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We report below the MATHEMATICA codes that we used to get the CF of the right circular 
cylinder and the  CF of a cubic surface.

Derivation of  equations (102)-(109)
RE-CALCULATION OF 
THE CORRELATION FUNCTION 
OF THE  CYLINDER 
WITH RADIUS R,  DIAMETER D AND HEIGHT H.

H* SetDirectory@"C:\\Users\\salvino\\Documents\\SALVIN\\LAVORI\\CYLINDER"D ; HP *L
SetDirectory@"êUsersêsalvinoêDesktopêWORK_IN_PRGSêTHREAD_FILM_LIKE_SYSTEMS"D;
Directory@D

êUsersêsalvinoêDesktopêWORK_IN_PRGSêTHREAD_FILM_LIKE_SYSTEMS

a := H ê D
The variable x = r ê D ranges within @0, Rmax = Sqrt@1 + a^2DD.

This interval splits into three intervals :
@0, min@a, 1DD @min@a, 1D, max@a, 1DD and

@max@a, 1D, RmaxD with

The evalution proceeds by evaluating the overlapping volume between the cylinder and that translated 
by r. We assume that the plane z=0 cuts the cylinder halfway and that the z-axis coincides with the 
cylinder-s axis. 
One sets  r

×
={r*Cos[j]*Sin[q], r*Sin[j]*Sin[q],r*Cos[q]}.    with  0 < a < p/2

The overlapping area of two circle of radius R and centers separated by x is 

Sovrlp[R_,x_]:= 2 R2[ArcCos[ x
2*R

]- x
2*R

1 - I
x
2*R

M^2 .

The separation bewteen the centers is x=r¶=r*Sin[q]. 
The height of the overlapping volume is  Hovrl=H -  r¥ = H - r*Cos[q]
Hence the overlapping volume is 
Vovrlpng[R_,x_,t_]:=Sovrlp*Hovrl

DEFINTION OF THE INTEGRAND FOR THE CASE WE ARE INTERESTED IN 

VOLUME OF THE OVERLAPPING REGION



Sovrlp@R_, r_, q_D := 2 R2 ArcCosB
r * Sin@qD

2 * R
F -

r * Sin@qD

2 * R
1 -

r * Sin@qD

2 * R
^2 ;

Vovrlpng@R_, H_, r_, q_D := Sovrlp@R, r, qD * HH - r * Cos@qDL;

The integral is 

2 ‡
0

2 p

‡
0

pê2
Vovrlpng@R, H, r, qD * Sin@qD „q „j =

4 p ‡
0

pê2
Vovrlpng@R, H, r, qD * Sin@qD „q = 4 p ‡

0

1
Vovrlpng@R, H, r, qD „Cos@qD

4 * p * Sin@qD * Vovrlpng@R, H, r, qD

8 p R2 HH - r Cos@qDL Sin@qD ArcCosB
r Sin@qD

2 R
F -

r Sin@qD 1 -
r2 Sin@qD2

4 R2

2 R

the above function is correctly normalized. In fact its integral, divide by (4p), must reproduce the cylinder olume in the limit
r Ø 0 as it happens. See below

Integrate@HH4 * p * Sin@qD * Vovrlpng@R, H, r, qDL ê. 8r Ø 0<L, 8q, 0, p ê 2<D ê H4 pL

H p R2

The integrand  is obtained putting Cos[q] Øt and reads 

2 p R HH - r tL -r 1 - t2
-r2 + 4 R2 + r2 t2

R2
+ 4 R ArcCosB

r 1 - t2

2 R
F

and it is split into the sum of three terms.

SimplifyB H4 * p * Sin@qD * Vovrlpng@R, H, r, qDL ê. :Cos@qD Ø t, Sin@qD Ø 1 - t2 > ì 1 - t2 ,

Assumptions Ø 80 < t < 1<F

2 p R HH - r tL -r -
I-1 + t2M I4 R2 + r2 I-1 + t2MM

R2
+ 4 R ArcCosB

r 1 - t2

2 R
F
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integrndTot@R_, H_, r_, t_D =

2 p R HH - r tL -r 1 - t2
-r2 + 4 R2 + r2 t2

R2
+ 4 R ArcCosB

r 1 - t2

2 R
F ;

integrndaa@R_, H_, r_, t_D :=

2 p r2 R t -
I-1 + t2M I4 R2 + r2 I-1 + t2MM

R2
- 8 p r R2 t ArcCosB

r 1 - t2

2 R
F;

integrndbb@R_, H_, r_, t_D := -2 p H r * -I-1 + t2M I4 R2 + r2 I-1 + t2MM ;

integrndcc@R_, H_, r_, t_D := 8 p H R2 ArcCosB
r 1 - t2

2 R
F;

FullSimplify@Hintegrndaa@R, H, r, tD + integrndbb@R, H, r, tD + integrndcc@R, H, r, tDL -
integrndTot@R, H, r, tD, Assumptions Ø 80 < t < 1 && R > 0 && H > 0<D

0

integrndaa[R, H, r, t] can explicitly be integrated. One find 

SimplifyBHFullSimplify@

Integrate@integrndaa@R, H, r, tD, t, Assumptions Ø 80 < t < 1 && H > 0 && R > 0 && r > 0<D,
Assumptions Ø 80 < t < 1 && H > 0 && R > 0 && r > 0<DL ê.

:ArcCscB
2 R

r 1 - t2
F Ø ArcSinB

r 1 - t2

2 R
F, ArcSecB

2 R

r 1 - t2
F Ø p ê 2 - ArcSinB

r 1 - t2

2 R
F ,

ArcTanB
r

-
4 R2+r2 I-1+t2M

-1+t2

F Ø ArcSinB
r 1 - t2

2 R
F,

-
I-1 + t2M I4 R2 + r2 I-1 + t2MM

R2
Ø

-I-1 + t2M I4 R2 + r2 I-1 + t2MM

R
>,

Assumptions Ø 80 < t < 1 && H > 0 && R > 0 && r > 0<F

-
1

2 r
p r K4 p r R2 I-1 + t2M + I2 R2 - r2 I-1 + t2MM -I-1 + t2M I4 R2 + r2 I-1 + t2MM O -

8 R2 IR2 + r2 I-1 + t2MM ArcSinB
r 1 - t2

2 R
F

FullSimplifyBSinBArcCscB
2 R

r 1 - t2
FFF

FullSimplifyBSinBp ê 2 - ArcSecB
2 R

r 1 - t2
FFF

FullSimplifyBSinBp ê 2 - ArcCosB
r 1 - t2

2 R
FFF
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FullSimplifyBTrigExpandBSinBArcTanB
r

-
4 R2+r2 I-1+t2M

-1+t2

FFF,

Assumptions Ø 90 < t < 1 && H > 0 && R > 0 && r > 0 && 4 R2 + r2 I-1 + t2M > 0=F

One performs an integration  of integrndcc[R, H, r, t]  by parts 

ExpandBHintegrndcc@R, H, r, tDL ê. :ArcCosB
r 1 - t2

2 R
F Ø p ê 2 - ArcSinB

r 1 - t2

2 R
F>F

4 H p2 R2 - 8 H p R2 ArcSinB
r 1 - t2

2 R
F

FullSimplifyB-8 H p R2 * t * DBArcSinB
r 1 - t2

2 R
F, tF, Assumptions Ø 80 < t < 1 && R > 0 && r > 0<F

8 H p r R2 t2

-I-1 + t2M I4 R2 + r2 I-1 + t2MM

Primitive of the integrable term plus the first term of the integration by parts.

primitvAA@R_, H_, r_, t_D :=

SimplifyBHFullSimplify@Integrate@integrndaa@R, H, r, tD, t, Assumptions Ø 80 < t < 1 &&

H > 0 && R > 0 && r > 0<D, Assumptions Ø 80 < t < 1 && H > 0 && R > 0 && r > 0<DL ê.

:ArcCscB
2 R

r 1 - t2
F Ø ArcSinB

r 1 - t2

2 R
F, ArcSecB

2 R

r 1 - t2
F Ø

p ê 2 - ArcSinB
r 1 - t2

2 R
F , ArcTanB

r

-
4 R2+r2 I-1+t2M

-1+t2

F Ø ArcSinB
r 1 - t2

2 R
F,

-
I-1 + t2M I4 R2 + r2 I-1 + t2MM

R2
Ø

-I-1 + t2M I4 R2 + r2 I-1 + t2MM

R
>,

Assumptions Ø 80 < t < 1 && H > 0 && R > 0 && r > 0<F +

4 H p2 R2 - 8 H p R2 ArcSinB
r 1 - t2

2 R
F * t;

check

FullSimplifyBD@primitvAA@R, H, r, tD, tD - FullSimplifyB

-8 H p R2 * t * DBArcSinB
r 1 - t2

2 R
F, tF, Assumptions Ø 80 < t < 1 && R > 0 && r > 0<F -

Hintegrndaa@R, H, r, tD + integrndcc@R, H, r, tDL,

Assumptions Ø 80 < t < 1 && H > 0 && R > 0 && r > 0<F
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LimitBprimitvAA@R, H, r, tD, t Ø
r2 - 4 R2

r
, Direction Ø -1F

SeriesBFullSimplifyBLimit@primitvAA@R, H, r, tD, t Ø 1, Direction Ø 1D -

LimitBprimitvAA@R, H, r, tD, t Ø
r2 - 4 R2

r
, Direction Ø -1F,

Assumptions Ø 80 < 2 * R < r < H<F, 8R, 0, 2<F

Remaining contribution to be integrated 

FactorBTogetherBintegrndbb@R, H, r, tD - FullSimplifyB

-8 H p R2 * t * DBArcSinB
r 1 - t2

2 R
F, tF, Assumptions Ø 80 < t < 1 && R > 0 && r > 0<F FF

rmngintegrnd@R_, H_, r_, t_D :=
2 H p r I-r - 2 R + r t2M I-r + 2 R + r t2M

-I-1 + t2M I-r2 + 4 R2 + r2 t2M

;

Further Check that the outset integrand be reproduced (OK)

FullSimplify@D@primitvAA@R, H, r, tD, tD + rmngintegrnd@R, H, r, tD - integrndTot@R, H, r, tD,
Assumptions Ø 80 < t < 1 && H > 0 && R > 0 && r > 0<D

ExpandAI-r - 2 R + r t2M I-r + 2 R + r t2ME

The remaining integrand "rmngintegrnd[R_, H_, r_, t_]"  must be written as a sum of  ellipti-
cal canonical  integrals.

Factor@rmngintegrnd@R, H, r, tDD

rmngintegrnd44@R_, H_, r_, t_D :=
t4

-I-1 + t2M I-r2 + 4 R2 + r2 t2M

;

rmngintegrnd22@R_, H_, r_, t_D :=
t2

-I-1 + t2M I-r2 + 4 R2 + r2 t2M

;

rmngintegrnd00@R_, H_, r_, t_D :=
1

-I-1 + t2M I-r2 + 4 R2 + r2 t2M

;

SimplifyArmngintegrnd@R, H, r, tD - H2 H p rL * IIr2 - 4 R2M * rmngintegrnd00@R, H, r, tD +

I-2 r2 M * rmngintegrnd22@R, H, r, tD + Ir2M * rmngintegrnd44@R, H, r, tDME

By the following identities it is possible to write the integrand as a sum of the canonical elliptic forms
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D@t ê rmngintegrnd00@R, H, r, tD, tD Ø XXXX;

rmngintegrnd22XX Ø
1

r^2

-r2 + 4 R2 + r^2 * t2

1 - t2
- I-r2 + 4 R2M * rmngintegrnd00XX ;

rmngintegrnd44XX -

1

r2

Ir2 - 4 R2M * I3 r2 - 8 R2M rmngintegrnd00XX

3 r2
+
4 Ir2 - 2 R2M -r2 + 4 R2 + r2 t2

3 r2 1 - t2
-
XXXX

3

Proof of the identities

FullSimplifyBrmngintegrnd22@R, H, r, tD -

1

r^2

-r2 + 4 R2 + r^2 * t2

1 - t2
- I-r2 + 4 R2M * rmngintegrnd00@R, H, r, tD ,

Assumptions Ø 90 < t^2 < 1 && -r2 + 4 R2 + r2 t2 > 0=F

FullSimplifyB

rmngintegrnd44@R, H, r, tD -
1

r2

Ir2 - 4 R2M * I3 r2 - 8 R2M rmngintegrnd00@R, H, r, tD

3 r2
+

4 Ir2 - 2 R2M -r2 + 4 R2 + r2 t2

3 r2 1 - t2
-
D@t ê rmngintegrnd00@R, H, r, tD, tD

3
,

Assumptions Ø 90 < t^2 < 1 && -r2 + 4 R2 + r2 t2 > 0=F

FullSimplifyBrmngintegrnd@R, H, r, tD - -
16 H p R2 Ir2 - 4 R2M

3 r
* rmngintegrnd00@R, H, r, tD -

2

3
H p r * D@t ê rmngintegrnd00@R, H, r, tD, tD -

4 H p Ir2 + 4 R2M -r2 + 4 R2 + r2 t2

3 r 1 - t2
,

Assumptions Ø 90 < t^2 < 1 && -r2 + 4 R2 + r2 t2 > 0=F

The  integrand  in  the  canonical  form   becomes
rmngintegrnd@R, H, r, tD Ø -

16 H p R2 Ir2-4 R2M

3 r
* rmngintegrnd00@R, H, r, tD -

2

3
H p r * D@t ê rmngintegrnd00@R, H, r, tD, tD -

4 H p Ir2+4 R2M -r2+4 R2+r2 t2

3 r 1-t2
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intgrndFFF@R_, r_, t_D :=
1

I1 - t2M I-r2 + 4 R2 + r2 t2M

;

intgrndEEE@R_, r_, t_D :=
-r2 + 4 R2 + r2 t2

1 - t2
;

rmnFFF@R_, H_, r_, t_D := -
16 H p R2 Ir2 - 4 R2M

3 r
* intgrndFFF@R, r, tD;

rmnEEE@R_, H_, r_, t_D := -
4 H p Ir2 + 4 R2M intgrndEEE@R, r, tD

3 r
;

H* ATTENTION THIS IS A PRIMITIVE *L

rmngprmtv@R_, H_, r_, t_D := -
2

3
H p r * t ê rmngintegrnd00@R, H, r, tD;

check

FullSimplifyArmngintegrnd@R, H, r, tD -

HrmnFFF@R, H, r, tD + rmnEEE@R, H, r, tD + D@rmngprmtv@R, H, r, tD, tDL,
Assumptions Ø 90 < t < 1 && -r2 + 4 R2 + r2 t2 > 0 && R > 0 && r > 0 && H > 0=E

The integration of  intgrndFFF and intgrndEEE involves the elliptic integrals. 
The integration will be done by using some formulae reported by Gradsthein and Ryzhik. 
We need first to define the integration domains.   These are obtained by solving the inequalities 

Disk : 0 < H < 2 * R, 0 < t < 1 , -r2 + 4 R2 + r2 t2 > 0, H - r t > 0 ;
DscAA : 0 < r < H < 2 R and 0 < t < 1;

DscBB : 0 < H < r < 2 R and 0 < t <
H

r
;

DscCC : 2 R < r < H2 + 4 R2 and
r2 - 4 R2

r2
< t <

H

r
;

Needle : 0 < 2 * R < H, 0 < t < 1 , -r2 + 4 R2 + r2 t2 > 0, H - r t > 0 ;
NdlAA : 0 < r § 2 R and 0 < t < 1;

NdlBB : 2 R < r § H &&
r2 - 4 R2

r2
< t < 1;

NdlCC : H < r < H2 + 4 R2 &&
r2 - 4 R2

r2
< t <

H

r
.

To integrate intgrndFFF@R, r, tD and intgrndEEE@R, r, tD one
needs to distinguish the cases aa : r < 2 * R from bb : 2 * R < r
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ReduceB:0 < 2 * R < H, 0 < t < 1 , -r2 + 4 R2 + r2 t2 > 0,

H - r t > 0, 0 < r < H^2 + 4 * R^2 >, 8H, R, r, t<, RealsF

H > 0 && 0 < R <
H

2
&& H0 < r § 2 R && 0 < t < 1L »»

2 R < r § H &&
r2 - 4 R2

r2
< t < 1 »» H < r < H2 + 4 R2 &&

r2 - 4 R2

r2
< t <

H

r

Case (aa) :  r < 2*R 

One finds that -r2 + 4 R2 + r2 t2 Ø r t2 + AA^2 with aa Ø
4 R2 - r2

r

For the FF using the identity 3.152 .3 del G&R one gets 

Ÿ0
uintgrndFFF@R, r, tD „t Ø Ÿ0

u 1

I1-t2M I-r2+4 R2+r2 t2M
„t = Ÿ0

u 1

r I1-t2M I t2+a2M
„t =

1

r

1

1+a2
FBArcSinBu 1+a2

u2+a2
F, 1

1+a2
F Ø

1

r

1

1+a2
EllipticFBArcSinBu 1+a2

u2+a2
F, 1

1+a2
F;

For the EEE using the identity  Using eq .3 .169 .3 one gets

‡
0

u
intgrndEEE@R, r, tD „t Ø ‡

0

u -r2 + 4 R2 + r2 t2

1 - t2
„t Ø

r ‡
0

u aa^2 + t2

1 - t2
„t Ø r a2 + 1 EBArcSinBu

a2 + 1

a2 + u2
F,

1

a2 + 1

F - u *
1 - u2

a2 + u2
Ø

r a2 + 1 EllipticEBArcSinBu
a2 + 1

a2 + u2
F,

1

a2 + 1
F - u *

1 - u2

a2 + u2

prmtvFFFaa@R_, r_, u_D :=

FullSimplifyB
1

r

1

1 + a2
EllipticFBArcSinBu

1 + a2

u2 + a2
F,

1

1 + a2
F ê. :a Ø

4 R2 - r2

r
>,

Assumptions Ø 80 < r < 2 * R<F;

prmtvEEEaa@R_, r_, u_D := FullSimplifyB

r a2 + 1 EllipticEBArcSinBu
a2 + 1

a2 + u2
F,

1

a2 + 1
F - u *

1 - u2

a2 + u2
ê.

:a Ø
4 R2 - r2

r
> , Assumptions Ø 80 < r < 2 * R<F;
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prmtvFFFaa@R_, r_, u_D :=

EllipticFBArcSinB2 R t 1

4 R2+r2 I-1+t2M
F, r2

4 R2
F

2 R
;

prmtvEEEaa@R_, r_, u_D :=

-r2 t
1 - t2

4 R2 + r2 I-1 + t2M
+ 2 R EllipticEBArcSinB2 R t

1

4 R2 + r2 I-1 + t2M
F,

r2

4 R2
F;

CHECKS on the derivatives

FullSimplify@
FullSimplify@D@prmtvFFFaa@R, r, tD, tD, Assumptions Ø 80 < r < 2 * R && 0 < t < 1<D -
intgrndFFF@R, r, tD, Assumptions Ø 80 < r < 2 * R && 0 < t < 1<D

FullSimplify@
FullSimplify@D@prmtvEEEaa@R, r, tD, tD, Assumptions Ø 80 < r < 2 * R && 0 < t < 1<D -
intgrndEEE@R, r, tD, Assumptions Ø 80 < r < 2 * R && 0 < t < 1<D

intgrndFFF@R, r, tD
intgrndEEE@R, r, tD

Case (bb) :   2*R < r 

One finds that -r2 + 4 R2 + r2 t2 Ø r t2 - b^2 with b Ø
r2 - 4 R2

r

For the FF using the identity 3.152.9  del G&R one gets 

H* b < u < 1 = a *L‡
b

u 1

I1 - t2M I-r2 + 4 R2 + r2 t2M

„t Ø ‡
b

u 1

r I1 - t2M It2 - b^2M

„t Ø

1

r
FBArcSinB

1

u

u2 - b2

1 - b2
F, 1 - b2 F Ø

1

r
EllipticFBArcSinB

1

u

u2 - b2

1 - b2
F, 1 - b2F

For the EE  using the equation  3.169 .11  of G&R

‡
b

u -r2 + 4 R2 + r2 t2

1 - t2
„t Ø ‡

b

u r -b2 + t2

1 - t2
„t Ø

r ‡
b

u -b2 + t2

1 - t2
„t Ø r EBArcSinB

1

u

u2 - b2

1 - b2
F, 1 - b2 F -

- Ø
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b2 FBArcSinB
1

u

u2 - b2

1 - b2
F, 1 - b2 F -

1

u
I1 - u2M Iu2 - b2M Ø

r EllipticEBArcSinB
1

u

u2 - b2

1 - b2
F, 1 - b2F -

b2 EllipticFBArcSinB
1

u

u2 - b2

1 - b2
F, 1 - b2F -

1

u
I1 - u2M Iu2 - b2M

prmtvFFFbb@R_, r_, u_D :=

FullSimplifyB
1

r
EllipticFBArcSinB

1

u

u2 - b2

1 - b2
F, 1 - b2F ê. :b Ø

r2 - 4 R2

r
>,

Assumptions Ø :0 < 2 * R < r &&
r2 - 4 R2

r
< u < 1>F;

prmtvEEEbb@R_, r_, u_D :=

FullSimplifyB r EllipticEBArcSinB
1

u

u2 - b2

1 - b2
F, 1 - b2F - b2 EllipticFB

ArcSinB
1

u

u2 - b2

1 - b2
F, 1 - b2F -

1

u
I1 - u2M Iu2 - b2M ê.

:b Ø
r2 - 4 R2

r
> , Assumptions Ø :0 < 2 * R < r &&

r2 - 4 R2

r
< u < 1>F;

prmtvFFFbb@R_, r_, t_D :=

EllipticFBArcCscB 2 R t

4 R2+r2 I-1+t2M
F, 4 R2

r2
F

r
;

prmtvEEEbb@R_, r_, t_D :=
1

r t

-r -I-1 + t2M I4 R2 + r2 I-1 + t2MM + r2 t EllipticEBArcCscB
2 R t

4 R2 + r2 I-1 + t2M

F,
4 R2

r2
F -

Ir2 - 4 R2M t EllipticFBArcCscB
2 R t

4 R2 + r2 I-1 + t2M

F,
4 R2

r2
F ;

CHECKS on the derivatives
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FullSimplifyB

FullSimplifyBD@prmtvFFFbb@R, r, tD, tD, Assumptions Ø :0 < 2 * R < r &&
r2 - 4 R2

r
< t < 1>F -

intgrndFFF@R, r, tD, Assumptions Ø :0 < 2 * R < r &&
r2 - 4 R2

r
< t < 1>F

FullSimplifyB

FullSimplifyBD@prmtvEEEbb@R, r, tD, tD, Assumptions Ø :0 < 2 * R < r &&
r2 - 4 R2

r
< t < 1>F -

intgrndEEE@R, r, tD, Assumptions Ø :0 < 2 * R < r &&
r2 - 4 R2

r
< t < 1>F

The Needle cases 
CASE AA  0 < r < 2*R < H    

FullSimplifyBFullSimplifyBprimitvAA@R, H, r, tD +

rmngprmtv@R, H, r, tD + -
16 H p R2 Ir2 - 4 R2M

3 r
* prmtvFFFaa@R, r, tD +

-
4 H p Ir2 + 4 R2M

3 r
* prmtvEEEaa@R, r, tD, Assumptions Ø 80 < r < 2 * R < H && 0 < t < 1<F -

PrmtvCFNdlAA@R, H, r, tD,

Assumptions Ø 9-1 < t < 1 && R > 0 && r > 0 && 4 R2 + r2 I-1 + t2M > 0 && 1 - t2 > 0=F

0

PrmtvCFNdlAA@R_, H_, r_, t_D :=

-
1

6 r2
p r r -12 p R2 Ir + 2 H t - r t2M +

1 - t2

4 R2 + r2 I-1 + t2M
J24 R4 -

16 H r R2 t + 4 H r3 t I-3 + t2M - 6 r2 R2 I-1 + t2M - 3 r4 I-1 + t2M2N -

24 R2 IR2 - 2 H r t + r2 I-1 + t2MM ArcSinB
r 1 - t2

2 R
F +

16 H r R Ir2 + 4 R2M EllipticEBArcSinB
2 R t

4 R2 + r2 I-1 + t2M

F,
r2

4 R2
F +

32 H R2 Ir2 - 4 R2M EllipticFBArcSinB
r t

4 R2 + r2 I-1 + t2M

F,
4 R2

r2
F ;

Derivative check 
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SimplifyBIFullSimplifyAD@PrmtvCFNdlAA@R, H, r, tD, tD - integrndTot@R, H, r, tD,

Assumptions Ø 90 < r < 2 * R < H && 0 < t < 1 && 0 < t^2 < 1 && 4 R2 + r2 I-1 + t2M > 0=EM ê.

: -I-1 + t2M3 I4 R2 + r2 I-1 + t2MM Ø H1 - t^2L -I-1 + t2M I4 R2 + r2 I-1 + t2MM >F

evaluation of the CF 

SimplifyBHFullSimplify@

FullSimplify@Limit@HFullSimplify@ExpandAll@HPrmtvCFNdlAA@R, H, r, tDL ê. 8t Ø 1 - e<D,
Assumptions Ø 80 < r < 2 * R < H && 0 < e < r < 2 * R < H<DL, e Ø 0, Direction Ø -1D,

Assumptions Ø 8R > 0<D - Limit@PrmtvCFNdlAA@R, H, r, tD, t Ø 0, Direction Ø -1D,

Assumptions Ø 80 < r < 2 * R < H<DL ê. :ArcCscB
2 R

r
F Ø ArcSinB

r

2 R
F,

ArcSecB
2 R

r
F Ø

p

2
- ArcSinB

r

2 R
F >F

ApartB-
1

6 r
p -3 r 8 H p R2 - 4 p r R2 + Ir2 + 2 R2M -r2 + 4 R2 + 8 R2 Ir2 - R2M ArcSinB

r

2 R
F +

16 H R Ir2 + 4 R2M EllipticEB
r2

4 R2
F + 16 H R Ir2 - 4 R2M EllipticKB

r2

4 R2
F F

SimplifyBFullSimplifyBTogetherB-2 p2 H-2 H + rL R2 +
1

2
p r2 -r2 + 4 R2 + p R2 -r2 + 4 R2 FF +

1

3 r
4 p R SimplifyB 3 r2 R ArcSinB

r

2 R
F - 3 R3 ArcSinB

r

2 R
F - 2 H r2 EllipticEB

r2

4 R2
F - 8 H R2

EllipticEB
r2

4 R2
F - 2 H r2 EllipticKB

r2

4 R2
F + 8 H R2 EllipticKB

r2

4 R2
F F - CFNdlAA@R, H, rDF

CFNdlAA@R_, H_, r_D :=

2 p2 R2 H2 H - rL +
p Ir2 + 2 R2M

2
-r2 + 4 R2 +

4 p R

3 r
3 R Ir2 - R2M ArcSinB

r

2 R
F -

2 H Ir2 + 4 R2M EllipticEB
r2

4 R2
F - 2 H Ir2 - 4 R2M EllipticKB

r2

4 R2
F ;

FullSimplify@Limit@CFNdlAA@R, H, rD, r Ø 0, Direction Ø -1D ê H4 pL,
Assumptions Ø 80 < 2 * R < H<D

FullSimplify@Limit@CFNdlAA@R, H, rD, r Ø 2 * R, Direction Ø 1D, Assumptions Ø 80 < 2 * R < H<D

FullSimplify@Series@CFNdlAA@R, H, dD, 8d, 0, 6<D, Assumptions Ø 8R > 0 && H > 0 && 2 * R < H<D

SerisCFNdlAALwrBnd@R_, H_, d_D :=

4 H p2 R2 - 2 Ip2 R HH + RLM d +
8

3
p R d2 +

H p2 d3

16 R
-

p d4

15 R
+
H p2 d5

512 R3
;

FullSimplify@Series@FullSimplify@ExpandAll@HCFNdlAA@R, H, rDL ê. 8r Ø H2 * R - dL<D,
Assumptions Ø 8R > 0 && H > 0 && 2 * R < H && d > 0<D, 8d, 0, 4<D,

Assumptions Ø 8R > 0 && H > 0 && 2 * R < H && d > 0<D
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SerisCFNdlAAUpBnd@R_, H_, d_D := -
1

3
p R2 H4 H H8 - 3 pL + 3 p RL +

1

6
p R H16 H - 3 p RL d + -

p2 R

4
+ H p -

7

6
+ Log@16D + H p LogB

R

d
F d2 +

32

15
p R d5ê2 +

p J-3 p R + H H-13 + 24 Log@2DL + 6 H LogB R

d
FN d3

24 R
+

4 p d7ê2

21 R
+

p J-96 p R + H H-371 + 720 Log@2DL + 180 H LogB R

d
FN d4

1536 R2
;

CASE BB:  0 <  2*R< r < H

SimplifyB FullSimplifyBprimitvAA@R, H, r, tD +

rmngprmtv@R, H, r, tD + -
16 H p R2 Ir2 - 4 R2M

3 r
* prmtvFFFbb@R, r, tD +

-
4 H p Ir2 + 4 R2M

3 r
* prmtvEEEbb@R, r, tD,

Assumptions Ø :0 < 2 * R < r < H &&
r2 - 4 R2

r
< t < 1>F ê.

:ArcCscB
2 R

r 1 - t2
F Ø ArcSinB

r 1 - t2

2 R
F, ArcSecB

2 R

r 1 - t2
F Ø

p

2
- ArcSinB

r 1 - t2

2 R
F > ,

Assumptions Ø :0 < 2 * R < r < H &&
r2 - 4 R2

r
< t < 1>F

PrmtvCFNdlBB@R_, H_, r_, t_D :=
1

6 r t
p 12 p r2 R2 t +

-I-1 + t2M I4 R2 + r2 I-1 + t2MM I-6 r R2 t + 3 r3 t I-1 + t2M + H I32 R2 - 4 r2 I-2 + t2MMM +

24 R2 t -
1

2
p r t H-2 H + r tL + IR2 - 2 H r t + r2 I-1 + t2MM ArcSinB

r 1 - t2

2 R
F +

8 H r t -Ir2 + 4 R2M EllipticEBArcSinB
4 R2 + r2 I-1 + t2M

2 R t
F,

4 R2

r2
F +

Ir2 - 4 R2M EllipticFBArcSinB
4 R2 + r2 I-1 + t2M

2 R t
F,

4 R2

r2
F ;

Derivative check 
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FullSimplifyBD@

PrmtvCFNdlBB@R, H, r, tD, tD - integrndTot@R, H, r, tD,

Assumptions Ø :0 < 2 * R < r < H &&
r2 - 4 R2

r
< t < 1>F

evaluation of the CF 

SimplifyBSimplifyBLimit@PrmtvCFNdlBB@R, H, r, tD, t Ø 1, Direction Ø 1D -

LimitBPrmtvCFNdlBB@R, H, r, tD, t Ø
r2 - 4 R2

r
, Direction Ø -1F,

Assumptions Ø 80 < 2 * R < r < H<F - CFNdlBB@R, H, rDF

CFNdlBB@R_, H_, r_D :=

2 p2 R2 I2 H r - R2M

r
-
4 p H Ir2 + 4 R2M

3
EllipticEB

4 R2

r2
F +

4 p H Ir2 - 4 R2M

3
EllipticKB

4 R2

r2
F;

SerisCFNdlBBLwrBnd@R_, H_, d_D :=

-
1

3
p R2 H4 H H8 - 3 pL + 3 p RL +

1

6
p R H-16 H + 3 p RL d +

-
p2 R

4
+ H p -

7

6
+ Log@16D + H p LogB

R

d
F d2 +

p I3 p R + H H13 - 24 Log@2DL + 6 H LogA d

R
EM d3

24 R
+

p J-96 p R + H H-371 + 720 Log@2DL + 180 H LogB R

d
FN d4

1536 R2
;

Simplify@FullSimplify@Series@FullSimplify@ExpandAll@HCFNdlBB@R, H, rD ê. 8r Ø 2 * R + d<LD,
Assumptions Ø 80 < 2 * R < H && d > 0<D, 8d, 0, 4<D, Assumptions Ø 80 < 2 * R < H && d > 0<D -

SerisCFNdlBBLwrBnd@R, H, dD, Assumptions Ø 80 < 2 * R < H && d > 0<D

SerisCFNdlBBUpBnd@R_, H_, d_D :=

1

3 H
2 p 6 H2 p R2 - 3 p R4 + 2 H2 -IH2 + 4 R2M EllipticEB

4 R2

H2
F + IH2 - 4 R2M EllipticKB

4 R2

H2
F +

1

3 H2
2 p -3 p R4 + 4 H2 IH2 - 2 R2M EllipticEB

4 R2

H2
F - IH2 - 4 R2M EllipticKB

4 R2

H2
F d +

1

3 H3
2 p -3 p R4 + 2 H2 -IH2 + 4 R2M EllipticEB

4 R2

H2
F + IH2 + 2 R2M EllipticKB

4 R2

H2
F d2 +

1

3 H4 IH2 - 4 R2M
2 p R2

-4 IH4 - 8 H2 R2M EllipticEB
4 R2

H2
F + IH2 - 4 R2M -3 p R2 + 4 H2 EllipticKB

4 R2

H2
F d3;

the limit of the cylinder of negligible diameter

FullSimplify@Series@CFNdlBB@R, H, rD, 8R, 0, 6<D, Assumptions Ø 80 < r < H<D

2 p2 HH - rL R4

r2
+
H p2 R6

r4
+ O@RD7

This is the sought for result. It shows that the CF behaves as 1
r2

 in the limit rØ0
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This is the sought for result. It shows that the CF behaves as 1
r2

 in the limit rØ0

The discontinuity of the CF as r Ø 2R
the sign of  d  must be changed in one of the two contibutions because 
r = 2 R + d in the first and  r = 2 R - d in the second. 
In fact if one expands f[x]=x, using xØx+d one finds x+d and using 
xØx-d one finds x-d. So, before subtracting the two expansion one must 
change the sign of d in one of the two expansions. 
One sees that the leading term is
-d2 H p Log@dD as d Ø 0+ 
and
d2 H p Log@ d D as d Ø 0-.   

SerisCFNdlAAUpBnd@R, H, dD

SerisCFNdlBBLwrBnd@R, H, dD

Simplify@HSerisCFNdlBBLwrBnd@R, H, dD - SerisCFNdlAAUpBnd@R, H, -dDLD

CASE CC:  0 <  2*R<  H < r < 4 R2 + H2

H < r < H2 + 4 R2 &&
r2 - 4 R2

r2
< t <

H

r

SimplifyBSimplifyB FullSimplifyBprimitvAA@R, H, r, tD +

rmngprmtv@R, H, r, tD + -
16 H p R2 Ir2 - 4 R2M

3 r
* prmtvFFFbb@R, r, tD +

-
4 H p Ir2 + 4 R2M

3 r
* prmtvEEEbb@R, r, tD, Assumptions Ø

:0 < 2 * R < H < r < R2 + H2 &&
r2 - 4 R2

r
< t <

H

r
>F ê.

:ArcCscB
2 R t

4 R2 + r2 I-1 + t2M

F Ø ArcSinB
4 R2 + r2 I-1 + t2M

2 R t
F,

ArcCscB
2 R

r 1 - t2
F Ø ArcSinB

r 1 - t2

2 R
F,

ArcSecB
2 R

r 1 - t2
F Ø

p

2
- ArcSinB

r 1 - t2

2 R
F >F - PrmtvCFNdlCC@R, H, r, tDF
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PrmtvCFNdlCC@R_, H_, r_, t_D :=
1

6 r t
p 12 p r2 R2 t +

-I-1 + t2M I4 R2 + r2 I-1 + t2MM I-6 r R2 t + 3 r3 t I-1 + t2M + H I32 R2 - 4 r2 I-2 + t2MMM +

24 R2 t -
1

2
p r t H-2 H + r tL + IR2 - 2 H r t + r2 I-1 + t2MM ArcSinB

r 1 - t2

2 R
F +

8 H r t -Ir2 + 4 R2M EllipticEBArcSinB
4 R2 + r2 I-1 + t2M

2 R t
F,

4 R2

r2
F +

Ir2 - 4 R2M EllipticFBArcSinB
4 R2 + r2 I-1 + t2M

2 R t
F,

4 R2

r2
F ;

DERIVATIVE CHECK

FullSimplifyBFullSimplifyBFullSimplifyBD@PrmtvCFNdlCC@R, H, r, tD, tD, Assumptions Ø

:0 < 2 * R < H < r < 4 R2 + H2 &&
r2 - 4 R2

r
< t <

H

r
>F - integrndTot@R, H, r, tD,

Assumptions Ø :0 < 2 * R < H < r < 4 R2 + H2 &&
r2 - 4 R2

r
< t <

H

r
>F, Assumptions Ø

:0 < 2 * R < H < r < R2 + H2 &&
r2 - 4 R2

r
< t <

H

r
&& 1 - t^2 > 0 && 4 R2 + r2 I-1 + t2M > 0>F

SimplifyBSimplifyBLimitBPrmtvCFNdlCC@R, H, r, tD, t Ø
H

r
, Direction Ø 1F -

LimitBPrmtvCFNdlCC@R, H, r, tD, t Ø
r2 - 4 R2

r2
, Direction Ø -1F,

Assumptions Ø :0 < R && 0 < H && 2 * R < H && H < r < 4 R2 + H2 >F - CFNdlCC@R, H, rDF

CFNdlCC@R_, H_, r_D :=
1

6 r
p 12 H2 p R2 + 12 p r2 R2 - 12 p R4 - H2 I-H2 + r2M IH2 - r2 + 4 R2M +

5 r2 I-H2 + r2M IH2 - r2 + 4 R2M + 26 R2 I-H2 + r2M IH2 - r2 + 4 R2M -

24 H2 R2 ArcSinB
-H2 + r2

2 R
F - 24 r2 R2 ArcSinB

-H2 + r2

2 R
F + 24 R4 ArcSinB

-H2 + r2

2 R
F -

8 H r Ir2 + 4 R2M EllipticEBArcSinB
r H2 - r2 + 4 R2

2 H R
F,

4 R2

r2
F +

8 H r Ir2 - 4 R2M EllipticFBArcSinB
r H2 - r2 + 4 R2

2 H R
F,

4 R2

r2
F ;
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FullSimplifyB FullSimplify@

Limit@CFNdlCC@R, H, rD, r Ø H, Direction Ø -1D, Assumptions Ø 80 < R && 0 < H && 2 * R < H<D -

1

3 H
2 p 6 H2 p R2 - 3 p R4 + 2 H2 -IH2 + 4 R2M EllipticEB

4 R2

H2
F + IH2 - 4 R2M EllipticKB

4 R2

H2
F ,

Assumptions Ø 80 < R && 0 < H && 2 * R < H<F

FullSimplifyBLimitBCFNdlCC@R, H, rD, r Ø H2 + 4 * R2 , Direction Ø 1F,

Assumptions Ø 80 < R && 0 < H && 2 * R < H<F

SerisCFNdlCCUpBnd@R_, H_, d_D :=
16 2 p IH2 + 4 R2M5ê4 d7ê2

105 H2 R
+

1

8505 2 H8 R7
p IH2 + 4 R2M3ê4

IH12 - 102 H10 R2 + 78 H8 R4 + 4700 H6 R6 + 18 564 H4 R8 + 96 H2 R10 + 64 R12M d9ê2 +

1

1 871 100 2 H10 R9
p IH2 + 4 R2M1ê4 I161 H16 - 16 073 H14 R2 + 22 208 H12 R4 + 1 001 914 H10 R6 +

2 932 760 H8 R8 + 2 006 164 H6 R10 + 5 589 728 H4 R12 + 177 472 H2 R14 + 167 936 R16M d11ê2;

SimplifyBFullSimplifyBSeriesBFullSimplifyB HCFNdlCC@R, H, rDL ê. r Ø H2 + 4 * R2 - d ,

Assumptions Ø 80 < R && 0 < H && 2 * R < H && d > 0<F, 8d, 0, 6<F,

Assumptions Ø 80 < R && 0 < H && 2 * R < H && d > 0<F - SerisCFNdlCCUpBnd@R, H, dDF

Simplify@FullSimplify@Series@FullSimplify@HHCFNdlCC@R, H, rDL ê. r Ø H + dL,
Assumptions Ø 80 < R && 0 < H && 2 * R < H && d > 0<D, 8d, 0, 4<D,

Assumptions Ø 80 < R && 0 < H && 2 * R < H && d > 0<D - SerisCFNdlCCLwrBnd@R, H, dDD

SerisCFNdlCCLwrBnd@R_, H_, d_D :=

1

3 H
2 p 6 H2 p R2 - 3 p R4 + 2 H2 -IH2 + 4 R2M EllipticEB

4 R2

H2
F + IH2 - 4 R2M EllipticKB

4 R2

H2
F +

1

3 H2
2 p 3 p R4 + 4 H2 -IH2 - 2 R2M EllipticEB

4 R2

H2
F + IH2 - 4 R2M EllipticKB

4 R2

H2
F d +

1

3 H3
2 p

3 p HH - RL R2 HH + RL + 2 H2 -IH2 + 4 R2M EllipticEB
4 R2

H2
F + IH2 + 2 R2M EllipticKB

4 R2

H2
F d2 -

32 J 2 p RN d5ê2

15 H
+

1

3 H4 IH2 - 4 R2M
2 p R2 4 IH4 - 8 H2 R2M EllipticEB

4 R2

H2
F -

HH - 2 RL HH + 2 RL 3 p HH - RL HH + RL + 4 H2 EllipticKB
4 R2

H2
F d3 -

2 J 2 p IH8 + 20 H6 R2 - 87 H4 R4 - 790 H2 R6 - 8 R8MN d7ê2

945 IH7ê2 R5M
+

1

3 H5 IH2 - 4 R2M2
2 p R2

3 p HH - RL HH + RL IH2 - 4 R2M2 + H2 I-3 H4 + 52 H2 R2 - 128 R4M EllipticEB
4 R2

H2
F +

I3 H4 - 28 H2 R2 + 64 R4M EllipticKB
4 R2

H2
F d4;

SOME PLOTS 
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SOME PLOTS 
NeedlIntPlt =

WithA8H = 10, R = 1<, ParametricPlotA88r, r^2 * CFNdlAA@R, H, rD<<, 8r, 0, 2 R<, PlotStyle Ø

8Thickness@0.004D, Blue<, AspectRatio Ø 1, AxesLabel Ø 9"r", "r2 gHr<"=EE ;

NeedlMedPlt = With@8H = 10, R = 1<, ParametricPlot@88r, r^2 * CFNdlBB@R, H, rD<<,
8r, 2 R, H<, PlotStyle Ø 8Thickness@0.002D, Magenta<, AspectRatio Ø 1DD ;

NeedlOutrPlt = WithB8H = 10, R = 1<, ParametricPlotB88r, r^2 * CFNdlCC@R, H, rD<<,

:r, H, 4 R2 + H2 >, PlotStyle Ø 8Thickness@0.006D, Green<, AspectRatio Ø 1FF ;

Show@NeedlIntPlt, NeedlMedPlt, NeedlOutrPlt, PlotRange Ø 880, 11<, 80, 250<<D

Show@NeedlIntPlt, NeedlMedPlt, PlotRange Ø 881.8, 2.2<, 80, 230<<D;

Show@NeedlMedPlt, NeedlOutrPlt, PlotRange Ø 889.8, 10.5<, 80, 3<<D;

1st ORDER DERIVATIVE IN THE NEEDLE CASE

DNeedlIntPlt = With@8H = 10, R = 1<, ParametricPlot@88r, DCFNdlAA@R, H, rD<<, 8r, 0, 2 R<,
PlotStyle Ø 8Thickness@0.004D, Blue<, AspectRatio Ø 1, AxesLabel Ø 8"r", "g'Hr<"<DD ;

DNeedlMedPlt = With@8H = 10, R = 1<, ParametricPlot@88r, DCFNdlBB@R, H, rD<<,
8r, 2 R, H<, PlotStyle Ø 8Thickness@0.002D, Magenta<, AspectRatio Ø 1DD;

DNeedlOutrPlt =

WithB8H = 10, R = 1<, ParametricPlotB88r, DCFNdlCC@R, H, rD<<, :r, H, 4 R2 + H2 >,

PlotStyle Ø 8Thickness@0.006D, Green<, AspectRatio Ø 1, PlotPoints Ø 100FF;

Show@DNeedlIntPlt, DNeedlMedPlt, DNeedlOutrPlt, PlotRange Ø 880, 11<, 8-270, 5<<D

2ndt ORDER DERIVATIVE IN THE NEEDLE CASE

DDNeedlIntPlt = With@8H = 10, R = 1<, ParametricPlot@
88r, DDCFNdlAA@R, H, rD<<, 8r, 10^H-2L, 2 R<, PlotStyle Ø 8Thickness@0.004D, Blue<,
AspectRatio Ø 1, AxesLabel Ø 8"r", "g''Hr<"<, PlotPoints Ø 200DD ;

DDNeedlMedPlt = With@8H = 10, R = 1<, ParametricPlot@88r, DDCFNdlBB@R, H, rD<<, 8r, 2 R, H<,
PlotStyle Ø 8Thickness@0.002D, Magenta<, PlotPoints Ø 2000, AspectRatio Ø 1DD ;

DDNeedlOutrPlt = WithB8H = 10, R = 1<, ParametricPlotB88r, DDCFNdlCC@R, H, rD<<,

:r, H, 4 R2 + H2 >, PlotStyle Ø 8Thickness@0.006D, Green<,

PlotPoints Ø 200, AspectRatio Ø 1FF;

Show@DDNeedlIntPlt, DDNeedlMedPlt, PlotRange Ø 881.9, 2.1<, 80, 1000<<D

Show@DDNeedlMedPlt, DDNeedlOutrPlt, PlotRange Ø 889.7, 10.5<, 8-0.1, 5<<D

Show@DDNeedlIntPlt, DDNeedlMedPlt, DDNeedlOutrPlt, PlotRange Ø 880, 11<, 80, 250<<D

first derivatives

FullSimplify@D@CFNdlAA@R, H, rD, rD, Assumptions Ø 80 < r < 2 R < H<D

FullSimplify@D@CFNdlBB@R, H, rD, rD, Assumptions Ø 80 < 2 R < r < H<D

FullSimplifyBD@CFNdlCC@R, H, rD, rD, Assumptions Ø :0 < 2 R < H < r < 4 R2 + H2 >F

second derivatives 

FullSimplify@D@DCFNdlAA@R, H, rD, rD, Assumptions Ø 80 < r < 2 R < H<D
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FullSimplify@D@DCFNdlBB@R, H, rD, rD, Assumptions Ø 80 < 2 R < r < H<D

FullSimplifyBD@DCFNdlCC@R, H, rD, rD, Assumptions Ø :0 < 2 R < H < r < 4 R2 + H2 >F

FIRST AND SECOND DERIVATIVE EXPRESSIONS        NEEDLE Case

DCFNdlAA@R_, H_, r_D :=
1

6 r2
p 3 8 R4 ArcCscB

2 R

r
F + r I3 r2 - 2 R2M -r2 + 4 R2 - 8 r R2 ArcSecB

2 R

r
F +

16 H R -2 Ir2 - 2 R2M EllipticEB
r2

4 R2
F + Ir2 - 4 R2M EllipticKB

r2

4 R2
F ; DCFNdlBB@R_, H_,

r_D :=
1

3 r2
2 p 3 p R4 - 4 H r Ir2 - 2 R2M EllipticEB

4 R2

r2
F + 4 H r Ir2 - 4 R2M EllipticKB

4 R2

r2
F ;

DCFNdlCC@R_, H_, r_D :=
1

6 r2
p IH2 + 7 r2 - 26 R2M -HH - rL HH + rL IH2 - r2 + 4 R2M +

24 R2 I-H2 + r2 + R2M ArcSecB
2 R

-H2 + r2
F +

16 H r -Ir2 - 2 R2M EllipticEBArcCscB
2 H R

r H2 - r2 + 4 R2
F,

4 R2

r2
F +

Ir2 - 4 R2M EllipticFBArcCscB
2 H R

r H2 - r2 + 4 R2
F,

4 R2

r2
F ;

DDCFNdlAA@R_, H_, r_D :=
1

3 r3
p 3 r I3 r2 + 2 R2M -r2 + 4 R2 - 24 R4 ArcCscB

2 R

r
F +

8 H R -2 Ir2 + 4 R2M EllipticEB
r2

4 R2
F + Ir2 + 8 R2M EllipticKB

r2

4 R2
F ; DDCFNdlBB@R_, H_,

r_D := -
1

3 r3
4 p 3 p R4 + 2 H r Ir2 + 4 R2M EllipticEB

4 R2

r2
F - 2 H r Ir2 + 2 R2M EllipticKB

4 R2

r2
F ;

DDCFNdlCC@R_, H_, r_D := p HH - rL HH + rL IH2 + r2 - 26 R2M IH2 - r2 + 4 R2M +

24 HH - RL R2 HH + RL -HH - rL HH + rL IH2 - r2 + 4 R2M ArcSecB
2 R

-H2 + r2
F +

8 H r -HH - rL HH + rL IH2 - r2 + 4 R2M

-Ir2 + 4 R2M EllipticEBArcCscB
2 H R

r H2 - r2 + 4 R2
F,

4 R2

r2
F + Ir2 + 2 R2M EllipticFB

ArcCscB
2 H R

r H2 - r2 + 4 R2
F,

4 R2

r2
F ì K3 r3 I-H2 + r2M IH2 - r2 + 4 R2M O;

value of the discontinuity as r Ø 2 R
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FullSimplify@
Series@Simplify@HDDCFNdlBB@R, H, rDL ê. 8r Ø 2 R + d<, Assumptions Ø 80 < d < 2 * R < H<D,
8d, 0, 0<D, Assumptions Ø 80 < d < 2 * R < H<D

FullSimplify@
Series@Simplify@HDDCFNdlAA@R, H, rDL ê. 8r Ø 2 R - d<, Assumptions Ø 80 < d < 2 * R < H<D,
8d, 0, 0<D, Assumptions Ø 80 < d < 2 * R < H<D

LEADING ASYMPTOTIC TERM AS r -> 2 R in the NEEDLE case.

RightLimitCFNdl2R@d_D := -
1

6
p H3 p R - 16 H H-2 + Log@8DL + 12 H Log@dD - 12 H Log@RDL;

LeftLimitCFNdl2R@d_D :=

-
1

6
p H3 p R - 16 H H-2 + Log@8DL + 12 H Log@ d D - 12 H Log@RDL + 8 p R d ;

REMARK: the right  and left limit do not exist!.

Limit@DDCFNdlBB@R, H, rD, r Ø 2 R, Direction Ø -1D

LimitB-
4 p J3 p R4 + 2 H r Ir2 + 4 R2M EllipticEB 4 R2

r2
F - 2 H r Ir2 + 2 R2M EllipticKB 4 R2

r2
FN

3 r3
,

r Ø 2 R, Direction Ø -1F

Limit@DDCFNdlAA@R, H, rD, r Ø 2 R, Direction Ø 1D

DirectedInfinity@HD

value of the discontinuity as r Ø H
Limit@DDCFNdlCC@R, H, rD, r Ø H, Direction Ø -1D

FullSimplify@HLimit@DDCFNdlCC@R, H, rD, r Ø H, Direction Ø -1D -
Limit@DDCFNdlBB@R, H, rD, r Ø H, Direction Ø 1DL, Assumptions Ø 80 < 2 R < H<D

Limit@DDCFNdlCC@R, H, rD, r Ø H, Direction Ø -1D

FullSimplify@
Series@Simplify@HDDCFNdlCC@R, H, rDL ê. 8r Ø H + d<, Assumptions Ø 80 < d < 2 * R < H<D,

8d, 0, 0<D - Series@Simplify@HDDCFNdlBB@R, H, rDL ê. 8r Ø H - d<,
Assumptions Ø 80 < d < 2 * R < H<D, 8d, 0, 0<D, Assumptions Ø 80 < 2 R < H<D

The Disc cases 
CASE AA  0 < r < H < 2*R    

SimplifyBFullSimplifyBprimitvAA@R, H, r, tD +

rmngprmtv@R, H, r, tD + -
16 H p R2 Ir2 - 4 R2M

3 r
* prmtvFFFaa@R, r, tD +

-
4 H p Ir2 + 4 R2M

3 r
* prmtvEEEaa@R, r, tD, Assumptions Ø 80 < r < H < 2 * R && 0 < t < 1<F -

PrmtvCFDskAA@R, H, r, tDF
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PrmtvCFDskAA@R_, H_, r_, t_D :=

1

6 r
p 12 p R4 + r 3 I-2 R2 + r2 I-1 + t2MM -I-1 + t2M I4 R2 + r2 I-1 + t2MM +

4 H r t 2 Ir2 + 4 R2M
1 - t2

4 R2 + r2 I-1 + t2M
- -I-1 + t2M I4 R2 + r2 I-1 + t2MM -

24 R2 IR2 - 2 H r t + r2 I-1 + t2MM ArcSecB
2 R

r 1 - t2
F +

16 H R -Ir2 + 4 R2M EllipticEBArcSinB
2 R t

4 R2 + r2 I-1 + t2M

F,
r2

4 R2
F -

Ir2 - 4 R2M EllipticFBArcSinB
2 R t

4 R2 + r2 I-1 + t2M

F,
r2

4 R2
F ;

Derivative check 

SimplifyBIFullSimplifyAD@PrmtvCFDskAA@R, H, r, tD, tD - integrndTot@R, H, r, tD,

Assumptions Ø 90 < r < H < 2 * R && 0 < t < 1 && 0 < t^2 < 1 && 4 R2 + r2 I-1 + t2M > 0=EM ê.

: -I-1 + t2M3 I4 R2 + r2 I-1 + t2MM Ø H1 - t^2L -I-1 + t2M I4 R2 + r2 I-1 + t2MM >F

SimplifyB

SimplifyB HFullSimplify@Limit@PrmtvCFDskAA@R, H, r, tD, t Ø 1, Direction Ø 1D - Limit@

PrmtvCFDskAA@R, H, r, tD, t Ø 0, Direction Ø -1D, Assumptions Ø

80 < r < H < 2 * R<DL ê. :ArcCscB
2 R

r
F Ø ArcSinB

r

2 R
F, ArcSecB

2 R

r
F Ø

p

2
- ArcSinB

r

2 R
F> ,

Assumptions Ø 80 < r < H < 2 * R<F - CFDskAA@R, H, rD, Assumptions Ø 80 < r < H < 2 * R<F

CFDskAANotNorm@R_, H_, r_D :=

-
1

6 r
p -3 r 8 H p R2 - 4 p r R2 + Ir2 + 2 R2M -r2 + 4 R2 + 8 R2 Ir2 - R2M ArcSinB

r

2 R
F +

16 H R Ir2 + 4 R2M EllipticEB
r2

4 R2
F + 16 H R Ir2 - 4 R2M EllipticKB

r2

4 R2
F ;

Simplify@Limit@CFDskAANotNorm@R, H, rD, r Ø 0, Direction Ø -1D,
Assumptions Ø 80 < r < H < 2 R<D

The above function coincides with that relevant to the Needle case in the ramge 0 < r <Min[H,2*R]. 

SerisCFDskAALwrBnd@R_, H_, d_D :=

4 H p2 R2 - 2 Ip2 R HH + RLM d +
8

3
p R d2 +

H p2 d3

16 R
-

p d4

15 R
+
H p2 d5

512 R3
;

Simplify@FullSimplify@Series@CFDskAANotNorm@R, H, dD, 8d, 0, 5<D,
Assumptions Ø 8R > 0 && H > 0 && 2 * R > H<D - SerisCFDskAALwrBnd@R, H, dDD
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SerisCFDskAAUpBnd@R_, H_, d_D :=
1

6 H
p 3 H 4 H p R2 + H2 -H2 + 4 R2 + 2 R2 -H2 + 4 R2 + 8 HH - RL R2 HH + RL ArcCscB

2 R

H
F -

16 H R IH2 + 4 R2M EllipticEB
H2

4 R2
F - 16 H R IH2 - 4 R2M EllipticKB

H2

4 R2
F +

1

6 H2
p -24 R4 ArcCscB

2 R

H
F + 3 H I-3 H2 + 2 R2M -H2 + 4 R2 + 8 H R2 ArcSecB

2 R

H
F +

32 H R IH2 - 2 R2M EllipticEB
H2

4 R2
F - 16 H R IH2 - 4 R2M EllipticKB

H2

4 R2
F d +

1

6 H3
p 3 H I3 H2 + 2 R2M -H2 + 4 R2 - 24 R4 ArcCscB

2 R

H
F -

16 H R IH2 + 4 R2M EllipticEB
H2

4 R2
F + 8 H R IH2 + 8 R2M EllipticKB

H2

4 R2
F d2 +

1

6 H4 IH2 - 4 R2M
p H -H2 + 4 R2 I-3 H4 + 2 H2 R2 - 24 R4M - 24 R4 IH2 - 4 R2M ArcCscB

2 R

H
F +

32 R3 -IH3 - 8 H R2M EllipticEB
H2

4 R2
F + 2 H IH2 - 4 R2M EllipticKB

H2

4 R2
F d3 +

1

3 H5 IH2 - 4 R2M2
p R2 -H -H2 + 4 R2 IH4 + 16 H2 R2 - 48 R4M - 12 R2 IH2 - 4 R2M2 ArcCscB

2 R

H
F -

4 I3 H5 R - 52 H3 R3 + 128 H R5M EllipticEB
H2

4 R2
F +

4 I9 H5 R - 68 H3 R3 + 128 H R5M EllipticKB
H2

4 R2
F d4; SerisCFDskAAUpBnd@R, H, dD;

Simplify@
FullSimplify@Series@FullSimplify@ExpandAll@HCFDskAANotNorm@R, H, rDL ê. 8r Ø HH - dL<D,

Assumptions Ø 8R > 0 && H > 0 && 2 * R > H && d > 0<D, 8d, 0, 4<D,
Assumptions Ø 8R > 0 && H > 0 && 2 * R > H && d > 0<D - SerisCFDskAAUpBnd@R, H, dDD

CASE BB:  0 < H < r < 2*R  &&  0 < H < r < 2 R and 0 < t < H
r

FullSimplifyBFullSimplifyBprimitvAA@R, H, r, tD +

rmngprmtv@R, H, r, tD + -
16 H p R2 Ir2 - 4 R2M

3 r
* prmtvFFFaa@R, r, tD +

-
4 H p Ir2 + 4 R2M

3 r
* prmtvEEEaa@R, r, tD, Assumptions Ø

:0 < H < r < 2 * R && 0 < t <
H

r
&& 4 R2 + r2 I-1 + t2M > 0 && 1 - t2 > 0>F -

PrmtvCFDskBB@R, H, r, tD, Assumptions Ø

:0 < H < r < 2 * R && 0 < t <
H

r
&& 4 R2 + r2 I-1 + t2M > 0 && 1 - t2 > 0>F

0
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PrmtvCFDskBB@R_, H_, r_, t_D :=

1

6 r
p 12 p R4 + r

1 - t2

4 R2 + r2 I-1 + t2M
J-24 R4 + 16 H r R2 t - 4 H r3 t I-3 + t2M + 6 r2 R2 I-1 + t2M +

3 r4 I-1 + t2M2N - 24 R2 IR2 - 2 H r t + r2 I-1 + t2MM ArcSecB
2 R

r 1 - t2
F +

16 H R I-r2 - 4 R2M EllipticEBArcSinB
2 R t

4 R2 + r2 I-1 + t2M

F,
r2

4 R2
F -

Ir2 - 4 R2M EllipticFBArcSinB
2 R t

4 R2 + r2 I-1 + t2M

F,
r2

4 R2
F ;

Derivative check 

FullSimplifyBD@

PrmtvCFDskBB@R, H, r, tD, tD - integrndTot@R, H, r, tD,

Assumptions Ø :0 < H < r < 2 * R && 0 < t <
H

r
>F

FullSimplifyBLimitBPrmtvCFDskBB@R, H, r, tD, t Ø
H

r
, Direction Ø 1F -

Limit@PrmtvCFDskBB@R, H, r, tD, t Ø 0, Direction Ø -1D, Assumptions Ø 80 < H < r < 2 * R<F

FullSimplifyBFullSimplifyBLimitBPrmtvCFDskBB@R, H, r, tD, t Ø
H

r
, Direction Ø 1F -

Limit@PrmtvCFDskBB@R, H, r, tD, t Ø 0, Direction Ø -1D, Assumptions Ø 80 < H < r < 2 * R<F -

CFDskBB@R, H, rD, Assumptions Ø 80 < H < r < 2 * R<F

Clear@CFDskBBOLDD; Clear@CFDskBBD;

CFDskBBOLD@R_, H_, r_D :=

1

6 r
p 12 p R4 +

-H2 + r2

H2 - r2 + 4 R2
I-H4 + H2 I6 r2 + 22 R2M + 3 Ir4 - 2 r2 R2 - 8 R4MM -

3 4 p R4 - r Ir2 + 2 R2M -r2 + 4 R2 + 8 Hr - RL R2 Hr + RL ArcCosB
r

2 R
F + 24 R2 IH2 + r2 - R2M

ArcCosB
-H2 + r2

2 R
F + 16 H R -Ir2 + 4 R2M EllipticEBArcSinB

2 H R

r H2 - r2 + 4 R2
F,

r2

4 R2
F -

2 R Ir2 - 4 R2M EllipticFBArcSinB H

H2-r2+4 R2
F, 4 R2

r2
F

r
;

The  elliptic integrals  F has modulus equal  2R/r, which is greater than one. One uses eq.s 8.127 of G&R 
to transfrom the into the elliptic F-integral  with modulus smaller than 1.
The transformation is 

{EllipticFBArcSinB H

H2-r2+4 R2
F, 4 R2

r2
F Ø r

2 R
EllipticFBArcSinB 2 R H

r H2-r2+4 R2
F, r2

4 R2
F }
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The  elliptic integrals  F has modulus equal  2R/r, which is greater than one. One uses eq.s 8.127 of G&R 
to transfrom the into the elliptic F-integral  with modulus smaller than 1.
The transformation is 

{EllipticFBArcSinB H

H2-r2+4 R2
F, 4 R2

r2
F Ø r

2 R
EllipticFBArcSinB 2 R H

r H2-r2+4 R2
F, r2

4 R2
F }

checks

FullSimplifyBEllipticFBArcSinB
H

H2 - r2 + 4 R2
F,

4 R2

r2
F -

r

2 R
EllipticFBArcSinB

2 R H

r H2 - r2 + 4 R2
F,

r2

4 R2
F , Assumptions Ø 80 < H < r < 2 R<F

WithB8H = 1, R = 3<, ParametricPlotB:r, EllipticFBArcSinB
H

H2 - r2 + 4 R2
F,

4 R2

r2
F -

r

2 R
EllipticFBArcSinB

2 R H

r H2 - r2 + 4 R2
F,

r2

4 R2
F >, 8r, H, 2 R<,

PlotRange Ø 88H, 2 R<, 8-10^H-15L, 10^H-15L<<, AspectRatio Ø 1, PlotPoints Ø 500FF

HCFDskBBOLD@R, H, rDL ê.

:EllipticFBArcSinB
H

H2 - r2 + 4 R2
F,

4 R2

r2
F Ø

r

2 R
EllipticFBArcSinB

2 R H

r H2 - r2 + 4 R2
F,

r2

4 R2
F >

CFDskBBNotNorm@R_, H_, r_D :=

1

6 r
p 12 p R4 +

-H2 + r2

H2 - r2 + 4 R2
I-H4 + H2 I6 r2 + 22 R2M + 3 Ir4 - 2 r2 R2 - 8 R4MM -

3 4 p R4 - r Ir2 + 2 R2M -r2 + 4 R2 + 8 Hr - RL R2 Hr + RL ArcCosB
r

2 R
F + 24 R2 IH2 + r2 - R2M

ArcCosB
-H2 + r2

2 R
F + 16 H R I-r2 - 4 R2M EllipticEBArcSinB

2 H R

r H2 - r2 + 4 R2
F,

r2

4 R2
F -

Ir2 - 4 R2M EllipticFBArcSinB
2 H R

r H2 - r2 + 4 R2
F,

r2

4 R2
F ;

FullSimplify@CFDskBBOLD@R, H, rD - CFDskBBNotNorm@R, H, rD, Assumptions Ø 80 < H < r < 2 R<D

FullSimplify@
Series@Simplify@HCFDskBBNotNorm@R, H, rDL ê. 8r Ø H + d<, Assumptions Ø 8d > 0 && 0 < H < 2 R<D,
8d, 0, 2<D, Assumptions Ø 8d > 0 && 0 < H < 2 R<D
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SerisCFDskBBLwrBnd@R_, H_, d_D :=
1

6 H
p 3 H 4 H p R2 + H2 -H2 + 4 R2 + 2 R2 -H2 + 4 R2 + 8 HH - RL R2 HH + RL ArcCscB

2 R

H
F -

16 H R IH2 + 4 R2M EllipticEB
H2

4 R2
F - 16 H R IH2 - 4 R2M EllipticKB

H2

4 R2
F +

1

6 H2
p 3 4 p R4 + H I3 H2 - 2 R2M -H2 + 4 R2 - 8 R2 IH2 + R2M ArcSecB

2 R

H
F -

32 H R IH2 - 2 R2M EllipticEB
H2

4 R2
F + 16 H R IH2 - 4 R2M EllipticKB

H2

4 R2
F d +

1

6 H3
p 3 4 H2 p R2 + 3 H3 -H2 + 4 R2 + 2 H R2 -H2 + 4 R2 - 8 R4 ArcCscB

2 R

H
F -

16 H R IH2 + 4 R2M EllipticEB
H2

4 R2
F + 8 H R IH2 + 8 R2M EllipticKB

H2

4 R2
F d2;

Check of the continuity at r = H

Simplify@FullSimplify@Limit@CFDskBBNotNorm@R, H, rD, r Ø H, Direction Ø -1D,
Assumptions Ø 80 < H < 2 R<D - FullSimplify@
Limit@CFDskAANotNorm@R, H, rD, r Ø H, Direction Ø 1D, Assumptions Ø 80 < H < 2 R<DD

UPPER BOUND BEHAVIOUR

After applying the transformation {r Ø 2*R - d}, MATHEMATICA is not able to work 
out the series expansion around {d = 0}. 
The problem lies  in the elliptic integrals E and  F because the moduli arrpoach to 1. 
The limit value of the second derivatives are discussed later 

CASE CC: [ 0 < H < ]  2*R < r < 4 R2 + H2

SimplifyBSimplifyB FullSimplifyBprimitvAA@R, H, r, tD +

rmngprmtv@R, H, r, tD + -
16 H p R2 Ir2 - 4 R2M

3 r
* prmtvFFFbb@R, r, tD +

-
4 H p Ir2 + 4 R2M

3 r
* prmtvEEEbb@R, r, tD, Assumptions Ø

:0 < H < 2 * R < r < 4 R2 + H2 &&
r2 - 4 R2

r
< t <

H

r
>F ê.

:ArcCscB
2 R

r 1 - t2
F Ø ArcSinB

r 1 - t2

2 R
F, ArcSecB

2 R

r 1 - t2
F Ø

p

2
- ArcSinB

r 1 - t2

2 R
F,

ArcCscB
2 R t

4 R2 + r2 I-1 + t2M

F Ø ArcSinB
4 R2 + r2 I-1 + t2M

2 R t
F>F - PrmtvCFDskCC@R, H, r, tD,

Assumptions Ø :0 < H < 2 * R < r < 4 R2 + H2 &&
r2 - 4 R2

r
< t <

H

r
>F
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PrmtvCFDskCC@R_, H_, r_, t_D :=
1

6 r t
p 12 p r2 R2 t +

-I-1 + t2M I4 R2 + r2 I-1 + t2MM I-6 r R2 t + 3 r3 t I-1 + t2M + H I32 R2 - 4 r2 I-2 + t2MMM +

24 R2 t -
1

2
p r t H-2 H + r tL + IR2 - 2 H r t + r2 I-1 + t2MM ArcSinB

r 1 - t2

2 R
F +

8 H r t -Ir2 + 4 R2M EllipticEBArcSinB
4 R2 + r2 I-1 + t2M

2 R t
F,

4 R2

r2
F +

Ir2 - 4 R2M EllipticFBArcSinB
4 R2 + r2 I-1 + t2M

2 R t
F,

4 R2

r2
F ;

DERIVATIVE CHECK

FullSimplifyBFullSimplifyBFullSimplifyBD@PrmtvCFDskCC@R, H, r, tD, tD, Assumptions Ø

:0 < H < 2 * R < r < 4 R2 + H2 &&
r2 - 4 R2

r
< t <

H

r
>F - integrndTot@R, H, r, tD,

Assumptions Ø :0 < H < 2 * R < r < 4 R2 + H2 &&
r2 - 4 R2

r
< t <

H

r
>F, Assumptions Ø

:0 < H < 2 * R < r < 4 R2 + H2 &&
r2 - 4 R2

r
< t <

H

r
&& 1 - t^2 > 0 && 4 R2 + r2 I-1 + t2M > 0>F

SimplifyBSimplifyBLimitBPrmtvCFDskCC@R, H, r, tD, t Ø
H

r
, Direction Ø 1F -

LimitBPrmtvCFDskCC@R, H, r, tD, t Ø
r2 - 4 R2

r2
, Direction Ø -1F,

Assumptions Ø :0 < H < 2 * R < r < 4 R2 + H2 && 2 * R < r < 4 R2 + H2 >F -

CFDskCC@R, H, rD, Assumptions Ø :0 < H < 2 * R < r < 4 R2 + H2 && 2 * R < r < 4 R2 + H2 >F

CFDskCC@R_, H_, r_D :=
1

6 r
p 12 H2 p R2 + 12 p r2 R2 - 12 p R4 - H2 I-H2 + r2M IH2 - r2 + 4 R2M +

5 r2 I-H2 + r2M IH2 - r2 + 4 R2M + 26 R2 I-H2 + r2M IH2 - r2 + 4 R2M -

24 H2 R2 ArcSinB
-H2 + r2

2 R
F - 24 r2 R2 ArcSinB

-H2 + r2

2 R
F + 24 R4 ArcSinB

-H2 + r2

2 R
F -

8 H r Ir2 + 4 R2M EllipticEBArcSinB
r H2 - r2 + 4 R2

2 H R
F,

4 R2

r2
F +

8 H r Ir2 - 4 R2M EllipticFBArcSinB
r H2 - r2 + 4 R2

2 H R
F,

4 R2

r2
F ;

BEHAVIOUR AROUND THE LOWER  r VALUE in the DISK CC case
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BEHAVIOUR AROUND THE LOWER  r VALUE in the DISK CC case

this case is discussed later 

BEHAVIOUR AROUND THE UPPER r VALUE in the DISK CC case

FullSimplifyBFullSimplifyBSeriesBFullSimplifyB HCFDskCC@R, H, rDL ê. r Ø H2 + 4 * R2 - d ,

Assumptions Ø 80 < R && 0 < H && H < 2 * R && d > 0<F, 8d, 0, 4<F,

Assumptions Ø 80 < R && 0 < H && H < 2 * R && d > 0<F - SerisCFDskCCUpBnd@R, H, dDF

-
2 J 2 p IH2 + 4 R2M9ê4 IH6 - 18 H4 R2 + 3 H2 R4 + 4 R6MN d7ê2

945 IH6 R5M
+ O@dD9ê2

SerisCFDskCCUpBnd@R_, H_, d_D :=
16 2 p IH2 + 4 R2M5ê4 d7ê2

105 H2 R
+

1

8505 2 H8 R7
p IH2 + 4 R2M3ê4

IH12 - 102 H10 R2 + 78 H8 R4 + 4700 H6 R6 + 18 564 H4 R8 + 96 H2 R10 + 64 R12M d9ê2 +

1

1 871 100 2 H10 R9
p IH2 + 4 R2M1ê4 I161 H16 - 16 073 H14 R2 + 22 208 H12 R4 + 1 001 914 H10 R6 +

2 932 760 H8 R8 + 2 006 164 H6 R10 + 5 589 728 H4 R12 + 177 472 H2 R14 + 167 936 R16M d11ê2;

FullSimplifyBFullSimplifyBSeriesBFullSimplifyB HCFDskCC@R, H, rDL ê. r Ø H2 + 4 * R2 - d ,

Assumptions Ø 80 < R && 0 < H && H < 2 * R && d > 0<F, 8d, 0, 6<F,

Assumptions Ø 80 < R && 0 < H && H < 2 * R && d > 0<F - SerisCFDskCCUpBnd@R, H, dDF

EVALUATION OF THE DERIVATIVES in the DISK CASE

FullSimplify@D@CFDskAA@R, H, rD, rD - DCFDskAA@R, H, rD, Assumptions Ø 80 < r < H < 2 R<D

FullSimplify@D@DCFDskAA@R, H, rD, rD - DDCFDskAA@R, H, rD, Assumptions Ø 80 < r < H < 2 R<D

FullSimplifyAD@CFDskBB@R, H, rD, rD - DCFDskBB@R, H, rD,

Assumptions Ø 90 < H < r < 2 R && H2 - r2 + 4 R2 > 0 && -H2 + r2 > 0=E

FullSimplifyAD@DCFDskBB@R, H, rD, rD - DDCFDskBB@R, H, rD,

Assumptions Ø 90 < H < r < 2 R && H2 - r2 + 4 R2 > 0 && -H2 + r2 > 0=E

FullSimplifyBD@CFDskCC@R, H, rD, rD - DCFDskCC@R, H, rD,

Assumptions Ø :0 < H < 2 R < r < H2 + 4 R2 >F

FullSimplifyBD@DCFDskCC@R, H, rD, rD - DDCFDskCC@R, H, rD,

Assumptions Ø :0 < H < 2 R < r < H2 + 4 R2 >F
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DCFDskAA@R_, H_, r_D :=
1

6 r2
p 3 8 R4 ArcCscB

2 R

r
F + r I3 r2 - 2 R2M -r2 + 4 R2 - 8 r R2 ArcSecB

2 R

r
F +

16 H R -2 Ir2 - 2 R2M EllipticEB
r2

4 R2
F + Ir2 - 4 R2M EllipticKB

r2

4 R2
F ;

DCFDskBB@R_, H_, r_D := -
1

6 r3 I-H2 + r2 - 4 R2M
p

r 9 H2 r3 -r2 + 4 R2 - 9 r5 -r2 + 4 R2 - 6 H2 r R2 -r2 + 4 R2 +

42 r3 R2 -r2 + 4 R2 - 24 r R4 -r2 + 4 R2 + H4 I-H2 + r2M IH2 - r2 + 4 R2M +

6 H2 r2 I-H2 + r2M IH2 - r2 + 4 R2M + 9 r4 I-H2 + r2M IH2 - r2 + 4 R2M -

22 H2 R2 I-H2 + r2M IH2 - r2 + 4 R2M - 42 r2 R2 I-H2 + r2M IH2 - r2 + 4 R2M +

24 R4 I-H2 + r2M IH2 - r2 + 4 R2M - 24 R2 Ir2 + R2M IH2 - r2 + 4 R2M ArcSecB
2 R

r
F -

24 R2 IH4 + r4 - 3 r2 R2 - 4 R4 + H2 I-2 r2 + 3 R2MM ArcSecB
2 R

-H2 + r2
F -

32 H r R Ir2 - 2 R2M IH2 - r2 + 4 R2M EllipticEBArcSinB
2 H R

r H2 - r2 + 4 R2
F,

r2

4 R2
F -

32 H R2 I-r2 + 4 R2M IH2 - r2 + 4 R2M EllipticFBArcSinB
H

H2 - r2 + 4 R2
F,

4 R2

r2
F ;

DCFDskCC@R_, H_, r_D :=

1

6 r2
p IH2 + 7 r2 - 26 R2M -HH - rL HH + rL IH2 - r2 + 4 R2M + 24 R2 I-H2 + r2 + R2M

ArcSecB
2 R

-H2 + r2
F + 16 H r -Ir2 - 2 R2M EllipticEBArcCscB

2 H R

r H2 - r2 + 4 R2
F,

4 R2

r2
F +

Ir2 - 4 R2M EllipticFBArcCscB
2 H R

r H2 - r2 + 4 R2
F,

4 R2

r2
F ;
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DDCFDskAA@R_, H_, r_D :=
1

3 r3
p 3 r I3 r2 + 2 R2M -r2 + 4 R2 - 24 R4 ArcCscB

2 R

r
F +

8 H R -2 Ir2 + 4 R2M EllipticEB
r2

4 R2
F + Ir2 + 8 R2M EllipticKB

r2

4 R2
F ;

DDCFDskBB@R_, H_, r_D :=
1

3 r4 I-H2 + r2 - 4 R2M
p r H4 I-H2 + r2M IH2 - r2 + 4 R2M -

3 I3 r4 - 10 r2 R2 - 8 R4M -r -r2 + 4 R2 + -HH - rL HH + rL IH2 - r2 + 4 R2M -

H2 9 r3 -r2 + 4 R2 + 2 R2 3 r -r2 + 4 R2 + 11 I-H2 + r2M IH2 - r2 + 4 R2M +

24 R2 IH2 - r2 + 4 R2M -R2 ArcSecB
2 R

r
F + I-H2 + R2M ArcSecB

2 R

-H2 + r2
F +

16 H R IH2 - r2 + 4 R2M r2 R EllipticEBArcSinB
H

H2 - r2 + 4 R2
F,

4 R2

r2
F +

Ir2 + 2 R2M r EllipticEBArcSinB
2 H R

r H2 - r2 + 4 R2
F,

r2

4 R2
F -

2 R EllipticFBArcSinB
H

H2 - r2 + 4 R2
F,

4 R2

r2
F ;

DDCFDskCC@R_, H_, r_D := p HH - rL HH + rL IH2 + r2 - 26 R2M IH2 - r2 + 4 R2M +

24 HH - RL R2 HH + RL -HH - rL HH + rL IH2 - r2 + 4 R2M ArcSecB
2 R

-H2 + r2
F +

8 H r -HH - rL HH + rL IH2 - r2 + 4 R2M

-Ir2 + 4 R2M EllipticEBArcCscB
2 H R

r H2 - r2 + 4 R2
F,

4 R2

r2
F + Ir2 + 2 R2M EllipticFB

ArcCscB
2 H R

r H2 - r2 + 4 R2
F,

4 R2

r2
F ì K3 r3 I-H2 + r2M IH2 - r2 + 4 R2M O ;

DISCONTINUITY VALUE AT   r = H

FullSimplify@
Simplify@HDDCFDskBB@R, H, rDL ê. 8r Ø H<, Assumptions Ø 80 < H < 2 R && H > 0 && R > 0<D -
Simplify@HHDDCFDskAA@R, H, rDL ê. 8r Ø H<L, Assumptions Ø 80 < H < 2 R && H > 0 && R > 0<D,

Assumptions Ø 80 < H < 2 R && H > 0 && R > 0<D

DISCONTINUITY VALUE AT   r = 2 R
H* the function EllipticFAj,k2E is named F@j,kD by G&R *L

G&R reports the following expansion as kØ1.
(eq. 8.118.1)  F[j, k] Ø- 2

p
*F[p/2, 1 - k^2 ] Log[Cot[j/2+p/4]]+..  

(eq. 8.118.2)  E[j, k] Ø- 2
p

*(F[p/2, 1 - k^2 ]-E[p/2, 1 - k^2  Log[Cot[j/2+p/4]]+..

It is also recalled (see below) that MATHEMATIC' s function EllipticFAj, k2E is named F@j, kD by G & R

Thus one gets 
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G&R reports the following expansion as kØ1.
(eq. 8.118.1)  F[j, k] Ø- 2

p
*F[p/2, 1 - k^2 ] Log[Cot[j/2+p/4]]+..  

(eq. 8.118.2)  E[j, k] Ø- 2
p

*(F[p/2, 1 - k^2 ]-E[p/2, 1 - k^2  Log[Cot[j/2+p/4]]+..

It is also recalled (see below) that MATHEMATIC' s function EllipticFAj, k2E is named F@j, kD by G & R

Thus one gets 

IntegrateB
1

1 - k^2 * Sin@aD^2
, 8a, 0, j<, Assumptions Ø 80 < k < 1 && 0 < j < p ê 2<F

H* EllipticFAj,k2E that is named F@j,kD by G&R *L

IDENTITIES 

:EllipticFBArcCscB
2 H R

r H2 - r2 + 4 R2
F,

4 R2

r2
F Ø

-
2

p
* EllipticFBp ê 2, 1 -

4 R2

r2
F * LogBCotBArcCscB

2 H R

r H2 - r2 + 4 R2
F ì 2 + p ê 4FF,

EllipticEBArcCscB
2 H R

r H2 - r2 + 4 R2
F,

4 R2

r2
F Ø

-
2

p
* EllipticFBp ê 2, 1 -

4 R2

r2
F - EllipticEBp ê 2, 1 -

4 R2

r2
F *

LogBCotBArcCscB
2 H R

r H2 - r2 + 4 R2
F ì 2 + p ê 4FF >

:CotB
1

4
p + 2 ArcCscB

2 H R

H2 R + dL H2 - d H4 R + dL

F F Ø

4 H R d H-H + 2 R + dL HH + 2 R + dL H4 R + dL

8 H2 R2 + 8 H R2 H2 - d H4 R + dL + 4 H R d H2 - d H4 R + dL

>

LEADING TERM AS  r Ø 2 R + d
One isolates the leading term of  DDCFDskCC[R, H, r]  as r Ø2R+. 
To this aim one slits the function into the sum of three functions. 
The one uses the G&R formulae to rewrite the elliptic integral E anf F. One isolates the 
logarithmic divergent term and finally one gets the leading term.
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DDCFDskCCaa@R_, H_, r_D := p HH - rL HH + rL IH2 + r2 - 26 R2M IH2 - r2 + 4 R2M +

24 HH - RL R2 HH + RL H-H + rL HH + rL IH2 - r2 + 4 R2M ArcSecB
2 R

-H2 + r2
F ì

K3 r3 I-H2 + r2M IH2 - r2 + 4 R2M O; DDCFDskCCbb@R_, H_, r_D :=

-
1

3 r2
8 H p Ir2 + 4 R2M EllipticEBArcCscB

2 H R

r H2 - r2 + 4 R2
F,

4 R2

r2
F;

DDCFDskCCcc@R_, H_, r_D :=

8 H p Ir2 + 2 R2M EllipticFBArcCscB 2 H R

r H2-r2+4 R2
F, 4 R2

r2
F

3 r2
;

Simplify@DDCFDskCC@R, H, rD - DDCFDskCCaa@R, H, rD - DDCFDskCCbb@R, H, rD -
DDCFDskCCcc@R, H, rDD

By the following three identities 

FullSimplifyBTrigToExpBTrigExpandBCotB
1

4
p + 2 ArcCscB

2 H R

H2 R + dL H2 - d H4 R + dL

F FFF

-
2 H R + Â -HH - 2 R - dL d HH + 2 R + dL H4 R + dL - H2 R + dL H2 - d H4 R + dL

2 Â H R + -HH - 2 R - dL d HH + 2 R + dL H4 R + dL + Â H2 R + dL H2 - d H4 R + dL

,

Assumptions Ø 80 < d < H < 2 R<F

FullSimplifyB
2 H R + Â -HH - 2 R - dL d HH + 2 R + dL H4 R + dL - H2 R + dL H2 - d H4 R + dL

2 Â H R + -HH - 2 R - dL d HH + 2 R + dL H4 R + dL + Â H2 R + dL H2 - d H4 R + dL

-

4 H R d H-H + 2 R + dL HH + 2 R + dL H4 R + dL

8 H2 R2 + 8 H R2 H2 - d H4 R + dL + 4 H R d H2 - d H4 R + dL

, Assumptions Ø 80 < d < H < 2 R<F

FullSimplifyBLogB
4 H R d H-H + 2 R + dL HH + 2 R + dL H4 R + dL

8 H2 R2 + 8 H R2 H2 - d H4 R + dL + 4 H R d H2 - d H4 R + dL

F -

1

2
Log@dD + LogB

4 H R H-H + 2 R + dL HH + 2 R + dL H4 R + dL

8 H2 R2 + 8 H R2 H2 - d H4 R + dL + 4 H R d H2 - d H4 R + dL

F ,

Assumptions Ø 80 < d < H < 2 R<F

it follows that the G&R relations become 
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:EllipticFBArcCscB
2 H R

r H2 - r2 + 4 R2
F,

4 R2

r2
F Ø -

2

p
* EllipticFBp ê 2, 1 -

4 R2

r2
F *

1

2
Log@dD + LogB

4 H R H-H + 2 R + dL HH + 2 R + dL H4 R + dL

8 H2 R2 + 8 H R2 H2 - d H4 R + dL + 4 H R d H2 - d H4 R + dL

F >,

:EllipticEBArcCscB
2 H R

r H2 - r2 + 4 R2
F,

4 R2

r2
F Ø

-
2

p
* EllipticFBp ê 2, 1 -

4 R2

r2
F - EllipticEBp ê 2, 1 -

4 R2

r2
F *

1

2
Log@dD + LogB

4 H R H-H + 2 R + dL HH + 2 R + dL H4 R + dL

8 H2 R2 + 8 H R2 H2 - d H4 R + dL + 4 H R d H2 - d H4 R + dL

F >

The expansions, as r Ø 2 R + d, of the three terms are 
Expand@Simplify@Series@HHDDCFDskCCaa@R, H, rDL ê. 8r Ø 2 R + d<L, 8d, 0, 0<D,

Assumptions Ø 80 < d < H < 2 R<DD

FullSimplifyB

SeriesB HDDCFDskCCbb@R, H, rDL ê. :EllipticEBArcCscB
2 H R

r H2 - r2 + 4 R2
F,

4 R2

r2
F Ø

-
2

p
* EllipticFBp ê 2, 1 -

4 R2

r2
F - EllipticEBp ê 2, 1 -

4 R2

r2
F *

1

2
Log@dD + LogB

4 H R H-H + 2 R + dL HH + 2 R + dL H4 R + dL

8 H2 R2 + 8 H R2 H2 - d H4 R + dL + 4 H R d H2 - d H4 R + dL

F > ê.

8r Ø 2 R + d< , 8d, 0, 0<F, Assumptions Ø 80 < d < H < 2 R<F

ExpandBFullSimplifyBSeriesB HDDCFDskCCcc@R, H, rDL ê.

:EllipticFBArcCscB
2 H R

r H2 - r2 + 4 R2
F,

4 R2

r2
F Ø -

2

p
* EllipticFBp ê 2, 1 -

4 R2

r2
F *

1

2
Log@dD + LogB

4 H R H-H + 2 R + dL HH + 2 R + dL H4 R + dL

8 H2 R2 + 8 H R2 H2 - d H4 R + dL + 4 H R d H2 - d H4 R + dL

F > ê.

8r Ø 2 R + d< , 8d, 0, 0<F, Assumptions Ø 80 < d < H < 2 R<FF

FullSimplifyBExpandB-2 H p -2 Log@HD + LogB-
H2 d

4 R
+ R dF F - 2 H p LogB

4 H2

4 R2 - H2
F + LogB

R

d
F ,

Assumptions Ø 80 < d < H < 2 R<F

and collecting the three results one finds the leading term contribution 
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and collecting the three results one finds the leading term contribution 

DDCFDskCCLwrBnd@R_, H_, d_D :=

p H5 - 26 H3 R2 + 88 H R4 + 24 R2 IH2 - R2M -H2 + 4 R2 ArcCosB -H2+4 R2

2 R
F

24 R3 -H2 + 4 R2
+

2 H p LogB
4 H2

4 R2 - H2
F + LogB

R

d
F ;

LEADING TERM AS  r Ø 2 R - d

Function DDCFDskBB[R, H, r] involves elliptic integrals with modulus  4 R
2

r2
 that is greater than 1 in the range r<2R.

Hence one uses identities 8.127 of G&R to convert to k<1. The identities are 

IDENTITIES 

:EllipticFBArcSinB
H

H2 - r2 + 4 R2
F,

4 R2

r2
F Ø

r

2 R
* EllipticFBArcSinB

2 R H

r H2 - r2 + 4 R2
F,

r2

4 R2
F >

and

:EllipticEBArcSinB
H

H2 - r2 + 4 R2
F,

4 R2

r2
F Ø

2 R

r
* EllipticEBArcSinB

2 R H

r H2 - r2 + 4 R2
F,

r2

4 R2
F -

1 -
r2

4 R2
* EllipticFBArcSinB

2 R H

r H2 - r2 + 4 R2
F,

r2

4 R2
F >

PROOF OF THE IDENTITES
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FullSimplifyBEllipticFBArcSinB
H

H2 - r2 + 4 R2
F,

4 R2

r2
F -

r

2 R
* EllipticFBArcSinB

2 R H

r H2 - r2 + 4 R2
F,

r2

4 R2
F ,

Assumptions Ø 80 < H < r < 2 * R<F

FullSimplifyBEllipticEBArcSinB
H

H2 - r2 + 4 R2
F,

4 R2

r2
F -

2 R

r
* EllipticEBArcSinB

2 R H

r H2 - r2 + 4 R2
F,

r2

4 R2
F -

1 -
r2

4 R2
* EllipticFBArcSinB

2 R H

r H2 - r2 + 4 R2
F,

r2

4 R2
F , Assumptions Ø 80 < H < r < 2 * R<F

H = 1; R = 2; Npoint = 50; step = H2 * R - HL ê Npoint;

DoBr = H + Hi - 1L * step; val = NBEllipticFBArcSinB
H

H2 - r2 + 4 R2
F,

4 R2

r2
F -

r

2 R
* EllipticFBArcSinB

2 R H

r H2 - r2 + 4 R2
F,

r2

4 R2
F , 30F;

Print@i, ", ", valD;, 8i, 1, Npoint<F;

Clear@HD; Clear@NpointD; Clear@stepD;
Clear@RD; Clear@rD; Clear@valD;

H = 1; R = 2; Npoint = 50; step = H2 * R - HL ê Npoint;

DoBr = H + Hi - 1L * step; val = NBEllipticEBArcSinB
H

H2 - r2 + 4 R2
F,

4 R2

r2
F -

2 R

r
* EllipticEBArcSinB

2 R H

r H2 - r2 + 4 R2
F,

r2

4 R2
F -

1 -
r2

4 R2
* EllipticFBArcSinB

2 R H

r H2 - r2 + 4 R2
F,

r2

4 R2
F , 30F;

Print@i, ", ", valD;, 8i, 1, Npoint<F;

Clear@HD; Clear@NpointD; Clear@stepD; Clear@RD; Clear@rD; Clear@valD;

splitting of the funtion into the sum of two functions one of which containing the elliptic integrals 
and subsequent conversion of the elliptic integrals with moduli greater than one into those with 
moduli smaller than one. 

DDCFDskBB@R, H, rD
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DDCFDskBBaa@R_, H_, r_D :=

1

3 r4 I-H2 + r2 - 4 R2M
p r H4 I-H2 + r2M IH2 - r2 + 4 R2M - 3 I3 r4 - 10 r2 R2 - 8 R4M

-r -r2 + 4 R2 + H-H + rL HH + rL IH2 - r2 + 4 R2M -

H2 9 r3 -r2 + 4 R2 + 2 R2 3 r -r2 + 4 R2 + 11 I-H2 + r2M IH2 - r2 + 4 R2M +

24 R2 IH2 - r2 + 4 R2M -R2 ArcSecB
2 R

r
F + I-H2 + R2M ArcSecB

2 R

-H2 + r2
F ;

SimplifyBHSimplify@DDCFDskBB@R, H, rD - DDCFDskBBaa@R, H, rDDL ê.

:EllipticFBArcSinB
H

H2 - r2 + 4 R2
F,

4 R2

r2
F Ø

r

2 R
* EllipticFBArcSinB

2 R H

r H2 - r2 + 4 R2
F,

r2

4 R2
F , EllipticEB

ArcSinB
H

H2 - r2 + 4 R2
F,

4 R2

r2
F Ø

2 R

r
* EllipticEBArcSinB

2 R H

r H2 - r2 + 4 R2
F,

r2

4 R2
F -

1 -
r2

4 R2
* EllipticFBArcSinB

2 R H

r H2 - r2 + 4 R2
F,

r2

4 R2
F >F

DDCFDskBBbb@R_, H_, r_D :=

-
1

3 r3
8 H p R 2 Ir2 + 4 R2M EllipticEBArcSinB

2 H R

r H2 - r2 + 4 R2
F,

r2

4 R2
F -

Ir2 + 8 R2M EllipticFBArcSinB
2 H R

r H2 - r2 + 4 R2
F,

r2

4 R2
F ;

EllipticFBArcCscB
2 H R

r H2 - r2 + 4 R2
F,

4 R2

r2
F

check
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SimplifyBHSimplify@DDCFDskBB@R, H, rD - HDDCFDskBBaa@R, H, rD + DDCFDskBBbb@R, H, rDLDL ê.

:EllipticFBArcSinB
H

H2 - r2 + 4 R2
F,

4 R2

r2
F Ø

r

2 R
* EllipticFBArcSinB

2 R H

r H2 - r2 + 4 R2
F,

r2

4 R2
F ,

EllipticEBArcSinB
H

H2 - r2 + 4 R2
F,

4 R2

r2
F Ø

2 R

r
* EllipticEBArcSinB

2 R H

r H2 - r2 + 4 R2
F,

r2

4 R2
F -

1 -
r2

4 R2
* EllipticFBArcSinB

2 R H

r H2 - r2 + 4 R2
F,

r2

4 R2
F >F

Simplify@ExpandAll@DDCFDskBBbb@R, H, 2 R - dDD, Assumptions Ø 80 < d < H < 2 R<D

-
1

3 H2 R - dL3
8 H p R 2 I8 R2 - 4 R d + d2M EllipticEBArcSinB

2 H R

H2 R - dL H2 + 4 R d - d2
F,

H-2 R + dL2

4 R2
F -

I12 R2 - 4 R d + d2M EllipticFBArcSinB
2 H R

H2 R - dL H2 + 4 R d - d2
F,

H-2 R + dL2

4 R2
F

G&R reports the following expansion as kØ1.
(eq. 8.118.1)  F[j, k] Ø- 2

p
*F[p/2, 1 - k^2 ] Log[Cot[j/2+p/4]]+..  

(eq. 8.118.2)  E[j, k] Ø- 2
p

*(F[p/2, 1 - k^2 ]-E[p/2, 1 - k^2  Log[Cot[j/2+p/4]]+..

It is also recalled (see below) that MATHEMATIC' s function EllipticFAj, k2E is named F@j, kD by G & R

Thus one gets 

:EllipticEBArcSinB
2 H R

H2 R - dL H2 + 4 R d - d2
F,

H-2 R + dL2

4 R2
F Ø

-
2

p
* EllipticFBp ê 2, 1 -

H-2 R + dL2

4 R2
F - EllipticEBp ê 2, 1 -

H-2 R + dL2

4 R2
F *

Log@ArgLog@R, H, dDD,

EllipticFBArcSinB
2 H R

H2 R - dL H2 + 4 R d - d2
F,

H-2 R + dL2

4 R2
F Ø

-
2

p
* EllipticFBp ê 2, 1 -

H-2 R + dL2

4 R2
F * Log@ArgLog@R, H, dDD >

FullSimplifyBTogetherB

ExpandAllBFullSimplifyBTrigExpandBCotBArcSinB
2 H R

H2 R - dL H2 + 4 R d - d2
F ì 2 + p ê 4FF,

Assumptions Ø 80 < d < H < 2 R<FFF, Assumptions Ø 92 R - d > 0 && H2 + 4 R d - d2 > 0=F
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ArgLog@R_, H_, d_D :=
-2 H R + -HH + 2 R - dL H4 R - dL d HH - 2 R + dL + H2 R - dL H2 + H4 R - dL d

2 H R + -HH + 2 R - dL H4 R - dL d HH - 2 R + dL + H2 R - dL H2 + H4 R - dL d

;

FullSimplifyBFullSimplify@

ExpandAll@Series@ArgLog@R, H, dD, 8d, 0, 2<DD, Assumptions Ø 80 < d < H < 2 R<D -

4 R2 - H2 d

R

2 H
1 +

IH4 + 4 H2 R2 + 32 R4M d

8 H2 HH - 2 RL R HH + 2 RL
, Assumptions Ø 80 < d < H < 2 R<F

FullSimplifyB

HSimplify@ExpandAll@DDCFDskBBbb@R, H, 2 R - dDD, Assumptions Ø 80 < d < H < 2 R<DL ê.

:EllipticEBArcSinB
2 H R

H2 R - dL H2 + 4 R d - d2
F,

H-2 R + dL2

4 R2
F Ø

-
2

p
* EllipticFBp ê 2, 1 -

H-2 R + dL2

4 R2
F - EllipticEBp ê 2, 1 -

H-2 R + dL2

4 R2
F *

Log@ArgLog@R, H, dDD,

EllipticFBArcSinB
2 H R

H2 R - dL H2 + 4 R d - d2
F,

H-2 R + dL2

4 R2
F Ø

-
2

p
* EllipticFBp ê 2, 1 -

H-2 R + dL2

4 R2
F * Log@ArgLog@R, H, dDD > ,

Assumptions Ø 80 < d < H < 2 R<F ê.

:
-2 H R + H4 R - dL d H-H - 2 R + dL HH - 2 R + dL + H2 R - dL H2 + H4 R - dL d

2 H R + H4 R - dL d H-H - 2 R + dL HH - 2 R + dL + H2 R - dL H2 + H4 R - dL d

Ø

4 R2 - H2 d

R

2 H
1 +

IH4 + 4 H2 R2 + 32 R4M d

8 H2 HH - 2 RL R HH + 2 RL
>
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FullSimplifyBSeriesB -
1

3 H2 R - dL3
16 H R

2 I8 R2 - 4 R d + d2M EllipticEB
H4 R - dL d

4 R2
F - H-2 R + dL2 EllipticKB

H4 R - dL d

4 R2
F

LogB

-H2 + 4 R2 d

R
K1 +

IH4+4 H2 R2+32 R4M d

8 H2 HH-2 RL R HH+2 RL
O

2 H
F , 8d, 0, 0<F -

-4 H p LogB
-H2 + 4 R2

2 H
F - 2 H p Log@d ê RD , Assumptions Ø 80 < d < H < 2 R<F

FullSimplify@
Series@FullSimplify@ExpandAll@DDCFDskBBaa@R, H, 2 R - dDD, Assumptions Ø 80 < d < H < 2 R<D,
8d, 0, 0<D, Assumptions Ø 80 < d < H < 2 R<D

Collecting the leading terms of the above two expansions one
find the leading asymptotic derm of the CF 2 nd derivative as r Ø H2 RL-

DDCFDskBBUprBnd@R_, H_, d_D :=

-

p H IH2 - 22 R2M -H2 + 4 R2 + 24 R2 I-H2 + R2M ArcSecB 2 R

-H2+4 R2
F

24 R3
-

4 H p LogB
-H2 + 4 R2

2 H
F - 2 H p Log@d ê RD;

Discontinuity value at r = 2 R

DDCFDskCCLwrBnd@R, H, dD - DDCFDskBBUprBnd@R, H, dD

FullSimplifyB

p H5 - 26 H3 R2 + 88 H R4 + 24 R2 IH2 - R2M -H2 + 4 R2 ArcCosB -H2+4 R2

2 R
F

24 R3 -H2 + 4 R2
+

p H IH2 - 22 R2M -H2 + 4 R2 + 24 R2 I-H2 + R2M ArcSecB 2 R

-H2+4 R2
F

24 R3
+ 4 H p LogB

-H2 + 4 R2

2 H
F +

2 H p LogB
4 H2

-H2 + 4 R2
F, Assumptions Ø 80 < d < H < 2 R<F + 2 H p LogB

R

dR
F + 2 H p LogB

dL

R
F

CHECK: around r = H ^2 + 4 R^2  the expansions of the Neddle and Disc cases must coincide as 
it really happens. 

Simplify@SerisCFDskCCUpBnd@R, H, dD - SerisCFNdlCCUpBnd@R, H, dDD

SOME PLOTS  for the disk case
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DiskIntPlt =
With@8H = 1, R = 5<, ParametricPlot@88r, r * CFDskAA@R, H, rD<<, 8r, 0, H<, PlotStyle Ø

8Thickness@0.004D, Blue<, AspectRatio Ø 1, AxesLabel Ø 8"r", "r gHr<"<DD ;

DiskMedPlt = With@8H = 1, R = 5<, ParametricPlot@88r, r * CFDskBB@R, H, rD<<,
8r, H, 2 R<, PlotStyle Ø 8Thickness@0.002D, Magenta<, AspectRatio Ø 1DD

DiskOutrPlt = WithB8H = 1, R = 5<, ParametricPlotB88r, r * CFDskCC@R, H, rD<<,

:r, 2 R, 4 R2 + H2 >, PlotStyle Ø 8Thickness@0.006D, Green<, AspectRatio Ø 1FF ;

Show@DiskIntPlt, DiskMedPlt, DiskOutrPlt, PlotRange Ø 880, 11<, 80, 450<<D

Show@DiskIntPlt, DiskMedPlt, PlotRange Ø 880.9, 1.1<, 80, 450<<D ;

Show@DiskMedPlt, DiskOutrPlt, PlotRange Ø 889.8, 10.2<, 80, 0.04<<D;

1st ORDER DERIVATIVE IN THE NEEDLE CASE

DDiskIntPlt = With@8H = 1, R = 5<,
ParametricPlot@88r, DCFDskAA@R, H, rD<<, 8r, 0, H<, PlotStyle Ø 8Thickness@0.004D, Blue<,
AspectRatio Ø 1, AxesLabel Ø 8"r", "g'Hr<"<, PlotLabel Ø "DISK: r=5,H=1"DD

DDiskMedPlt = With@8H = 1, R = 5<, ParametricPlot@88r, DCFDskBB@R, H, rD<<,
8r, H, 2 R<, PlotStyle Ø 8Thickness@0.002D, Magenta<, AspectRatio Ø 1DD;

DDiskOutrPlt =

WithB8H = 1, R = 5<, ParametricPlotB88r, DCFDskCC@R, H, rD<<, :r, 2 R, 4 R2 + H2 >,

PlotStyle Ø 8Thickness@0.006D, Green<, AspectRatio Ø 1, PlotPoints Ø 100FF;

Show@DDiskIntPlt, DDiskMedPlt, DDiskOutrPlt, PlotRange Ø 880, 11<, 8-600, 1<<D

2ndt ORDER DERIVATIVE IN THE NEEDLE CASE

DDDiskIntPlt = With@8H = 1, R = 5<, ParametricPlot@88r, DDCFDskAA@R, H, rD<<,
8r, 10^H-3L, H<, PlotStyle Ø 8Thickness@0.004D, Blue<, AspectRatio Ø 1,
AxesLabel Ø 8"r", "g''Hr<"<, PlotPoints Ø 200, PlotLabel Ø "DISK: R=5, H=1"DD

DDDiskMedPlt = With@8H = 1, R = 5<, ParametricPlot@88r, DDCFDskBB@R, H, rD<<,
8r, H + 1 ê 1 000 000, 2 R - 1 ê 1 000 000<, PlotStyle Ø 8Thickness@0.002D, Magenta<,
PlotPoints Ø 2000, AspectRatio Ø 1, PlotRange Ø 88H, 2 R<, 80, 1100<<DD

DDDiskOutrPlt = WithB8H = 1, R = 5<, ParametricPlotB88r, DDCFDskCC@R, H, rD<<,

:r, 2 R + 1 ê 1 000 000, 4 R2 + H2 >, PlotStyle Ø 8Thickness@0.006D, Green<,

PlotPoints Ø 200, AspectRatio Ø 1, PlotRange Ø ::2 R, 4 R2 + H2 >, 80, 100<>FF

Show@DDDiskIntPlt, DDDiskMedPlt, PlotRange Ø 880.98, 1.05<, 80, 1100<<D

Show@DDDiskMedPlt, DDDiskOutrPlt, PlotRange Ø 889.9, 10.1<, 8-0.1, 200<<D

Show@DDDiskIntPlt, DDDiskMedPlt, DDDiskOutrPlt, PlotRange Ø 880, 10.5<, 8-1, 1100<<D

THE FINAL FORMULAE OF THE CYLINDER's CF 
THE NEEDLE CASE    0 < 2R < H 

FullSimplify@Limit@CFNdlAA@R, H, rD, r Ø 0, Direction Ø -1D, Assumptions Ø 8R > 0 && H > 0<D

The expressions of the Cf and its derivatives are normalized to 1 at r=0 dividing them by I4 H p2 R2)

Deposited_Part.nb   39



CFNdlAA@R_, H_, r_D :=

2 p2 R2 H2 H - rL +
p Ir2 + 2 R2M

2
-r2 + 4 R2 +

4 p R

3 r
3 R Ir2 - R2M ArcSinB

r

2 R
F -

2 H Ir2 + 4 R2M EllipticEB
r2

4 R2
F - 2 H Ir2 - 4 R2M EllipticKB

r2

4 R2
F ì I4 H p2 R2M;

CFNdlBB@R_, H_, r_D :=
2 p2 R2 I2 H r - R2M

r
-
4 p H Ir2 + 4 R2M

3
EllipticEB

4 R2

r2
F +

4 p H Ir2 - 4 R2M

3
EllipticKB

4 R2

r2
F ì I4 H p2 R2M;

CFNdlCC@R_, H_, r_D :=
1

6 r
p 12 H2 p R2 + 12 p r2 R2 - 12 p R4 - H2 I-H2 + r2M IH2 - r2 + 4 R2M +

5 r2 I-H2 + r2M IH2 - r2 + 4 R2M + 26 R2 I-H2 + r2M IH2 - r2 + 4 R2M -

24 H2 R2 ArcSinB
-H2 + r2

2 R
F - 24 r2 R2 ArcSinB

-H2 + r2

2 R
F + 24 R4 ArcSinB

-H2 + r2

2 R
F -

8 H r Ir2 + 4 R2M EllipticEBArcSinB
r H2 - r2 + 4 R2

2 H R
F,

4 R2

r2
F +

8 H r Ir2 - 4 R2M EllipticFBArcSinB
r H2 - r2 + 4 R2

2 H R
F,

4 R2

r2
F ì I4 H p2 R2M;

CFTotNdl@R_, H_, r_D := Theta@2 * R - rD * CFNdlAA@R, H, rD + Theta@H - rD * Theta@r - 2 * RD *

CFNdlBB@R, H, rD + ThetaB H^2 + 4 * R^2 - rF * Theta@r - HD * CFNdlCC@R, H, rD;

Simplify@ExpandAll@HCFNdlAA@R, H, rDLDD

1

24 H p r R2
3 r FactorA8 H p R2 - 4 p r R2E + Ir2 + 2 R2M -r2 + 4 R2 + 8 R2 Ir2 - R2M ArcSinB

r

2 R
F -

16 H R Ir2 + 4 R2M EllipticEB
r2

4 R2
F - 16 H R Ir2 - 4 R2M EllipticKB

r2

4 R2
F

Simplify@ExpandAll@HCFNdlBB@R, H, rDLDD

1

6 H p r R2

FactorA6 H p r R2 - 3 p R4E - 2 H r Ir2 + 4 R2M EllipticEB
4 R2

r2
F + 2 H r Ir2 - 4 R2M EllipticKB

4 R2

r2
F

1

6 H p r R2
3 p R2 I2 H r - R2M - 2 H r Ir2 + 4 R2M EllipticEB

4 R2

r2
F + 2 H r Ir2 - 4 R2M EllipticKB

4 R2

r2
F

Simplify@ExpandAll@HCFNdlCC@R, H, rDLDD
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1

24 H p r R2
FactorA12 H2 p R2 + 12 p r2 R2 - 12 p R4E + FactorB-H2 -IH2 - r2M IH2 - r2 + 4 R2M +

5 r2 -IH2 - r2M IH2 - r2 + 4 R2M + 26 R2 -IH2 - r2M IH2 - r2 + 4 R2M F + FactorB

-24 H2 R2 ArcSinB
-H2 + r2

2 R
F - 24 r2 R2 ArcSinB

-H2 + r2

2 R
F + 24 R4 ArcSinB

-H2 + r2

2 R
FF -

8 H r Ir2 + 4 R2M EllipticEBArcSinB
r H2 - r2 + 4 R2

2 H R
F,

4 R2

r2
F +

8 H r Ir2 - 4 R2M EllipticFBArcSinB
r H2 - r2 + 4 R2

2 H R
F,

4 R2

r2
F

DCFNdlAA@R_, H_, r_D :=
1

6 r2
p 3 8 R4 ArcCscB

2 R

r
F + r I3 r2 - 2 R2M -r2 + 4 R2 - 8 r R2 ArcSecB

2 R

r
F +

16 H R -2 Ir2 - 2 R2M EllipticEB
r2

4 R2
F + Ir2 - 4 R2M EllipticKB

r2

4 R2
F ì I4 H p2 R2M;

DCFNdlBB@R_, H_, r_D :=
1

3 r2
2 p 3 p R4 - 4 H r Ir2 - 2 R2M EllipticEB

4 R2

r2
F +

4 H r Ir2 - 4 R2M EllipticKB
4 R2

r2
F ì I4 H p2 R2M;

DCFNdlCC@R_, H_, r_D :=
1

6 r2
p IH2 + 7 r2 - 26 R2M -HH - rL HH + rL IH2 - r2 + 4 R2M +

24 R2 I-H2 + r2 + R2M ArcSecB
2 R

-H2 + r2
F +

16 H r -Ir2 - 2 R2M EllipticEBArcCscB
2 H R

r H2 - r2 + 4 R2
F,

4 R2

r2
F +

Ir2 - 4 R2M EllipticFBArcCscB
2 H R

r H2 - r2 + 4 R2
F,

4 R2

r2
F ì I4 H p2 R2M;
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DDCFNdlAA@R_, H_, r_D :=

1

3 r3
p 3 r I3 r2 + 2 R2M -r2 + 4 R2 - 24 R4 ArcCscB

2 R

r
F + 8 H R -2 Ir2 + 4 R2M EllipticEB

r2

4 R2
F +

Ir2 + 8 R2M EllipticKB
r2

4 R2
F ì I4 H p2 R2M; DDCFNdlBB@R_, H_, r_D :=

-
1

3 r3
4 p 3 p R4 + 2 H r Ir2 + 4 R2M EllipticEB

4 R2

r2
F - 2 H r Ir2 + 2 R2M EllipticKB

4 R2

r2
F ì

I4 H p2 R2M; DDCFNdlCC@R_, H_, r_D :=

p HH - rL HH + rL IH2 + r2 - 26 R2M IH2 - r2 + 4 R2M +

24 HH - RL R2 HH + RL -HH - rL HH + rL IH2 - r2 + 4 R2M ArcSecB
2 R

-H2 + r2
F + 8 H r

-HH - rL HH + rL IH2 - r2 + 4 R2M -Ir2 + 4 R2M EllipticEBArcCscB
2 H R

r H2 - r2 + 4 R2
F,

4 R2

r2
F + Ir2 + 2 R2M EllipticFBArcCscB

2 H R

r H2 - r2 + 4 R2
F,

4 R2

r2
F ì

K3 r3 I-H2 + r2M IH2 - r2 + 4 R2M O ì I4 H p2 R2M;

the limit CF of the cylinder of negligible diameter

FullSimplify@Series@CFNdlBB@R, H, rD, 8R, 0, 6<D, Assumptions Ø 80 < r < H<D

HH - rL R2

2 H r2
+

R4

4 r4
+

5 R6

16 r6
+ O@RD7

supefCFDNdl@R_, H_, r_D :=
HH - rL R2

2 H r2
;

THE DISK CASE    0 <  H < 2R  
ATTENTION:  THE PREVIOUS EXPRESSION OF THE CFs HAVE BEEN DIVIDED BY 4p 
TO GET THE CORRECT NORMALIZATION OF 1 AT R=0.

FullSimplify@Limit@CFDskAA@R, H, rD, r Ø 0, Direction Ø -1D, Assumptions Ø 8R > 0 && H > 0<D

1
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Theta@x_D := If@x > 0, 1, 0D;
NormFactCyl@R_, H_D := 4 * p^2 * R^2 * H; CFDskAA@R_, H_, r_D :=

-
1

6 r
p -3 r 8 H p R2 - 4 p r R2 + Ir2 + 2 R2M -r2 + 4 R2 + 8 R2 Ir2 - R2M ArcSinB

r

2 R
F + 16 H R

Ir2 + 4 R2M EllipticEB
r2

4 R2
F + 16 H R Ir2 - 4 R2M EllipticKB

r2

4 R2
F ì I4 H p2 R2M; CFDskBB@

R_, H_, r_D :=
1

6 r
p 12 p R4 +

-H2 + r2

H2 - r2 + 4 R2
I-H4 + H2 I6 r2 + 22 R2M + 3 Ir4 - 2 r2 R2 - 8 R4MM -

3 4 p R4 - r Ir2 + 2 R2M -r2 + 4 R2 + 8 Hr - RL R2 Hr + RL ArcCosB
r

2 R
F + 24 R2 IH2 + r2 - R2M

ArcCosB
-H2 + r2

2 R
F + 16 H R I-r2 - 4 R2M EllipticEBArcSinB

2 H R

r H2 - r2 + 4 R2
F,

r2

4 R2
F -

Ir2 - 4 R2M EllipticFBArcSinB
2 H R

r H2 - r2 + 4 R2
F,

r2

4 R2
F ì I4 H p2 R2M;

CFDskCC@R_, H_, r_D :=
1

6 r
p 12 H2 p R2 + 12 p r2 R2 - 12 p R4 - H2 I-H2 + r2M IH2 - r2 + 4 R2M +

5 r2 I-H2 + r2M IH2 - r2 + 4 R2M + 26 R2 I-H2 + r2M IH2 - r2 + 4 R2M -

24 H2 R2 ArcSinB
-H2 + r2

2 R
F - 24 r2 R2 ArcSinB

-H2 + r2

2 R
F + 24 R4 ArcSinB

-H2 + r2

2 R
F -

8 H r Ir2 + 4 R2M EllipticEBArcSinB
r H2 - r2 + 4 R2

2 H R
F,

4 R2

r2
F +

8 H r Ir2 - 4 R2M EllipticFBArcSinB
r H2 - r2 + 4 R2

2 H R
F,

4 R2

r2
F ì I4 H p2 R2M;

CFTotDsk@R_, H_, r_D := Theta@H - rD * CFTDskAA@R, H, rD + Theta@2 * R - rD * Theta@r - HD *

CFTDskBB@R, H, rD + ThetaB 4 * R^2 + H^2 - rF * Theta@r - 2 * RD * CFTDskAA@R, H, rD;

The limit CF when the cylinder becomes a disk
N.B. One must  multiply the cylinder CF by V,and then divide by H^2 amd p R^2 (and not by 2p R^2)  because one must
consider the area of S1, the limit of the cylinder. 
The approximation is 
Cylinder Cf  º   SuperCf x ( H^2 p R^2

pH R2
)  =  SuperCf x (H)

FullSimplify@Series@HCFDskBB@R, H, rD * p * R^2 * H ê HH^2 * p * R^2LL, 8H, 0, 1<D,
Assumptions Ø 80 < R && 0 < r < 2 R<D

supefCFDisk@R_, r_D :=
-

-r2+4 R2

R2
+

4 ArcSecB
2 R

r
F

r

4 p
;

NrmsupefCFDisk@R_, H_, r_D := supefCFDisk@R, rD * HH^2 * p * R^2L ê Hp * R^2 * HL;

CHECK
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CHECK

Simplify@Limit@CFDskAA@R, H, rD, r Ø 0, Direction Ø -1D, Assumptions Ø 8R > 0 && H > 0<D

FullSimplify@Limit@CFDskBB@R, H, rD, r Ø H, Direction Ø -1D -
Limit@CFDskAA@R, H, rD, r Ø H, Direction Ø 1D, Assumptions Ø 8R > 0 && H > 0 && H < 2 R<D

?? ?????

FullSimplify@Simplify@HCFDskBB@R, H, rDL ê. 8r Ø H<, Assumptions Ø 80 < H < 2 R<D - Simplify@
HCFDskAA@R, H, rDL ê. 8r Ø H<, Assumptions Ø 80 < H < 2 R<D, Assumptions Ø 80 < H < 2 R<D

FullSimplify@Simplify@HCFDskCC@R, H, rDL ê. 8r Ø 2 R<, Assumptions Ø 80 < H < 2 R<D - Simplify@
HCFDskBB@R, H, rDL ê. 8r Ø 2 R<, Assumptions Ø 80 < H < 2 R<D, Assumptions Ø 80 < H < 2 R<D

Simplify@HCFDskBB@R, H, rDL ê. 8r Ø 2 R<, Assumptions Ø 80 < H < 2 R<D

Series@FullSimplify@HCFDskCC@R, H, rDL ê. 8r Ø 2 R + d<,
Assumptions Ø 80 < H < 2 R && d > 0<D, 8d, 0, 2<D

FullSimplify@Limit@CFDskCC@R, H, rD, r Ø 2 R, Direction Ø -1D -
Limit@CFDskBB@R, H, rD, r Ø 2 R, Direction Ø 1D, Assumptions Ø 8R > 0 && H > 0 && H < 2 R<D

FullSimplifyBLimitBCFDskCC@R, H, rD, r Ø 4 R2 + H2 , Direction Ø 1F,

Assumptions Ø 8R > 0 && H > 0 && H < 2 R<F

simplification of CFDiskBB

FullSimplifyBSinBp ê 2 - ArcSinB
-H2 + r2

2 R
F - ArcCosB

-H2 + r2

2 R
FF,

Assumptions Ø 80 < H < r < 2 R<F

FullSimplifyBSinBArcCosB
r

2 R
F - p ê 2 - ArcSinB

r

2 R
F F, Assumptions Ø 80 < H < r < 2 R<F

SimplifyBExpandAllBHCFDskBB@R, H, rDL ê. :ArcCosB
-H2 + r2

2 R
F Ø p ê 2 - ArcSinB

-H2 + r2

2 R
F ,

ArcCosB
r

2 R
F Ø p ê 2 - ArcSinB

r

2 R
F >F, Assumptions Ø 80 < H < r < 2 R<F
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1

24 H p r R2
12 H2 p R2 + FactorB3 r3 -r2 + 4 R2 + 6 r R2 -r2 + 4 R2 F +

FactorB-H4
-H2 + r2

H2 - r2 + 4 R2
+ 6 H2 r2

-H2 + r2

H2 - r2 + 4 R2
+ 3 r4

-H2 + r2

H2 - r2 + 4 R2
+

22 H2 R2
-H2 + r2

H2 - r2 + 4 R2
- 6 r2 R2

-H2 + r2

H2 - r2 + 4 R2
- 24 R4

-H2 + r2

H2 - r2 + 4 R2
F +

FactorB24 r2 R2 ArcSinB
r

2 R
F - 24 R4 ArcSinB

r

2 R
FF + FactorB

-24 H2 R2 ArcSinB
-H2 + r2

2 R
F - 24 r2 R2 ArcSinB

-H2 + r2

2 R
F + 24 R4 ArcSinB

-H2 + r2

2 R
FF -

16 H R Ir2 + 4 R2M EllipticEBArcSinB
2 H R

r H2 - r2 + 4 R2
F,

r2

4 R2
F -

16 H R Ir2 - 4 R2M EllipticFBArcSinB
2 H R

r H2 - r2 + 4 R2
F,

r2

4 R2
F

simplification of CFDskCC

HCFDskCC@R, H, rDL

1

24 H p r R2
FactorA12 H2 p R2 + 12 p r2 R2 - 12 p R4E + FactorB-H2 I-H2 + r2M IH2 - r2 + 4 R2M +

5 r2 I-H2 + r2M IH2 - r2 + 4 R2M + 26 R2 I-H2 + r2M IH2 - r2 + 4 R2M F + FactorB

-24 H2 R2 ArcSinB
-H2 + r2

2 R
F - 24 r2 R2 ArcSinB

-H2 + r2

2 R
F + 24 R4 ArcSinB

-H2 + r2

2 R
FF -

8 H r Ir2 + 4 R2M EllipticEBArcSinB
r H2 - r2 + 4 R2

2 H R
F,

4 R2

r2
F +

8 H r Ir2 - 4 R2M EllipticFBArcSinB
r H2 - r2 + 4 R2

2 H R
F,

4 R2

r2
F
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DCFDskAA@R_, H_, r_D :=
1

6 r2
p 3 8 R4 ArcCscB

2 R

r
F + r I3 r2 - 2 R2M -r2 + 4 R2 - 8 r R2 ArcSecB

2 R

r
F +

16 H R -2 Ir2 - 2 R2M EllipticEB
r2

4 R2
F + Ir2 - 4 R2M EllipticKB

r2

4 R2
F ì I4 H p2 R2M;

DCFDskBB@R_, H_, r_D := -
1

6 r3 I-H2 + r2 - 4 R2M
p

r 9 H2 r3 -r2 + 4 R2 - 9 r5 -r2 + 4 R2 - 6 H2 r R2 -r2 + 4 R2 +

42 r3 R2 -r2 + 4 R2 - 24 r R4 -r2 + 4 R2 + H4 I-H2 + r2M IH2 - r2 + 4 R2M +

6 H2 r2 I-H2 + r2M IH2 - r2 + 4 R2M + 9 r4 I-H2 + r2M IH2 - r2 + 4 R2M -

22 H2 R2 I-H2 + r2M IH2 - r2 + 4 R2M - 42 r2 R2 I-H2 + r2M IH2 - r2 + 4 R2M +

24 R4 I-H2 + r2M IH2 - r2 + 4 R2M - 24 R2 Ir2 + R2M IH2 - r2 + 4 R2M ArcSecB
2 R

r
F -

24 R2 IH4 + r4 - 3 r2 R2 - 4 R4 + H2 I-2 r2 + 3 R2MM ArcSecB
2 R

-H2 + r2
F -

32 H r R Ir2 - 2 R2M IH2 - r2 + 4 R2M EllipticEBArcSinB
2 H R

r H2 - r2 + 4 R2
F,

r2

4 R2
F -

32 H R2 I-r2 + 4 R2M IH2 - r2 + 4 R2M

EllipticFBArcSinB
H

H2 - r2 + 4 R2
F,

4 R2

r2
F ì I4 H p2 R2M;

DCFDskCC@R_, H_, r_D :=

1

6 r2
p IH2 + 7 r2 - 26 R2M -HH - rL HH + rL IH2 - r2 + 4 R2M + 24 R2 I-H2 + r2 + R2M

ArcSecB
2 R

-H2 + r2
F + 16 H r -Ir2 - 2 R2M EllipticEBArcCscB

2 H R

r H2 - r2 + 4 R2
F,

4 R2

r2
F +

Ir2 - 4 R2M EllipticFBArcCscB
2 H R

r H2 - r2 + 4 R2
F,

4 R2

r2
F ì I4 H p2 R2M;
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DDCFDskAA@R_, H_, r_D :=
1

3 r3
p 3 r I3 r2 + 2 R2M -r2 + 4 R2 - 24 R4 ArcCscB

2 R

r
F +

8 H R -2 Ir2 + 4 R2M EllipticEB
r2

4 R2
F + Ir2 + 8 R2M EllipticKB

r2

4 R2
F ì I4 H p2 R2M;

DDCFDskBB@R_, H_, r_D :=
1

3 r4 I-H2 + r2 - 4 R2M
p r H4 I-H2 + r2M IH2 - r2 + 4 R2M -

3 I3 r4 - 10 r2 R2 - 8 R4M -r -r2 + 4 R2 + -HH - rL HH + rL IH2 - r2 + 4 R2M -

H2 9 r3 -r2 + 4 R2 + 2 R2 3 r -r2 + 4 R2 + 11 I-H2 + r2M IH2 - r2 + 4 R2M +

24 R2 IH2 - r2 + 4 R2M -R2 ArcSecB
2 R

r
F + I-H2 + R2M ArcSecB

2 R

-H2 + r2
F +

16 H R IH2 - r2 + 4 R2M r2 R EllipticEBArcSinB
H

H2 - r2 + 4 R2
F,

4 R2

r2
F +

Ir2 + 2 R2M r EllipticEBArcSinB
2 H R

r H2 - r2 + 4 R2
F,

r2

4 R2
F -

2 R EllipticFBArcSinB
H

H2 - r2 + 4 R2
F,

4 R2

r2
F ì I4 H p2 R2M;

DDCFDskCC@R_, H_, r_D := p HH - rL HH + rL IH2 + r2 - 26 R2M IH2 - r2 + 4 R2M +

24 HH - RL R2 HH + RL -HH - rL HH + rL IH2 - r2 + 4 R2M ArcSecB
2 R

-H2 + r2
F +

8 H r -HH - rL HH + rL IH2 - r2 + 4 R2M

-Ir2 + 4 R2M EllipticEBArcCscB
2 H R

r H2 - r2 + 4 R2
F,

4 R2

r2
F +

Ir2 + 2 R2M EllipticFBArcCscB
2 H R

r H2 - r2 + 4 R2
F,

4 R2

r2
F ì

K3 r3 I-H2 + r2M IH2 - r2 + 4 R2M O ì I4 H p2 R2M ;

Expand@supefCFDisk@R, rDD

Simplify@Series@supefCFDisk@R, rD, 8r, 0, 2<D, Assumptions Ø 80 < H && 0 < R<D

FIGURES FOR THE DISK AND THE NEEDLE CASES
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VolDisk@R_, H_D := p * R^2 * H;

PolynomApprNdl@R_, H_, r_D := 1 - H2 p R^2 + 2 p R HL * r ê H4 * VolDisk@R, HDL +
r^3 H2 p R^2 + 2 p R HL
H3 * H2 p R HL ê HH2 * RL^2LL ê H16 H2 p R^2 + 2 p R HLL ê H6 * VolDisk@R, HDL;

PolynomApprDisk@R_, H_, r_D := PolynomApprNdl@R, H, rD;

meanradiusAA@R_, H_D := 1 ê Sqrt@HH2 p R HL ê HRL^2L ê H2 p R^2 + 2 p R HLD;

THE NEEDLE CASE
With@8R = 1 ê 10, H = 1<, N@R ê meanradiusAA@R, HDDD

FullSimplify@Limit@CFNdlAA@R, H, rD, r Ø 0, Direction Ø -1D, Assumptions Ø 8R > 0 && H > 0<D

PlottSurfCF = With@8R = 1 ê 100, H = 2<, ParametricPlot@88r, supefCFDNdl@R, H, rD<<,
8r, 2 R, H<, PlotRange Ø 880, 2.1<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.002D, Red<, AspectRatio Ø 1DD;

PlottaaAA = With@8R = 1 ê 100, H = 2<, ParametricPlot@88r, CFNdlAA@R, H, rD<<,
8r, 1 ê 2 000 000, 2 R - 1 ê 2 000 000<,
PlotRange Ø 880, 2.1<, 8-0.02, 1.1<<, PlotStyle Ø 8Thickness@0.004D, Blue<,
AspectRatio Ø 1, AxesLabel Ø 8"r", "gHrL"<DD

PlottaaAAaa = With@8R = 1 ê 100, H = 2<, ParametricPlot@88r, PolynomApprNdl@R, H, rD<<,
8r, 1 ê 2 000 000, 2 R - 1 ê 2 000 000<,
PlotRange Ø 880, 2.1<, 8-0.02, 1.1<<, PlotStyle Ø 8Thickness@0.002D, Green<,
AspectRatio Ø 1, AxesLabel Ø 8"r", "gHrL"<DD

PlottaaBB = With@8R = 1 ê 100, H = 2<, ParametricPlot@88r, CFNdlBB@R, H, rD<<,
8r, 2 R - 1 ê 2 000 000, H - 1 ê 2 000 000<, PlotRange Ø 880, 2.1<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.004D, Blue<, AspectRatio Ø 1DD

PlottaaCC = With@8R = 1 ê 100, H = 2<, ParametricPlot@88r, CFNdlCC@R, H, rD<<,
8r, H + 1 ê 2 000 000, Sqrt@4 R^2 + H^2D<, PlotRange Ø 880, 2.1<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.004D, Blue<, AspectRatio Ø 1DD

PlottRsupCF =
With@8R = 1 ê 100, H = 2<, ParametricPlot@88r, 10 000 * Hr^2 * supefCFDNdl@R, H, rDL<<,

8r, H, 2 R<, PlotRange Ø 880, 2.1<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.002D, Dashing@80.04, 0.01<D, Red<, AspectRatio Ø 1DD;

PlottRsupCFaa = With@8R = 1 ê 100, H = 2<,
ParametricPlot@88r, 10 000 * Hr^2 * PolynomApprNdl@R, H, rDL<<,
8r, 0, 2 R<, PlotRange Ø 880, 2.1<, 8-0.02, 1.1<<, PlotStyle Ø
8Thickness@0.002D, Dashing@80.04, 0.01<D, Green<, AspectRatio Ø 1DD; PlottRCFNdlAA =

With@8R = 1 ê 100, H = 2<, ParametricPlot@88r, 10 000 * Hr^2 * CFNdlAA@R, H, rDL<<,
8r, 0, 2 R - 1 ê 1 000 000<, PlotRange Ø 880, 2.1<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.002D, Dashing@80.04, 0.01<D, Blue<, AspectRatio Ø 1DD;

PlottRsCFNdlBB = With@8R = 1 ê 100, H = 2<,
ParametricPlot@88r, 10 000 * Hr^2 * CFNdlBB@R, H, rDL<<,
8r, 2 R + 1 ê 1 000 000, H - 1 ê 1 000 000<, PlotRange Ø 880, 2.1<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.002D, Dashing@80.04, 0.01<D, Blue<, AspectRatio Ø 1DD;

PlottRsCFNdlCC = WithB8R = 1 ê 100, H = 2<,

ParametricPlotB88r, 10 000 * r^2 * CFNdlCC@R, H, rD<<,

:r, H + 1 ê 1 000 000, 4 R^2 + H^2 >, PlotRange Ø 880, 2.1<, 8-0.02, 1.1<<,

PlotStyle Ø 8Thickness@0.002D, Dashing@80.04, 0.01<D, Blue<, AspectRatio Ø 1FF;

Show@PlottRsupCF, PlottRCFNdlAA, PlottRsCFNdlBB, PlottRsupCF, PlottRsupCFaaD
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PlottDiffaa = With@8R = 1 ê 200, H = 1<,
ParametricPlot@88r, CFNdlAA@R, H, rD - PolynomApprNdl@R, H, rD<<,
8r, 0, H - 1 ê 1 000 000<, PlotRange Ø 880, 1.1<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.004D, Dashing@80.01, 0.01<D, Magenta<, AspectRatio Ø 1DD;

PlottDiffbb = With@8R = 1 ê 200, H = 1<, ParametricPlot@
88r, CFNdlBB@R, H, rD - supefCFDNdl@R, H, rD<<,
8r, H + 1 ê 1 000 000, 2 R - 1 ê 1 000 000<, PlotRange Ø 880, 1.1<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.004D, Dashing@80.01, 0.01<D, Magenta<, AspectRatio Ø 1DD;

needlplot = Show@PlottaaAA, PlottaaBB, PlottaaCC,
PlottSurfCF, PlottDiffaa, PlottDiffbb, PlottRsupCF, PlottRsupCFaa,
PlottaaAAaa, PlottRCFNdlAA, PlottRsCFNdlBB, PlottRsCFNdlCCD

PlottSurfCF = With@8R = 1 ê 20, H = 1<, ParametricPlot@88r, supefCFDNdl@R, H, rD<<,
8r, 2 R, H<, PlotRange Ø 880, 1.1<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.002D, Red<, AspectRatio Ø 1DD;

PlottaaAA = With@8R = 1 ê 20, H = 1<, ParametricPlot@88r, CFNdlAA@R, H, rD<<,
8r, 1 ê 2 000 000, 2 R - 1 ê 2 000 000<,
PlotRange Ø 880, 1.1<, 8-0.02, 1.1<<, PlotStyle Ø 8Thickness@0.004D, Blue<,
AspectRatio Ø 1, AxesLabel Ø 8"r", "gHrL"<DD;

PlottaaAAaa = With@8R = 1 ê 20, H = 1<, ParametricPlot@88r, PolynomApprNdl@R, H, rD<<,
8r, 1 ê 2 000 000, 2 R - 1 ê 2 000 000<, PlotRange Ø 880, 1.1<, 8-0.02, 1.1<<, PlotStyle Ø
8Thickness@0.002D, Green<, AspectRatio Ø 1, AxesLabel Ø 8"r", "gHrL"<DD;

PlottaaBB = With@8R = 1 ê 20, H = 1<, ParametricPlot@88r, CFNdlBB@R, H, rD<<,
8r, 2 R - 1 ê 2 000 000, H - 1 ê 2 000 000<, PlotRange Ø 880, 1.1<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.004D, Blue<, AspectRatio Ø 1DD;

PlottaaCC = With@8R = 1 ê 20, H = 1<, ParametricPlot@88r, CFNdlCC@R, H, rD<<,
8r, H + 1 ê 2 000 000, Sqrt@4 R^2 + H^2D<, PlotRange Ø 880, 1.1<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.004D, Blue<, AspectRatio Ø 1DD ;

Show@PlottaaAA, PlottaaBB, PlottaaCC, PlottSurfCF, PlottaaAAaaD

PlottDiffaa = With@8R = 1 ê 20, H = 1<,
ParametricPlot@88r, CFNdlAA@R, H, rD - PolynomApprNdl@R, H, rD<<,
8r, 0, H - 1 ê 1 000 000<, PlotRange Ø 880, 1.1<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.004D, Dashing@80.01, 0.01<D, Magenta<, AspectRatio Ø 1DD;

PlottDiffbb = With@8R = 1 ê 20, H = 1<, ParametricPlot@
88r, CFNdlBB@R, H, rD - supefCFDNdl@R, H, rD<<,
8r, H + 1 ê 1 000 000, 2 R - 1 ê 1 000 000<, PlotRange Ø 880, 1.1<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.004D, Dashing@80.01, 0.01<D, Magenta<, AspectRatio Ø 1DD

needlplot = Show@PlottaaAA, PlottaaBB, PlottaaCC,
PlottSurfCF, PlottDiffaa, PlottDiffbb, PlottRsupCF, PlottRsupCFaa,
PlottaaAAaa, PlottRCFNdlAA, PlottRsCFNdlBB, PlottRsCFNdlCCD

needlplot = Show@PlottaaAA, PlottaaBB, PlottaaCC,
PlottSurfCF, PlottDiffaa, PlottDiffbb, PlottRsupCF, PlottRsupCFaa,
PlottaaAAaa, PlottRCFNdlAA, PlottRsCFNdlBB, PlottRsCFNdlCCD

Export@"FigNdl.eps", needlplotD

Show@PlottaaAAaa, PlottaaAA, PlottSurfCF, PlottaaBB, PlottaaCCD
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PlottDiffaa = With@8R = 1 ê 20, H = 1<,
ParametricPlot@88r, 15 * HCFNdlAA@R, H, rD - PolynomApprNdl@R, H, rDL<<,
8r, 0, H - 1 ê 1 000 000<, PlotRange Ø 880, 1.1<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.006D, Dashing@80.01, 0.02<D, Blue<, AspectRatio Ø 1DD;

PlottDiffbb = With@8R = 1 ê 20, H = 1<, ParametricPlot@
88r, 15 * HCFNdlBB@R, H, rD - supefCFDNdl@R, H, rDL<<,
8r, H + 1 ê 1 000 000, 2 R - 1 ê 1 000 000<, PlotRange Ø 880, 1.1<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.004D, Dashing@80.01, 0.02<D, Red<, AspectRatio Ø 1DD;

PlottSurfCF = With@8R = 1 ê 20, H = 1<, ParametricPlot@88r, supefCFDNdl@R, H, rD<<,
8r, 2 R, H<, PlotRange Ø 880, 1.1<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.003D, Red<, AspectRatio Ø 1DD;

PlottaaAA = With@8R = 1 ê 20, H = 1<, ParametricPlot@88r, CFNdlAA@R, H, rD<<,
8r, 1 ê 2 000 000, 2 R - 1 ê 2 000 000<,
PlotRange Ø 880, 1.1<, 8-0.02, 1.1<<, PlotStyle Ø 8Thickness@0.002D, Black<,
AspectRatio Ø 1, AxesLabel Ø 8"r", "gHrL"<DD; H* *L

PlottaaAAaa = With@8R = 1 ê 20, H = 1<, ParametricPlot@88r, PolynomApprNdl@R, H, rD<<,
8r, 1 ê 2 000 000, 2 R - 1 ê 2 000 000<, PlotRange Ø 880, 1.1<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.006D, Blue,

Dashing@80.04, 0.06<D<
, AspectRatio Ø 1, AxesLabel Ø 8"r", "gHrL"<DD ; H* *L

PlottaaBB = With@8R = 1 ê 20, H = 1<, ParametricPlot@88r, CFNdlBB@R, H, rD<<,
8r, 2 R - 1 ê 2 000 000, H - 1 ê 2 000 000<, PlotRange Ø 880, 1.1<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.002D, Black<, AspectRatio Ø 1DD;

PlottaaCC = With@8R = 1 ê 20, H = 1<, ParametricPlot@88r, CFNdlCC@R, H, rD<<,
8r, H + 1 ê 2 000 000, Sqrt@4 R^2 + H^2D<, PlotRange Ø 880, 1.1<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.002D, Black<, AspectRatio Ø 1DD ; PlottRsupCF =

With@8R = 1 ê 20, H = 1<, ParametricPlot@88r, 300 * r^2 * supefCFDNdl@R, H, rD<<,
8r, H, 2 R<, PlotRange Ø 880, 1.1<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.004D, Dashing@80.04, 0.01, 0.01, 0.01<D, Red<,
AspectRatio Ø 1DD; PlottRsupCFaa =

With@8R = 1 ê 20, H = 1<, ParametricPlot@88r, 300 * r^2 * PolynomApprNdl@R, H, rD<<,
8r, 0, 2 R<, PlotRange Ø 880, 1.1<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.004D, Dashing@80.04, 0.01, 0.01, 0.01<D, Blue<,
AspectRatio Ø 1DD; PlottRCFNdlAA =

With@8R = 1 ê 20, H = 1<, ParametricPlot@88r, 300 * r^2 * CFNdlAA@R, H, rD<<,
8r, 0, 2 R - 1 ê 1 000 000<, PlotRange Ø 880, 1.1<, 8-0.02, 1.1<<, PlotStyle Ø
8Thickness@0.003D, Dashing@80.04, 0.01, 0.01, 0.01<D, Black<, AspectRatio Ø 1DD;

PlottRsCFNdlBB = With@8R = 1 ê 20, H = 1<, ParametricPlot@
88r, 300 * r^2 * CFNdlBB@R, H, rD<<,
8r, 2 R + 1 ê 1 000 000, H - 1 ê 1 000 000<, PlotRange Ø 880, 1.1<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.003D, Dashing@80.04, 0.01, 0.01, 0.01<D, Black<,
AspectRatio Ø 1DD; PlottRsCFNdlCC =

WithB8R = 1 ê 20, H = 1<, ParametricPlotB88r, 300 * r^2 * CFNdlCC@R, H, rD<<,

:r, H + 1 ê 1 000 000, 4 R^2 + H^2 >, PlotRange Ø 880, 1.1<, 8-0.02, 1.1<<,

PlotStyle Ø 8Thickness@0.002D, Dashing@80.04, 0.01<D, Blue<, AspectRatio Ø 1FF;

needlplot = Show@PlottaaAAaa, PlottaaAA, PlottSurfCF, PlottaaBB, PlottaaCC, PlottRsupCF,
PlottRCFNdlAA, PlottRsCFNdlBB, PlottRsupCF, PlottRsupCFaa, PlottDiffaa, PlottDiffbbD
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Export@"Fig3.eps", needlplotD

Fig3.eps

THE DISK CASE 
With@8R = 1, H = 2 ê 10<, N@H ê meanradiusAA@R, HDDD

0.0816497

FullSimplify@Limit@CFDskAA@R, H, rD, r Ø 0, Direction Ø -1D, Assumptions Ø 8R > 0 && H > 0<D

PlottSurfCF = With@8R = 1, H = 0.2<, ParametricPlot@88r, supefCFDisk@R, H, rD<<,
8r, H + 1 ê 1 000 000, 2 R - 1 ê 1 000 000<, PlotRange Ø 880, 2.5<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.004D, Red<, AspectRatio Ø 1DD;

PlottaaAA = With@8R = 1, H = 0.2<, ParametricPlot@88r, CFDskAA@R, H, rD<<,
8r, 1 ê 1 000 000, H - 1 ê 1 000 000<, PlotRange Ø 880, 2.5<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.004D, Blue<, AspectRatio Ø 1, AxesLabel Ø 8"r", "gHrL"<DD;

PlottaaAAaa = With@8R = 1, H = 0.2<, ParametricPlot@88r, PolynomApprDisk@R, H, rD<<,
8r, 1 ê 1 000 000, H - 1 ê 1 000 000<, PlotRange Ø 880, 2.5<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.004D, Green<, AspectRatio Ø 1, AxesLabel Ø 8"r", "gHrL"<DD;

PlottaaBB = With@8R = 1, H = 0.2<, ParametricPlot@88r, CFDskBB@R, H, rD<<,
8r, H + 1 ê 1 000 000, 2 R - 1 ê 1 000 000<, PlotRange Ø 880, 2.5<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.004D, Blue<, AspectRatio Ø 1DD;

PlottaaCC = With@8R = 1, H = 0.2<, ParametricPlot@88r, CFDskCC@R, H, rD<<,
8r, 2 R + 1 ê 1 000 000, Sqrt@4 R^2 + H^2D<, PlotRange Ø 880, 2.5<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.004D, Blue<, AspectRatio Ø 1DD ;

Show@PlottaaAA, PlottaaBB, PlottaaCC, PlottSurfCF, PlottaaAAaaD;
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PlottRsupCF = With@8R = 1, H = 0.2<, ParametricPlot@88r, 10 * r * supefCFDisk@R, H, rD<<,
8r, H, 2 R<, PlotRange Ø 880, 2.5<, 8-0.02, 1.1<<, PlotStyle Ø
8Thickness@0.002D, Dashing@80.04, 0.01<D, Red<, AspectRatio Ø 1DD; PlottRsupCFaa =

With@8R = 1, H = 0.2<, ParametricPlot@88r, 10 * r * PolynomApprDisk@R, H, rD<<,
8r, 0, H<, PlotRange Ø 880, 2.5<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.002D, Dashing@80.04, 0.01<D, Green<, AspectRatio Ø 1DD;

PlottRCFDskAA = With@8R = 1, H = 0.2<, ParametricPlot@88r, 10 * r * CFDskAA@R, H, rD<<,
8r, 0, H<, PlotRange Ø 880, 2.5<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.002D, Dashing@80.04, 0.01<D, Blue<, AspectRatio Ø 1DD;

PlottRsCFDskBB = With@8R = 1, H = 0.2<, ParametricPlot@88r, 10 * r * CFDskBB@R, H, rD<<,
8r, H, 2 R<, PlotRange Ø 880, 2.5<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.002D, Dashing@80.04, 0.01<D, Blue<, AspectRatio Ø 1DD;

PlottRsCFDskCC = WithB8R = 1, H = 0.2<, ParametricPlotB88r, 10 * r * CFDskCC@R, H, rD<<,

:r, 2 R, 4 R^2 + H^2 >, PlotRange Ø 880, 2.5<, 8-0.02, 1.1<<,

PlotStyle Ø 8Thickness@0.002D, Dashing@80.04, 0.01<D, Blue<, AspectRatio Ø 1FF;

Show@PlottRsupCF, PlottRCFDskAA, PlottRsCFDskBB, PlottRsCFDskCC, PlottRsupCFaaD;

PlottDiffaa = With@8R = 1, H = 0.2<,
ParametricPlot@88r, HCFDskAA@R, H, rD - PolynomApprDisk@R, H, rDL<<,
8r, 0, H<, PlotRange Ø 880, 2.5<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.004D, Dashing@80.01, 0.01<D, Magenta<, AspectRatio Ø 1DD;

PlottDiffbb = With@8R = 1, H = 0.2<, ParametricPlot@
88r, HCFDskBB@R, H, rD - supefCFDisk@R, H, rDL<<,
8r, H, 2 R<, PlotRange Ø 880, 2.5<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.004D, Dashing@80.01, 0.01<D, Magenta<, AspectRatio Ø 1DD;

diskplot = Show@PlottaaAA, PlottaaBB, PlottaaCC, PlottSurfCF, PlottDiffaa, PlottDiffbb,
PlottRsupCF, PlottRsupCFaa, PlottaaAAaa, PlottRCFDskAA, PlottRsCFDskBB, PlottRsCFDskCCD

Export@"FigDisk.eps", diskplotD

FigDisk.eps

PlottSurfCF = With@8R = 1, H = 0.2<, ParametricPlot@88r, NrmsupefCFDisk@R, H, rD<<,
8r, H + 1 ê 1 000 000, 2 R - 1 ê 1 000 000<, PlotRange Ø 880, 2.5<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.004D, Red<, AspectRatio Ø 1DD;

PlottaaAA = With@8R = 1, H = 0.2<, ParametricPlot@88r, CFDskAA@R, H, rD<<,
8r, 1 ê 1 000 000, H - 1 ê 1 000 000<, PlotRange Ø 880, 2.5<, 8-0.02, 1.1<<, PlotStyle Ø
8Thickness@0.002D, Black<, AspectRatio Ø 1, AxesLabel Ø 8"r", "gHrL"<DD;

PlottaaAAaa = With@8R = 1, H = 0.2<, ParametricPlot@88r, PolynomApprDisk@R, H, rD<<,
8r, 1 ê 1 000 000, H - 1 ê 1 000 000<,
PlotRange Ø 880, 2.5<, 8-0.02, 1.1<<, PlotStyle Ø 8Thickness@0.006D, Blue,

Dashing@80.04, 0.06<D<, AspectRatio Ø 1, AxesLabel Ø 8"r", "gHrL"<DD;
PlottaaBB = With@8R = 1, H = 0.2<, ParametricPlot@88r, CFDskBB@R, H, rD<<,

8r, H + 1 ê 1 000 000, 2 R - 1 ê 1 000 000<, PlotRange Ø 880, 2.5<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.002D, Black<, AspectRatio Ø 1DD;

PlottaaCC = With@8R = 1, H = 0.2<, ParametricPlot@88r, CFDskCC@R, H, rD<<,
8r, 2 R + 1 ê 1 000 000, Sqrt@4 R^2 + H^2D<, PlotRange Ø 880, 2.5<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.002D, Black<, AspectRatio Ø 1DD ;

Show@PlottSurfCF, PlottaaAAaa, PlottaaAA, PlottaaBB, PlottaaCCD
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PlottRsupCF =
With@8R = 1, H = 0.2<, ParametricPlot@88r, 10 * r * NrmsupefCFDisk@R, H, rD<<,

8r, H, 2 R<, PlotRange Ø 880, 2.5<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.004D, Dashing@80.04, 0.01, 0.01, 0.01<D, Red<,
AspectRatio Ø 1DD; PlottRsupCFaa =

With@8R = 1, H = 0.2<, ParametricPlot@88r, 10 * r * PolynomApprDisk@R, H, rD<<,
8r, 0, H<, PlotRange Ø 880, 2.5<, 8-0.02, 1.1<<, PlotStyle Ø
8Thickness@0.004D, Dashing@80.04, 0.01, 0.01, 0.01<D, Blue<, AspectRatio Ø 1DD;

PlottRCFDskAA = With@8R = 1, H = 0.2<, ParametricPlot@88r, 10 * r * CFDskAA@R, H, rD<<,
8r, 0, H<, PlotRange Ø 880, 2.5<, 8-0.02, 1.1<<, PlotStyle Ø
8Thickness@0.003D, Dashing@80.04, 0.01, 0.01, 0.01<D, Black<, AspectRatio Ø 1DD;

PlottRsCFDskBB = With@8R = 1, H = 0.2<, ParametricPlot@88r, 10 * r * CFDskBB@R, H, rD<<,
8r, H, 2 R<, PlotRange Ø 880, 2.5<, 8-0.02, 1.1<<, PlotStyle Ø
8Thickness@0.003D, Dashing@80.04, 0.01, 0.01, 0.01<D, Black<, AspectRatio Ø 1DD;

PlottRsCFDskCC = WithB8R = 1, H = 0.2<, ParametricPlotB88r, 10 * r * CFDskCC@R, H, rD<<,

:r, 2 R, 4 R^2 + H^2 >, PlotRange Ø 880, 2.5<, 8-0.02, 1.1<<, PlotStyle Ø

8Thickness@0.003D, Dashing@80.04, 0.01, 0.01, 0.01<D, Black<, AspectRatio Ø 1FF;

Show@PlottRsupCF, PlottRCFDskAA, PlottRsCFDskBB, PlottRsCFDskCC, PlottRsupCFaaD;

PlottDiffaa = With@8R = 1, H = 0.2<,
ParametricPlot@88r, 15 * HCFDskAA@R, H, rD - PolynomApprDisk@R, H, rDL<<,
8r, 0, H<, PlotRange Ø 880, 2.5<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.004D, Dashing@80.01, 0.01<D, Blue<, AspectRatio Ø 1DD;

PlottDiffbb = With@8R = 1, H = 0.2<, ParametricPlot@
88r, 15 * HCFDskBB@R, H, rD - NrmsupefCFDisk@R, H, rDL<<,
8r, H, 2 R<, PlotRange Ø 880, 2.5<, 8-0.02, 1.1<<,
PlotStyle Ø 8Thickness@0.004D, Dashing@80.01, 0.01<D, Red<, AspectRatio Ø 1DD;

diskplot = Show@PlottaaAA, PlottaaBB, PlottaaCC,
PlottSurfCF, PlottDiffaa, PlottDiffbb, PlottRsupCF, PlottRsupCFaa,
PlottaaAAaa, PlottRCFDskAA, PlottRsCFDskBB, PlottRsCFDskCCD

0.5 1.0 1.5 2.0 2.5
r0.0

0.2

0.4

0.6

0.8

1.0

gHrL

Export@"Fig2.eps", diskplotD

Fig2.eps

Merano October 16  2015
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Merano October 16  2015

After  receiving the email  of  Gille  I  check that  eq.s  (100) -
(107), reported in the submitted ms, do really coincide with
expressions reported above.  

CFNdlAA@R_, H_, r_D :=

2 p2 R2 H2 H - rL +
p Ir2 + 2 R2M

2
-r2 + 4 R2 +

4 p R

3 r
3 R Ir2 - R2M ArcSinB

r

2 R
F -

2 H Ir2 + 4 R2M EllipticEB
r2

4 R2
F - 2 H Ir2 - 4 R2M EllipticKB

r2

4 R2
F ì I4 H p2 R2M;

CFNdlBB@R_, H_, r_D :=
2 p2 R2 I2 H r - R2M

r
-
4 p H Ir2 + 4 R2M

3
EllipticEB

4 R2

r2
F +

4 p H Ir2 - 4 R2M

3
EllipticKB

4 R2

r2
F ì I4 H p2 R2M;

CFNdlCC@R_, H_, r_D :=
1

6 r
p 12 H2 p R2 + 12 p r2 R2 - 12 p R4 - H2 I-H2 + r2M IH2 - r2 + 4 R2M +

5 r2 I-H2 + r2M IH2 - r2 + 4 R2M + 26 R2 I-H2 + r2M IH2 - r2 + 4 R2M -

24 H2 R2 ArcSinB
-H2 + r2

2 R
F - 24 r2 R2 ArcSinB

-H2 + r2

2 R
F + 24 R4 ArcSinB

-H2 + r2

2 R
F -

8 H r Ir2 + 4 R2M EllipticEBArcSinB
r H2 - r2 + 4 R2

2 H R
F,

4 R2

r2
F +

8 H r Ir2 - 4 R2M EllipticFBArcSinB
r H2 - r2 + 4 R2

2 H R
F,

4 R2

r2
F ì I4 H p2 R2M;

CFTotNdl@R_, H_, r_D := Theta@2 * R - rD * CFNdlAA@R, H, rD + Theta@H - rD * Theta@r - 2 * RD *

CFNdlBB@R, H, rD + ThetaB H^2 + 4 * R^2 - rF * Theta@r - HD * CFNdlCC@R, H, rD;
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Theta@x_D := If@x > 0, 1, 0D;
NormFactCyl@R_, H_D := 4 * p^2 * R^2 * H; CFDskAA@R_, H_, r_D :=

-
1

6 r
p -3 r 8 H p R2 - 4 p r R2 + Ir2 + 2 R2M -r2 + 4 R2 + 8 R2 Ir2 - R2M ArcSinB

r

2 R
F + 16 H R

Ir2 + 4 R2M EllipticEB
r2

4 R2
F + 16 H R Ir2 - 4 R2M EllipticKB

r2

4 R2
F ì I4 H p2 R2M; CFDskBB@

R_, H_, r_D :=
1

6 r
p 12 p R4 +

-H2 + r2

H2 - r2 + 4 R2
I-H4 + H2 I6 r2 + 22 R2M + 3 Ir4 - 2 r2 R2 - 8 R4MM -

3 4 p R4 - r Ir2 + 2 R2M -r2 + 4 R2 + 8 Hr - RL R2 Hr + RL ArcCosB
r

2 R
F + 24 R2 IH2 + r2 - R2M

ArcCosB
-H2 + r2

2 R
F + 16 H R I-r2 - 4 R2M EllipticEBArcSinB

2 H R

r H2 - r2 + 4 R2
F,

r2

4 R2
F -

Ir2 - 4 R2M EllipticFBArcSinB
2 H R

r H2 - r2 + 4 R2
F,

r2

4 R2
F ì I4 H p2 R2M;

CFDskCC@R_, H_, r_D :=
1

6 r
p 12 H2 p R2 + 12 p r2 R2 - 12 p R4 - H2 I-H2 + r2M IH2 - r2 + 4 R2M +

5 r2 I-H2 + r2M IH2 - r2 + 4 R2M + 26 R2 I-H2 + r2M IH2 - r2 + 4 R2M -

24 H2 R2 ArcSinB
-H2 + r2

2 R
F - 24 r2 R2 ArcSinB

-H2 + r2

2 R
F + 24 R4 ArcSinB

-H2 + r2

2 R
F -

8 H r Ir2 + 4 R2M EllipticEBArcSinB
r H2 - r2 + 4 R2

2 H R
F,

4 R2

r2
F +

8 H r Ir2 - 4 R2M EllipticFBArcSinB
r H2 - r2 + 4 R2

2 H R
F,

4 R2

r2
F ì I4 H p2 R2M;

CFTotDsk@R_, H_, r_D := Theta@H - rD * CFTDskAA@R, H, rD + Theta@2 * R - rD * Theta@r - HD *

CFTDskBB@R, H, rD + ThetaB 4 * R^2 + H^2 - rF * Theta@r - 2 * RD * CFTDskAA@R, H, rD;

Delta1@R_, r_D := 4 * R^2 - r^2 ; Delta2@r_, h_D := r^2 - h^2 ;

Delta3@r_, R_, h_D := 4 * R^2 + h^2 - r^2 ;
csi@r_, R_, h_D := r ê H2 * RL;
zeta@r_, R_, h_D := 2 * h * R ê Hr * Delta3@r, R, hDL H* this was wrong *L;
eta@r_, R_, h_D := Delta1@R, rD ê H2 * RL;
phi1@r_, R_, h_D := ArcSin@csi@r, R, hDD;
phi2@r_, R_, h_D := ArcSin@eta@r, R, hDD;
phi3@r_, R_, h_D := ArcSin@zeta@r, R, hDD;
phi4@r_, R_, h_D := ArcSin@Delta2@r, hD ê H2 * RLD;
phi5@r_, R_, h_D := ArcSin@r * Delta3@r, R, hD ê H2 * h * RLD;
Vic@R_, h_D := p * R^2 * h;
GA@r_, R_, h_D := H1 ê H24 * r * Vic@R, hDLL *

H3 * Hr * H4 * p * R^2 H2 * h - rL +
Hr^2 + 2 * R^2L * Delta1@R, rDL +

8 * R^2 * Hr^2 - R^2L * phi1@r, R, hDL -
16 * h * R * HHr^2 + 4 * R^2L * EllipticE@csi@r, R, hD^2D +

Hr^2 - 4 * R^2L * EllipticK@csi@r, R, hD^2DLL;
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GC@r_, R_, h_D := H1 ê H24 * r * Vic@R, hDLL * H12 * p * R^2 * Hh^2 + r^2 - R^2L -
Hh^2 - 5 * r^2 - 26 * R^2L * Delta2@r, hD * Delta3@r, R, hD -
24 * R^2 * Hh^2 + r^2 - R^2L * phi4@r, R, hD -
8 * h * r * HHr^2 + 4 * R^2L * EllipticE@phi5@r, R, hD, 1 ê csi@r, R, hD^2D -

Hr^2 - 4 * R^2L * EllipticF@phi5@r, R, hD, 1 ê csi@r, R, hD^2DLL;

CHECK OF THE INNERMOST REGION
Eq. (104), i.e. GA[r_, R_, h_], coincides with the needle and the disk 
expressions of the cylinder CF

FullSimplify@CFNdlAA@R, h, rD - GA@r, R, hD, Assumptions Ø 80 < r < 2 R < h<D
FullSimplify@CFDskAA@R, h, rD - GA@r, R, hD, Assumptions Ø 80 < r < 2 R < h<D

0

0

CHECK OF THE OUTERMOST REGION
The corrected Eq. (104), i.e. the above GC[r_, R_, h_], coincides with the needle and the disk
expressions of the cylinder CF

FullSimplifyBCFNdlCC@R, h, rD - GC@r, R, hD,

Assumptions Ø :0 < 2 R < h < r < 4 * R^2 + h^2 >F

FullSimplifyBCFDskCC@R, h, rD - GC@r, R, hD, Assumptions Ø :0 < h < 2 R < r < 4 * R^2 + h^2 >F

0

0

CHECK OF EQUATION (106)
(this was wrong. The correc equation is: )

Eq106NEW@R_, h_, r_D := H1 ê H24 * r * Vic@R, hDLL * H12 p * h^2 * R^2 +
3 * r * Hr^2 + 2 * R^2L * Delta1@R, rD + HDelta2@r, hD ê Delta3@r, R, hDL *
H3 * r^4 - h^4 + 6 * r^2 * Hh^2 - R^2L + 22 * h^2 * R^2 - 24 * R^4L +

24 * R^2 * Hr^2 - R^2L * phi1@r, R, hD -
24 * R^2 * Hh^2 + r^2 - R^2L * phi4@r, R, hD -
16 * h * R * HHr^2 + 4 * R^2L * EllipticE@phi3@r, R, hD, csi@r, R, hD^2D +

Hr^2 - 4 * R^2L * EllipticF@phi3@r, R, hD, csi@r, R, hD^2DLL;

FullSimplify@CFDskBB@R, h, rD - Eq106NEW@R, h, rD, Assumptions Ø 80 < h < r < 2 R<D

0

CHECK OF EQUATION (107)
(this is correct )

Eq107@R_, h_, r_D := H1 ê H6 * r * Vic@R, hDLL * H3 p * R^2 * H2 * h * r - R^2L -
2 * h * r * HHr^2 + 4 * R^2L * EllipticE@1 ê csi@r, R, hD^2D -

Hr^2 - 4 * R^2L * EllipticK@1 ê csi@r, R, hD^2DLL;

FullSimplify@CFNdlBB@R, h, rD - Eq107@R, h, rD, Assumptions Ø 80 < h < r < 2 R<D

0
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Delta1@R_, r_D := 4 * R^2 - r^2 ; Delta2@r_, h_D := r^2 - h^2 ;

Delta3@r_, R_, h_D := 4 * R^2 + h^2 - r^2 ;
csi@r_, R_, h_D := r ê H2 * RL;
zeta@r_, R_, h_D := 2 * h * R ê Hr * Delta3@r, R, hDL;
phi1@r_, R_, h_D := ArcSin@csi@r, R, hDD;
phi2@r_, R_, h_D := ArcSin@zeta@r, R, hDD;
phi3@r_, R_, h_D := ArcSin@Delta2@r, hD ê H2 * RLD;
phi4@r_, R_, h_D := ArcSin@r * Delta3@r, R, hD ê H2 * h * RLD;
Vic@R_, h_D := p * R^2 * h;
GA@r_, R_, h_D := H1 ê H24 * r * Vic@R, hDLL *

H3 * Hr * H4 * p * R^2 H2 * h - rL +
Hr^2 + 2 * R^2L * Delta1@R, rDL +

8 * R^2 * Hr^2 - R^2L * phi1@r, R, hDL -
16 * h * R * HHr^2 + 4 * R^2L * EllipticE@csi@r, R, hD^2D +

Hr^2 - 4 * R^2L * EllipticK@csi@r, R, hD^2DLL;

GC@r_, R_, h_D := H1 ê H24 * r * Vic@R, hDLL * H12 * p * R^2 * Hh^2 + r^2 - R^2L -
Hh^2 - 5 * r^2 - 26 * R^2L * Delta2@r, hD * Delta3@r, R, hD -
24 * R^2 * Hh^2 + r^2 - R^2L * phi3@r, R, hD -
8 * h * r * HHr^2 + 4 * R^2L * EllipticE@phi4@r, R, hD, 1 ê csi@r, R, hD^2D -

Hr^2 - 4 * R^2L * EllipticF@phi4@r, R, hD, 1 ê csi@r, R, hD^2DLL;

CHECK OF THE INNERMOST REGION
Eq. (104), i.e. GA[r_, R_, h_], coincides with the needle and the disk 
expressions of the cylinder CF

FullSimplify@CFNdlAA@R, h, rD - GA@r, R, hD, Assumptions Ø 80 < r < 2 R < h<D
FullSimplify@CFDskAA@R, h, rD - GA@r, R, hD, Assumptions Ø 80 < r < 2 R < h<D

0

0

CHECK OF THE OUTERMOST REGION
The corrected Eq. (104), i.e. the above GC[r_, R_, h_], coincides with the needle and the
disk expressions of the cylinder CF

FullSimplifyBCFNdlCC@R, h, rD - GC@r, R, hD,

Assumptions Ø :0 < 2 R < h < r < 4 * R^2 + h^2 >F

FullSimplifyBCFDskCC@R, h, rD - GC@r, R, hD, Assumptions Ø :0 < h < 2 R < r < 4 * R^2 + h^2 >F

0

0

CHECK OF EQUATION (106)
(this was wrong. The correc equation is: )
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Eq106NEW@R_, h_, r_D := H1 ê H24 * r * Vic@R, hDLL * H12 p * h^2 * R^2 +
3 * r * Hr^2 + 2 * R^2L * Delta1@R, rD + HDelta2@r, hD ê Delta3@r, R, hDL *
H3 * r^4 - h^4 + 6 * r^2 * Hh^2 - R^2L + 22 * h^2 * R^2 - 24 * R^4L +

24 * R^2 * Hr^2 - R^2L * phi1@r, R, hD -
24 * R^2 * Hh^2 + r^2 - R^2L * phi3@r, R, hD -
16 * h * R * HHr^2 + 4 * R^2L * EllipticE@phi2@r, R, hD, csi@r, R, hD^2D +

Hr^2 - 4 * R^2L * EllipticF@phi2@r, R, hD, csi@r, R, hD^2DLL;

FullSimplify@CFDskBB@R, h, rD - Eq106NEW@R, h, rD, Assumptions Ø 80 < h < r < 2 R<D

0

CHECK OF EQUATION (107)
(this is correct )

Eq107@R_, h_, r_D := H1 ê H6 * r * Vic@R, hDLL * H3 p * R^2 * H2 * h * r - R^2L -
2 * h * r * HHr^2 + 4 * R^2L * EllipticE@1 ê csi@r, R, hD^2D -

Hr^2 - 4 * R^2L * EllipticK@1 ê csi@r, R, hD^2DLL;

FullSimplify@CFNdlBB@R, h, rD - Eq107@R, h, rD, Assumptions Ø 80 < h < r < 2 R<D

0

Derivation of  equations (110)-(112)
The detailed evaluation of the CF of a cubic surface is reported below. What follows  is 
the MATHEMATICA code that allowed us to carry out the analytic calculations of the CF. 

The case of the overlapping along lines 
Writing the cubic surface as the sum over the six faces one has S = ‚

i=1

6

Si. The integral

takes the form gS@rD =
2

4 p S
‚

i<j=1

6

‡
Si

„S1 ‡
Si

„S2 ‡ „w
Ø
d Jr1

Ø
+ r w

Ø
- r2

Ø
N.

The cubic symmetry allows one to confine the angular integration to

W = :q, j 0 § q §
p

2
and 0 § j §

p

2
>.

Thus one finds that

gS@rD =
16

4 p S
‚

i<j=1

6

‡
Si

„S1 ‡
Si

„S2 ‡
W
„w

Ø
d Jr1

Ø
+ r w

Ø
- r2

Ø
N. One considers the case

where the intersections are as shown in the figure below Hsee the red polygonL.
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Since the surfaces intersecting themeslves along the polygon are mutually orthogonal,
the integral along the surface reduces
to the lenght of the intersection and one finds that

gS@rD =
2 * 8

4 p S
‡
W
„w

Ø
Fint@r, a, q, jD H1L

with
Fint@r, a, q, jD =
2 HHa - r * Sin@qD Cos@jDL + Ha - r * Sin@qD Sin@jDL + Ha - r * Cos@qDLL. H2L

Each of the three lengths : Ha - r * Sin@qD Cos@jDL,
Ha - r * Sin@qD Sin@jDL and Ha - r * Cos@qDL
must be positive and smaller than a. The set of these lengths does not change if one

makes the substitution j Ø
p

2
- j. Thus one can restrict the j - integration range to B0,

p

4
F

provided one multiply the result of the inetgration by 2.

The aforesaid bounds on the three lengths imply that the integration range is
AA :

0 § q §
p

2
and 0 § j §

p

4
if 0 < r < a;
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BBa : 0 < j < ArcSinB
-a2 + r2

r
F, ArcSinB

-a2 + r2

r
F <

q < ArcSinB
a

r * Cos@jD
F if a < r < a 2

BBb : ArcSinB
-a2 + r2

r
F < j <

p

4
,

ArcSinB
-a2 + r2

r
F < q <

p

2
if a < r < a 2 ;

CC : ArcSinB
r2 - 2 * a2

r2 - a2
F < j <

p

4
,

ArcSinB
r2 - a2

r
F < q < ArcSinB

a

r * Cos@jD
F if a 2 < r < a 3

Integrand definition 

In the case of the line intersection the normalization factor is 
(8 is the octant number and 2 derives from the choice 0 < j < p4 )

Clear@aD; Clear@NormFactLinD;
NormFactLin@a_D := 2 * 8 ê H4 * p * 6 * a^2L;

the integrand function is 

Fint@r_, a_, q_, j_D :=
2 HHa - r * Sin@qD Cos@jDL + Ha - r * Sin@qD Sin@jDL + Ha - r * Cos@qDLL Sin@qD;

TrigExpand@Integrate@Fint@r, a, q, jD, qDD

r

2
- 6 a Cos@qD +

1

2
r Cos@qD2 - r q Cos@jD +

r Cos@qD Cos@jD Sin@qD -
1

2
r Sin@qD2 - r q Sin@jD + r Cos@qD Sin@qD Sin@jD

Integrate@Fint@r, a, q, jD, jD

6 a j Sin@qD - 2 r j Cos@qD Sin@qD + 2 r Cos@jD Sin@qD2 - 2 r Sin@qD2 Sin@jD

Change of the integration variables 
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HFint@r, a, q, jDL ê. :Sin@qD Ø t, Cos@qD Ø 1 - t2 , Sin@jD Ø u, Cos@jD Ø 1 - u2 >

2 t 3 a - r 1 - t2 - r t u - r t 1 - u2

Determination of the integration variables ranges imposing the positeveness of the three
factors present in the Fint[..] definition. 
One confines himself to the range   
0 < j< p4   i.e.   0 < u < 1

2

0 < q < p2   i.e.   0 < t < 1

Ha - r * Sin@qD * Cos@jDL ê. :Sin@qD Ø t, Cos@qD Ø 1 - t2 , Sin@jD Ø u, Cos@jD Ø 1 - u2 >

Ha - r * Sin@qD Sin@jDL ê. :Sin@qD Ø t, Cos@qD Ø 1 - t2 , Sin@jD Ø u, Cos@jD Ø 1 - u2 >

Ha - r * Cos@qDL ê. :Sin@qD Ø t, Cos@qD Ø 1 - t2 , Sin@jD Ø u, Cos@jD Ø 1 - u2 >

Reduction of the inequalities in the region A :    0 < r < a

ReduceB:a - r t 1 - u2 > 0, a - r t u > 0, a - r 1 - t2 > 0,

a > 0, r > 0, r < a, 0 < t < 1, 0 < u < 1 í 2 >, 8a, r, u, t<, RealsF

AA  REGION Def. 
0 < j < p4    and   0 < q < p2         or      
0 < u < 1

2
and 0 < t < 1

Reduction of the inequalities in the region B :    a < r < a 2

Sin@qD Ø t, Sin@jD Ø u

ReduceB:a - r t 1 - u2 > 0, a - r t u > 0, a - r 1 - t2 > 0, a > 0,

r > 0, a < r < a 2 , 0 < t < 1, 0 < u < 1 í 2 >, 8a, r, u, t<, RealsF

BB REGION Definition      a < r < a 2

 BBaa:      0  <  j  <  ArcSin[ -a2+r2

r
]  &&   ArcSin[ -a2+r2

r
]  <  q  <  ArcSin[ a

r*Cos@jD
]      i.e.

0 < u §
-a2+r2

r
&& -a2+r2

r
< t < a

r 1-u2
   

AND 

BBbb:   ArcSin[ -a2+r2

r
] < j < p

4
  &&  ArcSin[ -a2+r2

r
]< q < p

2
  i.e.  -a2+r2

r2
< u < 1

2
&& -a2+r2

r2
< t < 1   
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BB REGION Definition      a < r < a 2

 BBaa:      0  <  j  <  ArcSin[ -a2+r2

r
]  &&   ArcSin[ -a2+r2

r
]  <  q  <  ArcSin[ a

r*Cos@jD
]      i.e.

0 < u §
-a2+r2

r
&& -a2+r2

r
< t < a

r 1-u2
   

AND 

BBbb:   ArcSin[ -a2+r2

r
] < j < p

4
  &&  ArcSin[ -a2+r2

r
]< q < p

2
  i.e.  -a2+r2

r2
< u < 1

2
&& -a2+r2

r2
< t < 1   

ALTERNATIVELY

ReduceB:a - r t 1 - u2 > 0, a - r t u > 0, a - r 1 - t2 > 0, a > 0,

r > 0, a < r < a 2 , 0 < t < 1, 0 < u < 1 í 2 >, 8a, r, t, u<, RealsF

 BB   REGION DFN (alternative)

 0 < j < p
4

  &&  ArcSin[ -a2+r2

r
] < q < ArcSin[ a

r
]      ie   -a2+r2

r2
< t § a

r
&& 0 < u < 1

2
   

AND 

ArcSin[ a
r
E< q < p

2
  &&  ArcSin[ -a2+r2 Sin@qD2

r Sin@qD
] < j < p  OR  a

r
< t < 1 && -a2+r2 t2

r2 t2
< u < 1

2

Reduction of the inequalities in the region C :    a 2  < r < a 3

ReduceB:a - r t 1 - u2 > 0, a - r t u > 0, a - r 1 - t2 > 0, a > 0,

r > 0, a 2 < r < a 3 , 0 < t < 1, 0 < u < 1 í 2 >, 8a, r, u, t<, RealsF

a > 0 && 2 a < r < 3 a &&
2 a2 - r2

a2 - r2
< u <

1

2
&&

-a2 + r2

r2
< t < -

a2

r2 I-1 + u2M

Sin@qD Ø t, Sin@jD Ø u

i.e.   CC REGION DFN          a 2  < r < a 3

ArcSin[ r2-2*a2

r2-a2
]  <  j  <  p

4
  &&   ArcSin[ r2-a2

r
]  <  q  <  ArcSinB a

r*Cos@jD
F   or

2 a2-r2

a2-r2
< u < 1

2
&& r2-a2

r
< t < a

r* 1-u2
   

The angular bounds in the three cases are :
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ThetaMaxBBaa@r_, a_, j_D := ArcSinB
a

r * Cos@jD
F;

ThetaMinBBaa@r_, a_D := ArcSinB
r2 - a2

r
F;

FiMaxBBaa@r_, a_D := ArcSinB
-a2 + r2

r
F; FiMinBBaa@r_, a_D := 0;

ThetaMaxBBbb@r_, a_, j_D :=
p

2
; ThetaMinBBbb@r_, a_D := ArcSinB

r2 - a2

r
F;

FiMaxBBbb@r_, a_D :=
p

4
; FiMinBBbb@r_, a_D := ArcSinB

r2 - a2

r
F;

ThetaMaxCC@r_, a_, j_D := ArcSinB
a

r * Cos@jD
F; ThetaMinCC@r_, a_D := ArcSinB

r2 - a2

r
F;

FiMaxCC@r_, a_D :=
p

4
; FiMinCC@r_, a_D := ArcSinB

r2 - 2 * a2

r2 - a2
F;

NUMERICAL INTEGRATION of the contributions relevant to the cases BBaa, BBbb and CC
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WithB8a = 1<, StepRAA = a ê 10; StepRBB = a J 2 - 1N í 10; StepRCC = a J 3 - 2 N í 10;

valAA = Table@0, 8J, 1, 10<D; valBBaa = Table@0, 8J, 1, 10<D;
valBBbb = Table@0, 8J, 1, 10<D; valCC = Table@0, 8J, 1, 10<D; valDD = Table@0, 8J, 1, 10<D;

DoBract = HJ - 1 ê 2L * StepRAA; valAA@@JDD = NormFactLin@aD *

NIntegrateBFint@ract, a, q, jD, :j, 0,
p

4
>, :q, 0,

p

2
>, PrecisionGoal Ø 8F;

ract = 1 + HJ - 1 ê 2L * StepRBB; valBBaa@@JDD =

NormFactLin@aD * NIntegrateBNIntegrateBFint@ract, a, q, jD,

:q, ArcSinB
-a2 + ract2

ract
F, ArcSinB

a

ract * Cos@jD
F>, WorkingPrecision Ø 30,

PrecisionGoal Ø 15F, :j, 0, ArcSinB
-a2 + ract2

ract
F>, PrecisionGoal Ø 8F;

valBBbb@@JDD = NormFactLin@aD * NIntegrateBFint@ract, a, q, jD,

:j, ArcSinB
-a2 + ract2

ract
F,

p

4
>, :q, ArcSinB

-a2 + ract2

ract
F,

p

2
>, PrecisionGoal Ø 10F;

ract = 2 + HJ - 1 ê 2L * StepRCC; valDD@@JDD =

NormFactLin@aD * NIntegrateBNIntegrateBFint@ract, a, q, jD,

:q, ArcSinB
-a2 + ract2

ract
F, ArcSinB

a

ract * Cos@jD
F>, WorkingPrecision Ø 24,

PrecisionGoal Ø 12F, :j, ArcSinB
ract2 - 2 * a2

ract2 - a2
F,

p

4
>, PrecisionGoal Ø 8F;

valCC@@JDD = NormFactLin@aD * NIntegrateBFint@ract, a, q, jD, :j, ArcSinB
ract2 - 2 * a2

ract2 - a2
F,

p

4
>, :q, ArcSinB

-a2 + ract2

ract
F, ArcSinB

a

ract * Cos@jD
F>, PrecisionGoal Ø 8F;

Print@J, ", ", valAA@@JDD, ", ", valBBaa@@JDD, ", ", valBBbb@@JDD,

", ", valCC@@JDD, ", ", valDD@@JDDD;, 8J, 1, 10<FF

Approximate value of the 0 - th moment of LINEAR CONTRIBUTION to the surface CF

WithB8a = 1<, StepRAA = a ê 10; StepRBB = a J 2 - 1N í 10;

StepRCC = a J 3 - 2 N í 10; momntAA = 0; momntBB = 0; momntCC = 0;

DoBmomntAA = momntAA + HHJ - 1 ê 2L * StepRAAL^2 * valAA@@JDD;

momntBB = momntBB + H1 + HJ - 1 ê 2L * StepRBBL^2 * HvalBBaa@@JDD + valBBbb@@JDDL;

momntCC = momntCC + J 2 + HJ - 1 ê 2L * StepRBBN^2 * HvalCC@@JDDL;, 8J, 1, 10<FF;

momntAA = momntAA * StepRAA;
momntBB = momntBB * StepRBB;
momntCC = momntCC * StepRCC;
momt = momntAA + momntBB + momntCC;
Print@momt, ", ", momntAA, ", ", momntBB, ", ", momntCCD

0.318109 - 1.50476 µ 10-25 Â, 0.208125, 0.106592 - 1.50476 µ 10-25 Â, 0.00339224
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N@1 ê 6D

0.166667

REGION A INTEGRAL 

AA   
0 < j < p4    and   0 < q < p2         or      
0 < u < 1

2
and 0 < t < 1

ExpandBNormFactLin@aD * IntegrateB

IntegrateBFint@r, a, q, jD, :j, 0,
p

4
>F, :q, 0,

p

2
>, Assumptions Ø 80 < a && 0 < r < a<FF

CubSurfCFLnAA@r_, a_D :=
1

a
-

r

2 a2
;

The result coincides with that previously worked out. (See below)

numerical check (It' s OK)

With@8a = 1<, Do@ract = HJ - 1 ê 2L * StepRAA;
val = N@CubSurfCFLnAA@ract, aDD; Print@J, ", ", val, ", ", valAA@@JDDD;, 8J, 1, 10<DD

H* 0 < r < a *L CubSurfCFLnAAOLD@r_, a_D :=
1

a
-

r

2 a2
;

MomlinAA = Simplify@Integrate@r^2 * CubSurfCFLnAA@r, aD,
8r, 0, a<, Assumptions Ø 8a > 0<D, Assumptions Ø 8a > 0<D

REGION BB INTEGRAL 

BB REGION Definition      a < r < a 2

 BBaa:     0 < j < ArcSin[ -a2+r2

r
] &&  ArcSin[ -a2+r2

r
] < q < ArcSin[ a

r*Cos@jD
]     

  i.e.  0 < u §
-a2+r2

r
&& -a2+r2

r
< t < a

r 1-u2
   

AND 

BBbb:   ArcSin[ -a2+r2

r
] < j < p

4
  &&  ArcSin[ -a2+r2

r
]< q < p

2
  

i.e.  -a2+r2

r2
< u < 1

2
&& -a2+r2

r2
< t < 1   

INTEGRAL    OVER THE REGION BBaa

 0 < j < ArcSin[ -a2+r2

r
] &&  ArcSin[ -a2+r2

r
] < q < ArcSin[ a

r*Cos@jD ]

 0 < u §
-a2+r2

r
&& -a2+r2

r
< t < a

r 1-u2
&&-a2 + r2 I1 - u2M > 0
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INTEGRAL    OVER THE REGION BBaa

 0 < j < ArcSin[ -a2+r2

r
] &&  ArcSin[ -a2+r2

r
] < q < ArcSin[ a

r*Cos@jD ]

 0 < u §
-a2+r2

r
&& -a2+r2

r
< t < a

r 1-u2
&&-a2 + r2 I1 - u2M > 0

the bounds are 

ThetaMaxBBaa@r_, a_, j_D := ArcSinB
a

r * Cos@jD
F; ThetaMinBBaa@r_, a_D := ArcSinB

r2 - a2

r
F;

FiMaxBBaa@r_, a_D := ArcSinB
-a2 + r2

r
F; FiMinBBaa@r_, a_D := 0;

First one evaluates with respect to q

TrigExpand@Integrate@Fint@r, a, q, jD, qDD

ThetaPrmtv@r_, a_, j_, q_D :=
r

2
- 6 a Cos@qD +

1

2
r Cos@qD2 - r q Cos@jD +

r Cos@qD Cos@jD Sin@qD -
1

2
r Sin@qD2 - r q Sin@jD + r Cos@qD Sin@qD Sin@jD;

Simplify@D@ThetaPrmtv@r, a, j, qD, qD - Fint@r, a, q, jDD

0

IntegrateBSimplifyBExpandAllB

JSimplifyBLimit@ThetaPrmtv@r, a, j, qD, q Ø ThetaMaxBBaa@r, a, jD, Direction Ø 1D,

Assumptions Ø :a > 0 && a < r < a 2 && FiMinBBaa@r, aD < j < FiMaxBBaa@r, aD>FN ê.

:Sin@jD Ø y, Cos@jD Ø 1 - y2 , Sec@jD Ø
1

1 - y2
, Tan@jD Ø

y

1 - y2
> *

1

1 - y2
F,

Assumptions Ø :a > 0 && a < r < a 2 && 0 < y <
-a2 + r2

r
>F,

:y, 0,
-a2 + r2

r
>, Assumptions Ø :a > 0 && a < r < a 2 >F
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IntegrateBSimplifyB

JSimplifyBLimit@ThetaPrmtv@r, a, j, qD, q Ø ThetaMinBBaa@r, aD, Direction Ø -1D,

Assumptions Ø :a > 0 && a < r < a 2 && FiMinBBaa@r, aD < j < FiMaxBBaa@r, aD>FN ê.

:Sin@jD Ø y, Cos@jD Ø 1 - y2 , Sec@jD Ø
1

1 - y2
, Tan@jD Ø

y

1 - y2
> *

1

1 - y2
,

Assumptions Ø :a > 0 && a < r < a 2 && 0 < y <
-a2 + r2

r
>F,

:y, 0,
-a2 + r2

r
>, Assumptions Ø :a > 0 && a < r < a 2 >F

SimplifyBIntegrateBSimplifyBExpandAllB

JSimplifyBLimit@ThetaPrmtv@r, a, j, qD, q Ø ThetaMaxBBaa@r, a, jD, Direction Ø 1D,

Assumptions Ø :a > 0 && a < r < a 2 && FiMinBBaa@r, aD < j < FiMaxBBaa@r, aD>FN ê.

:Sin@jD Ø y, Cos@jD Ø 1 - y2 , Sec@jD Ø
1

1 - y2
, Tan@jD Ø

y

1 - y2
> *

1

1 - y2
F,

Assumptions Ø :a > 0 && a < r < a 2 && 0 < y <
-a2 + r2

r
>F, :y, 0,

-a2 + r2

r
>,

Assumptions Ø :a > 0 && a < r < a 2 >F - IntegrateBSimplifyB

JSimplifyBLimit@ThetaPrmtv@r, a, j, qD, q Ø ThetaMinBBaa@r, aD, Direction Ø -1D,

Assumptions Ø :a > 0 && a < r < a 2 && FiMinBBaa@r, aD < j < FiMaxBBaa@r, aD>FN ê.

:Sin@jD Ø y, Cos@jD Ø 1 - y2 , Sec@jD Ø
1

1 - y2
, Tan@jD Ø

y

1 - y2
> *

1

1 - y2
,

Assumptions Ø :a > 0 && a < r < a 2 && 0 < y <
-a2 + r2

r
>F, :y, 0,

-a2 + r2

r
>,

Assumptions Ø :a > 0 && a < r < a 2 >F, Assumptions Ø :a > 0 && a < r < a 2 >F
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SimplifyB -

-5 a2 p + 5 a p r + 4 a -a2 + r2 + p r -a2 + r2 - 2 r2 ArcCosA a

r
E + ArcCscB r

-a2+r2
F

2 r
+

a Ha - rL a + r + -a2 + r2 + r 5 a2 - a r + r r + -a2 + r2 ArcSinB -a2+r2

r
F

r2
ê.

:ArcCosB
a

r
F Ø ArcSinB

-a2 + r2

r
F, ArcCscB

r

-a2 + r2
F Ø ArcSinB

-a2 + r2

r
F>,

Assumptions Ø :a > 0 && a < r < a 2 >F

value of the contribution due to the BBaa region

LinContrBBaa@r_, a_D := NormFactLin@aD *

1

2 r2
2 a3 - p r2 -a2 + r2 + a2 5 p r + 2 -a2 + r2 - a r 2 r + 5 p r + 6 -a2 + r2 +

2 r 5 a2 - a r + r 3 r + -a2 + r2 ArcSinB
-a2 + r2

r
F ;

FullSimplifyBTrigExpandBSinBArcCosB
a

r
F - ArcSinB

-a2 + r2

r
FFF,

Assumptions Ø :a > 0 && a < r < a 2 >F

FullSimplifyBTrigExpandBCosBArcCosB
a

r
F - ArcSinB

-a2 + r2

r
FFF,

Assumptions Ø :a > 0 && a < r < a 2 >F

FullSimplifyBArcCscB
r

-a2 + r2
F - ArcSinB

-a2 + r2

r
F, Assumptions Ø :a > 0 && a < r < a 2 >F

the values obtained by the above function are compared with the values obtained by the numerical integra-
tion of the outset integrand

WithB8a = 1<, StepRBB = a J 2 - 1N í 10;

Do@ract = 1 + HJ - 1 ê 2L * StepRBB; actval = N@LinContrBBaa@ract, aDD;

Print@J, ", ", valBBaa@@JDD, ", ", actvalD;, 8J, 1, 10<DF

the check is fully satisfactory

INTEGRAL    OVER THE REGION BBbb
 a < r < a 2

 BBbb:   ArcSin[ -a2+r2

r
] < j < p4   &&  ArcSin[ -a2+r2

r
]< q < p2   

i.e.  -a2+r2

r2
< u < 1

2
&& -a2+r2

r2
< t < 1 
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INTEGRAL    OVER THE REGION BBbb
 a < r < a 2

 BBbb:   ArcSin[ -a2+r2

r
] < j < p4   &&  ArcSin[ -a2+r2

r
]< q < p2   

i.e.  -a2+r2

r2
< u < 1

2
&& -a2+r2

r2
< t < 1 

the bounds are 

ThetaMaxBBbb@r_, a_, j_D :=
p

2
; ThetaMinBBbb@r_, a_D := ArcSinB

r2 - a2

r
F;

FiMaxBBbb@r_, a_D :=
p

4
; FiMinBBbb@r_, a_D := ArcSinB

r2 - a2

r
F;

One evaluates the value of  the  q - primitve at the upper and lower q - bounds and then 
one integrates over j with the integration variable change Sin[j] Ø y

IntegrateBFullSimplifyB

JSimplifyBLimit@ThetaPrmtv@r, a, j, qD, q Ø ThetaMaxBBbb@r, a, jD, Direction Ø 1D,

Assumptions Ø :a > 0 && a < r < a 2 && FiMinBBbb@r, aD < j < FiMaxBBbb@r, aD>FN ê.

:Sin@jD Ø y, Cos@jD Ø 1 - y2 , Sec@jD Ø
1

1 - y2
, Tan@jD Ø

y

1 - y2
> *

1

1 - y2
,

Assumptions Ø :a > 0 && a < r < a * 2 &&
-a2 + r2

r
< y <

1

2
>F,

:y,
-a2 + r2

r
,

1

2
>, Assumptions Ø :a > 0 && a < r < a 2 >F
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IntegrateBSimplifyB

JSimplifyBLimit@ThetaPrmtv@r, a, j, qD, q Ø ThetaMinBBbb@r, aD, Direction Ø -1D,

Assumptions Ø :a > 0 && a < r < a 2 && FiMinBBbb@r, aD < j < FiMaxBBbb@r, aD>FN ê.

:Sin@jD Ø y, Cos@jD Ø 1 - y2 , Sec@jD Ø
1

1 - y2
, Tan@jD Ø

y

1 - y2
> *

1

1 - y2
,

Assumptions Ø :a > 0 && a < r < a 2 &&
-a2 + r2

r
< y <

1

2
>F,

:y,
-a2 + r2

r
,

1

2
>, Assumptions Ø :a > 0 && a < r < a 2 >F

FullSimplifyBTrigExpandBSinBArcSecB
r

-a2 + r2
F -

p

2
- ArcSinB

-a2 + r2

r
F FF,

Assumptions Ø :a > 0 && a < r < a 2 >F

FullSimplifyBTrigExpandBCosBArcSecB
r

-a2 + r2
F -

p

2
- ArcSinB

-a2 + r2

r
F FF,

Assumptions Ø :a > 0 && a < r < a 2 >F

FullSimplifyBArcCscB
r

-a2 + r2
F - ArcSinB

-a2 + r2

r
F, Assumptions Ø :a > 0 && a < r < a 2 >F
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SimplifyB SimplifyBIntegrateBFullSimplifyB JSimplifyB

Limit@ThetaPrmtv@r, a, j, qD, q Ø ThetaMaxBBbb@r, a, jD, Direction Ø 1D,

Assumptions Ø :a > 0 && a < r < a 2 && FiMinBBbb@r, aD <

j < FiMaxBBbb@r, aD>FN ê. :Sin@jD Ø y,

Cos@jD Ø 1 - y2 , Sec@jD Ø
1

1 - y2
, Tan@jD Ø

y

1 - y2
> *

1

1 - y2
,

Assumptions Ø :a > 0 && a < r < a * 2 &&
-a2 + r2

r
< y <

1

2
>F,

:y,
-a2 + r2

r
,

1

2
>, Assumptions Ø :a > 0 && a < r < a 2 >F -

IntegrateBSimplifyB JSimplifyBLimit@ThetaPrmtv@r, a, j, qD,

q Ø ThetaMinBBbb@r, aD, Direction Ø -1D,

Assumptions Ø :a > 0 && a < r < a 2 && FiMinBBbb@r, aD <

j < FiMaxBBbb@r, aD>FN ê. :Sin@jD Ø y,

Cos@jD Ø 1 - y2 , Sec@jD Ø
1

1 - y2
, Tan@jD Ø

y

1 - y2
> *

1

1 - y2
,

Assumptions Ø :a > 0 && a < r < a 2 &&
-a2 + r2

r
< y <

1

2
>F,

:y,
-a2 + r2

r
,

1

2
>, Assumptions Ø :a > 0 && a < r < a 2 >F,

Assumptions Ø :a > 0 && a < r < a 2 >F ê.

:ArcSecB
r

-a2 + r2
F Ø

p

2
- ArcSinB

-a2 + r2

r
F ,

ArcCscB
r

-a2 + r2
F Ø ArcSinB

-a2 + r2

r
F>,

Assumptions Ø :a > 0 && a < r < a 2 >F

value of the contribution due to the BBbb region
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LinContrBBbb@r_, a_D :=

NormFactLin@aD *
1

4 r2
-4 a3 - 2 a H-2 + pL r2 + 2 p r2 -a2 + r2 + a2 5 p r - 4 -a2 + r2 -

4 r 5 a2 - a r + r -a2 + r2 ArcSinB
-a2 + r2

r
F ;

the values obtained by the above function are compared with the values obtained by the numerical integra-
tion of the outset integrand

WithB8a = 1<, StepRBB = a J 2 - 1N í 10;

Do@ract = 1 + HJ - 1 ê 2L * StepRBB; actval = N@LinContrBBbb@ract, aDD;

Print@J, ", ", valBBbb@@JDD, ", ", actvalD;, 8J, 1, 10<DF

the check is fully satisfactory

the normalized total contribution of the linear intersections due to  the BB - region
is 

ExpandB

SimplifyBLinContrBBbb@r, aD + LinContrBBaa@r, aD, Assumptions Ø :a > 0 && a < r < a 2 >FF

CubSurfCFLnBB@r_, a_D := -
2

a
+

5

2 r
-
2 -a2 + r2

a p r
+
2 r ArcSinB -a2+r2

r
F

a2 p
;

Check of the continuity at r = a
Simplify@Limit@CubSurfCFLnBB@r, aD, r Ø a, Direction Ø -1D -

Limit@CubSurfCFLnAA@r, aD, r Ø a, Direction Ø 1D, Assumptions Ø 8a > 0<D

0

FullSimplifyBLimitBCubSurfCFLnBB@r, aD, r Ø a 2 , Direction Ø 1F, Assumptions Ø 8a > 0<F

-
4 + J-7 + 4 2 N p

2 2 a p

MomlinBB = SimplifyBIntegrateBr^2 * CubSurfCFLnBB@r, aD,

:r, a, a 2 >, Assumptions Ø 8a > 0<F, Assumptions Ø 8a > 0<F

-
a2 J16 + J-29 + 16 2 N pN

12 p

MomlinAABB = N@Simplify@MomlinAA + MomlinBBDD

0.314969 a2

INTEGRAL   OVER THE REGION CC
   a 2  < r < a 3

ArcSin[ r2-2*a2

r2-a2
] < j < p4   &&  ArcSin[ r2-a2

r
] < q < ArcSinB a

r*Cos@jD F  or

2 a2-r2

a2-r2
< u < 1

2
&& r2-a2

r
< t < a

r* 1-u2
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INTEGRAL   OVER THE REGION CC
   a 2  < r < a 3

ArcSin[ r2-2*a2

r2-a2
] < j < p4   &&  ArcSin[ r2-a2

r
] < q < ArcSinB a

r*Cos@jD F  or

2 a2-r2

a2-r2
< u < 1

2
&& r2-a2

r
< t < a

r* 1-u2

the bounds are 

ThetaMaxCC@r_, a_, j_D := ArcSinB
a

r * Cos@jD
F; ThetaMinCC@r_, a_D := ArcSinB

r2 - a2

r
F;

FiMaxCC@r_, a_D :=
p

4
; FiMinCC@r_, a_D := ArcSinB

r2 - 2 * a2

r2 - a2
F;

SimplifyBLimit@ThetaPrmtv@r, a, j, qD, q Ø ThetaMaxCC@r, a, jD, Direction Ø 1D -

ThetaPrmtv@r, a, j, ThetaMaxCC@r, a, jDD,

Assumptions Ø :a > 0 && a * 2 < r < a * 3 && FiMinCC@r, aD < j < FiMaxCC@r, aD>F

SimplifyBLimit@ThetaPrmtv@r, a, j, qD, q Ø ThetaMinCC@r, aD, Direction Ø -1D -

ThetaPrmtv@r, a, j, ThetaMinCC@r, aDD,

Assumptions Ø :a > 0 && a * 2 < r < a * 3 && FiMinCC@r, aD < j < FiMaxCC@r, aD>F

JFullSimplifyBThetaPrmtv@r, a, j, ThetaMaxCC@r, a, jDD - uprBndIntgrnd@r, a, jD,

Assumptions Ø :a * 2 < r < a * 3 && FiMinCC@r, aD < j < FiMaxCC@r, aD && Cos@jD > 0>FN ê.

: r2 - a2 Sec@jD2 Ø -a2 + r2 Cos@jD2 Sec@jD>

FullSimplifyB - -a2 + r2 Cos@jD2 Sec@jD ^2 + r2 - a2 Sec@jD2 ^2 ,

Assumptions Ø :a * 2 < r < a * 3 && FiMinCC@r, aD < j < FiMaxCC@r, aD && Cos@jD > 0>F

contribution due to the upper point of the q - range

uprBndIntgrnd@r_, a_, j_D := r -
a2 Sec@jD2

r
- r * ArcSinB

a

r * Cos@jD
F * Cos@jD -

5 a
r2 * Cos@jD2 - a2

r * Cos@jD
- r ArcSinB

a

r * Cos@jD
F Sin@jD + a

r2 * Cos@jD2 - a2

r * Cos@jD2
* Sin@jD ;

SimplifyBThetaPrmtv@r, a, j, ThetaMinCC@r, aDD - lwrBndIntgrnd@r, a, jD,

Assumptions Ø :a * 2 < r < a * 3 && FiMinCC@r, aD < j < FiMaxCC@r, aD && Cos@jD > 0>F

contribution due to the lower point of the q - range
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lwrBndIntgrnd@r_, a_, j_D :=

-r2 ArcSinB -a2+r2

r
F HCos@jD + Sin@jDL + a -5 a + -a2 + r2 Cos@jD + -a2 + r2 Sin@jD

r
;

resulting  j - integrand

intgrndLinCC@r_, a_, j_D := uprBndIntgrnd@r, a, jD - lwrBndIntgrnd@r, a, jD;
intgrndLinCC@r, a, jD

MATHEmatica is unable to  evaluate  the j - integrand (in less than one hour)

IntegrateBintgrndLinCC@r, a, jD,

8j, FiMinCC@r, aD, FiMaxCC@r, aD<, Assumptions Ø : 2 * a < r < 3 * a>F

$Aborted

Change of the integation variable 

ExpandB HintgrndLinCC@r, a, jDL ê.

:Sin@jD Ø 1 - t^2 , Cos@jD Ø t, Sec@jD Ø
1

t
, Tan@jD Ø

1 - t^2

t
> *

1

1 - t^2
F

the new integrand

intgrndLinCCtt@r_, a_, t_D := -
a -a2 + r2

r
+

5 a2

r 1 - t2
+

r

1 - t2
-

a2

r t2 1 - t2
-
a -a2 + r2 t

r 1 - t2
+
a -a2 + r2 t2

r t2
-
5 a -a2 + r2 t2

r t 1 - t2
+

r ArcSinB
-a2 + r2

r
F +

r t ArcSinB -a2+r2

r
F

1 - t2
- r ArcSinB

a

r t
F -

r t ArcSinB a

r t
F

1 - t2
;

the primitve has an algebraic form

Integrate@intgrndLinCCtt@r, a, tD, tD

The bounds with respect to the variable t are 

FullSimplifyBCos@FiMinCC@r, aDD, Assumptions Ø :a 2 < r < a 3 >F

FullSimplifyBCos@FiMaxCC@r, aDD, Assumptions Ø :a 2 < r < a 3 >F

TTMax@r_, a_D :=
a

-a2 + r2
; TTMin@r_, a_D :=

1

2
;

Integration by MATHEMATICA is successful
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IntegrateBintgrndLinCCtt@r, a, tD,

8t, TTMin@r, aD, TTMax@r, aD<, Assumptions Ø :a 2 < r < a 3 >F

value of the integral and normalization

LinContrCCNotSimpl@r_, a_D :=

NormFactLin@aD *
1

4 r Ia2 - r2M2
-12 a6 + 15 a6 p + 24 a4 r2 - 27 a4 p r2 - 12 a2 r4 +

9 a2 p r4 + 3 p r6 + 12 a5 -2 a2 + r2 - 24 a3 r2 -2 a2 + r2 + 12 a r4 -2 a2 + r2 +

4 Ia2 - r2M2 I5 a2 + r2M ArcSinB
a

-a2 + r2
F - 4 a5 r Log@2D + 8 a3 r3 Log@2D -

4 a r5 Log@2D + Â a5 r Log@4096D + Â a r5 Log@4096D - Â a3 r3 Log@16 777 216D -

8 a r Ia2 - r2M2 Log@aD - 12 Â a5 r LogA-a2 + r2E + 24 Â a3 r3 LogA-a2 + r2E -

12 Â a r5 LogA-a2 + r2E + 4 a5 r LogBr - -2 a2 + r2 F - 8 a3 r3 LogBr - -2 a2 + r2 F +

4 a r5 LogBr - -2 a2 + r2 F - 24 Â a5 r LogBr + Â -2 a2 + r2 F +

48 Â a3 r3 LogBr + Â -2 a2 + r2 F - 24 Â a r5 LogBr + Â -2 a2 + r2 F +

4 a5 r LogBr + -2 a2 + r2 F - 8 a3 r3 LogBr + -2 a2 + r2 F + 4 a r5 LogBr + -2 a2 + r2 F +

10 Â a6 LogB3 Â a2 - Â r2 - 2 a -2 a2 + r2 F - 18 Â a4 r2 LogB3 Â a2 - Â r2 - 2 a -2 a2 + r2 F +

6 Â a2 r4 LogB3 Â a2 - Â r2 - 2 a -2 a2 + r2 F + 2 Â r6 LogB3 Â a2 - Â r2 - 2 a -2 a2 + r2 F -

10 Â a6 LogB-3 Â a2 + Â r2 - 2 a -2 a2 + r2 F + 18 Â a4 r2

LogB-3 Â a2 + Â r2 - 2 a -2 a2 + r2 F - 6 Â a2 r4 LogB-3 Â a2 + Â r2 - 2 a -2 a2 + r2 F -

2 Â r6 LogB-3 Â a2 + Â r2 - 2 a -2 a2 + r2 F + 24 Â a5 r LogBÂ a2 + r -2 a2 + r2 F -

48 Â a3 r3 LogBÂ a2 + r -2 a2 + r2 F + 24 Â a r5 LogBÂ a2 + r -2 a2 + r2 F ;

simplification of the above function

FullSimplifyBLinContrCCNotSimpl@r, aD, Assumptions Ø :a 2 < r < a 3 >F

LinContrCCPartlySimpl@r_, a_D :=

1

6 a2 p r
a2 H-12 + 5 pL + p r2 + 12 a -2 a2 + r2 + 2 2 I5 a2 + r2M ArcSinB

a

-a2 + r2
F +

Â 6 a r LogB-
2

a2 - r2
F - 12 a r LogBr + Â -2 a2 + r2 F + I5 a2 + r2M

LogB3 Â a2 - Â r2 - 2 a -2 a2 + r2 F - LogB3 Â a2 - Â r2 + 2 a -2 a2 + r2 F +

12 a r LogBÂ a2 + r -2 a2 + r2 F ;

Analytic Checks. Continuity at the border points (satisfied)
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Analytic Checks. Continuity at the border points (satisfied)

FullSimplifyBLimitBLinContrCCPartlySimpl@r, aD, r Ø a 3 , Direction Ø 1F,

Assumptions Ø 8a > 0<F

SimplifyBJFullSimplifyBLimitBLinContrCCPartlySimpl@r, aD, r Ø a 2 , Direction Ø -1F,

Assumptions Ø 8a > 0<F -

FullSimplifyBLimitBCubSurfCFLnBB@r, aD, r Ø a 2 , Direction Ø 1F,

Assumptions Ø 8a > 0<FNF

numerical check (it's OK)

WithB8a = 1<, StepRCC = a J 3 - 2 N í 10;

DoBract = 2 + HJ - 1 ê 2L * StepRCC; valreal =

NB ReBLogB3 Â a2 - Â r2 - 2 a -2 a2 + r2 F - LogAr2 - a2E + Â * -ArcSinB
3 * a2 - r2

r2 - a2
F + p F ê.

8r Ø ract<, 30F; valimag =

NB ImBLogB3 Â a2 - Â r2 - 2 a -2 a2 + r2 F - LogAr2 - a2E + Â * -ArcSinB
3 * a2 - r2

r2 - a2
F + p F ê.

8r Ø ract<, 30F;

Print@J, ", ", valreal, ", ", valimagD;, 8J, 1, 10<FF

Further simplification of LinContrCCPartlySimpl[r, a]  by th following identities 

IDENTITIES (and their proofs)

LogBr + Â -2 a2 + r2 F Ø LogB 2 Ir2 - a2M F + Â * ArcSinB
-2 a2 + r2

2 Ir2 - a2M

F ,

LogB3 Â a2 - Â r2 - 2 a -2 a2 + r2 F Ø LogAr2 - a2E + Â * -ArcSinB
3 * a2 - r2

r2 - a2
F + p ,

LogB3 Â a2 - Â r2 + 2 a -2 a2 + r2 F Ø LogAr2 - a2E + Â * ArcSinB
3 * a2 - r2

r2 - a2
F ,

LogBÂ a2 + r -2 a2 + r2 F Ø LogAr2 - a2E + Â * ArcSinB
a2

r2 - a2
F

WithB8a = 1<, ParametricPlotB

::r, ReBLogB3 Â a2 - Â r2 - 2 a -2 a2 + r2 F - LogAr2 - a2E + Â * -ArcSinB
3 * a2 - r2

r2 - a2
F + p F>,

:r, ImBLogB3 Â a2 - Â r2 - 2 a -2 a2 + r2 F - LogAr2 - a2E + Â * -ArcSinB
3 * a2 - r2

r2 - a2
F + p F>>,

:r, a 2 , a 3 >,

PlotRange Ø ::a 2 , a 3 >, 8-10^H-15L, 10^H-15L<>, AspectRatio Ø 1FF
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WithB8a = 1<,

ParametricPlotB::r, ReBLogBÂ a2 + r -2 a2 + r2 F - LogAr2 - a2E + Â * ArcSinB
a2

r2 - a2
F F>,

:r, ImBLogBÂ a2 + r -2 a2 + r2 F - LogAr2 - a2E + Â * ArcSinB
a2

r2 - a2
F F>>, :r, a 2 , a 3 >,

PlotRange Ø ::a 2 , a 3 >, 8-10^H-15L, 10^H-15L<>, AspectRatio Ø 1FF

WithB8a = 1<, ParametricPlotB

::r, ReBLogBr + Â -2 a2 + r2 F - LogB 2 Ir2 - a2M F + Â * ArcSinB
-2 a2 + r2

2 Ir2 - a2M

F F>,

:r, ImBLogBr + Â -2 a2 + r2 F - LogB 2 Ir2 - a2M F + Â * ArcSinB
-2 a2 + r2

2 Ir2 - a2M

F F>>,

:r, a 2 , a 3 >,

PlotRange Ø ::a 2 , a 3 >, 8-10^H-15L, 10^H-15L<>, AspectRatio Ø 1FF

Further simplification of LinContrCCPartlySimpl[r, a]  by th following identities 

ExpandBSimplifyBHLinContrCCPartlySimpl@r, aDL ê.

:LogBr + Â -2 a2 + r2 F Ø LogB 2 Ir2 - a2M F + Â * ArcSinB
-2 a2 + r2

2 Ir2 - a2M

F ,

LogB3 Â a2 - Â r2 - 2 a -2 a2 + r2 F Ø LogAr2 - a2E + Â * -ArcSinB
3 * a2 - r2

r2 - a2
F + p ,

LogB3 Â a2 - Â r2 + 2 a -2 a2 + r2 F Ø LogAr2 - a2E + Â * ArcSinB
3 * a2 - r2

r2 - a2
F ,

LogBÂ a2 + r -2 a2 + r2 F Ø LogAr2 - a2E + Â * ArcSinB
a2

r2 - a2
F >,

Assumptions Ø :a > 0 && a 2 < r < a 3 >FF

SimplifyB
1

6 a2 p r

-12 a2 - 5 a2 p - p r2 + 12 a -2 a2 + r2 + 24 a r ArcSinB
a2

a2 - r2
F + 4 I5 a2 + r2M ArcSinB

-3 a2 + r2

a2 - r2
F +

24 a r ArcSinB

-2 a2+r2

-a2+r2

2
F + 20 a2 ArcSinB

a

-a2 + r2
F + 4 r2 ArcSinB

a

-a2 + r2
F F
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1

6 a2 p r
-12 a2 - 5 a2 p - p r2 + 12 a -2 a2 + r2 + 4 I5 a2 + r2M ArcSinB

-3 a2 + r2

a2 - r2
F +

FactorB24 a r ArcSinB

-2 a2+r2

-a2+r2

2
F + 24 a r ArcSinB

a2

a2 - r2
FF +

FactorB20 a2 ArcSinB
a

-a2 + r2
F + 4 r2 ArcSinB

a

-a2 + r2
FF

LinContrCCFurtherSimpl@r_, a_D :=
1

6 a2 p r

-12 a2 - 5 a2 p - p r2 + 12 a -2 a2 + r2 + 24 a r ArcSinB
a2

a2 - r2
F + ArcSinB

-2 a2+r2

-a2+r2

2
F +

FactorB4 I5 a2 + r2M ArcSinB
a

-a2 + r2
F + 4 I5 a2 + r2M ArcSinB

-3 a2 + r2

a2 - r2
FF ;

FullSimplifyBSimplifyBHLinContrCCPartlySimpl@r, aDL ê.

:LogBr + Â -2 a2 + r2 F Ø LogB 2 Ir2 - a2M F + Â * ArcSinB
-2 a2 + r2

2 Ir2 - a2M

F ,

LogB3 Â a2 - Â r2 - 2 a -2 a2 + r2 F Ø LogAr2 - a2E + Â * -ArcSinB
3 * a2 - r2

r2 - a2
F + p ,

LogB3 Â a2 - Â r2 + 2 a -2 a2 + r2 F Ø LogAr2 - a2E + Â * ArcSinB
3 * a2 - r2

r2 - a2
F ,

LogBÂ a2 + r -2 a2 + r2 F Ø LogAr2 - a2E + Â * ArcSinB
a2

r2 - a2
F >,

Assumptions Ø :a > 0 && a 2 < r < a 3 >F -

LinContrCCFurtherSimpl@r, aD, Assumptions Ø :a > 0 && a 2 < r < a 3 >F

0

Further Identities 

ArcSinB a2

a2-r2
F + ArcSinB

-2 a2+r2

-a2+r2

2
F Ø ArcSinB

-2 a2+r2

-a2+r2
Ia2+r2M

2 I-a2+r2M
F - p

2
,

ArcSinB -3 a2+r2

a2-r2
F + ArcSinB a

-a2+r2
F Ø ArcSinB 7 a3-3 a r2

I-a2+r2M
3ë2

F + p
2
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Further Identities 

ArcSinB a2

a2-r2
F + ArcSinB

-2 a2+r2

-a2+r2

2
F Ø ArcSinB

-2 a2+r2

-a2+r2
Ia2+r2M

2 I-a2+r2M
F - p

2
,

ArcSinB -3 a2+r2

a2-r2
F + ArcSinB a

-a2+r2
F Ø ArcSinB 7 a3-3 a r2

I-a2+r2M
3ë2

F + p
2

WithB8a = 1<, PlotB: ArcSinB
a2

a2 - r2
F + ArcSinB

-2 a2+r2

-a2+r2

2
F ì p + 1 ê 2,

ArcSinB
-3 a2 + r2

a2 - r2
F + ArcSinB

a

-a2 + r2
F ì p - 1 ê 2>, :r, a 2 , a 3 >FF

FullSimplifyBExpandAllBTrigExpandBSinBArcSinB
-3 a2 + r2

a2 - r2
F + ArcSinB

a

-a2 + r2
F -

p

2
FFF,

Assumptions Ø :a > 0 && a 2 < r < a 3 && r^2 - a^2 > 0 && -2 a2 + r2 > 0>F

WithB8a = 1<, ParametricPlotB

::r, ArcSinB
-3 a2 + r2

a2 - r2
F + ArcSinB

a

-a2 + r2
F - ArcSinB

7 a3 - 3 a r2

I-a2 + r2M3ê2
F +

p

2
>,

>, :r, a 2 , a 3 >,

PlotRange Ø ::a 2 , a 3 >, 8-10^H-15L, 10^H-15L<>, AspectRatio Ø 1FF

WithB8a = 1<, ParametricPlotB

::r, ArcSinB
a2

a2 - r2
F + ArcSinB

-2 a2+r2

-a2+r2

2
F - ArcSinB

-2 a2+r2

-a2+r2
Ia2 + r2M

2 I-a2 + r2M
F -

p

2
>,

>, :r, a 2 , a 3 >,

PlotRange Ø ::a 2 , a 3 >, 8-10^H-15L, 10^H-15L<>, AspectRatio Ø 1FF

SimplifyB
-

r4

-a2+r2
+ a2 J

r2

-a2+r2
- 1N

2 Ia2 - r2M
F

-2 a2 + r2

-a2 + r2

FullSimplifyBTrigExpandBCosBArcSinB
-3 a2 + r2

a2 - r2
F + ArcSinB

a

-a2 + r2
FFF,

Assumptions Ø :a > 0 && a 2 < r < a 3 >F

final simplification 
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final simplification 

SimplifyB

ExpandBSimplifyBHLinContrCCFurtherSimpl@r, aDL ê. : ArcSinB
a2

a2 - r2
F + ArcSinB

-2 a2+r2

-a2+r2

2
F Ø

ArcSinB

-2 a2+r2

-a2+r2
Ia2 + r2M

2 I-a2 + r2M
F -

p

2
, ArcSinB

-3 a2 + r2

a2 - r2
F + ArcSinB

a

-a2 + r2
F Ø

ArcSinB
7 a3 - 3 a r2

I-a2 + r2M3ê2
F +

p

2
>FF - CubSurfCFLnCC@r, aDF

0

Final Expression

CubSurfCFLnCC@r_, a_D :=

-
2

a
+

-12 + 5 p

6 p r
+

r

6 a2
+
2 -2 a2 + r2

a p r
+

4

a p
ArcSinB

-2 a2 + r2

-2 a2 + 2 r2
*

Ia2 + r2M

-a2 + r2
F +

2 I5 a2 + r2M

3 a2 p r
* ArcSinB

7 a3 - 3 a r2

I-a2 + r2M3ê2
F;

Continuity Checks

SimplifyBLimitBCubSurfCFLnCC@r, aD, r Ø a 2 , Direction Ø -1F -

LimitBCubSurfCFLnBB@r, aD, r Ø a 2 , Direction Ø 1F, Assumptions Ø 8a > 0<F

SimplifyBLimitBCubSurfCFLnCC@r, aD, r Ø a 3 , Direction Ø 1F, Assumptions Ø 8a > 0<F

the values obtained by the above function are compared with the values obtained by the numerical integra-
tion of the outset integrand (it's OK)

WithB8a = 1<, StepRCC = a J 3 - 2 N í 10;

DoBract = 2 + HJ - 1 ê 2L * StepRCC; actval = N@CubSurfCFLnCC@ract, aDD;

Print@J, ", ", valCC@@JDD, ", ", actvalD;, 8J, 1, 10<FF

MomlinCC = SimplifyBIntegrateBr^2 * CubSurfCFLnCC@r, aD,

:r, a 2 , a 3 >, Assumptions Ø 8a > 0<F, Assumptions Ø 8a > 0<F

MomlinCC =
a2 J56 + J-63 + 32 2 N pN

24 p
;
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SimplifyBMomlinAA + MomlinBB +
a2 J56 + J-63 + 32 2 N pN

24 p
F

a2

p

MomlinAABBCC = N@Simplify@MomlinAA + MomlinBB + MomlinCCDD

0.31831 a2

EVALAUTION  OF  THE  CF-CONTRIBUTION  DUE  TO
THE SLIDING SURFACES

0.0

0.5

1.0

1.5

Y

0.0

0.5

1.0

-X

0.0

0.5

1.0

1.5

Z

normalization factor and integrand  with  0 < j < p2

surfNormFact@r_, a_D := 2 * 3 *
4

r
*

1

4 * p * 6 * a^2
;

surfIntgrnd@r_, a_, j_D := Ha - r * Cos@jDL * Ha - r * Sin@jDL;

HsurfIntgrnd@r, a, jDL ê. :Sin@jD Ø t, Cos@jD Ø 1 - t2 >

Ha - r tL a - r 1 - t2

Inequalities' reduction
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ReduceB:a > a - r t > 0, a > a - r 1 - t2 > 0, 0 < t < 1, a > 0, r > 0>, 8a, r, t<, RealsF

a > 0 && H0 < r § a && 0 < t < 1L »» a < r < 2 a2 &&
-a2 + r2

r2
< t <

a

r

Region AAsurf : 
a > 0  && 0 < r < a  && 0 < t < 1    or   0 < j < p2      

Region BBsurf : 

a > 0  && a < r < a* 2   && -a2+r2

r
< t < a

r
    or   ArcSin[ -a2+r2

r
] < j <

ArcSin[ a
r

]     

Evaluation of the Surface CF contribution over the AAsurf region 

IntegrateBsurfIntgrnd@r, a, jD, :j, 0,
p

2
>, Assumptions Ø 8a > 0 && 0 < r < a<F

ExpandBsurfNormFact@r, aD *
1

2
Ia2 p - 4 a r + r2MF

-
2

a p
+

1

2 r
+

r

2 a2 p

surcContrCFAAs@r_, a_D := -
2

a p
+

1

2 r
+

r

2 a2 p
; H* 0 < r < a *L

Evaluation of the Surface CF contribution over the BBsurf region 

FullSimplifyBIntegrateBsurfIntgrnd@r, a, jD, :j, ArcSinB
-a2 + r2

r
F, ArcSinB

a

r
F>,

Assumptions Ø :a > 0 && a < r < a * 2 >F, Assumptions Ø :a > 0 && a < r < a * 2 >F

-
r2

2
+ 2 a -a2 + r2 + a2 -1 - ArcCscB

r

-a2 + r2
F + ArcSinB

a

r
F

FullSimplifyBTrigExpandBSinBArcCscB
r

-a2 + r2
F -

p

2
- ArcSinB

a

r
F FF,

Assumptions Ø :a > 0 && a < r < a * 2 >F

0
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FullSimplifyBTrigExpandBCosBArcCscB
r

-a2 + r2
F -

p

2
- ArcSinB

a

r
F FF,

Assumptions Ø :a > 0 && a < r < a * 2 >F

1

ExpandBSimplifyBsurfNormFact@r, aD *

FullSimplifyBIntegrateBsurfIntgrnd@r, a, jD, :j, ArcSinB
-a2 + r2

r
F, ArcSinB

a

r
F>,

Assumptions Ø :a > 0 && a < r < a * 2 >F, Assumptions Ø :a > 0 && a < r < a * 2 >F ê.

:ArcCscB
r

-a2 + r2
F Ø

p

2
- ArcSinB

a

r
F >FF

SimplifyBTogetherB-
1

2 r
-

1

p r
F -

r

2 a2 p
+
2 -a2 + r2

a p r
+
2 ArcSinA a

r
E

p r
- HsurcContrCFBBs@r, aDLF

0

surcContrCFBBs@r_, a_D := -
2 + p

2 p r
-

r

2 a2 p
+
2 -a2 + r2

a p r
+
2 ArcSinA a

r
E

p r
; H* a<r<a* 2 *L

Evaluation of the moments of the two contributions
SimplifyAIntegrateAr2 * surcContrCFAAs@r, aD, 8r, 0, a<, Assumptions Ø 8a > 0<EE

Momt00SupAA@a_D :=
a2 H-13 + 6 pL

24 p
;

SimplifyBIntegrateBr2 * surcContrCFBBs@r, aD, :r, a, a * 2 >, Assumptions Ø 8a > 0<FF

Momt00SupBB@a_D :=
a2 H19 - 6 pL

24 p
;

Simplify@Momt00SupAA@aD + Momt00SupBB@aDD

Momt00Sup@a_D :=
a2

4 p
;

EVALUATION  OF  THE  CONTRIBUTION  TO  THE  CF
DUE TO THE   PAIRS OF OPPOSING FACES
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The integral takes the form

2 ‚

i<j=1

6

‡
Si
„S1 ‡

Si
„S2 ‡ „w

Ø
d Jr1

Ø
+ r w

Ø
- r2

Ø
N
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One chooses the polar axis along axis x and the longitudinal plane along the Hx, zL plane.
One consider the two faces

S1 = H0, y1, z1L and S2 = Ha, y1, z1L.Then

r
Ø
= r HCos@qD, Sin@qD Sin@jD, Sin@qD Cos@jDL and the integral reads

‡ „S1 ‡ „S2 ‡ „w
Ø
d HrCos@qD - aL d Hy1 + r Sin@qD Sin@jD - y2L d Hz1 + r Sin@qD Cos@jD - z2L

One confines himself to the angular ranges 0 < q §
p

2
and 0 < j <

p

2
.

The value of the resulting integral will then be multiplied by
2 Hdue to qL x 2 Hdue to jL x 3 Hdue to the three axesL

x 2 Hthe factor in fron of the integralL x
1

4 p S
.

Hence the normalization factor is
24

4 p S
From the Dirac functions one gets

Cos@qD =
a

r
, y2 = y1 + r Sin@qD Sin@jD, z2 = z1 + r Sin@qD Cos@jD,

and the integral reads
1

r
‡ „y1 ‡ „y2 ‡ „j Q Hy1 + r Sin@qD Sin@jDL Q Hz1 + r Sin@qD Cos@jDL =

1

r
‡
0

pê2
„j HMin@a, a - r Sin@qD Sin@jDD - Max@0, -r Sin@qD Sin@jDDL

HMin@a, a - r Sin@qD Cos@jDD - Max@0, -r Sin@qD Cos@jDDL

Putting r= X*a, one gets

1

r
‡ „y1 ‡ „y2 ‡ „j Q Hy1 + r Sin@qD Sin@jDL Q Hz1 + r Sin@qD Cos@jDL =

a2

r
‡
0

pê2
„j HMin@1, 1 - X Sin@qD Sin@jDD - Max@0, -X Sin@qD Sin@jDDL

HMin@1, 1 - X Sin@qD Cos@jDD - Max@0, -X Sin@qD Cos@jDDL =

a2

r
‡
0

pê2
„j H1 - X Sin@qD Sin@jDL H1 - X Sin@qD Cos@jDL

SinBArcCosB
1

X
FF

1 -
1

X2

Sin@jD Ø t, Cos@jD Ø 1 - t2 , Sin@qD Ø
X2 - 1

X

HH1 - X Sin@qD Sin@jDL H1 - X Sin@qD Cos@jDLL ê.

:Sin@jD Ø t, Cos@jD Ø 1 - t2 , Sin@qD Ø
X2 - 1

X
>

1 - t -1 + X2 1 - 1 - t2 -1 + X2

Reduction of the inequalities and determination of the integration range
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ReduceB:1 > 1 - t -1 + X2 > 0, 1 > 1 - 1 - t2 -1 + X2 > 0, X > 1>, 8X, t<, RealsF

K1 < X § 2 && 0 < t < 1O »» 2 < X < 3 &&
-2 + X2

-1 + X2
< t <

1

-1 + X2

integrand definition in terms of the new variables t and X

newCaseIntrg@X_, t_D := 1 - t -1 + X2 1 - 1 - t2 -1 + X2 *
1

1 - t2
;

Integration over the first region

1 < X § 2 && 0 < t < 1

IntegrateBnewCaseIntrg@X, tD, 8t, 0, 1<, Assumptions Ø :1 < X § 2 >F

1

2
-1 + p + X2 - 4 -1 + X2

FullSimplifyB

ExpandBFullSimplifyB
24

4 p 6 * a2
*
a2

r
*

1

2
-1 + p + X2 - 4 -1 + X2 ê. :X Ø

r

a
>,

Assumptions Ø :a < r < 2 * a>FF ê. :

-1 +
r2

a2

p r
Ø

r2 - a2

p a r
> -

RmngContBB@r, aD, Assumptions Ø :a > 0 && a < r < a 2 >F

RmngContBB@r_, a_D :=
-1 + p

2 p r
+

r

2 a2 p
-
2 -a2 + r2

a p r
;

Integration over the second region

2 < X < 3 &&
-2 + X2

-1 + X2
< t <

1

-1 + X2

Integrate@newCaseIntrg@X, tD, tD

primitive3rdCas@X_, t_D := -t -1 + X2 + 1 - t2 -1 + X2 +
1

2
t2 I-1 + X2M + ArcSin@tD;
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SimplifyBLimitBprimitive3rdCas@X, tD, t Ø
1

-1 + X2
, Direction Ø 1F -

LimitBprimitive3rdCas@X, tD, t Ø
-2 + X2

-1 + X2
, Direction Ø -1F, Assumptions Ø : 2 < X < 3 >F

ExpandB SimplifyB
24

4 p 6 * a2
*
a2

r
*

-
1

2
-
X2

2
+ 2 -2 + X2 - ArcSinB

-2 + X2

-1 + X2
F + ArcSinB

1

-1 + X2
F ê. :X Ø

r

a
> ,

Assumptions Ø :a 2 < r < a 3 && a > 0>F ê. :ArcSinB
1

-1 +
r2

a2

F Ø ArcSinB
a

-a2 + r2
F>F

SimplifyB

24

4 p 6 * a2
*
a2

r
* SimplifyBLimitBprimitive3rdCas@X, tD, t Ø

1

-1 + X2
, Direction Ø 1F -

LimitBprimitive3rdCas@X, tD, t Ø
-2 + X2

-1 + X2
, Direction Ø -1F,

Assumptions Ø : 2 < X < 3 >F ê. :X Ø
r

a
> -

RmngContCC@r, aD, Assumptions Ø :a 2 < r < 3 * a>F

0

RmngContCC@r_, a_D := -
1

2 p r
-

r

2 a2 p
+
2 -2 a2 + r2

a p r
-

ArcSinB 2 a2-r2

a2-r2
F

p r
+

ArcSinB a

-a2+r2
F

p r
;

H* a < r < a* 2 *L RmngContBB@r_, a_D :=
-1 + p

2 p r
+

r

2 a2 p
-
2 -a2 + r2

a p r
;

H* a* 2 < r < a* 3 *L

RmngContCC@r_, a_D := -
1

2 p r
-

r

2 a2 p
+
2 -2 a2 + r2

a p r
-

ArcSinB 2 a2-r2

a2-r2
F

p r
+

ArcSinB a

-a2+r2
F

p r
;

Mom00RmngBB@a_D := IntegrateBr^2 * RmngContBB@r, aD, :r, a, a * 2 >, Assumptions Ø 8a > 0<F;

Mom00RmngCC@a_D :=

IntegrateBr^2 * RmngContCC@r, aD, :r, a * 2 , a * 3 >, Assumptions Ø 8a > 0<F;
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Mom00RmngBB@aD

Mom00RmngCC@aD

Simplify@Mom00RmngBB@aD + Mom00RmngCC@aD, Assumptions Ø 8a > 0<D

Sum of the moments of the three contributions 

SimplifyBSimplifyBMomlinAA + MomlinBB +
a2 J56 + J-63 + 32 2 N pN

24 p
F +

Simplify@Momt00SupAA@aD + Momt00SupBB@aDD +

Simplify@Mom00RmngBB@aD + Mom00RmngCC@aD, Assumptions Ø 8a > 0<DF

that, as required, is equal to
6 a2

4 p
.

FINAL EXPRESSION
Contribution of the polygon intersection

CubSurfCFLnAA@r_, a_D :=
1

a
-

r

2 a2
; H* If 0 < r < a *L

CubSurfCFLnBB@r_, a_D := -
2

a
+

5

2 r
-
2 -a2 + r2

a p r
+
2 r ArcSinB -a2+r2

r
F

a2 p
;

H* If a < r < a 2 *LCubSurfCFLnCC@r_, a_D := -
2

a
+

-12 + 5 p

6 p r
+

r

6 a2
+
2 -2 a2 + r2

a p r
+

4

a p
ArcSinB

-2 a2 + r2

-2 a2 + 2 r2
*

Ia2 + r2M

-a2 + r2
F +

2 I5 a2 + r2M

3 a2 p r
* ArcSinB

7 a3 - 3 a r2

I-a2 + r2M3ê2
F;

H* If a 2 < r < a 3 *L

Contribution of the sliding surfaces 

surcContrCFAAs@r_, a_D := -
2

a p
+

1

2 r
+

r

2 a2 p
; H* If 0 < r < a *L

surcContrCFBBs@r_, a_D := -
2 + p

2 p r
-

r

2 a2 p
+
2 -a2 + r2

a p r
+
2 ArcSinA a

r
E

p r
;

H* If a<r<a* 2 *L

Contribution of the opposing surfaces 
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H* a < r < a* 2 *L RmngContBB@r_, a_D :=
-1 + p

2 p r
+

r

2 a2 p
-
2 -a2 + r2

a p r
;

H* a* 2 < r < a* 3 *L

RmngContCC@r_, a_D := -
1

2 p r
-

r

2 a2 p
+
2 -2 a2 + r2

a p r
-

ArcSinB 2 a2-r2

a2-r2
F

p r
+

ArcSinB a

-a2+r2
F

p r
;

pltaa = WithB8a = 1<, ParametricPlotB8r, CubSurfCFLnAA@r, aD<,

8r, 0, a<, PlotRange Ø ::0, a 3 >, 80, 1.1<>, AspectRatio Ø 1FF;

pltbb = WithB8a = 1<, ParametricPlotB8r, CubSurfCFLnBB@r, aD<, :r, a, a 2 >FF;

pltcc = WithB8a = 1<, ParametricPlotB8r, CubSurfCFLnCC@r, aD<, :r, a 2 , a 3 >FF;

Show@pltaa, pltbb, pltccD

pltaaslf = WithB8a = 1<, ParametricPlotB8r, surcContrCFAAs@r, aD<,

8r, 0, a<, PlotRange Ø ::0, a 3 >, 80, 1.1<>, AspectRatio Ø 1FF;

pltbbslf = WithB8a = 1<, ParametricPlotB8r, surcContrCFBBs@r, aD<, :r, a, a 2 >FF;

Show@pltaaslf, pltbbslfD

pltbbopf = WithB8a = 1<, ParametricPlotB8r, RmngContBB@r, aD<,

:r, a, a 2 >, PlotRange Ø ::0, a 3 >, 80, 1.1<>, AspectRatio Ø 1FF;

pltccopf = WithB8a = 1<, ParametricPlotB8r, RmngContCC@r, aD<, :r, a 2 , a 3 >FF;

Show@pltbbopf, pltccopfD
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pltCSaa = WithB8a = 1<, ParametricPlotB8r, CubSurfCFLnAA@r, aD + surcContrCFAAs@r, aD<,

8r, 0, a<, PlotRange Ø ::0, a 3 >, 80, 5<>, AspectRatio Ø 1, AxesLabel Ø 8"r", "gSHrL"<FF;

pltCSbb = WithB8a = 1<, ParametricPlotB

8r, CubSurfCFLnBB@r, aD + surcContrCFBBs@r, aD + RmngContBB@r, aD<, :r, a, a 2 >FF;

labels8D = Graphics@8Text@Style@"HdL", FontSize Ø 18D, 81, 4<D<D;

pltCScc = WithB8a = 1<,

ParametricPlotB8r, CubSurfCFLnCC@r, aD + RmngContCC@r, aD<, :r, a 2 , a 3 >FF;

Fig8D = Show@pltCSaa, pltCSbb, pltCScc, labels8DD

HdL

0.0 0.5 1.0 1.5
r0

1

2

3

4

5
gSHrL

the discontinuity is OK since it arise from the contribution of the opposing faces
Export@"Fig8D.eps", Fig8DD

Fig8D.eps

RELATIONS ON THE MOMENTS OF THE SURFACE CF 
the zeroth moment of the surface CF obeys to

M0 = ‡ r^2 * gs HrL „r = S ê 4 p H1L

and the first moment is equal to

M2 = ‡ r^4 * gs HrL „r =
1

2 p
‡
S
r^2 „S -

1

2 p S
‡
S
„S1 ‡

S
„S2 Hr1 . r2L H2L

First moment of the surface CF of a spherical surface
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sphereCF@r_, r_D :=
1

2 * r
;

Simplify@Integrate@r^2 * sphereCF@r, rD, 8r, 0, 2 * R<D, Assumptions Ø 8R > 0<D -
4 * p * R^2 ê H4 * pL

EQ. H1L is obeyed

Second moment of the surface CF of a spherical surface
Simplify@Integrate@r^4 * sphereCF@r, rD, 8r, 0, 2 * R<D, Assumptions Ø 8R > 0<D -
Integrate@Sin@qD * Integrate@r^4, 8j, 0, 2 * p<D, 8q, 0, p<D ê H2 * pL

Eq. H2L is obeyed

First moment of the surface CF of a circle

CircleCF@R_, r_D := -
4 * R^2 - r^2

4 * p * R^2
+

1

p * r
* ArcCosB

r

2 * R
F;

Simplify@Integrate@r^2 * CircleCF@R, rD, 8r, 0, 2 * R<D, Assumptions Ø 8R > 0<D -
Hp * R^2L ê H4 pL

Eq. H1L is obeyed

Second moment of the surface CF of a circle
Simplify@Integrate@r^4 * CircleCF@R, rD, 8r, 0, 2 * R<D, Assumptions Ø 8R > 0<D -
Integrate@Integrate@x^3, 8x, 0, R<D, 8j, 0, 2 * p<D ê H2 * pL

Eq. H2L is obeyed since
1

2 p S
‡
S
„S1 ‡

S
„S2 Hr1 . r2L is equal to zero

Integrate@Integrate@Integrate@
Integrate@x1 * x2 * Hx1 * x2 * Cos@j1D * Cos@j2D + x1 * x2 * Sin@j1D * Sin@j2DL, 8j1, 0, 2 * p<D,
8j2, 0, 2 * p<D, 8x2, 0, R<D, 8x1, 0, R<D ê H2 * p * p * R^2L

The case of a cubic surface 

H* 0 < r < a *L CubSurfCFLnAAOld@r_, a_D :=
1

a
-

r

2 a2
;

H* a < r < a 2 *L CubSurfCFLnBBOld@r_, a_D := -
2

a
+

5

2 r
-
2 -a2 + r2

a p r
+
2 r ArcCosA a

r
E

a2 p
;

H* a 2 < r < a 3 *L CubSurfCFLnCCOld@r_, a_D :=

-
2

a
+

5

6 r
-

2

p r
+

r

6 a2
+
2 -2 a2 + r2

a p r
-

10 ArcTanB
a I-7 a2+3 r2M

I5 a2-r2M -2 a2+r2
F

3 p r
-

2 r ArcTanB
a I-7 a2+3 r2M

I5 a2-r2M -2 a2+r2
F

3 a2 p
-
4 ArcTanB

-2 a2+r2 Ia2+r2M

-3 a2 r+r3
F

a p
;
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H* 0 < r < a *L CubSurfCFSupAAOld@r_, a_D :=
1

2 r
-

2

a p
+

r

2 a2 p
;

H* a < r < a 2 *L

CubSurfCFSupBBOld@r_, a_D := -
1

2 r
-

1

p r
-

r

2 a2 p
+
2 -a2 + r2

a p r
+
2 ArcSinA a

r
E

p r
;

SimplifyBIntegrate@r^2 * CubSurfCFLnAA@r, aD, 8r, 0, a<, Assumptions Ø 8a > 0<D +

IntegrateBr^2 * CubSurfCFLnBB@r, aD, :r, a, a 2 >, Assumptions Ø 8a > 0<F +

IntegrateBr^2 * CubSurfCFLnCC@r, aD, :r, a 2 , a 3 >, Assumptions Ø 8a > 0<F +

Integrate@r^2 * CubSurfCFSupAA@r, aD, 8r, 0, a<, Assumptions Ø 8a > 0<D +

IntegrateBr^2 * CubSurfCFSupBB@r, aD, :r, a, a 2 >, Assumptions Ø 8a > 0<FF

5 a2

4 p

the CF of the cubic surface is WRONG! The above result

ought to be
6 a2

4 p

NB
5 a2

4 p
F

0.397887 a2

The chord length distribution of a spherical shell, according to Gille, is 

cld@R_, r_D := H2 * r ê Hp * R^2LL * ArcTanB
4 * R^2 - r^2

r^2
F;

cld@R, rD

Simplify@Series@cld@R, rD, 8r, 0, 6<D, Assumptions Ø 8R > 0 && r > 0 && r < 2 * R<D

r

R2
-

r2

p R3
-

r4

24 Ip R5M
-

3 r6

640 Ip R7M
+ O@rD7

However, the surface CF does not coincide with the previous function because 
this contains the two angular factors s1.w  and s2.w. 
These are equal to (r/2R). Hence the surface CF is equal  to

Hcld@R, rD ê Hr ê H2 RLL^2L ê 8

ArcTanB -r2+4 R2

r2
F

p r

The expansion of this function is 
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Simplify@Series@Hcld@R, rD ê Hr ê H2 RLL^2L, 8r, 0, 6<D,
Assumptions Ø 8R > 0 && r > 0 && r < 2 * R<D

4

r
-

4

p R
-

r2

6 Ip R3M
-

3 r4

160 Ip R5M
+ O@rD6

FIGURES 8A, 8B AND 8C 
labels8A = Graphics3D@8Text@Style@"HaL", FontSize Ø 18D, 81.1, 1.2, 1.2<D<D;

AA = 80, 0, 0<; BB = 81, 0, 0<; CC = 81, 0, 1<; DD = 80, 0, 1<;
Sh = 80, 1, 0<;
AAP = AA + Sh; BBP = BB + Sh; CCP = CC + Sh; DDP = DD + Sh;
H* R=81,1ê8,1ê7<;*L R = 81 ê 5, 1 ê 8, 1 ê 7<;
AAN = AA + R; BBN = BB + R; CCN = CC + R; DDN = DD + R;
AAPN = AAP + R; BBPN = BBP + R; CCPN = CCP + R; DDPN = DDP + R;
Rbis = 81 ê 3, 0, 1 ê 4<;
AANbis = AA + Rbis; BBNbis = BB + Rbis; CCNbis = CC + Rbis; DDNbis = DD + Rbis;
AAPNbis = AAP + Rbis; BBPNbis = BBP + Rbis; CCPNbis = CCP + Rbis; DDPNbis = DDP + Rbis;
Rter = 81 ê 2, 0, 0<;
AANter = AA + Rter; BBNter = BB + Rter; CCNter = CC + Rter; DDNter = DD + Rter;
AAPNter = AAP + Rter; BBPNter = BBP + Rter; CCPNter = CCP + Rter;
DDPNter = DDP + Rter;
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santaA = Line@88AA, BB, CC, DD, AA<, 8DD, DDP<<D;
santbA = Line@88AAP, BBP, CCP, DDP, AAP<, 8AA, AAP<, 8BB, BBP<, 8CC, CCP<<D;
gantaA = Graphics3D@8Thickness@0.003D, Line@88AA, BB, CC, DD, AA<, 8DD, DDP<, 8BB, CC<<D<,

Boxed Ø FalseD; gantbA = Graphics3D@8Thickness@0.003D, Dashed,
Line@88AAP, BBP, CCP, DDP, AAP<, 8AA, AAP<, 8BB, BBP<, 8CC, CCP<<D<, Boxed Ø FalseD;

cubeA = Show@gantaA, gantbAD; santNaB =
Line@88AAN, BBN, CCN, DDN, AAN<, 8AAN, AAPN<, 8BBN, BBPN<, 8CCN, CCPN<, 8DDN, DDPN<<D;

santNbB = Line@8AAPN, BBPN, CCPN, DDPN, AAPN<D;
gantNaB = Graphics3D@8Thickness@0.003D, Dashed, santNaB<, Boxed Ø FalseD;
gantNbB = Graphics3D@8Thickness@0.003D, Dashed, santNbB<, Boxed Ø FalseD;
cubeB = Show@gantNaB, gantNbBD;
sup = Line@88AAN@@1DD, AAN@@2DD, DDP@@3DD<, 8BB@@1DD, AAN@@2DD, DDP@@3DD<<D;
rgt = Line@88BB@@1DD, AAN@@2DD, DDP@@3DD<, 8BB@@1DD, AAN@@2DD, BBPN@@3DD<<D;
suplft = Line@88AAN@@1DD, AAN@@2DD, DD@@3DD<, 8AAN@@1DD, DDP@@2DD, DD@@3DD<<D;
bcklft = Line@88AAN@@1DD, DDP@@2DD, DD@@3DD<, 8AAN@@1DD, DDP@@2DD, AAPN@@3DD<<D;
bckdwn = Line@88AAN@@1DD, DDP@@2DD, AAPN@@3DD<, 8BBP@@1DD, BBP@@2DD, AAPN@@3DD<<D;
brgtdwn = Line@88BBP@@1DD, BBP@@2DD, AAPN@@3DD<, 8BBP@@1DD, BBN@@2DD, AAPN@@3DD<<D;
intersct = Graphics3D@88Thickness@0.006D, Red, sup, rgt<,

8Dashing@80.03, 0.02<D, Thickness@0.006D, Red, 8suplft, bcklft, bckdwn, brgtdwn<<<,
Axes Ø True, AxesLabel Ø 8"X", "Y", "Z"<,
PlotRange Ø 880, 1.3<, 80, 1.3<, 80, 1.3<<, Boxed Ø FalseD; CCNsh = 81, 1 ê 8, 1 ê 7<;

DDNsh = 81 ê 5, 1 ê 8, 1<;
CCSho = 81, 1 ê 8, 1<;
DDPsh = 81 ê 15, 1, 1<;
BBSh = 81, 1 ê 4.5, 0<;
agg = Graphics3D@8Thickness@0.003D,

Line@88DDN, CCN, CCPN, DDPN, DDN<, 8CCN, BBN, BBPN, CCPN, CCN, BBN, CCNsh<, 8DDN, DDNsh,
DDN<, 8CC, CCSho, CC<, 8DDP, DDPsh, DDP<, 8BB, BBSh, BB<<D<, Boxed Ø FalseD;

Fig8A = Show@intersct, cubeA, cubeB, agg, labels8AD

HaL

0.0

0.5

1.0
X

0.0

0.5

1.0Y

0.0

0.5

1.0

Z

Export@"Fig8A.eps", Fig8AD;
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labels8B = Graphics3D@8Text@Style@"HbL", FontSize Ø 18D, 80, 1.2, 1.2<D<D;
RbisP = 81 ê 3, 1, 1 ê 4<; BBupP = 81, 1, 1 ê 4<;
DDrgtP = 81 ê 3, 1, 1<; BBNbisLft = 81, 1 ê 9, 0<;
Rbis = 81 ê 3, 0, 1 ê 4<; BBup = 81, 0, 1 ê 4<; DDrgt = 81 ê 3, 0, 1<;
DDbck = 8-1, 0, 1<; DDbckpp = 81 ê 8, 1, 1<;
contA =

Show@Graphics3D@8Thickness@0.003D,
Line@88BBup, BB<, 8BB, AA, DD, DDrgt<, 8DD, DDP, DDbckpp <, 8BB, BBNbisLft<<D<,

PlotRange Ø 880, 1.5<, 80, 1.1<, 80, 1.5<<, Axes Ø True,
AxesLabel Ø 8"Y", "-X", "Z"<, Boxed Ø FalseDD;

contB =
Show@
Graphics3D@8Thickness@0.003D, Line@88DDrgt, DDNbis, CCNbis, BBNbis, BBup<, 8BBNbis,

BBPNbis, CCPNbis, CCNbis<, 8CCPNbis, DDPNbis, DDNbis<<D<, Boxed Ø FalseDD;
thickA = Show@Graphics3D@8Thickness@0.006D, Red, Line@88DDrgt, Rbis, BBup, CC, DDrgt<<D<,

Boxed Ø FalseDD;
dashB = Show@Graphics3D@8Thickness@0.006D, Red, Dashing@80.03, 0.02<D,

Line@88DDrgtP, RbisP, BBupP, CCP, DDrgtP<<D<, Boxed Ø FalseDD;
dottB = Show@Graphics3D@8Thickness@0.003D, Dashed,

Line@88AANbis, AAPNbis<, 8DDPNbis, DDrgtP<, 8BBupP, BBPNbis<<D<, Boxed Ø FalseDD;
dottA = Show@Graphics3D@8Thickness@0.003D, Dashed,

Line@88AA, AAP<, 8CC, CCP<, 8BBNbisLft, BBP<, 8AAP, DDP<, 8AAP, BBP<,
8BBP, BBupP< H*,8DDP,DDrgtP<*L, 8DDbckpp, DDrgtP< <D<, Boxed Ø FalseDD;

Fig8B = Show@contA, thickA, dashB, contB, dottA, dottB , labels8B,
ViewPoint Ø 82, -2.5, 3.2< D

HbL
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Export@"Fig8B.eps", Fig8BD;
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AA = 80, 0, 0<; BB = 81, 0, 0<; CC = 81, 0, 1<; DD = 80, 0, 1<;
Sh = 80, 1, 0<;
AAP = AA + Sh; BBP = BB + Sh; CCP = CC + Sh; DDP = DD + Sh;
R = 81, 1 ê 8, 1 ê 7<; H* R=81ê5,1ê8,1ê7<; *L
AAN = AA + R; BBN = BB + R; CCN = CC + R; DDN = DD + R;
AAPN = AAP + R; BBPN = BBP + R; CCPN = CCP + R; DDPN = DDP + R;
Rbis = 81 ê 3, 0, 1 ê 4<;
AANbis = AA + Rbis; BBNbis = BB + Rbis; CCNbis = CC + Rbis; DDNbis = DD + Rbis;
AAPNbis = AAP + Rbis; BBPNbis = BBP + Rbis; CCPNbis = CCP + Rbis; DDPNbis = DDP + Rbis;
Rter = 81 ê 2, 0, 0<;
AANter = AA + Rter; BBNter = BB + Rter; CCNter = CC + Rter; DDNter = DD + Rter;
AAPNter = AAP + Rter; BBPNter = BBP + Rter; CCPNter = CCP + Rter;
DDPNter = DDP + Rter;

CCPNew = 89 ê 10, 1, 1<;

DDN
DDNsh

:1,
1

8
,
8

7
>

:1,
1

8
, 1>
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labels8C = Graphics3D@8Text@Style@"HcL", FontSize Ø 18D, 80.8, 1.2, 1.3<D<D;
AA = 80, 0, 0<; BB = 81, 0, 0<; CC = 81, 0, 1<; DD = 80, 0, 1<;
Sh = 80, 1, 0<;
AAP = AA + Sh; BBP = BB + Sh; CCP = CC + Sh; DDP = DD + Sh;
R = 81, 1 ê 8, 1 ê 7<; H* R=81ê5,1ê8,1ê7<; *L
AAN = AA + R; BBN = BB + R; CCN = CC + R; DDN = DD + R;
AAPN = AAP + R; BBPN = BBP + R; CCPN = CCP + R; DDPN = DDP + R;
Rbis = 81 ê 3, 0, 1 ê 4<;
AANbis = AA + Rbis; BBNbis = BB + Rbis; CCNbis = CC + Rbis; DDNbis = DD + Rbis;
AAPNbis = AAP + Rbis; BBPNbis = BBP + Rbis; CCPNbis = CCP + Rbis; DDPNbis = DDP + Rbis;
Rter = 81 ê 2, 0, 0<;
AANter = AA + Rter; BBNter = BB + Rter; CCNter = CC + Rter; DDNter = DD + Rter;
AAPNter = AAP + Rter; BBPNter = BBP + Rter; CCPNter = CCP + Rter;
DDPNter = DDP + Rter; CCPNew = 89 ê 10, 1, 1<;

santaA = Line@Thickness@0.002D, 88AA, BB, CC, DD, AA<, 8DD, DDP<<D;
santbA = Line@88AAP, BBP, CCP, DDP, AAP<, 8AA, AAP<, 8BB, BBP<, 8CC, CCP<<D;
gantaA = Graphics3D@

8Thickness@0.003D, Line@88AA, BB, CC, DD, AA<, 8DD, DDP<, 8BB, CC<, 8DDP, CCPNew<<D<,
Boxed Ø FalseD; gantbA = Graphics3D@8Thickness@0.003D, Dashed,
Line@88AAP, BBP, CCP, DDP, AAP<, 8AA, AAP<, 8BB, BBP<, 8CC, CCP<<D<, Boxed Ø FalseD;

cubeA = Show@gantaA, gantbAD; santNaB =
Line@88AAN, BBN, CCN, DDN, AAN<, 8AAN, AAPN<, 8BBN, BBPN<, 8CCN, CCPN<, 8DDN, DDPN<<D;

santNbB = Line@8AAPN, BBPN, CCPN, DDPN, AAPN<D;
gantNaB = Graphics3D@8Thickness@0.003D, Dashed, santNaB<, Boxed Ø FalseD;
gantNbB = Graphics3D@8Thickness@0.003D, Dashed, santNbB<, Boxed Ø FalseD;
cubeB = Show@gantNaB, gantNbBD;
sup = Line@88AAN@@1DD, AAN@@2DD, DDP@@3DD<, 8BB@@1DD, AAN@@2DD, DDP@@3DD<<D;
rgt = Line@88BB@@1DD, AAN@@2DD, DDP@@3DD<, 8BB@@1DD, AAN@@2DD, BBPN@@3DD<<D;
suplft = Line@88AAN@@1DD, AAN@@2DD, DD@@3DD<, 8AAN@@1DD, DDP@@2DD, DD@@3DD<<D;
bcklft = Line@88AAN@@1DD, DDP@@2DD, DD@@3DD<, 8AAN@@1DD, DDP@@2DD, AAPN@@3DD<<D;
bckdwn = Line@88AAN@@1DD, DDP@@2DD, AAPN@@3DD<, 8BBP@@1DD, BBP@@2DD, AAPN@@3DD<<D;
brgtdwn = Line@88BBP@@1DD, BBP@@2DD, AAPN@@3DD<, 8BBP@@1DD, BBN@@2DD, AAPN@@3DD<<D;
intersct = Graphics3D@88Thickness@0.006D, Red, sup, rgt<,

8Dashing@80.03, 0.02<D, Thickness@0.006D, Red, 8suplft, bcklft, bckdwn, brgtdwn<<<,
Axes Ø True, AxesLabel Ø 8"X", "Y", "Z"<,
PlotRange Ø 880, 2.1<, 80, 1.5<, 80, 1.5<<, Boxed Ø FalseD; CCNsh = 81, 1 ê 8, 1 ê 7<;

DDNsh = :1,
1

8
, 1>;

CCSho = 81, 1 ê 8, 1<;
DDPsh = 81 ê 15, 1, 1<;
BBSh = 81, 1 ê 4.5, 0<;
agg = Graphics3D@8Thickness@0.003D,

Line@88DDN, CCN, CCPN, DDPN, DDN<, 8CCN, BBN, BBPN, CCPN, CCN, BBN, CCNsh<, 8CC, CCSho, CC<,
8DDN, DDNsh, DDN<, 8DDP, DDPsh, DDP<, 8BB, BBSh, BB<<D<, Boxed Ø FalseD;

Fig8C = Show@intersct, cubeA, cubeB, agg, labels8CD
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Export@"Fig8C.eps", Fig8CD;
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