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Full derivation of refraction correction

General expression for refraction

n refers to the refractive index. o and f refer to the real and imaginary components of the refractive
index. Subscripts of 1 and 2 refer to the liquid and solid portions of the interface respectively.

In this portion of the derivation, the angle 0 could represent either the angle a or the angle y
Snell’s Law

nq cos(01) = n, cos(6,)
nq
cos(0,) = —cos(61)
n;

Double angle identity and small angle approximation
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Because 01, 1 << 1 in the X-ray energy range, the denominator can be simplified to 1
Nepp =1—06;+ 8 — By +if1— 6162 — 612 — 16281 + B1B>
Nepr = 1 — (862 = 81) —i(Bz — B1) — 6162 + B1B2 — 161B2 — 1621

Because 91, 1 << 1 in the X-ray energy range, 6102, Bif2, 01P2, 02p1<<02- 61) —i(pB2- B1). We also
assume that the materials have sufficiently different optical constants to result in observable
refraction

Nepp =1 — (82 —81) —i(B2 — B1)

Define der = 8, - 81 and Perr = B2- P1

n; .
Mef =, = 17 Oerr ~ Bepy

Substitute expression for n.sr into expression for refraction derived above
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., ., 2 2 -
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1= 8efs” + Bers™ — 2U8esfBeys

Since dcsr and Perr are small,
1>> - et + Peti® -2idetiPetr
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Electric Field Vector Inside Solid, (x,z) are x and z components of field
k' =k+ny*(x,2)

k' = k «ny = (cos(0;), sin(03))

Direction of Refracted X-rays
(ki) _ Kk xnyxsin(6;)

()e  Hexmg % cos(8;)
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= Re[tan(0;)]

Small angle approximation

(kr)z
(kr)x

= Re[0;]
Substituting from above

k., :
Ek 3 = Re[\/(ei — 28¢pf + Bopp035) + i(Bepr05 — 2Besp)]

General formula for the square root of a complex number

Va + bi = t(c + di)
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a++a%+ b?
Re[Va + bi| = Re[t(c + di)] = c =+ ——
Taking only the positive root
+ a2 + b?

Re[\/a + bl|

Applying the above formula
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Derive critical angle
Snell's law
n4 cos(041) = n, cos(6,)
At the critical angle 0,=0
1y c0s(0.fr) = ny cos(0)

n
cos(O;efr) = n—i

Double angle identity (cos(2x)=1-2sin*(x))

Small angle approximation (sin(x)=x)
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Expressing critical angle in terms of negr, Oerr, and Perr

Supporting information, sup-5

Bg_eff =2 - Zneff =2 - 2(1 — 8eff — lﬂeff)

03_8 f = 268 f + Zlﬂeff
Neglecting the imaginary portion because Berr < Oetr

O%err = 28¢5y

Substituting the critical angle into the equation above
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