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S$1. Special and general positions in space group Pbnm relevant for perovskites

The positions quoted in Table S1 have been derived from the positions quoted for Prnma in International

Tables for Crystallography (Hahn 1995).

Table S1  Relevant positions in Space Group Pbnm for perovskites
Position 1 2 3 4 5 6 7 8
B (4a) 0,0,0 | 5,%,0 0,0,% V2,72,
B (4b) ¥2,0,0 | 0,72,0 12,0, 0,%,%
A &Ol (4c) | xy,Va | xtByt+nB¥% | X,y,% X+Y,y+%,Y
02 (8d) xyz | xthythz | X,y,z+t% | Xxthythzts | X,¥,Z | Xteytez | xy,z2+04 | xthythzt)

S2. Derivation of analytical expressions for the three definitive PCRO vectors in different space

groups
S$2.1. Space group Pbnm with B-ions in 4a positions

The reference structure to be taken is of LaCro7Nig30; (Yang (2008); ICSD 173471). The following unit
cell parameters apply: a = 5.5094 A; b=5.4740 A; ¢ = 7.7536 A. B-ions are located at 4a [0,0,0].
Oxygen O1 ions are located at 4¢ positions of the unit cell with x=0.5744 and y=0.4956. z(O1) has the
fixed coordinate of Y4. O2 ions are located at 84 positions with x=0.2324, y=0.3082 and z=0.0236.

The following development follows the steps taken in §2.2.1 of the article with respect to the derivation

of analytical coordinates. Tables S2, S4, S7, S9, S11, S13 and S15 are to be read from left to right, since
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it is assumed that Cartesian coordinates are derived first, followed by numerical fractional coordinates

and finally analytical fractional coordinates.

Table S2  Calculation of analytical fractional coordinates of the six octahedral anions coordinating the

chromium ion located at 0,0,0

Atom Cartesian coordinates Numerical fractional Analytical fractional coordinates
coordinates
XC yc zZC X y z X y z
Cr (4a) 0.0000 | 0.0000 | 0.0000 0 0 0 0 0 0

Oa(8d) |-1.4743 | 1.0499 | -0.1830 | -0.2676 | 0.1918 | -0.0236 | x(02)-%2 »(O02)+%s | -z(02)

Ob(8d) | 1.4743 | -1.0499 | 0.1830 0.2676 | -0.1918 | 0.0236 | x(02)+2 | ¥(02)-7 z(02)

Oc(8d) |-1.2804 | -1.6871 | -0.1830 | -0.2324 | -0.3082 | -0.0236 | -x(02) -(02) -z(02)

Od@8d) | 1.2804 | 1.6871 | 0.1830 0.2324 | 0.3082 | 0.0236 | x(O2) ¥(02) z(02)

Oe(4c) | 0.4099 | 0.0241 | -1.9384 | 0.0744 | 0.0044 -0.25 | x(O1)-% YO+ | -Y

Of(4c) |-0.4099 | -0.0241 | 1.9384 | -0.0744 | -0.0044 0.25 | x(O)+% | y(O1)-% Ya

The three vectors for the PCRO are now formed in Table S3 by taking the differences in the analytical

fractional coordinates given in Table S2 and forming Cartesian vectors by multiplying the vectors in

a 0 O
fractional coordinates by the orthogonalization matrix (0 b 0). The three stalk vectors so formed are
0 0 ¢

parallel to the edges of the PCRO.

Table S3  The three vectors defining the PCRO with mid-point 0,0,0 in space group Pbnm.

Cartesian components Nearest pseudocubic axes
Stalk PCRO X Y Z pseudocubic | orthorhombic
vector
Ob<«Oa | a | —a(2x(02)—1) | b(2y(02)—1) 2¢2(02) XpC [170]
O0d«Oc a, 2ax(02) 2by(02) 2¢2(02) Yec [110]
Of«Oe a; —a(2x(01) — 1) b(2y(01) — 1) c/2 zpc [001]
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The colour-coding of the cells signifies that vectors @, and a, interdependent. Both vectors are functions

of the variables a,b,c, x(02), y(02) and z(02).

$2.2. Space group Cmcm

The reference structure is of lueshite (NaNbQ3) at 848 K (Mitchell et al. (2014); ICSD 192404). The
following unit cell parameters apply: a = 7.8679 A; b=7.8624 A; c = 7.8713 A. Atomic parameters for
Nb and O are as follows: Nb: 8d4; O1: 8¢: x(O1) = 0.2809; 02: 8f: y(02) =0.2338, z(02) = 0.0092; O3:
8g: x(03)=0.2771; y(03) = 0.2579. Fixed oxygen coordinates are as follows: y(0O1) = 0; z(O1) = 0;
x(02) = 0; z(03) = Va.

The octahedral cage coordinating the B-ion at %4,%4,0 in the unit cell is taken, with the other seven
octahedra in the cell generated by symmetry. Pseudocubic axes are set as follows: origin of coordinates at
[Ya, ¥4,0]; xec: || [100]; yec: || [010]; zpc: || [001]. Analytical fractional coordinates are calculated in Table
S4.

Table S4  Calculation of analytical fractional coordinates of the six octahedral anions coordinating the

niobium ion located at Y4,%,0

Atom Cartesian coordinates Numerical fractional Analytical fractional coordinates
coordinates

X Y VA X y z x y z
Nb 1.9670 | 1.9656 | 0.0000 | 0.2500 | 0.2500 | 0.0000 Va Ya 0
Oa(8) | 0.0000 | 1.8382 | 0.0724 | 0.0000 | 0.2338 | 0.0092 0 ¥(02) z(02)
Ob(8f) | 3.9340 | 2.0930 | -0.0724 | 0.5000 | 0.2662 | -0.0092 VZs »(02)+% 2(02)
Oc(8e) | 2.2101 | 0.0000 | 0.0000 | 0.2809 | 0.0000 | 0.0000 x(01) 0 0
Od(8e) | 1.7239 | 3.9312 | 0.0000 | 0.2191 | 0.5000 | 0.0000 | -x(O1)+ % Y 0
Oe(8g) | 1.7538 | 1.9035 | -1.9678 | 0.2229 | 0.2421 | -0.2500 | -x(O3)+ ' | -¥(O3)+ ' -Ya
Of(8g) | 2.1802 | 2.0277 | 1.9678 | 0.2771 | 0.2579 | 0.2500 x(03) »(03) Ya

The three vectors for the PCRO are now formed in Table S5 by taking the differences in the analytical

fractional coordinates given in Table S4 and forming Cartesian vectors by multiplying the vectors in

a 0 O
fractional coordinates by the orthogonalization matrix (0 b 0). The three stalk vectors so formed are
0 0 ¢

parallel to the edges of the PCRO.
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Table S5 The three vectors defining the PCRO with mid-points ¥4,%,0 in space group Cmcm

Cartesian components

Nearest pseudocubic axes

Stalk PCRO X Y Z pseudocubic | orthorhombic
vector

Ob«Oa a; a/z -b(2y(02)-%2) -2¢2(02) XpC [100]

0d«Oc a, -a(2x(01)-%%) b/2 0 VpC [010]

Of«Oe a; a(2x(03)-%) b(2y(03)-12) C/Z Zpc [001]

As there are no interdependencies between the PCRO vectors in this space group.

$2.3. Space group Ibmm

The positions quoted in Table S6 have been derived from the positions quoted for /mma in International

Tables for Crystallography (Hahn, 1995).

Table S6 Relevant positions in Space Group Ibmm for perovskites

0,0,0)+ (2,7, %2)+

Position 1 2 3 4

B (4a) 0,0,0 | 0,0,%%

A & Ol (4e) | x,0,% | %,0,%

02 (8g) Va,Vaz | VaYaZ +Va | YaYa,Z | Ya,Vazt s

The reference structure is of BaPbOjs refined at room temperature without considering anisotropic line
broadening (Fu et al., 2005). The following unit cell parameters apply: a = 6.06525 A; b =6.02504 A; ¢
= 8.50576 A. Atomic parameters for Pb and O are as follows: Pb: 4a; O: 4e: x(01) = 0.0502; 8g : z(02) =
-0.0271. Fixed oxygen coordinates are as follows: y(O1) = 0; z(O1) = Y4; x(02) = Y4; y(02) = Va.

The octahedral cage coordinating the B-ion at 0,0,0 in the unit cell is taken, with the other three octahedra

in the cell generated by symmetry. Pseudocubic axes are set as follows: origin of coordinates at [0,0,0];

xec: || [110]; yec: || [110]; zec: || [001]. Analytical fractional coordinates are calculated in Table S7.
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Table S7  Calculation of analytical fractional coordinates of the six octahedral anions coordinating the

lead ion located at 0,0,0

Atom Cartesian coordinates Numerical fractional Analytical fractional coordinates
coordinates

X Y V4 x y z X y z
Pb 0 0 0 0 0 0 0 0 0
Oa(8g) | -1.5163 | 1.5063 | 0.2386 -V Ya 0.0271 -V YVa -z(02)
Ob(8g) | 1.5163 | -1.5063 | -0.2386 Ya -] -0.0271 Ya -Va z(02)
Oc(8g) | -1.5163 | -1.5063 | 0.2386 -V -Va 0.0271 -V -Va -z(02)
O0d(8g) | 1.5163 | 1.5063 | -0.2386 Ya YVa -0.0271 Ya Ya z(02)
Oe(4e) | -0.3033 | 0.0000 | -2.2014 | -0.0502 0 -Va -x(01) 0 -V
Of(4e) | 03033 | 0.0000 | 2.2014 | 0.0502 0 Ya x(01) 0 YVa

The three vectors for the PCRO are now formed in Table S8 by taking the differences in the analytical

fractional coordinates given in Table S7 and forming Cartesian vectors by multiplying the vectors in

fractional coordinates by the orthogonalization matrix <

parallel to the edges of the PCRO.

a 0 O
0 b O
0 0 ¢

). The three stalk vectors so formed are

Table S8 The three vectors defining the PCRO with mid-points %5,0,0 in space group /bmm

Cartesian components Nearest pseudocubic axes
Stalk PCRO Xc ye zc pseudocubic orthorhombic
vector
Ob«Oa a; a/z —b/2 2¢z(02) Xpc [110]
0d«Oc a, a/z b /2 2¢z(02) XpC [110]
Of«Oe a; 2ax(01) 0 /5 Zpc [001]

The colour-coding signifies that vectors @, and a, are interdependent, in this case of equal length. Since

a, - a; = a, - as, it follows that angles 03; and 0,3 will also be equal.
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S$2.4. Space group P4/mbm

The reference structure is of NaNbO; at 888 K (Darlington & Knight, 1999) ; ICSD 280100). The
following unit cell parameters apply: a = 5.56896 A; ¢ = 3.94408 A. Atomic parameters for Nb and O are
as follows: Nb: 2a; O1: 2b; O2: 4g : X(02) = 0.2281; x(02)="2-X(02); (02)=X(02). Fixed oxygen
coordinates are as follows: x(O1)=0; y(O1)=0; z(O1)=Y3; z(02)=0.

The octahedral cage coordinating the B-ion at 0,0,0 in the unit cell is taken, with the other octahedron in
the cell generated by symmetry. Pseudocubic axes are set as follows: origin of coordinates at [0,0,0]; xpc:

| [1107; yec: || [110]; zec: || [001]. Analytical fractional coordinates are calculated in Table S9.

Table S9 Calculation of analytical fractional coordinates of the six octahedral anions coordinating the

titanium ion located at 0,0,0

Atom Cartesian coordinates Numerical fractional Analytical fractional coordinates
coordinates

X Y Z X y z X y z
Nb 0.0000 0.0000 0.0000 0.0000 | 0.0000 | 0.0000 0 0 0
Oa(4g) | -1.2703 1.5142 0.0000 | -0.2281 | 0.2719 | 0.0000 -X(02) -X(02)+ 0
Ob(4g) | 1.2703 | -1.5142 0.0000 0.2281 | -0.2719 | 0.0000 X(02) X(02)-% 0
Oc(4g) | -1.5142 | -1.2703 0.0000 | -0.2719 | -0.2281 | 0.0000 | X(O2)-% -X(02) 0
Od(4g) | 1.5142 1.2703 0.0000 0.2719 | 0.2281 | 0.0000 | -X(O2)+% X(02) 0
Oe(2bh) | 0.0000 0.0000 -1.9720 | 0.0000 | 0.0000 | -0.5000 0 0 -
O f(2b) | 0.0000 0.0000 1.9720 0.000 | 0.0000 | 0.5000 0 0 Va

The three vectors for the PCRO are now formed in Table S10 by taking the differences in the analytical

fractional coordinates given in Table S9 and forming Cartesian vectors by multiplying the vectors in

a 0 O
fractional coordinates by the orthogonalization matrix <0 a O). The three stalk vectors so formed are
0 0 c

parallel to the edges of the PCRO.
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Table S10 The three vectors defining the PCRO with mid-points 0,0,0 in space group P4/mbm

Cartesian components Nearest pseudocubic axes
Stalk PCRO X Y VA pseudocubic | tetragonal
vector
Ob<«Oa a, 2aX(02) a(2X(02)-1) 0 xpc [110]
0d«Oc a, -a(2X(02)-1) 2aX(02) 0 YrC [110]
Of«Oe as; 0 0 c ZpC [001]

The scalar products between all three pairs of vectors are zero. Therefore all angles will be equal to 90°.

Furthermore, vectors @, and a, are interdependent and of equal length.

$2.5. Space group P4;/nmc

The reference structure is of CaMnOs (Zagorac et al. (2014); ICSD 670342). The following unit cell
parameters apply: a = 7.59 A; ¢ = 7.3 A. Atomic parameters for Mn and O are as follows (Origin Choice
2): Mn: 8e¢; O1: 8f: x(01) =0.0268; O2: 8¢ : y(02) = 0.0411, z(02) = 0.9726; O3: 8g: ¥(03) = 0.964,
z(03) =0.5325.

The octahedral cage coordinating the B-ion at 0,0,0 in the unit cell is taken, with the other seven
octahedra in the cell generated by symmetry. Pseudocubic axes are set as follows: origin of coordinates at
[0,0,0]; xpc: || [100]; yoc: || [010]; zec: || [001]. Analytical fractional coordinates are calculated in Table
S11.

Table S11 Calculation of analytical fractional coordinates of the six octahedral anions coordinating the

manganese ion located at 0,0,0

Atom Cartesian coordinates Numerical fractional Analytical fractional coordinates
coordinates
X Y Z X y z X y z
Mn 0.0000 0.0000 0.0000 0.0000 | 0.0000 | 0.0000 0 0 0
Oa(8g) |-1.8975 | -0.3119 0.2000 | -0.2500 | -0.0411 | 0.0274 -Va -»(02) | -z(02)+1
Ob(8g) | 1.8975 0.3119 -0.2000 | 0.2500 | 0.0411 | -0.0274 YVa »(02) 2(02)-1
Oc(8g) | 02732 | -1.8975 -0.2372 | 0.0360 | -0.2500 | -0.0325 | -»(O3)+1 -Ya -z(03)+2
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0d(8g) |-02732 | 1.8975 | 02372 | -0.0360 | 0.2500 | 0.0325 | 1(O3)-1 Y 2(03)-%
Oe(8) |-02034 | 02034 | -1.8250 | -0.0268 | 0.0268 | -0.2500 | -x(O1) | x(Ol) Vi
Of(8f) | 02034 | -0.2034 | 1.8250 | 0.0268 | -0.0268 | 0.2500 | x(O1) | -x(Ol) Y

The three vectors for the PCRO are now formed in Table S12 by taking the differences in the analytical

fractional coordinates given in Table S11 and forming Cartesian vectors by multiplying the vectors in

a 0 O
fractional coordinates by the orthogonalization matrix (0 b 0). The three stalk vectors so formed are
0 0 ¢

parallel to the edges of the PCRO.

Table S12 The three vectors defining the PCRO with mid-point 0,0,0 in space group P4./nmc

Cartesian components Nearest pseudocubic axes
Stalk PCRO X Y Z pseudocubic tetragonal
vector
Obe Oa a, a/2 2ay(02) 2¢(z(02)-1) . [100]
0d«Oc a, 2a(y(03)-1) a/z c(22(03)-1) yrC [010]
Of«Oe a; 2ax(01) -2ax(01) C/Z zpc [001]

There are no interdependent PCRO vectors in this space group.

$2.6. Space group /4/mcm

The reference structure is of CaTiO; at 1523 K (Yashima & Ali (2009) ; ICSD 162919). The following

unit cell parameters apply: a = 5.4841 A; ¢ = 7.765 A. Atomic parameters for Ti and O are as follows: Ti:
4c; Ol: 4a; O2: 8h : x(02) = 0.2165; y(02) = x(02) + Y. Fixed oxygen coordinates are as follows: z(02)
=0; x(O1) =0; ¥(01) =0; z(0O1) = Va.

The octahedral cage coordinating the B-ion at 0,0,0 in the unit cell is taken, with the other three octahedra
in the cell generated by symmetry. Pseudocubic axes are set as follows: origin of coordinates at [0,0,0];

xec: || [110]; yec: || [110]; zpc: || [001]. Analytical fractional coordinates are calculated in Table S13.
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Table S13 Calculation of analytical fractional coordinates of the six octahedral anions coordinating the

titanium ion located at 0,0,0

Atom Cartesian coordinates Numerical fractional Analytical fractional coordinates
coordinates

X Y V4 x y z x y z
Ti 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 0 0 0
Oa(8h) | -1.1873 | 1.5547 | 0.0000 | -0.2165 | 0.2835 | 0.0000 -x(02) -x(02)+% 0
Ob(8h) | 1.1873 | -1.5547 | 0.0000 | 0.2165 | -0.2835 | 0.0000 x(02) x(02)-% 0
Oc (8h) | -1.5547 | -1.1873 | 0.0000 | -0.2835 | -0.2165 | 0.0000 x(02)-7 -x(02) 0
Od(8h) | 1.5547 | 1.1873 | 0.0000 | 0.2835 | 0.2165 | 0.0000 | -x(O2)+%2 x(02) 0
Oe (4a) | 0.0000 | 0.0000 | -1.9413 | 0.0000 | 0.0000 | -0.2500 0 0 -V
O f(4a) | 0.0000 | 0.0000 | 1.9413 0.000 | 0.0000 | 0.2500 0 0 Ya

The three vectors for the PCRO are now formed in Table S14 by taking the differences in the analytical

fractional coordinates given in Table S13 and forming Cartesian vectors by multiplying the vectors in

fractional coordinates by the orthogonalization matrix <0 a

parallel to the edges of the PCRO.

a 0

0 0

0

c

0). The three stalk vectors so formed are

Table S14 The three vectors defining the PCRO with mid-points 0,0,0 in space group I4/mcm

Cartesian components Nearest pseudocubic axes
Stalk PCRO X Y VA pseudocubic | tetragonal
vector
Ob«Oa a, 2ax(02) a(2x(02)-1) 0 Xpc [110]
0d«Oc a, - a(2x(02)-1) 2ax(02) 0 YeC [110]
Of«Oe as 0 0 C/Z ZpC [001]

The scalar products between all three pairs of vectors are zero. Therefore all angles will be equal to 90°.

Furthermore, vectors a; and a, are interdependent and of equal length. It is to be noted that the entries in
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Table S14 are identical to those in Table S10, apart from the change from c to ¢/2 in the entry for the z-

component of vector as. This is connected with the change in tilt-system from a’a’c" to a’a’c".

S2.7. Space group R3¢

The reference structure is of La(Cro2Nios)Os at 298 K (Yang, 2008) ; ICSD 173475). The following unit
cell parameters, referred to hexagonal axes, apply: a = 5.4809 A; ¢ = 13.2070 A. Atomic parameters for
Cr/Ni and O are as follows: Cr/Ni: 6b; O: 18e: x(0)=0.5517. Fixed oxygen coordinates are as follows:
Y(0)=0; z(O) = Ya.

The octahedral cage coordinating the B-ion at 0,0,0 in the unit cell is taken, with the other five octahedra

in the cell generated by symmetry. Pseudocubic axes are set as follows: origin of coordinates at [0,0,0];

XpC: %[241]; Vpc: %[éf 217; zec: %[221]. Analytical fractional coordinates are calculated in Table S15.

Table S15 Calculation of analytical fractional coordinates of the six octahedral anions coordinating the

B-ion located at 0,0,0

Atom Cartesian coordinates Numerical fractional Analytical fractional coordinates
coordinates

X Y VA X y z x y z
Cr/Ni 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 | 0.0000 0 0 0
Oa(l8e) | -0.5457 | -1.5119 | 1.1006 | -0.1150 | -0.3333 | -0.0833 x(o)_g -1/3 -1/12
Ob(18e) | 0.5457 | 1.5119 | -1.1006 | 0.1150 | 0.3333 | 0.0833 —x(O)+§ 1/3 1/12
Oc(18e) | 1.5822 | 0.2834 | -1.1006 | 0.3333 | 0.2184 | -0.0833 1/3 x(o)_é -1/12
Od(18e) | -1.5822 | -0.2834 | 1.1006 | -0.3333 | -0.2184 | 0.0833 -1/3 -x(O)+§ 1/12
Oe(18¢e) | -1.0365 | 1.2285 | -1.1006 | -0.2184 | 0.1150 | -0.0833 -x(O)+§ —x(O)+§ -1/12
Of(18¢) 1.0365 | -1.2285 | 1.1006 | 0.2184 | -0.1150 | 0.0833 x(O)—% x(o)é 1/12

The three vectors for the PCRO are now formed in Table S16 by taking the differences in the analytical

fractional coordinates given in Table S15 and forming Cartesian vectors by multiplying the vectors in

10
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fractional coordinates by the orthogonalization matrix (

formed are parallel to the edges of the PCRO.

V3a/2 0 0
—a/2 a 0

0

Table S16 The three vectors defining the PCRO with mid-point 0,0,0 in space group R3¢

). The three stalk vectors so

Cartesian components Nearest pseudocubic axes
Stalk PCRO X Y VA pseudocubic hexagonal
vector
Ob«Oa a; | v3a(-x(0) +2/3) ax(0) < Xpe 2241]
6
0d«Oc a, —a/V3 -a(2x(0) — 1) < yec 4211
6
OfcOe a; | v3a(x(0)—-1/3) | a(x(0)-1) ¢ zre 1221
6

All vectors are interdependent and of equal length. Furthermore, the angles between them are equal.

$2.8. Space group Pm3m

The reference structure is of lueshite (NaNbQ3) at 923 K (Mitchell et al. (2014); ICSD 192407). The
following unit cell parameters apply: a = 3.94018 A. Atomic parameters for Nb and O are as follows: Nb:
la; O: 3d. Fixed oxygen coordinates are as follows: x(O) = ¥3; y(0) = 0; z(O) = 0.

The octahedral cage coordinating the B-ion at 0,0,0 in the unit cell is taken. Pseudocubic axes are equal to
the cubic unit cell axes, as there is no octahedral tilting in the aristotype. Analytical coordinates for the

six octahedral vertices are as follows: -15,0,0; %4,0,0; 0,-%5,0; 0,%,0; 0,0-%2; 0,0,%. These give rise to

three stalk vectors in Table S17, which are parallel to the edges of the PCRO. In this case, the PCRO is a

perfect cube with the form of the unit cell.

Table S17 The three vectors defining the PCRO in the Pm3m aristotype

Cartesian components Nearest pseudocubic axes

Stalk PCRO X Y Z pseudocubic | cubic
vector
Ob«Oa a, a 0 0 xc [100]

11
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O0d«Oc a, 0 a 0 yc [010]
Of«Oe a, 0 0 a zc [001]
All three vectors are interdependent, of equal length and perpendicular to one another.
S3. Algorithms used for calculating tilt angles
S$3.1. Space group Pbnm and other non-rhombohedral space groups
In Fig. 6, the octahedron at [0,0.5] is highlighted for analysis. In the Pbmn(4b) table in the
accompanying EXCEL datafile, the following Cartesian coordinates apply to the PCRO axes, i.e.
octahedral stalks and pseudocubic axes.
PCRO 0%0 Nearest pseudocubic axis ~ The first two lines with a green background

XA YA z@A) x@A) YA z(A

correspond to the xpc and ypc axes respectively,

"Ml 2.2697 -3.1385 -0.5720 5.3709 -5.4280 0.0000
PP 3.1012 2.2895 -0.5720 5.3709 5.4280 0.0000
PPl 0.7605 -0.1846 3.8134 100000 0:0000 7.6262 B ST VU N O NVEC A O Nuig:ii W E O R B O i

about which the a™ tilting occurs. The

may be made by a coordinate transformation, after which the new X’ and Y’ axes lie in the plane of
projection, with Z’|| xpc. Similarly, projections O a — O a’ and O b — O b’ may be made by a
transformation after which the new X’ and Y’ axes lie in the plane of projection, with Z’|| ypc. The

general form of a 3x3-matrix to carry out a rotation of § about an axis with unit vector [ax, av, az] is as

a?C+A  ayayC—azS aya,C+ayS
follows (Williams,1971): | ayayC + azS a;C+A aya;C —axS |, withA =cos (0),C =1—
aya;C —ayS ayazC+ayS  asC+A

A and S = sin (). (S3.1). The rotation axes for the two transformations are given by the vector products
Xpc X [001] and ypo X [001] followed by normalization. In both cases, the rotation angle is 90°, leading

toA=0,C =1and S = 1. The matrix of (S3.1) is accordingly reduced to the form

az axay — a; ayaz; + ay
axay + az a3 ayaz; —ay | (S3.2). The numerical results obtained with the above data in
axaz; —ay ayaz;+ ay az

EXCEL table Pbmn(4b) are as follows:

AA  AB  AC | AD | AE AF AG AH Al Al AK AL AM AN
1 le(apc) rot. axis rotmat La elap)  z 2 ela) efa) L) La)) La)L2) Lla)
2 | 0.7034 -0.7108 0.5053 0.5000 -0.7034 0.0000 o} -0.7034 0.7958 0.7991 134.70 36.17 -98.53 -8.53
3 | -0.7108 -0.7034 0.5000 0.4947 0.7108 0.0000 o} 0.7108 0.5875 0.5842
4 | 0.0000 0.0000 0.7034 -0.7108 0.0000 1.0000 1 0.0000 -0.1468 0.1421
5 |e(bpc) rot. axis rotmat L a,xy e'(bpc) z ! e(a;)  e'a)  ZlZ) | Za)) Zla)-Z(z") Lawlal)
6 | 0.7034 0.7108 0.5053 -0.5000 -0.7034 0.0000 0 -0.7034 0.5797 0.7965 -134.70 -36.18 938.51 8.51
i | 0.7108 -0.7034 -0.5000 0.4947 -0.7108 0.0000 0 -0.7108 -0.8016 -0.5826
§ | 0.0000 0.0000 0.7034 0.7108 0.0000 1.0000 1 0.0000 -0.1461 -0.1621
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e(apc) and e(bpc) are (in column AA) are unit vectors for the xpc and ypc axes, leading to the rotation
axes in column AB. The two rotation matrices are in columns AC-AE. Column AF gives the results of
multiplying e(apc) and e(bpc) by the rotation matrices. It provides confirmation that the xpc and ypc
axes are realigned ||Z’ by the coordinate transformation. After the coordinate transformations, the
orthorhombic z-axis lies in the X'Y’ plane with unit vectors in column AH (yellow background). Column
Al contains the unit vectors for octahedral stalk vectors a, and a,. The projections of these two vectors
in the XY’ plane are given in cells AJ2:AJ3 and AJ6:AJ7. Use of the EXCEL ATAN?2 function yields, in
columns AK and AL, the angles between -180° and +180° for vector z’ (in column AH) and the vectors
in column AlJ. The difference between these two angles, which is the angle between the orthorhombic z-
axis and the projection of the relevant stalk vector, is in column AM. The tilt angle, i.e. the angle between
projected stalk vector and xy-plane, is given by subtracting or adding 90° to the angle in column AM. The

two tilt angles are contained in cells AN2 and AN6.

The out-of-phase tilting (a™~) may be verified by deriving the PCRO vectors of a second octahedron with
B-ion at [x,y] =[0.5,0.0] (Fig. 6). The corresponding results are given in the following two tables.

PCRO 0%0 Nearest pseudocubic axis It is observed that the PCRO vectors

XA vih zKhH xA vh Z(A (with blue background) are different for

3.1012 -2.2895 0.5720 5.3709 -5.4280 0.0000

this octahedron, whereas the
2.2697 3.1385 0.5720 5.3708 5.4280 0.0000

ic ax ith green
-0.7605 -0.1846 3.8134/ 0.0000 0.0000 7.6268 pSGUdOCUbC ©s (W gree

background) are unaltered.

AA AB AC | AD | AE AF AG AH Al AJ AK AL AM AN
1 efap) rot. axis rotmat L @ e'ap)  z 2 ela) ea) Z2) ZLa)) La)Lz) Lanlas)
2 | 0.7034 -0.7108 0.5053 0.5000 -0.7034 0.0000 0 -0.7034 0.5797 0.5909 134.70 53.21 -81.49 8.51
3 ‘ -0.7108 -0.7034 0.5000 0.4947 0.7108 0.0000 o 0.7108 0.8016 0.7903
4 ‘ 0.0000 0.0000 0.7034 -0.7108 0.0000 1.0000 1 0.0000 0.1461 -0.1621
5 e(bpd rot. axis rotmat L @,y e'(bpc) z z' e(a)  e'(a) Z2') Za)) Lla)')-ZL(z') Lawlal)
6 ‘ 0.7034 0.7108 0.5053 -0.5000 -0.7034 0.0000 0 -0.7034 0.7958 0.5926 -134.70 -53.22 81.47 -8.53
7 ‘ 0.7108 -0.7034 -0.5000 0.4947 -0.7108 0.0000 o -0.7108 -0.5875 -0.7929
8 ‘ 0.0000 0.0000 0.7034 0.7108 0.0000 1.0000 1 0.0000 0.1468 0.1421

The a, stalk has a tilt angle of +8.51°, compared to -8.53° for the first octahedron at [x,y] = [0.0,0.5].
Similarly, the a, stalk has a tilt angle of -8.53°, compared to +8.51° for the first octahedron at [x,y] =
[0.0,0.5]. The tilting around the xpc axis is therefore equivalent to the tilting around the ypc axis, leading

to the notation a™ for both axes. The tilt angle of the system is given by (8.53-(-8.51))/2 = 8.52°.

Calculation of the in-phase c*tilt angle is more straightforward. Projections of the stalk vectors a;and a,

in the xy-plane are formed by setting a;, = 0 and a,, = 0.
For the octahedron at [0,0.5]: [a;x, a1y] = [2.2697, -3.1385] and [a,x, a,y] = [3.1012, 2.2895].

For the octahedron at [0.5,0]: [a;x, a;y] = [3.1012, -2.2895] and [a,, a,y] = [2.2697, 3.1385].

13
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The nearest pseudocubic axes remain constant as follows: xpc: [X, Y] =[5.3709, -5.4280]; ypc: [X,Y] =
[5.3709, 5.4280]. Scalar products of these vectors yield the cosines of the tilt angles, with the following
results: Octahedron at [0,0.5]: ¢ 1 = 8.82°; ¢, = 8.87°; Octahedron at [0.5,0]: ¢ 1 = 8.87°%; o =

8.82°. The mean value of 8.84° is taken as the tilt angle.

These algorithms for space group Pbnm may be used without modification for all the other non-
rhombohedral space groups, since the zpc-axis is perpendicular to the xpcypc-plane. They are implemented

in all the tables in the EXCEL file contained in the supporting information.

Since the none of the pseudocubic axes in the rhombohedral space group R3c are perpendicular to one

another, a special algorithm is required, as summarised in the following subsection.

$3.2. Space group R3¢

The pseudocubic axes are equivalent to the unit cell axes in the rhombohedral setting of the space group.
In order to calculate the a™ tilt angle, which is the same for all three axes, two neighbouring BOs

octahedra along one pseudocubic axis are analysed, the first at [0,0,0] and the second half-way along this

axis at 2[241] = [

- 131]. The tilt angle is determined by the projections of the oxygen ions lying

336

approximately transverse to the axis in its perpendicular plane. For the octahedron at [0,0,0], the oxygen
coordinates are atoms O ¢, O d, O e and O f, which were quoted in Table S15. This information is

reproduced in Table S18, along with the corresponding coordinates of transverse atoms O ¢’, O d’, O ¢’

and O f* that belong to the octahedron with B-ion at E%ﬂ

Table S18 Calculation of analytical fractional coordinates of the four octahedral oxygen ions lying

approximately transverse to axis %[241] in the octahedra with B-ions located at [0,0,0] and Eg%]
Atom Cartesian coordinates Numerical fractional Analytical fractional coordinates
coordinates
[0,0,0] X Y Z X y z X y z
Cr/Ni | 0.0000 | 0.0000 [ 0.0000 | 0.0000 | 0.0000 | 0.0000 0 0 0
Oc 1.5822 | 0.2834 | -1.1006 | 0.3333 | 0.2184 | -0.0833 1/3 x(O)% -1/12
Od -1.5822 | -0.2834 | 1.1006 | -0.3333 | -0.2184 | 0.0833 -1/3 —x(O)+§ 1/12
Oe -1.0365 | 1.2285 | -1.1006 | -0.2184 | 0.1150 | -0.0833 -x(O)+§ -x(O)+§ -1/12
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of 1.0365 | -1.2285 | 1.1006 | 0.2184 | -0.1150 | 0.0833 x(O)-l x(O)—E 1/12
3 3
[}El X Y z x y z x ¥ z
336
Cr/Ni 1.5822 | 2.7405 | 2.2012 | 0.3333 | 0.6667 | 0.1667 1/3 2/3 1/6
Ooc¢ 3.1644 | 2.4571 | 1.1006 | 0.6667 | 0.7816 | 0.0833 2/3 _x(()).q-f 1/12
3
od 0.0000 | 3.0238 | 3.3018 | 0.0000 | 0.5517 | 0.2500 0 x(0) 1/4
Oe’ 1.0365 | 4.2524 | 1.1006 | 0.2184 | 0.8850 | 0.0833 x(O)-l x(0)+3 1/12
3 3
of 2.1279 | 1.2285 | 3.3018 | 0.4483 | 0.4483 | 0.2500 -x(0)+1 -x(0)+1 1/4

The method of calculation of the tilt angle may be inspected in the R-3¢ sheet of the EXCEL file in the

supporting information, from which the following tables are taken.

T |

X

4

N

12

AB
B[0,0,0]
0,0000
0,0000

0,0000

AC
Oc

AD
od

AE
Oe

AF
of

0,3333 -0,3333 -0,2184 0,2184
0,2184 -0,2184 0,1150 -0,1150
-0,0833 0,0833 -0,0833 0,0833

B[1/3,2/3,1/6] O
0,6667 0,0000 0,2184 0,4483
0,7816 0,5517 0,8850 0,4483 2,7405
0,0833 0,2500 0,0833 0,2500 2,2012

0,3333
0,6667
0,1667

od'

Orthogonalization matrix:
4,7466 0,0000 0,0000
-2,7405 5,4809 0,0000
0,0000 0,0000 13,2070

Oe'

of

AG

B[0,0,0]
0,0000
0,0000
0,0000

B[1/3,2/3.1/6]

1,5822

AH
Oc

1,5822 -1,5822 -1,0365 1,0365
0,2834 -0,2834 1,2285 -1,2285
-1,1006 1,1006 -1,1006 1,1006

oc

3,1644 0,0000 1,0365 2,1279
2,4571 3,0238 4,2524 1,2285
1,1006 3,3018 1,1006 3,3018

Al A
od Oe

od Oe'

AK
of

Of

Columns AC to AF contain the fractional coordinates of the relevant oxygen ions, which are derived from

x(O) parameter in cell N5. The corresponding Cartesian coordinates are generated in columns AH to AK

by applying the orthogonalization matrix in block AB10:AD12. This is calculated from the unit cell

parameters in cells K3 and K4.

AL | AM
e(ap) rot.ax. e(rot. ax.) Z(z-ap)
0.8660 55.1774 A: 0.5710 0.8928 -0.1857 -0.4105
C: 0.4290 -0.1857 0.6783 -0.7109

S: 0.8209 0.4105 0.7109 0.5710

0.4105 0.7109
0.7109 -0.4105
0.5710 0.0000

AN

AO

-0.5000
0.0000

|AP| AQ

AR

rotmat L a

AS

AT | | The vector in AL2:AL4 is

L B U A

7.7094 0.8209

the unit vector derived
from the apc pseudocubic
axis, around which the

antiphase tilting occurs.
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The rotation axis in AM2:AM4 is the vector product of e(arc) and [0,0,1], which generates the unit vector
in AN2:AN4. The angle in cell AO2 is the angle between [0,0,1] and e(apc): rotation by this angle around
the rotation axis causes the e(apc) vector to be oriented ||[0,0,1], i.e. ||z’ in the new coordinate system. The
rotation matrix in block AR2:AT4 performs this coordinate transformation, which is defined by matrix
(S3.1) in §S3.1 When this matrix operates on Cartesian coordinates of the B ions and oxygen coordinates
OctoO fand O ¢’ to O f, the transformed x” and y’ coordinates yield the relative angles of rotation of
the two sets of four B-O vectors about the apc axis. The two B ions lie on the pseudocubic axis. The
EXCEL ATAN?2 function is used to yield four angles for the first octahedron in cells AZ2:BC2 and four
angles for the second octahedron in cells AZ6:BC6 (see following table). The differences between these

two sets of angles, which are all equal to 11.81°, are contained in cells AZ8:BCS.

AU | AV | AW | AX AY AZ BA BB BC BD

1| B(R) Oc(R) Od(R) Oe(R) Of(R) £(B-Oc) Z(B-Od) Z(B-Oe) Z(B-Of)

2 |0.0000 1.8116 -1.8116 -0.7018 0.7018 20.59  -159.41 11121 -68.79

3 |0.0000 0.6808 -0.6808 1.8083 -1.8083

4 |0.0000 0.2224 -0.2224 -0.1805 0.1805

5| B(R) Oc(R) Od'(R) Oe'(R) OF(R) <(B-0c) ~(B-Od') £(B-De') #(B-OF)

6 |0.0000 19169 -1.9169 -0.3163 0.3163 879  -171.21 9941  -80.59

7 |0.0000 0.2964 -0.2964 1.9093 -1.9093 A/ AL AL A/ Tiltangle
8 |3.8547 3.6742 4.0352 4.0771 3.6323 11.81 1181 11.81 1181 590

In the sketch to the right, which refers to this concrete example, the blue octahedron (O a—-Ob—-0Oc-0
d) has undergone an anticlockwise tilt and the red octahedron (Oa’— O b’ — O c’— O d’) a clockwise tilt.
The four arcs shown are equal to 11.81°. The effective tilt angle is taken as one half of this, i.e. 5.90°,

since the anticlockwise and clockwise tilts add to give 11.81°

S$4. Additional crystal chemical parameters for the anionic network from the AX,2 polyhedra

The analysis leading to Table 4 of the article reveals that one or more degrees of freedom (d.o.f.) remain
in all hettotypical space groups, i.e. An > 1, once the unit cell parameters and octahedral distortions have
been taken into account. It is desirable to assign these excess d.o.f. to structural attributes of the AX»
polyhedra. As discussed in connection with Fig. 7 of the article, an inner Xg coordination polyhedron
exists in space group Pbnm. Its form may be derived from a right prism with a parallelogram base. This
rationalisation also applies to all the other space groups apart from P4»/nmc, I4/mcm and R3c. The task

here is to derive the areas of the parallelogram bases from the unit cell and atomic positional parameters

(Table S19).
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Table S19 Derivation of cross-sectional areas of AXg inner polyhedra and number of tilt systems,
N(tilt), for space groups Pbnm to 14/mcm and AXs areas in R3¢ with corresponding expressions for tilt-

parameter 1 4.

Pbnm (B in 4 b) The area of parallelogram PQRS is to be determined.

Vertex P is reached by starting at the left-hand blue circle with
0

2

the projection of vector a, (see Table 2 of article) in the xy plane.

0 a
Thus it has Cartesian coordinates ()}f) = ( b> 41 ( az);). Vertex Q

- 2

is reached by starting at the right-hand blue circle and proceeding

along half the length of the projection of vector a;. It has

coordinates ();) = <2> += (Zif) Vertex R has coordinates (); ) =

b 2

0 1 (Axx ~xix
<§> T2 (azy)' So vector QR = (—azy_alY) and

fractional coordinates ( 1) and proceeding along half the length of

vector QP = ( 0 ) 41 (azx ~ alX). Therefore parallelogram PQRS has area A(PQRS) =

—b) "2\ azy—ayy
1|7 0x — Q1x —Ozy — A1y _ab .
Z| Gy — a1y —2b+ azy_a1y| = 7(1 —[3 —4x(02)][4y(02) — 1]). In the absence of octahedral tilting
about the z-axis, PQRS would be a rectangle of area a4—b . So the AXg-related tilt ratio, n4 = A(:bQ/iS) =

(1 —[3 —4x(02)][4y(02) — 1]). (S4.1). This is less than one and falls with increasing degree of z-axis tilting.

N(tilt): 2. Parallelogram PQRS formation indicates c? tilting; equal and opposite + and — displacements || z point
to ata® tilting. Alternate senses of rotation along the xpc and yrc axes identify this as a~a~. Assignation of these

tilts does not require the octahedra to be regular.

. a
Pbnm (B m 4(1) The origin of coordinates is now at point T, so that point S has coordinates % ( aii) and

. . a . . a . .
point R coordinates % ( az);). Point P is related by a centre-of-symmetry at % ( 0) to Point R and has coordinates

(a) -1 (Z?;) It follows that vector SP = (a) -1 (azx i ) and vector SR =2 (azx _ alx). Therefore

0 2 0 2 a2y+a1y 2 azy_aly
parallelogram PQRS has area A(PQRS) = 12a = Gx =iy ~Gay ~ iy =
4 Arx — Qix Aoy —1y
1 a b(1 - 4y(02))| _ ab _ _ _ A(PQRS) _
+la(ax(02) - 1) b . ([1 + [4x(02) — 1][4y(02) — 1]). Consequently n4 = YR

(1 —[4x(02) — 1][4y(02) = 1]).  (S4.2)
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Cmcm The areas of the yellow and brown parallelograms are to be
determined.

Vertex P is reached by starting at the blue circle with fractional
1;1) and proceeding along half the length of the

projection of vector —a, (see Table S5) in the xy plane. Thus it has

coordinates (

a

2 a

coordinates ();) = (2) - %( aij). Vertex Q is reached from the
2

same start-point and proceeding along half the length of the

2 \aqy

a

" a
projection of vector —a,. It has coordinates ();) = (2) _1 ( 1X).

"

Vertex T is reached from the same start-point and proceeding along

a
) + 1 (azx). Vertex R has the same Y
2Y

half the length of the projection of vector a,. It has coordinates ();) = ( .

B R B

and Z coordinates as vertex P, with the X coordinate equal to minus the X-coordinate of point P, i.e. ();) =

2 \—0azy

a a
2 a 2 —-a
( ;) +21 (_ X ) Vertex V is similarly related to point T, i.e. ();) = < ;) + %( azix)' The parallelogram areas

are calculated by means of vectors QR, QP, QT and QV. The results are as follows.

A(PQRS) = %(aly — a3,)(2az, — @) = 2abx(01)y(02) (54.3)

A(QTUV) = %(aly +ayy)2ay, +a) = %ab(l —2x(01))(1 — 2y(02))  (S4.4)

The reference area for degree of z-axis tilting is an eighth of the area of the unit cell in the xy-plane, i.e. %,
Accordingly, n,41 = 16x(01)y(02) (S4.5) and n,, = 4 (1 — 2x(01))(1 — 2y(02)) (54.6)

N(tilt): 2. Parallelogram PQRS formation indicates c? tilting. The single set of equal and opposite displacements ||
z, only applies to rotations about the x-axis, leading to the assignation a~b°. Assignation of these tilts does not

require the octahedra to be regular.
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Ibmm
+ ‘ Oc + Oa+
[0.0]
X a
2
a
— Ob i =
= Od -
a 4}
+

The projected areas of the octahedra and the AXjs polyhedra in the zx

plane are equal. They are both equal to ab /4. Since the reference
area for degree of y-axis tilting is also equal to a4—b, n,.=1(S4.7). This

indicates that that there is no tilting about the y-axis.

N(tilt): 2. Since the upper and lower faces of the AXg polyhedra are
rectangles in projection, there is no tilting about the z-axis: c°. The
single set of equal and opposite displacements || z, applies to both
the pseudocubic axes xC and yC, leading to the assignationa™a™.
Assignation of these tilts does not require the octahedra to be

regular.

P4/mbm and 14/mcm

0 ’ 0
Oc 0a0
[0.0] S [0.1]
X
a;
Ob | P Qo7a
odi\y A
0 Y o
27 T.\\
a
0

Both space groups share the same

geometry in the z = 0 plane.

The AXj5 inner polyhedra are right prisms in P4/mbm. In space group
14/mcm, the top face is generated from face PQRS by a 2-fold screw
axis. In both cases, the area of parallelogram PQRS is to be
determined. Vertex P is reached by starting at the origin and

proceeding along half the length of the projection of vector a, (see

Table S10) in the xy plane. Thus it has Cartesian coordinates ();) =

a
l( 2X ) Vertex Q is reached by starting at [0,1] and proceeding
2 \dyy
along half the length of the projection of vector a,. Thus it has

Cartesian coordinates ()}5) = (2) + % (Zi);) Similarly, vertex R has

Cartesian coordinates ();) = (2) - % (sz) Therefore

parallelogram PQRS has area A(PQRS) =

—Ayx — Ayx —Qyy — A1y

1
41 Ay — Q1 —2a + Ary—0aAqy

axis tilting = a?/4, n,=8x(02)(1 — 2x(02)) (S4.9).

N(tilt): 1. Parallelogram formation indicates c¥ tilting. Since there are no displacements || z, the notation

a®a® applies. Assignation of these tilts does not require the octahedra to be regular.

| = 2a%x(02)(1 — 2x(02)) (S4.8). As the reference area for the degree of z-

19



Acta Crystallographica Section B

research papers

P4>/nmc =0

+

.\‘
Oat N
m;/\
% 0.0) b = 0.0360
0c & a =

= 0.0360

x
a
4 /
L“é

~ \ﬁ./ - x = 04640
x= 05360

3 / v
Q g 09640
— X 360

100
11900 =«
1

1

X [0,0] a ¥ =-0.0411
e—1 x= 00411

x= 10411

ororo =
9

The AXjs inner polyhedra are not right prisms in thus space group. Their form in xy projection is defined by two

crossed rhombi, as may be inferred by superimposing the middle diagram above on the left-hand diagram. A plan-

view is shown in the right-hand diagram, in which there are two defining parameters, L, and L, with Ly > L;. The

area of each rhombus is equal to %LOLl. From the left-hand diagram it is inferred that L, = 0.572a =

(5-2y(03)) aand L, = 0.4178a = (5 — 2y(02)) a for the pink-coloured thombi. Similarly, L, = 0.428a =

(—S + 2y(03)) aand L, = 0.5822a = G + 2y(02)) a for the brown and the yellow-coloured rhombi. As the

reference area for the degree of z-axis tilting = a? /8, parameters @, reflecting degree of z-axis tilt are as follows.

Pink (4d cation): n, 1 = 4 (g - 2y(03)> (% - 2y(02)). (S4.10)

Brown (2b cation) and yellow (2a cation): 14, = 4 (— % + 2y(03)) G + 2y(02)) (S4.11)

N(tilt): 3 or 2. Parallelogram formation and the two diagrams at z=0 and z="% indicate ¢~ tilting. The two sets of

equal and opposite displacements || y, (+,-) and (++,--), lead to in-phase rotation aro& the x and y axes and the

assignation a*b*. For regular octahedra the assignation a*a* applies, signifying a reduction in N(tilt) from 3 to 2.

The diagram to the left shows a plane perpendicular to the z-axis in
hexagonal axes at height z="4. The A-ions (larger green circles) and
X ions (smaller red circles) are coplanar. Six layers of this kind
occur in the unit cell. Two further layers generated by rhomohedral
translations [2/3,1/3,1/3] and [1/3,2/3,2/3]. Three further
layers are interspersed by means of a ¢ glide operation. AX»
polyhedra are formed from the irregular AXs yellow hexagons
shown and layers above and below at z-heights of 1/12 and 5/12,
these both contributing X3 triangles. Increasing irregularity of the
AXg hexagons causes the volumes of the AX, polyhedra to be
reduced relative to the BXs
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octahedral volumes. A(hexagon) = 6A(ABC). Further, without z-axis tilting, A(ABC) would be one eighth of the

xy-area of the unit cell =a? v/3/16. Inspection of the diagram reveals that lengths AB and AC are equal to

a(1 — x(0)) and ax(0), respectively. Thus A(ABC) = a?x(0)(1 — x(0)) sin 60° = ?azx(O)(l — x(0)) and

T2
A(hexagon) = 32£ a?x(0)(1 — x(0)).  (S4.12). The corresponding parameter for the degree of z-axis tilting is
given by @,= A(hexagon)/% a?=4x(0)(1 — x(0)). (S4.13). In the absence of tilting, i.e. when x(0) = 1/2,
na = 1.

N(tilt): 1. The rotation of the octahedral triangles around the z-axis corresponds to a single tilt-system denoted

a”a”a”~ with respect to pseudocubic axes.
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