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. Reflectivity from a low absorption semi-infinite medium in the presence of a small resonance scattering
in the total external reflection region

For semi-infinite mirror with scalar susceptibility
X:an+xres(0)) , (Sl)
where the resonant part 3" () = 28" () + 2ip"* (w) is much smaller than the nonresonant part

™ =-28"" +2ip"" , the Fresnel formula for the reflectivity amplitude R'"

REFr _ sin@—\/sin2 0+ (S2)
sin9+\/sin2 0+

can be essentially simplified in the total reflection region, where Rey”

" is large enough compared

with sin2 0 and negative. Let’s insert the designation:

Vsin20-28" =ip , (S3)

andif B =p" +p"® << p? = 25" —sin? 0 and 5" << p?, the approximate expression for the square

roots in (S2) can be obtained:

Jsin? 04y = ysin2 028" + 2" — 257 4 24pS =

. res
_Jsin2 026" \/1+M _ . (S4)

sinZ 0 28"
.a_ Asles res .
i 1+M;ip[Hu}ipﬂsres/pw/p
2 2
- p
So (S2) takes a form:
SN (in o isbES N R_i(~2 , sFes
RFr;smO (ip+1id /p+B/p)=psm6 B—i(p“+d' ™) (S5)

sin@+(ip+i5"% /p+B/p) psinO+P+i(p? +38¢)

2
The squared module of (S5) gives the expression for the reflected intensity ‘RF r
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‘RFF 2 _ (psin®—B)? +(p? +58"%)? _p*(sin 0+p%)~2pPsin0+2p%8" _
(psin0+B)> +(p> +8")2  p2(sin® 0+p2)+2pPsin0+2p25" 56
(sin®0+p?)—2B/psin0+25
(sin0+p2)+2 B/p sin0+25"%
where we neglect 372 and B2 . Taking into account that from (S3)
sin” 0+p? = 25", (S7)
(S6) can be transformed to:
‘RFr(m)‘z 3" —B/psin6+35™" |_Bsin0 5" |_Bsin6 8"
3™ + B/psinO+ ores p M § p M §" (s8)

= (k%@’” B (w))]
po

That is the formula (5) in the article. It predicts the linear dependence of reflectivity in the total external
reflection region on the imaginary part of the small resonant contribution to the refractive index.
2. Reflectivity from a semi-infinite medium with a relatively high absorption in the presence of a small

resonance scattering in the total external reflection region

If B >> B’ the expression (S6) is calculated by a more complicated way:

2 (psine—B)2 +(p? +57¢5)? ~

~

(psin6+ B)2 +(p? +87¢5)?
_ (sin8—p" /p-B /p)? +(p+8% /p)* _
(sin0+B" /p+B 1 p)2 4 (p+5"% /p)2
(sin0—P" /p)? +p =28 (sin@0—PB" / p)/ p+25" _
" (sin0+B" / p)2 +p> + 287 (sin0+B" /p)/p+257
N [(sin 0-B" /p)* +p> 2B (sin0—p" /p)/p+28' ]
| (sin0+p™ /1 p)? +p? (sin0+p" / p)? +p?

i 28" (sin®+p" /p)/ p+28"
(sin@+B" /p)? +p?

‘RFr

(89)
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Neglecting again (8" )2 and (B¢’ )2 , the nominator of the resonant term is calculated by the

following way:

[26”“ —2p" (sin0 - B /p) / PJ[(Sin 0-+B" /p)* + F’ZJ -
_[28res + 287 (sin® + B /p)/p}[(sine—ﬁnr /p)2 +Pz}:
= 26" [ (sin0 + B / p)2 + p? — (sin0—B" /p)? —p? |-
[( BT /)" +p7 —( BT /)" —p } . (S10)
— 28" (sin0 " / p) / p[sm2 0+2sin0B™ /p+(B" /p)” + F’z} -
— 2" (sin0 + B / p) / p[sin2 0-2sin0B"" /p+(B" / p)” + Pz} B

=88" sinO B / p—4p" sin®/ p (sin® 0+ p> + (B / p)*) + 8B B / p sin OB / p =
=85 sinO ™ / p—4p" sin0 / p 28™ — 4" sin0 / p(B" / p)* + 8" (B / p)*sin@®/p =
=85" sinO B / p—4p" sin0/ p 28" — (B / p)?)

Finally, we get the formula (6) in the article:

_ Gin0=B" /p)” +p” _res
(sin@+B" / p)? +p?

4sin0(28" — (B / p)?) N
2
p[(sin6+ B/ p)>2 +p2}
8sin O B

2
p[(sin9+Bnr/p)2+p2}

‘RFF(@)\Z (©) (s11)

+8" (w)

. Reflectivity at the exact critical angle in the presence of a small resonant scattering

At the exact critical angle when
sin2 028" =0, (S12)

the Fresnel formula for the reflectivity amplitude is simplified to the expression:

_ sin@—\/sin29+x 3 \/ZSW —\/iZB"r +y"¥

RCI” = .
sin O+ \/sin2 0+ V25" + \/ianr +"*

(S13)
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If ¥ (0) = —28" (0) + 2ip"** (w) is small enough, taking into account that J2i = (1+17), the square

root in (S13) can be approximated by the expression

res res | .nples
\/iZBnr+XreS E\/iZB”r [1+ X nr] /Bnr (l+i)[l—i28 +i2f3 J

Bl’ll"
:#((Bnr+BVeS/2_8reS/2)+l-(Bn7‘+Br€S /2+61’es /2))
Bﬂl’

So, the reflectivity amplitude (S13) takes a form:

. ’267’”’67’”’ _((Bnr+Bres/2_6res/2)+i(Bnr+BreS/2+8res/2))
R = . (S15)

ananr +((Bnr+Bres/2_8res/2)+l-(ﬁnr+Bres/2+6res/2))

Accordingly for the reflected intensity the following expression takes place:

2
) ( 267’”’B7’”’ _(Bnr+Bres/2_8res/2)j +(Bnr+Bres/2+8res/2)2
= . (S16)

RCV
2
( '28}’U"B}’l}" +(Bnr+BreS/2_8reS/2)j +(Bnr+Bres/2+6res/2)2

The calculations of (3" + B’ /2 + 5" /2)? in the first order of smallness of 3" gives

(Bnr +Bres /2487es /2)2 :(Bnr +Bres /2)2+(8res /2)2+2(Bnr +Bres /2)5res /)=

~ Ban +Banres +Bn78res (S17)
and correspondingly for (B +p" /28" /2)% we have:
(Bnr n Bres /o _ghes /2)2 ~ Ban n Banres _ Bnr6res ) (S18)

So, their sum is simplified to:
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(Bnr +Bres /24 gTes /2)2 +(Bnr +Bres /o _gres /2)2 ~ ZBnr (Bnr +Bres). (S19)

With this simplification and neglecting 82 and €S2 (S16) can be presented in the form:

5 Snr+Bnr+Bres_ ’2671}”[3}’11" (1+Bres/(2Bnr)_8res/(2[3nr))

~ ~

cr

8 LB TS +\/26nrﬁnr (1+Bres /(2B ) -5 /(2Bnr))

_ S +Bnr ~ 28annr +Bres _ /28annr (Bres /(2B ) 5" /(2Bnr))
Snr+Bnr+ /28annr Snr+Bnr+ /26annr

Bres + /26annr (Bres /(2Bnr)_8res /(2Bnr))
8 LB+ /28annr

The nominator of the resonant term in the same order of smallness is calculated by the following way:
{Bres (1_ &28annr /(ZB}’ZI")j_’_SI"eS '281’”‘[3}’"’ /(2Bnr)}|:8nr +Bnr + '28111"[3}17' :l_
_|:Bres (1 + ’28}’11"[3}’1}" /(2Bnr)) + Sres ’28}’11"6}’1}" /(2Bnr)}|:8nr + B}’ZV _ 28}’11"61’1}" j| ~
’ nronr ’ nronr
~ ZBI"eS '261’17’3]’17’ _ 28 nE (81’17" + Bnr) + 267'@.5' 28 nE (67’”" +Bl’ll") —
2p

x  (S20)

x| 1-—

2B

_ /26annr {Bres (l_ﬁJ 5res [lJrﬁ]]

nr nr
p

(S21)
Finally, the expression for the reflected intensity at the exact critical angle takes the form (formulas

(8) and (9) in the article):

2
RV

\/W |:6res(0))(1+6nr /Bnr)+BV€S(m)(l—8nr/Bnr)} )

2
R (o) =
0)‘ (Snr+Bnr+\/26annr)2

(S22)

where the first term presents the reflectivity from a nonresonance media:
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2 nr nro_ nronr
_o P JLSB . (S23)
8]’!7’ + Bnr + 28117'611]"

4. Reflectivity from an ultrathin resonant layer

Rn}"

The reflectivity amplitude from an ultrathin resonant layer placed under a reflecting medium can be
presented as (M. A. Andreeva and B. Lindgren, JETP Letters 76(12), 704(2002).):

R (@)= R® + E*r¥ (o) (S24)

where R® is the reflectivity amplitude from an underlying substrate, rd (o) 1s the reflectivity

amplitude of an ultrathin resonant layer, E is the total electric field at the position of the resonant layer.
2
If 9 (w) 1s small enough the expression for the reflected intensity ‘ R? (@)‘ from an ultrathin

resonant layer above a substrate could be presented as:

2 2
‘R“’f = RS+ EZr YRS *+E*2 pdwy = |RS| L RSE*2 p4 xRS 2,4 (S25)

After separation of the real and imaginary parts in R®, E and rd, i.e. presenting R® = R'+iR",

E=E+iE" and % =r'+ir" , the calculations of the resonant addition to the total reflectivity give

the following result:

RSE* y@ x4 g5+ g2 =
=(R+iR") E** (r'—ir")+(R'—iR"E> (r'+ir") =
= (R'F'+R"rF"E** +E?)+i(R"r'-R'r"(E** —-E?) = (S26)
=2(R'r+R"FYE?—E"2)+4(E'E"YR"r'—R'r") =
:(2R'(E'2—E"2)+4R"(E'E"))r'+(2R"(E'2—E"2)—4R'(E'E"))r"

Supposing the amplitude of the incident wave equals 1, and replacing E in (S26) by

E=1+R’ =1+ R'+iR" we get

RSE*2 4 % RS % (249 =

~(2R+ RY? =R 4R (14 RY )+ 2R+ RY? = R™)=4R'RY(1+ R) | ($27)

=2(RU+RY? 4 R+ RY =2 R R2-RD) |
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2
Finally, the total reflectivity ‘Rmt((o)‘ from an ultrathin resonant layer placed under a substrate takes

2 2
r+2R" 1-|RY| 7=

If R® in (S26), (S27), is the Fresnel reflectivity amplitude from substrate, for separation of its real and

a form (formula (15) in the article):

2

2
‘Rmt ((o)‘ ~|(R® RS RS RS

? + 2(R'+ (2+R") +01r'(©) + Orr'(w)

(S28)

imaginary parts the square root in (S2) should be presented in the form:

\sin? 0+y% =sin0+/1-28° /sin® 0+ 2i* /sin® O =
X \/ B

[2 2 [2. 2 : , (S29)
=sin® \/ u_rv tu +i\/ u_rv —u =Si7§e(\/q+u+z\/q—u)

2 2

where 8° and B® characterize the susceptibility of the substrate y* =28 + 2ip*. In (S29) the

following notations are used:

u=1-28%/sin>0, v=2p°/sin’0, g=\u?+v>. (S30)

With these notations the reflectivity amplitude from a substrate (S2) can be rewritten in the form:

o _sin0—ysin?0y" N2 (Jaruriy—u)

sin6+m \/§+(\/m+i\/qj)

(V2—aru—ifgu)(N2+gru-ifgu)
(*/EJF Q+u)2+(q—u)

2-g-u-g+u—iJg—ul(N2—Jg+u)+(V2+Jgru)l (530
_ (V2+ga) +(g-w
SR o
where we designate
W=1+q+J2\Jq+u. (S32)

So, the real and imaginary parts of R® are determined by the expressions:
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o070 pu_ N2Jg-u

= s (S33)
Calculations of Q; with R® from (S31) give:
Ql:Z[R'(1+R')2+R"2(2+R')}:
2
:%((l q)(W+ ) (\/_Jq u) (2W+ )j:
5 ) (S34)
:%((1 g) (W +(1-q)) +(V2Jg-u) (2W+(1—q))j:
2 2

After simplifying the expression in the parentheses:
(7 +1-9)° +2(g-u) |-
{(l+q+x/§\/m+l—q)2+2(q—u)}:(4+4\/5\/m+2(q+u))+2(q—u): . (S35)
:(4+4ﬁ\/un+4q):

the expression for O (S34) is reduced to

8 8(1—u) 168°
O =—[(1-q)+(q-u)l= = . (S36)
w2 w2 w2 sin? 0
Similarly, we calculate Oy coefficient with R from (S31):
2 2
2.q— _
&) :2R"(1—R"2—R'2)=_& lg—u|1- V2g-u _((1 Q)j _

/4 w w

) (S37)

22 2 2
-2 Ja=u (w2 -2g-w-(1-9)°)
The expression in the parentheses can be essentially simplified:

(WZ—2(q—u)—(1—q)2)=(1+q+\/§1/q+u)2 Fou-1-¢% =

—2(q+u)+2q+2\/_«/q+u+2q\/_\/q+u+2u— (S38)
—4q+4u+2\/_\/q+u(l+q) 2\/_\/q+u(x/_\/q+u+1+q) 2W\/_\/m

Taking into account that
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Jo—uaru =i —u® =v, (539)

the expression for Oy (S37) gets the form:

0;- —2Wi32\/q (202 g ru) =~ ;Vz S (540)

w2 sin2(0)

The expressions (S36), (S40) present the formulas (18), (19) in the article.



