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We report below the MATHEMATICA codes that we used to get the CF of the right circular
cylinder and the CF of a cubic surface.

Derivation of equations (102)-(109)

RE-CALCULATION OF

THE CORRELATION FUNCTION

OF THE CYLINDER

WITH RADIUS R, DIAMETER D AND HEIGHT H.

(* SetDirectory["C:\\Users\\salvino\\Documents\\SALVIN\\LAVORI\\CYLINDER"] ; HP %)
SetDirectory["/Users/salvino/Desktop/WORK_IN_PRGS/THREAD FILM LIKE_SYSTEMS"];
Directory|[]

/Users/salvino/Desktop/WORK_IN_ PRGS/THREAD FILM LIKE_ SYSTEMS

a:=H/D

The variable x = r /Dranges within [0, Rpax= Sqrt[l+ a”2]].
This interval splits into three intervals :
[0, min[a, 1]] [min[a, 1], max[a, 1]] and

[max[a, 1], Rpax] Wwith

The evalution proceeds by evaluating the overlapping volume between the cylinder and that translated
by r. We assume that the plane z=0 cuts the cylinder halfway and that the z-axis coincides with the
cylinder-s axis.

One sets ?:{r*Cos[go]*Sin[@], r*Sin[e]*Sin[6] r*Cos[#]}. with 0 <a <n/2
The overlapping area of two circle of radius R and centers separated by x is

Sovrlp[R_x_]:= 2 R¥[ArcCos[ 5= ]-7= [ 1 = (52)42 .

The separation bewteen the centers is x=rL=r*Sin[6].
The height of the overlapping volume is Hovrl=H - 7 =H - r*Cos[6]

Hence the overlapping volume is
Vovrlpng[R_x_.,t_]:=Sovrlp*Hovrl

DEFINTION OF THE INTEGRAND FOR THE CASE WE ARE INTERESTED IN

VOLUME OF THE OVERLAPPING REGION
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r*Sin[e]] r*Sin[0] [r*Sin[e])
- 1| ——|~2 |;

Sovrlp[R_, r_, 6_] := 2 R? ArcCos[
2 xR

2 xR 2 %R
Vovrlpng[R _, H_, r_ , 6_] := Sovrlp[R, r, 6] * (H-r xCos[6]);

The integral is
27w /2
ZJ J Vovrlpng[R, H, r, 6] * Sin[©6] dody =
o 0

7T/ 2 1
47rj Vovrlpng[R, H, r, 6] * Sin[6] d6 = 47rJ Vovrlpng[R, H, r, 6] dCos[6]
o o

4 » T % Sin[6] *» Vovrlpng[R, H, r, O]

r?sin[6]?

r Sin[6O] 1- iR

r Sin[O]
] _

8 7R? (H-rCos[6]) Sin[6] ArcCos[

2R 2R

the above function is correctly normalized. In fact its integral, divide by (4rr), must reproduce the cylinder olume in the limit
r — 0 as it happens. See below
Integrate[ ((4 * 7 * Sin[6] * Vovrlpng[R, H, r, 6]) /. {r>0}), {6, 0, m/2}]/ (4n)

H 7t R?

The integrand 1is obtained putting Cos[#] —t and reads

-r2+4R% +r?¢2 r'\/l—'t:2
27R(H-rt) [-r\1-¢2 | ——— +4RArcCos[—]
R? 2R

and it is split into the sumof three terms.

Simplify[((4*7r*sin[6] * Vovrlpng[R, H, r, 6]) /. {Cos[e] - t, Sin[6] » '\/1—t2 }]/ ‘\/1—t2 ’

Assumptions » {0 < t < 1}]

(—1+t2) <4R2+r2 (—1+t2)) r+/1-t?
+4RArcCos{7

R? 2R

}

27R(H-rt) |-r_ | -
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0

integrndaa[R, H, r, t] can explicitly be integrated. One find

Simplify[ (FullSimplify|
Integrate[integrndaa[R, H, r, t], t, Assumptions » {0 <t <1& H>0&&R>0&&r > 0}],
Assumptions - {0 <t <1&&H>0&&R>0&&r >0}]) /.
\1-¢2

2R r\/l—tz 2R

r
{ArcCsc[ ] —>Arcsin[ ], ArcSec[ ] > T/ 2 —Arcsin[ ] ,
; 2R > 2R
ryl-¢t ryl-t
r ry1-t?
ArcTan[ ] »Arcsin[—],
2R

4 R?*+x? (—1+t2)
-1+t2

N
R? R

\/_ (-1+¢2) (aRP+22 (-14€2))  A[- (-1+¢2) (4RZ+2? (-1+87)) }

Assumptions - {0 < t < 1&&H>0&&R>0&&r>0}]

1
-— T
2r

rlaneR (c1eet) s (2R (10 e?)) - (1) (4R (1)) ) -

ra/1-t?

8 R? (R2+r2 (—1+t2>)ArcSin[ ]
2R

FullSimplify [Sin [ArcCsc [ —] ] ]
FullSimplify [Sin [n / 2 - ArcSec [

1-t2
\/1-1-.2

Fullsimplify[sin [7r / 2 - ArcCos [ rz—] ] ]
R
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r

FullSimplify [TrigExpand [Sin [ArcTan[ ] ] ] '

4R%*+x? (—1+t2)
- -1+t2

Assumptions » {0 <t <1&5H>0&R>0&&r > 088 4R* +r? (-1 +¢?) >0}]

One performs an integration of integrndcc[R, H, r, t] by parts

Expand[(integrndcc[R, H, r, t]) /. {ArcCos[r \/1-1-,2 ]_,ﬂ/z_ Arcsin[r 21-1:2 ]}]
R

2R

r+/1-t?
4Hn2R2—8HnR2Arcsin{ ]
2R

r‘\/l—t2

FullSimplify [— 8H7R?2 xt+D [Arcsin[
2R

],t],Assumptions—»{0<t<1&&R>0&&r>0}]

8HnrR?t?

J-(-1+t2) (4R2+x? (-1+t2))
Primitive of the integrable term plus the first term of the integration by parts.

primitvAA[R_, H_, r_, t_] :=
Simplify[ (FullSimplify[Integrate[integrndaa[R, H, r, t], t, Assumptions » {0 < t < 1 &&
H>O0&ER>0&&r > 0}], Assumptions » {0 <t <1&&H>O0&&R>0&&r >0}]) /.

2R ::\/1-1:2 2R

{ArcCsc[—] - ArcSin[ ], ArcSec[—] -
2R
r1-t? ry1-t?
r\1-t2 r ry1-t?
n/Z—ArcSin[—] o ArcTan[ ] —)Arcsin[—],
2R 2R

4 R?+x? (—1+t2)
- -1+t2

(-1+¢2) (4R2+22 (-1+¢2))  Af-(-1+¢2) (4R2+x? (-1+¢2))

- S },
R? R

Assumptions -» {0 < t < 1&&H>0&&R>0&&r>0}] +

r 1-t2
4H7r2R2—8H7rR2ArcSin[

check

FullSimplify [D[primithA[R, H, r, t], t] - Fullsimplify[

ry1-t?

t
-8 HR? *t*D[ArcSin[ ], t], Assumptions -» {0 < t < 1&&R>0&&r>0}] -

2R

(integrndaa[R, H, r, t] + integrndcc[R, H, r, t]),
Assumptions » {0 <t < 1&%H>O0&&R>0&&F > 0}]



Deposited_Part.nb

r? - 4 R?
Limit [primithA[R, H, r,t],t» ———, Direction » —1]
r

Series[Fullsimplify[Limit [primitvAA[R, H, r, t], t » 1, Direction » 1] -

'\/r2—4R2

Limit [primithA[R, H, r, t], t->
r

, Direction -» —1] ,
Assumptions » {0 < 2*R< r< H}] , {R, O, 2}]

Remaining contribution to be integrated

Factor[Together[integrndbb[k, H, r, t] - Fullsimplify[

ry1-¢2

-8 HnR? *t*D[ArcSin[
2R

], t], Assumptions -» {0 < t < 1&&R>0&&r>0}]J]]

2H7rr(—r—2R+rt2) (—r+2R+rt2)
rmngintegrnd[R_, H_, r_, t_] := i

N -(-1+¢2) (-r?+4R2 4 £? ¢2)

Further Check that the outset integrand be reproduced (OK)

FullSimplify[D[primitvAA[R, H, r, t], t] + rmngintegrnd[R, H, r, t] - integrndTot|[R, H, r, t],

Assumptions » {0 <t <1&&H>O0&&R>0&&r > 0}]

Expand[(—r—2R+rt2) (—r+2R+rt2)]

|5

The remaining integrand "rmngintegrnd[R_, H_,r_, t_]" must be written as a sum of ellipti-

cal canonical integrals.

Factor[rmngintegrnd[R, H, r, t]]

rmngintegrnd44[R_, H_, r , t ] := B

rmngintegrnd22[R_, H_, r_, t_] :=

~

\-(-1+¢2) (-r2+4R2 4 r? ¢2)

1

rmngintegrndOO[R_, H_ , r , t ] :=

~

A - (-1+¢2) (-x?+ 4R2 4 2 £2)
Simplify[rmngintegrnd[R, H, r,t] - (2Hnr) * ((r2 - 4R2) * rmngintegrndOO[R, H, r, t] +
(—2 r? ) * rmngintegrnd22[R, H, r, t] + (rz) * rmngintegrnd44[R, H, r, t])]

By the following identities it is possible to write the integrand as a sum of the canonical elliptic forms
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D[t / rmngintegrnd00[R, H, r, t], t] -» XXXX;

1 '\/—r2+4R2+r"2*t2
rmngintegrnd22XX - - (-r? + 4R?) » rmngintegrnd00XX | ;
r~2
1-¢t2
rmngintegrnd44XxX -
1 (rz -4 Rz) * (3 r2-8 RZ) rmngintegrnd00XX 4 (rz -2 Rz) \/ -r2 + 4R? + r? t2 XXXX
_ " -
3r? 3
* 3r24/1-¢2

r2

Proof of the identities

Fullsimplify[rmngintegrndzz[R, H, r, t] -

1 \/—r2+4Rz+r"2~kt2
- (—r2 + 4R2) * rmngintegrndOO[R, H, r, t] |,

r*2
1-¢2

Assumptions » {0 < t"2<1&&-r?+4R*+r’¢?> 0}]

Fullsimplify[
1 (r2 -4 Rz) * (3 r?-8 Rz) rmngintegrnd00([R, H, r, t]
rmngintegrnd44([R, H, r, t] - — +
r? 3 r?

D[t / rmngintegrnd00[R, H, r, t], t]

4(rz—ZRz)'\/—r"’+4Rz+r21:2
) 3

3r24/1-+¢2

Assumptions - {O <t*"2<1&&-r2+4R*+1r?t?> 0}]

16 H 7 R? (r? - 4 R?)
* rmngintegrndOO[R, H, r, t] -

Fullsimplify[rmngintegrnd[R, H, r, t] - |-
3r

4l-l7r(r2+4R2)\/—r"’+4Rz+r2tz

2
— Hnrr+«D[t/rmngintegrndOO[R, H, r, t], t] -
3
3ry1-t?

Assumptions - {0 <t*2<1&8-r2+4R?+r2t?> 0}]

The integrand in the canonical form becomes
X 16 HnR? (r2-4 R?) X
rmngintegrnd[R, H, r, t] - —_—y ¢ rmngintegrndOO[R, H, r, t] -

4HN (rzul Rz) A -r2+4 R24xr? £2 ]

%Hnr*D[t / rmngintegrndO0([R, H, r, t], t] -
3ry1-t2
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1
intgrndFFF[R_, r_, t_] := B

A (1-2) (-r2+aR? 422 ¢2)

'\/-rz + 4 R% 4+ r? t2
intgrndEEE[R_, r_, t_] := ;

1-+¢2

16 H 7 R? (r2—4R2)

rmnFFF[R_, H , r , t_] := - * intgrndFFF[R, r, t];
3r
4H (r2 +4 Rz) intgrndEEE[R, r, t]
rmnEEE[R , H_, r_ , t_] := - ;
3r

(* ATTENTION THIS IS A PRIMITIVE %)

2
rmngprmtv[R_, H , r , t ] :=-—Hnr*t/rmngintegrndOO[R, H, r, t];

3

check

Fullsimplify[rmngintegrnd[R, H, r, t] -
(rmnFFF[R, H, r, t] + rmnEEE[R, H, r, t] + D[rmngprmtv[R, H, r, t], t]),
Assumptions » {0 <t <1&&-r’+4R*+r’t? > 0&%R>0&&r > 0&&H > 0}]

The integration of intgrndFFF and intgrndEEE involves the elliptic integrals.
The integration will be done by using some formulae reported by Gradsthein and Ryzhik.
We need first to define the integration domains. These are obtained by solving the inequalities

Disk : 0 < H<2%*R, 0<t<1l, -r’+4RrR?+r?t?>0,H-rt>0;
DscRAA: 0 <r<H<2Rand0O<t<1;

H
DscBB: 0 <cH<r<2Rand0O<t< —;

DscCC:2R<r <\ H>+4R? and

Needle: 0 <2*R < H, O<t<1l, -r’+4R>+r’t?>0,H-rt>0;
NdlAA:0<r<2Rand0<t<1;

Nd1BB :

H
<t< —.
r r

r? - 4 R?

NdlCC:H<r <\ H? + 4 R? &&

To integrate intgrndFFF[R, r, t] and intgrndEEE[R, r, t] one
needs todistinguish thecases aa: r<2+Rfrom bb: 2xR<r
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Reduce[{o <2*R <H, O<t<l, -r?’+ar?’+r?t?2>o0,

H-rt>0,0<r<VH "2+4%R" 2 }, (H, R, r, t}, Reals]

H
H>0&&0<R< —&& | (0<r<2R&&0<t<1l) ||
2

2R<r < H&&

Case (aa) : r<2*R

\J4R?- r?
Onefindsthat\/—r2+4R2+r2 t? 5 ry t’+ AA"2 with aa » ———
r

For the FF using the identity 3.152 .3 del G&R one gets

1 1

dt =

dt = [ —— —
v (1-¢2) (-r?+aR%4r? £2) k rqf (1-t2) (t2+a?)

2
F[Arcsin[u l;az ], L ] -
ut+a V 1l+a?

For the EEE using the identity Using eq .3 .169 .3 one gets

u ., u
J;)J.ntgrndFFF[R, r, t]dt > jo

LA
LR

u u\/—r2+4Rz+r2'l:2
fintgrndEEE[R, r, t]dt - f dt -
(] (]
1-t?

aZ+1 ]

u‘\[aa"2+ t?
rf —_——dto>r '\/a2+1 E[Arcsin[u
o a2
1-+t?

aZ+1
r '\/ a2+1 EllipticE [Arcsin [u ]

aZ+1

prmtvFFFaa[R _, r , u_] :=

=1

u? 1+a2

FullSimplify[ ——— EllipticF [ArcSJ.n[
1+

Assumptions » {0 < r< 2% R}];

prmtvEEEaa[R_, r_, u_] := Fullsimplify[

['\/: Elllpt:.cE[ArcSln[ o ]

4R?- r?
{a - —} , Assumptions » {0 < r < 2 *R}];
r

2
: EllipticF [Arcsin [u “ ’ 12+a2 ] ’
’1{’32 u®+a

1+a?

4R—r
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prmtvFFFaa[R_, r_, u_] :=

.
I

q q q 1 r?
EllipticF [ArcSJ.n [2 Rt ' m ] ’ m]
2R

1-t? 1 r?
-r’t¢ +2REllipticE [Arcsin [2 Rt
4 R? + r? (—1+t2)

prmtvEEEaa[R_, r_, u_] :=

4 R? + r? (—1+t2) ], 4R2],

CHECKS on the derivatives

FullSimplify[
FullSimplify[D[prmtvFFFaa[R, r, t], t], Assumptions » {0<r<2*R&&0 <t < 1}] -
intgrndFFF[R, r, t], Assumptions » {0 <r<2*R&&0 < t < 1}]

FullSimplify[
FullSimplify[D[prmtvEEEaa[R, r, t], t], Assumptions » {0 <r<2+R&&0 <t <1}] -
intgrndEEE[R, r, t], Assumptions » {0 <r<2*R&&0 <t <1}]

intgrndFFF [R, r, t]
intgrndEEE[R, r, t]

Case (bb) : 2*R <r

\/r? - 4 R?
Onefindsthat\/fr2+4R2+r2t2 > ry\t’-b"2 with b » ——

r
For the FF using the identity 3.152.9 del G&R one gets
1 u 1

(*b<u<1=a*)ju dt - dt -
P (1-¢2) (-r2+4R2 4 x2 ¢2) " rqf (1-¢2) (£2-b"2)

] ,V1- b? ] - i EllipticF [Arcsin[i
r u

For the EE using the equation 3.169 .11 of G&R

1 u? - b?

1
—F [Arcsin[—
r u

1-b2

u A/ -b? +t2
rj ——dt > r E[Arcsin[—
u

P12

K]
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prmtvFFFbb[R , r_, u_] :=

\ r? - 4 R?

FullSimplify[ [i EllipticF [Arcsin[i u- b: ] s 1- bz]] /. {b - —},
r u 1-b r

A/ r? - 4 R?

Assumptions - {0 <2*R<r&&
r

<u<1}];

prmtvEEEbb[R , r , u_] :=

u? - b?

], 1- bz] - p? EllipticF[

1
Fullsimplify[ [ [r [EllipticE [Arcsin [ - .
u 1-b

u? - p?

],1-b2]-i\/(1-u2) (w2 - B2) || /.

1
Arcsin[—
u 1 - b2 u

'\/r2-4R2 '\/r2—4R2

{b—> } ,Assumptions—»{0<2*R<r&& <u<1}];
r r
2
EllipticF [ArcCsc[L] o “: ]
4 R?+r? (—1+t2) r
prmtvFFFbb[R , r , t_] := ;
r
1
pPrmtvEEEbb[R , r_ , t_] := —
rt
2Rt

craf-(-1+t2) (R4 2% (-14¢7)) +r2tEllipticE[ArcCsc[

\/4R2+r2 (—1+t2)

2Rt 4 R?
(r2 -4 Rz) t EllipticF [ArcCsc[ ] ’ ] 7

'\/4R2+r2 (—1+t2) r

CHECKS on the derivatives
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Fullsimplify[
r? - 4 R?
Fullsimplify[D[prmtvFFbe[R, r, t], t], Assumptions - {0 <2*R<r&& — <t«< 1}] -
r
A/ r? - 4 R?
intgrndFFF[R, r, t], Assumptions - {0 <2*%*R<<r&& — < t< 1}]
r
Fullsimplify[
r? - 4 R?
FullSimplify[D[prmtvEEEbb[R, r, t], t], Assumptions -» {0 <2*R<r&& <t< 1}] -
r
r? - 4 R?
intgrndEEE[R, r, t], Assumptions -» {0 <2*R<r&& — <t< 1}]
r
CASE AA 0<r<2*R<H
FullSimplify [Fullsimplify [primithA[R, H, r, t]+
16 HxR? (r? - 4 R?)
rmngprmtv[R, H, r, t] + |- * prmtvFFFaa[R, r, t] +
3r

* prmtvEEEaa[R, r, t], Assumptions » {0 < r<2+*R<H&&0 <t < 1}] -
3r

PrmtvCFNdlAA[R, H, r, t],

[ 4H7r(r2+4R2)

Assumptions » {-1<t < 1&R>0&r > 0&& 4R? +r? (-1 +t?) >0&&1—t2>0}]

0

PrmtvCFNdl1AA[R , H , r_, t_] :=

1 1-+t2
- 7lr|r|-127R? (r+2Ht-rt?) + (24R4-
6 r? 4R?+r? (-1+1t?)
16HrR*’t+4Hr’t (-3+t?) -6r?R? (-1+¢?) -31* (—1+t2)2)
1:"\/1—t2
24 R? (R2—21-lrt+r2 (—1+t2))ArcSin[—] +
2R
2Rt r?
16 HrR (r2 +4 Rz) EllipticE [Arcsin[ ] 5 ” ] +
'\/4R2+r2 (—1+t2) e
rt 4 R?
32 HR? (r2—4R2) EllipticF[ArcSin[ ], . ] 7
'\/4R2+r2 (—1+t2) r

Derivative check
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Simplify[(Fullsimplify[D[PrmtvCFNdlAA[R, H, r, t], t] - integrndTot [R, H, r, t],
Assumptions » {0 <r<2+R<H&0<t<1&0<t"2<1&&4R*+r? (-1+¢%) >0}]) /.

{\/—(—1+t2)3 (aR?+ 22 (-1+¢2)) > (1-t"2) —\/—(—1+t2) (aR? + 2 (-1+¢2)) }]

evaluation of the CF

Simplify[ (FullSimplify|
FullSimplify[Limit[ (FullSimplify[ExpandAll[ (PrmtvCFNdlAA[R, H, r, t]) /. {t > 1-€}],
Assumptions » {0 <r<2+*R<H&&0<e<r<2*R<H}]), € >0, Direction- -1],
Assumptions » {R > 0}] - Limit [PrmtvCFNd1AA[R, H, r, t], t » O, Direction » -1],

2R r
Assumptions » {0 <r<2*R<H}]) /. {ArcCsc[—] - ArcSin —] ’
r 2R
2R 7 r
ArcSec[—] - (— —Arcsin[—])}]
r 2 2R
1 r
Apart[——rr -3 (r (8HnR2—47rrR2+ (r2+2R2) '\/—r2+4R2 ) +8R2 (rz—Rz) ArcSin —]) +
6r 2R
2 2
r r
16 HR (r? + 4 R?) EllipticE[ ] +16 HR (r? - 4 R?) EllipticK[ ]]]
4 R? 4 R?
1
Simplify[FullSimplify [Together[—z 72 (-2H+r) R+ — wr? ‘\/ -r?+4R? +R? ‘\/ -r?+4R? ]] +
2
1 r r r?
— 4 7R Simplify[ 3 r? RArcSin[— -3R? ArcSin[— -2Hr? EllipticE[ ] -8HR?
3r 2R 2R 4 R?
r? r? r?
EllipticE[ ] -2Hr? EllipticK[ ] + 8 HR? EllipticK[— ] - CFNA1AA[R, H, r]]
4 R? 4 R? 4 R?

CFNA1AA[R_, H_, r_]

7 (% + 2R?) 4R
27%R? (2H-r) + — " \|-r?+4R? +
3r

2

3R (r? - R?) 1-\rcsin[i =
2R

r2

rZ
2H (r? + 4 R?) EllipticE[ ] -2H (£ - 4 R?) EllipticK[ ] ;
4 R? 4 R?

FullSimplify[Limit [CFNd1lAA[R, H, r], r » 0, Direction-» -1]/ (4n),

Assumptions » {0 < 2 *R < H}]
FullSimplify[Limit [CFNd1AA[R, H, r], r > 2 xR, Direction » 1], Assumptions -» {0 < 2 * R < H}]

FullSimplify[Series[CFNd1lAA[R, H, 6], {6, 0, 6}], Assumptions - {R> O0&&H > 0&& 2 *R < H}]

SerisCFNd1AALwrBnd[R_, H_, 6 ] :=
Hn28® né* Hn?65
- +

16 R 15R 512R3

8
4H7*R*-2 (7?R (H+R)) 6+ — 7R+
3

FullSimplify[Series[FullSimplify[ExpandAll[ (CFNd1AA[R, H, r]) /. {r> (2*R-6)}],
Assumptions - {R>0&&H >0&&2*R<H&&S > 0}], {6, 0, 4}],
Assumptions - {R>O0&&H > 0&&2*R<H&& S > 0}]
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1
SerisCFNd1AAUpBnd[R_, H_, 6_] := - — 7 R? (4H (8-37) +3R) +
3

1 72 R 7 R
— 7R (16H-37R) 6+ |- +H7r(——+Log[16])+H7rLog[—] 52+
6 4 6 5

R 3
32 nn|(-37mR+H (-13 +24Log[2]) +6HLog|—-|] &
2 VR 52 ( ])
15

+
24 R

ansl? T (—9671'R+H (-371 + 720 Log[2]) +1sonLog[§]) 5

+
21 VR 1536 R?

CASE BB: 0< 2*R<r<H
Simplify[ FullSimplify [primithA[R, H, r, t] +

16 HnR? (r? - 4 R?

rmngprmtv[R, H, r, t] + {— * prmtvFFFbb[R, r, t] +
3r

4H7r(r2+4R2)
st

] * prmtvEEEbb[R, r, t],

\r?-4R?

r

Assumptions-»{0<2*R<r<H&& <t<1}] /.

2R r\/l-tz 2R 7 ry1-t?
{ArcCsc[—] - Arcsin[ ], ArcSec[—] - | - —Arcsin[
2R

r 1-t2 r 1-¢2

r? - 4 R?

Assumptions—»{0<2*R< r<H&& — < t«< 1}]
r

1

PrmtvCFNd1BB[R_, H , r_, t_] := n(127n®RPt +

6rt

\/—(—1+t2) (4R?+xr? (-1+¢?)) (-6rRPt+3r’t (-1+¢%) +H (32R?-41r? (-2+¢%))) +

1 r'\/l—t2
24R%*t ——7rr1:(—2l-l+r'l:)+(R2—2Hr'l:+r2 (—1+t2))ArcSin[—] +
2 2R
\/4R2+r2 (—1+t2) 4 R?
8Hrt —(r2+4R2)EllipticE[ArcSin[ , ]+
2Rt r?

\/4R2+r2 (—1+t2) 4 R?

(rz -4 Rz) EllipticF [Arcsin[ ] ’ ] i
2Rt r?

Derivative check
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FullSimplify [D[
PrmtvCFNd1BB[R, H, r, t], t] - integrndTot[R, H, r, t],

=T
ﬂ“d}]

Assumptions - {0 <2x*xR<r<HE&&
r

evaluation of the CF

Simplify[simplify [Limit[PrmtvCFNdlBB[R, H, r, t], t > 1, Direction » 1] -

'\[r2—4R2

Limit[PrmtvCFNdlBB[R, H, r, t], t >
r

, Direction -» - 1] ’

Assumptions » {0 < 2*R< r< H}] - CFNA1BB[R, H, r]]

CFNd1BB[R , H_, r_] :=
2 72 R? (2Hr-R2) 47H (r2+4R2) 4 R2 47H (r2—4R2) 4 R2

- EllipticE[ ] L —— EllipticK[
r 3 3 Z

]:

r? r

SerisCFNd1BBLwrBnd[R _, H_, 6 ] :=

1 1
-—nR® (4H (8-37m) +37R) + — 7R (-16H+37R) 6+
3 6

R J , 7r(37rR+H(13—24L09[2])+GHL°9[§])63
+H7rLog[—] 6% + +
) 24 R

72 R 7
- +H7r[——+Log[16]
4 6

x (—967rR+H (-371 + 720 Log[2]) + 1souLog[§]) 5

.
’

1536 R?

Simplify[FullSimplify[Series[FullSimplify[ExpandAll[ (CFNd1BB[R, H, r] /. {r>2*R+6})],
Assumptions » {0 <2*xR<H&& 6 >0}], {6, 0, 4}], Assumptions » {0 <2*R<H&& S > 0}] -
SerisCFNd1BBLwrBnd[R, H, 6], Assumptions » {0 <2*R<H&& S > 0}]

SerisCFNd1BBUpBnd[R_, H_, 6_] :=
1 4 R? 4 R?
— 27 |6H* 7R? -3 7R*+2H? |- (H? + 4 R?) EllipticE[ - ]+(H2—4R2)EllipticK[ . ] +
3H H H

1

4R 4R
27 [-37rR4 + 4 H? [(H2 - 2R?) EllipticE[—] - (#? -4 R?) EllipticK[—]]] &+
3 B2 H? 2
1 4 R? 4 R?
—2n [-3 7R* + 2 B2 [- (82 + 4R?) EllipticE[ —| + (H? + 2R?) E1lipticK| ]]] 8%+
3H3 H2 H?

1
— 2xR?
3H* (H? - 4R?)

4 R?

4 R?
]+(H2-4R2) [-37rR2+4H2E11ipticK[ ]]]63;

H2

(-4 (u* - 8 H? R?) EllipticE[ -
H

the limit of the cylinder of negligible diameter

FullSimplify[Series[CFNd1BB[R, H, r], {R, 0, 6}], Assumptions » {0 < r < H}]
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This is the sought for result. It shows that the CF behaves as 1—7 in the limit r—0

The discontinuity of the CF as r — 2R

the sign of & must be changed in one of the two contibutions because
r=2R + ¢ inthe firstand r=2 R - 6 in the second.

In fact if one expands f[x]=x, using x—>x+0 one finds x+6 and using
x—x-0 one finds x-6. So, before subtracting the two expansion one must
change the sign of ¢ in one of the two expansions.

One sees that the leading term is

-82HnLog[6] as & - 0F

and

5?HnLog[ |6 |]ass - 0.

SerisCFNA1AAUpBnd[R, H, §]
SerisCFNA1BBLwrBnd [R, H, &]

Simplify[ (SerisCFNd1BBLwrBnd[R, H, 6] - SerisCFNA1AAUpBnd[R, H, -6])]

CASECC: 0< 2*R< H<r<V4R* + H?

Simplify[simplify[ FullSimplify [primithA[R, H, r, t] +

16 HnR* (r? - 4 R?)
rmngprmtv[R, H, r, t] + |- * prmtvFFFbb[R, r, t] +
3r

4HT (r2 +4 Rz)
-——— | * prmtvEEEbb[R, r, t], Assumptions -
3r

\r?-4ar? H
{0<2*R<H<r<‘\/R2+H2 &&—<t<—}] /.
r

r

2Rt \/4R2+r2(—1+t2)
{ArcCsc[ ] —>Arcsin[ ],
\/4122+r2 (—1+t2) 2Rt
2R r41-t?
ArcCsc[—] —>Arcsin[—],
2 2R
ryl-t
2R 7 ry1-t?
ArcSec[—] - | = —Arcsin[ ] }] - PrmtvCFNd1CC[R, H, r, t]]

2R

|15
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1
(1272 R%2t +

PrmtvCFNdICC[R_, H , r , t_] :=
6rt

\/-(-1+t2) (4R?+r? (-1+¢?)) (-6rR?t+3r’t (-1+¢%) +H (32R?-41r? (-2+¢%))) +

1 r\1-t?
24R%*t ——7rrt(—2H+rt)+(R2—2Hrt+r2 (—1+t2))ArcSin[—] +
2 2R
\/4R2+r2 (-1+t2) 4 R?
8Hrt —(r2+4R2) EllipticE[ArcSin[ o ]+
2Rt r?

\/4R7'+r2 (—1+t2) 4 R?
(r? - 4R?) EllipticF [Arcsin[

~e

=1
2Rt r?

DERIVATIVE CHECK

Fullsimplify[Fullsimplify[Fullsimplify[D[PrmtvCFNdlCC[R, H, r, t], t], Assumptions -

\/r2-4R2 H
{0<2*R<H<r<\/4R2 + H 86§ — <t < —}]-integrndTot[R, H, r, t],

r r

\ r? - 4 R? H
Assumptions - {0 <2*xR<H<r<\4 R> + H> 66 ———— <t < —}] , Assumptions -

r r

\/r2-4R2 H
{0<2*R<H<r<'\/Rz s B 88— <t < —&&1-t"2> 088 4R +r? (-1+t?) >o}]

r r

H
Simplify[simplify [Limit[PrmtvCFNdlCC[R, H, r,t], t > —, Direction » 1] -
r

2 2
r“-4R
Limit[PrmtvCFNdlCC[R, H, r, t], t- , Direction - -1] ’

2
Assumptions - {0 <R& O <H&&2*R<H&&H<KIr< 4R? + H2 }] - CFNA1CC|[R, H, r]]
1

CFNdICC[R_, H , r ] := — 7 12H271'R2+127rr2R2—127rR4—H2—\/(—H2+r2) (#?-r?+4R?) +
6r

57+ (-H2+1?) (H2-r?+4R?) +26R* 4 (-H2+1?) (H2-r+4R?)

‘\/ -H? + 12 ‘\/ -H? + r? ‘\’ -H? 4+ r?

24 H? R? ArcSin[ ] - 24 r? R? ArcSin[ ] +24R* Arcsin[ ] -
2R 2R 2R
r\ H? - r? + 4 R? 4 R?
8Hr (r’+4R?) EllipticE [Arcsin[ ] , ] +
2HR r?

r‘\/l~lz—r2+4R2 4 R?

o=
2HR r?

8Hr (rz -4 Rz) EllipticF [Arcsin[
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Fullsimplify[ [Fullsimplify[
Limit [CFNA1CC[R, H, r], r » H, Direction » -1], Assumptions » {0 < R& 0 < H&& 2 *R < H}] -

L 4 R? 4 R?
[_ 2% [6 H2 7 R? - 3 7 R® + 2 H2 [- (8? + 4 R?) ElliPtiCE[_] + (B* - 4R?) Ellipticx[ ]]]]]'
3H u? ¥

Assumptions » {0 <R& 0 < H&& 2 *R < H}]

FullSimplify [Limit[CFNdlCC[R, H,r], r-> \/ H? + 4 *R? , Direction » 1] ,

Assumptions » {0 <R& 0 < H&& 2 *R < H}]

16 V2 n (B2 + 4R?)>" 5772 1 i
SerisCFNd1CCUpBnd[R , H , 6_] := - + 7 (B + 4 R?)
O R 8505 V2 H® R’
(n12 -102H°R? + 78 H® R* + 4700 H® R® + 18564 H* R® + 96 HZ R!? + 64 R“) 5°/2 +

1 1/4

b (H2 + 4 RZ) (161 H'® - 16073 H'* R? + 22208 H'?R* + 1001914 H'° R® +

1871100 V2 HI°R®
2932760 H® R® + 2006 164 H° R'® + 5589 728 H* R'? + 177 472 H* R + 167 936 R'®) 5'/?;

Simplify[FullSimplify[Series [Fullsimplify[ ( (CFNA1CC[R, H, r]) /. r > ‘\/ H2+4xR? - 6) ’
Assumptions » {0 <R&&0 < H&&2 xR < H&& 5 > 0}] , {6, 0, 6}],

Assumptions » {0 < R& O <H&& 2*xR<H&& 6 > 0}] - SerisCFNd1CCUpBnd[R, H, 6]]

Simplify[FullSimplify[Series[FullSimplify[ ((CFNd1CC[R, H, r]) /. r>H+§),
Assumptions » {0 <K R& O <H&&2+*R<H&& 6 > 0}], {6, 0, 4}],
Assumptions - {0 < R&& 0O < H&&2*R < H&& S5 > 0} ] - SerisCFNd1CCLwrBnd [R, H, 6]]

SerisCFNd1CCLwrBnd[R_, H_, 6 ] :=

1 4R2 4R2
— 27 |6H* 7R* -3 7R*+2H? |- (H? + 4 R?) EllipticE[ ] 5 (H2—4R2)EllipticK[ ] +
3H H2 H2
1 4 R? 4 R?
27 (37rR4 + 4 H? [- (% - 2R?) EllipticE[ ] + (H? - 4 R?) EllipticK[—]]] 5+ 27
3 H? H2 H2 3 3

357 (H-R) R® (H+R) +2H? |- (H? + 4R?) Ellipti [4R2] 2 2 ioti Qi 2 _
pticE + (H +2R ) Elllptch[ ] [}
2 2

H H
32 (V2 nR) &2 q
+ 2 T R?
15 VH 3u* (H?-4R?)

4 R?
4 (u* -8 H>R?) EllipticE[ - ] =
H

4 R?
(H-2R) (H+2R) [37r(H—R) (H+R) +4H2EllipticK[—2]]J 5 -
H

2 ('\/2_71'(H8+20H6R2—87H4R4—790H2R6—8R8)) 57/2

1
+ 2 7 R?
945 (H7/2R%) 3u° (B - 4R?)’
) 4 R?
37 (H-R) (H+R) (H?-4R?)% 482 (—3H4+52H2R2—128R4)EllipticE[ - ]+
H

4 R?
(3 8% - 28 H?R? + 64 RY) EllipticK[—]]] 5%;
HZ
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SOME PLOTS

NeedlIntPlt =
With[{H = 10, R = 1}, ParametricPlot|[{{r, r"2 « CFNd1AA[R, H, r]}}, {r, O, 2R}, PlotStyle »
{Thickness[0.004], Blue}, AspectRatio -» 1, AxesLabel -» {"r", "r 7(r}"}]] ;

NeedlMedPlt = With[{H = 10, R = 1}, ParametricPlot[{{r, r"2 » CFNd1BB[R, H, r]}},
{r, 2R, H}, PlotStyle » {Thickness[0.002], Magenta}, AspectRatio » 1]] ;

NeedlOutrPlt = With[{H =10, R=1}, ParametricPlot[{{r, r~2 x CFNd1CC[R, H, r]}},

{r, H, \ 4 R? + H? }, PlotStyle » {Thickness[0.006], Green}, AspectRatio - 1” ;

Show[NeedlIntPlt, NeedlMedPlt, NeedlOutrPlt, PlotRange » {{0, 11}, {0, 250}}]
Show [NeedlIntPlt, NeedlMedPlt, PlotRange » {{1.8, 2.2}, {0, 230}}];
Show[NeedlMedPlt, NeedlOutrPlt, PlotRange » {{9.8, 10.5}, {0, 3}}1]1;

1st ORDER DERIVATIVE IN THE NEEDLE CASE

DNeedlIntPlt = With[{H = 10, R = 1}, ParametricPlot[{{r, DCFNd1AA[R, H, r]}}, {r, O, 2R},
PlotStyle » {Thickness[0.004], Blue}, AspectRatio -» 1, AxesLabel -» {"r", "y'(r}"}11];

r

DNeedlMedPlt = With[{H = 10, R = 1}, ParametricPlot[{{r, DCFNd1BB[R, H, r]}}
{r, 2R, H}, PlotStyle » {Thickness[0.002], Magenta}, AspectRatio » 1]]

’
7
DNeedlOutrPlt =
With[{H =10, R=1}, ParametricPlot[{{r, DCFNA1CC[R, H, r]}}, {r, H, \/ 4R? + B2 },
PlotStyle » {Thickness[0.006], Green}, AspectRatio -» 1, PlotPoints - 100] ] H

Show[DNeedlIntPlt, DNeedlMedPlt, DNeedlOutrPlt, PlotRange » {{0, 11}, {-270, 5}}]
2ndt ORDER DERIVATIVE IN THE NEEDLE CASE
DDNeedlIntPlt = With[{H = 10, R = 1}, ParametricPlot|[
{{r, DDCFNA1AA[R, H, r]}}, {r, 10" (-2), 2R}, PlotStyle » {Thickness[0.004], Blue},
AspectRatio -» 1, AxesLabel » {"r", "y''(r}"}, PlotPoints -» 200]] ;

DDNeedlMedPlt = With[{H = 10, R = 1}, ParametricPlot[{{r, DDCFNd1BB[R, H, r]}}, {r, 2R, H},
PlotStyle » {Thickness[0.002], Magenta}, PlotPoints » 2000, AspectRatio -» 1]] ;

DDNeedlOutrPlt = With[{H =10, R=1}, ParametricPlot[{{r, DDCFNA1CC[R, H, r]}},

{r, H, \ 4 R? + H? }, PlotStyle » {Thickness[0.006], Green},

PlotPoints -» 200, AspectRatio - 1] ] ;
Show [DDNeedlIntPlt, DDNeedlMedPlt, PlotRange » {{1.9, 2.1}, {0, 1000}}]

Show [DDNeedlMedPlt, DDNeedlOutrPlt, PlotRange » {{9.7, 10.5}, {-0.1, 5}}]

Show [DDNeedlIntPlt, DDNeedlMedPlt, DDNeedlOutrPlt, PlotRange » {{0, 11}, {0, 250}}]

first derivatives
FullSimplify[D[CFNd1lAA[R, H, r], r], Assumptions » {0 < r < 2R < H}]

FullSimplify[D[CFNd1BB[R, H, r], r], Assumptions » {0 < 2R < r < H}]

FullSimplify [D[CFNdlCC[R, H, r], r], Assumptions -» {0 <2R<H<r< ‘\/ 4R? + H2 }]
second derivatives

FullSimplify[D[DCFNd1lAA[R, H, r], r], Assumptions » {0 < r < 2R < H}]
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FullSimplify[D[DCFNAd1BB[R, H, r], r], Assumptions » {0 < 2R < r < H}]
FullSimplify [D[DCFNdlCC[R, H, r], r], Assumptions - {O <2R<H<r<\4Rr?+H? }]

FIRST AND SECOND DERIVATIVE EXPRESSIONS NEEDLE Case

DCFNAd1AA[R , H_, r_] :=

1 2R 2R
|3 8R4ArcCsc[—] +r (3r2—2R2) '\j -r?+4R? —8rR2ArcSec[—] +
6 r2 r r
1’.'2 rz
16 HR [-2 (r? - 2R?) EllipticE[ ] + (£? - 4R?) EllipticK[ ] ; DCFNd1BB[R_, H_,
4 R? 4 R?
1 4 R? 4R
r ] := 27 |37xR*-4Hr (r? -2R?) EllipticE[—] +4Hr (£ -4 R?) EllipticK[—] ;
3 r? r2 2
1
DCFNAd1CC[R_, H_, r_] := 7 | (H? + 7% - 26 R?) \/- (H-r) (H+r) (B2 -r’+4R?) +
6 r?
2R
24 R? (—l-l2 +r? +R2) ArcSec[—] +
-H?2 + r?
2HR 4 R?
16 Hr |- (rz -2 Rz) EllipticE [ArcCsc[ ], ] +
2
r \/ H? - r? + 4 R? o
2HR 4 R?
(r? - 4R?) EllipticF [ArcCsc[ ] ]
2

r
r
r'\/Hz-r2+4R2

1 2R
DDCFNA1AA[R_, H , r ] := — 7 [3 r (3r?+2R?) \-r?+4R* -24R* ArcCsc[—] +
r

33
r? r?
] + (r2 +8 Rz) EllipticK[

8HR [-2 (% + 4 R?) EllipticE[ ]]] ; DDCFNd1BB[R_, H_,

4 R?
4 R? 4R2]]
;

4 R?
1

] -2Hr (r2 +2 Rz) EllipticK[

r ] :=-

4 [37:114 +2Hr (r? + 4R?) EllipticE[

33 B 2

DDCFNA1CC[R_, H_, r_] := [x [(H-r) (H+r) (H? +r’-26R?) (H® -r?+4R?) +

2R
24 (H-R) R? (H+R) '\/—(H—r) (H+x) (B2 -r?+4R?) ArcSec[—] +

-H? + r?

8Hr+-(H-r) (H+r) (B -r?+4R?)

2HR 4 R?
- (r2 +4 Rz) EllipticE [ArcCsc[ ] ,

2
r
r\H? - r? + 4 R?

ArcCsc[ 2HR ], 41:2] /(3r3'\/(-H2+r2) (Hz-r2+4R2));

r\H2 - r? + 4 R?

] + (r2 +2 Rz) EllipticF[

r

value of the discontinuity asr - 2 R

|19
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FullSimplify[
Series[Simplify[ (DDCFNd1BB[R, H, r]) /. {r - 2R+ 6}, Assumptions » {0 <6 < 2*R < H}],
{6, 0, 0}], Assumptions » {0 < 6 < 2*R < H}]

FullSimplify[
Series[Simplify[ (DDCFNd1lAA[R, H, r]) /. {r - 2R -6}, Assumptions » {0 <6 < 2*R < H}],
{6, 0, 0}], Assumptions » {0 < 6§ < 2 *R < H}]

LEADING ASYMPTOTIC TERM AS r -> 2 R in the NEEDLE case.

REMARK: the right and left limit do not exist!.
Limit [DDCFNd1BB[R, H, r], r » 2R, Direction » -1]

4R? 4R
r? r?

an (3 7R+ 2HE (r?+ 4R?) EllipticE[ ] ~2Hr (r?+2R?) EllipticK[

il

l

Limit [-
3r3

r » 2R, Direction - —1]
Limit [DDCFNd1AA[R, H, r], r » 2R, Direction - 1]

DirectedInfinity[H]

value of the discontinuity asr - H

Limit [DDCFNd1CC[R, H, r], r » H, Direction -» -1]

FullSimplify[ (Limit [DDCFNd1CC[R, H, r], r -» H, Direction » -1] -
Limit [DDCFNd1BB[R, H, r], r » H, Direction -» 1]), Assumptions » {0 < 2R < H}]

Limit [DDCFNdICC[R, H, r], r » H, Direction -» -1]
FullSimplify[
Series[Simplify[ (DDCFNd1CC[R, H, r]) /. {r - H+ 6}, Assumptions » {0 < 6§ <2*R< H}],

{6, 0, 0}] - Series[Simplify[ (DDCFNd1BB[R, H, r]) /. {r > H-6},
Assumptions » {0 < 6§ <2*xR < H}], {6, 0, 0}], Assumptions » {0 < 2R < H}]

The Disc cases

CASE AA O<r<H<2*R

Simplify[FullSimplify [primithA[R, H, r, t] +

16 HxR* (r? - 4 R?)

rmngprmtv[R, H, r, t] + [— * prmtvFFFaa[R, r, t] +

3r

4H7x (r? + 4 R?)
-——— | *xprmtvEEEaa[R, r, t], Assumptions » {0 < r<H<2*R&&0 < t < 1}] -
3r

PrmtvCFDskAA[R, H, r, t]]
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PrmtvCFDskAA[R_, H , r_, t_] :=

1
— x[127R 4 3 (-2R 4 x? (-14¢2)) Af- (-14¢%) (4R2 42 (-14¢2)) +
6r

1-+t2
4Hrt |2 (£2+4R%) - (-1+¢2) (aR?+x? (-14¢7)) |] -
4 R? + r? (—1+t2)
2R
24R? (R®-2Hrt+r’ (—1+t2))ArcSec[—]+
r 1-¢2
2Rt r?
16 HR —(r2+4Rz) EllipticE[ArcSin[ ], ]—

'\/4R2+r2(—1+t2) 4R

(r? - 4 R?) EllipticF[ArcSin[ 2Rt ], il ] 7
'\/4R2+r2 (—1+t2) 4R

Derivative check

Simplify[(FullSimplify[D[PrmtvCFDskAA[R, H, r, t], t] - integrndTot [R, H, r, t],

Assumptions » {0 < r <H<2xR&0<t<1&0<t"2<1&&4R*+r? (-1+¢%) >0}]) /.

{\/—(—1+t2)3 (4R*+x? (-14+¢2)) > (1-t"2) A= (-1+¢%) (4R +2? (-1+t2)) }]
Simplify[

Simplify[((FullSimplify[Limit[PrmtvCFDskAA[R, H, r,t], t>1, Direction » 1] - Limit[

PrmtvCFDskAA[R, H, r, t], t » 0, Direction » -1], Assumptions -

2R r 2R 7 r
{0<r<H<2%R}]) /. {ArcCsc[—] ->Arcsin[— ’ ArcSec[—] - — - ArcSin —]} ’
r 2R r 2 2R

Assumptions » {0 < r <H< 2% R}] - CFDskAA[R, H, r], Assumptions » {0 <r<H< 2x* R}]

CFDskAANotNorm[R_, H , r_] :=
1 r

-— 7 |-3 (r (8H7rR2—47rrR2+ (r2+2R2) '\/—r2+4R2 ) + 8 R? (rz—Rz) Arcsin[— ] +
6r 2R

2 r2

] +16 HR (r? - 4 R?) EllipticK[ ]

16 HR (r? + 4 R?) EllipticE[

.
’

r
4 R? 4 R?

Simplify[Limit [CFDskAANotNorm[R, H, r], r » 0, Direction » -1],
Assumptions » {0 < r < H< 2R}]

The above function coincides with that relevant to the Needle case in the ramge 0 < r <Min[H,2*R].

SerisCFDskAALwrBnd[R , H_, 6 ] :=
8 Hn?28% né* Hn?S°
4H7*R*-2 (7?R (H+R)) 6+ — 7R + = + ;
3 16 R 15R 512 R?

Simplify[FullSimplify[Series[CFDskAANotNorm[R, H, 6], {6, O, 5}1,
Assumptions » {R> 0&&H > 0&& 2 * R > H}] - SerisCFDskAALwrBnd [R, H, §]]

|21
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SerisCFDskAAUpBnd[R_, H_, 6_
1 2R
3[ [4H7rR2+H2'\/ H2+4R?> +2R*\ -H +4R2)+8(H R) R2 (H+R)ArcCsc[—]]-
6H H
HZ
16 HR (H? + 4R?) EllipticE[ ] -16HR (H? - 4R?) Ell:l.pt:l.cK[ ] +
R? 4 R?
1 2R 2R
-24 R4Arccsc[—] +3H [(-3 H +2R?) \ -H2 + 4 R? +8HR2ArcSec[—]] +
6H2
HZ 2
32HR (H? - 2R?) EllipticE[ ] -16HR (H? - 4 R?) Elllptch[ ]] &+
2 4R2
1 2R
7 |[3H (38 +2R?) \V-H2+4R? -24 R4ArcCsc[—] =
6 H3 H
H2 2

16HR(H2+4R2)E11ipticE[ 2]+8HR( +8R2)E111pt1cK[ 2]]62+
R 4R

1 2R
7 [H\/-H2+4R2 (-38*+2H?R? - 24 R*) - 24 R* (H? - 4 R?) ArcCsc[—] +
H

6 H* (H? - 4 R?)

HZ
32 R? [_ (#° - 8 HR?) EllipticE[_ +2H (H® - 4R?) EllJ.pt:LcK[ ]]] &+
4 R2 4 R?

1 2R
7 R? [—H \ -H? + 4 R? (H4+16 H? R? - 48 R4) - 12 R? (H2 —4R2)2ArcCsc[—] =
H

38° (B2 - 4R?)’
]+

]] 5%; SerisCFDskAAUpBnd[R, H, 5];

HZ
4 (3H°R-52H°R® + 128 HR®) EllipticE[

4 R?
H2

4 (9H°R- 68 H’R® + 128 HR®) EllipticK[
4 R?

Simplify][
FullSimplify[Series[FullSimplify[ExpandAll[ (CFDskAANotNorm[R, H, r]) /. {r>»> (H-6)}],
Assumptions » {R>0&&H>0&&2*R >HE&& S > 0}], {6, 0, 4}],
Assumptions - {R>0&&H > 0&&2*R > H&& 6 > 0}] - SerisCFDskAAUpBnd[R, H, §]]

CASEBB: O<H<r<2*R && 0 <H<r<2Rand0< tc< %

FullSimplify [Fullsimplify [primithA[R, H, r, t]+

16 HxR? (r? - 4 R?)
rmngprmtv[R, H, r, t] + |- * prmtvFFFaa[R, r, t] +
3r

4HR (r2 +4 Rz)
-—————— | *xprmtvEEEaa[R, r, t], Assumptions -»

3r

H
{O<H<r<2*R&&0<t< — &8 4R+ r? (-1+¢?) >0&&1—t2>0}]—
r

PrmtvCFDskBB[R, H, r, t], Assumptions -
H

{0<H<r<2*R&&0<t< — &8 4R?+r? (-1+1t?) >o&&1-t2>o}]
r
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PrmtvCFDskBB[R_, H , r_, t_] :=

1 1-+t2
—n|127R*+ (
6r 4R2+r2(—1+t2)

-24R*+16HrR?t-4Hr t (-3+¢?) + 6’ R? (-1+¢%) +
3rt (—1+t2)2) - 24 R? (RZ—ZI-Irt:+rz (—1+t2)) ArcSec[—] +

2Rt r?
16 HR | (-r? - 4 R?) EllipticE [Arcsin[ ] ,

\/4R2+rz(—1+tz) 4R

2Rt

—\/4R2+r2 (—1+t2) ], 4R2]] ;

(r2 -4 Rz) EllipticF [Arcsin[

Derivative check

FullSimplify[D[
PrmtvCFDskBB[R, H, r, t], t] - integrndTot[R, H, r, t],
H
Assumptions - {0 <H<r<2+*R&&O0<tc< —}]
r
H
FullSimplify [Limit[PrmtvCFDskBB[R, H, r,t], t»> —, Direction » 1] -
r

Limit [PrmtvCFDskBB[R, H, r, t], t - 0, Direction » -1], Assumptions » {0 <H<r < 2x* R}]

H
FullSimplify [FullSimplify[Limit [PrmtvCFDskBB[R, H, r, t], t > —, Direction » 1] -
r

Limit [PrmtvCFDskBB[R, H, r, t], t » 0, Direction » -1], Assumptions » {0 <H<r< 2% R}] -

CFDSkBB[R, H, r], Assumptions -» {0 <H<r < 2 * R}]

Clear [CFDskBBOLD]; Clear [CFDskBB];

CFDSkBBOLD[R_, H_, r_] :=

-H? + ¢?
— |12 7R +

(-u*+H? (6 xr? +22R?) +3 (r*-2r?R?-8RY)) -
6r

H? - r? + 4 R?

r
3 (47\'R4—r(r2+2R2) ‘\/—r2+4R2 +8 (r-R) R? (r+R) ArcCos[— )+24R2 (W% + % - R?)
2R

-H? + 2 2HR r?
] +16HR |- (r2 +4 Rz) EllipticE [Arcsin[ ] o

r\ H? -r?+4R?

ArcCos [

2R (r2 -4 Rz) EllipticF [Arcsin[

H ] 4R2]
|
r
\ H2-r2+4 R?

~

r
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The elliptic integrals F has modulus equal 2R/r, which is greater than one. One uses eq.s 8.127 of G&R
to transfrom the into the elliptic F-integral with modulus smaller than 1.
The transformation is

2 2
{EllipticF{ArcSin{;] , “: ] > | = EllipticF [Arcsin[L] , = 2] }
\ B2 r2+4 R? ® ZR r~ H2-r?i4 R? 4R
checks
H 4 R?
FullSimplify [EllipticF [Arcsin[—] , ] -
r2
\/ H2 -r? +4R?
r 2RH r?
— EllipticF [Arcsin[ ] ’ ] , Assumptions » {0 <H<r< 2 R}]
2R 4 R?
r\ H2 - r? + 4 R?
H 4 R?
With[{H =1, R= 3}, ParametricPlot[{r, EllipticF [Arcsin[—] , ] -
2
H? - r? + 4 R? ¥
r 2RH r?
— EllipticF [Arcsin[ ] ’ ] }, {r, H, 2R},
2R 2 2 2 4R?
r\H -r“+4R

PlotRange - {{H, 2R}, {-10~ (-15), 10~ (-15)}}, AspectRatio - 1, PlotPoints - 500]]

(CFDskBBOLD[R, H, r]) /.
H 4 R? r 2RH 2

{EllipticF [Arcsin[—] ’ 2 ] - | — EllipticF Arcsin[ ],
2R

H? - r? + 4 R? r\H2-r?+4R?

CFDskBBNotNorm[R , H , r_] :=

-H2 + 2
———— (-H*+#’ (6r7+22R%) +3 (r' -2 R?-8RY)) -
H*-r“+4R

r
3 [47TR4—r(r2+2R2) \V-r?+4R? +8 (r-R) R? (r +R) ArcCos[— )+24R2 (u? + r? - R?)
2R

-H?2 + 2 2HR r?
ArcCos[—] +16 HR (—r2 -4 Rz) EllipticE [Arcsin[ ] 0 . ] -
2R 4R
r\ H2 -r?+4R?
2HR v
(r2 -4 Rz) EllipticF [Arcsin[ ]

’ 7
z]
r\ H? - r? ; 4 R? 4R

FullSimplify[CFDskBBOLD[R, H, r] - CFDskBBNotNorm[R, H, r], Assumptions » {0 < H< r < 2 R}]

FullSimplify|[

Series[Simplify[ (CFDskBBNotNorm[R, H, r]) /. {r - H+ 8}, Assumptions » {6 > 0&& 0 <H < 2R}],
{6, 0, 2}], Assumptions -» {6 > 0&& 0 < H < 2 R}]
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SerisCFDskBBLwrBnd[R_, H , & _

1 2R
(3[ (4H7rR2+H2'\/ H2+4R? +2R*4/-H +4R2]+8(H R) R? (H+R)ArcCsc[—]]-
H

GH

H? H
16 HR (H? + 4 R?) EllipticE[— -16 HR (H? - 4 R?) EllipticK[— ] +
4 R? 4 R?
1 2R
7|3 |anR*+H (302 -2R?) \-H2+4R® -8R (H2+R2)ArcSec[—] -
6 H? H
2
] S+
4 R?
1 2R
7|3 4H27rR2+3H3'\/—H2+4R2 +2HR2'\/—H2+4R2 -8R4ArcCsc[—] =
H

6 H3
))&

H
32HR (H? - 2R?) EllipticE[— +16 HR (H? - 4 R?) Elllptch[
4 R?

H2 H2
16 HR (H? + 4 R?) EllipticE[ ] +8HR (H? + 8R?) EllipticK[
4 R?

4 R

Check of the continuity atr =H

Simplify[FullSimplify[Limit [CFDskBBNotNorm[R, H, r], r - H, Direction -» -1],
Assumptions » {0 < H< 2R}] - FullSimplify[
Limit [CFDskAANotNorm[R, H, r], r » H, Direction -» 1], Assumptions » {0 < H < 2R}]]

UPPER BOUND BEHAVIOUR

After applying the transformation {r — 2*R - ¢}, MATHEMATICA is not able to work
out the series expansion around {6 = 0}.

The problem lies in the elliptic integrals E and F because the moduli arrpoach to 1.
The limit value of the second derivatives are discussed later

CASECC:[0<H<] 2*R<r<\/4R2 + H?

Simplify[simplify[ FullSimplify [primithA[R, H, r, t] +

16 HnR* (r? - 4 R?)

rmngprmtv[R, H, r, t] + |-
3r

] * prmtvFFFbb[R, r, t] +

* prmtvEEEbb[R, r, t], Assumptions -

4H7r(r2+4R2)
[_ 3r

A\ r?-4R? H
{0<H<2*R <r<\ 4R+ H? &&—<t<—}] /.
r

r

|25

2R r\/l 2R b ry1-t?
{ArcCsc[—] - Arcsin[ ] ArcSec[—] - — —Arcsin[ ],
2 2R 2 2 2R
ryl-t r 1-t
2Rt '\/4R2+r2 (—1+t2)
ArcCsc[ ] - Arcsin[ ]}] - PrmtvCFDskCC[R, H, r, t],

\/4R2+r 1+t2) 2Rt

r? - 4 R? H
Assumptions-»{0<H<2*R <r<V\arR +H s&§ —  <t< —}]
r
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1
(1272 R%2t +

PrmtvCFDsSkCC[R_, H_, r_, t_] :=
6rt

\/-(-1+t2) (4R?+r? (-1+¢?)) (-6rR?t+3r’t (-1+¢%) +H (32R?-41r? (-2+¢%))) +

1 ::\/1-1—.2
24R%*t ——7rrt(—2H+rt)+(R2—2Hrt+r2 (—1+t2))ArcSin[—] +
2 2R
\/4R2+r2 (-1+t2) 4 R?
8Hrt —(r2+4R2) EllipticE[ArcSin[ o ]+
2Rt r?
\/4R7'+r2 (—1+t2) 4 R?
(r2 -4 Rz) EllipticF [Arcsin[ ] , ] ;
2Rt r?

DERIVATIVE CHECK

FullSimplify [Fullsimplify[Fullsimplify[D[PrmtvCFDskCC[R, H, r, t], t], Assumptions -»

'\/rz-4R2 H
{0<H<2*R <r<VaRrR + H* 8§ — < t< —}]-integrndTot[R, H, r, t],
r

r

\r?-4ar? H
Assumptions - {0 <H<2*R <r« ’\/ 4R + H? 86 —— <t < —}] , Assumptions -
r

r

‘\/r2-4R2 H
{o<n<z*n <r<VAaR + B 88 — <t < —&&1-t"2>0&84R%+1? (-1+t?) >o}]

r r

H
Simplify[simplify [Limit[PrmtvCFDskCC[R, H, r,t], t > —, Direction » 1] -
r

2 2
r“-4R
Limit[PrmtvCFDskCC[R, H, r, t], t- , Direction - -1] ’

r2

Assumptions—»{0<H<2*R <r<‘\j4R2 + H2 882 +*R<r <\ 4R? + H? }]—

CFDskCC[R, H, r],Assumptions-»{O<H<2*R <r<\4R* + H* 882%xR<r <\ 4R* + H? }]

1
CFDSkCC[R_, H_, r_] := — 7 12H27rR2+127rr2R2—127rR4—H2'\/(—H2+r2) (#?-r?+4R?) +
6r

5r2qf (-H2+r?) (B -r?+4R?) +26R* | (-H2+r?) (H2-r?+4R?) -

'\/—Hz+r2 '\/—H2+r2 ‘\’—H2+r2

24 H? R? Arcsin[ ] - 24 r? R? Arcsin[ ] +24 R ArcSin[ ] -
2R 2R 2R
r'\/l*lz—r2+4R2 4 R?
8Hr (r?+4R?) EllipticE [Arcsin[ ] , ] o
2HR r?

'\/Hz—r2+4R2 4 R?

2HR ]' rZ] ’

r
8Hr (rz -4 Rz) EllipticF [Arcsin[
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BEHAVIOUR AROUND THE LOWER r VALUE in the DISK CC case
this case is discussed later

BEHAVIOUR AROUND THE UPPER r VALUE in the DISK CC case

Fullsimplify[Fullsimplify[Series [Fullsimplify[ ( (CFDSKCC[R, H, r]) /. r » \H2 + 4 xR? - 5] ,
Assumptions » {0 <R& O <H&&H< 2 *R&& 6 > 0}] , {6, 0, 4}],

Assumptions -» {0 <R&&0 < H&&H < 2 + R&& 6 > 0}] - SerisCFDskCCUpBnd [R, H, 5]]

2 (\/Z—H(H2+4R2)9/4 (H6—18H4R2+3H2R4+4R6))57/2

- +0[6]°?
945 (H® R5)
16 V2 n (w2 +4Rr?)%* 6772 1 s
SerisCFDskCCUpBnd[R_, H_, 6_] := - + 7 (H? + 4 R?)
NI LE 8505 V2 H® R’
(nlz - 102 H°R? + 78 H® R* + 4700 H®* R® + 18564 H* R® + 96 H2 R'? + 64 R“) 8%2 +

1

7 (B2 + 4 R?) " (161 H'® - 16073 H* R? + 22208 H*2 R* + 1001 914 H® R® +
1871100 V2 HIR®
2932760 H® R® + 2006 164 H° R'® + 5589 728 H* R'? + 177 472 B R'* + 167 936 R'®) 6'/%;

FullSimplify[FullSimplify[Series [Fullsimplify[ ( (CFDSKCC[R, H, r]) /. r >\ H: + 4 % R? - 5] ,
Assumptions » {0 < R&& 0 < H&&H < 2 * R&& & > 0}] , {6, 0, 6}],

Assumptions » {0 <K R&& O <H&&H<2*R&& 6 > 0}] - SerisCFDskCCUpBnd [R, H, 6]]
EVALUATION OF THE DERIVATIVES in the DISK CASE
FullSimplify[D[CFDskAA[R, H, r], r] - DCFDskAA[R, H, r], Assumptions » {0 < r < H< 2R}]

FullSimplify[D[DCFDskAA[R, H, r], r] - DDCFDskAA[R, H, r], Assumptions » {0 < r < H< 2R}]

Fullsimplify[D[CFDskBB[R, H, r], r] - DCFDskBB[R, H, r],
Assumptions » {0 <H<r < 2R&&H’ -r? +4R* > 0&& -H? + r? > 0}]

FullSimplify|[D[DCFDskBB(R, H, r], r] - DDCFDskBB([R, H, r],
Assumptions - {0 <H<r<2R&&H’-r?+4R*>>0&&-H2+1r?> 0}]

FullSimplify[D[CFDskCC[R, H, r], r] - DCFDSkCC[R, H, r],
Assumptions - {0 <H<2R<r« ‘\/ H? + 4 R? }]

FullSimplify [D[DCFDskCC[R, H, r], r] - DDCFDskCCI[R, H, r],

Assumptions - {0 <H<2R<r< ‘\/ H? + 4 R? }]
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DCFDSkAA[R_, H_, r_] :=

1 2R 2R
b [3 [8R4ArcCsc[—] +r ((3 r? - 2R?) \ -r?+4R? —8rR2ArcSec[—]]] +
r

6 r? r

2

r r

2
] + (2 -aR?) EllipticK[4R2]]];

16 HR [-2 (r? - 2R?) EllipticE[
4 R?

1
DCFDSkBB[R , H , r_] := - n
6 r® (-H? + r? - 4 R?)

r 91-Izr3‘\/—r2+4R2 —9r5‘\/—r2+4R2 —6!-12rRz'\[—r2+4R2 +
42r3R2'\/—r2+4R2 -24rR*\-r?+4R? +H4—\/(—H2+r2) (Hz—r2+4R2) +

602 r? [ (-B?+1?) (R2-r?+4R?) + 9t (-H2+r?) (H2-r?+4R?}) -

22H2R2\/(—H2+r2) (% - r? + 4 R?) -42r2R2'\/(-H2+r2) (#?-r? + 4 R?) +

2R
24R4\/(—H2+r2) (#? -r? +4R?) -24R? (r? +R?) (H? - r?+4R?) ArcSec[—] =
r
2R
24 R? (H‘I+r"—3r2Rz—4R4+H2 (—2r2+3R2)) ArcSec[—]] -
-H? 4+ r?
2HR r?
32HrR (r2 —2R2) (H2 - r? +4R2) EllipticE [Arcsin[ ], ] -
2 2 2 4R2
r'\[l-l -r“+4R
H 4R
32HR? (-r? +4R?) (B -r’+4R?) EllipticF[ArcSin[—], - ]J,
'\/Hz—r2+4Rz r

DCFDSkCC[R_, H_, r_] :=

1

7 (H2+7r2—26R2)\/—(H—r) (H+r) (B?-r?+4R?) +24R? (-0 + r? + R?)

6 r?

2R 2HR 4 R?
ArcSec[—] +16Hr |- (r2 -2 Rz) EllipticE [ArcCsc[ ] ’ ] +
2
-H? 4+ r? r\H? - r? + 4 R? r
2HR 4 R?
(r2 -4 RZ) EllipticF [ArcCsc[ ] " — ] ;
r

r\H2-r?2+4R?
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1 2R
DDCFDSkAA[R_, H_, r_] := ——n [3r (3r?+2R?) \ -r? + 4 R? - 24 R? ArcCsc[—] +
3rd r
r? r?
8HR |-2 (r? + 4 R?) EllipticE[ ] + (r? + 8R?) EllipticK[ ] ;
4 R? 4 R?
1
DDCFDskBB[R_, H , r ] := 7 |r |H \/ (-#% +r?) (H?-r?+4R?) -

3rt (—H2+r2—4R2)
3 (3r*-10r*R?-8RY) (—r'\/—r2+4R2 +\/—(H—r) (H+r) (B -r®+4R?) )-
H?2 (9r3‘\/—r2+4R2 + 2 R? (3r'\/—r2+4R2 +11\/(—H2+r2) (8% - r? + 4 R?) )]+

2R 2R
24R? (B -r? + 4 R?) |-R? ArcSec[—] + (-H? + R?) ArcSec[—] o
r
-H? + r?
H 4 R?
16 HR (H? - r’ + 4 R?) |r? REllipticE[ArcSin[—] , ] +
2 2 2 r?
H° -r“ + 4R
2HR r?
(£? + 2 R?) rEllipticE[ArcSin[ ], ]—
2 2 2 4R2
r\H-r“+4R
H 4 R?

2REllipticF [Arcsin [
H2 -r? +4R?

DDCFDSkCC[R_, H_, r_] := |n |(H-r) (H+r) (H? +r’-26R?) (H® -r? +4R?) +

2R
24 (H-R) R? (H+R) '\/—(H—r) (H+r) (B -r?+4R?) ArcSec[—] +

8Hr\/—(}{—r) (H+r) (H?-r?+4R?)

2HR

- (r2 +4 Rz) EllipticE [ArcCsc[ ] + (r2 +2 Rz) EllipticF[

r\ H2 -r?+4R?

ArcCsc[ 2HR ] 4R2] /(3r3\/(—l{2+r2) (Hz—r2+4R2))-
4 r2 ’
r'\/Hz—r2+4R2
DISCONTINUITY VALUE AT r=H
FullSimplify[
Simplify[ (DDCFDskBB[R, H, r]) /. {r » H}, Assumptions » {0 <H<2R&&H>O0&&R > 0}] -

Simplify[ ((DDCFDskAA[R, H, r]) /. {r » H}) , Assumptions - {0 <H<2R&&H>0&&R > 0}],
Assumptions - {0 <H<2R&&H > O0&&R > 0}]

DISCONTINUITY VALUE AT r=2R

(* the function EllipticF[(p,kz] is named F[¢,k] by G&R *)

|29
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G&R reports the following expansion as k—1.
(eq. 8.118.1) Flg, k] —>-72—r*F[7T/2,V 1 — kA2 ] Log[Cotl¢/2+n/4]]+..

(eq. 8.118.2) E[g, k] —>-72—r*(F[7r/2,\/ 1 — kA2 J-E[n/2,V 1 — k2 Log[Cot[¢/2+n/4]]+..

It is also recalled (see below) that MATHEMATIC ' s function EllipticF [(p, kz} isnamed F[p, k] by G &R
Thus one gets
1

Integrate[ , {a, 0, @}, Assumptions » {0 <k <1&&0< 0 < 7r/2}]
V1-k*2xSin[a] "2

(» EllipticF[¢,k?] that is named F[¢,k] by G&R )

IDENTITIES
{EllipticF [ArcCsc[ 2HR ] o 4::2 ] -
r\H? - r? + 4 R?
_E*EllipticF[n/z,1—41:2]*Log[Cot[ArcCsc[ 2RR ]/2+7r/4”,
4 i r\H? - r?+ 4 R?
EllipticE [ArcCsc[ 2HR ] o il ] -
2
r\ H? - r? + 4 R? *
2 4 R? 4 R?
- (Enipticp[n/z, 1- ] —EllipticE[ﬂ'/Z, 1- ]] *
7 r? r?
Log[Cot[ArcCsc[ 2HR ]/2+7r/4”}
r\H:-r?+4R?
{Cot[% 7r+2ArcCsc[ 2HR ] ]-)

(2R+6) \VH2 -6 (4R +6)

4HRVS (-H+2R+6) (H+2R+06) (4R+6)

8H2R2+8HR2'\/H2-6(4R+5) +4HR5‘\/H2—6(4R+5)

J

LEADINGTERMAS r-2R+9¢

One isolates the leading term of DDCFDskCC[R, H, r] asr —2R*.

To this aim one slits the function into the sum of three functions.

The one uses the G&R formulae to rewrite the elliptic integral E anf F. One isolates the
logarithmic divergent term and finally one gets the leading term.
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DDCFDskCCaa[R_, H_, r_] :=x |(H-r) (H+r) (H*+r?-26R?) (H*-r?+4R?) +

2R
24 (H-R) R? (H+R) 4/ (-H+1) (H+r) (B - %+ 4R?) ArcSec[—] /

-H? + r?
(3 r? \/ (-8% + r?) (H?-r?+4R?) ) 7 DDCFDSkCCbb[R_, H_, r_] :=
1 2HR 4 R?
-— 8Hx (r? + 4R?) EllipticE [ArcCsc[ ] ’ ] ;
3r

2
r
r'\/l-lz—r2+4R2

2
8H (r2 +2 RZ) EllipticF [ArcCsc[L] ’ L ]

2
r\ H2-r?+4 R?

r

DDCFDskCCcc[R_, H_, r_] :=

~e

3r?

Simplify [DDCFDskCC[R, H, r] - DDCFDskCCaa[R, H, r] - DDCFDskCCbb[R, H, r] -
DDCFDskCCcc[R, H, r]]

1 2HR
FullSimplify [TrigToExp [TrigExpand [Cot [ — |7+ 2 ArcCsc [
4

(2R + 6) \/32-5 (4R +6)
2HR+1V-(H-2R-6) 6 (H+2R+5) (4R+5) - (2R+6) \/32-5 (4R +6)

2iHR+V-(H-2R-5) 6 (H+2R+58) (4R+58) +1 (2R+6) \VH2 -5 (4R+6)

J{]

Assumptions » {0 < 6§ <H< 2 R}]

2HR+31V-(H-2R-6) 6 (H+2R+5) (4R+58) - (2R+68) VH2-6 (4R +6)
FullSimplify[

2iHR+V-(H-2R-6) 6 (H+2R+6) (4R+6) +4 (2R+6) VH: -5 (4R+6)

4HRVS (-H+2R+8) (H+2R+68) (4R+8)

8H2R>+8HR2\H2-5 (4R +5) +4HR6'\/H2—6 (4R +6)

, Assumptions » {0 < 6 <H < 2 R}]

4HRVS (-H+2R+5) (H+2R+6) (4R+6)
FullSimplify[Log[

8H2R2+8HR2'\/H2—6(4R+6) +4HR6'\/H2—6 (4R + 6)

]_

1
— Log[&] + Log[
2

4HRV (-H+2R+68) (H+2R+6) (4R +5)

8H2R2+8HR2‘\/H2—6(4R+5) +4HR5\/HZ-5(4R+5)

Assumptions - {0 < 6 <H< 2 R}]

I
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{EllipticF [ArcCsc[ 2HR ] 4R ] - - i * EllipticF [7r /2,1- : ‘:2 ] *

r
2
r 7 r
r'\/l-lz—r2+4R2

1 4HRV (-H+2R+68) (H+2R+58) (4R+5)
;Log[5]+Log[ ] }’
8SH2R2+8HR?\H?-6 (4R+5) +4HR6‘\/H2—6(4R+6)
2HR 4 R?
{EllipticE [ArcCsc[ ], ] -

2
r
r H2 - r? ; 4 R?
2 4 R?

4 R?
- Euipticp[n/z, 1- —] —EllipticE[ﬂ'/Z, 1- —]
b r? r?

*

A4HRV (-H+2R+6) (H+2R+5) (AR+5)
8H232+8HR2\/HZ-5(4R+5) +4HR6\/H2—6 (4 R+6)

The expansions, as r — 2 R + 9, of the three terms are

1
— Log[é&] + Log[
2

|}

Expand [Simplify[Series[ ( (DDCFDskCCaa[R, H, r]) /. {r>2R+6}), {6, 0, 0}],
Assumptions » {0 < 6§ < H< 2R}]]

Fullsimplify[
2HR 4 R?
Series[ (DDCFDSkCCbb[R, H, r]) /. {EllipticE [ArcCsc[ ], . ] -
r+\ H2 -r?+4R? ¥
2 4 R? 4 R?
. EllipticF[n /2, 1- —] - EllipticE[n/ 2,1- —] *
7T r? 2
1 4HRY (-H+2R+6) (H+2R+5) (AR+5)

11H 7

— Log[5] + Log[
2

8H2R2+8HR2'\/H2-6 (4 R+ 6) +4HR5'\/H2-6 (4 R+ 6)

{r->2R+6}|, {5, 0, 0}], Assumptions —» {0 < & < H < 2R}]

Expand[FullSimplify[Series[ (DDCFDskCCcc[R, H, r]) /.

{EllipticF[ArcCsc[ ZHR ], 4R2] > _i* (EllipticF[n/zl - 4R2]J .

4HRV (-H+2R+68) (H+2R+5) (4R+6) ]J}]
/.

SH2R®+8HR*\H> -5 (4R+5) +4HR6'\/H2-6 (4 R+ 9)

1
— Log[d&] + Log[
2

{r->2R+6}|, {5, 0, 0}], Assumptions - {0<6<H<2R}]]

FullSimplif [E d[ 2 [H [ 2 Log[H] + L [ B0 Ré])]] 2H [L [ 4 H? ] L [R]]
u implify|Expand|- |- og + Log| - + - 7 |Log| ——— | +Log| —| |,
4R 4R? - H? é

Assumptions » {0 < § <H< 2 R}]
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and collecting the three results one finds the leading term contribution

LEADING TERMAS r—-2R -6

Function DDCFDskBB[R, H, r] involves elliptic integrals with modulus # that is greater than 1 in the range r<2R.
I

Hence one uses identities 8.127 of G&R to convert to k<1. The identities are

IDENTITIES
{EllipticF [Arcsin [ ;] 7 ol ] -
VB2 - r? + 4 R? 5
r 2RH r?
— llipti i
(ZR)* E J.th.cF[Arch.n[r — ], 4R2] }
and
{EllipticE [Arcsin[ : ] ’ il ] -
H? - r? + 4 R? r?
2R 2RH r?
[T] * |[EllipticE [Arcs.tn[ ], " RZ] -

r\H2-r?+4R?

2RH

[1 _ 4’::2 ] * EllipticF [Arcsin[ ] , %] ] }

r\H?-r?+4R?

PROOF OF THE IDENTITES
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H 4 R?

2
r
'\/Hz—r2+4Rz

FullSimplify [EllipticF [Arcsin [

r 2RH r?
(—) * |EllipticF [Arcsin[ ], ]
2R 2 2 2 4 R?

r\VH -r“+4R
Assumptions » {0 <H<r<2=%* R}]
H 4 R?

FullSimplify [EllipticE [Arcsin [

2
r
'\/Hz-r2+4R2

2R 2RH r?
— | * |EllipticE [Arcsin[ ] ’ ] -
r 4 RZ
r\ H? - r? + 4 R?
2RH r?
1- * EllipticF [Arcsin[ ], ] , Assumptions » {0 <H<r<2=* R}]
4 R? 4 R2

r\H2-r?+4R?

H=1; R=2; Npoint = 50; step = (2 *R-H) / Npoint;

Do[r =H+ (1-1) »step; val = N[EllipticF [Arcsin[

(i) * [EllipticF [Arcsin[ 2RH ] ’ r22 ]] ’ 30] ;
4 R

2R
r\ H2 - r? + 4 R?

Print([i, ", ", vall;, {i, 1, Npoint}];

Clear[H]; Clear[Npoint]; Clear[step];
Clear[R]; Clear[r]; Clear[val];

H=1; R=2; Npoint = 50; step = (2 * R-H) / Npoint;

H 4 R?
Do[r =H+ (1-1) «step; val = N[EllipticE [Arcsin[—] " ] -
'\/ H? - r? + 4 R? *
2R 2RH r?
— | * |EllipticE [Arcsin[ ], ]—
r 4R2
r\/H? - r? + 4 R?
r? 2RH r?
1- . * EllipticF [Arcsin[ ] ’ " ] , 30] ;
4 R 4 R
r\H? - r? + 4 R?
Print[i, ", ", vall;, {i, 1, Npoint}];

Clear[H]; Clear[Npoint]; Clear[step]; Clear[R]; Clear[r]; Clear[val];

splitting of the funtion into the sum of two functions one of which containing the elliptic integrals
and subsequent conversion of the elliptic integrals with moduli greater than one into those with
moduli smaller than one.

DDCFDskBB[R, H, r]
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DDCFDskBBaa[R_, H_, r_] :=

1

7 |r [H? -H? + r? H:-r*>+4R?) -3 (3r*-10r?R?-8R*
e V(&) (@ -rtear?) -3 )

(—r’\/—r2+4R2 s (-H+r) (Her) (B -r%+4R?) ]-
H2 (9r3'\/—r2+4R2 +2R2 (3r\/-r2+4nz +11\/(—H2+r2) (8% - %+ 4 R?) )]+

2R 2R
24 R? (Hz - r? +4R2) -R? ArcSec[—] + (—Hz +R2) ArcSec[—] ;
r

-H? 4+ 2

Simplify[(Simplify[DDCFDskBB[R, H, r] - DDCFDskBBaa[R, H, r]]) /.

H 4 R?
{EllipticF [Arcsin[—] r— ] -
\/ H? - r? + 4 R? r
r 2RH r?
(—] * |[EllipticF [Arcsin[ ], ] , EllipticE[
2R . 2 2 4 R?
r\H -r“+4R
H 4 R? 2R 2RH r?
ArcSin[ ] , ] - | — | * [EllipticE [Arcsin[ ] ’ ] -
2 r 4 R?
H? -r? +4R? * r\H2-r?+4R?
r? 2RH r?
1- * EllipticF [Arcsin[ ] ’ ] }]
4 R? 4 R?
r\ H2 - r? + 4 R?
DDCFDskBBbb[R_, H_, r_ ] :=
1 2HR r?
-— 8HnR (2 (r’+4R?) EllipticE [Arcsin[ ] , - ] -
3r 4R
r\H2-r?+4R?
2HR r?
(rz +8 Rz) EllipticF [Arcsin[ ] , ] ;
2 2 2 4R’
rVH -r“+4R

2HR 4 R?

J =]

EllipticF [ArcCsc[

r
r\H2-r?+4R?

|35
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Simplify[(Simplify[DDCFDskBB[R, H, r] - (DDCFDskBBaa[R, H, r] + DDCFDskBBbb[R, H, r])]) /.

H 4 R?
{EllipticF [Arcsin[ ] ’ ] -
2
H? - r? + 4 R? *
r 2RH r?
(—] * |[EllipticF [Arcsin[ ], ]
2R P 2 4R?
r\H -r“+4R
H 4 R?
EllipticE [Arcsin[ ] T ] -
H2 -r? +4R? *
2R 2RH r?
— | * |[EllipticE [Arcsin[ ] ’ ] -
r 2 2 2 4R?
r\H -r“+4R
r? 2RH r?
1- * EllipticF [Arcsin[ ] r ] }]
4 R? 4 R?
r\ H2 - r? + 4 R?

Simplify[ExpandAll [DDCFDskBBbb[R, H, 2R-6]], Assumptions » {0 < 6 < H< 2R}]
1 2HR

-— 8HAR|2 (8R2—4R6+62)EllipticE{ArcSin[ },

3 2
3(2R-9) (2R-6) /H2 + 4R 6 - 52 4R

2HR (-2R+6)?
(12R? - 4R &+ 5%) EllipticF Arcsin| | }

2
(2R-6) \JH2+4R S5 -6 4R

(-2R+6)?

G&R reports the following expansion as k—1.

(eq. 8.118.1) Fly,k] —>—%*F[ﬂ/2,\/ 1 — k72 ] Log[Cot[¢/2+nr/4]]+..

(eq. 8.118.2) E[e, k] —>-72—r*(F[7r/2,\/ 1 — kA2 J-E[n/2,V 1 — k72 Log[Cot[¢/2+m/4]]+..

It is also recalled (see below) that MATHEMATIC ' s function EllipticF [(p, kz} isnamed F[p, k] by G &R

Thus one gets

{EllipticE [Arcsin[ 2HR ] , (-2R+6)>2

(2R-6) VH2+4 RS - &2

] -

4 R?

2 (-2R+6)? (-2R+6)2
. EllipticF[n/Z, 1- —] —EllipticE[n/Z, 1- —] N
b 4 R? 4 R?
Log[ArgLog[R, H, 6]],
2HR (-2R+6)?2
EllipticF [Arcsin[ ], ] >

4 R?
(2R-6) VH2+4RS - 62

2 (-2R+6)2
- — % [EllipticF[n/ 2,1- —]] * Log[ArgLog[R, H, 6]] }
7 4 R?
FullSimplify [Together [
2HR
ExpandAll [Fullsimplify [TrigExpand [Cot [Arcsin[ ]/ 2+7/ 4] ] ’

(2R-6) VH2+4RS - 62

Assumptions » {0 < 6 < H < 2R}”], Assumptions - {2R—6 >0&&H2+4RS6-6% > 0}]
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~2HR+V_(H+2R-06) (AR-6) 6 (H-2R+6) + (2R-65) \|H2+ (4R-6) &

ArgLog[R_, H_, 6_] := ;

2HR+V-(H+2R-6) (4R-6) 6 (H-2R+6) + (2R-6) \|H2+ (4R-6) &

Fullsimplify[Fullsimplify[
ExpandAll [Series[ArgLog[R, H, 6], {6, 0, 2}]], Assumptions » {0 < 6§ <H< 2R}] -

4/ 2 _y2 s
4R"-H \/n [ (#* + 4H>R? + 32R*) &
1+

8H? (H-2R) R (H+2R)

, Assumptions » {0 < 6§ <H< 2 R}]
2H

FullSimplify[

(Simplify[ExpandAll [DDCFDskBBbb[R, H, 2R-6]], Assumptions » {0 < 6§ <H< 2R}]) /.

2HR (-2R+68)2
{EllipticE[ArcSin[ ], ] -
4 R?
(2R - 6) '\/H2+4R6—62
2 (-2R+6)2 (-2R+6)2
-— % EllipticF[n/Z, 1- —] —EllipticE[ﬂ/Z, 1- —] *
7 4 R? 4 R?
Log[ArgLog[R, H, 6]1,
2HR (-2R+68)2
EllipticF[ArcSin[ ], . ] -
4R
(2R - 6) '\/H2+4R5-62
2 (-2R+6)2
- EllipticF[n/ 2, 1- —] « Log[ArgLog[R, H, &]] } ,
big 4 R?

Assumptions » {0 < 6§ <H< 2 R}] /.

{—ZHR+’\/(4R—6)6(—H—2R+6) (H-2R+6) + (2R-6) \VH2+ (4R-6) 6
5
2HR+V (4R-6) 6 (-H-2R+6) (H-2R+6) + (2R-5) \|H?+ (4R-6) &

Var*-m* |2
R [ (H* + 4H?R? + 32R*) &
1+

2H 8H? (H-2R) R (H+2R)
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1
Fullsimplify[Series[ S Te—— 16 HR
3 (2R-9)

(4R-68) & (4R-68) 6
2 (8R*-4R6+ 5% EllipticE[—] - (—2R+¢5)2E11ipticl([—]
4 R? 4 R?
,-H2+4R2 ’i (1+ (n‘+4n2n2+3zn‘)5)
R 8 H? (H-2R) R (H+2R)
Log| ]|, €6, 0, 03] -
2H
'\/-H2+4R2
-4H7rLog[—] -2HnLog[6/R] |, Assumptions » {0 < 6§ < H < 2R}]
2H
FullSimplify|[

Series[FullSimplify[ExpandAll [DDCFDskBBaa[R, H, 2R-6]], Assumptions » {0 < 6 <H< 2R}],
{6, 0, 0}], Assumptions » {0 < 6§ < H< 2R}]

Collecting the leading terms of the above two expansions one
find the leading asymptotic derm of the CF 2 nd derivativeasr —» (2R)"

Discontinuity valueatr = 2R

DDCFDskCCLwrBnd [R, H, §] - DDCFDskBBUprBnd [R, H, &]

1’_ 2 2
7 |H5 - 26 W2 R? + 88 HR® + 24 R? (H2 - R?) \/ -H2 + 4 R? ArcCos[Hz—::R ]
FullSimplify[ +

24 R? '\/—H2+4R2
7 |H (B2 - 22R?) \ -H? + 4 R? +24R? (-H? + R?) ArcSec[z—R]
\ -H?+4 R? '\/ -H? + 4 R?

+4H7rLog[—] +
24 R3 2H
4 H? R 8L
2H7rLog[ ], Assumptions » {0 < 6 < H < 2R}] +2H7rLog[—] +2H7rLog[—]
-H2 + 4 R? SR R

CHECK: aroundr =V H”"2 + 4 RA2 the expansions of the Neddle and Disc cases must coincide as
it really happens.

Simplify[SerisCFDskCCUpBnd[R, H, §] - SerisCFNd1CCUpBnd[R, H, 6]]

SOME PLOTS for the disk case
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DiskIntPlt =

With[{H =1, R =5}, ParametricPlot[{{r, r « CFDskAA[R, H, r]}}, {r, O, H}, PlotStyle »

{Thickness[0.004], Blue}, AspectRatio -» 1, AxesLabel -» {"r", "r y(r}"}11] ;

DiskMedPlt = With[{H =1, R =5}, ParametricPlot[{{r, r « CFDsSkBB[R, H, r]}},
{r, H, 2R}, PlotStyle » {Thickness[0.002], Magenta}, AspectRatio -» 1]]

DiskOutrPlt = With[{H =1, R=5}, ParametricPlot[{{r, r * CFDskCC[R, H, r]}},

{r, 2R, \ 4R? + H? }, PlotStyle - {Thickness[0.006], Green}, AspectRatio - 1” ;

Show[DiskIntPlt, DiskMedPlt, DiskOutrPlt, PlotRange » {{0, 11}, {0, 450}}]
Show[DiskIntPlt, DiskMedPlt, PlotRange » {{0.9, 1.1}, {0, 450}}] ;
Show[DiskMedPlt, DiskOutrPlt, PlotRange » {{9.8, 10.2}, {0, 0.04}}];

1st ORDER DERIVATIVE IN THE NEEDLE CASE

DDiskIntPlt = With[{H =1, R = 5},

ParametricPlot[{{r, DCFDskAA[R, H, r]}}, {r, O, H}, PlotStyle » {Thickness[0.004], Blue},

AspectRatio -» 1, AxesLabel -» {"r", "y'(r}"}, PlotLabel -» "DISK: r=5,H=1"]]

DDiskMedPlt = With[{H =1, R = 5}, ParametricPlot[{{r, DCFDskBB[R, H, r]}},
{r, H, 2R}, PlotStyle » {Thickness[0.002], Magenta}, AspectRatio » 1]];

DDiskOutrPlt =

with[{n -1, R=5)}, ParametricPlot[{{r, DCFDSkCC[R, H, r]}}, {r, 2R, \ 4R? + B2 },

PlotStyle » {Thickness[0.006], Green}, AspectRatio -» 1, PlotPoints - 100] ] ;

Show [DDiskIntPlt, DDiskMedPlt, DDiskOutrPlt, PlotRange » {{0, 11}, {-600, 1}}]
2ndt ORDER DERIVATIVE IN THE NEEDLE CASE
DDDiskIntPlt = With[{H = 1, R = 5}, ParametricPlot[{{r, DDCFDskAA[R, H, r]}},
{r, 10" (-3), H}, PlotStyle » {Thickness[0.004], Blue}, AspectRatio-» 1,
AxesLabel -» {"r", "y''(r}"}, PlotPoints -» 200, PlotLabel » "DISK: R=5, H=1"]]
DDDiskMedPlt = With[{H =1, R =5}, ParametricPlot[{{r, DDCFDskBB[R, H, r]}},

{r, H+1 /1000000, 2R-1/1000000}, PlotStyle » {Thickness[0.002], Magenta},
PlotPoints -» 2000, AspectRatio -» 1, PlotRange -» {{H, 2R}, {0, 1100}}]]

DDDiskOutrPlt = With[{H =1, R=5}, ParametricPlot[{{r, DDCFDsSkCC[R, H, r]}},
{r, 2R+1/1000000, Y\ 4 R? + H2 } PlotStyle - {Thickness[0.006], Green},

PlotPoints -» 200, AspectRatio » 1, PlotRange - {{2 R, 4 R? + H? }, {0, 100}}”

Show [DDDiskIntPlt, DDDiskMedPlt, PlotRange - {{0.98, 1.05}, {0, 1100}}]

Show [DDDiskMedPlt, DDDiskOutrPlt, PlotRange -» {{9.9, 10.1}, {-0.1, 200}}]

Show [DDDiskIntPlt, DDDiskMedPlt, DDDiskOutrPlt, PlotRange -» {{0, 10.5}, {-1, 1100}}]

THE FINAL FORMULAE OF THE CYLINDER's CF
THE NEEDLE CASE  0<2R<H

FullSimplify[Limit [CFNdlAA[R, H, r], r » 0, Direction » -1], Assumptions » {R> 0&&H > 0}]

The expressions of the Cf and its derivatives are normalized to 1 at r=0 dividing them by (4 H 712 R?)

|39
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CFNd1AA[R_, H_, r_] :
™ (

r? + 2 R?) 47R r
— A/-r?+4aRr? + 3R(r2—R2)Arcsin[— =
2R

272R? (2H-1) +

2 3r
r2 r2
2H (r® + 4R?) EllipticE[ ] -2H (r?-4Rr?%) EllipticK[ ]] / (41 *R?);
4 R? 4 R?
27*R* (2Hr-R?) 4xH (r?+4R? 4 R?
CFNA1BB[R_, H_, r_] := - EllipticE[—] +
r 3 r?
4nH (r"’—4R2 4 R?
—EllipticK[—] / (4u7®R?);
3 r?
1
CFNd1CC[R_, H_, r ] := [— 12H27rR2+127rr2R2—127rR4—H2'\/(—H2+r2) (#? -r?+4R?) +
6r

5r2+f (-H2+1?) (H-r?+4R?) +26R%+ (-H2+1?) (H?-r+4R?)

A/ -H? + r? ‘\/—H2+r2 '\/—H2+r2

24 H? R? Arcsin[ ] - 24 r? R? Arcsin[ ] + 24 R* Arcsin[ ] =
2R 2R 2R
r\/Hz-r2+4R2 4 R?
8Hr (r2 +4 Rz) EllipticE [Arcsin[ ] - ] +
2HR r?
r’\/Hz—r2+4R2 4 R?
S8Hr (r2 -4 Rz) EllipticF [Arcsin[ ] , ] / (4 H n? Rz) ;
2HR r?

CFTotNdl[R_, H , r_] := Theta[2 *xR-r] * CFNdA1AA[R, H, r] + Theta[H - r] » Theta[r - 2 ¥« R] *
CFNA1BB[R, H, r] +Theta[w/w2 +4xR 2 —r] * Theta[r - H] * CFNd1CC[R, H, r];

Simplify[ExpandAll[ (CFNA1AA[R, H, r])]]

(3 (r (F‘actor[Sl-lnR2 —47rrR2] + (r2 +2R2) ‘\/ -r?+4R? ] + 8 R? (r2 —Rz) Arcsin[i ] -
2R

1

24 HrrR?

2 2

r r
16 HR (r” + 4 R?) EllipticE[— -16HR (r? - 4 R?) EllipticK[ ]]
4 R? 4 R?

Simplify[ExpandAll[ (CFNd1BB[R, H, r])]]

1
6 H 7 r R?
4 R? 4 R?
(Factor[ﬁﬂnrk2—3nk4]—2Hr(r2+4Rz) EllipticE[ . ]+2Hr(r2—4Rz) EllipticK[ . ]]
r r
1 4 R? 4 R?
———— |37R* (2Hr-R*) -2Hr (r’ + 4R EllipticE{—] +2Hr (r - 4R EllipticK[—}
6 H T r R? r? r2

Simplify[ExpandAll[ (CFNd1CC[R, H, r])]]
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1
Factor[lZ H2 7 R? + 12 5 r? R2—127rR4] +Factor[—Hz'\/— (Hz—rz) (Hz—r2+4Rz) +

24 HrrR?
5r2—\/—(H2—r2) (Hz—r2+4R2) +26R2—\/—(H2—r2) (Hz—r2+4R2) ]+Factor[

‘\’ -H? + r? ‘\/ -H? + 1?2 ‘\/ -H? + 12
_— —] +24R4Arcsin[—]] -

] - 24 r? R? ArcSin[

-24 H2 R? Arcsin[
2R 2R 2R
r\ H2-r?+4R? 4 R?
8Hr (r’+4R?) EllipticE [Arcsin[ ] , ] +
2HR r?
r\ H? - r? + 4 R 4 R?
8Hr (rz -4 Rz) EllipticF [Arcsin[ ] ’ ]
2HR r?

DCFNA1RA[R , H , r ] :=
1 2R 2R
7|3 (8R4ArcCsc[—] +r [(3 r? - 2R?) \ -r? +4R? —8rR2ArcSec[—]]) +
r r

6 r?

r2

2 ] + (2 - 4R?) EllipticK[4R2]]]]/ (a8 7% R?);

r

16 HR [-2 (r? - 2R?) EllipticE[ -
4R

4R
DCFNA1BB[R , H_, r_] := [—2 25 [3 nR*-4Hr (r’-2R?) EllipticE[—z] +
3r r

4 R?
4Hr(r2—4R2)EllipticK[ . ]]]/ (4un*R?);
r

1
i (H2+7r2—26R2)'\/-(H—r) (H+r) (H?-r?+4R?) +
6r

DCFNd1CC[R_, H_, r_] :=

2R
]+

‘\/ -H? + r?

24 R? (—H2 +r?+ Rz) ArcSec[

2HR 4 R?
16Hr |- (r? - 2R?) EllipticE [ArcCsc[ ] , ] +
2
r'\/l-lz—r2+4R2
2HR 4 R?
(r2 -4 Rz) EllipticF [ArcCsc[ ] o . ] / (4 H 72 Rz) 7

r
r\ H? - r? + 4 R?

|41
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DDCFNA1AA[R_, H , r_] :=

1 2R r?
[ 7T [3r (3 r? +2R2) ’\/ -r? + 4 R? —24R4ArcCsc[—] +8HR (—2 (r2 +4R2) EllipticE[—z] +
4R

33 r

(rZ +8 Rz) EllipticK[ = ])]
4 R?

/ (4 R?); DDCFNA1BB[R_, H_, r_] :=

1
-—4r
33

(4 7% R?); DDCFNA1CC[R_, H_, r_] :=

4 R?

37xR*+2Hr (r? + 4R?) EllipticE[

- ] -2Hr (£ +2R?) EllipticK[‘lr—lzz]]]/

n|@H-r) (H+r) (B2 +r?-26R?) (H?-r?+4R?) +

2R
24 (H-R) R® (H+R) /- (H-1) (H+r) (H -r?+4R?) ArcSec[—] +8HT
-H? + r?
2HR
—\/—(H—r) (H+r) (Hz—rz+4R2) —(r2+4R2) EllipticE[ArcCsc[ ],
r\H2-r?+4R?
4 R? 2HR 4 R?
] + (r2 +2 Rz) EllipticF [ArcCsc[ ], ] /
r? r?
r‘\lnz—r2+4R2

(322 (-rt ) (-2 s ar?) )]/ (4H72RY);

THE DISK CASE 0< H<?2R

ATTENTION: THE PREVIOUS EXPRESSION OF THE CFs HAVE BEEN DIVIDED BY 4r
TO GET THE CORRECT NORMALIZATION OF 1 AT R=0.

FullSimplify[Limit [CFDskAA[R, H, r], r » O, Direction » -1], Assumptions -» {R > 0&&H > 0}]

[y
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Theta[x_] :=If[x >0, 1, 0];
NormFactCyl[R , H ] :=4%*n7n"2%R"2«H; CFDskAA[R_, H , r_] :=
r

1
[——7r [—3 (r (8H7rR2—47rrR2+ (% +2R?) A\ -r?+4R? ] + 8 R? (rz—Rz)ArcSin[— ]+16HR

6r 2R

]]]/ (4B 7? R?); CFDSkBB[

2 r2

] +16 HR (r? - 4 R?) EllipticK[

r
(r2 +4 Rz) EllipticE[
4 R? 4 R?

1 -H? + ¢?
R_,H_,r]:=|—n|127R" +,| ——— (-H*+H? (6r?+22R?) +3 (r*-2r’R?-8R%)) -
6r H? - r? + 4 R?
r
3 (47rR4—r (% +2R?) \/—r2+4R2 +8 (r-R) R? (r+R) ArcCos —]] +24R? (B + r? - R?)
2R
_H2 ;+ 2 2HR r?
ArcCos[ ] +16HR | (-r®-4R?) EllipticE [Arcsin[ ] , ] =
2R > 2 2 4 R?
r\VH -r“+4R

2HR r?
(r? - 4R?) EllipticF [Arcsin[ ] , - ] / (4un*R?);

4 R
r\ H2 -r? + 4 R?

1
CFDSkCC[R_, H , r ] := |— 12H27rR2+127rr2R2—127rR4—H2—\/(—H2+r2) (#?-r?+4R?) +
6r

5r2+f (-H2+1?) (H2-r?+4R?) +26R* 4 (-H2+1r?) (H2-r’+4R?)

‘\/—l-lz+r2 '\/—H2+r2 '\/—H2+r2 ]

] - 24 r? R? Arcsin[ ] +24R* Arcsin[
2R 2R

r'\/Hz—r2+4R2 4 R?
o —1+
2HR r?
r‘\/Hz-r2+4R2] 4 R?
r

2HR r?

24 H? R? Arcsin[
2R

8Hr (r’+4R?) EllipticE [Arcsin[

] /(4H7r2R2);

CFTotDsk[R_, H_, r_] := Theta[H-r] » CFTDskAA[R, H, r] + Theta[2 * R- r] * Theta[r - H] *
CFTDskBB[R, H, r] + Theta[‘\/ 4xR"2+H"2 - r] * Theta[r - 2 * R] * CFTDskAA[R, H, r];

8Hr (r2 -4 Rz) EllipticF [Arcsin[

The limit CF when the cylinder becomes a disk

N.B. One must multiply the cylinder CF by V,and then divide by HA2 amd 7 RA2 (and not by 27 RA2) because one must
consider the area of Sy, the limit of the cylinder.
The approximation is

Cylinder Cf ~ SuperCf x (%) = SuperCf x (H)

FullSimplify[Series[ (CFDskBB[R, H, r] * mr*xR*"2xH/ (H"2*n*xR"*2)), {H, 0, 1}],
Assumptions » {0 < R&& 0 < r < 2R}]

2R
1’ _r24+4 R? . 4ArcSec[T]

q R? r
supefCFDisk[R_, r_] := P
47

NrmsupefCFDisk[R_, H_, r ] := supefCFDisk[R, r] * (H"2*7w*R"2) / (m*R"2 % H);
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CHECK
Simplify[Limit [CFDsSkAA[R, H, r], r » 0, Direction » -1], Assumptions » {R> 0&&H > 0}]

FullSimplify[Limit [CFDskBB[R, H, r], r » H, Direction » -1] -
Limit [CFDsSkAA[R, H, r], r - H, Direction » 1], Assumptions - {R> 0&&H > 0 && H < 2 R}]

??2 2227?27

FullSimplify[Simplify[ (CFDSskBB[R, H, r]) /. {r » H}, Assumptions » {0 < H< 2R}] - Simplify[
(CFDskAA[R, H, r]) /. {r » H}, Assumptions » {0 < H< 2R}], Assumptions » {0 < H < 2R}]

FullSimplify[Simplify[ (CFDSkCC[R, H, r]) /. {r » 2R}, Assumptions » {0 < H< 2R}] - Simplify[
(CFDskBB[R, H, r]) /. {r » 2R}, Assumptions » {0 < H< 2R}], Assumptions » {0 < H < 2R}]

Simplify[ (CFDskBB[R, H, r]) /. {r » 2R}, Assumptions » {0 < H< 2 R}]

Series[FullSimplify[ (CFDskCC[R, H, r]) /. {r » 2R + 6},
Assumptions - {0 <H< 2R&&6 > 0}], {6, 0, 2}]

FullSimplify[Limit [CFDsSkCC[R, H, r], r » 2R, Direction » -1] -
Limit [CFDskBB[R, H, r], r » 2R, Direction -» 1], Assumptions » {R> 0&&H > 0 && H < 2 R}]
FullSimplify [Limit[CFDskCC[R, H, r], r-> '\/ 4 R? + H? , Direction - 1] ,

Assumptions - {R>O0&&H > 0&& H < 2 R}]

simplification of CFDiskBB

'\/—H2+r2 '\[—H2+r2

FullSimplify [Sin [7r /2- Arcsin[ ] - ArcCos [ 2—] ] '
R

2R

Assumptions - {0 <H<r <2 R}]

r r
Fullsimplify[sin [ArcCos[— - (7r / 2 - ArcSin —])] , Assumptions » {0 <H<r< 2 R}]
2R

2R
‘\’ -H? + x? ‘\/ -H? + r?

]—> 7r/2—ArcSin[ ] ’
2R 2R

Simplify[ExpandAll [ (CFDskBB[R, H, r]) /. {ArcCos[

r r
ArcCos[—] - (n/2 —ArcSin[— ]}], Assumptions » {0 <H< r < ZR}]
2R 2R
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1
121*1271'R2+F‘actor[3r3 '\/—r2+4R2 +6rR2'\/—r2+4R2 ] +

24 HrwrR?

Factor [—H" + 6 H? r?

-H2 + ¢?

22 H? R? - 6 r’* R? -24R*

H? - r? + 4 R? H? - r? + 4 R?

r r
Factor [24 r? R? ArcSin [ — | - 24 R*Arcsin [ o ] + Factor[
2R

2R
‘\’ -H? + ? ‘\/ -H? + r? ‘\/ -H? + 12

] +24 R4Arcsin[—]] -
2R 2R 2R

] -

-24 H? R? Arcsin[ ] - 24 r? R? ArcSin[

2HR r?
16 HR (r2 +4 Rz) EllipticE [Arcsin[ ] ’

4 R?
r\ H? - r? + 4 R?

2HR

] r
4

2
r\/Hz—r2+4R2 4R

16 HR (r2 -4 RZ) EllipticF [Arcsin[

simplification of CFDskCC

(CFDskCC[R, H, r])

1

—_— Factor[12 H2 7 R? + 12 5t r? R2—127TR4] +Factor[—H2'\/(-H2+r2) (Hz—r2+4R2) +
24HnrR

5r2\/(—H2+r2) (Hz—r2+4R2) +26R2—\/(—H2+r2) (Hz—rz+4R2) ]+Factor[

‘\, -H? + x? ‘\/ -H% + r? ‘\/ -H? 4+ r?

-24 H? R? Arcsin[ ] - 24 r? R? Arcsin[ ] +24 R ArcSin[—” -
2R 2R

2R

r\ H2 - r? + 4 R? 4 R?

8Hr (r2 +4 Rz) EllipticE [Arcsin[ ] ’ ] +
2HR r?

r+\ H? - r? + 4 R? 4 R?

2HR ]' rZ]

8Hr (r’?-4R?) EllipticF [Arcsin[
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DCFDSkAA[R_, H_, r_] :=

[611- (3 [8R4ArccSc[2_R]+r[(3r -2R2)m-8rR2ArcSec[2TR]]]+
]/ (4m~*R%);

16 HR

=] =]
-2 (r? - 2R?) EllipticE + (r® - 4R?) ElliptickK ]
4 R? 4 R?

1

[ 6r’ (-H? +r®-4R?)
r 9!-[2r3‘\/—r2+4R2 —9r5‘\/—r2+4Rz —61>{2rRz'\/—r2+4R2 +
42r°R2\ -r? +4R? -24rR*\ -r?+4R? +H4'\/(—H2+rz) (#?-xr?+4R?) +

6H2 2 [ (B2 +r?) (R2-r?+4R?) +9rt+[(-H2+1?) (H2-r?+4RP) -

DCFDSkBB[R_, H_, r_] := n

22H2R2'\/(—H2+r2) (8% -r? + 2 R?) —42r2R2\/(—H2+r2) (#?-r?+4R?) +

R
24 R4\/(—H2 +r?) (B? -r? +4R?) -24R? (r?+R?) (B2 - % + 4 R?) ArcSec[—] =
r

2R
24R? (H*+r*-3r?R?-4R*+H? (-2 + 3R?)) ArcSec[—] =
-H?2 + r?
2HR r?
32HrR (r2 -2 Rz) (HZ -rtia Rz) EllipticE [Arcsin[ ], ] -

4 R?
r'\/Hz—r2+4R2

32HR? (-r? +4R?) (B2 - r? + 4 R?)

H 4 R?
EllipticF [Arcsin [ el ] / (4 H n? Rz) 7

H? - r? + 4 R?

DCFDSkCC[R_, H , r_] :=

1

7o | (H? + 7 - 26 R?) '\/—(H—r) (H+r) (B?-r®+4R?) +24R? (-0 +r? + R?)

6 r?

2R 2HR

ArcSec[ ] +16Hr |- (r2 -2 Rz) EllipticE [ArcCsc[

2
r
-H? + r? \/ -r?2+4R?

28R / (4u%R?);

(r2 -4 Rz) EllipticF [ArcCsc[

r\ H? - 2 +4R2
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3r

1 2R
DDCFDSkAA[R , H , r_] := (—3 n [3 r(3r2+2R%) \-r?+4R* -24R* ArcCsc[—] +
r

2 2
snn(-z (r? + 4 R?) EllipticE[ rz] + (r2+8R2)EllipticK[ rz]]]]/ (amn?R?);
4 R 4R

1

n [r [n4\/(_n2+r2) (B2 -r2+aR?) -

DDCFDskBB[R_, H_, r_] :=
3rt (—H2+r2—4R2)

3 (3r*-10r*R?-8R*) (—r‘\/—r2+4R2 +\/—(H—r) (H+r) (B -r?+4R?) ] =
H2 (9r3‘\/—r2+4R2 +2R? (3r‘\/—r2+4R2 +11\/(—H2+r2) (8% - % + 4 R?) ])+

24 R? (H2 - r? +4R2)

ArcSec[%]]] .

2R
-R? ArcSec[—] + (-nz + Rz)
r

H 4 R?
16 HR (H? - r’ + 4R?) |r? REllipticE [Arcsin[—] , ] +

r2

\ H? - r? 4+ 4 R?

2HR r?

(r? +2R?) |rEllipticE [Arcsin[ ] ’ ] -
2 2 2 4 Rz
r\VH -r“+4R

H
2REllipticF [Arcsin [ —] o
H? -r? + 4 R?

o

DDCFDSkCC[R_, H , r ] := [[n [(H -r) (H+r) (B2 +r?-26R?) (H?-r’+4R?) +

2R

'\/ -H? + r?

]+

24 (H-R) R? (H+R) —\/—(H—r) (H+r) (B -r?+4R?) ArcSec[

8Hr—\/—(l-l—r) (H+r) (B -r®+4R?)

2HR 4 R?
- (r2 +4 Rz) EllipticE [ArcCsc[ ] 0 ] +
r2
r\H2-r?+4R?
2HR 4 R?
(r2 +2 Rz) EllipticF [ArcCsc[ ] 5 2 ] /
r\ H? - r? + 4 R? *

(3r3\/(—H2+rz) (% - r? + 2 R?) ) / (4mn*R?) ;

Expand [supefCFDisk[R, r]]

Simplify[Series[supefCFDisk[R, r], {r, O, 2}], Assumptions » {0 < H&& 0 < R}]

FIGURES FOR THE DISK AND THE NEEDLE CASES
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VolDisk[R_, H_] :=7m *R"2 x H;

PolynomApprNdl[R_, H , r ] :=1- (27naR"2+27RH) xr/ (4 xVolDisk[R, H]) +
r*3 (27nR"2+ 277 RH)
(3* (27nRH) / ((2%R)"2))/ (16 (2mR"2+27mRH)) / (6 * VolDisk[R, H]);
PolynomApprDisk[R_, H , r ] := PolynomApprNdl[R, H, r];

meanradiusAA[R , H_] :=1/Sqrt[((27xRH) / (R)"2) / (27nR"2+27RH)];

THE NEEDLE CASE
With[{R=1/10, H=1}, N[R/ meanradiusAA[R, H]]]

FullSimplify[Limit [CFNd1AA[R, H, r], r » 0, Direction » -1], Assumptions » {R> 0&&H > 0}]

PlottSurfCF = With[{R =1/100, H = 2}, ParametricPlot[{{r, supefCFDNdl[R, H, r]}},
{r, 2R, H}, PlotRange -» {{0, 2.1}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.002], Red}, AspectRatio » 1]];

PlottaaAA = With[{R =1/100, H = 2}, ParametricPlot[{{r, CFNd1AA[R, H, r]}},
{r, 1 /2000000, 2R-1/2000000},
PlotRange -» {{0, 2.1}, {-0.02, 1.1}}, PlotStyle » {Thickness[0.004], Blue},
AspectRatio -» 1, AxesLabel -» {"r", "y(r)"}1]

PlottaaARAaa = With[{R =1/100, H = 2}, ParametricPlot[{{r, PolynomApprNdl[R, H, r]}},
{r, 1/2000000, 2R-1/2000000},
PlotRange » {{0, 2.1}, {-0.02, 1.1}}, PlotStyle » {Thickness[0.002], Green},
AspectRatio -» 1, AxesLabel -» {"r", "y(r)"}1]

PlottaaBB = With[{R =1/100, H = 2}, ParametricPlot[{{r, CFNd1BB[R, H, r]}},
{r, 2R-1/2000000, H-1/2000000}, PlotRange -» {{0, 2.1}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.004], Blue}, AspectRatio » 1]]

PlottaaCC = With[{R =1/100, H = 2}, ParametricPlot[{{r, CFNdICC[R, H, r]}},
{r, H+1 /2000000, Sqrt[4R"2 +H" 2]}, PlotRange » {{0, 2.1}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.004], Blue}, AspectRatio » 1]]

PlottRsupCF =
With[{R=1/100, H = 2}, ParametricPlot[{{r, 10000 * (r"2 » supefCFDNdl [R, H, r])}},
{r, H, 2R}, PlotRange » {{0, 2.1}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.002], Dashing[{0.04, 0.01}], Red}, AspectRatio -» 1]];
PlottRsupCFaa = With[{R =1/100, H = 2},
ParametricPlot[{{r, 10000 » (r "2 »* PolynomApprNdl [R, H, r])}},
{r, 0, 2R}, PlotRange -» {{0, 2.1}, {-0.02, 1.1}}, PlotStyle »
{Thickness[0.002], Dashing[{0.04, 0.01}], Green}, AspectRatio » 1]]; PlottRCFNAd1lAA =
With[{R =1/100, H = 2}, ParametricPlot[{{r, 10000 * (r"2 » CFNd1AA[R, H, r])}},
{r, 0, 2R-1/1000000}, PlotRange -» {{0, 2.1}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.002], Dashing[{0.04, 0.01}], Blue}, AspectRatio -» 1]];
PlottRsCFNd1BB = With[{R = 1/ 100, H = 2},
ParametricPlot[{{r, 10000 * (r"~2 * CFNd1BB[R, H, r])}},
{r, 2R+1/1000000, H-1/1000000}, PlotRange -» {{0, 2.1}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.002], Dashing[{0.04, 0.01}], Blue}, AspectRatio -» 1]];

PlottRsCFNA1CC = With[{R =1/100, H = 2},
ParametricPlot[{{r, 10000 * r~ 2 * CFNd1CC[R, H, r]}},
{r, H+1/1000000, VAR "2 +H" 2 }, PlotRange - {{0, 2.1}, {-0.02, 1.1}},

PlotStyle - {Thickness[0.002], Dashing[{0.04, 0.01}], Blue}, AspectRatio - 1] ];
Show [PlottRsupCF, PlottRCFNd1AA, PlottRsCFNd1BB, PlottRsupCF, PlottRsupCFaa]
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PlottDiffaa = With[{R=1/200, H=1},
ParametricPlot[{{r, CFNd1AA[R, H, r] - PolynomApprNdl [R, H, r]}},

{r, 0, H-1/1000000}, PlotRange -» {{0, 1.1}, {-0.02, 1.1}},

PlotStyle » {Thickness[0.004], Dashing[{0.01, 0.01}], Magenta}, AspectRatio -» 1]];
PlottDiffbb = With[{R =1 /200, H = 1}, ParametricPlot[

{{r, CFNA1BB[R, H, r] - supefCFDNAdl [R, H, r]}},

{r, H+1 /1000000, 2R-1/1000000}, PlotRange » {{0O, 1.1}, {-0.02, 1.1}},

PlotStyle » {Thickness[0.004], Dashing[{0.01, 0.01}], Magenta}, AspectRatio -» 1]];

needlplot = Show[PlottaaAA, PlottaaBB, PlottaacCC,
PlottSurfCF, PlottDiffaa, PlottDiffbb, PlottRsupCF, PlottRsupCFaa,
PlottaaARaa, PlottRCFNd1AA, PlottRsCFNd1BB, PlottRsCFNd1CC]

PlottSurfCF = With[{R=1/20, H= 1}, ParametricPlot[{{r, supefCFDNd1l[R, H, r]}},
{r, 2R, H}, PlotRange -» {{0, 1.1}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.002], Red}, AspectRatio » 1]];
PlottaaAA = With[{R=1/20, H= 1}, ParametricPlot[{{r, CFNd1AA[R, H, r]}},
{r, 1 /2000000, 2R-1/2000000},
PlotRange -» {{0, 1.1}, {-0.02, 1.1}}, PlotStyle » {Thickness[0.004], Blue},
AspectRatio -» 1, AxesLabel -» {"r", "y(r)"}]11;
PlottaaARAaa = With[{R=1/20, H= 1}, ParametricPlot[{{r, PolynomApprNdl[R, H, r]}},
{r, 1/2000000, 2R-1/2000000}, PlotRange » {{0, 1.1}, {-0.02, 1.1}}, PlotStyle »
{Thickness[0.002], Green}, AspectRatio -» 1, AxesLabel » {"r", "y(r)"}11;
PlottaaBB = With[{R=1/20, H= 1}, ParametricPlot[{{r, CFNd1BB[R, H, r]}},
{r, 2R-1/2000000, H-1/2000000}, PlotRange -» {{0O, 1.1}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.004], Blue}, AspectRatio - 1]];
PlottaaCC = With[{R =1/20, H= 1}, ParametricPlot[{{r, CFNdICC[R, H, r]}},
{r, H+1 /2000000, Sqrt[4R"2 +H"2]}, PlotRange » {{0, 1.1}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.004], Blue}, AspectRatio » 1]] ;

Show[PlottaaAA, PlottaaBB, PlottaaCC, PlottSurfCF, PlottaaARaa]

PlottDiffaa = With[{R=1/20, H=1},
ParametricPlot[{{r, CFNd1AA[R, H, r] - PolynomApprNdl [R, H, r]}},
{r, 0, H-1/1000000}, PlotRange -» {{0, 1.1}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.004], Dashing[{0.01, 0.01}], Magenta}, AspectRatio -» 1]];
PlottDiffbb = With[{R =1/20, H =1}, ParametricPlot[
{{r, CFNd1BB[R, H, r] - supefCFDNd1[R, H, r]}},
{r, H+1 /1000000, 2R-1/1000000}, PlotRange » {{0O, 1.1}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.004], Dashing[{0.01, 0.01}], Magenta}, AspectRatio -» 1]]

needlplot = Show[PlottaaAA, PlottaaBB, PlottaaCC,
PlottSurfCF, PlottDiffaa, PlottDiffbb, PlottRsupCF, PlottRsupCFaa,
PlottaaARaa, PlottRCFNd1AA, PlottRsCFNd1BB, PlottRsCFNd1CC]

needlplot = Show[PlottaaAA, PlottaaBB, PlottaacCC,
PlottSurfCF, PlottDiffaa, PlottDiffbb, PlottRsupCF, PlottRsupCFaa,
PlottaaARAaa, PlottRCFNd1AA, PlottRsCFNd1BB, PlottRsCFNd1CC]

Export["FigNdl.eps", needlplot]

Show[PlottaaARaa, PlottaaAA, PlottSurfCF, PlottaaBB, PlottaaCC]

|49
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PlottDiffaa = With[{R=1/20, H=1},
ParametricPlot[{{r, 15 * (CFNd1AA[R, H, r] - PolynomApprNdl[R, H, r]) }},
{r, 0, H-1/1000000}, PlotRange -» {{0, 1.1}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.006], Dashing[{0.01, 0.02}], Blue}, AspectRatio » 1]];
PlottDiffbb = With[{R=1/20, H =1}, ParametricPlot|
{{r, 15 * (CFNd1BB[R, H, r] - supefCFDNdl [R, H, r])}},
{r, H+1 /1000000, 2R-1/1000000}, PlotRange » {{0O, 1.1}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.004], Dashing[{0.01, 0.02}], Red}, AspectRatio -» 1]];
PlottSurfCF = With[{R=1/20, H =1}, ParametricPlot[{{r, supefCFDNd1l[R, H, r]}},
{r, 2R, H}, PlotRange -» {{0, 1.1}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.003], Red}, AspectRatio - 1]];
PlottaaAA = With[{R=1/20, H= 1}, ParametricPlot[{{r, CFNd1AA[R, H, r]}},
{r, 1/2000000, 2R-1/2000000},
PlotRange » {{0, 1.1}, {-0.02, 1.1}}, PlotStyle » {Thickness[0.002], Black},
AspectRatio -» 1, AxesLabel -» {"r", "y(r)"}]1; (* *)

PlottaaARaa = With[{R=1/20, H= 1}, ParametricPlot[{{r, PolynomApprNdl[R, H, r]}},
{r, 1/2000000, 2R-1/2000000}, PlotRange » {{0, 1.1}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.006], Blue,

Dashing[{0.04, 0.06}]}
, AspectRatio » 1, AxesLabel -» {"r", "y(r)"}11; (% =*)

PlottaaBB = With[{R=1/20, H =1}, ParametricPlot[{{r, CFNd1BB[R, H, r]}},

{r, 2R-1/2000000, H-1/2000000}, PlotRange » {{0O, 1.1}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.002], Black}, AspectRatio -» 1]];

PlottaaCC = With[{R=1/20, H= 1}, ParametricPlot[{{r, CFNd1CC[R, H, r]}},
{r, H+1 /2000000, Sqrt[4R"2 +H"2]}, PlotRange » {{0, 1.1}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.002], Black}, AspectRatio -» 1]] ; PlottRsupCF =
With[{R=1/20, H=1}, ParametricPlot[{{r, 300 *x r "2 » supefCFDNdl [R, H, r]}},
{r, H, 2R}, PlotRange » {{0, 1.1}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.004], Dashing[{0.04, 0.01, 0.01, 0.01}], Red},
AspectRatio » 1]]; PlottRsupCFaa =
With[{R=1/20, H= 1}, ParametricPlot[{{r, 300 *x r" 2 » PolynomApprNdl[R, H, r]}},
{r, 0, 2R}, PlotRange » {{0, 1.1}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.004], Dashing[{0.04, 0.01, 0.01, 0.01}], Blue},
AspectRatio » 1]]; PlottRCFNAd1lAA =
With[{R=1/20, H=1}, ParametricPlot[{{r, 300 * r~2 « CFNd1AA[R, H, r]}},
{r, 0, 2R-1/1000000}, PlotRange » {{0, 1.1}, {-0.02, 1.1}}, PlotStyle »
{Thickness[0.003], Dashing[{0.04, 0.01, 0.01, 0.01}], Black}, AspectRatio - 1]];
PlottRsCFNd1BB = With[{R =1/20, H = 1}, ParametricPlot|[
{{r, 300 *xr"2 x CFNd1BB[R, H, r]}},
{r, 2R+1/1000000, H-1/1000000}, PlotRange -» {{0, 1.1}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.003], Dashing[{0.04, 0.01, 0.01, 0.01}], Black},
AspectRatio -» 1]]; PlottRsCFNAdICC =

With[{R =1/20, H=1}, ParametricPlot[{{r, 300 + r~2 % CFNA1CC[R, H, r]}},
{r, H+1/1000000, VAR "2 +H" 2 } PlotRange - ({0, 1.1}, {-0.02, 1.1}},

PlotStyle - {Thickness[0.002], Dashing[{0.04, 0.01}], Blue}, AspectRatio - 1] ];

needlplot = Show[PlottaaAAaa, PlottaaAA, PlottSurfCF, PlottaaBB, PlottaaCC, PlottRsupCF,
PlottRCFNd1AA, PlottRsCFNAd1BB, PlottRsupCF, PlottRsupCFaa, PlottDiffaa, PlottDiffbb]
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Export["Fig3.eps", needlplot]

Fig3.eps

THE DISK CASE

With[{R=1, H=2/10}, N[H/ meanradiusAA[R, H]]]

0.0816497

FullSimplify[Limit [CFDskAA[R, H, r], r » 0, Direction » -1], Assumptions » {R > 0&&H > 0}]

PlottSurfCF = With[{R =1, H= 0.2}, ParametricPlot[{{r, supefCFDisk[R, H, r]}},
{r,H+1 /1000000, 2R-1/1000000}, PlotRange » {{0, 2.5}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.004], Red}, AspectRatio » 1]];

PlottaaAA = With[{R =1, H= 0.2}, ParametricPlot[{{r, CFDskAA[R, H, r]}},

{r, 1/1000000, H-1/1000000}, PlotRange » {{0, 2.5}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.004], Blue}, AspectRatio -» 1, AxesLabel -» {"r", "y(r)"}1]1;

PlottaaARAaa = With[{R =1, H= 0.2}, ParametricPlot[{{r, PolynomApprDisk[R, H, r]}},

{r, 1/1000000, H-1/1000000}, PlotRange » {{0, 2.5}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.004], Green}, AspectRatio -» 1, AxesLabel -» {"r", "y(r)"}11;

PlottaaBB = With[{R =1, H= 0.2}, ParametricPlot[{{r, CFDskBB[R, H, r]}},

{r,H+1/1000000, 2R-1/1000000}, PlotRange » {{0, 2.5}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.004], Blue}, AspectRatio - 1]];

PlottaaCC = With[{R =1, H= 0.2}, ParametricPlot[{{r, CFDsSkCC[R, H, r]}},

{r, 2R+1/1000000, Sqrt[4R"2+H"2]}, PlotRange » {{0, 2.5}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.004], Blue}, AspectRatio - 1]] ;

Show[PlottaaAA, PlottaaBB, PlottaaCC, PlottSurfCF, PlottaaARaa];
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PlottRsupCF = With[{R =1, H= 0.2}, ParametricPlot[{{r, 10 * r » supefCFDisk[R, H, r]}},

{r, H, 2R}, PlotRange » {{0, 2.5}, {-0.02, 1.1}}, PlotStyle —»

{Thickness[0.002], Dashing[{0.04, 0.01}], Red}, AspectRatio » 1]]; PlottRsupCFaa =
With[{R =1, H= 0.2}, ParametricPlot[{{r, 10 * r *x PolynomApprDisk[R, H, r]}},

{r, 0, H}, PlotRange -» {{0, 2.5}, {-0.02, 1.1}},

PlotStyle » {Thickness[0.002], Dashing[{0.04, 0.01}], Green}, AspectRatio » 1]];
PlottRCFDskAA = With[{R =1, H = 0.2}, ParametricPlot[{{r, 10 » r + CFDSkAA[R, H, r]}},

{r, 0, H}, PlotRange -» {{0, 2.5}, {-0.02, 1.1}},

PlotStyle » {Thickness[0.002], Dashing[{0.04, 0.01}], Blue}, AspectRatio - 1]];
PlottRsCFDskBB = With[{R =1, H= 0.2}, ParametricPlot[{{r, 10 * r « CFDskBB[R, H, r]}},

{r, H, 2R}, PlotRange » {{0, 2.5}, {-0.02, 1.1}},

PlotStyle » {Thickness[0.002], Dashing[{0.04, 0.01}], Blue}, AspectRatio - 1]];

PlottRsCFDskCC = With[{R =1,H=0.2}, ParametricPlot[{{r, 10 » r *x CFDSkCC[R, H, r]}},
{r, 2R, VAR 2+H 2 }, PlotRange » {{0, 2.5}, {-0.02, 1.1}},

PlotStyle » {Thickness[0.002], Dashing[{0.04, 0.01}], Blue}, AspectRatio -» 1] ] ;
Show[PlottRsupCF, PlottRCFDskAA, PlottRsCFDskBB, PlottRsCFDskCC, PlottRsupCFaa];

PlottDiffaa = With[{R=1, H= 0.2},
ParametricPlot[{{r, (CFDskAA[R, H, r] - PolynomApprDisk[R, H, r])}},

{r, 0, H}, PlotRange » {{0, 2.5}, {-0.02, 1.1}},

PlotStyle » {Thickness[0.004], Dashing[{0.01, 0.01}], Magenta}, AspectRatio -» 1]];
PlottDiffbb = With[{R =1, H= 0.2}, ParametricPlot|

{{r, (CFDskBB[R, H, r] - supefCFDisk[R, H, r])}},

{r, H, 2R}, PlotRange -» {{0, 2.5}, {-0.02, 1.1}},

PlotStyle » {Thickness[0.004], Dashing[{0.01, 0.01}], Magenta}, AspectRatio -» 1]];

diskplot = Show[PlottaaAA, PlottaaBB, PlottaaCC, PlottSurfCF, PlottDiffaa, PlottDiffbb,
PlottRsupCF, PlottRsupCFaa, PlottaaAAaa, PlottRCFDskAA, PlottRsCFDskBB, PlottRsCFDskCC]

Export["FigDisk.eps", diskplot]

FigDisk.eps

PlottSurfCF = With[{R =1, H= 0.2}, ParametricPlot[{{r, NrmsupefCFDisk[R, H, r]}},
{r, H+1 /1000000, 2R-1/1000000}, PlotRange » {{0, 2.5}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.004], Red}, AspectRatio -» 1]];

PlottaaAA = With[{R =1, H= 0.2}, ParametricPlot[{{r, CFDskAA[R, H, r]}},

{r, 1/1000000, H-1/1000000}, PlotRange -» {{0, 2.5}, {-0.02, 1.1}}, PlotStyle -»
{Thickness[0.002], Black}, AspectRatio -» 1, AxesLabel » {"r", "y(xr)"}11];
PlottaaARaa = With[{R =1, H= 0.2}, ParametricPlot[{{r, PolynomApprDisk[R, H, r]}},

{r, 1/1000000, H-1/1000000},
PlotRange » {{0, 2.5}, {-0.02, 1.1}}, PlotStyle » {Thickness[0.006], Blue,
Dashing[{0.04, 0.06}]}, AspectRatio » 1, AxesLabel -» {"r", "y(r)"}11;
PlottaaBB = With[{R =1, H= 0.2}, ParametricPlot[{{r, CFDsSkBB[R, H, r]}},
{r, H+1 /1000000, 2R-1/1000000}, PlotRange » {{0, 2.5}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.002], Black}, AspectRatio » 1]];
PlottaaCC = With[{R =1, H= 0.2}, ParametricPlot[{{r, CFDsSkCC[R, H, r]}},
{r, 2R+1/1000000, Sqrt[4R"2 +H"2]}, PlotRange -» {{0, 2.5}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.002], Black}, AspectRatio » 1]] ;

Show[PlottSurfCF, PlottaaARaa, PlottaaAA, PlottaaBB, PlottaaCC]
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PlottRsupCF =
With[{R =1, H= 0.2}, ParametricPlot[{{r, 10 * r * NrmsupefCFDisk[R, H, r]}},
{r, H, 2R}, PlotRange » {{0, 2.5}, {-0.02, 1.1}},
PlotStyle » {Thickness[0.004], Dashing[{0.04, 0.01, 0.01, 0.01}], Red},
AspectRatio » 1]]; PlottRsupCFaa =
With[{R =1, H= 0.2}, ParametricPlot[{{r, 10 * r * PolynomApprDisk[R, H, r]}},
{r, 0, H}, PlotRange » {{0, 2.5}, {-0.02, 1.1}}, PlotStyle »
{Thickness[0.004], Dashing[{0.04, 0.01, 0.01, 0.01}], Blue}, AspectRatio » 1]];
PlottRCFDskAA = With[{R =1, H = 0.2}, ParametricPlot[{{r, 10 x r x CFDSkAA[R, H, r]}},
{r, 0, H}, PlotRange » {{0, 2.5}, {-0.02, 1.1}}, PlotStyle »
{Thickness[0.003], Dashing[{0.04, 0.01, 0.01, 0.01}], Black}, AspectRatio-» 1]];
PlottRsCFDskBB = With[{R =1, H= 0.2}, ParametricPlot[{{r, 10 * r x CFDsSkBB[R, H, r]}},
{r, H, 2R}, PlotRange -» {{0, 2.5}, {-0.02, 1.1}}, PlotStyle »
{Thickness[0.003], Dashing[{0.04, 0.01, 0.01, 0.01}], Black}, AspectRatio-» 1]];

PlottRsCFDskCC = With[{R =1, H=0.2}, ParametricPlot[{{r, 10 » r » CFDSkCC[R, H, r]}},

{r, 2R, VAR 2+H 2 }, PlotRange - {{0, 2.5}, {-0.02, 1.1}}, PlotStyle -

{Thickness[0.003], Dashing[{0.04, 0.01, 0.01, 0.01}], Black}, AspectRatio - 1]];
Show[PlottRsupCF, PlottRCFDskAA, PlottRsCFDskBB, PlottRsCFDskCC, PlottRsupCFaa];

PlottDiffaa = With[{R =1, H= 0.2},
ParametricPlot[{{r, 15 * (CFDskAA[R, H, r] - PolynomApprDisk[R, H, r])}},

{r, 0, H}, PlotRange » {{0, 2.5}, {-0.02, 1.1}},

PlotStyle » {Thickness[0.004], Dashing[{0.01, 0.01}], Blue}, AspectRatio » 1]];
PlottDiffbb = With[{R =1, H= 0.2}, ParametricPlot|[

{{r, 15 » (CFDSkBB[R, H, r] - NrmsupefCFDisk[R, H, r]) }},

{r, H, 2R}, PlotRange » {{0, 2.5}, {-0.02, 1.1}},

PlotStyle » {Thickness[0.004], Dashing[{0.01, 0.01}], Red}, AspectRatio -» 1]];

diskplot = Show[PlottaaAA, PlottaaBB, PlottaacCC,
PlottSurfCF, PlottDiffaa, PlottDiffbb, PlottRsupCF, PlottRsupCFaa,
PlottaaAAaa, PlottRCFDskAA, PlottRsCFDskBB, PlottRsCFDskCC]

y(1)

Export["Fig2.eps", diskplot]

Fig2.eps
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Merano October 16 2015

After receiving the email of Gille I check that eq.s (100) -
(107), reported in the submitted ms, do really coincide with
expressions reported above.

CFNA1AA[R_, H , r_] :=

7r(r2+2R2) 4 TR r
2 52 R? (21-l—r)+—\/—r2+4R2 + 3R(r2—Rz)ArcSin[—]—

2 3r 2R
2 72 R? (2Hr-R2) 47H (r2+4R2
CFNA1BB[R_, H_, r_] := - EllipticE[

r? r?
] -2H (r? - 4R?) EllipticK[

2H (r?+4R?) EllipticE[

/ (4H7r2R2);

4 R?
] +
r2

4 R? 4 R?

r 3

47xH (r?-4R?) 4 R?
EllipticK[

- — ]]/ (am 72 R?);

1
CFNdICC[R_, H , r ] := [—n [12 H> 7R%* + 12 7 r? R? - 12 7rR4—H2\/(—H2+r2) (#?-r?+4R?) +

6r

5r2+f (-H2+1?) (B2-r?+4R?) +26R* 4 (-H2+1?) (B2 -1+ 4R?) -

'\/-H2+r2 '\/-Hz+r2 '\/—H2+r2

24 H? R? Arcsin[ ] - 24 r? R? Arcsin[ ] +24R* ArcSin[ ] -
2R 2R 2R
r\ H? - r? + 4 R? 4 R?
8Hr (r’+4R?) EllipticE [Arcsin[ ] , ] +
2HR r?
r’\/Hz-r2+4R2 4 R?
8Hr (r2 -4 Rz) EllipticF [Arcsin[ ] o ] / (4 H n? Rz) 5
2HR r?

CFTotNdl[R_, H , r_] := Theta[2 xR-r] * CFNd1AA[R, H, r] + Theta[H - r] * Theta[r - 2 ¥ R] *
CFNd1BB[R, H, r] + Theta['\/H"z +4%R"2 - r] % Theta[r - H] * CFNd1CC[R, H, r];
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Theta[x_] :=If[x >0, 1, 0];
NormFactCyl[R , H ] :=4%*n7n"2%R"2«H; CFDskAA[R_, H , r_] :=

1 r
[——71'[—3 (r (8H7rR2—47rrR2+ (% +2R?) A\ -r?+4R? ] + 8 R? (rz—Rz)ArcSin[— ]+16HR
6r 2R

2 2

r

(£? + 4 R?) EllipticE[ il ] +16 HR (r? - 4 R?) EllipticK[
4 R? 4 R?

]]]/ (4B 7? R?); CFDSkBB[

1 -H? + ¢?
R ,H ,r ]:=|—mn|l27R*+

(-u*+H? (6 r? +22R?) +3 (r*-2r?R?*-8RY)) -
6r

H? - r? + 4 R?

r
3 (47rR4—r(r2+2R2) \/—r2+4R2 +8 (r-R) R? (r+R) ArcCos —]] +24R? (B + r? - R?)

2R
_H2 ;+ 2 2HR r?
ArcCos[ ] +16HR (-r2 -4 Rz) EllipticE [Arcsin[ ], ] =
2R > 2 2 4 R?
r\H-r“+4R
2HR r?
(r? - 4r?) EllipticF[ArcSin[ ], ] / (4un*R?);
2 2 2 4R2
r\H -r“+4R
1
CFDSkCC[R_, H_, r_] := [— = 12H27rR2+127rr2R2—127rR4—H2—\/(—H2+r2) (#?-r?+4R?) +

6r

5r2+f (-H2+1?) (H2-r?+4R?) +26R* 4 (-H2+1r?) (H2-r’+4R?)

‘\/—l-lz+r2 '\/—H2+r2 '\/—H2+r2

24 H? R? Arcsin[ ] - 24 r? R? Arcsin[ ] +24R* Arcsin[ ] -
2R 2R 2R
r\H? - r? + 4 R? 4 R?
8Hr (r?+4R?) EllipticE [Arcsin[ ] , ] +
2HR r?
r‘\/Hz-r2+4R2 4 R?
8Hr (r2 -4 Rz) EllipticF [Arcsin[ ] o ] / (4 H n? Rz) P
2HR r?

CFTotDsk[R_, H_, r_] := Theta[H-r] » CFTDskAA[R, H, r] + Theta[2 * R- r] * Theta[r - H] *
CFTDskBB[R, H, r] + Theta[‘\/ 4xR"2+H"2 - r] * Theta[r - 2 * R] * CFTDskAA[R, H, r];

Deltal[R_, r_] := V4*R"2-r"2 ; Delta2[r_, h_] :=Vr*2-h"2;

pelta3[r ,R ,h ] :=V4*xR"2+h"2-r"2;
csi[r_, R_, h_] r/ (2*R);
zeta[r_, R_, h_] 2xh*R/ (r *Delta3[r, R, h]) (* this was wrong =*);
eta[r_, R_, Deltal[R, r] / (2 *R);
phil[r_, R_, ArcSin[csi[r, R, h]];
phi2[r , R_, ArcSin[eta[r, R, h]];
ArcSin[zeta[r, R, h]];
Ar
A

I=‘
—
. .
n
nwonon n

phi3[r_, R_,
phi4[r_, R_, cSin[Delta2[r, h] / (2*R)];
phi5[r_, R_, rcSin[r x Delta3[r, R, h]/ (2*h*R)];
Vic[R_, h_] *R”2xh;
GA[r_, R_, h_] := (1/ (24 +r Vic[R, h])) *
(3*(r* (4*m*R*2 (2xh-r) +
(r*"2+2%R"”2) »xDeltal[R, r]) +
8+*R"2# (r"2-R"2) *phil[r, R, h]) -
16 *h*R* ((r*"2+4*R"2) *EllipticE[csi[r, R, h] 2] +
(r*2-4+«R"2) *EllipticK[csi[r, R, h] *2]));

ol I - - - - -
AR IR
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GC[r_, R ,h ] :=(1/(24+r*Vic[R, h])) » (12+7*R*"2% (h*"2+r"2-R"2) -
(h"2-5%r"2-26*R"2) xDelta2[r, h] *Delta3[r, R, h] -
24 *R"2% (h"2+r"2-R"2) xphid[r, R, h] -
8xhxr* ((r"2+4%«R"2) *EllipticE[phi5[r, R, h], 1 /csi[r, R, h] *2] -
(r*2-4%R"2) *EllipticF[phi5[r, R, h], 1 /csi[r, R, h] *2]));

CHECK OF THE INNERMOST REGION
Eq.(104),1.e. GA[r_,R_, h_], coincides with the needle and the disk
expressions of the cylinder CF

FullSimplify[CFNd1AA[R, h, r] -GA[r, R, h], Assumptions » {0 < r < 2R < h}]
FullSimplify[CFDskAA[R, h, r] -GA[r, R, h], Assumptions - {0 < r < 2R < h}]

0

0

CHECK OF THE OUTERMOST REGION
The corrected Eq. (104), i.e. the above GCJ[r_, R_, h_], coincides with the needle and the disk
expressions of the cylinder CF

FullSimplify[CFNdlCC[R, h, r] - GC[r, R, h],
Assumptions - {0 <2R<h<r<V4x*R"2+h"2 }]

FullSimplify[CFDskCC[R, h, r] -GC[r, R, h], Assumptions - {o <h<2R<r<V4xR"2+h"2 }]

0

0

CHECK OF EQUATION (106)
(this was wrong. The correc equation is: )

EqlO6NEW[R_, h_, r ] := (1/ (24*r+Vic[R, h])) » (127+h"2%*R"2+
3xr* (r*"2+2+*R"2) *Deltal[R, r] + (Delta2[r, h] /Delta3[r, R, h]) *
(3*r"4-h"4+6%r"2% (h"2-R"2) +22+*xh”"2%xR"2-24%xR"4) +
24 %xR"2% (r"2-R"2) »phil[r, R, h] -
24%R"2% (h"2+r"2-R"2) xphid[r, R, h] -
16 *h*R* ((r*"2+4*R"2) »EllipticE[phi3[r, R, h], csi[r, R, h] "2] +
(r*2-4%R"2) *EllipticF[phi3[r, R, h], csi[r, R, h] " 2]));

FullSimplify[CFDskBB[R, h, r] - EQ1I06NEW[R, h, r], Assumptions » {0 < h < r < 2R}]

0

CHECK OF EQUATION (107)
(this is correct )

EqlO07[R_, h_, r ] := (1/ (6 *xr*Vic[R, h])) * (37n*R"2* (2xh*r-R"2) -
2xh*r* ((r*"2+4%*R"2) *xEllipticE[1/csi[r, R, h] 2] -
(r*2-4%R"2) *xEllipticK[1l /csi[r, R, h] “2]));

FullSimplify[CFNd1BB[R, h, r] - EQ107[R, h, r], Assumptions » {0 < h < r < 2 R}]

0
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Deltal[R_, r_] := V4*R"2-r"2 ; Delta2[r_, h_] :=Vr"2-h"2;

Delta3[r ,R_,h ] :=V4&4xR"2+h"2-1r"2;
csi[r ,R_,h_] :=r/ (2*R);

zeta[r_, R_, h ] :=2xh*R/ (r*Delta3[r, R, h]);
phil[r , R _, h_] := ArcSin[csi[r, R, h]];

phi2[r_, R_, h_] := ArcSin[zeta[r, R, h]];

phi3[r_, R_, h_] := ArcSin[Delta2[r, h] / (2*R)];
phi4[r_, R_, h_] := ArcSin[r *Delta3[r, R, h] / (2+h*R)];
Vic[R_, h_] :=7m*R"2 xh;

GA[r_, R_, h ] := (1/ (24 +r +Vic[R, h])) *
(3% (r*x(4*7*R"2 (2xh-r) +
(r*"2+2%R"2) *xDeltal[R, r]) +
8%R"2% (r"2-R"2) xphil[r, R, h]) -
16 *h*R* ((r*"2+4*R"2) *EllipticE[csi[r, R, h] 2] +
(r*2-4%R"2) *xEllipticK[csi[r, R, h] *2]));

GC[r_,R_,h_] :=(1/(24*r*xVic[R, h])) * (12*7*R"2% (h"2+r"2-R"2) -
(h*"2-5%r"2-26*R"2) *xDelta2[r, h] * Delta3[r, R, h] -
24 *xR"2% (h"2+r"2-R"2) *xphi3[r, R, h] -
8+xhxr+* ((r"2+4+R”2) *EllipticE[phi4[r, R, h], 1 /csi[r, R, h] *2] -
(r*"2-4%R"”2) *EllipticF[phi4[r, R, h], 1 /csi[r, R, h]"2]));

CHECK OF THE INNERMOST REGION
Eq. (104),1.e. GA[r_, R_, h_], coincides with the needle and the disk
expressions of the cylinder CF

FullSimplify[CFNd1AA[R, h, r] -GA[r, R, h], Assumptions » {0 < r < 2R < h}]
FullSimplify [CFDskAA[R, h, r] -GA[r, R, h], Assumptions » {0 < r < 2R < h}]

CHECK OF THE OUTERMOST REGION
The corrected Eq. (104), i.e. the above GC[r_, R_, h_], coincides with the needle and the
disk expressions of the cylinder CF

FullSimplify[CFNdlCC[R, h, r] -GC[r, R, h],
Assumptions - {0 <2R<h<r<V4xR"2+h"2 }]

FullSimplify[CFDskCC[R, h, r] -GC[r, R, h], Assumptions - {o <h<2R<r<V4*R"2+h"2 }]

CHECK OF EQUATION (106)

(this was wrong. The correc equation is: )
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Eql06NEW[R , h_, r ] := (1/ (24 *xr*xVic[R, h])) * (127n+*h"2%R"2 +
3xr* (r*"2+2*R"2) *Deltal[R, r] + (Delta2[r, h] /Delta3[r, R, h]) *
(3*r"4-h"4+6*xr"2% (h"2-R"2) +22+h"2%*xR"2-24%R"4) +
24x*xR"2% (r"2-R"2) *xphil[r, R, h] -
24%R*2% (h"2+r"2-R"2) xphi3[r, R, h] -
l6 *h*R* ((r*"2+4*R"2) *EllipticE[phi2[r, R, h], csi[r, R, h] "2] +
(r*2-4%R"2) *xEllipticF[phi2[r, R, h], csi[r, R, h] "2]));

FullSimplify [CFDskBB[R, h, r] - EQ106NEW[R, h, r], Assumptions » {0 < h < r < 2R}]

CHECK OF EQUATION (107)

(this is correct )

EqlO7[R_,h , r ] := (1/ (6 *xr*Vic[R, h])) * (37n*R"2% (2xh*r-R"2) -
2xh*xr* ((r*"2+4+*R"2) *EllipticE[1 /csi[r, R, h] 2] -
(r"2-4%R"2) xEllipticK[1l/csi[r, R, h]1"2]));

FullSimplify[CFNd1BB[R, h, r] - Eq107 [R, h, r], Assumptions » {0 < h < r < 2R}]

Derivation of equations (110)-(112)

The detailed evaluation of the CF of a cubic surface is reported below. What follows is
the MATHEMATICA code that allowed us to carry out the analytic calculations of the CF.

The case of the overlapping along lines

6
Writing the cubic surface as the sum over the six faces one has S = Z Si. The integral

i=1

2 6 - - - -
takes the form Ys[r] = —— Z J dlle ds, Jdlwé (rl +rw—r2) .
418, 3-1 7S S;

The cubic symmetry allows one to confine the angular integration to

7T 7T
Q:{G,w‘ 0 <6 < — and Osws—}.
2 2

Thus one finds that
16

6 - - - - .
Yslr] = —— Z J ds; J ds, Jdlw o) (rl +rw- rz) . One considers the case
478 isgo178s S; Q

where the intersections are as shown in the figure below (see the red polygon) .



Deposited_Part.nb |59

Since the surfaces intersecting themeslves along the polygon are mutually orthogonal,
the integral along the surface reduces
to the lenght of the intersection and one finds that

Yslr] = -8 JdlZJFint[r, a, 9, ¢] (1)
4718 Jo
with
Fint[r, a, ©, ¢] =
2 ((a-r+=Sin[©] Cos[p]) + (a-r*Sin[O] Sin[y]) + (a-rxCos[B])). (2)

Each of the three lengths : (a-r*Sin[©6] Cos[¢p]),
(a-r*=Sin[6] Sin[p]) and (a-r »Cos[O])
must be positive and smaller than a. The set of these lengths does not change if one

7T T
makes the substitution ¢ » — - ¢. Thus one can restrict the ¢ - integration range to {0 , —]
2 4

provided one multiply the result of the inetgration by 2.

The aforesaid bounds on the three lengths imply that the integration range is
AA :

7T
0 <6 < — and 0
2

|

if 0 < r < a;

IA

S

IA
\
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\/ -a? + r? —a?+r? ]
R AR N

BBa: 0<opc< ArcSin{

r r
a
9<ArcSin{7] ifa < r < ai2
r«Cos[p]
—a?+r? b
BBb:ArcSin[i] <p< —,
r 4
—a?+r? 7
ArcSin[7}<6<— ifa<r<ai2;
r 2

7T
CC:ArcSin{ ]<(p<—,

4

A\ r? -2 «a?
Jr? - a2

r?-a?

a
7} <6<Arcsin[7] ifa\2 <r < ay3

Arcsin{
r r«Cos|[¢]

Integrand definition

In the case of the line intersection the normalization factor is
(8 is the octant number and 2 derives from the choice 0 < ¢ < %)

Clear[a]; Clear[NormFactLin];
NormFactLin[a_] :=2%8/ (4*xnm*6%xa”2);

the integrand function is

Fint[r_, a_, 6_, ¢_] :=
2 ((a-r*Sin[6] Cos[¢]) + (a-r*Sin[6] Sin[¢p]) + (a-r*xCos[6])) Sin[6];

TrigExpand[Integrate[Fint[r, a, 6, ¢], 6]]

r 1

— -6acCos|[9] +frCos[9]2—r6Cos[@] +

2 2
1

r Cos[0] Cos[p] Sin[6] - — rSin[6]%2-r©Sin[¢] + r Cos[O] Sin[O] Sin[y]
2

Integrate[Fint[r, a, 6, ¢], o]
6apsin[0] -2r pCos[6] Sin[6] +2 r Cos[¢] Sin[6]% -2 r Sin[6]? Sin[y]

Change of the integration variables
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(Fint[r, a, 0, 0]) /. {sin[e] >t, Cos[6] »\1-t2, Sin[e] » u, Cos[ep] -\ 1-u? }

2t

3a-r\1-t?> —rtu-rty1-u?

Determination of the integration variables ranges imposing the positeveness of the three
factors present in the Fint[..] definition.
One confines himself to the range

: 1
ie. O<u< —
)

ie. O<t<1

0<gp<
0<6<

|y RIS

(a-r*Sin[©] * Cos[o]) /. {Sin[e] > t, Cos[O] » \/ 1-t2, sin[¢] » u, Cos[p] » \V1-u? }

(a-r«+Sin[0] Sin[o¢]) /. {Sin[e] >t, Cos[6] »\V1-t2, Sin[e] » u, Cos[o] - 1-u? }

(a-r*Cos[6]) /. {sin[e] >t, Cos[6] »\1-t2, Sin[p] » u, Cos[p] - 1-u? }

Reduction of the inequalities in the region A: O<r<a

Reduce[{a-rt\/l-u2 >0,a-rtu>0,a-r\1-t% >o0,

a>0,r>0,r<a,0<t<1,0<u<1/‘\/2}, {a,r,u,t},Reals]

AA REGION Def.
O0<p<? and 0<6<7 or

0<u<%and0<t<l

Reduction of the inequalities in the region B: a<r<avy?2

Sin[@6] » t, Sin[¢] > u

Reduce[{a—rt'\/l—u2 >0,a-rtu>0, a—r'\/l—t2 >0,a>0,

r>0,a<r<a‘\/2,0<t<1,0<u<1/\/2}, {a,r,u,t},Reals]
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BB REGION Definition a<r< a\/?

BBaa: 0 < ¢ < AreSIn[ 2 1 &&  AreSin[ X2 ] < 9 < ArcSin[—2—] ie.
r r rxCos|[¢]
0<us= Vet && Vot <t< =
r r
r 1-u?

AND
BBbb: ArcSin[ﬂ] <p<I && ArcSin[ﬂ]<9< Zje. 2w Lss [ e

5 4 i 2 r2? ﬁ r2

ALTERNATIVELY

Reduce[{a—rt'\/l—u2 >0,a-rtu>0, a—r'\/l—t2 >0,a>0,

r>0,a<r<a‘\/2,0<t<1,0<u<1/\/2}, {a,r,t,u},Reals]

BB REGION DEN (alternative)

A

0<@<? && ArcSin[ 2" ] <f<ArcSin[¢] e | T <t<2aa0<uc< %

22 2
AND

v —a*+r* Sin[6]? a —a?+r? t?

TS l<p<m OR ;<t<l&&

<uc<

ArcSin[%]< 0 < 7 && ArcSin| 2o %
r 2

Reduction of the inequalities in the region C: aV2 <r< av3

Reduce[{a—rt‘\/l—u2 >0,a—rtu>0,a—r‘\/1—'l:2 >0,a>0,
r>0,aVv2 <r<a'V3,0<t<1,0<u<1/'\/2}, {a,r,u,t},Reals]

a>0&&\/?a<r<ﬁa&&

Sin[©] » t, Sin[¢] > u

ie. CCREGION DEN avV2 <r<av3
AreSin V2] < p < T &&  AreSin[VE] < 6 < Arcsm[ a ]

r rxCos|¢]

2 a%-r? < 1 h2ea

Vz e 2

a

The angular bounds in the three cases are :
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a
ThetaMaxBBaa[r , a_, ¢_] := Arcsin[—] ;
r x Cos[¢]
r? - a?
ThetaMinBBaa[r_, a_] := Arcsin[ ] ;
r

4/ -a? + r?

FiMaxBBaa[r_, a_] := Arcsin[—]; FiMinBBaa[r_, a_] :=0;
r

P r2a2
ThetaMaxBBbb[r_, a_, ¢_] := —; ThetaMinBBbb[r , a_] := Arcsin[ ];

2 r

P r? _ a2
FiMaxBBbb[r_, a_] := —; FiMinBBbb[r_, a_] := Arcsin[ ];
4 r
a 2 _ a2
ThetaMaxCC[r_, a_, ¢_] := Arcsin[ ]; ThetaMinCC[r_, a_] := Arcsin[ ] 7
r * Cos[o] r
7 A\ £? - 2 % a2
FiMaxCC[r_, a_] := —; FiMinCC[r_, a_] := Arcsin[—];
4

-a

NUMERICAL INTEGRATION of the contributions relevant to the cases BBaa, BBbb and CC
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With[{a =1}, StepRAA = a/ 10; StepRBB = a (‘V2 - 1)/ 10; StepRCC = a (‘V3 -V2 )/ 10;
valAA = Table[0, {J, 1, 10}]; valBBaa = Table[O0, {J, 1, 10}];
valBBbb = Table[O, {J, 1, 10}]; valCC = Table[O, {J, 1, 10}]; valDD = Table[O0, {J, 1, 10}];

Do[ract = (J-1/2) » StepRAA; valAA[[J]] = NormFactLin[a] *

b b
NIntegrate[Fint[ract, a, 6, o], {(p, o, —}, {9, o, —}, PrecisionGoal - 8];
4 2
ract =1+ (J-1/2) »StepRBB; valBBaa[[J]] =
NormFactLin[a] * NIntegrate [NIntegrate[Fint[ract, a, 6, o],

A/ -a? + ract? a

{6, ArcSin[ ] ’ ArcSin[

]}, WorkingPrecision - 30,

ract ract x Cos[¢]

\ -a? + ract?

PrecisionGoal - 15] ’ {tp, o, ArcSin[
ract

]}, PrecisionGoal - 8] ;

valBBbb[[J]] = NormFactLin[a] * NIntegrate[Fint[ract, a, 6, o],

4/ -a? + ract? ’\/ -a? + ract?

b
{(p, ArcSin[—] , —}, {6, Arcsin[
ract 4 ract

ract = V2 + (J-1/2) » StepRCC; valDD[[J]] =

7
] , —}, PrecisionGoal - 10] ;
2

NormFactLin[a] * NIntegrate [NIntegrate[Fint[ract, a, 6, o],

4/ -a? + ract? a
—] , ArcSin [ _—
ract ract » Cos[¢]

\ ract? - 2 % a2 b

] ’ —}, PrecisionGoal - 8] ;

4
A/ ract? - a2

{e, Arcsin[ ]}, WorkingPrecision - 24,

PrecisionGoal - 12] ’ {(p, Arcsin[

\ ract? - 2 % a2
valCC[[J]] = NormFactLin[a] * NIntegrate [Fint[ract, a, 6, o], {(p, Arcsin[—] ,
4 ract? - a?
4/ -a? + ract? a

7
—}, {6, Arcsin[ ], Arcsin[ ]}, PrecisionGoal - 8];
4

ract » Cos[¢]
Print([J, ", ", valAA[[J]], ", ", valBBaa[[J]], ", ", valBBbb[[J]],
", ", valcc[[d]], ", ", valdD[[3]11;, {J, 1, 10}]]

ract

Approximate value of the 0 - th moment of LINEAR CONTRIBUTION to the surface CF

With[{a =1}, StepRAA = a / 10; StepRBB = a («/2 - 1)/ 10;
StepRCC = a (‘\/ 3 -vV2 )/ 10; momntAA = 0; momntBB = 0; momntCC = 0;
Do [momntAA =momntAA + ((J-1/2) * StepRAA) "2 x valAA[[J]];
momntBB = momntBB + (1 + (J-1/2) » StepRBB) "2 % (valBBaa[[J]] + valBBbb[[J]]);

momntCC = momntCC + (’\/ 2 +(J-1/2) =% StepRBB) ~2 % (valcc[[J]1]):, {J, 1, 10}] ] ;
momntAA = momntAA » StepRAA;
momntBB = momntBB * StepRBB;
momntCC = momntCC » StepRCC;
momt = momntAA + momntBB + momntCC;

Print [momt, ", ", momntAA, ", ", momntBB, ", ", momntCC]

0.318109 - 1.50476 x 10721, 0.208125, 0.106592 - 1.50476 x 10721, 0.00339224
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N[1/6]

0.166667

REGION A INTEGRAL

AA
O0<p<? and 0<6<7 or
D<u< - and0<t<1

V2

Expand [NormFactLin [a] * Integrate[

7 7
Integrate[Fint[r, a, 6, o], {(p, o, —}] , {9, o, —}, Assumptions » {0 < a&&0 < r < a}]]
4 2

1 r
CubSurfCFLnAA[r_, a_] := — -
a 2a?

i

The result coincides with that previously worked out. (See below)

numerical check (It' s OK)

with[{a = 1}, Do[ract = (J-1/2) » StepRAA;
val = N[CubSurfCFLnAA[ract, a]]; Print([J, ", ", val, ", ", valAA[[J]1]];, {J, 1, 10}]]

1 r
(¥ 0 < r < a *) CubSurfCFLnAAOLD[r , a_] := — - ;
a 2a?

MomlinAA = Simplify[Integrate[r”2 * CubSurfCFLnAA[r, a],
{r, 0, a}, Assumptions » {a > 0}], Assumptions » {a > 0}]

REGION BB INTEGRAL

BB REGION Definition a<r< a\/?

[7“&‘;“2] && ArcSin[iwl?ﬁ] <6< ArcSin[——]

rxCos|[¢]

BBaa: 0 < ¢ < ArcSin

2 2 2 2
-a“+r —-a“+r a
\/ && \/ <t«<
r r

ry\1l-u

ie. 0 <u=x<
2

AND

BBbb: ArcSin[ 2 J<p< T && ArcSin[ 2T J<h< T

—a%ir? 1 —a%+r?
~ <u< — && = <t<1
r? 2 r?
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INTEGRAL OVER THE REGION BBaa
0 < ¢ < ArcSin[ 2] && AreSin[ 1] < 6 < ArcSin[ ——]

a
rxCos[¢]
\/ 7a;+r2 85 | =a2e5e? <t

r

0<u =< < —2 _&&-atsr? (1-w3) >0

r/ 1-u?
the bounds are

2 2

a r"-a

ThetaMaxBBaa[r_, a_, ¢_] := Arcsin[ ]; ThetaMinBBaa[r_, a_] := ArcSin[

r * Cos[¢]

\ -a%+r?

FiMaxBBaa[r_, a_] := Arcsin[
r

]; FiMinBBaa[r_, a_] := 0;

First one evaluates with respect to 6

TrigExpand[Integrate[Fint[r, a, 6, ¢], 6]]

r 1
ThetaPrmtv([r_, a_, ¢_, 6_] := —-6acCos[6] + — rCos[e]2 -roOcCos[o] +
2 2

1
r Cos[6] Cos[p] Sin[8] - — r Sin[6]%2-r©Sin[p] + r Cos[O©] Sin[68] Sin[¢];
2

Simplify[D[ThetaPrmtv([r, a, ¢, 6], 6] - Fint[r, a, 6, ¢]]

0

Integrate [Simplify [ExpandAll [
(Simplify[Limit[ThetaPrmtv[r, a, ¢, 8], 6 » ThetaMaxBBaa[r, a, ¢], Direction > 1],

Assumptions - {a >0&&a<r<a \/? && FiMinBBaa[r, a] < ¢ < FiMaxBBaa[r, a]}]) /.
1 v 1
{Sin[tp] >y, Cos[o] —>'\/1—y2 , Sec[p] » —————, Tan[¢] > } * ],
1 —y2

‘\[ -a%+r?

Assumptions—>{a>0&&a<r<a\/2 && 0 <y < —}],
r

A -a? + r?

r

{y, o, },Assumptions-»{a>0&&a<r<a*/?}]
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Integrate [Simpl ify [

(Simplify[Limit [ThetaPrmtv([r, a, ¢, 6], 6 » ThetaMinBBaa[r, a], Direction » -1],

Assumptions - {a >0&&a<r<aV2 &&FiMinBBaa[r, a] < ¢ < FiMaxBBaalr, a]}]) /.

1 y 1
{Sin[(p] >y, Cos[p] » \[ l—y2 , Sec[p] » ————, Tan[¢p] > } * ,
\1-y? 1-y2 1-y

deery,

r
,,/ 2, .2
-a‘+r
—}, Assumptions—»{a>0&&a<r<a‘\/2 }]

r

Assumptions—»{a>0&&a<r<a\/2 && 0 <y <

{YI o,

Simplify [Integrate [Simplify [ExpandAll [
(Simplify [Limit[ThetaPrmtv[r, a, ¢, 6], 6 » ThetaMaxBBaa[r, a, ¢], Direction -» 1],

Assumptions - {a >0&&a<r<aV2 &&FiMinBBaa[r, a] < ¢ < FiMaxBBaalr, a]}]) /.

1

{Sin[(p] >y, Cos[o] —)\[1—y2 , Sec[p] » ————, Tan[p] > Y }] * ! ],
'\/l—yz '\/l—yz

1-y2
-a? + r? -a? + r?
AR IO ESED)

Assumptions - {a >0&&a<r<aV2 }] - Integrate[simplify[

Assumptions-»{a>0&&a<r<a‘\/2 && 0 <y <

(Simplify[Limit[ThetaPrmtv[r, a, ¢, 6], 6 » ThetaMinBBaa[r, a], Direction - -1],

Assumptions - {a >0&%a<r<aV2 &&FiMinBBaa[r, a] < ¢ < FiMaxBBaa|[r, a]}]) /.

1 y 1
{Sin[q)]-»y, cos[¢] »\1-y?, Sec[p] » ————, Tan[o] > } * '
1—yz '\/l—yz '\/l—yz

-a%+r? -a%+r?
AETEE IO St

Assumptions—»{a>0&&a<r<a‘\/2 }], Assumptions—»{a>0&&a<r<a'\/2 }]

}

Assumptions—»{a>0&&a<r<a‘\/2 &80 <y <
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—5a27r+5a7rr+4a\/—a2+r2 +71'r\/—a2+r2 -2r? [ArcCos[i] +ArcCsc[;]]
¥ \ -aZ+r?
Simplify[ - +
2r

a(a-r) (a+r+'\/-a2+r2)+r(5a2-ar+r(r+'\l-a2+r2 ))Arcsin[ﬁ]
/.

2

r

a \ -a? +x? r A -a?% + r?
{ArcCos [ —] - Arcsin[—] , ArcCsc[ ] - Arcsin[—

r r r
A -a? + r?

Assumptions - {a >0&&a<r<avV2 }]

1}

value of the contribution due to the BBaa region

LinContrBBaa[r_, a_] := NormFactLin[a] *

1
2a’-xr?y -a?+r? +a? (57rr+2'\/—a2+r2]-ar(2r+57rr+6\/-a2+r2]+

2 r?

A/ -a? + r?
2r(5a2—ar+r(3r+‘\/—a2+r2 ))Arcsin[—] 3
r

a \ -a? +r?
FullSimplify [TrigExpand [Sin [ArcCos [ —] - ArcSin [ _—
r r

NE

Assumptions - {a >0&&a<r<avV2 }]

a \ -a? + r?
FullSimplify [TrigExpand [Cos [ArcCos [ —] - ArcSin [ _
r r

e

Assumptions - {a >0&&a<r<aV2 }]

r \V-aZ+r

2
FullSimplify [ArcCsc[ ] - Arcsin[ ] , Assumptions -» {a >0&&a<r<avVv2 }]

r
4/ -a? + r?

the values obtained by the above function are compared with the values obtained by the numerical integra-
tion of the outset integrand

with[{a = 1}, StepRBB = a (Vz - 1)/ 10;
Do[ract =1+ (J-1/2) » StepRBB; actval = N[LinContrBBaa[ract, a]];
Print([J, ", ", valBBaa[[J]], ", ", actval];, {J, 1, 10}]]

the check is fully satisfactory
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INTEGRAL OVER THE REGION BBbb
a<r< a\/?
BBbb: ArcSin[ -2 &&;Amsmpli§54<e<”

2+r2 T
A A 2

a2, .2
& <u<i&&

122 V2

1.e.

the bounds are

b
ThetaMaxBBbb[r_, a_, ¢_] := —; ThetaMinBBbb[r , a_] := ArcSin[
2

1/1,_.2_32

r

g
FiMaxBBbb[r_, a_] := —; FiMinBBbb[r_, a_] := ArcSin[
4

]s

One evaluates the value of the 6 - primitve at the upper and lower 6 - bounds and then
one integrates over ¢ with the integration variable change Sin[¢] — y

Integrate [Fullsimplify [

(Simplify [Limit[ThetaPrmtv[r, a, ¢, 6], 6 » ThetaMaxBBbb[r, a, ¢], Direction -» 1],

Assumptions - {a >0&%a<r<aV2 & FiMinBBbb[r, a] < ¢ < FiMaxBBbb|[r, a]}]) /.

1

1
{Sin[lp] -y, Cos[p] »\1-y*, Sec[p] » ———, Tan[p] - o }

* ’
1-y? '\/1-y2 '\/1-y2

-a2+r? 1
Tl

: vz

Assumptionsa{a>0&&a<r<a*V2 &&

'\/—a2+r2 1

{y, _ }, Assumptions—>{a>0&&a<r<a\/2}]

Y

|69
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Integrate [Simplify[
(Simplify [Limit[ThetaPrmtv[r, a, ¢, 6], 6 » ThetaMinBBbb[r, a], Direction -» -1],

Assumptions - {a >0&&a<r<aV2 & FiMinBBbb[r, a] < ¢ < FiMaxBBbb|[r, a]}]) /.

1 y 1
{Sin[tp] -y, Cos[p] »\1-y*, Sec[p] » ———, Tan[p] > } * ,
l—y2 \ll—y2 \ll—y2

-aZ+r? 1
Yo Loy,
r V2

Assumptions - {a >0&&a<r<aV2 &&

«/-
{y, ﬂ, ! }, Assumptions—>{a>0&&a<r<a‘/?}]

= vz

\ -a? + r?

r 7
FullSimplify [TrigExpand [Sin [ArcSec[ ] - | — - ArcSin [ —] ] ] ’
- 5 2 r
-a‘+r
Assumptions - {a >0&&a<r<avV2 }]
r big -a?+r?
FullSimplify [TrigExpand [Cos [ArcSec[ ] - |- - Arcsin[ ] ] ] ’
-a%+r? 2 ¥

Assumptions - {a >0&&a<r<aV2 }]

r

\ -a? + r?
—] —ArcSin[—
r
A -a? + r?

FullSimplify [ArcCsc[ ] , Assumptions - {a >0&&a<r<aV2 }]
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Simplify [ Simplify [Integrate [Fullsimplify [ [ (Simplify [

Limit [ThetaPrmtv([r, a, ¢, 6], 6 » ThetaMaxBBbb[r, a, ¢], Direction » 1],
Assumptions - {a >0&&a<r<aV2 & FiMinBBbb[r, a] <

¢ < FiMaxBBbb|[r, a]}]) /. {sin[tp] > Y,

1 Y 1
Cos[p] »\1-y?, Sec[¢p] » ————, Tan[op] - —} *—_

1_YZ 1_y2 1_Y2
A/ -a? + r? 1
Assumptions—»{a>0&&a<r<a*\/2 && —— <y < —}],
& V2
'\/—az+r2 1
{y, 0 }, Assumptions - {a>0&&a<r<a'\/2 }] -

r V2
Integrate[simplify[[(Simplify[Limit[ThetaPrmtv[r, a, ¢, 6],

6 -» ThetaMinBBbb[r, a], Direction » -1],
Assumptions - {a >0&&a<r<aV2 & FiMinBBbb[r, a] <

¢ < FiMaxBBbb|[r, a]}]) /. {sin[tp] Y,

1 y 1
Cos[p] »\1-y?, Sec[¢p] » ————, Tan[op] - —} *—_

1—y2

-a? 4+ r? 1
e

Assumptions - {a>0&&a< r<avVv2 &&
r V2

'\/—a2+r2 1

{Y, ’ },Assumptions-»{a>0&&a<r<a'\/2}],

Y

Assumptions - {a>0&&a<r<a'\/2_}]] e

r bid '\/ -a%+r?
{ArcSec [ ———| » | — -ArcSin [ _—
2

11
r
-a? + r?

r 4/ -a? + r?

ArcCsc [ ] - Arcsin[

I}

r
-a%+r?

Assumptions - {a >0&&a<r<aV2 }]

value of the contribution due to the BBbb region

|71
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LinContrBBbb[r , a_] :=

1
NormFactLin[a] * | — —4a3—2a(—2+7r) r2+27rr2\/—a2+r2 +a? (57rr—4\/—a2+r2)—

4 r?

A/ -a? + r?
4r (Saz—ar+r\/—a2+r2 )Arcsin[—] 3

r
the values obtained by the above function are compared with the values obtained by the numerical integra-
tion of the outset integrand

With[{a =1}, StepRBB = a (Vz - 1)/ 10;
Do[ract =1+ (J-1/2) » StepRBB; actval = N[LinContrBBbb[ract, a]];
Print[J, ", ", valBBbb[[J]], ", ", actvall;, {J, 1, 10}]]

the check is fully satisfactory

the normalized total contribution of the linear intersections due to the BB - region
1S

Expand [

Simplify[LinContrBBbb[r, a] + LinContrBBaa[r, a], Assumptions - {a >0&&a<r<avVv2 }”

B
2 5 2“/-a2+r2 2rArcSin[ arr ]

CubSurfCFLnBB[r_ , a_] := - — + — - + ;

a 2r arr a’rw

Check of the continuity atr =a

Simplify[Limit [CubSurfCFLnBB[r, a], r » a, Direction » -1] -
Limit [CubSurfCFLnAA[r, a], r » a, Direction » 1], Assumptions » {a > 0}]

FullSimplify [Limit [CubSurfCFLnBB[r, a], r>aV2, Direction - 1] , Assumptions - {a > 0}]

—7+4\/2)7T
22 arr

4 +

MomlinBB = Simplify[Integrate [rAZ * CubSurfCFLnBB[r, a],
{r, a,aVv2 }, Assumptions - {a > 0}] , Assumptions -» {a > 0}]
a2 (16+ (729+ 16/2 ) zr)

12 77

MomlinAABB = N[Simplify[MomlinAA + MomlinBB] ]

0.314969 a2
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INTEGRAL OVER THE REGION CC
av2 <r< a\/?

o< && ArcSin[ —— ] < 0 < ArcSin| —=%—| or
4 Cos[ga]
r2_g2
&& —— <t< a
r*4/ 1-u?
the bounds are
a r? - a2
ThetaMaxCC[r_, a_, ¢_] := Arcsin[ ]; ThetaMinCC[r_, a_] := Arcsin[ ];
r x Cos[¢] r
b \/ r? - 2 x a?
FiMaxCC[r_, a_] := —; FiMinCC[r_, a_] := Arcsin[—];
4

-a

Simplify[Limit[ThetaPrmtv[r, a, ¢, 6], 6 » ThetaMaxCC[r, a, ¢], Direction » 1] -
ThetaPrmtv[r, a, ¢, ThetaMaxCC[r, a, ¢]],

Assumptions - {a >0&&a*V2 <r<ax*V3 & FiMinCC[r, a] < ¢ < FiMaxCC|[r, a]}]

Simplify[Limit[ThetaPrmtv[r, a, ¢, 6], 6 » ThetaMinCC[r, a], Direction » -1] -
ThetaPrmtv[r, a, ¢, ThetaMinCC[r, a]],

Assumptions - {a >0&&a*V2 <r<axV3 & FiMinCC[r, a] < ¢ < FiMaxCC|[r, a]}]

(FullSimplify[ThetaPrmtv[r, a, ¢, ThetaMaxCC[r, a, ¢]] - uprBndIntgrnd[r, a, ¢],

Assumptions - {a *V2 <r<axV3 &&FiMinCC[r, a] < ¢ < FiMaxCC[r, a] && Cos[¢] > 0}]) /.

{\/rz -a?sec[p]? > \/-a2 +r? cos[p]? Sec[(p]}

Fullsimplify[ (- (\/—az +r? Cos[o]? Sec[(o]) ~2+ (\/ r? - a2 sec[p]? ) AZ) ,

Assumptions - {a *V2 <r<axV3 & FiMinCC[r, a] < ¢ < FiMaxCC[r, a] && Cos[¢] > 0}]

contribution due to the upper point of the 6 - range

a? sec[p]?

a
uprBndIntgrnd[r_, a_, ¢_] := [r- — -1 *Arcsin[ ] * Cos[o] -
r r x* Cos[¢]
\/rz*Cos[tp]z—a2 a \/rz*Cos[qa]z-
5a - rArcSin[ ] Sin[p] +a * Sin[e] |;
r * Cos [¢] r * Cos [¢] r*COS[(p]z

Simplify[ThetaPrmtv[r, a, ¢, ThetaMinCC[r, a]] - lwrBndIntgrnd[r, a, o],
Assumptions - {a *V2 <r<axV3 &&FiMinCC[r, a] < ¢ < FiMaxCC[r, a] && Cos[¢] > 0}]

contribution due to the lower point of the 6 - range
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lwrBndIntgrnd[r_, a_, ¢_] :=

-r? ArcSin[#] (Cos[¢] +Sin[¢]) +a (—5a+'\[ -a?+r? Cos[e] + -a? + r? Sin[w])

4

r

resulting ¢ - integrand

intgrndLinCC[r_, a_, ¢_] := uprBndIntgrnd[r, a, ¢] - lwrBndIntgrnd[r, a, ¢];
intgrndLinCC[r, a, ¢]

MATHEmatica is unable to evaluate the ¢ - integrand (in less than one hour)

Integrate[intgrndLinCC[r, a, o],
{¢, FiMinCC[r, a], FiMaxCC[r, a]}, Assumptions - {‘\/ 2 xa<r<V3 x a}]

SAborted

Change of the integation variable

Expand[ (intgrndLinCC[r, a, @]) /.

1 1-t72 1
{Sin[(p]—>'\/1—t'\2 ; Cos[g] » t, Sec[¢] » —, Tan[p] -» } * ]
t t ~
1-t72
the new integrand
a+-a%+r? 5 a2
intgrndLinCCtt[r_, a_, t_] := - + +

= 2

ryl-t
r 2 ay-a?+r2 t a+y-a’+r?t? 5at/-a’+r’t?

- + - +

a
rt?
V1-¢2 rtlel-tz r/1-t¢? rt'\/l—tz
D) .
“/-a2+r2 ar ] a rtArcSln[i]
]+ —rArcSin[— -—

r = rt o
1-t 1-t

the primitve has an algebraic form

r t ArcSin [

r ArcSin[

Integrate[intgrndLinCCtt[r, a, t], t]

The bounds with respect to the variable t are

FullSimplify [Cos[FiMinCC[r, a]], Assumptions - {a V2 <r<av3 }]

FullSimplify [Cos[FiMaxCC[r, a]], Assumptions - {a V2 <r<av3 }]

a 1
TTMax[r_, a_] := ———; TTMin[r_, a_] := 7

\ -a? + r? V2

Integration by MATHEMATICA is successful
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Integrate[intgrndLinCCtt[r, a, t],

{t, TTMin[r, a], TTMax[r, a]}, Assumptions - {aVZ <r<av3 }]

value of the integral and normalization

LinContrCCNotSimpl[r , a_] :=

1
NormFactLin[a] * | ————— |-12 a®+15a°n+24a*r?-27a*nr2-12a%r*+
4r (az—rz)2

9anr*+3nr+12a°\-2a2+r? -24a%r?\-2a%+r? +12ar*\-2a%+r? +
a
4 (a2 —rz)2 (5 a2 +r2) ArcSin[—] -4a’ r Log[2] +8a’r? Log[2] -
'\/—a2+r2

4ar’Log[2] +ia’rLog[4096] + i a r’ Log[4096] - i a° r® Log[16777 216] -

8ar (a2 —rz)zLog[a] —121'1a'r’rLog[—a2 +r2] +241ia’r’ Log[—a2 +r2] -

12 i ar’ Log[-a® + r?] +4.'=15rLog[r—'\/—2a2+r2 ] —8a3r3Log[r—\/—2.':\2+r2 ] +
4ar5Log[r—\/-2a2+r2]-24ia5rLog[r+i\/-2a2+r2]+
48ia3r3Log[r+i‘\/—2a2+r2]—24iar5Log[r+i‘\/—2a2+r2]+
4a5rLog[r+‘\/—2a2+r2]—8a3r3Log[r+‘\/—2az+r2 ] +4ar5Log[r+‘\/—2az+r2 ] +
10:|'1.a6Log[3:|'1a2—J'1r2—2a‘\/—2a2+r2 ] —18:|'1.a4r2Log[31'1a2—J'1r2—2a\/—2.':12+r2 ] +
Gia2r4Log[3ia2—ir2—2a'\/-2a2+r2 ] +21'1.r6Log[3J'1a2-ir2—2a\/-2a2+r2]-
101'1.a5Log[—31'1a2+1'1r2—2e1‘\/—2a2+r2 ] +18 i a* r?

Log[—31’1a2+1'1r2—23‘\/—2a2+r2 ] —6ia2r4Log[—3ia2+ir2—2a‘\/—2a2+r2]—
21'1r6Log[—3J'1a2+1'Lr2—2a\/—2.':12+r2 ] +24:'1a5rLog[J'laz+r’\/—2a2+r2 ] -

48:'1a3r3Lo¢_:|[1'1a2+r‘\/—2a2+r2 ] +24J'1.ar5Log[J'1.a2+r'\/—2a2+r2 ]J],

simplification of the above function

FullSimplify [LinContrCCNotSimpl[r, a], Assumptions - {a V2 <r<avVvs3 }]

LinContrCCPartlySimpl[r , a_] :=

1 a
— |a? (—12+57r)+7rr2+12a'\/—2az+r2 +2 2(5a2+r2)ArcSin[—]+
6arnr

A -a? + r?

2
i [GarLog[——] —12arLog[r+J'1.‘\/—2&12+r2 ] + (5a2+rz)
a2 _ y2?
(Log[3:‘1a2—1'1r2—2a’\/—2az+r2 ] —Log[31‘1a2—:|'1r2+2a'\/—2a2+r2 ]) +

12arLog[iaz+r‘\/—2 aZ + r? ]]]];
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Analytic Checks. Continuity at the border points (satisfied)

FullSimplify [Limit [LinContrCCPartlySimpl [r, a], x> a '\/?, Direction - 1] ’
Assumptions - {a > 0}]
Simplify[ (Fullsimplify [Limit [LinContrCCPartlysimpl [r, a], r>aV2 , Direction -» - 1] ,
Assumptions - {a > 0}] -
FullSimplify [Limit [CubSurfCFLnBB[r, al], r->a W/?, Direction -» 1] ’

Assumptions - {a > 0}])]
numerical check (it's OK)

With[{a =1}, StepRCC = a ('\/3_-\/?)/ 10;

Do[ract =V2 + (J-1/2) »StepRCC; valreal =

N[(Re[Log[3ia2—J'1r2—2a‘\/—2 aZ+r? ] - [Log[rz—az] + 1%

{r » ract}, 30] ; valimag =

[ [snfuos[a 0t -557 - 2027 | - [nogs? - o] s [-msin[ﬁ] 1) -

s D1 12

r"-a

r? _ a2
{r » ract}, 30] ;

Print[J, ", ", valreal, ", ", valimag];, {J, 1, 10}”

Further simplification of LinContrCCPartlySimpl[r, a] by th following identities

IDENTITIES (and their proofs)

‘\/—2a2+r2
Log[r+i'\/—2 a2+ r? ] - Log[—\/Z (rz—az) ] +1'1*Arcsin[—] o

2 (r? - a?)
3 xa%- r?
Log[3ia2—ir2—2a‘\[—2a2+r2]—) Log[rz—a2]+i* —ArcSin[—]+7r o
2 2
r‘-a

3 xa? - r?
Log[31’1a2—:|'1.r2+2a'\/—2a2+r2 ] - Log[rz—az] +i*ArcSin[T] o
r -_
a2
Log[ia2+r‘\/ -2a%+r? ] - [Log[rz—az] +:|'1*Arcsin[ ]]

a
r? - a?
With[{a =1}, ParametricPlot[
{{r, Re[Log[3 ia’?-ir?-2ay -2a?+r? ] - [Log[r2 -a’] +iw

{r, Im[Log[3:’1a2 -ir? —2a‘\/ -2a?+r? ] - [Log[r2 —az] + 1%
{r,avz, av3 ]},

PlotRange - {{a V2, a‘\/3_}, (-10~ (-15), 10~ (- 15) }}, AspectRatio - 1]]

3 xa%- r?

~aresin[ ———| +n]]]}

r"--a

3 xa?- r?

aresin[ T 1},

r--a
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With[{a: 1},

ParametricPlot [{{r, Re [Log[i al+r ‘\/ -2a%+r? ] - [Log[r2 - a2] + 1% Arcsin[
a2
{r, Im[Log[i aZ+r ‘\[ -2a%4+r? ] - (Log[r2 - az] + 1 *Arcsin[ ]

r? - a?

a2

1)1

1}z av2, avsl,

r’-a

PlotRange - {{a V2, a\/3_}, {-10~ (-15), 10~ (-15)}}, AspectRatio - 1]]

With[{a =1}, ParametricPlot[

\-2a?+r?

2 (r?-a?)

{{r, Re[Log[r+:|'1.’\/—2a2+r2 ] - Log[ 2 (rz—az) ]+:|'1.*Arcsin[ ] ]},

A/ 2 2 / 2 _2 V-2a%+x?
{r, Im[Log[r+J'1 -2a‘“+r ]— Log[ 2 (r —a) ]+J'1*Arcsin[—] ]}},

2 (r? - a?)

(e avz, V3],

PlotRange - {{a V2, a w/3_}, {-10~ (-15), 10" (-15) }}, AspectRatio - 1”
Further simplification of LinContrCCPartlySimpl[r, a] by th following identities

Expand [Simplify[ (LinContrCCPartlySimpl[r, a]) /.

{LOg[r+im] - [LOg[m] +J'1.*Arcsin[£]]r

2 (r?-a?)
3 xa? - r?
Log[3iaz—ir2—2a‘\/—2az+r2]—) Log[rz—az]+i* —Arcsin[ ]+7r ’
r? _ a?

2

3 xa-r
Log[3ia2-ir2+2a‘\/-2 aZ+r? ] > |Log[r? - a?] +J'1*Arcsin[ ] ,
r? - a?
2
a
Log[ia2+r‘\/—2 a? + r? ] - [Log[rz—az] +J'1*Arcsin[ ]]},
2

r? - a?
Assumptions—»{a>0&&a’\l2 <r<avV3 }]]

1

Simplify[
6aZnr

-3a?+r?

2
a
—1232—5a271'—71'r2+12a‘\/—2a2+r2 +24arArcSin[ ]+4(5a2+r2)ArcSin[ ]+
2

a?-r? a

2_p

-2 a2+r?
-aZ+r? a

a
] +20 a? Arcsin[ ] +4r? Arcsin[ ] ]

V2 \ -a? + r? \ -a?+r?

24ar ArcSin[
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2

1 -3a+r
—|-12a’-5a%w-nwrr?+12a\-2a%+r? +4 (5a2+r2)ArcSin[—2] +

6a’nr al-r

-2 a%+r?

-a?+r? a2
Factor[24 a rArcSin[—] +24a rArcSin[—] ] +
2 a? _ g2

a a
| +& 2 Arcsin[ ——]]

\ -a? +r? '\/—az+r2

Factor [20 a% ArcSin [

1
LinContrCCFurtherSimpl[r , a ] := ———
6alnr

-2 a%+r?
2 2522

a —a?+r

-12a%?-5a?nx-nr®+12a\y-2a%+r? +24ar ArcSin[—]+ArcSin[—] +
2 _ .2

a” -r —\/2

a -3a%+r?
] +4 (5 a2+r2) Arcsin[—” 7
2 2

Factor[4 (5 a? + rz) Arcsin[
a‘-r

—a%+r?

FullSimplify [Simplify [ (LinContrCCPartlySimpl[r, a]) /.

Voo
fros[z i V277 | » [nos[yZ (-] |+« aresin e =],

2 (r? - a?%)
3 xa?- r?
Log[3ia2—ir2-2a\/—2a2+r2]-) Log[r?-a%] +i« -Arcsin[—]+7r ,
r? - a?
3 xa?- r?
Log[31’1a2—ir2+23‘\/—2a2+r2]—) Log[rz—a2]+i*ArcSin[—] ’
2 _ 52

r
a2
Log[:ia2 +r\ -2a%+r? ] - [Log[r2 - a?] +J'1*Arcsin[—])},

r? - a2

Assumptions—»{a>0&&a'\/2 <r<avs }] -

LinContrCCFurtherSimpl[r, a], Assumptions - {a >0&&aV2 <r<avV3 }]
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Further Identities
g i 2 (22, 02)
ArcSJ.n{ } +ArcSin{ ] - ArcSJ_n{ } -,
a’-r? V2 \/2_ (-a?+r?) 2

2 2
ArcSin{ Sar } + ArcSin[
a“-r

a2

With[{a =1}, Plot[{ Arcsin[ ] +Arcsin[

a2 _ r2

-3a%+r? a

ArcSin [ ] + ArcSin [

2 2
a”"-r
\ -a? +x?

FullSimplify [ExpandAll [TrigExpand [Sin [Arcsin [

]]/n-l/z}, {r,a'\/?,a'\/3_}”

-3a%+r?

] +ArcSin[
a? - r? [
-aZ+r?

Assumptions—»{a>0&&a\/2 <r<avV3 &&r"2—a"2>0&&—2a2+r2>0}]

|- 210

With[{a =1}, ParametricPlot[

-3a?+r? a 7a%®-3ar? 7
{{r, Arcsin[ . . ] +Arcsin[ ] - Arcsin[—m] + — },
a‘-r _a? 2 2
\ -a? + r? (-a?+r?)

b (e 0 03],
PlotRangea{{ \/_,a‘\/_} (-10~ (-15), 10~ (- 15)}} AspectRatlo—»l]]

With[{a =1}, ParametricPlot[

a2

{{r, Arcsin[ ] +Arcsin[

a?-r?

b fr 2z, av3 ),
PlotRange-»{{ '\/_,a'\/_} {-10" (-15), 10" (- 15)}} AspectRatio-»l”

rt 2 r?
- -a24+r? +a (—a2+r2 ) -2 a + rZ
Simplify[ ]
V2 (a%-r?) -a?+x?
-3a?+r? a
FullSimplify [TrigExpand [Cos [Arcsin[ ] + Arcsin[ ] ] ] ’
a?-r? 2 p?
- +

Assumptions—»{a>0&&a\/2 <r<avV3 }]
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final simplification

-2 aZ+r?

-a?+r?

] + ArcSin [ _
? V2

Simplify[

aZ

Expand[simplify[(LinContrCCFurtherSimpl [r, a]) /. { Arcsin[ "
a‘-r

-2 a%+r? 2 2
-a?+r? (a v ) b -3a?+r? a
Arcsin[ ]— -1, Arcsin[—] +Arcsin[—] -
2 _ .2

V2 (—a2+r2) 2 a‘-r */—a2+r2

7a®-3ar? b
Arcsin[ ] + — }]] - CubSurfCFLnCC|r, a]]

(-a? +r2)3/2 2

Final Expression

CubSurfCFLnCC[r_, a_] :=

-12+57 r 2'\/—232+r2 4
—+—Arcsin[

2
-—+ + +
a 6nr 6 a2 anr arnr

7 a3 - 3 ar?

2(532+r2) *ArcSin[—]
(_az r2)3/2 !

3a?nr

Continuity Checks
Simplify[Limit [CubSurfCFLnCC [r, a], r->aV2 , Direction - - 1] -

Limit [CubSurfCFLnBB[r, a], r>aV2, Direction - 1] , Assumptions - {a > 0}]
Simplify[Limit[CubSurfCFLnCC[r, al], r»>aV3, Direction - 1] , Assumptions - {a > 0}]

the values obtained by the above function are compared with the values obtained by the numerical integra-

tion of the outset integrand (it's OK)
with[{a = 1}, StepRCC = a (\/3_-«/7)/ 10;

Do[ract =7V2 + (J-1/2) % StepRCC; actval = N[CubSurfCFLnCC[ract, a]];
Print[J, ", ", valcC[[J]], ", ", actval]l;, {J, 1, 10}]]
MomlinCC = Simplify[Integrate [rAZ * CubSurfCFLnCC[r, a],

{r, avV2,avVvs3 }, Assumptions - {a > 0}] , Assumptions » {a > 0}]

a? (56+ (—63+32‘\/2_) 7r)

i

MomlinCC =
247
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a? (56+ (-63+32 V2 ) 7r)
Simplify [MomlinAA + MomlinBB +

24 7 ]

a2

us

MomlinAABBCC = N[Simplify[MomlinAA + MomlinBB + MomlinCC] ]

0.31831 a?

EVALAUTION OF THE CF-CONTRIBUTION DUE TO
THE SLIDING SURFACES

normalization factor and integrand with 0 < ¢ < g

4 1
surfNormFact[r_, a_] :=2#%3 % — % ————;

r 4xmwmx6*xa”2
surfIntgrnd[r_, a_, ¢_] := (a-r*xCos[p]) * (a-r*Sin[¢]);
(surfIntgrnd[r, a, ¢]) /. {Sin[(p] ->t, Cos[g] » ’\/ 1-t? }
(a-rt)

a-r l—tz)

Inequalities' reduction
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Reduce[{a>a—rt>0, a>a—r\/1—t2 >0,0<t<l1l,a>0, r>0}, {a, r, t}, Reals]

-a%+r? a

a>0&& [(0<r=<a&&l0<t<l) || |la<r<a2 \ a? ss <t< —
2

r r

Region AAsurf :
a>0 && 0<r<a &&0<t<1 or O<<,o<§

Region BBsurf :

a>0 &&a<r<a®V2 && 12T (o2 or AreSin[1 T J<p<

ArcSin[ %]

Evaluation of the Surface CF contribution over the AAsurf region

7
Integrate[surflntgrnd[r, a, o], {(p, o, —}, Assumptions » {a > 0&& 0 < r < a}]
2

1
Expand[surfNormFact [r, a] » — (32 n-4ar+ rz) ]
2

2 1 r
surcContrCFAAs[r_, a_] 1= - — + — +
ar 2r 2a’n

;7 (» 0<r< a=x)

Evaluation of the Surface CF contribution over the BBsurf region

\ -a? +r? a
FullSimplify[Integrate[surfIntgrnd[r, a, o1, {(p, Arcsin[—] , ArcSin[—]},
r r

Assumptions—>{a>0&&a<r<a*\/2}],Assumptions—»{a>0&&a<r<a*VZ}]

2

r r a
-— +2a+/-a?+r? +a? —1—ArcCsc[7}+ArcSin{f}
2

r
-a%+r?

r b a
FullSimplify [TrigExpand [Sin [ArcCsc [ —] - (— - ArcSin [ —] ) ] ] ,
2 r
-a%+r?
Assumptions - {a >0&&a<r<axV2 }]

0
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r b a
FullSimplify [TrigExpand [Cos [ArcCsc [ —] - (— - ArcSin [ —] ) ] ] ,
2 r
-a%+r?
Assumptions - {a >0&&a<r<axV2 }]

1

Expand [Simplify [surfNormFact [r, a] *

Vo2 ) avesia[2]),

FullSimplify[Integrate[surfIntgrnd[r, a, o], {(p, Arcsin[
r r

Assumptions-»{a>0&&a<r<a*'\/2 }],Assumptions-»{a>0&&a<r<a*'\/2}] /.

r

—'_azT] > (g-msm[z])}]]
1 1 r 2m 2Arcsin[§]

Simplify[Together[- - —] - + + - (surcContrCFBBs[r, a] )]
2r »nr 2a%n anr nr

farccse]

0

: a
2+ r 2'\/—a2+r2 2ArcS:|.n[;]
surcContrCFBBs[r_, a_] := - - + + 7 (% a<r<axV2 *)
2nxr 2a’nw arr Tr

Evaluation of the moments of the two contributions

Simplify[Integrate[r? » surcContrCFAAs[r, a], {r, 0, a}, Assumptions » {a > 0}]]

a2 (-13 +6 )
MomtOOSupAA[fa_] := ——;
24 1

Simplify[Integrate[r2 * surcContrCFBBs [r, a], {r, a,axV2 }, Assumptions - {a > 0}”

a? (19 -6 )
MomtOOSupBB[a_] := ——;
24 7

Simplify[Momt0OOSupAA[a] + Momt00SupBB[a]]

a2
MomtOOSup[a_] := 7
7

EVALUATION OF THE CONTRIBUTION TO THE CF
DUE TO THE PAIRS OF OPPOSING FACES
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The integral takes the form

6
2 5 | as: | as; |d6s (€1+r¢3-£z)
s; s;

i<j=1
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One chooses the polar axis along axis x and the longitudinal plane along the (x, z) plane.
One consider the two faces
S; = (0, y1, z1) andS; = (a, yl, z1) .Then

r=r (Cos[©], Sin[6©] Sin[p], Sin[6] Cos[¢]) and the integral reads

jdl51 J-dlsz JdlZ)cS (rCos[6] -a) 6 (yl+rSin[0O] Sin[¢] -y2) 6 (21 + r Sin[6] Cos[p] - 22)

T b
One confines himself to the angular ranges (0 < 65 —) and (0 <p< —) .
2 2

The value of the resulting integral will then bemultiplied by
2 (due to6) x 2 (due to ¢) x 3 (due to the three axes)

1
x 2 (the factor in fron of the integral) x .
4ns
24
Hence the normalization factor is
4ns

From the Dirac functions one gets

Cos[0O] = i, y2 =yl +rSin[6] Sin[¢], z2 = z1+r Sin[6] Cos[¢],
and the inte:ral reads

1 jdyl Jdly; jdl(p ® (yl+rsSin[6] Sin[¢]) © (21 + r Sin[6] Cos[¢]) =
r

1 7T/ 2
—J. d¢ (Min[a, a-rSin[0] Sin[¢]] -Max[0, -r Sin[6] Sin[¢]])
r Jo

(Min[a, a-rSin[6] Cos[p]] -Max[0, -r Sin[6] Cos[¢p]])
Putting ¥ = X % @, onegets

1
- J-dlyl Jd]y; jdllp ® (yl+rSin[6] Sin[¢]) © (z1 +r Sin[6] Cos[¢]) =
r

2 /2
a—f de (Min[1l, 1-XSin[6] Sin[¢]] -Max[0, -XSin[6] Sin[p]])
r Jo

(Min[1l, 1-XSin[6] Cos[p]] -Max[0, -XSin[6] Cos[p]]) =

a? /2
—j de (1 -XSin[0] Sin[¢]) (1 -XSin[6] Cos[¢])
r Jo

sin[arccos| ]|

\/xz-l
Sin[p] > t, Cos[p] »V1-t2 , sin[e] »
X

((1-Xxsin[e] Sin[e]) (1-XSin[6] Cos[e])) /.

X2-1
{Sin[(p] >t, Cos[p] >\ 1-t2 , Sin[6] » —}
X

oo | [1oyioe o

Reduction of the inequalities and determination of the integration range
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Reduce[{l>1—t'\/—1+x2 >0,1>1—\/1—1:2 \/—1+Xz >0,X>1}, {x, t},Reals]

-2+ X2 1
[1 12 <X<A/3 && <t<
=1 4 5% =1 & 5%

integrand definition in terms of the new variables t and X

1<X=<+/2 &&0<t<l1l

1
newCaseIntrg[X_, t_] := (1-1-,\/-1+x2 ) (1-\/1-1-_2 \/-1+x2 ] *—
1-+t?
Integration over the first region
1<X=+vV2 &&0<t<1l

Integrate[newCaseIntrg[X, t], {t, 0, 1}, Assumptions -» {1 <XsV2 }]
(—1+7T+X2—4\/—1+X2 )

Fullsimplify[

N |

24 a? 1 r
Expand[FullSimplify[ — o — x| = |-1emex? -8 -14+%? /.{x-»-},
4n6xa? r 2

a

Tr

s« o <7 af] ]| 1 (1 S }J
mrar

RmngContBB[r, a], Assumptions - {a >0&&a<r<aV2 }]

-1+ r 24/ -a%+r?
RmngContBB[r_, a_] :=

7
2xr 2a?nr

Integration over the second region

V2 <X <3 &s

Integrate[newCaseIntrg[X, t], t]

1
primitive3rdCas[X_, t_] := -t \/-1+x2 +\/1—t2 \/-1+x2 +—t% (-1+%?) +Arcsin[t];
2
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1
Simplify[Limit [primitive3rdCas [X, t], t > , Direction -» 1] -

-1+Xx2

-2+Xx2
Limit [primitive3rdCas [X, t], t - S Direction —» —1] , Assumptions - {‘V 2 <X<V3 }]
-1+X

24 a2
Expand[ Simplify[ —_—— % — %
4n6xa’ r

2 2 -1+Xx2?

1 x2 -2+Xx? 1 r
-— - — 321 -24+%2 -Arcsin[ —]+Arcsin[—] /.{X-»—} ,

- ArcSin[

J}]

a
Assumptions - {a V2 <r<aV3 sg&a> 0}] /. {Arcsin _

[——]
4[-1+:—:

Simplify[
24 a? 1
* — % Simplify[Limit [primitive3rdCas[x, t], t- ———— , Direction » 1] -
4n6xa? r -1+%2

-2+Xx2

Limit [primitive3rdCas [X, t], t > , Direction -» - 1] ,

Assumptions-»{\/?<x<\/3_}] /. {x_, f} -
a

RmngContCC[r, a], Assumptions - {a V2 <r<V3 = a}]

0
2 a?-r? : a
ArcSin[ S S ] ArcSJ.n[—]
1 r 2 '\/ -2a?+r? \' a?-r? N
RmngContCC[r_, a_] := - - + = + ;
2nr 2a’n arnr nr nr

1+ r 24 -a?+r?
(* a<r < axV2

*) RmngContBB[r_, a_] := + -
2nr 2a%n anr

.
r

(* a*\/2_< r < a*\/? *)

RmngContCC[r_, a_] := - - + -
2nr 2a’nr anr

2 az_rz . a
ArcSin [ ' ] ArcSin [ —= ]
1 r 24 -2a%+r? a?-r? A —a?er?
+ ;
bs nr

r

MomOORmngBB[a_] := Integrate[r"z * RmngContBB|[r, a], {r, a,axV2 }, Assumptions -» {a > 0}];
MomOORmngCC[a_] :=

Integrate[r"z * RmngContCC[r, a], {r, ax*V2,axV3 }, Assumptions -» {a > 0}];
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MomOORmngBB[a]
MomOORmngCC[a]

Simplify[MomOORmngBB[a] + MomOORmngCC[a], Assumptions » {a > 0}]
Sum of the moments of the three contributions

a? (56+ (—63+32'\/2_) 7\')

]+
24 7

Simplify [Simplify [MomlinAA + MomlinBB +

Simplify[MomtOOSupAA[a] + Momt0OSupBB[a]] +
Simplify[MomOORmngBB[a] + MomOORmngCC[a], Assumptions -» {a > 0}]]

6 a’
that, asrequired, isequal to o
T

FINAL EXPRESSION

Contribution of the polygon intersection

1 r
CubSurfCFLnAA[r , a_] := —- —; (* If 0 < r < a %)
a 2a?
q \ -a%+r?
2 5 2«/_32*_1.2 2rArcS1n[T]
CubSurfCFLnBB[r_, a_] := - — + — - + ;
a 2r arnr ax
2 -12+5n% r 24/ -2a%+r?
(* If a < r < aV¥2 #)CubSurfCFLnCC[r_, a_] = - — + —— + e —
a 6rr 6 a2 anr

4 -2a%?+r? (a%+r?) 2 (5a%+r?) 7a3-3ar?
—_— Arcsin[ * ] + *Arcsin[—];
arn -2a?+2r? -a?+r? 3aZnr (—a2+r2)3/2

(» If aV2 < r < aV3 «x)

Contribution of the sliding surfaces

2 1 r
-—t — + ;7 (» If 0 < r < a x)
an 2r 2a’n

2+ r 24 -a?+r? 2ArcSin[§]

- - + + ;
2nr 2a’nr anr nTr

surcContrCFAAs[r_, a_] :

surcContrCFBBs[r_ , a_] :

(* If a<r<axV2 =x)

Contribution of the opposing surfaces
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1+ r 2\ -a%+r?
(*» a<r < axV2

*) RmngContBB[r_, a_] := + = ;
2nr 2a’nrw arr
(» axV2 < r < axV3 =)
2 a?-r? : a
ArcSin [ ] ArcSin [ PR — ]
1 r 24 -2a%+r? \/ a?-r? N
RmngContCC[r_, a_] := - - + = + ;
2xr 2a’nw arnr Tr Tr

pltaa = With[{a = 1}, ParametricPlot|{r, CubSurfCFLnAA[r, a]},

pltbb

[
{r, 0, a}, PlotRange -» {{0, aW/3_}, {0, 1.1}}, AspectRatio - 1]];
With[{a =1}, ParametricPlot[{r, CubSurfCFLnBB[r, a]}, {r, a, a'\/?}”;
[

pltcc = With[{a = 1}, ParametricPlot|{r, CubSurfCFLnCC|[r, a]l}, {r, aVv2,aVvs3 }] ];
Show[pltaa, pltbb, pltcc]

pltaaslf = with[{a =1}, ParametricPlot[{r, surcContrCFAAs [r, al},
{r, 0, a}, PlotRange - {{o, aV3 }, {0, 1.1}}, AspectRatio - 1”;

pltbbslf = With[{a =1}, ParametricPlot[{r, surcContrCFBBs [r, al}, {r, a,aV2 }]],
Show[pltaaslf, pltbbslf]

pltbbopf = With[{a =1}, ParametricPlot[{r, RmngContBB[r, a]},
{r, a, a\/?}, PlotRange - {{0, a\/?}, {0, 1.1}}, AspectRatio - 1”;

pltccopf = With[{a =1}, ParametricPlot[{r, RmngContCC[r, a]}, {r, aVv2,avVvs3 }]],
Show[pltbbopf, pltccopf]
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pltCSaa = With[{a =1}, ParametricPlot[{r, CubSurfCFLnAA[r, a] + surcContrCFAAs[r, al},
{r, 0, a}, PlotRange - {{0, aV3 }, {0, 5}}, AspectRatio -» 1, AxesLabel » {"r", "ys(r) "}] ];
pltCSbb = With[{a =1}, ParametricPlot[

{r, CubSurfCFLnBB[r, a] + surcContrCFBBs[r, a] + RmngContBB[r, a]}, {r, a, aV2 }”,
labels8D = Graphics[{Text[Style[" (d)", FontSize » 18], {1, 4}1}1;
pltCScc = With[{a =1},

ParametricPlot[{r, CubSurfCFLnCC[r, a] + RmngContCC[r, a]}, {r, aVv2,aVvs }”,
Fig8D = Show[pltCSaa, pltCSbb, pltCScc, labels8D]

¥s(0)
5.

o (d)

0 ! !
0.0 0.5 10 15

the discontinuity is OK since it arise from the contribution of the opposing faces
Export["Fig8D.eps", Fig8D]

Fig8D.eps

RELATIONS ON THE MOMENTS OF THE SURFACE CF
the zeroth moment of the surface CF obeys to
MO:JrAZ*ys (r)ydr=S/4r (1)

and the first moment is equal to

1 1
M, :Jr%ws (rydr= — | r*2ds - Jdlsljdlsz (ry . 1ry3) (2)
27 Js 278 Us s

First moment of the surface CF of a spherical surface
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1
sphereCF[r_, r_] := ;
2%xr

Simplify[Integrate[r "2 x sphereCF[r, r], {r, O, 2 *xR}], Assumptions » {R > 0}] -
4%xm*xR*2/ (4 %)

EQ. (1) is obeyed

Second moment of the surface CF of a spherical surface

Simplify[Integrate[r "4 * sphereCF[r, r], {r, 0, 2 *R}], Assumptions - {R > 0}] -
Integrate[Sin[6] * Integrate[r~4, {¢, 0, 2x7}], {6, 0, w}] / (2 %)

Eq. (2) is obeyed

First moment of the surface CF of a circle

V4axR*2-r"2 1 r
CircleCF[R_, r_] := - + *ArcCos[ ];
4%m*R"2 Tk ¥ 2*R

Simplify[Integrate[r~2 % CircleCF[R, r], {r, O, 2 *xR}], Assumptions » {R > 0}] -
(mr*R"2) / (4m)

Eq. (1) is obeyed

Second moment of the surface CF of a circle

Simplify[Integrate[r”~4 * CircleCF[R, r], {r, O, 2 *xR}], Assumptions » {R > 0}] -
Integrate[Integrate[x"3, {x, O, R}], {¢, 0, 2%x7w}] / (2 %)

1

Eq. (2) is obeyed since stl Jdlsz (r; . ry) is equal to zero
s s

2nwS

Integrate[Integrate[Integrate]
Integrate[x1l * x2 * (X1 * X2 * Cos[¢l] * Cos[¢2] + X1 * X2 » Sin[¢l] * Sin[¢2]), {¢1, 0, 2 x7}],
{92, 0, 2% 7m}], {x2, 0, R}], {x1,0,R}]/ (2*mm*m*R"2)

The case of a cubic surface
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Simplify[Integrate[r"z * CubSurfCFLnAA[r, a], {r, 0, a}, Assumptions -» {a > 0}] +

Integrate [r"2 * CubSurfCFLnBB[r, a], {r, a,aVv2 }, Assumptions - {a > 0}] +

Integrate[rAz * CubSurfCFLnCC[r, a], {r, av2 ,avVv3 }, Assumptions - {a > 0}] +
Integrate[r” 2 * CubSurfCFSupAA[r, a], {r, O, a}, Assumptions -» {a > 0}] +

Integrate [r"2 * CubSurfCFSupBB[r, a], {r, a,aVv2 }, Assumptions - {a > 0}]]
5 a2

47

the CF of the cubic surface is WRONG ! The above result

6 a?
ought to be
47
5 a2
8]
4

0.397887 a?

The chord length distribution of a spherical shell, according to Gille, is

4x*xR"2-r"2
cld[R_, r_] := (2*%r/ (m*R"2)) *ArcTan[  —— ];
r*2

cld[R, r]

Simplify[Series[cld[R, r], {r, O, 6}], Assumptions » {R> 0&&r > 0&&r < 2 * R}]

2 r4 3 rG
- - +0[r]’
R*> 7R® 24 (71R°) 640 (nR7)

r r

However, the surface CF does not coincide with the previous function because
this contains the two angular factors oy.w and 0.w.
These are equal to (r/2R). Hence the surface CF is equal to

(cld[R, r] / (r/ (2R))"2) /8

ArcTan[ _rz+4Rz]

rZ

nr

The expansion of this function is
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Simplify[Series[(cld[R, r] / (r/ (2R))"~2), {r, O, 6}],
Assumptions - {R> 0&&r > 0 && r < 2 * R}]

4 4 r? 3rt
- - +0[r]®
r TR 6<7TR3) 160 (7TR5>

FIGURES 8A, 8B AND 8C

labels8A = Graphics3D[{Text[Style[" (a)", FontSize » 18], {1.1, 1.2, 1.2}]1}];

AA = {0, O, O0}; BB= {1, 0, 0};CC={1,0, 1}; DD = {0, O, 1};

Ssh = {0, 1, 0};

AAP = AA + Sh; BBP = BB+ Sh; CCP = CC + Sh; DDP = DD + Sh;

(» R={1,1/8,1/7};*) R={1/5,1/8,1/17};

AAN = AA+R; BBN = BB +R; CCN = CC + R; DDN = DD + R;

AAPN = AAP + R; BBPN = BBP + R; CCPN = CCP + R; DDPN = DDP + R;

Rbis = {1/3, 0, 1/ 4};

AANbis = AA + Rbis; BBNbis = BB + Rbis; CCNbis = CC + Rbis; DDNbis = DD + Rbis;
AAPNbis = AAP + Rbis; BBPNbis = BBP + Rbis; CCPNbis = CCP + Rbis; DDPNbis = DDP + Rbis;
Rter = {1/2, 0, 0};

AANter = AA + Rter; BBNter = BB + Rter; CCNter = CC + Rter; DDNter = DD + Rter;
AAPNter = AAP + Rter; BBPNter = BBP + Rter; CCPNter = CCP + Rter;

DDPNter = DDP + Rter;



94 | Deposited_Part.nb

santaA = Line[{{AA, BB, CC, DD, AA}, {DD, DDP}}];
santbA = Line[{{AAP, BBP, CCP, DDP, AAP}, {AA, AAP}, {BB, BBP}, {CC, CCP}}];
gantaA = Graphics3D[{Thickness[0.003], Line[{{AA, BB, CC, DD, AA}, {DD, DDP}, {BB, CC}}]},
Boxed -» False]; gantbA = Graphics3D[{Thickness[0.003], Dashed,
Line[{{AAP, BBP, CCP, DDP, AAP}, {AA, AAP}, {BB, BBP}, {CC, CCP}}]}, Boxed -» False];
cubeA = Show[gantaA, gantbA]; santNaB =
Line[{{AAN, BBN, CCN, DDN, AAN}, {AAN, AAPN}, {BBN, BBPN}, {CCN, CCPN}, {DDN, DDPN}}];
santNbB = Line [ {AAPN, BBPN, CCPN, DDPN, AAPN}];
gantNaB = Graphics3D[{Thickness[0.003], Dashed, santNaB}, Boxed —» False];
gantNbB = Graphics3D[{Thickness[0.003], Dashed, santNbB}, Boxed -» False];
cubeB = Show[gantNaB, gantNbB];
sup = Line[{{AAN[[1]], AAN[[2]], DDP[[3]1}, {BB[[1]], AAN[[2]], DDP[[3]]}}]1;
rgt = Line[{{BB[[1]], AAN[[2]], DDP[[3]]}, {BB[[1]], AAN[[2]], BBPN[[3]]}}]1;
suplft = Line[{{AAN[[1]], AAN[[2]], DD[[3]]}, {AAN[[1]], DDP[[2]], DD[[3]]1}}]1;
bcklft = Line[{{AAN[[1]], DDP[[2]], DD[[3]1]}, {AAN[[1]], DDP[[2]], AAPN[[3]1}}];
bckdwn = Line[{{AAN[[1]], DDP[[2]], AAPN[[3]]}, {BBP[[1]], BBP[[2]], AAPN[[3]]}}
brgtdwn = Line[{{BBP[[1]], BBP[[2]], AAPN[[3]]}, {BBP[[1]], BBN[[2]], AAPN[[3]]}
intersct = Graphics3D[{{Thickness[0.006], Red, sup, rgt},
{Dashing[{0.03, 0.02}], Thickness[0.006], Red, {suplft, bcklft, bckdwn, brgtdwn}}},
Axes - True, AxesLabel » {"X", "Y", "2"},
PlotRange » {{O0, 1.3}, {0, 1.3}, {0, 1.3}}, Boxed » False]; CCNsh = {1, 1/8,1/17};
DDNsh = {1/5,1/8, 1};
cCcsho = {1,1/8, 1};
DDPsh = {1/15, 1, 1};
BBSh = {1, 1/4.5, 0};
agg = Graphics3D[{Thickness[0.003],
Line[{{DDN, CCN, CCPN, DDPN, DDN}, {CCN, BBN, BBPN, CCPN, CCN, BBN, CCNsh}, {DDN, DDNsh,
DDN}, {CcC, cCSho, CC}, {DDP, DDPsh, DDP}, {BB, BBSh, BB}}]}, Boxed - False];
Fig8A = Show[intersct, cubeA, cubeB, agg, labels8A]

1
11

Export["Fig8A.eps", Fig8A];
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labels8B = Graphics3D[{Text[Style[" (b)", FontSize » 18], {0, 1.2, 1.2}]}];
RbisP = {1/3, 1, 1/4}; BBupP = {1, 1, 1/ 4};
DDrgtP = {1/3, 1, 1}; BBNbisLft = {1, 1/9, 0};
Rbis = {1/3, 0, 1/4}; BBup= {1, 0, 1/4}; Dbrgt = {1/3, 0, 1};
DDbck = {-1, 0, 1}; DDbckpp = {1/8, 1, 1};
contA =
Show [Graphics3D[ {Thickness[0.003],
Line[ {{BBup, BB}, {BB, AA, DD, DDrgt}, {DD, DDP, DDbckpp }, {BB, BBNbisLft}}]},
PlotRange -» {{O, 1.5}, {0, 1.1}, {0, 1.5}}, Axes - True,
AxesLabel -» {"Y", "-X", "Z2"}, Boxed - False]];
contB =
Show [
Graphics3D[{Thickness[0.003], Line[{{DDrgt, DDNbis, CCNbis, BBNbis, BBup}, {BBNbis,
BBPNbis, CCPNbis, CCNbis}, {CCPNbis, DDPNbis, DDNbis}}]}, Boxed » False]];
thickA = Show[Graphics3D[{Thickness[0.006], Red, Line[{{DDrgt, Rbis, BBup, CC, DDrgt}}]},
Boxed - False]];
dashB = Show[Graphics3D[{Thickness[0.006], Red, Dashing[{0.03, 0.02}],
Line[{{DDrgtP, RbisP, BBupP, CCP, DDrgtP}}]}, Boxed -» False]];
dottB = Show[Graphics3D[{Thickness[0.003], Dashed,
Line[{ {AANbis, AAPNbis}, {DDPNbis, DDrgtP}, {BBupP, BBPNbis}}]}, Boxed -» False]];
dottA = Show[Graphics3D[{Thickness[0.003], Dashed,
Line[{{AA, AAP}, {CC, CCP}, {BBNbisLft, BBP}, {AAP, DDP}, {AAP, BBP},
{BBP, BBupP} (*, {DDP,DDrgtP}*), {DDbckpp, DDrgtP} }]}, Boxed -» False]];
Fig8B = Show[contA, thickA, dashB, contB, dottA, dottB , labels8B,
ViewPoint -» {2, -2.5, 3.2} ]

Export["Fig8B.eps", Fig8B];

|95
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AA = {0, O, O0}; BB= {1, 0, 0};CcC={1,0, 1}; DD = {0, O, 1};

sh = {0, 1, 0};

AAP = AA + Sh; BBP = BB + Sh; CCP = CC + Sh; DDP = DD + Sh;

R={1,1/8,1/7}; (» R={1/5,1/8,1/7}; =)

AAN = AA+R; BBN = BB +R; CCN = CC+R; DDN = DD + R;

AAPN = AAP + R; BBPN = BBP + R; CCPN = CCP + R; DDPN = DDP + R;

Rbis = {1/3, 0, 1/ 4};

AANbis = AA + Rbis; BBNbis = BB + Rbis; CCNbis = CC + Rbis; DDNbis = DD + Rbis;
AAPNbis = AAP + Rbis; BBPNbis = BBP + Rbis; CCPNbis = CCP + Rbis; DDPNbis = DDP + Rbis;
Rter = {1/2, 0, 0};

AANter = AA + Rter; BBNter = BB + Rter; CCNter = CC + Rter; DDNter = DD + Rter;
AAPNter = AAP + Rter; BBPNter = BBP + Rter; CCPNter = CCP + Rter;

DDPNter = DDP + Rter;

CCPNew = {9 /10, 1, 1};



Deposited_Part.nb

labels8C = Graphics3D[{Text[Style[" (c)", FontSize » 18], {0.8, 1.2, 1.3}]1}];
AA = {ol o, 0}; BB = {1I o, 0}; CC = {11 o, 1}; DD = {or o, 1]’;

sh = {0, 1, 0};

AAP = AA + Sh; BBP = BB + Sh; CCP = CC + Sh; DDP = DD + Sh;

R={1,1/8,1/7}; (» R={1/5,1/8,1/7}; *)

AAN = AA+R; BBN =BB+R; CCN = CC+R; DDN = DD + R;

AAPN = AAP + R; BBPN = BBP + R; CCPN = CCP + R; DDPN = DDP + R;

Rbis = {1/3, 0, 1/ 4};

AANbis = AA + Rbis; BBNbis = BB + Rbis; CCNbis = CC + Rbis; DDNbis = DD + Rbis;
AAPNbis = AAP + Rbis; BBPNbis = BBP + Rbis; CCPNbis = CCP + Rbis; DDPNbis = DDP + Rbis;
Rter = {1/2, 0, 0};

AANter = AA + Rter; BBNter = BB + Rter; CCNter = CC + Rter; DDNter = DD + Rter;
AAPNter = AAP + Rter; BBPNter = BBP + Rter; CCPNter = CCP + Rter;

DDPNter = DDP + Rter; CCPNew = {9 /10, 1, 1};

santaA = Line[Thickness[0.002], {{AA, BB, CC, DD, AA}, {DD, DDP}}];
santbA = Line[{{AAP, BBP, CCP, DDP, AAP}, {AA, AAP}, {BB, BBP}, {CC, CCP}}];
gantaA = Graphics3D|[
{Thickness[0.003], Line[{{AA, BB, CC, DD, AA}, {DD, DDP}, {BB, CC}, {DDP, CCPNew}}]},
Boxed -» False]; gantbA = Graphics3D[{Thickness[0.003], Dashed,
Line[{{AAP, BBP, CCP, DDP, AAP}, {AA, AAP}, {BB, BBP}, {CC, CCP}}]}, Boxed » False];
cubeA = Show[gantaA, gantbA]; santNaB =
Line[{{AAN, BBN, CCN, DDN, AAN}, {AAN, AAPN}, {BBN, BBPN}, {CCN, CCPN}, {DDN, DDPN}}];
santNbB = Line[ {AAPN, BBPN, CCPN, DDPN, AAPN}];
gantNaB = Graphics3D[{Thickness[0.003], Dashed, santNaB}, Boxed -» False];
gantNbB = Graphics3D[{Thickness[0.003], Dashed, santNbB}, Boxed —» False];
cubeB = Show[gantNaB, gantNbB];
sup = Line[{{AAN[[1]], AAN[[2]], DDP[[3]]}, {BB[[1]], AAN[[2]], DDP[[3]]}}];
rgt = Line[{{BB[[1]], AAN[[2]], DDP[[3]]1}, {BB[[1]], AAN[[2]], BBPN[[3]]}}];
suplft = Line[{{AAN[[1]], AAN[[2]], DD[[3]]}, {AAN[[1]], DDP[[2]], DD[[3]11}}1;
bcklft = Line[{{AAN[[1]], DDP[[2]], DD[[3]]}, {AAN[[1]], DDP[[2]], AAPN[[3]1}}];
bckdwn = Line[{{AAN[[1]], DDP[[2]], AAPN[[3]]}, {BBP[[1]], BBP[[2]], AAPN[[3]]}}
brgtdwn = Line[{{BBP[[1]], BBP[[2]], AAPN[[3]]}, {BBP[[1]], BBN[[2]], AAPN[[3]]}
intersct = Graphics3D[{{Thickness[0.006], Red, sup, rgt},
{Dashing[{0.03, 0.02}], Thickness[0.006], Red, {suplft, bcklft, bckdwn, brgtdwn}}},
Axes - True, AxesLabel -» {"XxX", "Y", "2"},
PlotRange -» {{0, 2.1}, {0, 1.5}, {0, 1.5}}, Boxed » False]; CCNsh = {1, 1/8, 1/7};

1
1, —, 1;%;
{ 4 8’ }l
ccsho = {1, 1/8, 1};
DDPsh = {1/15, 1, 1};
BBSh = {1, 1/ 4.5, 0};
agg = Graphics3D[{Thickness[0.003],

1;
11

DDNsh

|97

Line[{{DDN, CCN, CCPN, DDPN, DDN}, {CCN, BBN, BBPN, CCPN, CCN, BBN, CCNsh}, {CC, cCSho, CC}

{DDN, DDNsh, DDN}, {DDP, DDPsh, DDP}, {BB, BBSh, BB}}]}, Boxed - False];
Fig8C = Show[intersct, cubeA, cubeB, agg, labels8C]
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Export["Fig8C.eps", Fig8C];



