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I. THEORETICAL BACKGROUND

Due to the well-de�ned orientation of epitaxial �lms
the XRD patterns exhibit only very speci�c re�ections in
the standard Bragg-Brentano geometry of x-ray di�rac-
tometers. Namely, θ − 2θ XRD patterns contain only
the re�ections of the crystallographic lattice planes that
are perpendicular to the surface normal. Thus, in the
case of the HH materials presented here, only (002) and
(004) �lm re�ections are visible at the angles θ de�ned
by Bragg's law

nλ = 2 d sin θ, (1)

where θ is an incident angle, λ is the radiation wave-
length, n is an integer labeling the order of the peak,
and d is the distance between the atomic planes. If, on
the other hand, instead of a single �lm, a SL is consid-
ered, additional re�ections, called satellite peaks, appear
around the main di�raction peaks at the angles satisfying
equation

2 sin θ

λ
=

1

d
± n

Λ
. (2)

In this case, d is the average distance between the atomic
planes, taking into account both materials, n is the order
of the satellite peak, Λ = d · (NA +NB) is the SL period,
and NA (NB) is the number of atomic planes of material
A (B) in one SL period.
To calculate the intensity of di�racted x-rays we used

one dimensional kinematic di�raction theory where I is
represented by [1]

I = L · p · A · F 2. (3)

The symbol L stands for the Lorentz factor, p is the
polarization factor, A is the absorption factor, and F
is the structure factor.
As the x-rays are not strictly monochromatic and di-

verge a little, constructive interference of the di�racted
rays takes place not only at the predicted Bragg angle,
but also in its vicinity. The Lorentz factor [1]

L =
1

sin 2θ
(4)
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accounts for this e�ect.
Depending on the direction of polarization of the in-

cident wave, a result of di�raction can be altered. The
change is maximal if the polarization of x-ray is in the
plane of scattering. If, on the other hand, the polariza-
tion is perpendicular to the plane of scattering, the am-
plitude of an electromagnetic wave is not a�ected. There-
fore, for unpolarized waves leaving the x-ray tube, p takes
a form of Eq. (5a) [1, 6, 7]. In case when the beam passes
through a monochromator (e.g. Ge monochromator, or
Göbel mirror), the beam used for the di�raction experi-
ment is not unpolarized any more. Thus, the Bragg angle
of the monochromator (θM ) must be included in the po-
larization factor, as shown in Eq. (5b) [7]. The factor p
is rather insigni�cant ( 1

2 6 p 6 1) and it depends on the
optical elements used during the experiment. By default
it is not taken into account in our calculations, however,
one can enable it by uncommenting the respective lines
in the code in CADEM.m.

p =
1 + cos2 2θ

2
(5a)

p =
1 + cos2 2θ cos2 2θM

1 + cos2 2θM
(5b)

According to Eq. (3), the scattered intensity scales with
the square of the structure factor F , which is given by

F (q) =

N∑
n=1

fn(q)ei∆qzn . (6)

The coe�cientN is the total number of the atomic planes
taken for the XRD calculation, zn is the position of an
atomic plane, ∆q = k′ − k is a momentum transfer
that has the absolute value |∆q| = 4π sin θ

λ , and fn(q)
is an angle dependent scattering factor that can be well
approximated using an analytical expression [3]

fn

(
sin θ

λ

)
=

4∑
i=1

aie
−bi
(

sin θ
λ

)2
+ c. (7)

The factors ai, bi, and c are the element dependent co-
e�cients tabulated in the International Tables for X-ray
Crystallography [3] and also summarized in the Table I
for HH materials and vanadium.
In the calculation of the atomic scattering factor, ac-

cording to Eq. (7), it is assumed that the binding energies
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TABLE I. The numerical factors used to calculate the atomic scattering factors and the linear attenuation coe�cients for
vanadium and half-Heusler MNiSn materials, where M =(Ti, Zr, Hf) [2�5].

Ti Ni Zr Sn Hf V

a1 9.760 12.838 17.877 19.189 29.144 10.297
a2 7.356 7.292 10.948 19.101 15.173 7.351
a3 1.699 4.444 5.417 4.459 14.759 2.070
a4 1.902 2.380 3.657 2.466 4.300 2.057
b1 7.851 3.879 1.276 5.830 1.833 6.866
b2 0.500 0.257 11.916 0.503 9.600 0.439
b3 35.664 12.176 0.118 26.891 0.275 26.893
b4 116.105 66.342 87.663 83.957 72.029 102.478
c 1.281 1.034 2.069 4.782 8.582 0.586

∆ f ′ 0.2 -3.1 -0.6 -0.7 -6.0 0.2
∆ f ′′ 1.9 0.6 2.5 5.8 5.0 2.3
B (Å2) 0.5261 0.3644 0.5822 1.1596 0.4100 0.5855
µ/ρ |Cu Kα 202.4 48.8 136.8 253.3 157.7 222.6

(cm2/g) |Cu Kβ 153.2 282.8 101.3 193.1 121.0 168.0

of all electrons in an atom are small compared to the en-
ergy of the incident x-ray photon. In case when the atom
has an absorption edge not far from the incident x-ray
energy, the dispersion corrections should be taken into
account. Then, the atomic scattering factor becomes

f = fn + ∆f ′ + i∆f ′′. (8)

The dispersion correction was applied to f of the ele-
ments forming the HH materials due to relatively small
di�erence between the Cu Kα1 radiation wavelength
1.541Å and the Ni K absorption edge that corresponds
to the wavelength 1.488Å, and is observed at 8.331 keV

[2]. The correction factors can be found in the Inter-
national Tables for X-ray Crystallography [2�4] and are
summarized in Table I.
The �nal amendment, which has to be taken into ac-

count, corresponds to the fact that in real systems the
atoms are not stationary, but they vibrate around their
average positions. That results in a decrease of the peak
intensity and an increase of the background intensity.
This temperature dependent e�ect is described by the

Debye-Waller factor e−B
(

sin θ
λ

)2
. The atom dependent

constants B are summarized in Table I [5]. Taking into
account all the e�ects listed above, the total scattering
factor has the form

fn

(
sin θ

λ

)
=

(( 4∑
i=1

aie
−bi
(

sin θ
λ

)2
+ c
)

+ ∆f ′+ i∆f ′′
)
e−B

(
sin θ
λ

)2
. (9)

In case when the di�racting planes are composed of
more than one element, f is calculated as a sum. As-
suming that in a plane AB2 there is one atom A and
two atoms B, the atomic scattering factor is equal to
fAB2

= fA + 2 · fB.

A factor not discussed yet, is the x-ray absorption in
matter. It is known that the x-ray intensity I0 that en-
ters any material will be attenuated to an amount I0e−µ t

after passing a thickness t. The parameter µ is the lin-
ear attenuation coe�cient that depends on the radiation
wavelength and chemical composition of the investigated
sample. One may be tempted to break this absorption
down to an absorption in every atomic layer and include
this in Eq. (6). However, this is in con�ict with the quan-
tum mechanical nature of the scattering process and the
preconditions of the kinematic theory. In essence an
x-ray photon sees a coherent scattering volume that is
either limited by its coherence length or the coherence of

the atomic planes of the crystallite. During one scatter-
ing event all atoms interact with the photon with equal
strength. However, if the beam penetrates further, the
absorption needs to be included with its corresponding
angle dependent path length.
Considering the Bragg-Brentano con�guration, the ab-

sorption factor is equal to [6]

A = 1− e−
2µ t
sin θ . (10)

The mass attenuation coe�cients µ/ρ (ρ is the density of
a material) are available in the International Tables for
X-ray Crystallography [3] and are summarized in Table I
for both CuKα and CuKβ radiation lines.
The linear attenuation coe�cients for MNiSn are cal-

culated by applying the mass attenuation coe�cients µm
for every element of the compound, i.e. M=(Ti or Hf),
Ni, and Sn, the atomic masses m of respective elements,
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mass mMNiSn, and the density ρMNiSn of the compounds according to

µMNiSn =
µm,M · mM + µm,Ni · mNi + µm, Sn · mSn

mMNiSn
· ρMNiSn. (11)

The total linear attenuation coe�cient is determined
based on an e�ective amount of both compounds that
form the SL structure. Namely, if the total amount of
TiNiSn (HfNiSn) is equal to the thickness tA (tB), µ is
represented by the e�ective attenuation coe�cient

µTiNiSn/HfNiSn =
µTiNiSn · tA + µHfNiSn · tB

tA + tB
. (12)

II. MODELING OF DIFFRACTION PEAKS

A simple calculation of the intensity of di�racted
x-rays, using solely Eq. (3), is not su�cient to fully model
the di�raction peaks. As demonstrated in Fig. 1 a, the
calculation (red) of 1µm thick TiNiSn �lm reproduces
well the peak position, however, the shape of the cal-
culated peak completely di�ers from the measured one.
The full width at half maximum (FWHM) of the calcu-
lated re�ections is ∼ 0.01◦, whereas the measured peak
width is ∼ 0.17◦. Such a broadening is caused by both
the experimental setup and the sample itself. The in-
strumental contribution arises from factors such as the
�nite physical size of the radiation source, axial diver-
gence of the incident or di�racted beams, and any mis-
alignment of the di�ractometer, among others. The con-
tribution to the peak broadening coming from the sample
is caused by, for example, the �nite size of the di�racting
domains/crystallites, crystal lattice distortion caused by
any point and/or line defects, and strain.
Next to the extremely sharp di�raction peak visible in

Fig. 1 a, the calculated pattern exhibits also many orders
of oscillations. These numerous oscillations are called the
Laue oscillations, or the thickness fringes, and are created
when the x-rays are di�racted coherently from the total
�lm thickness, i.e. if the x-ray coherence length is at least
equal to the �lm thickness [8]. In real 1µm thick TiNiSn
�lms the crystallite size is much smaller (∼ 100 nm),
therefore, the Laue oscillations are suppressed and the
peak is broadened (see black data in Fig. 1 a). One can
in principle model both the instrumental peak broaden-
ing and the crystallite size broadening in the computer
to achieve a realistic peak shape as was demonstrated by
Gªadyszewski using a Monte-Carlo method to simulate
scattering of SLs consisting of �nite sized grains [9, 10].
Here we restrict our calculation to a more simple empir-
ical peak broadening. As discussed below the measured
peak shape of a suitable 'parent' compound provides a
simple but suitable starting point in order to estimate
peak broadening caused by the heterostructure e�ects.

As reference peaks for the simulation of the HH het-
erostructures we used the (002) and (004) peaks of thick
TiNiSn �lms measured with identical machine settings.
The increased angular resolution at higher 2θ angles in
Bragg-Brentano geometry leads to a di�erent peak shape
at higher angles. However, all SL peaks occur close to
those reference peaks. Already a convolution of the cal-
culated data with a Gaussian singlet provides a good
resemblance to the measured pattern, as summarized
in Fig. 1 b and d (blue curves). However, the usage of
the singlet, having an arbitrary value σ = 0.1◦ for both
(002) and (004) �lm re�ections, does not reproduce the
observed peak asymmetry arising from the presence of
CuKα1 (1.54051Å) and CuKα2 (1.54433Å) radiation
wavelengths.
Clearly a peak doublet (due to Cu Kα1 and Cu Kα2),

or even more precisely a peak triplet (due to Cu Kα1,
Cu Kα2, and Cu Kβ), is needed to model the peak shape
accurately. Even though the intensity of the Cu Kβ line
is relatively low, it is clearly visible in the logarithmic
scale, which is frequently employed to visualize the satel-
lite peaks. To avoid arbitrariness in the choice of the
peak shape and its parameters, the triplets of four dif-
ferent peak shapes (Gaussian, Lorentzian, Pseudo-Voigt,
and Pearson VII) were �tted to the XRD data mea-
sured for 1µm thick TiNiSn �lm. The comparison of
the performed �ts for the (004) re�ection is summarized
in Fig. 2. Based on the coe�cient of determination, R2,
we can deduce that the best �ts were achieved for the
Pseudo-Voigt and Pearson VII line shapes, with a slight
advantage in favor of the Pseudo-Voigt. Therefore, for
the further calculations we used the Pseudo-Voigt �tting
parameters. As the separation between these three re-
�ections increases with the 2θ angle, the (002) and (004)
di�raction peaks were �tted separately.
The resulting calculation for TiNiSn �lm is demon-

strated in Fig. 1 c, whereas Fig. 1 e presents the patterns
for (TiNiSn21.5 uc/HfNiSn21.5 uc)×29 SL (both patterns
are green). Based on these computed patterns, one can
precisely determine any change of the out-of-plane lat-
tice constants in respect to the bulk values by �tting the
position of the main di�raction peak. Moreover, �tting
the period of the satellite peaks one can easily obtain the
information about the exact thicknesses of both layers
that form the SL period.
Having a more general look on these patterns, one can

notice a substantial improvement of the �t, compared
to the �rst type of the convolution. Here, not only the
peak positions, but also the overall peak shape becomes
more similar to the measured. Moreover, to show that
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FIG. 1. The calculation (red, blue and green lines) of (002) and (004) re�ections for (a-c) TiNiSn and (d-e)
(TiNiSn21.5 uc/HfNiSn21.5 uc)×29 SL. The data were convoluted using di�erent peak shapes, which were indicated in the legend.
The calculated patterns are compared to the experimental data, displayed in black. Curves were shifted vertically for clarity.

FIG. 2. The comparison of the peak �ts (red lines) to the measured (004) TiNiSn re�exion (black data points). Every red line
is composed of a triplet with the labeled shape of the peak. The triplet corresponds to the di�raction due to Cu Kα1, Kα2 and
Kβ radiation lines.

the broadening mechanism proposed by us is reasonable,
Figs. 1 and 2 exhibit the XRD patterns acquired from
two di�erent 1µm thick TiNiSn �lms. As demonstrated
in Fig. 1 c one can obtain very good resemblance between
two XRD patterns using solely empirical parameters to

convolute the peaks. A minor discrepancy between the
measured and calculated data of (004) re�ection is in
our opinion negligible and arises from sample-to-sample
scattering of the exact peak shape.

III. CADEM

A. List of �les

The source code of CADEM contains the following functions:

• constants.m creates a structure that contains general and material dependent constants, such as radiation
wavelength, density, lattice constant, mass, mass absorption coe�cient, parameters allowing for calculation of
the atomic scattering factor, and broadening parameters.

• atomicScatteringFactor.m calculates the atomic scattering factor for all elements de�ned in the function con-
stants.m, i.e. V, Ti, Zr, Hf, Ni, Sn, Sr, Ru, and O.

• choose_system.m assigns the lattice constants, the atomic scattering factors, and the mass absorp-
tion coe�cients to the variables used in the CADEM.m, depending on the selected system (1 = V,
2 = substrate/TiNiSn/HfNiSn..., 3 = substrate/HfNiSn/TiNiSn..., 4 = SrRuO3, 5 = SrTiO3).
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• CADEM.m calculates the intensity of di�racted x-rays based on the values assigned in the function
choose_system.m.

• run_CADEM.m calls all functions necessary for the calculation of the intensity of di�racted x-rays. The
calculation is performed based on the data saved in the con�guration �le (its structure is described below),
whose path is passed as an argument of the run_CADEM.m function. Subsequently the calculated pattern is
saved in the text �le.

• run_CADEM_GUI.m allows to calculate XRD patterns without the necessity of using the con�guration �le.
All necessary parameters can be speci�ed in the graphical user interface. There exist a possibility to load
a simulation parameters from an existing con�guration �le, generate an updated con�guration �le, and save
the calculated data. Moreover, it is also possible to load measured data and display them together with the
calculated ones.

There are two ways to perform the calculations:

1. Run a function called run_CADEM_GUI to start a graphical user interface.

2. Run a function run_CADEM(ConfFilePath), where ConfFilePath is a path to the con�guration �le. For details
about the con�guration �le see below.

Both of these methods are equivalent.
Moreover, the repository contains 5 examples of con�guration �les, called cf1.dat ... cf5.dat, and 2 examples of

arbitrary stacks of layers, i.e ArbitraryStack1.dat and ArbitraryStack2.dat.

B. The structure of the con�guration �le

The con�guration �le consists of 17 rows and 2 columns. The �st column contains description of the parameter
that is speci�ed in the second column. Detailed description:

1. system is equal to one of the following: 1 = V, 2 = substrate/TiNiSn/HfNiSn...,
3 = substrate/HfNiSn/TiNiSn..., 4 = SrRuO3, 5 = SrTiO3.

2. 2theta_002_from is the starting value of 2θ for the calculation of (002) re�ection.

3. 2theta_002_step is the calculation step for (002) re�ection.

4. 2theta_002_to is the �nal value of 2θ for the calculation of (002) re�ection.

5. 2theta_004_from is the starting value of 2θ for the calculation of (004) re�ection.

6. 2theta_004_step is the calculation step for (004) re�ection.

7. 2theta_004_to is the �nal value of 2θ for the calculation of (004) re�ection.

8. layerA_latticeconstant_A is the lattice constant (in Å) of a layer that lies on top of the substrate. In case of
system = 2, layer A is TiNiSn.

9. layerB_latticeconstant_A is the lattice constant (in Å) of the layer B. In case of system = 2, layer B is HfNiSn.

10. periodicArrangement is an argument that allows to specify if the investigated layer arrangement is periodic (then
set value equal to 1) or non-periodic (any other value). Periodic arrangement means a SL with well de�ned SL
period and number of bilayers. Non-periodic arrangement can be any arbitrary layer stack that will be loaded
from a �le. For details about the �le structure see point 14.

11. layerA_thickness_uc is the thickness of layer A in unit cells. In case of system = 2, layer A is TiNiSn.

12. layerB_thickness_uc is the thickness of layer B in unit cells. In case of system = 2, layer B is HfNiSn.

13. numberOfbilayers an integer number of periods (bilayers) of the periodic layer arrangement. E.g. by setting this
value to 1 and layerB_thickness_uc = 0 one can study �nite size oscillations of layer A.
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14. non-periodicArrangement_�le a path to the �le that contains non-periodic layer arrangement, e.g. Ar-
bitraryStack1.dat. A �le can have .txt or .dat extension. It must contain an even number of el-
ements. Assuming system = 2, a series of numbers [13; 14; 2; 8] saved in a �le will mean:
substrate/TiNiSn13 uc/HfNiSn14 uc/TiNiSn2 uc/HfNiSn8 uc, conversely [13; 14; 2; 0] will skip the last HfNiSn
layer, however, it must be speci�ed for correct operation of the program.

15. numberOfUnitCellsOfIntermixing is the length (in unit cells) at the interface, where the intermixing takes place.
E.g. if intermixing=2uc, the lattice parameters and the atomic scattering factors are modi�ed along the length
of 1 uc for layer A and 1 uc for layer B. In case of intermixing=4uc, the same happens for 2 uc of layer A and
2 uc of layer B.

16. SingleLayer_latticeconstant_A is the lattice constant of a single material in unit cells. Must be speci�ed if
system = 1, 4, or 5.

17. SingleLayer_thickness_uc is the thickness of a single material in unit cells. Must be speci�ed if system = 1, 4,
or 5.

The �les cf1.dat ... cf5.dat are few examples of con�guration �les.

C. How to add a new material

To add a new material go to the �le constants.m and specify material dependent constants accordingly to the
existing structure. On an example of vanadium:

% Vanadium
const.a.V = [10.2971 7.3511 2.0703 2.0571]; % see Eq.(7) in Supplementary Material
const.b.V = [ 6.8657 0.4385 26.8938 102.478]; % see Eq.(7) in Supplementary Material
const.c.V = [ 1.2199 0 0 0]; % see Eq.(7) in Supplementary Material
const.B.V = 0.5855; % Debye-Waller factor in A^2
const.disp_corr_1.V = 0.2; % Delta f' - see Eq.(8) in Supplementary Material
const.disp_corr_2.V = 2.3; % Delta f'' - see Eq.(8) in Supplementary Material
const.d.V = 3.02; % lattice constant in angstroem
const.density.V = 6.11; % density in g/cm^3
const.masAbsCoeff_alpha.V = 222.6; % Mass attenuation coefficient mu/rho (cm^2/g)
const.masAbsCoeff_beta.V = 168.0; % see Eq.(10) in Supplementary Material

% values for Cu Kalpha and Cu Kbeta
const.mass.V = 50.94; % mass (g/mol)

Moreover, it is necessary to determine how many atomic planes form a single unit cell. In case of MNiSn one
can distinguish 4 atomic layers, i.e. MSn/Ni/MSn/Ni. On the other hand, in case of vanadium, or any material
crystallizing in fcc or bcc structure, there are only 2 layers. In each of them there is only one atom. Therefore, one
must specify a constant const.divide_uc that stores this information. If an exemplary material would be composed
of 5 uc and it would be saved as e.g. system = 6, one should create another case (in the �le constants.m):

switch system
case {1, 4, 5}

const.divide_uc = 2; % e.g. V has bcc unit cell and can be divided into 2 layers
case {2, 3}

const.divide_uc = 4; % HH materials can be divided into 4 atomic layers
case 6

const.divide_uc = 5; % an exemplary material that is composed of 5 unit cells
end

Then go to the �le choose_system.m and de�ne a new system you want to investigate. If you would like to
investigate an exemplary material that has 5 atomic layers in a unit cell, create a new system. Its number must be
equal to a value that is not in a use yet (e.g. system = 6). For vanadium system = 1:

switch system
case 1 % Vanadium
f.Ka1.a1 = f.Ka1.V; % assign atomic scattering factor to a variable f.wavelength.a1
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f.Ka2.a1 = f.Ka2.V; % that is used in the function CADEM as a first layer of the unit cell
f.Kb.a1 = f.Kb.V;
f.Ka1.a2 = f.Ka1.V; % assign atomic scattering factor to a variable f.wavelength.a2
f.Ka2.a2 = f.Ka2.V; % that is used in the function CADEM as a second layer of the unit cell
f.Kb.a2 = f.Kb.V;

if isnan(const.d_a_new) % if you do not specify a new value of lattice constant
% (const.d_a_new),

const.d_a = const.d.V/const.divide_uc; % the bulk value will be used
else % otherwise,

const.d_a = const.d_a_new/const.divide_uc; % a value specified by a user will be used
end

% calculate the linear attenuation coefficient for Cu Kalpha and Kbeta radiation wavelengths
const.mu_Ka = const.masAbsCoeff_alpha.V * const.density.V; % (1/cm)
const.mu_Ka = const.mu_Ka/0.01; % (1/m)

const.mu_Kb = const.masAbsCoeff_beta.V * const.density.V; % (1/cm)
const.mu_Kb = const.mu_Kb/0.01; % (1/m)

end

For more complex materials, like e.g. half-Heusler TiNiSn it is necessary to calculate atomic scattering factors and
attenuation coe�cients based on a percentage share of elements in a single atomic layer. For details we refer to the
source code and Eq. (11)�(12).
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