

)
Indeed

i

ˆ
dudvdzdx1dx2dx3 < h|u >< k|v >< −h− k|z > K−1z,x1

µ (x1)K−1u,x2
µ (x2)K−1v,x3

µ (x3)

K−1 = A−1 +
1

δ (0)
2i
√
NA−1MA−1
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i. say

1

8

(
δ

δµ

t

A
δ

δµ

)2

2i
√
N
(
A−1MA−1

)
z,x1

µ (x1)A−1u,x2
µ (x2)A−1v,x3

µ (x3)

= −
√
N

4

(
δ

δµ

t

A
δ

δµ

)(
δ

δµ

t

A
δ

δµ

)(
A−1MA−1

)
z,x1

µ (x1)A−1u,x2
µ (x2)A−1v,x3

µ (x3)

= −
√
N

4

(
δ

δµ

t

A
δ

δµ

)(
δ

δµ

t

A
δ

δµ

)
A−1zs µ (s)A−1sx1

µ (x1)A−1u,x2
µ (x2)A−1v,x3

µ (x3)

= −
√
N

4

(
δ

δµ

t

A
δ

δµ

)
A−1zs As,x1A

−1
sx1
A−1u,x2

µ (x2)A−1v,x3
µ (x3)

= −
√
N

4
A−1zs As,x1

A−1sx1︸ ︷︷ ︸
δ(0)

A−1u,x2
Ax2,x3︸ ︷︷ ︸

δ(u−x3)

A−1v,x3

= −
√
Nδ (0)

4
A−1zs A

−1
v,u

=⇒< −h− k|z >
ˆ
dsA−1zs︸ ︷︷ ︸
Cte

=

ˆ
dz < −h− k|z >= 0

Indeed
ˆ

ds A−1zs ∝
ˆ
ds < z|p > < p|A−1|q >︸ ︷︷ ︸

A−1(p)δ(p−q)

< q|s >

=< z|p > A−1 (p)

ˆ
ds < p|s >︸ ︷︷ ︸

δ(p)

= A−1 (0)
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ii. Next

−
√
N

4

(
δ

δµ

t

A
δ

δµ

)(
δ

δµ

t

A
δ

δµ

)
A−1zs µ (s)A−1sx1

µ (x1)A−1u,x2
µ (x2)A−1v,x3

µ (x3)

= −
√
N

4
A−1zs As,x2

A−1sx1
A−1u,x2

Ax1,x3
A−1v,x3︸ ︷︷ ︸

δ(v−x1)

= −
√
N

4
A−1zs As,x2

A−1sv A
−1
u,x2

= −
√
N

4
A−1zs A

−1
sv As,x2A

−1
u,x2︸ ︷︷ ︸

δ(s−u)

= −
√
N

4
A−1zuA

−1
uv

=⇒ 2×−
√
N

4
A−1zuA

−1
uv = −

√
N

2
A−1zuA

−1
uv

iii. also

−
√
N

4

(
δ

δµ

t

A
δ

δµ

)(
δ

δµ

t

A
δ

δµ

)
A−1zs µ (s)A−1sx1

µ (x1)A−1u,x2
µ (x2)A−1v,x3

µ (x3)

= −
√
N

4
A−1zs Asx3

A−1sx1
Ax1x2

A−1u,x2︸ ︷︷ ︸
δ(u−x1)

A−1v,x3

= −
√
N

4
A−1zs Asx3

A−1su A
−1
v,x3

= −
√
N

4
A−1zvA

−1
vu

=⇒ 2×−
√
N

4
A−1zvA

−1
uv = −

√
N

2
A−1zvA

−1
uv

12. 1
8

(
δ
δµ

t
A δ
δµ

)2
H1

1 [µ]H1 [µ]︸ ︷︷ ︸
deg 4

∣∣∣∣∣∣∣
µ=Aα

= 0

Indeed
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(a) We have

1

8

(
δ

δµ

t

A
δ

δµ

)2

− i
ˆ
dudvdz < h|u >< k|v >< −h− k |z > ×[ˆ

dyA−1z,uA
−1
v,yµ (y) +

ˆ
dyA−1z,vA

−1
u,yµ (y) +

ˆ
dyA−1u,vA

−1
z,yµ (y)

]
i
√
Nµt

1

A
M

1

A
µ

=

√
N

8

(
δ

δµ

t

A
δ

δµ

)(
δ

δµ

t

A
δ

δµ

)ˆ
dudvdz < h|u >< k|v >< −h− k |z > ×[ˆ

dyA−1z,uA
−1
v,yµ (y) +

ˆ
dyA−1z,vA

−1
u,yµ (y) +

ˆ
dyA−1u,vA

−1
z,yµ (y)

] ˆ
dsdtdp µ (s)A−1st µ (t)A−1tp µ (p)

one term =⇒= A−1z,uA
−1
v,y AysA

−1
st︸ ︷︷ ︸

δ(t−y)︸ ︷︷ ︸´
dy A−1

v,y

AtpA
−1
tp︸ ︷︷ ︸

δ(0)

ˆ
dv < k|v >

ˆ
dy A−1v,y︸ ︷︷ ︸

0

13. 1
48

(
δ
δµ

t
A δ
δµ

)3 (
H1

1 [µ]H1 [µ]
)∣∣∣∣
µ=Aα

= −
√
N
3

´
dudvdz < h|u >< k|v >< −h− k|z >

(
A−1zuA

−1
uv +A−1zv A

−1
uv +A−1uzA

−1
zv

)
(a) Indeed

1

48

(
δ

δµ

t

A
δ

δµ

)3

i

ˆ
dudvdzdx1dx2dx3 < h|u >< k|v >< −h− k|z > A−1z,x1

µ (x1)A−1u,x2
µ (x2)A−1v,x3

µ (x3)×

i
√
Nµt

1

A
M

1

A
µ

= −
√
N

48

ˆ
dudvdzdx1dx2dx3 < h|u >< k|v >< −h− k|z >

(
δ

δµ

t

A
δ

δµ

)(
δ

δµ

t

A
δ

δµ

)(
δ

δµ

t

A
δ

δµ

)
×

A−1z,x1
µ (x1)A−1u,x2

µ (x2)A−1v,x3
µ (x3)

ˆ
dsdtdp µ (s)A−1st µ (t)A−1tp µ (p)

=⇒= A−1z,x1
Ax1sA

−1
u,x2

Ax2tA
−1
v,x3

Ax3pA
−1
st A

−1
tp

= δ (z − s) δ (u− t) δ (v − p)A−1st A−1tp

= −
√
N

48

ˆ
dudvdz < h|u >< k|v >< −h− k|z > A−1zuA

−1
uv

10



Thus

6× 2×

(
−
√
N

48

)
︸ ︷︷ ︸

−
√
N
3

ˆ
dudvdz < h|u >< k|v >< −h− k|z >

(
A−1zuA

−1
uv +A−1zv A

−1
uv +A−1uzA

−1
zv

)

(b) Indeed e.g.

1

48

(
δ

δµ

t

A
δ

δµ

)3

i

ˆ
dudvdzdx1dx2dx3 < h|u >< k|v >< −h− k|z > A−1z,x1

µ (x1)A−1u,x2
µ (x2)A−1v,x3

µ (x3)×

i
√
Nµt

1

A
M

1

A
µ

= −
√
N

48

ˆ
dudvdzdx1dx2dx3 < h|u >< k|v >< −h− k|z >

(
δ

δµ

t

A
δ

δµ

)(
δ

δµ

t

A
δ

δµ

)(
δ

δµ

t

A
δ

δµ

)
×

A−1z,x1
µ (x1)A−1u,x2

µ (x2)A−1v,x3
µ (x3)

ˆ
dsdtdp µ (s)A−1st µ (t)A−1tp µ (p)

=⇒= A−1z,x1
Ax1x2︸ ︷︷ ︸

δ(z−x2)

A−1u,x2
A−1v,x3

Ax3s︸ ︷︷ ︸
δ(v−s)

A−1st AtpA
−1
tp︸ ︷︷ ︸

δ(0)

=⇒= δ (0)A−1u,z

ˆ
dv < k|v >

ˆ
dtA−1vt︸ ︷︷ ︸
6=f(v)︸ ︷︷ ︸

0
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